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Main goals

• New example of ‘‘astonishingly’’ slow relaxation in a 

Hamiltonian system (cfr. W.W. Ho, A. Das…) 

• Apply recent ideas designed for quantum systems to a 
classical system  

• Extend the description from kinetic theory to longer time 

scales (cfr. M. Rigol, K. Mallayya et al. PRX9)
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}

max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e�i/⇠ SxbS
x
i

hB(x, t);B(y, s)i ⇠
e�(x�y)2/|t�s|

p
|t� s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i S
z
i

⇣
=
P

i "i c
†

i ci
⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0
|Vi|Ei =

hE0
|[Vi,H]|Ei

!

= . . . =
hE0

|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠
"n n!

!n
⇠ e�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1

(local observable O)

t

kinetic (GGE) long pre-thermal plateau
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Case 3 : non� linearity : q6x , � = 0.28 (L = 1024)

theory : � = �0�
�9�4 (non� kinetic), �0 ' 230
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Anharmonic chain of oscillators 
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units: weak coupling regime: �! 0
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classical dynamics
Newton’s equations: d2qx

dt2
= �!2

0(1� 2�)qx + �!2

0(�q)x � �q r�1

x

0  �  0.5 , � � 0 (stability)

H =
LX

x=1


p2x
2

+
!2
0
q 2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

H =
X

x

p2x
2

+
!2q2x
2

+ g e��(q2x+q2
x+1

)(qx+1 � qx)
2

1

L

LX

x=1

'
⇣ x
L

⌘
hex(Lt)i =

1

L

LX

x=1

'
⇣ x
L

⌘⇣hpxi2

2mx

+
hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

h · i

1

L

LX

x=1

'(x, L)hrx(Lt)i !
Z

1

0

dy r(y, t)

1

L

LX

x=1

'(x, L)hpx(Lt)i !
Z

1

0

dyp(y, t)

1

L

LX

x=1

'(x, L)hex(Lt)i !
Z

1

0

dy e(y, t)

1

Z
exp

(
�1

2

LX

x=1

�(x/L)mx

✓
px
mx

� p(x/L)

m

◆2

� 1

2

LX

x=1

�(x/L)(rx � r(x/L))2
)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2x
2

+ ge��(p2x+p2
x+1

)(1� cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1

T2

* 
1p
t

Z
t

0

ds
1p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ eln L/⇠s = L1/⇠s

⌧(`) ⇠ e`/⇠ `

P(R(`)) ⇠ e�s`

`? ⇠ ln L

s

s⇠ < 1/2

⌧(`) ⇠ e`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2x
2

+
!2
x q

2
x

2
+ g

(qx � qx+1)2

2
+ �x

q4x
4

, ⇤ ⇢ Z

E(R0) < +1 J ⇠ 1

L

U

E(R0)
E(R0) = +1

Rx�1 Rx Rx+1

1

L

LX

x=1

'
⇣ x
L

⌘
ex =

1

L

LX

x=1

'
⇣ x
L

⌘⇣hpxi2

2mx

+
hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),

1

m[Ly]
hp[Ly](Lt)i ! 1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2

k M k , 0  k  L� 1

⇠�1

k
⇠ !2

k ⇠ (k/L)2

@tr =
1

m
@xp , @tp = @xr , @te =

1

m
@x(pr)

Mq̈ = �q

H =
X

x

p2x
2mx

+ gr2x , g = 1, mx i.i.d.

@+x f(x) = f(x+ 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0iV(r),r

m�1

x ! m�1

@+x f(x) = f(x+ 1)� f(x)

1

L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!
Z

T
dy'(y) (r,p, e)(y, t)

L ! 1

@tr = m�1 @xp

@tp = @x
⇥
hV0iV(r),r

⇤

@te = m�1 @x
⇥
phV0iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)

@tp(x, t) = @x
⇥
hV0iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m
�1

x px)

@tpx = @+x V
0(rx�1)

@tex = @+x
�
V0(rx�1)m

�1

x px
�

R =
X

x

rx, P =
X

x

px, H =
X

x

ex, ex = p2x/2mx + V(rx)

H =
X

x2⇤

p2x
2mx

+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)
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interacting phonons
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ṙx = m�1

x+1
px+1 �m�1

x px ,
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ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k

P(⇢(L)� ⇢?(") > ��) ! 0 as L ! 1

⇠�1

k+1
= (1� ⇢k) ⇠

�1

k

⇢k = "k(k+ `k)

`k =
k

⇠c � ⇠k

e�`/⇠e↵ = e�(`�`th)/⇠0 ) ⇠e↵ = ⇠0
1

1� `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1

` ⇠ Lb
⇠c � ⇠?

⇠ ! 1 as ⇢! 1

" ! ⇢?(")

⇢?("c) < 1

⇢?("c) = 1

h⇢(L)i" ! ⇢?(")

P(⇢(L)� ⇢?(") < ��) ! 0 8� > 0 as L ! 1

L ! 1

A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0

` ⇠ 1

⇠�1 � log 2
2

Lb

G =
matrix element

level spacing
⇠ e�`/⇠ e�s(T)(Lb+`)/2

e�s(T)(Lb+`)

H =
P

i
hi�zi + J?(�

+
i
��
i+1

+ ��
i
�+
i+1

) + J�z
i
�z
i+1

J?e�`/⇠

`

H =
X

x

p2x + !2
xq

2
x

2
+

g

2
(qx+1 � qx)

2 + �q4x , !x > 0 iid

H =
X

x

p2x
2

+ �
�
1� cos(qx+1 � qx)

�
, qx 2 R/Z

@tr =
1

m
@xp, @tp = �@xr

@te =
1

m
@x(rp)

—
HJ=0 =

P
i
2hini + g(a†

i
ai+1 + a†

i+1
ai)
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Remark on locality
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}

max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e�i/⇠ SxbS
x
i

hB(x, t);B(y, s)i ⇠
e�(x�y)2/|t�s|

p
|t� s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i S
z
i

⇣
=
P

i "i c
†

i ci
⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0
|Vi|Ei =

hE0
|[Vi,H]|Ei

!

= . . . =
hE0

|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠
"n n!

!n
⇠ e�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1

A =

Z

BZ
dk'(k)|a(k)|2

A =
X

x,y

'̂(x� y)a(x)a⇤(y) |'̂(x� y)| ⇠ e�|x�y|/`0

O(t) hOipre hOith t

⌧0 ⇠ 1 ⌧1 ⇠ ��2 ⌧2 ⇠ ��p (p > 2)

H = H0 + �V

� = hJi⇢t = h{H,N}i⇢t ⇠ �2(p
?+1)

� = ��µ lim
⌧!1

Z
1

0
dt e�t/⌧

hJ(0)J(t)i0 + O(�2(p
?+1)+1)

h·i0 ⇠ e��(H0�µN0)

J(t) = e{H0,·}tJ

O(�p
?+1)

� = h{H,N}i⇢t ⇠ �2(p
?+1)

{H,N}

{H,N} = �p
?+1

Z
dk1 . . . dkn �(k1 + · · ·+ kn)

X

�i=±1

'(k1, . . . , kn,�1, . . . ,�n) a
�1(k1) . . . a

�n(kn), n ⇠ p?

n ⇠ p?

{N0, a
�1(k1) . . . a

�n(kn)} =
�
�1 + · · ·+ �n

�
a�1(k1) . . . a

�n(kn)

{N0, ·}

with a�(k) = a(k), a+(k) = a⇤(�k)

a(k) =
1
p
2

 
p
!(k)q̂(k) + i

1p
!(k)

p̂(k)

!

f̂(k) =
X

x

e�2i⇡kxf(x)

!(k) =
�
1� 2� cos(2⇡k)

�1/2

� < 0.5 !(k),
p
!(k), 1/

p
!(k)

(1� 2�)1/2 (1+ 2�)1/2

d2qx
dt2

= �(1� 2�)qx + �(�q)x � �q r�1
x

0  �  0.5 , � � 0 (stability)

 = 0 if p < 1� e�1/9⇠

` prob ⇠ e�c(W)` R ⇠ e`/⇠ c(W) ! 0 as W ! Wc

hi iid, hhii = 0, hh2i i
1/2 = W

 = 2�2
Z

1

0
dt
X

x

hjx(t)j0(0)i�

H =
X

x

!xnx +
X

x

(a†xax+1 + cc) +
X

x

�xnxnx+1

H =
LX

x=1


p2x
2

+
!2
0q

2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

v1 ⇠ �2(p
?+1)

⌧ �p
?+3

⇠ v2

p? = 1 p? > 1

� ⇠ �2

v1 ⇠ �4 ⇠ v2

v1 =
d

dt
(�t, µt) ⇠ �2(p

?+1)

v2 =
d

dt
(⇢t � ⇢0t ) ⇠ �2 �p

?+1

⇢0t ⇠ e��t (H�µtN)+O(�p?+1)

� ⇠ �2(p
?+1)

�0(�, µ)

� = h{H,N}i⇢t ⇠ �0(�t, µt)�
2(p?+1)

{H,N} ⇠ �p
?+1

) rate � ⇠ �2(p
?+1)

� = 1 , µ = �1 ( ), L = 1024

a(k) =
p
W(k) ei'k ('k random iid), W(k) =

1

�(!(k)� µ)

L = 1024

N = N0 +O(�) {H,N} ⇠ �p
?+1

H̃ = '(H) = H+O(�) {H̃,N0} ⇠ �p
?+1

[H,Nd] ⇠ J to [H̃,Nd] ⇠ J e�U/J

⇠ � ⇠ �2 ⇠ �4

0.3 < �  0.5 0.26 < � < 0.3

�q4x �q6x

� ! 0 n ⇠ 1/�

(!1 + · · ·+ !n+1)� (!n+2 + · · ·+ !2n) = 0

a+1 a
+
2 a

+
3 a4

a+1 a
+
2 a

+
3 a

+
4 a5a6

a+1 . . . a+5 a6 . . . a8

k1 + · · ·+ k2n = 0

⇠ !0(1+ �) ⇠ !0(1� �)

W ⇠ 2�!0

�! 0 H0

|!(k)� !0| . 2�!0

1

�!(k)

W1(k) =
1

�(!(k)� µ)

a(k, 0) =
p
W(k, 0) ei'k 'k random iid

⇢eq ⇠ e��
R
BZ dk(!(k)�µ)|a(k)|2

H0 N0

@tW(k, t) = �2 C(W(·, t))(k)

⇢t ⇠ exp

✓
�

Z

BZ
dk

|a(k)|2

W(k, t)

◆

with a�(k) = a(k), a+(k) = a⇤(�k)

�1 + · · ·+ �4 6= 0

N0 =

Z

BZ
dk |a(k)|2

t ⇠ ��2 , �! 0

V =
1

16

Z
dk1 . . . dk4

(!1 . . .!4)1/2
�(k1 + · · ·+ k4)

X

�i=±

a�1(k1) . . . a
�4(k4) (r = 4)

H = H0 + �V

H0 =

Z

BZ
dk!(k)|a(k)|2 (L ! 1)

da(k)

dt
= �i!(k)a(k)

H =
LX

x=1


p2x
2

+
!2
0q

2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

H =
X

x

p2x
2

+
!2q2x
2

+ g e��(q2x+q2x+1)(qx+1 � qx)
2

1

L

LX

x=1

'
⇣ x
L

⌘
hex(Lt)i =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

h · i

1

L

LX

x=1

'(x, L)hrx(Lt)i !

Z 1

0
dy r(y, t)

1

L

LX

x=1

'(x, L)hpx(Lt)i !

Z 1

0
dyp(y, t)

1

L

LX

x=1

'(x, L)hex(Lt)i !

Z 1

0
dy e(y, t)

1

Z
exp

(
�
1

2

LX

x=1

�(x/L)mx

✓
px
mx

�
p(x/L)

m

◆2

�
1

2

LX

x=1

�(x/L)(rx � r(x/L))2
)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2x
2

+ ge��(p2x+p2x+1)(1� cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1

T2

* 
1
p
t

Z t

0
ds

1
p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ eln L/⇠s = L1/⇠s

⌧(`) ⇠ e`/⇠ `

P(R(`)) ⇠ e�s`

`? ⇠
ln L

s

s⇠ < 1/2

⌧(`) ⇠ e`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2x
2

+
!2
x q

2
x

2
+ g

(qx � qx+1)2

2
+ �x

q4x
4

, ⇤ ⇢ Z

E(R0) < +1 J ⇠
1

L

U

E(R0)
E(R0) = +1

Rx�1 Rx Rx+1

1

L

LX

x=1

'
⇣ x
L

⌘
ex =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),

1

m[Ly]
hp[Ly](Lt)i !

1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2
k M k , 0  k  L� 1

⇠�1
k ⇠ !2

k ⇠ (k/L)2

@tr =
1

m
@xp , @tp = @xr , @te =

1

m
@x(pr)

Mq̈ = �q

H =
X

x

p2x
2mx

+ gr2x , g = 1, mx i.i.d.

@+x f(x) = f(x+ 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0
iV(r),r

m�1
x ! m�1

@+x f(x) = f(x+ 1)� f(x)

1

L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!

Z

T
dy'(y) (r,p, e)(y, t)

L ! 1

@tr = m�1 @xp

@tp = @x
⇥
hV0

iV(r),r

⇤

@te = m�1 @x
⇥
phV0

iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)

@tp(x, t) = @x
⇥
hV0

iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0

iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m
�1
x px)

@tpx = @+x V
0(rx�1)

@tex = @+x
�
V0(rx�1)m

�1
x px

�

R =
X

x

rx, P =
X

x

px, H =
X

x

ex, ex = p2x/2mx + V(rx)

H =
X

x2⇤

p2x
2mx

+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)
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and a(x) quasi-local as well.

In real space: 

In particular, the number of phonons N0 is local.
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}

max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e�i/⇠ SxbS
x
i

hB(x, t);B(y, s)i ⇠
e�(x�y)2/|t�s|

p
|t� s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i S
z
i

⇣
=
P

i "i c
†

i ci
⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0
|Vi|Ei =

hE0
|[Vi,H]|Ei

!

= . . . =
hE0

|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠
"n n!

!n
⇠ e�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1

⇢0 ⇠ exp

✓
�

Z

BZ
dk

|a(k)|2

W(k)

◆

⇢t = ⇢0 ⇥
⇥
1+ �f +O(�2)

⇤

A =

Z

BZ
dk'(k)|a(k)|2

A =
X

x,y

'̂(x� y)a(x)a⇤(y) , |'̂(x� y)| ⇠ e�|x�y|/`0

O(t) hOipre hOith t

⌧0 ⇠ 1 ⌧1 ⇠ ��2 ⌧2 ⇠ ��p (p > 2)

H = H0 + �V

� = hJi⇢t = h{H,N}i⇢t ⇠ �2(p
?+1)

� = ��µ lim
⌧!1

Z
1

0
dt e�t/⌧

hJ(0)J(t)i0 + O(�2(p
?+1)+1)

h·i0 ⇠ e��(H0�µN0)

J(t) = e{H0,·}tJ

O(�p
?+1)

� = h{H,N}i⇢t ⇠ �2(p
?+1)

{H,N}

{H,N} = �p
?+1

Z
dk1 . . . dkn �(k1 + · · ·+ kn)

X

�i=±1

'(k1, . . . , kn,�1, . . . ,�n) a
�1(k1) . . . a

�n(kn), n ⇠ p?

n ⇠ p?

{N0, a
�1(k1) . . . a

�n(kn)} =
�
�1 + · · ·+ �n

�
a�1(k1) . . . a

�n(kn)

{N0, ·}

with a�(k) = a(k), a+(k) = a⇤(�k)

a(k) =
1
p
2

 
p
!(k)q̂(k) + i

1p
!(k)

p̂(k)

!

f̂(k) =
X

x

e�2i⇡kxf(x)

!(k) =
�
1� 2� cos(2⇡k)

�1/2

� < 0.5 !(k),
p
!(k), 1/

p
!(k)

(1� 2�)1/2 (1+ 2�)1/2

d2qx
dt2

= �(1� 2�)qx + �(�q)x � �q r�1
x

0  �  0.5 , � � 0 (stability)

 = 0 if p < 1� e�1/9⇠

` prob ⇠ e�c(W)` R ⇠ e`/⇠ c(W) ! 0 as W ! Wc

hi iid, hhii = 0, hh2i i
1/2 = W

 = 2�2
Z

1

0
dt
X

x

hjx(t)j0(0)i�

H =
X

x

!xnx +
X

x

(a†xax+1 + cc) +
X

x

�xnxnx+1

H =
LX

x=1


p2x
2

+
!2
0q

2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

v1 ⇠ �2(p
?+1)

⌧ �p
?+3

⇠ v2

p? = 1 p? > 1

� ⇠ �2

v1 ⇠ �4 ⇠ v2

v1 =
d

dt
(�t, µt) ⇠ �2(p

?+1)

v2 =
d

dt
(⇢t � ⇢0t ) ⇠ �2 �p

?+1

⇢0t ⇠ e��t (H�µtN)+O(�p?+1)

� ⇠ �2(p
?+1)

�0(�, µ)

� = h{H,N}i⇢t ⇠ �0(�t, µt)�
2(p?+1)

{H,N} ⇠ �p
?+1

) rate � ⇠ �2(p
?+1)

� = 1 , µ = �1 ( ), L = 1024

a(k) =
p
W(k) ei'k ('k random iid), W(k) =

1

�(!(k)� µ)

L = 1024

N = N0 +O(�) {H,N} ⇠ �p
?+1

H̃ = '(H) = H+O(�) {H̃,N0} ⇠ �p
?+1

[H,Nd] ⇠ J to [H̃,Nd] ⇠ J e�U/J

⇠ � ⇠ �2 ⇠ �4

0.3 < �  0.5 0.26 < � < 0.3

�q4x �q6x

� ! 0 n ⇠ 1/�

(!1 + · · ·+ !n+1)� (!n+2 + · · ·+ !2n) = 0

a+1 a
+
2 a

+
3 a4

a+1 a
+
2 a

+
3 a

+
4 a5a6

a+1 . . . a+5 a6 . . . a8

k1 + · · ·+ k2n = 0

⇠ !0(1+ �) ⇠ !0(1� �)

W ⇠ 2�!0

�! 0 H0

|!(k)� !0| . 2�!0

1

�!(k)

W1(k) =
1

�(!(k)� µ)

a(k, 0) =
p
W(k, 0) ei'k 'k random iid

⇢eq ⇠ e��
R
BZ dk(!(k)�µ)|a(k)|2

H0 N0

@tW(k, t) = �2 C(W(·, t))(k)

⇢t ⇠ exp

✓
�

Z

BZ
dk

|a(k)|2

W(k, t)

◆

with a�(k) = a(k), a+(k) = a⇤(�k)

�1 + · · ·+ �4 6= 0

N0 =

Z

BZ
dk |a(k)|2

t ⇠ ��2 , �! 0

V =
1

16

Z
dk1 . . . dk4

(!1 . . .!4)1/2
�(k1 + · · ·+ k4)

X

�i=±

a�1(k1) . . . a
�4(k4) (r = 4)

H = H0 + �V

H0 =

Z

BZ
dk!(k)|a(k)|2 (L ! 1)

da(k)

dt
= �i!(k)a(k)

H =
LX

x=1


p2x
2

+
!2
0q

2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

H =
X

x

p2x
2

+
!2q2x
2

+ g e��(q2x+q2x+1)(qx+1 � qx)
2

1

L

LX

x=1

'
⇣ x
L

⌘
hex(Lt)i =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

h · i

1

L

LX

x=1

'(x, L)hrx(Lt)i !

Z 1

0
dy r(y, t)

1

L

LX

x=1

'(x, L)hpx(Lt)i !

Z 1

0
dyp(y, t)

1

L

LX

x=1

'(x, L)hex(Lt)i !

Z 1

0
dy e(y, t)

1

Z
exp

(
�
1

2

LX

x=1

�(x/L)mx

✓
px
mx

�
p(x/L)

m

◆2

�
1

2

LX

x=1

�(x/L)(rx � r(x/L))2
)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2x
2

+ ge��(p2x+p2x+1)(1� cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1

T2

* 
1
p
t

Z t

0
ds

1
p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ eln L/⇠s = L1/⇠s

⌧(`) ⇠ e`/⇠ `

P(R(`)) ⇠ e�s`

`? ⇠
ln L

s

s⇠ < 1/2

⌧(`) ⇠ e`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2x
2

+
!2
x q

2
x

2
+ g

(qx � qx+1)2

2
+ �x

q4x
4

, ⇤ ⇢ Z

E(R0) < +1 J ⇠
1

L

U

E(R0)
E(R0) = +1

Rx�1 Rx Rx+1

1

L

LX

x=1

'
⇣ x
L

⌘
ex =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),

1

m[Ly]
hp[Ly](Lt)i !

1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2
k M k , 0  k  L� 1

⇠�1
k ⇠ !2

k ⇠ (k/L)2

@tr =
1

m
@xp , @tp = @xr , @te =

1

m
@x(pr)

Mq̈ = �q

H =
X

x

p2x
2mx

+ gr2x , g = 1, mx i.i.d.

@+x f(x) = f(x+ 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0
iV(r),r

m�1
x ! m�1

@+x f(x) = f(x+ 1)� f(x)

1

L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!

Z

T
dy'(y) (r,p, e)(y, t)

L ! 1

@tr = m�1 @xp

@tp = @x
⇥
hV0

iV(r),r

⇤

@te = m�1 @x
⇥
phV0

iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)

@tp(x, t) = @x
⇥
hV0

iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0

iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m
�1
x px)

@tpx = @+x V
0(rx�1)

@tex = @+x
�
V0(rx�1)m

�1
x px

�

R =
X

x

rx, P =
X

x

px, H =
X

x

ex, ex = p2x/2mx + V(rx)

H =
X

x2⇤

p2x
2mx

+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)
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where W(k) is called the Wigner function.
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Boltzmann-Peierls description

Usually: proper thermalization on a time ⌧1 ⇠ ��2
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(aka kinetic time scale, Fermi golden rule)

Reason:
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ṙx = m�1
x+1px+1 �m�1

x px ,
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Boltzmann-Peierls description (cont’d)

collision operator with r=4,6 phonons

Cfr. Spohn, Lukkarinen, Lefevere…

Alternatively, one may express how the GGE, i.e. how the 
Wigner function, evolves with time (Boltzmann equation 
for phonons): 
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The rate may accidentally vanish!
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or       and different dispersion relation r = 6 , 0.3 . � < 0.5 !(k)
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for     small enough

Pre-thermal state if N0 pseudo-conserved:

When does it relax to proper equilibrium?
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Case 3 : non� linearity : q6x , � = 0.28 (L = 1024)
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q4x q6x

v1 ⇠ �2p ⌧ �p+2
⇠ v2

⇢t ⇠ e��t(H̃�µtN0)(1+O(�p)) = ⇢0t ⇥ (1+O(�p))

Case 3 : non� linearity : q6x , � = 0.28 (L = 1024)

theory : � = �0�
�9�4 (non� kinetic), �0 ' 230

d

dt
hN0i⇢(t) = �2p(�µ�)

Z
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0
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⇢t = ⇢0 ⇥
⇥
1+ �f1 +O(�2)

⇤

d

dt
h|a(k)|2i⇢(t) = �2hJfi⇢0 +O(�3)

d

dt
h|a(k)|2i⇢(t) = �2 hJ(k)f1i⇢0 + O(�3)
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hJ(0)J(t)i0 + O(�2(p
?+1)+1)

h·i0 ⇠ e��(H0�µN0)

J(t) = e{H0,·}tJ

O(�p
?+1)

� = h{H,N}i⇢t ⇠ �2(p
?+1)

{H,N}

{H,N} = �p
?+1

Z
dk1 . . . dkn �(k1 + · · ·+ kn)

X

�i=±1

'(k1, . . . , kn,�1, . . . ,�n) a
�1(k1) . . . a

�n(kn), n ⇠ p?

n ⇠ p?

{N0, a
�1(k1) . . . a

�n(kn)} =
�
�1 + · · ·+ �n

�
a�1(k1) . . . a

�n(kn)

{N0, ·}

with a�(k) = a(k), a+(k) = a⇤(�k)

a(k) =
1
p
2

 
p
!(k)q̂(k) + i

1p
!(k)

p̂(k)

!

f̂(k) =
X

x

e�2i⇡kxf(x)

!(k) =
�
1� 2� cos(2⇡k)

�1/2

� < 0.5 !(k),
p
!(k), 1/

p
!(k)

(1� 2�)1/2 (1+ 2�)1/2

d2qx
dt2

= �(1� 2�)qx + �(�q)x � �q r�1
x

0  �  0.5 , � � 0 (stability)

 = 0 if p < 1� e�1/9⇠

` prob ⇠ e�c(W)` R ⇠ e`/⇠ c(W) ! 0 as W ! Wc

hi iid, hhii = 0, hh2i i
1/2 = W

 = 2�2
Z

1

0
dt
X

x

hjx(t)j0(0)i�

H =
X

x

!xnx +
X

x

(a†xax+1 + cc) +
X

x

�xnxnx+1

H =
LX

x=1


p2x
2

+
!2
0q

2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

v1 ⇠ �2(p
?+1)

⌧ �p
?+3

⇠ v2

p? = 1 p? > 1

� ⇠ �2

v1 ⇠ �4 ⇠ v2

v1 =
d

dt
(�t, µt) ⇠ �2(p

?+1)

v2 =
d

dt
(⇢t � ⇢0t ) ⇠ �2 �p

?+1

⇢0t ⇠ e��t (H�µtN)+O(�p?+1)

� ⇠ �2(p
?+1)

�0(�, µ)

� = h{H,N}i⇢t ⇠ �0(�t, µt)�
2(p?+1)

{H,N} ⇠ �p
?+1

) rate � ⇠ �2(p
?+1)

� = 1 , µ = �1 ( ), L = 1024

a(k) =
p
W(k) ei'k ('k random iid), W(k) =

1

�(!(k)� µ)

L = 1024

N = N0 +O(�) {H,N} ⇠ �p
?+1

H̃ = '(H) = H+O(�) {H̃,N0} ⇠ �p
?+1

[H,Nd] ⇠ J to [H̃,Nd] ⇠ J e�U/J

⇠ � ⇠ �2 ⇠ �4

0.3 < �  0.5 0.26 < � < 0.3

�q4x �q6x

� ! 0 n ⇠ 1/�

(!1 + · · ·+ !n+1)� (!n+2 + · · ·+ !2n) = 0

a+1 a
+
2 a

+
3 a4

a+1 a
+
2 a

+
3 a

+
4 a5a6

a+1 . . . a+5 a6 . . . a8

k1 + · · ·+ k2n = 0

⇠ !0(1+ �) ⇠ !0(1� �)

W ⇠ 2�!0

�! 0 H0

|!(k)� !0| . 2�!0

1

�!(k)

W1(k) =
1

�(!(k)� µ)

a(k, 0) =
p
W(k, 0) ei'k 'k random iid

⇢eq ⇠ e��
R
BZ dk(!(k)�µ)|a(k)|2

H0 N0

@tW(k, t) = �2 C(W(·, t))(k)

⇢t ⇠ exp

✓
�

Z

BZ
dk

|a(k)|2

W(k, t)

◆

with a�(k) = a(k), a+(k) = a⇤(�k)

�1 + · · ·+ �4 6= 0

N0 =

Z

BZ
dk |a(k)|2

t ⇠ ��2 , �! 0

V =
1

16

Z
dk1 . . . dk4

(!1 . . .!4)1/2
�(k1 + · · ·+ k4)

X

�i=±

a�1(k1) . . . a
�4(k4) (r = 4)

H = H0 + �V

H0 =

Z

BZ
dk!(k)|a(k)|2 (L ! 1)

da(k)

dt
= �i!(k)a(k)

H =
LX

x=1


p2x
2

+
!2
0q

2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

H =
X

x

p2x
2

+
!2q2x
2

+ g e��(q2x+q2x+1)(qx+1 � qx)
2

1

L

LX

x=1

'
⇣ x
L

⌘
hex(Lt)i =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

h · i

1

L

LX

x=1

'(x, L)hrx(Lt)i !

Z 1

0
dy r(y, t)

1

L

LX

x=1

'(x, L)hpx(Lt)i !

Z 1

0
dyp(y, t)

1

L

LX

x=1

'(x, L)hex(Lt)i !

Z 1

0
dy e(y, t)

1

Z
exp

(
�
1

2

LX

x=1

�(x/L)mx

✓
px
mx

�
p(x/L)

m

◆2

�
1

2

LX

x=1

�(x/L)(rx � r(x/L))2
)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2x
2

+ ge��(p2x+p2x+1)(1� cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1

T2

* 
1
p
t

Z t

0
ds

1
p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ eln L/⇠s = L1/⇠s

⌧(`) ⇠ e`/⇠ `

P(R(`)) ⇠ e�s`

`? ⇠
ln L

s

s⇠ < 1/2

⌧(`) ⇠ e`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2x
2

+
!2
x q

2
x

2
+ g

(qx � qx+1)2

2
+ �x

q4x
4

, ⇤ ⇢ Z

E(R0) < +1 J ⇠
1

L

U

E(R0)
E(R0) = +1

Rx�1 Rx Rx+1

1

L

LX

x=1

'
⇣ x
L

⌘
ex =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),

1

m[Ly]
hp[Ly](Lt)i !

1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2
k M k , 0  k  L� 1

⇠�1
k ⇠ !2

k ⇠ (k/L)2

@tr =
1

m
@xp , @tp = @xr , @te =

1

m
@x(pr)

Mq̈ = �q

H =
X

x

p2x
2mx

+ gr2x , g = 1, mx i.i.d.

@+x f(x) = f(x+ 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0
iV(r),r

m�1
x ! m�1

@+x f(x) = f(x+ 1)� f(x)

1

L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!

Z

T
dy'(y) (r,p, e)(y, t)

L ! 1

@tr = m�1 @xp

@tp = @x
⇥
hV0

iV(r),r

⇤

@te = m�1 @x
⇥
phV0

iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)

@tp(x, t) = @x
⇥
hV0

iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0

iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m
�1
x px)

@tpx = @+x V
0(rx�1)

@tex = @+x
�
V0(rx�1)m

�1
x px

�

R =
X

x

rx, P =
X

x

px, H =
X

x

ex, ex = p2x/2mx + V(rx)

H =
X

x2⇤

p2x
2mx

+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)

ṙx = m�1
x+1px+1 �m�1

x px ,
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⇢pre ⇠ e��(H0�µN0)

v1 ⇠ �2p ⌧ �p+2
⇠ v2

⇢t ⇠ e��t(H̃�µtN0)(1+O(�p)) = ⇢0t ⇥ (1+O(�p))

Case 3 : non� linearity : q6x , � = 0.28 (L = 1024)

theory : � = �0�
�9�4 (non� kinetic), �0 ' 230

d

dt
hN0i⇢(t) = �2p(�µ�)

Z
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0
dt e�t/⌧
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Kinetic time scales
Validity of the Boltzmann equation for spatially 
homogeneous initial conditions: 

Mendl, Lu and Lukkarinen, PRE ‘16
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Physical explanation, for quantized phonons!
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create n+1 low  
energy phonons

annihilate n-1 high  
energy phonons
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As           , need for a process of order



 Scaling as a function of λ  
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}
max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e�i/⇠ SxbS
x

i

hB(x, t);B(y, s)i ⇠ e�(x�y)2/|t�s|
p
|t� s|

H =
LX

i=1

hi�
z

i + g
L�1X

i=1

(�+
i
��
i+1

+ ��
i
�+
i+1

) + J�zi �
z

i+1, hi 2 [�W,W]

HJ=0 =
P

i
"i Szi

⇣
=
P

i
"i c

†
i
ci
⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0|Vi|Ei =
hE0|[Vi,H]|Ei

!

= . . . =
hE0|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠ "n n!

!n
⇠ e�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1

0.3 < �  0.5 0.26 < � < 0.3

�q4x �q6x

� ! 0 n ⇠ 1/�

(!1 + · · ·+ !n+1)� (!n+2 + · · ·+ !2n) = 0

a+
1
a+
2
a+
3
a4

a+
1
a+
2
a+
3
a+
4
a5a6

a+
1
. . . a+

5
a6 . . . a8

k1 + · · ·+ k2n = 0

⇠ !0(1+ �) ⇠ !0(1� �)

W ⇠ 2�!0

�! 0 H0

|!(k)� !0| . 2�!0

1

�!(k)

W1(k) =
1

�(!(k)� µ)

a(k, 0) =
p
W(k, 0) ei'k 'k random iid

⇢eq ⇠ e��
R
BZ

dk(!(k)�µ)|a(k)|2

H0 N0

@tW(k, t) = �2 C(W(·, t))(k)

⇢t ⇠ exp

✓
�
Z

BZ

dk
|a(k)|2

W(k, t)

◆

with a�(k) = a(k), a+(k) = a⇤(�k)

�1 + · · ·+ �4 6= 0

N0 =

Z

BZ

dk |a(k)|2

t ⇠ ��2 , �! 0

V =
1

16

Z
dk1 . . . dk4

(!1 . . .!4)1/2
�(k1 + · · ·+ k4)

X

�i=±
a�1(k1) . . . a

�4(k4) (r = 4)

H = H0 + �V

H0 =

Z

BZ

dk!(k)|a(k)|2 (L ! 1)

da(k)

dt
= �i!(k)a(k)

d2qx
dt2

= �!2

0(1� 2�)qx + �!2

0(�q)x � �q r�1

x

0  �  0.5 , � � 0 (stability)

H =
LX

x=1


p2x
2

+
!2
0
q 2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

H =
X

x

p2x
2

+
!2q2x
2

+ g e��(q2x+q2
x+1

)(qx+1 � qx)
2

1

L

LX

x=1

'
⇣ x
L

⌘
hex(Lt)i =

1

L

LX

x=1

'
⇣ x
L

⌘⇣hpxi2

2mx

+
hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

h · i

1

L

LX

x=1

'(x, L)hrx(Lt)i !
Z

1

0

dy r(y, t)

1

L

LX

x=1

'(x, L)hpx(Lt)i !
Z

1

0

dyp(y, t)

1

L

LX

x=1

'(x, L)hex(Lt)i !
Z

1

0

dy e(y, t)

1

Z
exp

(
�1

2

LX

x=1

�(x/L)mx

✓
px
mx

� p(x/L)

m

◆2

� 1

2

LX

x=1

�(x/L)(rx � r(x/L))2
)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2x
2

+ ge��(p2x+p2
x+1

)(1� cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1

T2

* 
1p
t

Z
t

0

ds
1p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ eln L/⇠s = L1/⇠s

⌧(`) ⇠ e`/⇠ `

P(R(`)) ⇠ e�s`

`? ⇠ ln L

s

s⇠ < 1/2

⌧(`) ⇠ e`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2x
2

+
!2
x q

2
x

2
+ g

(qx � qx+1)2

2
+ �x

q4x
4

, ⇤ ⇢ Z

E(R0) < +1 J ⇠ 1

L

U

E(R0)
E(R0) = +1

Rx�1 Rx Rx+1

1

L

LX

x=1

'
⇣ x
L

⌘
ex =

1

L

LX

x=1

'
⇣ x
L

⌘⇣hpxi2

2mx

+
hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),

1

m[Ly]
hp[Ly](Lt)i ! 1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2

k M k , 0  k  L� 1

⇠�1

k
⇠ !2

k ⇠ (k/L)2

@tr =
1

m
@xp , @tp = @xr , @te =

1

m
@x(pr)

Mq̈ = �q

H =
X

x

p2x
2mx

+ gr2x , g = 1, mx i.i.d.

@+x f(x) = f(x+ 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0iV(r),r

m�1

x ! m�1

@+x f(x) = f(x+ 1)� f(x)

1

L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!
Z

T
dy'(y) (r,p, e)(y, t)

L ! 1

@tr = m�1 @xp

@tp = @x
⇥
hV0iV(r),r

⇤

@te = m�1 @x
⇥
phV0iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)

@tp(x, t) = @x
⇥
hV0iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m
�1

x px)

@tpx = @+x V
0(rx�1)

@tex = @+x
�
V0(rx�1)m

�1

x px
�

R =
X

x

rx, P =
X

x

px, H =
X

x

ex, ex = p2x/2mx + V(rx)

H =
X

x2⇤

p2x
2mx

+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)
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Inspiration for a rigorous formulation

D. Abanin, W. De Roeck, W.W. Ho and F.H, PRB ’17, CMP ‘17

Unitary transformation to get rid of non-dissipative (non-
resonant) processes:  
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E(R0) < +1 J ⇠ 1

L

U

E(R0)
E(R0) = +1

Rx�1 Rx Rx+1

1

L

LX

x=1

'
⇣ x
L

⌘
ex =

1

L

LX

x=1

'
⇣ x
L

⌘⇣hpxi2

2mx

+
hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),

1

m[Ly]
hp[Ly](Lt)i ! 1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2

k M k , 0  k  L� 1

⇠�1

k
⇠ !2

k ⇠ (k/L)2

@tr =
1

m
@xp , @tp = @xr , @te =

1

m
@x(pr)

Mq̈ = �q

H =
X

x

p2x
2mx

+ gr2x , g = 1, mx i.i.d.

@+x f(x) = f(x+ 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0iV(r),r

m�1

x ! m�1

@+x f(x) = f(x+ 1)� f(x)

1

L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!
Z

T
dy'(y) (r,p, e)(y, t)

L ! 1

@tr = m�1 @xp

@tp = @x
⇥
hV0iV(r),r

⇤

@te = m�1 @x
⇥
phV0iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)

@tp(x, t) = @x
⇥
hV0iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m
�1

x px)

@tpx = @+x V
0(rx�1)

@tex = @+x
�
V0(rx�1)m

�1

x px
�

R =
X

x

rx, P =
X

x

px, H =
X

x

ex, ex = p2x/2mx + V(rx)

H =
X

x2⇤

p2x
2mx

+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)

ṙx = m�1

x+1
px+1 �m�1

x px ,

ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k

P(⇢(L)� ⇢?(") > ��) ! 0 as L ! 1

⇠�1

k+1
= (1� ⇢k) ⇠

�1

k

⇢k = "k(k+ `k)

`k =
k

⇠c � ⇠k

e�`/⇠e↵ = e�(`�`th)/⇠0 ) ⇠e↵ = ⇠0
1

1� `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1

` ⇠ Lb
⇠c � ⇠?

⇠ ! 1 as ⇢! 1

" ! ⇢?(")

⇢?("c) < 1

⇢?("c) = 1

h⇢(L)i" ! ⇢?(")

P(⇢(L)� ⇢?(") < ��) ! 0 8� > 0 as L ! 1

L ! 1

A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0

` ⇠ 1

⇠�1 � log 2
2

Lb

G =
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level spacing
⇠ e�`/⇠ e�s(T)(Lb+`)/2

e�s(T)(Lb+`)

H =
P

i
hi�zi + J?(�

+
i
��
i+1

+ ��
i
�+
i+1
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i
�z
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J?e�`/⇠

`

H =
X

x

p2x + !2
xq

2
x

2
+

g

2
(qx+1 � qx)

2 + �q4x , !x > 0 iid

H =
X

x

p2x
2

+ �
�
1� cos(qx+1 � qx)

�
, qx 2 R/Z

@tr =
1

m
@xp, @tp = �@xr

@te =
1

m
@x(rp)

—
HJ=0 =

P
i
2hini + g(a†

i
ai+1 + a†

i+1
ai)

Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}
max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e�i/⇠ SxbS
x

i

hB(x, t);B(y, s)i ⇠ e�(x�y)2/|t�s|
p
|t� s|
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LX

i=1

hi�
z

i + g
L�1X
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��
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�+
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) + J�zi �
z

i+1, hi 2 [�W,W]

HJ=0 =
P

i
"i Szi

⇣
=
P

i
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†
i
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⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0|Vi|Ei =
hE0|[Vi,H]|Ei

!

= . . . =
hE0|[. . . [Vi,H], . . . ,H]|Ei
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J
U

[H,Nd] ⇠ J to [H̃,Nd] ⇠ J e�U/J

⇠ � ⇠ �2 ⇠ �4

0.3 < �  0.5 0.26 < � < 0.3

�q4x �q6x

� ! 0 n ⇠ 1/�

(!1 + · · ·+ !n+1)� (!n+2 + · · ·+ !2n) = 0

a+
1
a+
2
a+
3
a4

a+
1
a+
2
a+
3
a+
4
a5a6

a+
1
. . . a+

5
a6 . . . a8

k1 + · · ·+ k2n = 0

⇠ !0(1+ �) ⇠ !0(1� �)

W ⇠ 2�!0

�! 0 H0

|!(k)� !0| . 2�!0

1

�!(k)

W1(k) =
1

�(!(k)� µ)

a(k, 0) =
p
W(k, 0) ei'k 'k random iid

⇢eq ⇠ e��
R
BZ

dk(!(k)�µ)|a(k)|2

H0 N0

@tW(k, t) = �2 C(W(·, t))(k)

⇢t ⇠ exp

✓
�
Z

BZ

dk
|a(k)|2

W(k, t)

◆

with a�(k) = a(k), a+(k) = a⇤(�k)

�1 + · · ·+ �4 6= 0

N0 =

Z

BZ

dk |a(k)|2

t ⇠ ��2 , �! 0

V =
1

16

Z
dk1 . . . dk4

(!1 . . .!4)1/2
�(k1 + · · ·+ k4)

X

�i=±
a�1(k1) . . . a

�4(k4) (r = 4)

H = H0 + �V

H0 =

Z

BZ

dk!(k)|a(k)|2 (L ! 1)

da(k)

dt
= �i!(k)a(k)

d2qx
dt2

= �!2

0(1� 2�)qx + �!2

0(�q)x � �q r�1

x

0  �  0.5 , � � 0 (stability)

H =
LX

x=1


p2x
2

+
!2
0
q 2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

H =
X

x

p2x
2

+
!2q2x
2

+ g e��(q2x+q2
x+1

)(qx+1 � qx)
2

1

L

LX

x=1

'
⇣ x
L

⌘
hex(Lt)i =

1

L

LX

x=1

'
⇣ x
L

⌘⇣hpxi2

2mx

+
hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
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L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

h · i

1

L

LX

x=1

'(x, L)hrx(Lt)i !
Z

1

0

dy r(y, t)

1

L

LX

x=1

'(x, L)hpx(Lt)i !
Z

1

0

dyp(y, t)

1

L

LX

x=1
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Z

1

0
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1

Z
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(
�1

2

LX

x=1

�(x/L)mx

✓
px
mx

� p(x/L)

m

◆2

� 1

2

LX

x=1

�(x/L)(rx � r(x/L))2
)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2x
2

+ ge��(p2x+p2
x+1

)(1� cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1
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L!1

1

T2

* 
1p
t

Z
t

0

ds
1p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ eln L/⇠s = L1/⇠s

⌧(`) ⇠ e`/⇠ `

P(R(`)) ⇠ e�s`

`? ⇠ ln L

s

s⇠ < 1/2

⌧(`) ⇠ e`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2x
2

+
!2
x q

2
x

2
+ g

(qx � qx+1)2

2
+ �x

q4x
4

, ⇤ ⇢ Z

E(R0) < +1 J ⇠ 1

L

U

E(R0)
E(R0) = +1

Rx�1 Rx Rx+1

1

L

LX

x=1

'
⇣ x
L

⌘
ex =

1

L

LX
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'
⇣ x
L

⌘⇣hpxi2

2mx

+
hrxi2
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⌘
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+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),

1

m[Ly]
hp[Ly](Lt)i ! 1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2

k M k , 0  k  L� 1

⇠�1

k
⇠ !2

k ⇠ (k/L)2

@tr =
1

m
@xp , @tp = @xr , @te =

1

m
@x(pr)

Mq̈ = �q

H =
X

x

p2x
2mx

+ gr2x , g = 1, mx i.i.d.

@+x f(x) = f(x+ 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0iV(r),r

m�1

x ! m�1

@+x f(x) = f(x+ 1)� f(x)

1

L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!
Z

T
dy'(y) (r,p, e)(y, t)

L ! 1

@tr = m�1 @xp

@tp = @x
⇥
hV0iV(r),r

⇤

@te = m�1 @x
⇥
phV0iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)

@tp(x, t) = @x
⇥
hV0iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
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⇤

@trx = @+x (m
�1

x px)

@tpx = @+x V
0(rx�1)

@tex = @+x
�
V0(rx�1)m
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x px
�

R =
X

x

rx, P =
X

x

px, H =
X

x

ex, ex = p2x/2mx + V(rx)

H =
X

x2⇤

p2x
2mx

+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)

ṙx = m�1

x+1
px+1 �m�1

x px ,

ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k
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⇠�1
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= (1� ⇢k) ⇠
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k
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`k =
k

⇠c � ⇠k

e�`/⇠e↵ = e�(`�`th)/⇠0 ) ⇠e↵ = ⇠0
1

1� `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1
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⇠c � ⇠?
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A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0
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G =
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p2x
2

+ �
�
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�
, qx 2 R/Z
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m
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—
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ai)

Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}
max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38
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H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0|Vi|Ei =
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= . . . =
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Pseudo-conserved quantity

Change frame = perform a canonical change of variables:

Back to the original coordinates: 

with                as on the table beforep = p(�) (p ⇠ 1/� as � ! 0)

There exists N = N0 + O(�) such that {H,N} ⇠ �p

There exists G = O(�) such that

H̃ = e{G,·}H and {H̃,N0} ⇠ �p

⇢pre ⇠ e��
R
BZ dk(!(k)�µ)|a(k)|2

r = 6 , 0.3 . � < 0.5 !(k)

d

dt
hN0i⇢t = 0⇥ �2 + O(�3)

@tW(k, t) = �2C(W(·, t))(k) +O(�3)

⇢t = ⇢0 ⇥
⇥
1+ �f1 +O(�2)

⇤

d

dt
h|a(k)|2i⇢(t) = �2hJfi⇢0 +O(�3)

d

dt
h|a(k)|2i⇢(t) = �2 hJ(k)f1i⇢0 + O(�3)

A =

Z

BZ
dk'(k)|a(k)|2

dA

dt
= �2 lim

⌧!1

Z
1

0
dte�t/⌧

hJA(0)J1/W(0)iW +O(�3)

d

dt
|a(k)|2 = � J(k) hJ(k)i⇢0 = 0 for all GGE ⇢0

⇢0 ⇠ exp

✓
�

Z

BZ
dk

|a(k)|2

W(k)

◆

A =

Z

BZ
dk'(k)|a(k)|2

A =
X

x,y

'̂(x� y)a(x)a⇤(y) , |'̂(x� y)| ⇠ e�|x�y|/`0

O(t) hOipre hOith t

⌧0 ⇠ 1 ⌧1 ⇠ ��2 ⌧2 ⇠ ��p (p > 2)

H = H0 + �V

� = hJi⇢t = h{H,N}i⇢t ⇠ �2(p
?+1)

� = ��µ lim
⌧!1

Z
1

0
dt e�t/⌧

hJ(0)J(t)i0 + O(�2(p
?+1)+1)

h·i0 ⇠ e��(H0�µN0)

J(t) = e{H0,·}tJ

O(�p
?+1)

� = h{H,N}i⇢t ⇠ �2(p
?+1)

{H,N}

{H,N} = �p
?+1

Z
dk1 . . . dkn �(k1 + · · ·+ kn)

X

�i=±1

'(k1, . . . , kn,�1, . . . ,�n) a
�1(k1) . . . a

�n(kn), n ⇠ p?

n ⇠ p?

{N0, a
�1(k1) . . . a

�n(kn)} =
�
�1 + · · ·+ �n

�
a�1(k1) . . . a

�n(kn)

{N0, ·}

with a�(k) = a(k), a+(k) = a⇤(�k)

a(k) =
1
p
2

 
p
!(k)q̂(k) + i

1p
!(k)

p̂(k)

!

f̂(k) =
X

x

e�2i⇡kxf(x)

!(k) =
�
1� 2� cos(2⇡k)

�1/2

� < 0.5 !(k),
p
!(k), 1/

p
!(k)

(1� 2�)1/2 (1+ 2�)1/2

d2qx
dt2

= �(1� 2�)qx + �(�q)x � �q r�1
x

0  �  0.5 , � � 0 (stability)

 = 0 if p < 1� e�1/9⇠

` prob ⇠ e�c(W)` R ⇠ e`/⇠ c(W) ! 0 as W ! Wc

hi iid, hhii = 0, hh2i i
1/2 = W

 = 2�2
Z

1

0
dt
X

x

hjx(t)j0(0)i�
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x
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x
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X

x
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x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

v1 ⇠ �2(p
?+1)

⌧ �p
?+3

⇠ v2

p? = 1 p? > 1
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ṙx = m�1
x+1px+1 �m�1

x px ,
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Q1: N0 is not quantized, why does it work? 
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Dissipation rate
We mimic the approach to kinetic regime: ⌧2 ⇠ ��2p
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1) Assume that the system is in the state
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ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k

P(⇢(L)� ⇢?(") > ��) ! 0 as L ! 1

⇠�1
k+1 = (1� ⇢k) ⇠

�1
k

⇢k = "k(k+ `k)

`k =
k

⇠c � ⇠k

e�`/⇠e↵ = e�(`�`th)/⇠0 ) ⇠e↵ = ⇠0
1

1� `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1

` ⇠
Lb

⇠c � ⇠?

⇠ ! 1 as ⇢! 1

" ! ⇢?(")

⇢?("c) < 1

⇢?("c) = 1

h⇢(L)i" ! ⇢?(")

P(⇢(L)� ⇢?(") < ��) ! 0 8� > 0 as L ! 1

L ! 1

A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0

` ⇠
1

⇠�1 �
log 2
2

Lb

G =
matrix element

level spacing
⇠

e�`/⇠ e�s(T)(Lb+`)/2

e�s(T)(Lb+`)

H =
P

i hi�
z
i + J?(�

+
i �

�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1

J?e�`/⇠

`

H =
X

x

p2x + !2
xq

2
x

2
+

g

2
(qx+1 � qx)

2 + �q4x , !x > 0 iid

H =
X

x

p2x
2

+ �
�
1� cos(qx+1 � qx)

�
, qx 2 R/Z

@tr =
1

m
@xp, @tp = �@xr

@te =
1

m
@x(rp)

—
HJ=0 =

P
i 2hini + g(a†i ai+1 + a†i+1ai)
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Dissipation rate (cont’d)
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4) We deduce that f is stationary, and this allows to find it:
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}

max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e�i/⇠ SxbS
x
i

hB(x, t);B(y, s)i ⇠
e�(x�y)2/|t�s|

p
|t� s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i S
z
i

⇣
=
P

i "i c
†

i ci
⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0
|Vi|Ei =

hE0
|[Vi,H]|Ei

!

= . . . =
hE0

|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠
"n n!

!n
⇠ e�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1



Numerical protocol
Initial state:
a(k) =

p
W(k) ei'k ('k random iid), W(k) =

1

�(!(k)� µ)

L = 1024

N = N0 +O(�) {H,N} ⇠ �p
?+1

H̃ = '(H) = H+O(�) {H̃,N0} ⇠ �p
?+1

[H,Nd] ⇠ J to [H̃,Nd] ⇠ J e�U/J

⇠ � ⇠ �2 ⇠ �4

0.3 < �  0.5 0.26 < � < 0.3

�q4x �q6x

� ! 0 n ⇠ 1/�

(!1 + · · ·+ !n+1)� (!n+2 + · · ·+ !2n) = 0

a+
1
a+
2
a+
3
a4

a+
1
a+
2
a+
3
a+
4
a5a6

a+
1
. . . a+

5
a6 . . . a8

k1 + · · ·+ k2n = 0

⇠ !0(1+ �) ⇠ !0(1� �)

W ⇠ 2�!0

�! 0 H0

|!(k)� !0| . 2�!0

1

�!(k)

W1(k) =
1

�(!(k)� µ)

a(k, 0) =
p

W(k, 0) ei'k 'k random iid

⇢eq ⇠ e��
R
BZ

dk(!(k)�µ)|a(k)|2

H0 N0

@tW(k, t) = �2 C(W(·, t))(k)

⇢t ⇠ exp

✓
�

Z

BZ

dk
|a(k)|2

W(k, t)

◆

with a�(k) = a(k), a+(k) = a⇤(�k)

�1 + · · ·+ �4 6= 0

N0 =

Z

BZ

dk |a(k)|2

t ⇠ ��2 , �! 0

V =
1

16

Z
dk1 . . . dk4

(!1 . . .!4)1/2
�(k1 + · · ·+ k4)

X

�i=±
a�1(k1) . . . a

�4(k4) (r = 4)

H = H0 + �V

H0 =

Z

BZ

dk!(k)|a(k)|2 (L ! 1)

da(k)

dt
= �i!(k)a(k)

d2qx
dt2

= �!2

0(1� 2�)qx + �!2

0(�q)x � �q r�1

x

0  �  0.5 , � � 0 (stability)

H =
LX

x=1


p2x
2

+
!2
0
q 2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

H =
X

x

p2x
2

+
!2q2x
2

+ g e��(q2x+q2
x+1

)(qx+1 � qx)
2

1

L

LX

x=1

'
⇣ x
L

⌘
hex(Lt)i =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx

+
hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

h · i

1

L

LX

x=1

'(x, L)hrx(Lt)i !

Z
1

0

dy r(y, t)

1

L

LX

x=1

'(x, L)hpx(Lt)i !

Z
1

0

dyp(y, t)

1

L

LX

x=1

'(x, L)hex(Lt)i !

Z
1

0

dy e(y, t)

1

Z
exp

(
�
1

2

LX

x=1

�(x/L)mx

✓
px
mx

�
p(x/L)

m

◆2

�
1

2

LX

x=1

�(x/L)(rx � r(x/L))2
)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2x
2

+ ge��(p2x+p2
x+1

)(1� cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1

T2

* 
1
p
t

Z
t

0

ds
1
p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ eln L/⇠s = L1/⇠s

⌧(`) ⇠ e`/⇠ `

P(R(`)) ⇠ e�s`

`? ⇠
ln L

s

s⇠ < 1/2

⌧(`) ⇠ e`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2x
2

+
!2
x q

2
x

2
+ g

(qx � qx+1)2

2
+ �x

q4x
4

, ⇤ ⇢ Z

E(R0) < +1 J ⇠
1

L

U

E(R0)
E(R0) = +1

Rx�1 Rx Rx+1

1

L

LX

x=1

'
⇣ x
L

⌘
ex =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx

+
hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),

1

m[Ly]
hp[Ly](Lt)i !

1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2

k M k , 0  k  L� 1

⇠�1

k
⇠ !2

k ⇠ (k/L)2

@tr =
1

m
@xp , @tp = @xr , @te =

1

m
@x(pr)

Mq̈ = �q

H =
X

x

p2x
2mx

+ gr2x , g = 1, mx i.i.d.

@+x f(x) = f(x+ 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0
iV(r),r

m�1

x ! m�1

@+x f(x) = f(x+ 1)� f(x)

1

L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!

Z

T
dy'(y) (r,p, e)(y, t)

L ! 1

@tr = m�1 @xp

@tp = @x
⇥
hV0

iV(r),r

⇤

@te = m�1 @x
⇥
phV0

iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)

@tp(x, t) = @x
⇥
hV0

iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0

iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m
�1

x px)

@tpx = @+x V
0(rx�1)

@tex = @+x
�
V0(rx�1)m

�1

x px
�

R =
X

x

rx, P =
X

x

px, H =
X

x

ex, ex = p2x/2mx + V(rx)

H =
X

x2⇤

p2x
2mx

+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)
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thermal value
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out of equilibriumvarious �
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Case 1 : non� linearity : q6x , � = 0.35 (L = 1024)
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}

max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e�i/⇠ SxbS
x
i

hB(x, t);B(y, s)i ⇠
e�(x�y)2/|t�s|

p
|t� s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i S
z
i

⇣
=
P

i "i c
†

i ci
⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0
|Vi|Ei =

hE0
|[Vi,H]|Ei

!

= . . . =
hE0

|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠
"n n!

!n
⇠ e�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1

Case 1 : non� linearity : q6x , � = 0.35 (L = 1024)

theory : � = �0�
�5�2 (kinetic), �0 ' 0.13

d

dt
hN0i⇢(t) = �2p(�µ�)
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0
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r = 6 , 0.3 . � < 0.5 !(k)

d

dt
hN0i⇢t = 0⇥ �2 + O(�3)
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Case 1 : non� linearity : q6x , � = 0.35 (L = 1024)

theory : � = �0�
�5�2 (kinetic), �0 ' 0.13
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Case 1 : non� linearity : q6x , � = 0.35 (L = 1024)

theory : � = �0�
�5�2 (kinetic), �0 ' 0.13
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ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k

P(⇢(L)� ⇢?(") > ��) ! 0 as L ! 1

⇠�1
k+1 = (1� ⇢k) ⇠

�1
k

⇢k = "k(k+ `k)

`k =
k

⇠c � ⇠k

e�`/⇠e↵ = e�(`�`th)/⇠0 ) ⇠e↵ = ⇠0
1

1� `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1

` ⇠
Lb

⇠c � ⇠?

⇠ ! 1 as ⇢! 1

" ! ⇢?(")

⇢?("c) < 1

⇢?("c) = 1

h⇢(L)i" ! ⇢?(")

P(⇢(L)� ⇢?(") < ��) ! 0 8� > 0 as L ! 1

L ! 1

A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0

` ⇠
1

⇠�1 �
log 2
2

Lb

G =
matrix element

level spacing
⇠

e�`/⇠ e�s(T)(Lb+`)/2

e�s(T)(Lb+`)

H =
P

i hi�
z
i + J?(�

+
i �

�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1

J?e�`/⇠

`

H =
X

x

p2x + !2
xq

2
x

2
+

g

2
(qx+1 � qx)

2 + �q4x , !x > 0 iid

H =
X

x

p2x
2

+ �
�
1� cos(qx+1 � qx)

�
, qx 2 R/Z

@tr =
1

m
@xp, @tp = �@xr

@te =
1

m
@x(rp)

—
HJ=0 =

P
i 2hini + g(a†i ai+1 + a†i+1ai)

Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}

max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e�i/⇠ SxbS
x
i

hB(x, t);B(y, s)i ⇠
e�(x�y)2/|t�s|

p
|t� s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i S
z
i

⇣
=
P

i "i c
†

i ci
⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0
|Vi|Ei =

hE0
|[Vi,H]|Ei

!

= . . . =
hE0

|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠
"n n!

!n
⇠ e�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1



Case 2 : non� linearity : q4x , � = 0.45 (L = 1024)

theory : � = �0�
�5�4 (non� kinetic), �0 ' 10.5
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Case 2 : non� linearity : q4x , � = 0.45 (L = 1024)

theory : � = �0�
�5�4 (non� kinetic), �0 ' 10.5
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ṙx = m�1
x+1px+1 �m�1

x px ,
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Case 2 : non� linearity : q4x , � = 0.45 (L = 1024)

theory : � = �0�
�5�4 (non� kinetic), �0 ' 10.5
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Case 2 : non� linearity : q4x , � = 0.45 (L = 1024)

theory : � = �0�
�5�4 (non� kinetic), �0 ' 10.5
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Case 3 : non� linearity : q6x , � = 0.28 (L = 1024)

theory : � = �0�
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Case 3 : non� linearity : q6x , � = 0.28 (L = 1024)
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ṙx = m�1
x+1px+1 �m�1

x px ,
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1) The theory is incorrect
2) The theory will eventually become correct for much smaller λ 

(not reachable)

Two scenarios:



Case 3 : non� linearity : q6x , � = 0.28 (L = 1024)

theory : � = �0�
�9�4 (non� kinetic), �0 ' 230
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@tW(k, t) = �2C(W(·, t))(k) +O(�3)

⇢t = ⇢0 ⇥
⇥
1+ �f1 +O(�2)

⇤

d

dt
h|a(k)|2i⇢(t) = �2hJfi⇢0 +O(�3)

d

dt
h|a(k)|2i⇢(t) = �2 hJ(k)f1i⇢0 + O(�3)

A =

Z

BZ
dk'(k)|a(k)|2

dA

dt
= �2 lim

⌧!1

Z
1

0
dte�t/⌧

hJA(0)J1/W(0)iW +O(�3)

d

dt
|a(k)|2 = � J(k) hJ(k)i⇢0 = 0 for all GGE ⇢0

⇢0 ⇠ exp

✓
�

Z

BZ
dk

|a(k)|2

W(k)

◆

A =

Z

BZ
dk'(k)|a(k)|2

A =
X

x,y

'̂(x� y)a(x)a⇤(y) , |'̂(x� y)| ⇠ e�|x�y|/`0

O(t) hOipre hOith t

⌧0 ⇠ 1 ⌧1 ⇠ ��2 ⌧2 ⇠ ��p (p > 2)

H = H0 + �V

� = hJi⇢t = h{H,N}i⇢t ⇠ �2(p
?+1)

� = ��µ lim
⌧!1

Z
1

0
dt e�t/⌧

hJ(0)J(t)i0 + O(�2(p
?+1)+1)

h·i0 ⇠ e��(H0�µN0)

J(t) = e{H0,·}tJ

O(�p
?+1)

� = h{H,N}i⇢t ⇠ �2(p
?+1)

{H,N}

{H,N} = �p
?+1

Z
dk1 . . . dkn �(k1 + · · ·+ kn)

X

�i=±1

'(k1, . . . , kn,�1, . . . ,�n) a
�1(k1) . . . a

�n(kn), n ⇠ p?

n ⇠ p?

{N0, a
�1(k1) . . . a

�n(kn)} =
�
�1 + · · ·+ �n

�
a�1(k1) . . . a

�n(kn)

{N0, ·}

with a�(k) = a(k), a+(k) = a⇤(�k)

a(k) =
1
p
2

 
p
!(k)q̂(k) + i

1p
!(k)

p̂(k)

!

f̂(k) =
X

x

e�2i⇡kxf(x)

!(k) =
�
1� 2� cos(2⇡k)

�1/2

� < 0.5 !(k),
p
!(k), 1/

p
!(k)

(1� 2�)1/2 (1+ 2�)1/2

d2qx
dt2

= �(1� 2�)qx + �(�q)x � �q r�1
x

0  �  0.5 , � � 0 (stability)

 = 0 if p < 1� e�1/9⇠

` prob ⇠ e�c(W)` R ⇠ e`/⇠ c(W) ! 0 as W ! Wc

hi iid, hhii = 0, hh2i i
1/2 = W

 = 2�2
Z

1

0
dt
X

x

hjx(t)j0(0)i�

H =
X

x

!xnx +
X

x

(a†xax+1 + cc) +
X

x

�xnxnx+1

H =
LX

x=1


p2x
2

+
!2
0q

2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

v1 ⇠ �2(p
?+1)

⌧ �p
?+3

⇠ v2

p? = 1 p? > 1

� ⇠ �2

v1 ⇠ �4 ⇠ v2

v1 =
d

dt
(�t, µt) ⇠ �2(p

?+1)

v2 =
d

dt
(⇢t � ⇢0t ) ⇠ �2 �p

?+1

⇢0t ⇠ e��t (H�µtN)+O(�p?+1)

� ⇠ �2(p
?+1)

�0(�, µ)

� = h{H,N}i⇢t ⇠ �0(�t, µt)�
2(p?+1)

{H,N} ⇠ �p
?+1

) rate � ⇠ �2(p
?+1)

� = 1 , µ = �1 ( ), L = 1024

a(k) =
p
W(k) ei'k ('k random iid), W(k) =

1

�(!(k)� µ)

L = 1024

N = N0 +O(�) {H,N} ⇠ �p
?+1

H̃ = '(H) = H+O(�) {H̃,N0} ⇠ �p
?+1

[H,Nd] ⇠ J to [H̃,Nd] ⇠ J e�U/J

⇠ � ⇠ �2 ⇠ �4

0.3 < �  0.5 0.26 < � < 0.3

�q4x �q6x

� ! 0 n ⇠ 1/�

(!1 + · · ·+ !n+1)� (!n+2 + · · ·+ !2n) = 0

a+1 a
+
2 a

+
3 a4

a+1 a
+
2 a

+
3 a

+
4 a5a6

a+1 . . . a+5 a6 . . . a8

k1 + · · ·+ k2n = 0

⇠ !0(1+ �) ⇠ !0(1� �)

W ⇠ 2�!0

�! 0 H0

|!(k)� !0| . 2�!0

1

�!(k)

W1(k) =
1

�(!(k)� µ)

a(k, 0) =
p
W(k, 0) ei'k 'k random iid

⇢eq ⇠ e��
R
BZ dk(!(k)�µ)|a(k)|2

H0 N0

@tW(k, t) = �2 C(W(·, t))(k)

⇢t ⇠ exp

✓
�

Z

BZ
dk

|a(k)|2

W(k, t)

◆

with a�(k) = a(k), a+(k) = a⇤(�k)

�1 + · · ·+ �4 6= 0

N0 =

Z

BZ
dk |a(k)|2

t ⇠ ��2 , �! 0

V =
1

16

Z
dk1 . . . dk4

(!1 . . .!4)1/2
�(k1 + · · ·+ k4)

X

�i=±

a�1(k1) . . . a
�4(k4) (r = 4)

H = H0 + �V

H0 =

Z

BZ
dk!(k)|a(k)|2 (L ! 1)

da(k)

dt
= �i!(k)a(k)

H =
LX

x=1


p2x
2

+
!2
0q

2
x

2
� �!2

0qxqx+1 + �
q r
x

r

�
r = 4, 6

H =
X

x

p2x
2

+
!2q2x
2

+ g e��(q2x+q2x+1)(qx+1 � qx)
2

1

L

LX

x=1

'
⇣ x
L

⌘
hex(Lt)i =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

h · i

1

L

LX

x=1

'(x, L)hrx(Lt)i !

Z 1

0
dy r(y, t)

1

L

LX

x=1

'(x, L)hpx(Lt)i !

Z 1

0
dyp(y, t)

1

L

LX

x=1

'(x, L)hex(Lt)i !

Z 1

0
dy e(y, t)

1

Z
exp

(
�
1

2

LX

x=1

�(x/L)mx

✓
px
mx

�
p(x/L)

m

◆2

�
1

2

LX

x=1

�(x/L)(rx � r(x/L))2
)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2x
2

+ ge��(p2x+p2x+1)(1� cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1

T2

* 
1
p
t

Z t

0
ds

1
p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ eln L/⇠s = L1/⇠s

⌧(`) ⇠ e`/⇠ `

P(R(`)) ⇠ e�s`

`? ⇠
ln L

s

s⇠ < 1/2

⌧(`) ⇠ e`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2x
2

+
!2
x q

2
x

2
+ g

(qx � qx+1)2

2
+ �x

q4x
4

, ⇤ ⇢ Z

E(R0) < +1 J ⇠
1

L

U

E(R0)
E(R0) = +1

Rx�1 Rx Rx+1

1

L

LX

x=1

'
⇣ x
L

⌘
ex =

1

L

LX

x=1

'
⇣ x
L

⌘⇣
hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1

L

LX

x=1

'
⇣ x
L

⌘⇣Var(px)
2mx

+
Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),

1

m[Ly]
hp[Ly](Lt)i !

1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2
k M k , 0  k  L� 1

⇠�1
k ⇠ !2

k ⇠ (k/L)2

@tr =
1

m
@xp , @tp = @xr , @te =

1

m
@x(pr)

Mq̈ = �q

H =
X

x

p2x
2mx

+ gr2x , g = 1, mx i.i.d.

@+x f(x) = f(x+ 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0
iV(r),r

m�1
x ! m�1

@+x f(x) = f(x+ 1)� f(x)

1

L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!

Z

T
dy'(y) (r,p, e)(y, t)

L ! 1

@tr = m�1 @xp

@tp = @x
⇥
hV0

iV(r),r

⇤

@te = m�1 @x
⇥
phV0

iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)

@tp(x, t) = @x
⇥
hV0

iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0

iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m
�1
x px)

@tpx = @+x V
0(rx�1)

@tex = @+x
�
V0(rx�1)m

�1
x px

�

R =
X

x

rx, P =
X

x

px, H =
X

x

ex, ex = p2x/2mx + V(rx)

H =
X

x2⇤

p2x
2mx

+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)
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ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k

P(⇢(L)� ⇢?(") > ��) ! 0 as L ! 1

⇠�1
k+1 = (1� ⇢k) ⇠

�1
k

⇢k = "k(k+ `k)

`k =
k

⇠c � ⇠k

e�`/⇠e↵ = e�(`�`th)/⇠0 ) ⇠e↵ = ⇠0
1

1� `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1

` ⇠
Lb

⇠c � ⇠?

⇠ ! 1 as ⇢! 1

" ! ⇢?(")

⇢?("c) < 1

⇢?("c) = 1

h⇢(L)i" ! ⇢?(")

P(⇢(L)� ⇢?(") < ��) ! 0 8� > 0 as L ! 1

L ! 1

A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0

` ⇠
1

⇠�1 �
log 2
2

Lb

G =
matrix element

level spacing
⇠

e�`/⇠ e�s(T)(Lb+`)/2

e�s(T)(Lb+`)

H =
P

i hi�
z
i + J?(�

+
i �

�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1

J?e�`/⇠

`

H =
X

x

p2x + !2
xq

2
x

2
+

g

2
(qx+1 � qx)

2 + �q4x , !x > 0 iid

H =
X

x

p2x
2

+ �
�
1� cos(qx+1 � qx)

�
, qx 2 R/Z

@tr =
1

m
@xp, @tp = �@xr

@te =
1

m
@x(rp)

—
HJ=0 =

P
i 2hini + g(a†i ai+1 + a†i+1ai)
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Case 3 : non� linearity : q6x , � = 0.28 (L = 1024)

theory : � = �0�
�9�4 (non� kinetic), �0 ' 230
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Same possible two interpretations



Consistency of the main assumption?
Reminder: the theory is based on the assumption
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Good sanity check: kinetic regime. 
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marginal

OK
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2xV(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1� ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}

max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e�i/⇠ SxbS
x
i

hB(x, t);B(y, s)i ⇠
e�(x�y)2/|t�s|

p
|t� s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�

i+1 + ��i �
+
i+1) + J�zi �

z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i S
z
i

⇣
=
P

i "i c
†

i ci
⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= He↵

hE0
|Vi|Ei =

hE0
|[Vi,H]|Ei

!

= . . . =
hE0

|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠
"n n!

!n
⇠ e�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1



Conclusions

• Basic understanding of the slow thermalization in a 
classical chain of anharmonic oscillators 

• Use of new methods from Quantum Mechanics in a 
classical set-up 

• Proposal for the time scales for thermalization based 
on numerical and theoretical analysis 

• Quantitative agreement between theory and 
numerics, at least in some cases


