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In this paper we study some foundational issues in the theory of asset pricing with market frictions.
We model market frictions by letting the set of marketed contingent claims (the opportunity set) be
a convex set, and the pricing rule at which these claims are available be convex. This is the reduced
form of multiperiod securities price models incorporating a large class of market frictions. It is said
to be viable as a model of economic equilibrium if there exist price-taking maximizing agents who
are happy with their initial endowment, given the opportunity set, and hence for whom supply equals
demand. This is equivalent to the existence of a positive linear pricing rule on the entire space of
contingent claims—an underlying frictionless linear pricing rule—that lies below the convex pricing
rule on the set of marketed claims. This is also equivalent to the absence of asymptotic free lunches—a
generalization of opportunities of arbitrage. When a market for a nonmarketed contingent claim opens,
a bid-ask price pair for this claim is said to be consistent if it is a bid-ask price pair in at least a viable
economy with this extended opportunity set. If the set of marketed contingent claims is a convex cone
and the pricing rule is convex and sublinear, we show that the set of consistent prices of a claim is a
closed interval and is equal (up to its boundary) to the set of its prices for all the underlying frictionless
pricing rules. We also show that there exists a unique extended consistent sublinear pricing rule—the
supremum of the underlying frictionless linear pricing rules—for which the original equilibrium does
not collapse when a new market opens, regardiess of preferences and endowments. If the opportunity
set is the reduced form of a multiperiod securities market model, we study the closedness of the interval
of prices of a contingent claim for the underlying frictionless pricing rules.

KEY WORDS: viability, equilibrium, absence of arbitrage, free lunch, market frictions, convex and
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1. INTRODUCTION AND SYNOPSIS

In the foundational theory of asset pricing, developed in the Arrow—Debreu model (Debreu
1959, Chap. 7); and see Black and Scholes (1973); and Cox and Ross (1976), and subse-
quently formalized in a general framework by Harrison and Kreps (1979), Harrison and
Pliska (1979), Kreps (1981), and Duffie and Huang (1986), securities markets are assumed
to be frictionless. The main result is that a securities price model is viable as a model of

Initial manuscript received November 1995; final revision received September 1998.

Address correspondence to E. Jouini, CREST-ENSAE, 15 Boulevard Gabriel Peri, 92245 Malakoff Cedex,
France; e-mail: jouini @ensac.fT.

We have strongly benefited from conversations with Kerry Back, Jean-Marc Bonnisseau, George Constan-
tinides, Darell Duffie, Philip Dybvig, Ivar Ekeland, Lars Hansen, Chi-Fu Huang, Fulvio Ortu, Manuel Santos,
David Schmeidler, Mike Woodford, and especially José Scheinkman. We are also grateful to seminar participants
at the University of Chicago for helpful comments. The financial supports of NSF grant #SES 9022643, the
Santa Fe Institute, and of the Sloan Foundation are gratefully acknowledged. This research was developed while
Kallal was affiliated with the University of Chicago and New York University. Salomon is not responsible for any
statement or conclusions herein, and no opinions, theories, or techniques presented herein in any way represent
the position of Salomon Brothers Inc.

© 1999 Blackwell Publishers, 350 Main St., Malden, MA 02148, USA, and 108 Cowley Road, Oxford,
0X4 1JF, UK.

275

Copyright ©2000. All Rights Reserved.



276 ELYES JOUINI AND HEDI KALLAL

economic equilibrium, or equivalently is arbitrage-free, if and only if there exists a strictly
positive linear pricing rule that prices the contingent claims in the opportunity set, modeled
as a linear space.

In this paper, we develop some foundational issues related to the theory of asset pricing in
securities markets with frictions. We model market frictions by letting the set of marketed
contingent claims M (the opportunity set of available investments) be a convex set containing
0, instead of a linear space as in the frictionless case, and by letting the pricing rule w at
which these contingent claims are available be a convex function satisfying 7(0) = 0,
instead of a linear function as in the frictionless case. The fact that the set of marketed
contingent claims is convex means that if two contingent claims x and y are marketed, their
average %(x + y) is also marketed. The fact that the pricing rule is convex means that its
price is lower than or equal to their average price. The convexity of = and the fact that
7(0) = 0 imply that the price at which a contingent claim can be bought is larger than or
equal to the price at which it can be sold.!

We consider this class of pricing rules, which includes the linear pricing rules, in order
to take a large class of market frictions into account. Indeed, this model is the reduced
form of a multiperiod securities markets model where agents can trade a finite number of
securities. These securities, which give the right to an amount of consumption contingent
on the state of the world at the final date, are used to transfer consumption from the initial
date to the final date. The set of marketed claims is then the set of contingent claims that
can be obtained (or dominated) through securities trading while satisfying the constraints
imposed by potential market imperfections (e.g., short sales or borrowing constraints), as
well as a budget constraint taking potential costs (e.g., transaction costs, shortselling costs,
borrowing costs or taxes) into account. The pricing rule is then defined for any given
marketed contingent claim as the minimum cost of obtaining (or dominating) it using such
a trading strategy.

If there are no market frictions at all, the set of marketed claims is a linear subspace of
the space of contingent claims, and the pricing rule is linear (see Harrison and Kreps 1979).
For a large class of market frictions—including bid-ask spreads, short sales constraints,
shortselling costs, borrowing constraints, borrowing costs and taxes—it can be shown that
the set of marketed claims is a convex cone and that the pricing rule is sublinear (see Jouini
and Kallal 1995a and 1995b). On the other hand, if transaction costs increase less than
proportionally with transaction size, the set of marketed claims is a convex cone but the
pricing rule is only convex. Also, in an economy where agents have risk limits on their
portfolios, the set of marketed claims and the pricing rule are only convex.

A price system—that is, the combination of a convex set of marketed claims and of a
convex pricing rule—is said to be viable as a model of economic equilibrium (a concept
introduced by Harrison and Kreps 1979) if there exist maximizing agents with a con-
vex, continuous, and strictly increasing preorder of preferences who are happy with their
endowment—that is, for whom supply is equal to demand. We show that a price system
is viable if and only if there exists a positive linear pricing rule on the entire space of con-
tingent claims that lies below the convex pricing rule on the convex set of marketed claims
(we call such a linear pricing rule an underlying frictionless linear pricing rule). This is in
fact equivalent to the absence of asymptotic free lunches, a generalization of opportunities
of arbitrage, in this type of economy.’

'Indeed, 0 = 7(0) = m((x — x)/2) < $n(x) + $m(—x) implies that 7 (x) = —x(-x).
2In multiperiod securities price models, the underlying linear pricing rules can be shown to be equal to the

Copyright ©2000. All Rights Reserved.
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When a market for a nonmarketed contingent claim opens, we say that a bid-ask price
pair is consistent if it is a bid-ask price pair in at least a viable economy with this extended
opportunity set, and with identical or tighter bid-ask spreads on the set of originally marketed
claims. If the set of marketed claims is a convex cone and the pricing rule is sublinear, we
show that the set of consistent prices of a contingent claim is a closed interval and is equal
(up to its boundary) to the set of its prices for all the underlying frictionless pricing rules.
However, as a market for a nonmarketed contingent claim opens (and as bid-ask spreads
on the originally marketed contingent claims are potentially made tighter), new investment
opportunities may appear, and agents may reshuffle their portfolios, causing the existing
equilibrium to collapse. Nonetheless, we show that there exists a unique extended consistent
sublinear pricing rule—namely the supremum of the underlying frictionless linear pricing
rules—for which the original equilibrium does not collapse when a new market opens, no
matter what the preferences and endowments are.

This means that without any further restrictions on preferences and endowments, and
based on arbitrage and equilibrium arguments alone, we cannot infer tighter bounds on
contingent claim prices than the arbitrage bounds also given by the underlying frictionless
pricing rules. Indeed, any tighter bid-ask price interval could lead to a collapse of the
equilibrium in place, in at least an economy with this opportunity set.

In the case where the opportunity set is the reduced form of a multiperiod securities
market model, we study the closedness of the interval of prices of a contingent claim for the
underlying frictionless pricing rules. In particular, we show that if markets are incomplete
but otherwise frictionless this set is closed if and only if it is reduced to a single element (a
result of Jacka 1992 and Ansel and Stricker 1994).

Related work includes Leland (1985), Dybvig and Ross (1986), Prisman (1986), Ross
(1987), Back and Pliska (1990), Bensaid et al. (1991), Hindy (1991), He and Pearson (1991),
Cvitanic and Karatzas (1993), and Constantinides (1993). Important mathematical tools
used in this paper are presented in Schachermayer (1992) and in Delbaen and Schachermayer
(1994a).

The remainder of the paper is organized as follows. Section 2 characterizes viability
and the absence of free lunch, and introduces the concept of consistent bid-ask prices in
a general setting with convex sets of marketed claims and convex pricing rules. Section 3
specializes to sets of marketed claims that are convex cones and to sublinear pricing rules.
Section 4 studies the case where the opportunity set is the reduced form of a multiperiod
securities market model and relates some of our results to independent work by Jacka
(1992) and Ansel and Stricker (1994). Section S concludes. All proofs are contained in the
appendix.

2. THE GENERAL MODEL: CONVEX PRICING RULES

We denote by R the real line and by R the extended real line RU{—00, +00}. If x is a vector
in R, where d is an integer, we say that x is nonnegative (respectively, positive) and we
write x > ( (respectively, x > 0), if all the coordinates of x are nonnegative (respectively,
nonnegative and at least one of them is positive). Let (€2, F, P) be a probability space
and let X = LP(Q, F, P; R%), with I < p < 00, be the space of all (equivalence classes
of) R¥-valued and F-measurable integrable random variables equipped with the classical

martingale, supermartingale, or martingale measures of appropriately normalized price processes (or other related
processes), depending on the nature of the market frictions (see Jouini and Kallal 1995a and 1995b).
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LP-norm if 1 < p < oo and with the o (L™, L'), also called weak-x topology, if p = cc.
It is well known that X is then a complete topological vector space. Let X be the set of
elements x of X such that P(x > 0) = 1 and P(x > 0) > 0. If § is a subset of X, we
denote by S the closure of S, and by cone(S) the convex cone generated by S. A functional
f: X — R is said to be positive if for all x € X we have f(x) > 0. We denote the set
of positive linear functionals on X by ¥. We shall denote by Im( f) the range of f—that
is, the set { f(x): x € X}. Note that the set of continuous linear functionals on X can be
identified with L(Q2, F, P; R?), where g is defined by the relation % + % = 1 (with, by
convention, ¢ = 1 if p = c0), and ¥ can be identified with L% (Q, F, P; RY).

Consider a two-period economy in which agents consume at the initial and final dates
only and in which they can purchase, at the initial date, contingent claims m to consumption
at the final date that belong to the set of marketed claims M, for a price m(m) assigned
by the pricing rule 7 in units of consumption at the initial date. The opportunity set in
this economy is therefore entirely described by the price system (M, 7). Furthermore, we
impose the following assumption.

ASSUMPTION 2.1.

(i) . The set of marketed contingent claims M is a convex’ subset of X containing 0.
(ii) The pricing rule  is a lower semicontinuous (L.s.c.)* real valued convex® function
defined on M satisfying n(0) = 0.
(iil) The constant function 1 equal 10 1 almost everywhere belongsto M and 7 (1) = 1.

The fact that the set of marketed claims M is convex means that if two claims are
marketed, their average is marketed as well, and the fact that the pricing rule 7 is convex
means that its price is lower than or equal to their average price. The facts that M contains
0 and that #(0) = O means that agents may keep their endowment and not purchase
any other contingent claim, at a zero cost. Furthermore, this implies that the price at
which a contingent claim can be purchased is larger than or equal to the price at which
it can be sold (indeed, 0 = 7(0) = w(3m + 3(-m)) < im(m) + i7w(—m) implies
—n(—m) < m(m) for any marketed contingent claim m). The lower semicontinuity of
the pricing rule 7 is a technical assumption (that will not be needed at all in Section 2),
which basically means that there is no way of getting arbitrarily close to a contingent claim
at a strictly lower cost. The fact that the constant function equal to 1 almost everywhere
is marketed means that agents can acquire riskless contingent claims to consumption at
the final date. The fact that w(1) = 1 means that the riskless rate is equal to zero, and
is merely a normalization that can be made without loss of generality as long as there
exists a strictly positive contingent claim mg in M by which all prices and payoffs can be
normalized.

The fact that there are only two periods in this economy is not really a restriction
because the price system (M, ) can be viewed as the reduced form of a multiperiod
securities market model where agents use dynamic trading strategies in order to trans-

3 A subset M of X is said to be convex if for all x, yin M and all A in [0, 1] we have Ax + (1 — A)y € M.

4 A function 7' is said to be Ls.c. if the set {(m. A) € M x R: A = 7’ (m)} is closed in M x R, or equivalently if
theset{m € M: A > n'(m)}isclosedin M forall . € R, or finally (in L? with 1 < p < oo} if lim,, inf{z'(m,)} >
7'(m) whenever the sequence (m,) C M convergestom € M.

SA functional 7: M — R defined on the convex set of marketed contingent claims M is said to be convex if
forall x, yin M and all A in [0, 1] we have m(Ax + (1 — A)y) < An(x) + (1 — M (y).
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fer consumption from the initial to the final date, and where they are subject to a wide
range of frictions such as portfolio constraints and trading fees or other costs. For in-
stance, if markets are frictionless, the resulting set of marketed claims M is a linear
subspace of X and the pricing rule 7 is linear (see Harrison and Kreps 1979). For a
large class of market frictions (including bid-ask spreads, shortselling constraints and
costs, borrowing constraints and costs, and taxes) the resulting set of marketed claims
M is a convex cone and the pricing rule 7 is sublinear and hence convex (see Jouini
and Kallal 1995a, 1995b).° However, in a situation in which transaction costs increase
less than proportionally with transaction size, the set of marketed claims M is still a con-
vex cone and the pricing rule 7 is convex (but not sublinear). In a situation in which
agents have risk limits on their portfolio, the set of marketed claims M is of the form
M = {m € X: E(m?*) — E(m)* < 5%}, where s is the maximum amount of standard
deviation allowed. In this case M is convex (but is not a cone) and the pricing rule 7 is
convex (but is not sublinear).

The consumption space in this economy is hence represented by R x X, and we assume
that every agent is defined by a preorder of preferences < satisfying

ASSUMPTION 2.2.

(1) forall(r*,x*) e Rx X, {(r,x) € R x X: (r*, x*) < (r, x)} is convex,
(i) forall (r*,x*) € Rx X, {(r,x) € R x X: (r*,x*) < (r,x)) and {(r,x) €
R x X: (r,x) < (r*, x*)} are closed, and
(i) forall r*,x*) € Rx X, forallr > Qand all x € X, we have (r*, x*) <
r*+r,x" and (r*, x*) < (r*, x* + x).

This means that preferences are assumed to be (i) convex, (ii) continuous, and (iii) strictly
monotonic. This class of preferences is standard in equilibrium theory (see Debreu 1959)
and is analogous to the class used by Harrison and Kreps (1979).

We shall now define the price systems (M, 7) that are viable as models of economic
equilibrium for agents with preferences satisfying Assumption 2.2. We shall follow closely
the definition of viability introduced by Harrison and Kreps (1979), except that, because of
the frictions modeled by the convexity of the pricing rule and of the set of marketed claims,
our agents have budget sets that are convex sets instead of being half linear spaces.

DEFINITION 2.1.  The price system (M, 7), where the set of marketed contingent claims
M is a convex subset of X and 7 is a convex pricing rule defined on M, is said to be viable
if there exists a preorder < satisfying Assumption 2.2 and such that (r, m) < (0, 0) for all
(r,m) € R x M satisfying » + 7 (m) < 0.

This means that a viable price system (M, 7) is one for which we can find some agents
with strictly monotonic, convex, and continuous preferences, who can trade claims in R x M
at prices given by the pricing rule x, and who are happy with their endowments (i.e., for
whom supply is equal to demand). This means that viability is the minimal requirement for
a price system (M, ) to model an economic equilibrium—an economy where maximizing
agents take prices as given and where supply is equal to demand. We then have the following
theorem.

5Chen (1992) analyzes economies with taxes.
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THEOREM 2.1. The price system (M, ), where the set of marketed contingent claims
M is a convex subset of X and m is a convex pricing rule defined on M, is viable if and only
if there exists a strictly positive and continuous linear functional v defined on X such that

Yy <.

This means that (M, ) is viable if and only if there exists a linear pricing rule that is
viable (when associated to the set of marketed claims M) and lies below 7 on M. We call
such a linear pricing rule an underlying frictionless pricing rule. Note that a necessary,
although not sufficient, condition of viability is that 7 is positive. Also note that if M is a
linear subspace of X and 7 is a linear pricing rule as in the frictionless case, we find the
classical result of Harrison and Kreps (1979): (M, 7) is viable if and only if there exists a
strictly positive linear extension of 7 to the whole space X.

In some of the multiperiod securities price models with market frictions of which (M, )
is a reduced form, the underlying frictionless pricing rules can be identified with the martin-
gale, supermartingale, or submartingale measures of the adequately normalized securities
price processes (or of some related processes). For instance, it is well known that if mar-
kets are incomplete (but otherwise frictionless), under suitable assumptions, the underlying
frictionless pricing rules are the martingale measures of the securities price processes nor-
malized by a numéraire (see Harrison and Kreps 1979 and Delbaen and Schachermayer
1994b). In securities markets with bid-ask spreads, they are the martingale measures of
the processes that lie between the normalized bid and ask price processes of the traded
securities (see Jouini and Kallal 1995a). In securities markets with short sales constraints,
they are the supermartingale measures of the normalized traded securities price processes
(see Jouini and Kallal 1995b).

We shall also relate the viability of a price system to the absence of arbitrage, or more
precisely to the absence of free-lunch as defined in Delbaen and Schachermayer (1994a)
and in Stricker (1990). In fact, in order to obtain a necessary and sufficient condition for the
viability of a price system we have to consider a slightly more general concept: asymptotic
free-lunches.’

DEFINITION 2.2.  There is no asymptotic free-lunch if cone(C — (R x X) L )N(Rx X) =
@, where C = {(r,m) e Rx M: r+na(m) <0},and (Rx X), ={{r,x) e Rx X. r >
O,x>0andr+x e X}

This means that an asymptotic free-lunch is a way of getting arbitrarily close to a positive
payoff at a nonnegative cost. Note that the no-free-lunch property is usually defined by a
condition on the space of contingent claims X instead of our consumption space R x X.
However, the two definitions are equivalent if any amount of consumption can be transferred
from the initial to the final date—for example, if M is a cone (we only assume that M is a
convex set and even if (r, m) satisfies the budget constraint, (0, r + m) is not necessarily
feasible). Hence, it is easy to show that this concept of asymptotic free-lunch is equivalent
to the concept of free-lunch as defined in Delbaen and Schachermayer (1994a) and in

"Recall that if S is a subset of X, we denote by tone(S) the closure of the convex cone generated by S, where
the closure is the strong closure if p > 1, and the weak-x closures if p = oo (as in Delbaen and Schachermayer
1994a).
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Stricker (1990) whenever M is a convex cone® instead of being merely a convex set. Also,
if M — X, C M, which means that there is free-disposal in this economy, and if &
is nondecreasing, then the absence of asymptotic free-lunch is equivalent to the simpler
condition cone(C) N (R x X), = . We then have the following theorem.

THEOREM 2.2. The price system (M, i), where the set of marketed contingent claims
M is a convex subset of X and 7 is a convex pricing rule defined on M, admits no asymptotic
free-lunch if and only if it is viable.

We shall now consider contingent claims x that belong to the consumption space X but
do not necessarily belong to the set of marketed claims M, and we shall examine what
prices would be reasonable for the claim x in the sense of viability. To do this, we introduce
the notion of bid-ask prices consistent with the price system (M, ). We denote by M, the
convex hull of M U {—x, x}, which represents the extended set of marketed claims. By
definition, M, is the smallest convex set containing M, —x, and x. Note that the claims
that belong to M, are those that can be written as (I — A)m + Ax or (1 — A)ym — Ax, for
somem € M and A € [0, 1].

DEFINITION 2.3.  Let (M, 7) be a viable price system, where the set of marketed con-
tingent claims M is a convex subset of X and  is a convex pricing rule defined on M. Let

x€ Xand (Q, P) e —132; we say that (Q, P) is a bid-ask price pair for x consistent with
(M, m) if there exists a L.s.c. convex functional 7’ defined on the extended convex set of
marketed claims M., the convex hull of M U {—x, x}, satisfying n'(0) = 0 and such that

(i) (—7'(=x),n'(x)) =(Q, P),
(i) 7’|y <=, and
(ii) (M., 7’) is viable.?

This means that a bid-ask price pair for x is consistent with the viable price system (M, )
if there exists at least a viable extended economy (M., ) such that (i) this pair is the actual
bid-ask price pair for the contingent claim x, (ii) equilibrium prices are within the original
equilibrium bid-ask prices for every claim that belongs to M, and (iii) the equilibrium
allocations are unchanged (i.e., agents are still happy with their initial endowments, given
the new investment opportunities and the possibly tighter bid-ask prices in the market). A
typical objection is that when a contingent claim x is added to the set of marketed claims
(and as the bid-ask spreads for the originally marketed claims are potentially made tighter),
agents may reshuffle their portfolios and as a result the entire price system may have to
change to preserve equilibrium between supply and demand. However, it is reasonable to
ask which prices are consistent with the equilibrium price system in the sense that they
would not necessarily make the equilibrium collapse. In other words, consistency of a
bid-ask price pair is a minimal requirement for this pair to be observed in equilibrium in
at least an economy (M, m) where the market for a new contingent claim opens. We then
have the following theorem.

8 A subset M of X is said to be a convex cone if it is convex and if for every x in M and every real number
A >0, wehave Ax € M.

%To fact, to be consistent with our framework we should not allow for infinite prices. The extension to this
case, however, is straightforward. In particular, the viability of (M, 7) implies that 7 > —co and Q < +co. If
P = 400 this means that the claim x is not marketed and if @ = —oc it means that a short position in the claim
x is not marketed.
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THEOREM 2.3. If (M, ) is a viable price system, where the set of marketed contingent
claims M is a convex subset of X and m is a convex pricing rule defined on M, then for any
x € X there exists some bid-ask price pair (Q, P) that is consistent with (M, ), and the
pair (Q, P) can be chosen such that Q = P is finite. Furthermore, any price of the form
W (x), where y € Y and |y < 7 is a (bid or ask) price for x consistent with (M, ).!0

Note that it does not mean that there will be no bid-ask spread for the contingent claim
x when this market opens; it means instead that there is no bid-ask spread for x in at least
an extended economy where bid-ask prices are overall at least as tight as in the original
economy, and where equilibrium allocations remain unchanged. Furthermore, we have the
following theorem.

THEOREM 2.4. If (M, m) is a viable price system, where the set of marketed contingent
claims M is a convex subset of X and m is a convex pricing rule defined on M, then if'!

1 < p < 0o and if we define n,(y) forall y € X by
7, (y) = inf [liminf{n(m,,): (my,) C M and converges to y}]
n

(i) the pair (—n,(—x), m,(x)), is a bid-ask price pair for x consistent with (M, ),
(ii) any consistent bid or ask price of x lies between —m,(—x) and 7, (x),
(iii) the pricing rule m, is the largest Ls.c. pricing rule that is lower than or equal to 7.

Note that 7, is lower than or equal to the pricing rule 7 because it represents the minimum
cost of getting arbitrarily close to a contingent claim.

3. SUBLINEAR PRICING RULES

In order to analyze further the links between consistent prices and underlying frictionless
economies, we have to impose the following assumption.

ASSUMPTION 3.1.

(1) The set of marketed contingent claims M is a convex cone; that is, it is a convex
set such that for all x € M and all nonnegative real numbers . we have \x ¢ M.

(i) The lLs.c. pricing rule m is sublinear;'? that is, it is convex and such that for all
x € M and all nonnegative real numbers A we have m(Ax) = An(x).

The fact that M is a cone (in addition to being convex) means that a marketed claim can be
purchased in any arbitrary amount. The fact that the pricing rule 7 is sublinear (in addition
to being convex) means that the price of a marketed claim is proportional to the quantity of
the claim purchased. As we have already mentioned, this is the case of the reduced form
(M, ) of multiperiod securities markets with a wide range of frictions including taxes,
bid-ask spreads, shortselling constraints and costs, and borrowing constraints and costs

ONote that if (Q, P) is a bid-ask price pair for x consistent with (M, ) then P > Q.

I p = 00, we can state an analogous result but we have to replace the sequences by nets.

12Note that a convex pricing rule such that returns increase with the size of the transaction (i.e., 7 (Ax) < Am(x))
is sublinear.
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(see Jouini and Kallal 1995a, 1995b). In this context, the definition of consistent prices
needs to be modified slightly as follows.

DEFINITION 3.1.  Let (M, ) be a viable price system, where the set of marketed con-
tingent claims M is a convex cone of X and 7 is a convex sublinear pricing rule defined on
M.letx e Xand (Q, P) € ﬁz; we say that (Q, P) is a bid-ask price pair for x consistent
with (M, ) if there exists a 1.s.c. sublinear functional =’ defined on the convex cone M + R
x such that

@) (—n'(=x),7'(x)) =(Q, P),
(i) 7’|y <7, and
(ili) (M + Rx, ') is viable.

Note that this definition is identical to Definition 2.3 except that we have replaced the
convex set M, the convex hull of M U {—x, x}, by the convex cone M + Rx to reflect the
fact that there are no constraints on transaction sizes in this economy. In this context, we
have the following result, which is a direct consequence of Theorem 2.2.

THEOREM 3.1.

(i) The price system (M, ), where the set of marketed contingent claims M is a
convex cone of X and m is a convex sublinear pricing rule defined on M, is viable
ifandonly if (x € M: n(x) <0} — X N Xy = @ (no-free-lunch condition).

(i) IfM — X, C M (ie, if there is free disposal) and if & is nondecreasing then
the price system (M, ) is viable if and only if {(x e M: n(x) < 0}NX,. =0
(no-arbitrage condition).

Note that the no-arbitrage condition is a minimum requirement of any reasonable model
since it only expresses the fact that a positive payoff cannot be obtained for a nonpositive
price. This theorem states that this condition is equivalent to the viability of a price system
under the assumption that the pricing rule is nondecreasing and that there is free-disposal in
the set of marketed claims (which is the case for most reduced-form multiperiod securities
markets models). More generally, the theorem states that the viability of a price system is
equivalent to the absence of free lunch, as defined in Delbaen and Schachermayer (1994a)
and Stricker (1990), a weaker form of arbitrage opportunity. To proceed, we shall need
another definition.

DEFINITION 3.2. Let (M, ) be a viable price system, where the set of marketed con-
tingent claims M is a convex cone of X and = is a convex sublinear pricing rule defined on
M, and let x € X. We define the following:

i) Cx) = {(Q,P) € ﬁzz (@, P) is a bid-ask price pair for x consistent with
(M, m)}, the set of consistent bid-ask price pairs of x, and

(i) T(x) = {¥(x): ¥ € ¥ and ¥ |y < m}, the set of underlying frictionless prices
of x.

Note that IT(x) is the set of prices of x for all the underlying frictionless linear pricing
rules and it is easy to show that IT1(x) = —I1(—x). Also note that if (M, 7) is a viable
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price system then [1(x) is a nonempty interval of R, since the set {{y € W: |y < m}is
nonempty and convex. We then have the following theorem.

THEOREM 3.2. If (M, m) is a viable price system, where the set of marketed contingent
claims M is a convex cone of X and 7 is a convex sublinear pricing rule defined on M,
then forall x € X,

1) C(x) is closed,
(i) (M(x) x O(x)N{(Q, P): P > Q)} C C(x), and
(i) If—Xy C Mandn(—y) <Oforally € X, then
(IM(x) x x)) N{(Q, P): P = Q)} = C(x).

This means that if negative contingent claims are marketed at a nonpositive price in the
economy, which is typically the case for reduced forms of multiperiod securities market
models (to see this, consider the null strategy), the set of consistent prices of a contingent
claim is a closed interval and is equal to (the closure of) the set of its underlying frictionless
prices. However, in general the set C(x) is not exactly equal to the set (TT(x) x IT(x)) N
{(Q, P): P> Q};indeed, it is easy to construct examples for which 7w (—x) = 0 for some
x € X, and such that (M, ) is viable.!® In Section 4 we shall study in more detail the
boundary of the set (IT1(x) x IT1(x)) N {(Q, P): P > Q}, and more specifically we shall
characterize the situations where the set IT(x) is closed.

Note that in the particular case where the contingent claim x belongs to the set of mar-
keted claims M, we have the equality C(x) = ([—n(—x), 7 (x)] X [-7(—x), T (x)]) N
{(Q, P): P> Q}.If (M, m) is the reduced form of a multiperiod securities price model,
then 7 (x) is the minimum amount it costs to obtain the claim x, and —7 (—x) is the maxi-
mum amount that can be borrowed against it by trading securities. Hence, the claim x would
not be bought for more than m(x) or soid for a price lower than —(—x) in any extended
economy, since a better deal could be achieved through securities trading in both cases. This
means that the interval [—m (—x), 7 (x)] is the set of admissible prices for the claim x. Note
that this does not mean that if the bid price of x is below —s(—x) or if the ask price of x is
above 7 (x) then there are opportunities of arbitrage; it only means that there are no possible
transactions at these prices. However, if the bid price of x were to be above 7 (x) or its ask
price were to be below —m(—x) then selling the claim x at the bid price or buying it at the
ask price and hedging the position through securities trading would constitute an arbitrage
opportunity. Since we have C(x) = (IT(x) x IT(x)) N {(Q, P): P > @} by Theorem 3.1,
this implies [—7(—x), 7(x)] = [1(x). Also recall that Jouini and Kallal (1995a, 1995b)
characterize the set I1(x), and hence the interval of arbitrage bounds [ -7 (—x), 7 (x)], using
the set of martingale measures, supermartingale measures, and submartingale measures, in
various economies with bid-ask spreads, incomplete markets, short sales constraints, short-
selling costs, and borrowing costs.

As we have already mentioned, a typical objection to the concept of consistent prices is
that as the market for a nonmarketed contingent claim x opens (and as bid-ask spreads in
the originally marketed claims potentially tighten), new opportunities become available to
agents and the old equilibrium might collapse. In a frictionless economy, this does not hap-
pen if the contingent claim x is priced by arbitrage—that is, if it admits a unique consistent

3For instance, consider an economy in which there are two dates and two states of the world at the final date,
with only one security: ariskless asset. The resulting pricing rule 77, which is defined by 7 (x|, x2) = max{xy, x2},
is a viable pricing rule and is such that 7(0, —1) = 0, even though the contingent claim (0, 1) belongs to X .
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price (see Kreps 1981, Theorem 5); in this case, even when the new claim x is introduced,
an equilibrium remains so. Similarly, in economies with market frictions we show that there
exists a unique price system, namely the supremum of all the underlying frictionless pricing
rules, for which equilibria do not collapse as the market for a new contingent claim x opens
(and as bid-ask spreads in the originally marketed claims potentially tighten). Indeed, we
have the following theorem.

THEOREM 3.3. Let (M, i) be aviable price system, where the set of marketed contingent
claims M is a convex cone of X and m is a convex sublinear pricing rule defined on M.
Given a contingent claim x € X, consider the extended set of marketed claims M + Rx,
and let the pricing rule i’ be defined for allm’ € M + Rx by

n'm) = sup {y'(m)}.
Vew: ¥'lysn

Then

(i) The price system (M + Rx, n") is viable, consistent with (M, ), and such that
r',m"y < 0,0)forall(r',m’) € Rx(M+Rx) suchthatr’+r'(m’) < 0, forevery
preorder of preferences < satisfying Assumption 2.2 and such that (r, m) < (0,0)
forall (r,m) € R x M such thatr + n(m) < Q.

(ii) Moreover, if -X, C Mandn(—y) <O0forally € X, then (M + Rx, ') is the
unique L.s.c. price system satisfying (i).

Therefore, based on equilibrium or arbitrage considerations alone, and without knowl-
edge about preferences and endowments, it is not possible to infer tighter bounds than the
arbitrage bounds given by the interval

I:We\ll:lrll/ftl'Mﬁ?r{w(x)}’ \pe\ll?l\lPII)MSn(l[,(X)}:I - H(X)

on the bid-ask prices of a contingent claim x. Indeed, any tighter bid-ask price interval would
lead to a collapse of the equilibrium in place, in af least an economy with this opportunity
set.'* Hence, infyey. yi, <x {¥(x)} and SUPy cw: i< {¥(x)} can be interpreted as the bid
and the ask prices of the contingent claim x € X.

4. PRICING RULES FROM TRADING STRATEGIES

In this section, we shall assume that marketed contingent claims are available to agents
as the result of trading strategies, as in muitiperiod securities markets models (see, e.g.,
Harrison and Kreps 1979 for the frictionless case and Jouini and Kallal 1995a, 1995b for
models with market frictions). More precisely, let £ be a convex cone in a topological

4Unfortunately, these bounds can be quite wide, as shown for instance by Soner, Shreve, and Cvitanic (1995)
in a2 model where the risky asset follows a geometric Brownian motion and is subject to proportional transaction
costs. By imposing restrictions on preferences and/or endowments, Davis, Panas, and Zariphopoulou (1993) and
Constantinides (1993), among others, obtain tighter bounds.
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vector space representing the space of admissible strategies and let ¢ be a nondecreasing
real-valued sublinear mapping on £. The convex cone Z represents the space of self-
financing strategies (i.e., that do not require any infusion of funds other than at the initial
date) and for any strategy o € I, c(o) represents the initial investment necessary to carry
out the strategy o. To each strategy o, we associate its resulting payoff R(o) in X, where
R is a superlinear'> mapping between ¥ and X.

In this context, a pricing rule P is defined as a L.s.c. sublinear functional such that P(x),
the price of a given contingent claim x, is lower than or equal to the minimum cost necessary
to dominate x. Since P is l.s.c., it is easy to see that

P(x) < P*(x) = inf (liminf {clon)},

On)>Xn, Xn—>X

the minimum cost necessary to dominate x or to dominate some payoffs arbitrarily close
to x. Moreover, if p < oo then P* is the greatest l.s.c. sublinear functional such that the
price of every contingent claim x is lower than or equal to the minimum cost necessary to
dominate it.'® However, if p = 0o, Delbaen and Schachermayer (1994a) pointed out that
the closure of a convex set cannot necessarily be obtained by taking limits of all sequences.
Therefore, P* is not necessarily 1.s.c. in this case.

As shown in the previous section (Theorem 3.1 and its consequences), if the price system
is viable there exists some convex subset!” K < W such that P(x) > SUPy ¢ x{¥(x)} for
all x € X, where the equality holds if P(—y) < 0 forall y € X,. Analogously, if P*
is viable, there exists ¥ € W such that'® P*(x) > ¥ (x) for all x € X. In what follows,
we shall denote by K* the set of all such linear functionals ¥ € ¥ and we then have!®
P*(x) = supyck. ¥ (x), where the equality holds if p < oo and if P*(-y) < 0 for all
y € X.. As a particular case, if ¥ is a convex cone of X denoted by M, R the canonical
injection, and if ¢ is denoted by m we obtain the model of Section 2 and P* is then the
mapping 7, defined in Theorem 2.4. We then have the following theorem.?

THEOREM 4.1. If p > 1, then for every x € X, if there exists Yo € K* such that
P*(x) = yro(x) then x € Im(R).

Note that the converse implication is not true in general. Indeed, consider a securities
market model with two assets (B and §) and two states of the world (u and d). The asset B is
a bond and has a constant price equal to 1, the asset § is a stock and pays 110 (respectively,
90) units of consumption at date 1 in state u (respectively, d). We shall denote by (110, 90)
this payoff. We assume that the stock can be bought at a price equal to 110 and sold at

15This means that R(c| + o7) > R{(o1) + R(07) and R(ho|) = AR(0y) for all 01, 02 € E, and real number
a >0

15Indeed, P* is Ls.c. by construction and we have P*(x) < infz()>xlc(o)}. Moreover, P(x) <
infR(s)>x {c(0)} and since P is L.s.c. we have P(x) < infliminfy, (P (y,)}, and since P(yn) < c(5,) whenever
¥n S R(oy) we obtain P < P*.

17Indeed, to have the inequality it suffices to consider the set K of underlying frictionless pricing rules ¥ € W
such that P > . If P(—y) < Oforall y € X4, then all such ¥ must satisfy ¥ (y) > Oforall y € X4, and by
the Hahn-Banach Theorem and the fact that P is .s.c. we have the equality.

18This is a consequence of Theorem 2.1 where the lower semicontinuity of 7 is not required in order to establish
the result.

®Indeed, P* is Ls.c. if p < oo.

20This theorem relies on topological tools developed in Delbaen and Schachermayer (1994a), and in particular
on a simple version of the Komlos Theorem for the case where p = co.
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a price equal to 90 at date 0. The space of strategies I is equal to R? and an element
(e, B) of T represents a portfolio composed by o bonds and 8 stocks. We then have
c(a, B) = a + 11087 — 908~ and R(e, B) = ( + 1108, a + 908). In this framework, it
is easy to see that K* = {(p, 1 — p): p €]0, 1}, P*(110,90) = 110 and that there is no
Y in K* such that P*(110, 90) = (110, 90).

In general frictionless but not necessarily complete markets, the space X of admissible
strategies is a vector space and the “cost mapping” ¢ and the “Result mapping” R are both
linear mappings. We then obtain as a simple consequence of our previous analysis a result
also proved in Jacka (1992) as well as in Ansel and Stricker (1994).

COROLLARY 4.2.  In markets with no friction, for every x € X we have P*(x) = ¥o(x)
for some Vg € K* if and only if {y (x): ¥ € K*)} is reduced to a unique element.

This means that if markets are incomplete but otherwise frictionless the set of underlying
frictionless prices T1(x) is closed (using the notation of Section 3) if and only if it is a
singleton.

5. CONCLUSION

In this paper, we have developed some foundational issues related to the theory of asset
pricing, in securities markets with frictions. We model market frictions by letting the set
of marketed contingent claims (i.e., the opportunity set) be a convex set and by letting
the pricing rule at which these claims are available be convex. This is the reduced form
of multiperiod securities price models, incorporating a large class of market frictions in-
cluding bid-ask spreads, short sales, and other portfolio constraints, shortselling costs, and
borrowing costs.

A price system is said to be viable as a model of economic equilibrium if there exist
price-taking maximizing agents with a convex, continuous, and strictly increasing preorder
of preferences who are happy with their endowments, and hence for whom supply is equal
to demand. We show that a price system is viable if and only if there exists a positive linear
pricing rule on the entire space of contingent claims—an underlying frictionless linear
pricing rule—that lies below the convex pricing rule on the set of marketed claims. We also
show that this is equivalent to the absence of asymptotic free-lunches, a generalization of
opportunities of arbitrage.

When a market for a nonmarketed contingent claim opens, a bid-ask price pair is said to
be consistent if it is a bid-ask price pair in at least a viable extended economy (where the new
contingent claim can now be bought and sold) with identical or tighter bid-ask spreads on the
set of originally marketed claims. If the set of marketed contingent claims is a convex cone
and if the pricing rule is sublinear, we show that the set of consistent prices of a contingent
claim is a closed interval and is equal (up to its boundary) to the set of its prices for all
the underlying frictionless pricing rules. As the market for a new contingent claim opens,
new opportunities arise, agents might reshuffle their portfolio, and the original equilibrium
might collapse. However, we show that there exists a unique extended consistent sublinear
pricing rule—the supremum of the underlying frictionless linear pricing rules—for which
the original equilibrium does not collapse when a market for a contingent claim is opened,
no matter what the preferences and endowments are.

This means that without restricting preferences and endowments, and based on arbitrage
and equilibrium arguments alone, we cannot infer tighter bounds on the price of a contingent
claim than the arbitrage bounds also given by the underlying frictionless pricing rules. We
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also study the closedness of the interval of underlying frictionless prices, in reduced forms of
multiperiod securities prices models. In particular, in a model where markets are incomplete
but otherwise frictionless we show that this interval is closed if and only if it is reduced to a
single element (a result that can also be found in Jacka 1992 and Ansel and Stricker 1994).

APPENDIX

Proof of Theorem 2.1.  Suppose that there exists a linear functional ¢ in ¥ defined on X
such that Y|y < . Let < then be defined by (', x') = (r,x)if r' + ¢ (x") < r +yr(x). It
is clear that < is an element of the class C. Let (r, m) € R x M such thatr + 7 (m) < 0.
We then must have r + ¢ (m) < 0 since |y < 7. Noting that 0 + ¥(0) = O we obtain
that (r, m) < (0, 0).

Conversely, suppose that (M, m) is viable and hence let < be as in Definition 2.1. Let
J={(r,x) e RxX: (0,0) < (r,x)},and K = {(r,m) € R x M: 0 > r + m(m)}.
Then J and K are disjoint and convex; furthermore J is open. By a separation theorem
(see Jameson [1974, Thm. 23.13]) there exists a nontrivial continuous linear functional ¢
on R x X and « ¢ r such that ¢(r,x) > «, for all (r,x) € J, and ¢(r,m) < «, for
all (r,m) € K. Note that by continuity of ¢ and strict monotonicity of < we must have
¢(0, 0) = ¢ = 0. Moreover, by strict monotonicity of < we have (0, 0) < (1, 0) and hence
(1, 0) € J which implies that ¢(1, 0) > 0. We then renormalize ¢ so that ¢(1,0) = 1. We
also let ¥ be defined on X by yr(x) = ¢(0, x). Itis easy to show that ¢ is a continuous and
linear functional. If weletx € X, we have by strict monotonicity of <, (0, 0) < (0, x) and
hence (0, x) € J. Therefore we must have ¥(x) > 0 and i is positive. It only remains to
prove that ¥ |y < m. For this, let m € M. Itis clear that (—mr(m), m) € K. Consequently,
¢(—n(m), m) <0and ¥ (m) — w(m) <0. Thus, we must have V| < 7. |

Proof of Theorem 2.2.  Let (M, ) be viable, and hence, such that there exists a positive
linear functional, ¢+ € ¥ such that ¥*|y < m. Consider an element (r, x} € C, we must
have r +m(x) < Oand thenr + v (x) < 0. The positive linear functional (r, x) — r+ ¢ (x)
is then nonpositive on cone(C — (R x X)) and positive on (R x X),. This implies the
absence of asymptotic free-lunch.

Conversely, if cone(C — (R x X)) N (R x X)4 = @, since cone(C — (R x X)) and
(R x X)4 are cones (with vertices at the origin), with empty intersection, we then have
according to the Kreps—Yan theorem?’ (see, e.g., Delbaen and Schachermayer 1994a, proof
of Thm. 1.1) that there exists a continuous linear functional ¢ on R x X such that ¢((r, x)) >
Oforall (r, x) € (R x X); and é((r, x)) < Oforall (r, x) € core(C — (R x X)4). We can
then renormalize ¢ in order to obtain ¢ ((r, x)) = r + ¥ (x) satisfying the same properties,
withy € W.Letm € M; we then have (—m(m), m) € cone(C — (R x X)), which implies
that —m(m) 4+ ¥ (m) < 0. This means that ¥ |y, < 7. ]

Proof of Theorem 2.3. Let (M, ) be viable, and let x € X. Let v € ¥ such that
Y|y < 7, as guaranteed by Theorem 2.1. Then (¥(x), ¥ (x)) is a bid-ask price pair for
x that is consistent with (M, 7). Indeed, 7’ defined on M, by ' = |4, is a convex
functional (since it is linear), which satisfies 7’|y < 7 since 7|y = ¥|y. a

Mn fact, for 1 < p < oo, Clark’s (1993) separation theorem is sufficient. The theorem of Kreps—Yan is then
useful for p =1 or p = c0. Note that we are applymg these separation theorems in the space RxX which can

be identified with L”(Q .7-' P) where Q=qu {m} .7-' FU{AU (o} A € F}and where P is defined, for
all A € Fby P(4) = JP(A) and P(AU{m)) = 1 + 1 P(a).
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Proof of Theorem 2.4 The pricing rule x, is l.s.c. by construction and is lower than
or equal to 7 since the sequences m,, include the constant sequences. Moreover, it is the
largest L.s.c. pricing rule that is lower than or equal to . Indeed, if 77 is 1.s.c. and is lower
than or equal to 7 then 7 (y) < inf{liminf, {7 (m,): (m,) C M and converges to y}} for
all y € M, and since we have 7 (m,) < m(m,) we obtain 7 (y) < 7, (y). Therefore any
pair of bid-ask prices for x consistent with (M, ) must be included in the closed interval
(=7, (=x), 7, (x)]. i

Proof of Theorem 3.1. If (M, ) is viable, then we can apply the result of Theorem 2.2
and we have that cone(C — (R x X)) N (R x X), = . Since C is now a cone, this last
condition is equivalent to (C — (R x X),) N (R x X); = @. If we take the intersection
with {0} x X wethenhave {x e M: n(x) <0} - X, N X, =0.

Conversely,if {x € M: n(x) <0} — X, NX; = @ thenlet(r*, m*)in(C — (R x X) )N
(R % X)4, itis easy to see that r* + m* is thenin {x € M: n(x) <0} — X, N X, which
is impossible. We then have that corne(C — (R x X)) N (R x X), = P and (M, ) is
viable according to Theorem 2.2.

Finally, if M — X, C M and if 7 is nondecreasing then {x € M: n(x) <0} - X, =
{x € M: m(x) < 0}, which is closed by the lower semicontinuity of 7. The condition then
becomes {x € M: n(x) <0}N X, =40 O

Proof of Theorem 3.2.  First, we shall prove that, for all x € X, the set C(x) is closed.
Indeed, let (Q,, P,) be a sequence in C(x) that converges to some (Q, P). There exists
a sequence 7, of sublinear functions defined on M + Rx such that 7, |y < 7, 7, (x) =
P, and 7, (—x) = —Q,, for all n. Since the sequences (P,) and (Q,) converge, they
are bounded respectively by some real numbers P and Q. Let y be in M + Rx; there
exists m € M and two real numbers o and 8 in R, such that y = m + (o — f)x.
We then have 7, (y) < m(m) + oP, — BQ, < m(m) + P + B0 and, analogously,
7, (—y) <m(— m) +aP +ﬂQ Since m, (0) 0 and hence —m, (—y) < 7, (y), we have
|7r W < |lwm)| + |7 (=m)| + «P + ﬂQ The sequence 7 (y) is then bounded and we
can define a function 7' on M + Rx by n’ = sup, sup,., ;. It is easy to show that =’
is well defined, sublinear, and such that 7’|y < 7, 7'(x) = P and n’'(—x) = —Q. This
proves that (Q, P) € C(x) and that C(x) is closed.

The theorem is then a consequence of the following lemma.

LEMMA. Let (M, 1) be a viable price system,

(i) IfQand P areinI1(x) with Q < P then (Q, P) € C(x).
(i) Conversely, assuming that — X, C M and that n{—y) < Oforally € X, if
(Q, P) € C(x) then Q and P are included in T1(x).

Proof of the Lemma. Since C(x) is closed, it suffices to prove (i) when Q and P are
in M(x). If Q and P are in I1(x) with @ < P, then there exist functionals p and ¥g
in ¥ such that yply < 7, ¥golu < 7, ¥p(x) = P and Yo (x) = Q. Then consider the
functional 7z’ defined for all x’ € M + Rx, with x’ = m + Ax for some (m, 1) € M x R,
by m'(x") = max[yp(x'), ¥o(x)]. Itis easy to check that w’ is 1.s.c. and sublinear and that
(M + Rx, 7') is a viable (since 7’ > yrp) price system satisfying 7’|y < =, and hence
that (Q, P) is a bid-ask price pair of x consistent with (M, m).

If P € Tl(x), then there exists ¥ € ¥ such that Y|y < 7 and ¥ (x) = P. Now

let 7/: M + Rx — R be defined for all x* € M + Rx with x’ = m + Ax for some
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(m,A) € M x R, by '(x’) = ¥(x'). It is easy to see that 7’ is a sublinear functional and
we have that ¥ |y e < 7', Consequently, (M + Rx, ') is viable and (P, P) is then a
bid-ask price pair for x consistent with (M, ).

Conversely, assume —X, C M and n(—y) < Oforall y € X and let (Q, P), with
Q < P, be a bid-ask price pair for x consistent with (M, ). Then there exists a convex
functional 7’ on M + Rx suchthatn’(x) = P,a'(—=x) = -0, 7’|y < m,and (M+Rx, )
is viable. Let A = {(x’,A) € M + Rx x R: A > n'(x")}, since 7’ is l.s.c., then A is a
closed convex set and for all ¢ > O, (x, P —€) ¢ A. By a strict separation theorem and for
some ¢ > 0, there exists a continuous linear functional ¢ defined on X x R and « € R such
that ¢(x, P — &) < e and ¢(x', A) > « for all (x', A) € A. Then there exists a continuous
linear functional ¢ on X and 8 € R such that ¢(y, A) = @(y) + A, forall (y,A) € X xR
and we must have, for all (x’, 1) € A, ¢(x') + BA > o and ¢(x) + B(P — &) < a. Noting
that (0,0) € Aand (x,A) ¢ Aforall A > ='(x) itiseasy toseethat § > Oand @ < 0.
Furthermore, since A is a cone we have, for all (x’, 1) € A, (x') + 1 > 0.

Let us consider the continuous linear functional £ defined by &§(y) = —%(p(y), for all
y € X. Since (x',7'(x")) € A for all x' € M + Rx, we clearly have, £(x) < 7'(x")
for all x’ € M + Rx and £(x) > p — ¢. In particular, for all y € X, we must have
£(—y) < m'(—y) < 0and hence, £(y) > 0. Now let /' be a linear positive functional such
that ¥'|y4rx < 7’ as guaranteed by the viability of (M + Rx, n) and by Theorem 2.1.
Let us define for y € (0, 1) the linear functional ¥ by ¥ (y) = y¥'(y) + (1 — p)&(y)
for y € X. We clearly have that ¢y € W, ¥y < 7w and for y sufficiently small we also
must have P — & < ¥(x) < P. A symmetric argument gives the existence of { € ¥ such
that Y|y < mand —Q — & < ¥(—x) < —(Q, which implies that @ < ¥(x) < Q +&.
Therefore, P and Q are in [1(x).

Now let P such that (P, P) is a bid-ask price of x consistent with (M, ); then there exists
al.s.c. convex functional 7’ definedon M +Rx suchthat 7’|y < 7, 7'(x) = —a'(—x) = P
and (M + Rx,n') is viable. By Theorem 2.2 there exists a positive continuous linear
functional ¥ on X such that |42 < 7’. By linearity of ¥ we must have yr(x) = P and
hence P € I(x). |

Proof of Theorem 3.3.  To prove (i) it suffices to separate the convex sets J and K as in
the proof of Theorem 2.2.

To prove (ii), let 7" be a sublinear extension of 7 to M + Rx such that n”|y < 7 and
such that 7”/(x) < 7'(x), where 7'(x) = SUpy ey, yr(,, <» (¥ (x)}. Then there exists ¢ € W
such that ¢y < m and 7”(x) < ¥ (x). Hence, we can define the preorder of preferences
<y€Cby (r'.¥) <y (r, V) iIf r' + ¥ (3) <r + ¥ (y). Then let r” be the real number that
solves r” + m”(x) = 0. It also must satisfy r” + ¥ (x) > 0 (i.e. (0,0) <y (", x)) since
7"”(x) < ¥(x). Hence (M + Rx, ") is not an equilibrium price system in an economy
populated by agents with a preorder of preferences < although (M, ) is. a

//|

Proof of Theorem 4.1. Let x € X such that P*(x) = yo(x) for some ¥y in K*.
Then there exist sequences (o,) in X, (x,) in X converging to x, and (k,) in X such
that R(c,) = x, + h, and c(o,) converges to Yo(x). Let A, = 1if ||h,] < 1 and
A = (1/]|h, ) otherwise. If p < oo, then X is reflexive and X, N{x € X: [|lx]| < 1}isa
compact set for the weak-topology, where X, ; denotes the subset of nonnegative elements
of X. Therefore, we can assume that A,k, converges to some % in X .. We then have
R(oy) = x, + Ayhy + (1 — A, )h, where x, + A h, converges to x + h and (1 — X,)h,
is in X, . Then, by definition of P*, we have P*(x + h) < lim,_, « c(0,) = P*(x).
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Furthermore, P*(x + k) > yo(x + k) = P*(x) + yo(h), and & must be equal to 0, which
implies that ,, converges to 0 and R(o,) converges to x.

If p = oo, the sequence (h,) is nonnegative and bounded. Following Delbaen and
Schachermayer (1994a, Lem. A.1.1), there exists a sequence (h,) € conv(h,, hnyy,-..)
converging almost surely (and therefore in the sense of the o (L*, L!) topology), to a finite
nonnegative function k. Let us denote by (x,) and (d,) the sequences obtained by convex
combination from (x,) and (o, ) with the same weights as (h,,). It is easy to see that (x)
converges to x, R(8,) = x, + h, converges to x + h, and liminf c(d,) < o(x). We then
obtain that P*(x+h) < ¥o(x). Wealso know that P*(x+h) > yo(x+h) = P*{(x)+yo(h).
Hence we have that # = 0 and x € Im(R). O

Proof of Theorem 4.2. 1If there exists Yo € K such that P*(x) = p(x) then by
Theorem 4.1, x € Im(R). By definition of P* it is easy to show that, for all ¢ € X,
P*(R(0)) < c(o). Using the fact that ¢ is a linear form and that P* o R is sublinear,
we obtain P* o R = ¢ and the restriction of P* to Im(R) is a continuous linear form.
Consequently, for all y € Im(R) we have P*(y) = — P*(—y) and this last result is also
true for x € Im(R). Since P*(x) > SUPy g+ ¥ (x) and —P*(—x) < infyegs Y(x), it is
clear that {yr(x) : ¥ € K} is reduced to a unique element. The converse is immediate. O
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