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Abstract

We study the deterministic control problem of maximizing utility from consumption of
an agent who seeks to optimally allocate his wealth between consumption and investment in
a financial asset subject to taxes on benefits with first-in–first-out priority rule on sales.
Short sales are prohibited and consumption is restricted to be non-negative. Such a problem
has been introduced in a previous paper by the same authors where the first-order
conditions have been derived. In this paper, we establish an existence result for this
non-classical optimal control problem. q 2000 Elsevier Science S.A. All rights reserved.
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1. Introduction

The simplest consumption-investment problem can be formulated as follows
Ž .see for example, Ando and Modigliani, 1963 . There is an economic agent with

Ž . T Ž Ž ..preferences described by a utility function U c sH u t,c t d t, where c is the0
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w xconsumption path in the time interval 0,T . The agent has an income function v

w xdefined on 0,T . The financial market consists of one asset with price function S.
Ž . ŽAt each time t, the agent receives an income v t , rebalances his portfolio by

.buying or selling some financial assets and spends the rest for consumption.
In this paper, we study the case where the portfolio rebalancement involves the

payment of taxes on benefits. Then, the purchasing time of the asset to be sold has
to be recorded in order to compute the amount of tax to be paid. Also, the sales
may be submitted to some priority rule imposed by the tax administration.

Ž .Dermody and Rockafellar 1991; 1995 studied the problem of hedging and utility
maximization in a deterministic and finite discrete-time model, without priority
rule on the sales.

Instead, we consider a deterministic continuous-time model. Notice that Der-
mody and Rockafellar’s framework is not embedded in our formulation, since our
portfolio strategies are supposed to be absolutely continuous with respect to the
Lebesgue measure. In addition to the no-short-selling constraint, our model
assumes that sales are subject to the first-in–first-out priority rule on sales. The
agent’s problem turns out to be a non-classical optimal control problem with
endogenous delay and with a complex non-negativity constraint on consumption.
In particular, we do not know whether the function to be maximized is convex in
the control variables.

Ž .Such a problem has been introduced by Jouini et al. 1999 . In the latter paper,
we have derived the first-order conditions of the problem as well as the following

Ž .economically appealing result: an optimal strategy if it exists can always be
chosen such that the agent never sells out from his portfolio and buys new

Ž .financial assets simultaneously. Such a surprisingly difficult result allows to
simplify the non-negativity constraint on consumption and provides an L p bound

Ž . 1on purchases p)1 and an L bound on sales. We exploit these bounds in order
to establish an existence result without appealing to convexity of the function to be
maximized.

Before closing this introductory section let us relate our problem to the classical
optimal investment problem without taxes. In the latter problem, the existence
result follows easily from the fact that the objective function is continuous, and the
budget set is compact. In our problem, the budget set may be identified to a subset
of the previous compact budget set. Nevertheless, the constraints induced by the
first-in–first-out priority rule on sales involves the delay function, and therefore
the whole past of the portfolio strategy. In this setting, closedness of the budget set
is far from being straightforward, as one can see from the precise problem
formulation of Section 2. This is the reason why our existence result relies on
extremely demanding tools from functional analysis.

The paper is organized as follows. Section 2 provides a precise description of
Ž .the model and recalls some basic results from Jouini et al. 1999 . The existence

result for the optimal control problem with endogenous delay is reported in
Section 3.
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2. The model

2.1. The financial market

There is a single consumption commodity available for consumption though
w x0,T where T is a finite time horizon. The financial market consists of one
riskless asset, called bond, whose price function is given by:

t
w xS t sS 0 exp r s d s, tg 0,T ,Ž . Ž . Ž .H

0

Ž . w x Ž .where r P is a continuous non-negative function defined on 0,T ; r t is the
instantaneous interest rate at time t.

2.2. Taxation rule

Ž .Following Jouini et al. 1999 , we assume that sales are subject to taxes on
benefits. 4 More precisely, we shall consider the usual first-in–first-out rule
according to which any bond sold at some time t should be the oldest one in the
time t portfolio.

�Ž . 2 4 Ž .We introduce the set Ds t,u gR :0FuF tFT . Fix some t,u in D. For
Ž .each monetary unit invested at time u and sold out at time t, we denote by w t,u

the after tax amount received at time t, i.e., the amount of tax paid by the investor
is

S tŽ .
yw t ,u .Ž .

S uŽ .
The after tax return function w defined on D is assumed to satisfy the following
standing conditions.

1 w . Ž .Assumption 2.1. w is a C function mapping D into 1,q` with w t,t s1, for
w xall tg 0,T ,

wt w xt ,P is decreasing for any tg 0,T 2.1Ž . Ž .
w

and

w xf t ,P :u¨w t ,u S u is non-decreasing; tg 0,T . 2.2Ž . Ž . Ž . Ž .

The fact that wG1 is a natural condition on the after tax return function w

Ž . Ž .since the asset price S t is non-decreasing and the tax is a possibly varying

4 Since the instantaneous interest rate is non-negative, sales always yield some non-negative benefit.
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Ž .proportion of the capital gains. The restriction w t,t s1 is a natural condition
which expresses the fact that there is no benefit from selling and buying a

Ž .financial asset at the same time t. The technical condition 2.1 is a needed for the
Ž .proof of the basic result of Jouini et al. 1999 which will be recalled later on. The

Ž . Ž .last condition 2.2 is not assumed in Jouini et al. 1999 but is needed here in
order to establish our existence result. The simplest taxation rule is given by the
following example.

Example 2.1. Constant tax rate. Suppose that the tax to be paid for one asset
w Ž . Ž .xbought at time u and sold at time t is given by t S t yS u . Therefore, the

Ž . w Ž . Ž Ž . Ž ..x Ž .investor return from such a strategy is w t,u s S t yt S t yS u rS u st

Ž . Ž . Ž . Ž . t Ž .q 1yt S t rS u stq 1yt exp H r s d s. It is easily checked that w satis-u

fies the conditions of Assumption 2.1.

Ž .Remark 2.1. We recall from Jouini et al. that condition 2.1 implies that the after
tax return function w is non-decreasing in t and non-increasing in u.

2.3. Trading strategies

1 1w x Ž .We denote by L the set of all non-negative L 0,T functions. Let x, y be aq
1 Ž . Ž Ž .. Žpair of L functions. Here x t respectively, y t is the investment respec-q

. t Ž .tively, disinvestment rate in units of the bond at time t. In other words, H x s d s0
Ž t Ž . . Žrespectively, H y s d s is the cumulated number of assets purchased respec-0

. Ž .tively, sold out up to time t. Such a pair x, y is said to be a trading strategy if
the no short selling constraint

t t
y s d sF x s d s, 0F tFT 2.3Ž . Ž . Ž .H H

0 0

Ž .holds. Condition 2.3 says that sales must not exceed purchases at any time.
Ž . x , yGiven a trading strategy x, y , we define the delay function u by:

s tx , y w xu t ssup sg 0,t : x u duF y u du .Ž . Ž . Ž .H H½ 5
0 0

In the sequel, we shall write u for u x , y for notational simplicity. As defined, u is
t Ž . Ž .non-decreasing and whenever H y s d s)0, u t is the purchasing date of the0
t Ž . t Ž . Žoldest asset in the portfolio. If H x s d ssH y s d ss0 no market participation0 0

. Ž . w xup to time t a.e. , then u s ss for all sg 0,t . Furthermore, from the no short
Ž .sales constraint 2.3 , we have

u 0 s0Fu t F t , 0F tFT . 2.4Ž . Ž . Ž .
Ž .We recall the following properties from Jouini et al. 1999 .



( )E. Jouini et al.rJournal of Mathematical Economics 33 2000 373–388 377

Ž . w x Ž q. Ž . w xLemma 2.1. i u is right-continuous on 0,T , i.e., u t su t for all tg 0,T ,
Ž . w x u Ž t . Ž . t Ž . Ž . w x u Ž t . Ž .yii for all tg 0,T , H x s d ssH y s d s, iii for all tg 0,T , H x s d ss0 0 u Ž t .
0.

Ž .Part i of the above lemma states that delay functions u are non-decreasing
right-continuous functions, as a direct consequence of its definition through some

Ž . Ž .strategy x, y . Part ii provides an economic interpretation of u . Namely, loosely
speaking, the cumulated sales at time t correspond to the cumulated purchased

Ž . Ž .shares at time u t . Finally, part iii says that the jumps of the delay function u

Ž .are located in the regions of positive measures with no investment in the bond.
This is a natural property of u which expected from its definition.

Ž .In this paper, we need to extend part ii of the last lemma by replacing the
w x Žw x.interval 0,t by any Borel subset A of BB 0,T . The following result says that

we have a similar result: the sales of A correspond to purchases at corresponding
Ž .dates in u A .

Žw x.Lemma 2.2. For any set A;BB 0,T , we haÕe:

y s d ss x s d s.Ž . Ž .H H
Ž .A u A

Ž . Žw x.Proof. i We first prove that the mapping m defined on BB 0,T by:

m A [ x t d tŽ . Ž .H
x , yŽ .u A

w xdefines a measure on 0,T . To see this, we only have to check that m is
Ž . Žw x.s-additive. Let A be a sequence of non-intersecting sets of BB 0,T . Then,i i G 0

for all n, we have:
n n

n x , ym A G x t d ts x1 . 2.5Ž . Ž . Ž .Ý ÝH Hi �j u Ž A .4is 1 ix , yŽ .u Aiis0 is0

By the dominated convergence theorem, this provides:
`

m A G x .Ž .Ý Hi
x , y `Ž .u j Ais1 iis0

Ž .In order to have equality, we have to prove equality in Eq. 2.5 . To see this, it
suffices to prove that

l u x , y A lu x , y A s0 for i/ j, 2.6Ž . Ž .Ž .Ž .i j

Žw x. Ž .where l is the Lebesgue measure on BB 0,T . To prove Eq. 2.6 , let as
x , yŽ . x , yŽ . Ž .u t su t with t ,t gA =A . Then since A lA sØ, we can assumei j i j i j i j

x , yŽw x. � 4t - t . Since u is non-decreasing, we must have u t ,t s a andi j i j
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Ž x , y.y1Ž� 4.u a has a non-empty interior. Now, it is clear that there is at most a
countable number of non-intersecting intervals with non-empty interior and there-
fore a countable number of such a ’s.

Ž . Ž . u x , yŽ t . Ž . t Ž .ii From Lemma 2.1 ii , we have H x s d ssH y s d s. We intend to0 0
Žw x. u x , yŽ t . Ž .prove that m 0,t sH x s d s in order to obtain that m coincides with the0

measure with density y. To see this, notice that
x , yŽ . x , yŽ .u t u uw xm 0,t s x s d sy x s d sŽ . Ž .Ž . ÝH H

x , yŽ .x , y0 u uyŽ .ugTT ut

Ž x , y. Ž . x , ywhere TT u is the set of at most countable jumps of u prior to t. Now, byt
Ž . u x , yŽu. Ž . w xx , yLemma 2.1 iii , we have H x s d ss0 for all ug 0,T which ends theu Žuy.

proof. I

2.4. The agent’s problem

w x Ž .At each time tg 0,T , the agent is endowed with an income rate v t in units
w xof the consumption good. Here v is a given positive continuous function on 0,T .

Ž .Then, given a trading strategy x, y , the agent’s consumption rate function is
given by:

c x , y t sv t yx t S t qy t f t ,u x , y t , 0F tFT . 2.7Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
Ž .Therefore, a trading strategy x, y is said to be admissible if the induced

consumption rate function is non-negative. We shall denote by AA the set of all
admissible trading strategies, i.e.,

AAs x , y gL1 =L1 : xG y hold and c x , y G0 . 2.8Ž . Ž .H Hq q½ 5
0 0

The agent’s preferences are represented by a time-additive utility function from
Ž . 1,2Žw x .consumption U t,c . We assume throughout the paper that U is C 0,T ,R ,q

decreasing in t, concave non-decreasing in c and

sup U t ,0q -` 2.9Ž . Ž .c
0FtFT

w xU t ,q` [ lim U t ,c s0 for all tg 0,T . 2.10Ž . Ž . Ž .c c
c™q`

Ž .Notice that the latter conditions are not assumed in Jouini et al. 1999 . The
agent’s optimal control problem is:

T x , ysup U t ,c t d t , 2.11Ž . Ž .Ž .H
0Ž .x , y gAA

i.e., maximize utility from consumption over all admissible trading strategies. In
the sequel we shall denote

T x , yf x , y [ U t ,c t d t for all x , y gAA.Ž . Ž . Ž .Ž .H
0
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Ž .Remark 2.2. From condition 2.9 , the utility function U is bounded from below
Ž . Ž .by some constant and, therefore, function f x, y is well-defined for all x, y gAA

� 4and takes values in Rj q` .

Ž .We now recall the basic result of Jouini et al. 1999 which allows to simplify
the non-negativity constraint on consumption.

Ž .Theorem 2.1. Let x, y be some admissible strategy in AA. Then, there exists an
x , y x̃ , ỹŽ .admissible strategy x, y gAA such that c Fc and:˜ ˜

x t y t s0 0F tFT a.e. 2.12Ž . Ž . Ž .˜ ˜
An important consequence of the last theorem is that the set of admissible

Ž .strategies in the optimization problem 2.11 can be restricted to the set AA0

defined by:

AA s x , y gAA: x t y t s0, 0F tFT a.e.� 4Ž . Ž . Ž .0

in the sense that

sup f x , y s sup f x , yŽ . Ž .
Ž . Ž .x , y gAA x , y gAA0

Ž .It is then easily seen that all strategies x, y gAA satisfy xSFv. Conversely, if0
Ž . 1 1 x , yx, y gL =L satisfies xys0 a.e. and xSFv, then we have c G0 a.e. Itq q
follows that the set AA may be rewritten as:0

P P
1 1AA s x , y gL =L : xSFv , xys0 a.e. and xG y . 2.13Ž . Ž .H H0 q q½ 5

0 0

Ž .The last condition together with the no short sales condition 2.3 provide the
following result.

Ž . Ž .Lemma 2.3. sup f x, y ssup AA f x, y -`.Ž x , y.g AA Ž x , y.g 0

Proof. Since U is non-increasing in t and concave in c, we see that

1 T x , yf x , y FTU 0, v t yx t S t qy t f t ,u t d tŽ . Ž . Ž . Ž . Ž . Ž .Ž .Hž /T 0

1
5 5 5 5FTU 0, v 1q f ,Ž .1 `ž /T

Ž .where we used Eq. 2.3 and the fact that xSFv. I

The set AA introduced above is not convex; however, its convex hull is0

included in the set of admissible strategies.

Ž . Ž .Lemma 2.4. conv AA ;AA where conv AA is the smallest conÕex set containing0 0

AA .0
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Ž . Ž . Ž . Ž .Proof. Consider some x , y , x , y gAA and lg 0,1 . Define x, y [ˆ ˆ1 1 2 2 0
Ž . Ž .Ž . Ž . 1 1l x , y q 1yl x , y . Then it is clear that x, y gL =L and satisfies theˆ ˆ1 1 2 2 q q

Ž . Ž .short sales condition 2.3 . As for the consumption induced by x, y , we have:ˆ ˆ
x̂ , ŷ x̂ , ŷc t sv t yx t S t qy t f t ,u t G0Ž . Ž . Ž . Ž . Ž . Ž .Ž .ˆ ˆ

Ž . Ž .since xSsl x Sq 1yl x SFv and ysl y q 1yl y G0. Iˆ ˆ1 2 1 2

3. An existence result

In this section, we prove the following results.

( )Theorem 3.1. The optimal control problem 2.11 has a solution, i.e., there exists
Ž U U .a strategy x , y gAA such that

f xU , yU s sup f x , y .Ž . Ž .
Ž .x , y gAA

Ž U U .Remark 3.1. By Theorem 2.1, the solution x , y may be chosen in AA . We0

have then an existence result in AA .0

Ž .Let x , y a maximizing sequence of trading strategies in AA , i.e.,n n ng N 0

x , y gAA and lim f x , y s sup f x , y .Ž . Ž . Ž .n n 0 n n
n™` Ž .x , y gAA

Ž .Lemma 3.1. Let p be an arbitrary Õalue in 1, ` . For all n, there exist
Ž n. n ncoefficients l , with l G0 and Ý l s1, such thatk k G n k k G n k

x [ ln x ™xU in L pˆ Ýn k k
kGn

y [ ln y ™yU a.e.ˆ Ýn k k
kGn

U U 1 Ž .where x SFv, y gL and x , y gAA for all n.ˆ ˆn n

Ž .Proof. The fact is that the sequence x , y gAA follows from Lemma 2.4. Weˆ ˆn n
Ž .now prove the convergence result. Since x , y gAA for all n, the sequencen n 0

Ž . ` p Ux is bounded in L and therefore in L for all p)1 with x SFv. Thenn n
Ž . pthere exists a subsequence of x which converges weakly in L to somen n

U p � 4x gL . By Mazur’s lemma there exists a convex combination of x ,kGnk
U p Ž .converging towards x in L see, e.g., Dellacherie and Meyer, 1975 . Hence,
Ž n. n nthere exist coefficients m with m G0 and Ý m s1 such thatk k k G n k

mn x ™xU in L p .Ý k k
kGn
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Notice that, since x SFv for each n, we have xUSFv. Next notice that, fromn
Ž .the no short sales condition 2.3 , we have:

T T Tn nm y t d tF m x t d tF v t d t ;Ž . Ž . Ž .Ý ÝH H Hk k k k
0 0 0kGn kGn

recall that SG1. Then, from Komlos theorem, there exists a subsequence of`
Ž n . Ž p Žn. .Ý m y named Ý m y such thatk G n k k n k Gp Žn. k k

n1
Up Ž p.m y ™y a.e.Ý Ý k kn ps1 Ž .kGp p

U 1 Ž .for some y gL see Hall and Heyde, 1980 . This proves that there exist
Ž n. n ncoefficients l with l G0 and Ý l s1 satisfying the requirements of thek k k G n k

lemma. I

We now recall an important notion of convergence which will be used for the
sequence of delay functions. Let f and g be two non-decreasing right-continuous

w x Ž .functions defined on 0,T . The Levy distance d f , g is defined by:

w xd f , g [ inf ´)0: f ty´ y´Fg t F f tq´ q´ for tg 0,T .� 4Ž . Ž . Ž . Ž .
Ž .In words, d f , g is the shortest distance between the graph of f and the graph of

Ž Ž ..g along lines in the direction of the second diagonal spanned by y1,1 .

Lemma 3.2. There exists a non-decreasing right-continuous function u
U such that

x , y U x̂ , ŷ Un n n nˆu [u ™u and u [u ™un n

in the sense of the LeÕy metric, possibly along some subsequence.

Ž . UProof. We refer to Lemma 3.7 of Jouini et al. 1999 for the existence of u as
Ž .the limit in the sense of the Levy metric of the sequence u ; this result is in factn n

Ž .a consequence of the Prohorov theorem see Billingsley, 1968, p. 37 . To see that
ˆ UŽ .u also converges to u in the sense of the Levy metric, notice that:n n

t Ž .ˆ u tŽ .u t kn n nn l x s d ss l y s d ss l x s d sŽ . Ž . Ž .Ý Ý ÝH H Hk k k k k k
0 0 0kGn kGn kGn

so that:

ˆinf u t Fu Fsup u t ; 0F tFT .Ž . Ž .k n k
kGn kGn

ˆ UŽ .Using the last inequality, it is easily checked that u converges to u in then n

sense of the Levy metric. I

Ž . Ž .In our problem, we do not know whether function f x, y to be maximized is
Ž .convex. Therefore, we cannot deduce immediately that x , y is a maximizingˆ ˆn n

sequence. We now establish the latter result without appealing to convexity of f.
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Ž .Lemma 3.3. The sequence x , y is a maximizing sequence, i.e.,ˆ ˆn n ng N

lim f x , y s sup f x , y .Ž .ˆ ˆŽ .n n
n™` Ž .x , y gAA

Ž .Proof. Fix some ´)0. From the uniform continuity of the function f t,u , there
exists some a )0 such that´

< X < < X < < X X <ty t q uyu Fa ´ f t ,u y f t ,u F´ 3.1Ž . Ž . Ž .´

Ž . Ž X X. Ž .for all t,u and t ,u in D. Define a[min ´ ,a . From the Levy convergence´

ˆ UŽ . Ž . Ž .of u and u towards u see Lemma 3.2 , there exists some NgN suchn n n n

that

ˆ U
u t Gu ty ar2 y ar2Ž . Ž . Ž .Ž .n

w xGu tya ya ; for all kGnGN and tg 0,T .Ž .k

Ž . Ž Ž ..From the last inequality and the increase of function f t,P see Eq. 2.2 , it
follows that:

T ˆf x , y s U t ,v t yx t S t qy t f t ,u t d tŽ . Ž . Ž . Ž . Ž .ˆ ˆ ˆ ˆŽ . Ž .Hn n n n n
0

T nG U t , l v t yx t S tŽ . Ž . Ž .ŽÝH k k
0 kGn

qy t f t ,u tya ya d tŽ . Ž .Ž . .k k

T nG U t , l v t yx t S tŽ . Ž . Ž .ŽÝH k k
0 kGn

qy t f t ,u tya y´ y t d t ,Ž . Ž . Ž .Ž . .k k k

Ž .where the last inequality follows from Eq. 3.1 . Using the concavity of U, this
provides:

Tn x , yk kf x , y G l U t ,c t qy t f t ,u tyaŽ . Ž . Ž .Ž .ˆ ˆ ŽŽ . Ý Hn n k k k
0kGn

yf t ,u t y´ d t .Ž .Ž . .k

Ž . Ž .Now, from condition 2.9 , function U t,c is Lipschitz in c uniformly in t, and
Ž . T T 5 5 Ž .by the no short-sales condition 2.3 , H y FH x F vrS since x , y gAA .10 k 0 k k k 0

Then

n 5 5f x , y G l f x , y y´ A vrSŽ .ˆ ˆŽ . Ý 1n n k k k
kGn

TnqA l y t f t ,u tya y f t ,u t d t .Ž . Ž . Ž .Ž . Ž .Ž .Ý Hk k k k
0kGn
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Ž .where A[sup U t,0 . We now claim thatt gw0,T x c

T
5 5 5y t f t ,u tya y f t ,u t d tFC´ v . 3.2Ž . Ž . Ž . Ž .Ž . Ž .Ž .H 1n n n

0

Ž .for some constant C defined below. To see this, recall that the function t,u ¨
Ž . 1f t,u is C on the compact set D and therefore:

T
y t f t ,u tya y f t ,u t d tŽ . Ž . Ž .Ž . Ž .Ž .H n n n

0

T
< <FC y t u tya yu t d tŽ . Ž . Ž .H n n n

0
t Ž . u Ž t . Ž .for some constant C. Since H y s d ssH x s d s by Lemma 2.1 and by virtue0 0

of Lemma 2.2, the change of variable formula provides:

T
y t f t ,u tya y f t ,u t d tŽ . Ž . Ž .Ž . Ž .Ž .H n n n

0

Ž .u Tn 5 5FC x t ad tF´ C vrS ,Ž .H 1n
0

Ž .which proves Eq. 3.2 . We then get:

n 5 5f x , y G l f x , y y´ A vrS 1qCŽ . Ž .ˆ ˆŽ . Ý 1n n k k k
kGn

which provides:

lim inf f x , y G lim f x , y s sup f x , y .Ž . Ž .ˆ ˆŽ .n n n n
n™` n™` Ž .x , y gAA

Ž . Ž Ž .. Ž .Since x , y gAA see Lemma 3.1 , this proves that x , y is a maximizingˆ ˆ ˆ ˆn n n n n

sequence. I

Ž .Remark 3.2. This proof is the only place where we need condition 2.9 ensuring
Ž .that U t,c is Lipschitz in c uniformly in t.

1 Ž .So far, we only have an L bound on the sequence y . This allowed ton n
Ž .construct the sequence y of convex combinations, which converges only in theˆn n

a.s. sense. For reason to be clear in the proof of the main theorem, we need an L1

convergence. This is obtained by the following result.

NŽ .Lemma 3.4. Let x , y gAA be a maximizing sequence, i.e.,n n 0

lim f x , y s sup f x , y .Ž .Ž .n n
n™` Ž .x , y gAA0

Ž .Then the sequence y is uniformly integrable, i.e.,n n

T
lim sup y 1 s0.H n � y G M 4nM™` 0nG0
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Ž .Proof. Fix some M)0 and define the sequence x , y by:˜ ˜n n n

11 °°
x on u AŽ .� 4y on A[ y GM n nn n ~~ 2y [ and x [2˜ ˜n n¢ ¢w xy on 0,T _A w xx on 0,T _u A .Ž .n n n

x , y x , y˜ ˜ ˜ ˜n n n n˜ ˜where u [u . By Lemma 2.2, it is clear that we have u [u su . Now,n n n
Ž . w Ž . � 4xrecall that x , y gAA and therefore x y s0 a.e. and Al u A l x)0 sn n 0 n n n

Ø. Therefore:

1
f x , y yf x , y s U t ,v t q y t f t ,u tŽ . Ž . Ž .Ž .˜ ˜Ž . Ž .Hn n n n n n½ 2A

yU t ,v t qy t f t ,u t d tŽ . Ž . Ž .Ž .n n 5
1

q U t ,v t y x t S tŽ . Ž . Ž .H n½ 2� 4Ž .u A l x)0n

yU t ,v t yx t S t d tŽ . Ž . Ž .n 5
1

s U t ,v t q y t f t ,u tŽ . Ž . Ž .Ž .H n n½ 2A

yU t ,v t qy t f t ,u t d tŽ . Ž . Ž .Ž .n n 5
1

q U t ,v t y x t S tŽ . Ž . Ž .H n½ 2Ž .u An

yU t ,v t yx t S t d t .Ž . Ž . Ž .n 5
Ž .Using the concavity of U t,P and the fact that vG0 and SG1, we see that:

1 1
5 5f x , y yf x , y G f y y t U t , M d tŽ .Ž .˜ ˜Ž . `Hn n n n n c ž /2 2A

1
5 5q x t U t , v d t 3.3Ž . Ž . Ž .H `n c2Ž .u An

1 1
5 5 5 5f x , y yf x , y G y t U t , v y f U t , M d tŽ . Ž .Ž .˜ ˜Ž . H ` `n n n n n c c ž /2 2A

3.4Ž .
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Ž .where the last inequality which is in fact an equality follows from the change of
Ž .variable formula for Lebesgue integrals see Lemma 2.2 . Now, fix some ´)0.

Ž .Since x , y is a maximizing sequence, we must have for n sufficiently largen n n

1
5 5f x , y yf x , y F´ C where C[ sup U t , v . 3.5Ž . Ž .Ž .˜ ˜Ž . `n n n n c4 w xtg 0,T

Ž .Moreover, since U t,q` s0, we havec

1 1
5 5 5 5 w xf U t , M F U t , v ; tg 0,T 3.6Ž . Ž .` `c cž /2 2

U U Ž . w x Ž .for MGM with M independent of x , y and tg 0,T ; recall that U P,c isn n c
w x Ž . Ž . Ž .continuous on 0,T . Combining Eqs. 3.4 , 3.5 and 3.6 , we see that:

Uy F´ for MGM ,H n
� 4y GMn

which proves the required result since MU does not depend on n. I

Ž . T Ž Ž ..Lemma 3.5. Let c be a uniformly integrable sequence with H U t,c t d t-n n 0 n
Ž Ž Ž ..`. Then, the sequence U P,c P is uniformly integrable.n n

Proof. If the utility function is bounded, then the result is trivial. We then consider
Ž . Ž .the case U unbounded. Moreover, from condition 2.9 , we have U 0,0 )y`;

Ž .we can assume without loss of generality by possibly adding a constant that
Ž . Ž .U 0,0 s0. Since U P,c is increasing, we have:

T T
U t ,c t 1 d tF U 0,c t 1 d t .Ž . Ž .Ž . Ž .H Hn �UŽ t ,c Ž t ..G M 4 n �U ,c Ž t .G M 4n n

0 0

0 Ž . X Ž 0.y1Ž .We denote by U the function U 0,P . Let M s U M . Then

T T 0
XU t ,c t 1 d tF U c t 1 d t .Ž . Ž .Ž . Ž .H Hn �UŽ t ,c Ž t ..G M 4 n �c Ž t .G M 4n n

0 0

Notice that since U 0 is strictly increasing and unbounded we have that M X
™` as

M™`. Next, using the concavity of U 0, we get:

T
U t ,c t 1 d tŽ .Ž .H n �UŽ t ,c Ž t ..G M 4n

0

1 TX 0
XFl c GM U c t 1 d t ,Ž . Ž .HX � 4Ž .n n c t GMnž /l c GMŽ . 0n

where l is the Lebesgue measure and we set by convention
Ž Ž .. T Ž . Ž . Ž .1rl A H f t 1 t d ts0 whenever l A s0. Now, define the function:0 A

x
0V x [ sup yU .Ž . ž /yŽ .yg 0,T
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Then, it is clear that V is non-decreasing and therefore:

T
0F lim sup U t ,c t 1 d tŽ .Ž .H n �UŽ t ,c Ž t ..G M 4nM™` 0n

T
XF lim V sup c t 1 d t . 3.7Ž . Ž .H � 4Ž .n c t GMnž /M™` 0n

Next, notice that the supremum in the definition of function V is either attained in
Ž .an interior point satisfying the first-order conditions or on the boundaries. Direct

computation leads to:

x X0 0 0V x smax U K , xU q` ,TU xrTŽ . Ž . Ž . Ž .½ 5K

Ž . 0Ž . 0XŽ . wŽ . .where K solves if it exists U K yKU K s0 on the interval xrT ,` . If
such a K does not exist the latter maximum is taken over the two last arguments.

0 0Ž .Notice that, from the strict concavity of U , it follows that the equation U K y
0XŽ .KU K s0 admits at most one solution. From this expression of V and recalling

0Ž .that U 0 s0, we see that:

x X0 0 0lim V x smax lim U K , lim xU q` ;TU 0 s0.Ž . Ž . Ž . Ž .½ 5Kx™0q x™0q x™0q

Ž .The required result is therefore obtained from Eq. 3.7 . I

Remark 3.3. The previous proof can be considerably simplified if we use the
Ž .Lipschitz property of U in the c variable. Notice that condition 2.9 is only used

Ž .to ensure that U 0,0 )y`.

Ž .Proof of Theorem 3.1. By Lemma 3.4, the sequence y is uniformly inte-n n
Ž .grable. It follows that the sequence y introduced in Lemma 3.1 is alsoˆn n

uniformly integrable, see for example, Theorem 20 of Dellacherie and Meyer
Ž .1975, p. 35 . We then have:

x ™xU in L p and y ™yU in L1 , 3.8Ž .ˆ ˆn n

where p)1. 5 From Lemma 2.1, we have

x̂ , ŷn n tŽ .u t w xx u dus y u du for all tg 0,TŽ . Ž .ˆ ˆH Hn n
0 0

x̂ , ŷ Un nŽ . Žwith u converging towards u in the sense of the Levy metric see Lemman

5 1 Ž .The L convergence result of y can also be obtained as follows. From the uniform integrabilityˆn n
Ž . Ž .of the maximizing sequence y , it follows that, after passing to a subsequence y converges ton n n n

U 1 Ž 1 `. Žsome y g L in the sense of the weak topology s L , L , see for example, Theorem 25 Dunford–
. Ž .Pettis compactness criterion of Dellacherie and Meyer 1975, p. 43 . Then Mazur’s lemma ensures the

Ž . 1 Uexistence of a sequence y gconv y ,kG n which converges in L to y .ˆn k
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.3.2 . Fix some ´)0, then, by definition of the Levy convergence, we have for
sufficiently large n:

UŽ . t UŽ .u ty´ y´ u tq´ q´
x u duF y u duF x u duŽ . Ž . Ž .ˆ ˆ ˆH H Hn n n

0 0 0

w x Ž .for all tg 0,T . From Eq. 3.8 , this provides, by sending ´ to zero,
UŽ . t UŽ .u ty u tqU U Ux u duF y u duF x u du;Ž . Ž . Ž .ˆ ˆ ˆH H H

0 0 0
U 1 t U Ž . Ž .recall that x gL and therefore t¨H x u du is absolutely continuous. Since0

U w xu is a right-continuous non-decreasing function, it is continuous a.e. on 0,T and
therefore:

UŽ . tu t U U w xx u dus y u du a.e. on 0,T .Ž . Ž .H H
0 0

t U Ž .Since t¨H y is non-decreasing and absolutely continuous as integral of an0

L1 function, we get:q
UŽ . tu t U U w xx u dus y u du for all tg 0,T .Ž . Ž .ˆH H

0 0

and therefore

u xU , yU

su
U . 3.9Ž .

Now, from Lemma 3.3,

T x , yˆ ˆn nsup f x , y s lim f x , y s lim U t ,c t d t 3.10Ž . Ž . Ž .Ž .ˆ ˆŽ . Hn n
n™` n™` 0Ž .x , y gAA

x̂ , ŷ xU , yU
n nŽ Ž .. Ž Ž .. Ž .where U P,C P converges a.e. towards U P,c P by Eqs. 3.8 and

Ž .3.9 . Notice that
x̂ , ŷn n 5 5c t Fv t qy t f .Ž . Ž . Ž .ˆ `n

x̂ , ŷn nThe last inequality proves that the sequence c inherits the uniform integrabil-
x̂ , ŷn nŽ . Ž Ž Ž ...ity property from y and therefore the sequence U P,c P is uniformlyˆn n

x̂ , ŷn nŽ Ž Ž ..integrable by Lemma 3.5. This implies that U P, c P converges to
Ž xU , yU Ž .. 1 Ž .U P,c P in the sense of L and therefore we obtain from Eq. 3.10 :

sup f x , y sf xU , yU ,Ž . Ž .
Ž .x , y gAA

which ends the proof of the existence theorem. I
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