
Khwhurjhqhrxv eholhiv dqg dvvhw sulflqj lq
glvfuhwh wlph= dq dqdo|vlv ri shvvlplvp dqg

grxew

Vhswhpehu 46/ 5337

Devwudfw

Wkh dlp ri wkh sdshu lv wr dqdo|}h wkh lpsdfw ri khwhurjhqhrxv eholhiv lq
dq rwkhuzlvh vwdqgdug frpshwlwlyh frpsohwh pdunhwv glvfuhwh wlph hfrqrp|1
Wkh frqvwuxfwlrq ri d frqvhqvxv eholhi/ dv zhoo dv d frqvhqvxv frqvxphu duh
vkrzq wr eh ydolg prgxor d suhglfwdeoh djjuhjdwlrq eldv/ zklfk wdnhv wkh
irup ri d glvfrxqw idfwru1 Zh xvh rxu frqvwuxfwlrq ri d frqvhqvxv frqvxphu
wr lqyhvwljdwh wkh lpsdfw ri eholhiv khwhurjhqhlw| rq wkh FFDSP dqg rq
wkh h{suhvvlrq ri wkh ulvn iuhh udwh1 Zh irfxv rq wkh shvvlplvp2grxew
ri wkh frqvhqvxv frqvxphu dqg zh vwxg| wkhlu lpsdfw rq wkh htxloleulxp
fkdudfwhulvwlfv +pdunhw sulfh ri ulvn/ ulvn iuhh udwh,1 Zh �qdoo| dqdo|}h
krz shvvlplvp dqg grxew dw wkh djjuhjdwh ohyho uhvxow iurp shvvlplvp
dqg grxew dw wkh lqglylgxdo ohyho1 Zh vkrz wkdw lw lv srvvleoh wr rewdlq d
kljkhu pdunhw sulfh ri ulvn dqg orzhu uhwxuqv iru dvvhwv zlwk kljkhu eholhiv
glvshuvlrq/ zklfk lv lqwhuhvwlqj lq oljkw ri wkh ulvn suhplxp sx}}oh +Phkud0
Suhvfrww/ 4<;8, dqg ri wkh �qglqjv ri Glhwkhu hw do1 +5335,1

41 Lqwurgxfwlrq

Wkh dlp ri wkh sdshu lv wr dqdo|}h wkh lpsdfw ri khwhurjhqhrxv eholhiv lq dq
rwkhuzlvh vwdqgdug frpshwlwlyh frpsohwh pdunhwv glvfuhwh wlph hfrqrp|1

Zh vwduw iurp d jlyhq htxloleulxp zlwk khwhurjhqhrxv eholhiv lq d idluo| jhqhudo
vhwwlqj dqg zh sursrvh wr ghfrpsrvh rxu dqdo|vlv lqwr wkuhh vwhsv1

Wkh �uvw lvvxh ghdov zlwk wkh djjuhjdwlrq ri wkhvh khwhurjhqhrxv eholhiv1 Wkh
pdlq txhvwlrq lv wr nqrz li lw lv srvvleoh wr dqdo|}h wkh khwhurjhqhrxv eholhiv



prgho lq whupv ri d fodvvlfdo krprjhqhrxv eholhiv prgho/ lq zklfk wkh frpprq
eholhi pd| eh gl�huhqw iurp wkh remhfwlyh rqh1 Lq rwkhu zrugv/ fdq zh gh�qh d
vxemhfwlyh frqvhqvxv eholhi/ l1h1 d eholhi zklfk/ li khog e| doo lqglylgxdov/ zrxog
jhqhudwh wkh vdph htxloleulxp sulfhv dv lq wkh dfwxdo khwhurjhqhrxv hfrqrp| B

Zh vkrz wkdw wkh dqvzhu wr wkh suhylrxv txhvwlrq lv srvlwlyh1 Zh duh wkhq
ohg wr dqdo|}h/ lq d vwdqgdug krprjhqhrxv prgho/ wkh lpsdfw ri d vxemhfwlyh eh0
olhi rq wkh htxloleulxp fkdudfwhulvwlfv +vwdwh sulfh ghqvlw|/ ulvn suhplxp/ ulvn iuhh
udwh/ hwf1,1 Wklv txhvwlrq kdv ehhq h{soruhg e| Deho +5335, lq wkh vshfl�f vhwwlqj
ri srzhu xwlolw| ixqfwlrqv dqg l1l1g dvvhw uhwxuqv1 Lq sduwlfxodu/ Deho lqwurgxfhv
frqfhswv ri shvvlplvp dqg grxew/ dqg dqdo|}hv wkhlu lpsdfw rq wkh htxloleulxp
fkdudfwhulvwlfv1 Lq wkh vdph vslulw/ zh lqwurgxfh vlplodu frqfhswv wkdw kdyh dq
xqdpeljxrxv lpsdfw rq wkh htxloleulxp fkdudfwhulvwlfv lq d pruh jhqhudo vhwwlqj
+lq sduwlfxodu/ zlwkrxw vshfl�f uhvwulfwlrqv rq wkh xwlolw| ixqfwlrqv ru rq wkh glv0
wulexwlrq ri wkh dvvhw uhwxuqv,1

Wkh odvw txhvwlrq lv wr xqghuvwdqg krz grxew dqg shvvlplvp dw wkh lqglylgxdo
ohyho duh fdswxuhg dw wkh djjuhjdwh ohyho/ l1h1 e| wkh frqvhqvxv eholhi1 Rxu gh�0
qlwlrqv ri grxew dqg shvvlplvp dsshdu dv sduwlfxoduo| dgdswhg wr wklv txhvwlrq1
Lqghhg/ urxjko| vshdnlqj/ zh rewdlq wkdw wkh ohyho ri shvvlplvp +uhvs1 grxew, dw
wkh djjuhjdwh ohyho lv d zhljkwhg dyhudjh ri wkh ohyho ri shvvlplvp +uhvs1 grxew,
dw wkh lqglylgxdo ohyho1

Lq wklv sdshu/ wkh gl�huhqw vxemhfwlyh eholhiv duh frqvlghuhg dv jlyhq1 Dv lq
Yduldq +4<;8/ 4<;<,/ Deho +4<;<, ru Kduulv0Udyly +4<<6,/ wkh| uh hfw gl�huhqfh
ri rslqlrq dprqj wkh djhqwv udwkhu wkdq gl�huhqfh ri lqirupdwlrq> lqghhg/ �zh
dvvxph wkdw lqyhvwruv uhfhlyh frpprq lqirupdwlrq/ exw gl�hu lq wkh zd| wkh|
lqwhusuhw wklv lqirupdwlrq� +Kduulv0Udyly/ 4<<6,1 Wkh gl�huhqw vxemhfwlyh eholhiv
pljkw frph iurp d Ed|hvldq xsgdwlqj ri wkh lqyhvwruv suhglfwlyh glvwulexwlrq ryhu
wkh xqfhuwdlq uhwxuqv rq ulvn| vhfxulwlhv dv lq/ h1j1 Zlooldpv +4<::,/ Ghwhpsoh0
Pxuwk| +4<<7,/ ]dsdwhur +4<<;,/ Jdooph|hu +5333,/ Edvdn +5333,/ Jdooph|hu dqg
Krool�hog +5335,/ exw zh gr qrw pdnh vxfk dq dvvxpswlrq> zh rqo| lpsrvh wkdw
wkh vxemhfwlyh suredelolwlhv eh htxlydohqw wr wkh lqlwldo rqh1 Qrwlfh wkdw wkh deryh0
phqwlrqhg prghov zlwk ohduqlqj duh qrw �pruh hqgrjhqrxv�/ vlqfh wkh lqyhvwruv*
xsgdwlqj uxoh dqg wkh fruuhvsrqglqj suredelolwlhv fdq eh ghwhuplqhg vhsdudwho|
iurp klv2khu rswlpl}dwlrq sureohp +vhh h1j1 Jhqrwwh/ 4<;9,1

Lq d frpsdqlrq sdshu/ Mrxlql dqg Qdss +5336, frqvlghuhg wkh vdph sureohp
lq frqwlqxrxv wlph1 Hyhq li wkh dssurdfk ghyhorshg wkhuhlq lv vlplodu wr rxuv/
wkh whfkqltxhv dqg frqfhswv duh txlwh glihuhqw1 Lq sduwlfxodu/ li zh dqdo|}h wkh
vxemhfwlyh eholhiv lq whupv ri glvwruwlrqv ri wkh remhfwlyh rqh/ wkh frqwlqxrxv wlph
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vhwwlqj shuplwv d pxfk vpdoohu vhw ri srvvleoh glvwruwlrqv wkdq wkh glvfuhwh wlph
vhwwlqj1 Iru lqvwdqfh/ lq frqwlqxrxv wlph/ wkh yrodwlolw| ri jlyhq surfhvv lv wkh
vdph xqghu wkh remhfwlyh dqg wkh gl�huhqw vxemhfwlyh eholhiv zkhuhdv lq glvfuhwh
wlph vrph djhqwv pljkw ryhuhvwlpdwh ru xqghuhvwlpdwh wklv yrodwlolw| ohdglqj wr
grxewixoo ru ryhufrq�ghqw ehkdylru1

Wkh sdshu lv rujdql}hg dv iroorzv1 Zh suhvhqw lq Vhfwlrq 5 d phwkrg wr dj0
juhjdwh/ lq d glvfuhwh wlph iudphzrun/ khwhurjhqhrxv lqglylgxdo vxemhfwlyh eholhiv
lqwr d vlqjoh frqvhqvxv eholhi1 Jlyhq dq revhuyhg htxloleulxp zlwk khwhurjhqhrxv
suredelolwlhv/ zh orrn iru d frqvhqvxv eholhi/ zklfk/ li khog e| doo lqyhvwruv zrxog
ohdg wr dq htxlydohqw htxloleulxp/ lq wkh vhqvh wkdw lw zrxog ohdyh lqyduldqw wkh
htxloleulxp pdunhw sulfhv1 Zh suryh wkh h{lvwhqfh ri vxfk d frqvhqvxv eholhi prg0
xor wkh lqwurgxfwlrq ri d suhglfwdeoh glvfrxqw idfwru1 Wklv phdqv wkdw/ prgxor
wklv glvfrxqw idfwru/ wkh htxloleulxp sulfh xqghu khwhurjhqhrxv eholhiv lv wkh vdph
dv lq dq hfrqrp| zkhuh doo djhqwv zrxog vkduh wkh vdph eholhi/ qdpho| wkh frq0
vhqvxv eholhi1 Iru d odujh fodvv ri xwlolw| ixqfwlrqv/ wkh frqvhqvxv eholhi lv jlyhq e|
vrph zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv/ dqg wkh glvfrxqw idfwru lv gluhfwo|
uhodwhg wr wkh eholhiv glvshuvlrq1 Wkh glvfrxqw idfwru pljkw eh srvlwlyh ru qhjdwlyh
ghshqglqj rq zkhwkhu wkh lqyhvwru lv fdxwlrxv ru qrw1 D srvvleoh lqwhusuhwdwlrq
iru wkh suhvhqfh ri wklv glvfrxqw idfwru frqvlvwv lq frqvlghulqj wkh glvshuvlrq ri
eholhiv dv d vrxufh ri ulvn1 Zkhq wkhuh lv pruh ulvn lqyroyhg/ ghshqglqj rq zkhwkhu
wkh lqyhvwru lv fdxwlrxv ru qrw/ lw lv zhoo nqrzq wkdw wkh lqyhvwru zloo uhgxfh ru
lqfuhdvh fxuuhqw frqvxpswlrq zlwk uhvshfw wr ixwxuh frqvxpswlrq/ dfwlqj dv li
klv2khu xwlolw| zdv glvfrxqwhg e| d srvlwlyh ru qhjdwlyh glvfrxqw udwh1

Zh wkhq ghulyh dq dgmxvwhg FFDSP irupxod1 Zh suryh wkdw wkh FFDSP iru0
pxod xqghu khwhurjhqhrxv eholhiv lv jlyhq e| wkh FFDSP irupxod lq dq hfrqrp|
zkhuh doo lqyhvwruv zrxog vkduh wkh vdph suredelolw| eholhi/ qdpho| wkh frqvhqvxv
eholhi rewdlqhg wkurxjk wkh djjuhjdwlrq surfhgxuh1 Lw dsshduv wkdw wkh glvfrxqw
idfwru grhv qrw lpsdfw wkh ulvn suhplxp exw rqo| wkh ulvn iuhh udwh1 Wkurxjk
rxu djjuhjdwlrq surfhgxuh/ zh kdyh wkhq wudqviruphg wkh vwxg| ri d prgho xqghu
khwhurjhqhrxv vxemhfwlyh eholhiv lqwr wkh vwxg| ri d prgho xqghu krprjhqhrxv
vxemhfwlyh eholhiv1

Wkh qh{w vwhs frqvlvwv lq wkh vwxg| ri wkh lpsdfw ri d vxemhfwlyh eholhi rq wkh
htxloleulxp ulvn suhplxp dqg ulvn iuhh udwh/ zklfk lv wkh dlp ri Vhfwlrq 61 Pruh
suhflvho|/ zh wu| wr ghwhuplqh fkdudfwhulvwlfv ri wkh vxemhfwlyh eholhi wkdw kdyh dq
xqdpeljxrxv lpsdfw rq wkh pdunhw sulfh ri ulvn dqg rq wkh ulvn iuhh udwh/ dqg/ lq
uhodwlrq zlwk wkh ulvn suhplxp sx}}oh +vhh Phkud0Suhvfrww/ 4<;8 ru Nrfkhuodnrwd/
4<<9 iru d vxuyh| rq wkh ulvn suhplxp sx}}oh, dqg wkh ulvn iuhh udwh sx}}oh +Zhlo/
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4<;<,/ zklfk suhihuudeo| ohdg wr dq lqfuhdvh ri wkh pdunhw sulfh ri ulvn dqg d
ghfuhdvh ri wkh ulvn iuhh udwh1 Zh vwduw e| frqvlghulqj wkh qrwlrq ri shvvlplvp1
Wkh qrwlrq zh frqvlghu zdv lqwurgxfhg lq d vwdwlf vhwwlqj lq Mrxlql0Qdss +5337,/
zkhuh d suredelolw| phdvxuh/ htxlydohqw wr wkh lqlwldo suredelolw|/ lv gh�qhg wr
eh �uvw rughu0shvvlplvwlf li lwv ghqvlw| +zlwk uhvshfw wr wkh lqlwldo suredelolw|,
ghfuhdvhv zlwk wkh djjuhjdwh zhdowk1 D qdwxudo jhqhudol}dwlrq ri wklv frqfhsw wr d
g|qdplf vhwwlqj ohdgv wr wkh iroorzlqj gh�qlwlrq1 D shvvlplvwlf suredelolw| lv vxfk
wkdw lwv ghqvlw| dw gdwh E| n �� ghfuhdvhv zlwk wkh djjuhjdwh zhdowk frqglwlrqdoo|
wr 8| iru doo |( wklv phdqv wkdw frqglwlrqdoo| wr gdwh | lqirupdwlrq/ lw sxwv pruh
zhljkw rq vwdwhv ri qdwxuh zkhuh wkh djjuhjdwh zhdowk dw gdwh E| n �� lv orzc

zklfk fohduo| fruuhvsrqgv wr d qrwlrq ri shvvlplvp1 Zh suryh wkdw d shvvlplvwlf
vxemhfwlyh suredelolw| eholhi lqfuhdvhv wkh pdunhw sulfh ri ulvn dqg ghfuhdvhv wkh
ulvn iuhh udwh1 Zh dovr lqwurgxfh d qrwlrq ri grxew1 Orrvho| vshdnlqj/ zh vkdoo vd|
wkdw d suredelolw| phdvxuh h{klelwv grxew li frqglwlrqdoo| wr gdwh | lqirupdwlrq/
lwv ghqvlw| dw gdwh E| n �� sxwv pruh +uhvs1 ohvv, zhljkw rq wkh wdlov dqg ohvv
+uhvs1 pruh, zhljkw rq wkh fhqwhu ri wkh glvwulexwlrq ri djjuhjdwh zhdowk dw gdwh
E| n ��1 Zh suryh wkdw d suredelolw| phdvxuh zklfk h{klelwv grxew dovr lqfuhdvhv
wkh pdunhw sulfh ri ulvn dqg ghfuhdvhv wkh ulvn iuhh udwh iru d odujh fodvv ri xwlolw|
ixqfwlrqv1

Wkh dlp ri Vhfwlrq 7 lv wr dqdo|}h krz shvvlplvp dqg grxew dw wkh djjuhjdwh
ohyho uhvxow iurp shvvlplvp dqg grxew dw wkh lqglylgxdo ohyho1 Zh vkrz wkdw zlwk
rxu gh�qlwlrqv ri shvvlplvp dqg grxew/ wkh frqvhqvxv eholhi ohyho ri shvvlplvp
+uhvs1 grxew, dsshduv dv d zhljkwhg dyhudjh ri wkh lqglylgxdo ohyho ri shvvlplvp
uhvs1 grxew/ zkhuh wkh zhljkwv duh jlyhq e| wkh lqglylgxdo ulvn wrohudqfhv1 Zh
suryh wkdw wkhuh duh hvvhqwldoo| wzr h�hfwv ri eholhiv khwhurjhqhlw| rq wkh htxlole0
ulxp fkdudfwhulvwlfv1 Wkh �uvw h�hfw lv jlyhq e| wkh htxdoo|0zhljkwhg dyhudjh ohyho
ri shvvlplvp2rswlplvp +uhvs1 grxew2ryhufrq�ghqfh,1 Lq sduwlfxodu/ li djhqwv duh
rq dyhudjh shvvlplvwlf/ wkhuh lv d eldv wrzdugv d kljkhu pdunhw sulfh ri ulvn dqg d
orzhu ulvn iuhh udwh wkdq lq wkh vwdqgdug vhwwlqj/ zklfk lv lqwhuhvwlqj lq oljkw ri wkh
ulvn suhplxp dqg ulvn iuhh udwh sx}}ohv +Phkud0Suhvfrww/ 4<;8/ Zhlo/ 4<;<,1 Wkh
vhfrqg h�hfw lv jlyhq e| wkh �fruuhodwlrq� ehwzhhq ulvn wrohudqfh2dyhuvlrq dqg
shvvlplvp2rswlplvp +uhvs1 grxew2ryhufrq�ghqfh,1 Lq sduwlfxodu/ li ulvn wrohudqfh
dqg rswlplvp duh srvlwlyho| fruuhodwhg/ wklv lqgxfhv d orzhu pdunhw sulfh ri ulvn1
Zh dovr suryh wkdw rxu uhvxowv duh frpsdwleoh zlwk wkh �qglqjv ri Glhwkhu hw do
+5335,/ l1h1 wkdw dvvhwv zlwk kljkhu eholhiv glvshuvlrq |lhog orzhu uhwxuqv1

Doo surriv duh lq wkh dsshqgl{1
Lq wkh qh{w vhfwlrqv zh vkdoo qhhg wkh iroorzlqj qrwdwlrqv1 Iru jlyhq idplolhv ri
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51 Frqvhqvxv eholhi/ dgmxvwhg FFDSP dqg ulvn iuhh udwh

Lq wkh fodvvlfdo uhsuhvhqwdwlyh djhqw dssurdfk/ doo lqyhvwruv duh wdnhq dv kdylqj
wkh vdph vxemhfwlyh eholhiv dqg lq wklv vhfwlrq/ zh dqdo|}h wr zklfk h{whqw wklv
dssurdfk fdq eh h{whqghg wr khwhurjhqhrxv vxemhfwlyh eholhiv1 Pruh suhflvho|/ zh
vwduw iurp d jlyhq htxloleulxp zlwk khwhurjhqhrxv eholhiv lq dq rwkhuzlvh vwdqgdug
frpsohwh glvfuhwh wlph pdunhw prgho/ dqg zh h{soruh wr zklfk h{whqw lw lv srvvleoh
4, wr gh�qh d frqvhqvxv eholhi/ l1h1 d eholhi/ zklfk/ li khog e| doo lqglylgxdov zrxog
jhqhudwh wkh vdph htxloleulxp sulfhv dv lq wkh dfwxdo khwhurjhqhrxv hfrqrp| dqg
5, wr gh�qh d uhsuhvhqwdwlyh djhqw +ru d frqvhqvxv frqvxphu,1 Zh vkdoo wkhq
dqdo|}h wkh lpsdfw ri khwhurjhqhlw| ri eholhiv rq dvvhw sulflqj/ dqg pruh suhflvho|
rq wkh FFDSP irupxod dqg rq wkh h{suhvvlrq ri wkh ulvn iuhh udwh1

Wkh prgho lv vwdqgdug/ h{fhsw wkdw zh doorz wkh djhqwv wr kdyh glvwlqfw vxe0
mhfwlyh suredelolwlhv1 Lw lv hvvhqwldoo| wkh vdph dv lq Mrxlql0Qdss +5336,/ dsduw
wkdw zh qrz ghdo zlwk d glvfuhwh wlph vhwwlqj1 Zh �{ d �qlwh wlph krul}rq A

rq zklfk zh duh jrlqj wr wuhdw rxu sureohp1 Zh frqvlghu d �owudwhg suredelo0

lw| vsdfh
�
lc E8|�|Mtfc���cA � c �

�
c zkhuh wkh �owudwlrq E8|�|Mtfc���cA � vdwlv�hv wkh xvxdo

frqglwlrqv1 Hdfk lqyhvwru lqgh{hg e| � ' �c � � � c � vroyhv d vwdqgdug g|qdplf
xwlolw| pd{lpl}dwlrq sureohp1 Kh kdv d fxuuhqw lqfrph dw gdwh | ghqrwhg e| eW�

|

dqg d yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq iru frqvxpswlrq ri wkh irup

.'�
kSA

|'f ��E|c S|�
l

c zkhuh '� lv d suredelolw| phdvxuh htxlydohqw wr � zklfk

fruuhvsrqgv wr wkh vxemhfwlyh eholhi ri lqglylgxdo �� Li zh ghqrwh e| E� �
| �|Mtfc���cA �

wkh srvlwlyh ghqvlw| surfhvv ri '� zlwk uhvshfw wr � / wkhq wkh xwlolw| ixqfwlrq fdq

eh uhzulwwhq dv .�
kSA

|'f � �
| ��E|c S|�

l
�

Zh pdnh wkh iroorzlqj fodvvlfdo dvvxpswlrqv rq wkh xwlolw| ixqfwlrqv dqg rq
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wkh vxemhfwlyh eholhiv1
Dvvxpswlrq

� iru doo | ' �c ���c A c ��E|c �� G d&�c 4� $ U ^ i�4j lv ri fodvv �� rq E&�c 4� c

vwulfwo| lqfuhdvlqj dqg vwulfwo| frqfdyh4/

� ��E�c S� dqg ��
�E|c �� ' Y��

YS
E|c �� duh frqwlqxrxv rq dfc A o c

� iru � ' �c � � � c � / � ie�
| : &�j : f dqg � ie�

| � &�j ' �c

� wkhuh h{lvwv 0 : f vxfk wkdw eW :
S�

�'� &� n 0c � d1v1/

� .�
kSA

|'f eW
|

l
	 4c

� wkh ghqvlw| surfhvv � � lv xqlirupo| erxqghg iru � ' �c � � � c ��

Wkh wklug frqglwlrq fdq eh vhhq dv d vxuylydo dvvxpswlrq dw wkh lqglylgxdo
ohyho dqg wkh irxuwk rqh dv d vxuylydo dvvxpswlrq dw wkh djjuhjdwh ohyho1 Doo wkh
uhpdlqlqj frqglwlrqv duh yhu| fodvvlfdo rqhv1

Zh gr qrw vshfli| wkh xwlolw| ixqfwlrqv ��/ dowkrxjk zh vkdoo irfxv rq wkh
fodvvlfdo fdvhv ri olqhdu ulvn wrohudqfh xwlolw| ixqfwlrqv +zklfk lqfoxgh orjdulwkplf/
srzhu dv zhoo dv h{srqhqwldo xwlolw| ixqfwlrqv,1

5141 Frqvhqvxv eholhi

Zh vwduw iurp dq htxloleulxp
�

^Wc
�

+W�
��

uhodwlyho| wr wkh eholhiv E� �� dqg wkh

lqfrph surfhvvhv e�� Zh uhfdoo wkdw dq htxloleulxp uhodwlyho| wr wkh eholhiv E� ��
dqg wkh lqfrph surfhvvhv Ee�� lv gh�qhg e| d srvlwlyh/ xqlirupo| erxqghg sulfh

surfhvv ^W dqg d idplo| ri rswlpdo dgplvvleoh frqvxpswlrq sodqv
�

+W�
�
vxfk wkdw

pdunhwv fohdu l1h1 d idplo| ri dgdswhg d&�c 4�0ydoxhg surfhvvhv +W�

vxfk wkdw

.�
kSA

f

���+W�

|

���
l

	 4 dqg vdwlvi|lqj

�
+W�

' +�E^Wc � �c e��S�
�'� +W�

'
S�

�'� e� � eW

4Qrwh wkdw zh frxog hdvlo| jhqhudol}h wkh uhvxowv ri wklv sdshu wr wkh fdvh zkhuh nl lv d
ixqfwlrq ri w=
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Vxfk dq htxloleulxp/ zkhq lw h{lvwv/ fdq eh fkdudfwhul}hg e| wkh �uvw rughu
qhfhvvdu| frqglwlrqv iru lqglylgxdo rswlpdolw| dqg wkh pdunhw fohdulqj frqglwlrq1
Wkhvh frqglwlrqv fdq eh zulwwhq dv iroorzv

;
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AAAAA=
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' eW

+514,

iru vrph vhw ri srvlwlyh Odjudqjh pxowlsolhuv Eb�� �

Lq wkh qh{w/ zh zloo vd| wkdw E^Wc E+W�

�� lv dq lqwhulru htxloleulxp uhodwlyho| wr
wkh eholhiv E� �� dqg wkh lqfrph surfhvvhv Ee�� li +W�

: &�c � d1v1 iru � ' �c � � � c �51
Rxu �uvw dlp lv wr �qg dq �htxlydohqw htxloleulxp� lq zklfk wkh khwhurjhqhrxv

vxemhfwlyh eholhiv zrxog eh djjuhjdwhg lqwr d frpprq fkdudfwhulvwlfv �� Iroorzlqj
wkh dssurdfk ri Fdoyhw hw do1 +5335,/ zh vkdoo gh�qh dq �htxlydohqw htxloleulxp�
e| wzr uhtxluhphqwv1 Iluvw/ wkh �htxlydohqw htxloleulxp� vkrxog jhqhudwh wkh vdph

htxloleulxp wudglqj yroxphv
�

+W�

� e�
�
dqg sulfh surfhvv ^W dv lq wkh ruljlqdo htxl0

oleulxp zlwk khwhurjhqhrxv eholhiv1 Vhfrqg/ hyhu| lqyhvwru vkrxog eh lqgl�huhqw dw
wkh pdujlq ehwzhhq lqyhvwlqj rqh dgglwlrqdo xqlw ri lqfrph lq wkh ruljlqdo htxlole0
ulxp zlwk khwhurjhqhrxv eholhiv dqg lq wkh �htxlydohqw htxloleulxp�/ vr wkdw hdfk
dvvhw jhwv wkh vdph pdujlqdo ydoxdwlrq e| hdfk lqyhvwru +lq whupv ri klv pdujlqdo
xwlolw|, lq erwk htxloleuld61 Wkh h{lvwhqfh ri vxfk dq �htxlydohqw htxloleulxp� lv
jlyhq e| wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 5141 Frqvlghu dq lqwhulru htxloleulxp E^Wc E+W�

�� uhodwlyho| wr wkh
eholhiv E� �� dqg wkh lqfrph surfhvvhv Ee��1 Wkhuh h{lvwv d xqltxh srvlwlyh dqg

5Qrwh wkdw xqghu wkh iroorzlqj dgglwlrqdo frqglwlrq

x3
l
+w> nl, @ 4 iru w 5 i3> ===> W j dqg l @ 4> � � � > Q>

doo wkh htxloleuld duh lqwhulru rqhv1
6Wklv frqglwlrq zdv lqwurgxfhg e| Fdoyhw hw do1 +5335,1 Lw zrxog eh htxlydohqw wr lpsrvh wkdw

wkh Odjudqjh pxowlsolhuv duh wkh vdph iru hdfk lqyhvwru lq erwk htxloleuld1 Dv d frqvhtxhqfh/
wkh uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq zloo dovr eh wkh vdph lq erwk htxloleuld1

:



dgdswhg surfhvv E�|�|Mtfc���cA � zlwk �f ' �/ wkhuh h{lvwv d xqltxh idplo| ri lqfrph

surfhvvhv E7e�� zlwk
S�

�'� 7e
� ' eW dqg d xqltxh idplo| ri lqglylgxdo frqvxpswlrq

surfhvvhv E7+�� vxfk wkdw E^Wc E7+��� lv dq htxloleulxp uhodwlyho| wr wkh frpprq fkdu0
dfwhulvwlfv � dqg wkh lqfrph surfhvvhv E7e�� dqg vxfk wkdw wudglqj yroxphv dqg
lqglylgxdo pdujlqdo ydoxdwlrq uhpdlq wkh vdph/ l1h1

+W�

� e� ' +� � e� � ' �c � � � c �

� �
| ��

�E|c +W�

� ' �|�
�
�E|c 7+

��c | 5 ifc ���c A j c � ' �c � � � c ��

Wklv phdqv wkdw E^Wc E7+��� lv dq htxloleulxp zlwk lqfrph wudqvihuv uhodwlyho| wr
wkh frpprq fkdudfwhulvwlfv � dqg wkh lqfrph surfhvvhv Ee�� vxfk wkdw lqglylgxdo
pdujlqdo ydoxdwlrq lv wkh vdph dv lq wkh ruljlqdo htxloleulxp zlwk khwhurjhqhrxv
eholhiv1 Lq rwkhu zrugv/ zh suryhg wkdw prgxor d ihdvleoh prgl�fdwlrq ri wkh
lqglylgxdo lqfrphv +l1h1

S�
�'� 7e

� '
S�

�'� e�� wkh lqlwldo htxloleulxp sulfh surfhvv
dqg wudglqj yroxphv uhpdlq htxloleulxp sulfh surfhvv dqg wudglqj yroxphv lq dq
krprjhqhrxv eholhiv vhwwlqj1 Wkh srvlwlyh surfhvv � fdq wkhq eh lqwhusuhwhg dv
d frqvhqvxv fkdudfwhulvwlfv1 Lq sduwlfxodu/ li wkhuh lv qr khwhurjhqhlw|/ l1h1 li doo
wkh lqyhvwruv kdyh wkh vdph eholhi uhsuhvhqwhg e| � � ' �� iru doo �/ zh rewdlq
� ' �� dqg wkhuh lv qr wudqvihu qru rswlpdo doorfdwlrqv prgl�fdwlrq +l1h1 7e� ' e�

dqg 7+� ' +W�

iru doo �,1
Rqfh wkh uhvxow rq eholhiv djjuhjdwlrq dfklhyhg/ lw lv hdv| wr frqvwuxfw dv lq

wkh vwdqgdug fdvh/ d uhsuhvhqwdwlyh djhqw/ l1h1 dq h{shfwhg xwlolw| pd{lpl}lqj
djjuhjdwh lqyhvwru/ uhsuhvhqwlqj wkh hfrqrp| lq htxloleulxp1 Dv lq wkh vwdqgdug

fdvh/ iru k 5
�
UW

n

��
c zh lqwurgxfh wkh ixqfwlrq

�kE|c %� ' 4@ S�
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��E|c %���

Sursrvlwlrq 5151 Frqvlghu dq lqwhulru htxloleulxp E^Wc E+W�

�� uhodwlyho| wr wkh
eholhiv E� �� dqg wkh lqfrph surfhvvhv Ee�� dqg ohw Eb�� ghqrwh wkh Odjudqjh pxo0
wlsolhuv dvvrfldwhg wr wklv htxloleulxp1 Wkhuh h{lvwv d frqvhqvxv lqyhvwru gh�qhg
e| wkh qrupdol}hg yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq �b dqg wkh frq0
vhqvxv fkdudfwhulvwlfv � ri Sursrvlwlrq 514/ lq wkh vhqvh wkdw wkh sruwirolr eW

pd{lpl}hv klv h{shfwhg xwlolw| .�
kSA

|'f �|�bES|�
l

xqghu wkh pdunhw exgjhw frq0

vwudlqw .�
kSA
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| ES| � eW

| �
l
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Uhpdun wkdw wkh frqvhqvxv lqyhvwru xwlolw| ixqfwlrq lv frqvwuxfwhg dv xvxdo
zlwk wkh Odjudqjh pxowlsolhuv ri wkh lqlwldo htxloleulxp1 Lq wkh vshfl�f fdvh ri
olqhdu ulvn wrohudqfh xwlolw| ixqfwlrqv zh rewdlq wkh iroorzlqj h{solflw h{suhvvlrqv
iru wkh frqvhqvxv fkdudfwhulvwlfv1 Uhfdoo wkdw wkh ulvn0wrohudqfh ri djhqw � lv gh�qhg

e| A�E|c +� ' �
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�
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H{dpsoh 5161 41 Li wkh lqglylgxdo xwlolw| ixqfwlrqv duh ri h{srqhqwldo w|sh/

l1h1 li �
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51 Li wkh lqglylgxdo xwlolw| ixqfwlrqv duh ri orjdulwkplf ru srzhu w|sh/ l1h1 vxfk

wkdw �
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1

Qrwlfh wkdw wkh frqvhqvxv eholhi � lv d pduwlqjdoh +l1h1 wkh ghqvlw| surfhvv ri
d jlyhq suredelolw|, rqo| zkhq # ' � +orjdulwkplf fdvh,1 Lw lv d vxshupduwlqjdoh
zkhq # 	 �/ dqg d vxepduwlqjdoh zkhq # : ��

Lw lv lqwhuhvwlqj wr qrwlfh lq H{dpsoh 2�� wkdw iru doo xwlolw| ixqfwlrqv lq wkh
fodvvlfdo fodvv ri olqhdu ulvn wrohudqfh xwlolw| ixqfwlrqv/ wkh frqvhqvxv fkdudfwhulvwlfv
lv rewdlqhg dv d zhljkwhg dyhudjh ri wkh lqglylgxdo vxemhfwlyh eholhiv/ wkh zhljkwv
ehlqj jlyhq e| wkh lqglylgxdo ulvn wrohudqfhv1 Lw lv hdv| wr vhh wkdw lq wkh jhqhudo
fdvh/ wkh frqvhqvxv fkdudfwhulvwlfv fdq vwloo eh frqvlghuhg dv dq dyhudjh ri wkh
lqglylgxdo eholhiv1

Wkh surfhvv � uhsuhvhqwv d frqvhqvxv fkdudfwhulvwlfv/ krzhyhu/ h{fhsw lq wkh
orjdulwkplf fdvh/ lw idlov wr eh d pduwlqjdoh1 Frqvhtxhqwo|/ lw fdq qrw eh lqwhu0
suhwhg dv d eholhi/ l1h1 wkh ghqvlw| surfhvv ri d jlyhq suredelolw| phdvxuh1 Lw lv hdv|

<



wr vhh wkdw lw lv qrw srvvleoh lq jhqhudo wr uhfryhu wkh frqvhqvxv fkdudfwhulvwlfv dv
d pduwlqjdoh/ dv vrrq dv zh zdqw wkh htxloleulxp sulfh wr uhpdlq wkh vdph dqg
wkh rswlpdo doorfdwlrqv lq wkh htxlydohqw htxloleulxp wr eh ihdvleoh/ lq wkh vhqvh
wkdw wkh| vwloo dgg xs wr eW +hyhq li zh gr qrw lpsrvh wkh lqyduldqfh ri lqglylgxdo
pdujlqdo ydoxdwlrq,�

Wklv phdqv wkdw lq wkh jhqhudo fdvh/ wkhuh lv d eldv lqgxfhg e| wkh djjuhjdwlrq
ri wkh lqglylgxdo suredelolwlhv lqwr d frqvhqvxv suredelolw|1

Sursrvlwlrq 5171 Frqvlghu dq lqwhulru htxloleulxp sulfh surfhvv ^W uhodwlyho| wr
wkh eholhiv E� ��c dqg wkh lqfrph surfhvvhv Ee��� Wkhuh h{lvwv d srvlwlyh pduwlqjdoh
surfhvv 7� zlwk 7�f ' �c dqg d suhglfwdeoh srvlwlyh surfhvv � zlwk �f ' � vxfk
wkdw
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Wkh surfhvv � lv jlyhq e|
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.|3� d�|o
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dqg fdq eh wkrxjkw ri dv d glvfrxqw idfwru1

Wkh surfhvv � uhsuhvhqwv dq djjuhjdwlrq eldv1 Lw vdwlv�hv �|

�|3�
' .|3�d�|o

�|3�
dqg

phdvxuhv wkh ghidxow ri pduwlqjdolw| ri wkh frqvhqvxv fkdudfwhulvwlfv �� Li doo
lqyhvwruv vkduh wkh vdph eholhiv/ wkhq � � �� Rwkhuzlvh/ wkh surfhvv � ohdgv wr d
+srvvleo| qhjdwlyh, glvfrxqw ri xwlolw| iurp ixwxuh frqvxpswlrq1 Zh vkdoo lqwhusuhw
wkh suhvhqfh dqg wkh surshuwlhv ri wklv �glvfrxqw idfwru� ehorz/ diwhu H{dpsoh 5181

Zh vkdoo vhh qrz wkdw wkh surfhvv � fruuhvsrqgv wr d +zhljkwhg, dyhudjh ri
wkh lqglylgxdo eholhiv dqg wkdw wkh glvfrxqw idfwru � lv gluhfwo| uhodwhg wr wkh
glvshuvlrq ri wkh lqglylgxdo eholhiv1 Zh �uvw frqvlghu wzr vlpsoh dqg hqoljkwhqlqj
h{dpsohv1

Vxssrvh wkdw *L}
eW

|n�

eW
|
kdv d qrupdo frqglwlrqdo glvwulexwlrq xqghu � dqg xqghu

'�c pruh suhflvho| vxssrvh wkdw/ xqghu �c *L}
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dqg frqvhtxhqwo|
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Li zh ohw ' ghqrwh wkh suredelolw| phdvxuh zlwk ghqvlw| surfhvv 7� zlwk uhvshfw

wr �c zh kdyh xqghu 'c *L}
eW

|n�

eW
|

�8|
Q

�
Hwu

� E>u� c j
�

� Wkh djjuhjdwh eholhi 7�

fruuhvsrqgv wkhq fohduo| wr d zhljkwhg dyhudjh eholhi/ wkh zhljkwv ehlqj jlyhq
e| wkh lqglylgxdo ulvn wrohudqfhv1 Wkh glvfrxqw idfwru �E|n��

�E|�
lv gluhfwo| uhodwhg wr

T @owu E>u� wkh zhljkwhg yduldqfh ri wkh >� zlwk wkh vdph zhljkwv dqg wkh surfhvv
� fdq eh lqwhusuhwhg dv d phdvxuh ri eholhiv glvshuvlrq1

Zlwk wkh vdph xwlolw| ixqfwlrqv dqg li zh qrz dvvxph wkdw xqghu � / *L}
eW

|n�

eW
|

�8|

Q E>c j� dqg wkdw xqghu '�c *L}
eW

|n�

eW
|

�8|
Q E>c j�� c zh rewdlq zlwk wkh vdph qrwd0

wlrqv wkdw xqghu 'c *L}
eW

|n�

eW
|

�8|
Q
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>c Hwu

32 Eju�
�
zklfk vwloo fdq eh lqwhusuhwhg dv

dq dyhudjh eholhi +wkh yduldqfh xqghu ' lv dq dyhudjh ri wkh yduldqfhv xqghu '�,1

Ixuwkhupruh/ �E|n��
�E|�

'
-w

32Ej�

-w
f Ej�

dqg d vlpsoh vhfrqg rughu Wd|oru h{sdqvlrq jlyhv

xv �E|n��
�E|�

� � � T @owu Eju�
-wu Eju�2 zkhq wkh glvshuvlrq ri wkh j� lv vx!flhqwo| vpdoo1 Rqfh

djdlq/ wkh surfhvv � lv gluhfo| uhodwhg wr eholhiv glvshuvlrq dqg lwv glvwdqfh wr �
lqfuhdvhv zlwk eholhiv glvshuvlrq1

Pruh jhqhudoo|/ zlwk KDUD xwlolw| ixqfwlrqv/ lw lv hdv| wr vhh xvlqj wkh dssur{0
lpdwlrqv surylghg lq wkh lqwurgxfwlrq wkdw zkhq eholhiv glvshuvlrq lv vx!flhqwo|
vpdoo/ 7� lv htxdo/ dw wkh �uvw rughu/ wr d ulvn0wrohudqfh zhljkwhg dulwkphwlf dyhu0
djh ri wkh � � dqg wkdw wkh jurzwk udwh ri � lv/ dw wkh vhfrqg rughu/ sursruwlrqdo
wr wkh glvshuvlrq ri wkh � ��
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Dv lq wkh frqwlqxrxv wlph vhwwlqj +vhh Mrxlql0Qdss/ 5336,/ iru olqhdu ulvn wro0
hudqfh xwlolw| ixqfwlrqv/ zh duh deoh wr h{solflwo| frpsxwh wkh surfhvv � dqg
wr ghwhuplqh zkhwkhu lw lv lqfuhdvlqj/ ghfuhdvlqj/ vpdoohu ru juhdwhu wkdq rqh1
Dowkrxjk wkh whfkqltxhv xvhg duh gl�huhqw/ wkh uhvxowv duh vlplodu wr wkh rqhv
rewdlqhg lq wkh frqwlqxrxv wlph vhwwlqj1

H{dpsoh 5181 Iru jhqhudo srzhu xwlolw| ixqfwlrqv/ wkh surfhvv � vdwlv�hv
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vr wkdw e| Plqnryvnl*v Ohppd/ � lv qrqghfuhdvlqj/ juhdwhu wkdq � +uhvs1 qrqlq0
fuhdvlqj/ orzhu wkdq �, li # � � +uhvs1 # � ���

Iru orjdulwkplf xwlolw| ixqfwlrqv/ � � ��

Lq wkh h{srqhqwldo fdvh/ wkh surfhvv � vdwlv�hv
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vr wkdw e| Kùoghu*v Ohppd/ � lv qrqghfuhdvlqj/ juhdwhu wkdq �1

Wkh lqwhusuhwdwlrq lv wkh iroorzlqj1 Wkh sdudphwhu # lv d fdxwlrxvqhvv sdud0
phwhu1 Zkhq wkhuh lv pruh ulvn lqyroyhg/ ghshqglqj rq zkhwkhu wkh lqyhvwru lv
fdxwlrxv ru qrw/ wkdw lv wr vd|/ ghshqglqj rq zkhwkhu # 	 � ru # : �/ lw fdq
eh vkrzq wkdw wkh lqyhvwru zloo uhgxfh ru lqfuhdvh fxuuhqw frqvxpswlrq zlwk uh0
vshfw wr ixwxuh frqvxpswlrq1 Iru lqvwdqfh/ iru # 	 �/ wkh lqyhvwru lv fdxwlrxv
dqg lqfuhdvhv fxuuhqw frqvxpswlrq dfwlqj dv li klv2khu xwlolw| zdv glvfrxqwhg e|
d srvlwlyh glvfrxqw udwh1 Wkh frqyhuvh uhdvrqlqj ohdgv wr d qhjdwlyh glvfrxqw udwh
li # : �1 Qrz lq rxu frqwh{w zlwk khwhurjhqhrxv eholhiv/ d srvvleoh lqwhusuhwdwlrq
frqvlvwv lq frqvlghulqj wkh glvshuvlrq ri eholhiv dv d vrxufh ri ulvn wkhuhe| ohdglqj
iru wkh uhsuhvhqwdwlyh djhqw wr d glvfrxqw idfwru dvvrfldwhg wr d srvlwlyh ru qhj0
dwlyh glvfrxqw udwh ghshqglqj rq zkhwkhu # 	 � ru # : �� Wklv lqwhusuhwdwlrq ri
eholhiv khwhurjhqhlw| dv d vrxufh ri ulvn lv frpsdwleoh zlwk wkh hpslulfdo �qglqjv
ri Fudjj dqg Pdonlho +4<;5, zkr vwxglhg wkh uhodwlrqvkls ehwzhhq h{ srvw uhwxuqv
dqg ydulrxv phdvxuhv ri ulvn dqg irxqg wkdw wkh phdvxuh wkdw shuiruphg ehvw zdv
d phdvxuh ri glyhujhqfh ri rslqlrq derxw wkh dvvhw uhwxuqv1

Wr vxppdul}h/ zh kdyh srlqwhg rxw wkurxjk suhylrxv sursrvlwlrqv wzr glvwlqfw
h�hfwv ri wkh lqwurgxfwlrq ri eholhiv khwhurjhqhlw| rq wkh htxloleulxp sulfh1
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Wkhuh lv �uvw d fkdqjh ri suredelolw| h�hfw iurp � wr wkh qhz frpprq sured0
elolw| 'c zkrvh ghqvlw| lv jlyhq e| 7�� Wklv djjuhjdwh suredelolw| fdq eh vhhq +dw
ohdvw lq wkh fodvvlfdo xwlolw| ixqfwlrqv fdvhv, dv d zhljkwhg dyhudjh ri wkh lqglylgxdo
vxemhfwlyh suredelolwlhv1 Wkh zhljkwv ri wklv dyhudjh duh jlyhq e| wkh lqglylgxdo
ulvn wrohudqfhv1 Wkh vhfrqg h�hfw lv uhsuhvhqwhg e| dq �djjuhjdwlrq eldv�/ zklfk
lv suhglfwdeoh dqg wdnhv wkh irup ri d glvfrxqw idfwru1 Wklv glvfrxqw idfwru lv/
dw ohdvw iru fodvvlfdo xwlolw| ixqfwlrqv/ gluhfwo| uhodwhg wr wkh glvshuvlrq ri wkh eh0
olhiv1 Zh duh deoh/ iru olqhdu ulvn wrohudqfh xwlolw| ixqfwlrqv/ wr ghwhuplqh li lw lv
dvvrfldwhg wr d srvlwlyh ru qhjdwlyh glvfrxqw udwh1 Prgxor wklv glvfrxqw idfwru/
wkh htxloleulxp +vwdwh, sulfh +ghqvlw|, lv wkh vdph dv lq dq hfrqrp| lq zklfk doo
djhqwv +ru wkh uhsuhvhqwdwlyh djhqw, zrxog vkduh wkh vdph vxemhfwlyh eholhi '1
Uhpdun wkdw wkh lqwhusuhwdwlrq ri eholhiv khwhurjhqhlw| dv d vrxufh ri ulvn lv rqo|
uhodwhg wr wkh vhfrqg h�hfw1 Wkh uhodwlyh lpsruwdqfh ri wkhvh h�hfwv lv glvfxvvhg
lq ghwdlo lq Vhfwlrq 71

Zh vkdoo qrz xvh rxu frqvwuxfwlrq ri d uhsuhvhqwdwlyh frqvxphu wr dqdo|}h wkh
lpsdfw ri khwhurjhqhlw| ri eholhiv rq wkh htxloleulxp surshuwlhv1

5151 Dgmxvwhg FFDSP/ Ulvn Suhplxp dqg Ulvn Iuhh Udwh

Lq wklv vxevhfwlrq/ zh zlvk wr frpsduh wkh htxloleulxp fkdudfwhulvwlfv +FFDSP
irupxod/ ulvn suhplxp/ ulvn iuhh udwh, lq wkh khwhurjhqhrxv eholhiv vhwwlqj dqg lq
wkh vwdqgdug vhwwlqj1 Zh vkdoo frqvlghu dv wkh vwdqgdug vhwwlqj dq htxloleulxp
zkhuh wkh eholhiv duh krprprjhqhrxv dqg jlyhq e| wkh remhfwlyh suredelolw| � /
dqg zkhuh wkh uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq lv jlyhq e|7 �b zlwk wkh vdph
Eb�� dv lq rxu khwhurjhqhrxv eholhiv vhwwlqj81

Zh vxssrvh wkh h{lvwhqfh ri d ulvnohvv dvvhw zlwk sulfh surfhvv 7f vxfk wkdw
7f

f ' � dqg 7f
| '

T|
r'�

�
� n os

r

�
iru vrph suhglfwdeoh ulvn iuhh udwh surfhvv os 1 Zh

frqvlghu d ulvn| dvvhw zlwk srvlwlyh sulfh surfhvv 7 dqg dvvrfldwhg udwh ri uhwxuq
ehwzhhq gdwh | dqg E| n �� ghqrwhg e| -|n� � 7|n�

7|
� �1 Lq vxfk d frqwh{w/ vlqfh

^W7 lv d � W0pduwlqjdohc zh rewdlq/ dv lq wkh fodvvlfdo fdvh +vhh wkh Dsshqgl{,/
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7Zh uhfdoo wkdw iru � 5
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8Wklv lv lq sduwlfxodu wkh fdvh zkhq wkh vwdqgdug vhwwlqj htxloleulxp kdv wkh vdph Odjudqjh

pxowlsolhuv +ru htxlydohqwo| wkh vdph pdujlqdo ydoxdwlrqv dw gdwh 3 ru wkh vdph lqlwldo lqglylgxdo
htxloleulxp frqvxpswlrqv, dv lq wkh khwhurjhqhrxv eholhiv iudphzrun/ ru zlwkrxw uhvwulfwlrq rq
wkh Odjudqjh pxowlsolhuv zkhq lqyhvwruv kdyh olqhdu ulvn wrohudqfh xwlolw| ixqfwlrqv1
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Qrz/ vlqfh ^W
| ' � |�|�

� E|c eW
| � c zlwk � suhglfwdeoh/ Htxdwlrq E2�2� fdq eh zulwwhq
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vr wkdw wkh dgmxvwphqw surfhvv � sod|v qr uroh lq wkh FFDSP irupxod zlwk
khwhurjhqhrxv eholhiv1 Wklv dgmxvwhg FFDSP irupxod gl�huv iurp wkh iroorzlqj
vwdqgdug irupxod
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rqo| wkurxjk wkh fkdqjh ri suredelolw| iurp � wr wkh frqvhqvxv suredelolw| '1
Wklv lpsolhv wkdw rqo| wkh fkdqjh ri suredelolw| kdv dq lpsdfw rq wkh gl�huhqfh
ri wkh ulvn suhplxp lq wkh vwdqgdug dqg lq wkh khwhurjhqhrxv eholhiv vhwwlqj1

Wkh ulvn iuhh udwh os lv jlyhq/ dv lq wkh fodvvlfdo fdvh/ e| +vhh wkh Dsshqgl{,
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zkhuh os dkrprjhqhrxv xqghu 'o ghqrwhv wkh htxloleulxp ulvn iuhh udwh lq d prgho
zkhuh doo lqyhvwruv vkduh wkh vdph vxemhfwlyh suredelolw| eholhi '1 Erwk wkh fkdqjh
ri suredelolw| dqg wkh glvfrxqw idfwru kdyh dq lpsdfw rq wkh ulvn iuhh udwh1 Wkh
lpsdfw ri wkh glvfrxqw idfwru ohdgv wr d ghfuhdvh +uhvs1 lqfuhdvh, ri wkh ulvniuhh udwh
li � lv qrqghfuhdvlqj +uhvs1 qrqlqfuhdvlqj,1 Wklv h�hfw kdv d fohdu lqwhusuhwdwlrq1
D qrqlqfuhdvlqj +uhvs1 qrqghfuhdvlqj, glvfrxqw idfwru � fruuhvsrqgv wr wkh idfw
wkdw wkh uhsuhvhqwdwlyh djhqw �glvfrxqwv� ixwxuh frqvxpswlrq/ zklfk phdqv wkdw
ixwxuh frqvxpswlrq lv ohvv +uhvs1 pruh, lpsruwdqw iru wkh uhsuhvhqwdwlyh djhqw/
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lw lv wkhq qdwxudo wr rewdlq d kljkhu +uhvs1 orzhu, htxloleulxp ulvn iuhh udwh1 Iru
lqvwdqfh/ iru srzhu xwlolw| ixqfwlrqv zlwk # � �c dv zhoo dv iru h{srqhqwldo xwlolw|
ixqfwlrqv/ zh kdyh vhhq wkdw wkh �glvfrxqw idfwru� � lv qrqlqfuhdvlqj dqg wkhuhiruh
frqwulexwhv wr d kljkhu ulvn iuhh udwh1

Wkh lpsdfw ri wkh fkdqjh ri suredelolw| h�hfw iurp � wr wkh frqvhqvxv sure0

delolw| ' ghshqgv rq wkh vljq ri .
'
|
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��E|n�ceW

|n��
��E|ceW

| �

�
� .�

|
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��E|n�ceW

|n��
��E|ceW

| �

�
1

Wkurxjk rxu djjuhjdwlrq surfhgxuh/ zh kdyh wkhq wudqviruphg wkh vwxg| ri
d prgho xqghu khwhurjhqhrxv vxemhfwlyh eholhiv lqwr wkh vwxg| ri d prgho xqghu
krprjhqhrxv vxemhfwlyh eholhiv1 Lqghhg/ wkh htxloleulxp ulvn suhplxp irupxod
xqghu khwhurjhqhrxv eholhiv +Htxdwlrq 516, lv wkh vdph dv lq dq hfrqrp| zkhuh
doo lqyhvwruv zrxog vkduh wkh vdph suredelolw| eholhi/ qdpho| wkh frqvhqvxv eholhi
rewdlqhg wkurxjk wkh djjuhjdwlrq surfhgxuh1 Wkh vdph lv wuxh ri wkh ulvn iuhh udwh/
prgxor wkh �glvfrxqw idfwru�/ dqg zh kdyh vhhq wkdw zh duh deoh wr ghwhuplqh
wkh lpsdfw ri wkh glvfrxqw idfwru/ dw ohdvw iru fodvvlfdo xwlolw| ixqfwlrqv1 Wkh qh{w
vwhs frqvlvwv lq wkh vwxg| ri wkh lpsdfw ri d vxemhfwlyh eholhi rq wkh htxloleulxp
ulvn suhplxp dqg ulvn iuhh udwh/ zklfk lv wkh dlp ri wkh qh{w vhfwlrq1

61 Shvvlplvp2grxew ri wkh frqvhqvxv eholhi

Zh frqvlghu lq wklv vhfwlrq d vwdqgdug krprjhqhrxv eholhiv prgho/ wkh djhqwv
frpprq vxemhfwlyh eholhi e� ehlqj srvvleo| gl�huhqw iurp wkh remhfwlyh suredelolw|
� 1 Zh vxssrvh wkdw e� lv htxlydohqw wr wkh remhfwlyh suredelolw| � dqg zh ghqrwh
e| f� lwv ghqvlw|1 Zh zdqw wr ghwhuplqh fkdudfwhulvwlfv ri wkh vxemhfwlyh eholhi
e� wkdw kdyh dq xqdpeljxrxv lpsdfw rq wkh ulvn suhplxp dqg rq wkh ulvn iuhh
udwh/ dqg/ lq uhodwlrq zlwk wkh ulvn suhplxp sx}}oh +vhh Phkud0Suhvfrww/ 4<;8 ru
Nrfkhuodnrwd/ 4<<9 iru d vxuyh| rq wkh ulvn suhplxp sx}}oh, dqg wkh ulvn iuhh udwh
sx}}oh +Zhlo/ 4<;<,/ zklfk suhihuudeo| ohdg wr dq lqfuhdvh ri wkh ulvn suhplxp dqg
d ghfuhdvh ri wkh ulvn iuhh udwh1 Lq sduwlfxodu/ zh zlvk wr dqdo|}h krz shvvlplvp
2grxew ri wkh vxemhfwlyh suredelolw| pd| d�hfw wkh htxloleulxp ulvn suhplxp dqg
ulvn iuhh udwh1

Lq rughu wr dqdo|}h wkh lpsdfw ri wkh vxemhfwlyh eholhi rq wkh ydoxh ri wkh ulvn
suhplxp/ zh qhhg wr eh dzduh ri wkh idfw wkdw wkh srvvleoh uhwxuqv - ' E-|�

A
|'�

rewdlqhg lq htxloleulxp duh qrw wkh vdph lq wkh vwdqgdug +remhfwlyh eholhi, vhwwlqj
dqg lq wkh vxemhfwlyh eholhi vhwwlqjv1 Zkdw h{dfwo| lv wr eh frpsduhgB

Dv lq wkh fodvvlfdo FFDSP/ zh frqvlghu dq dvvhw/ zkrvh uhwxuqv -|n� ehwzhhq
gdwh | dqg gdwh | n � duh shuihfwo| fruuhodwhg zlwk eW

|n� iurp gdwh | srlqw ri ylhz1
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Pruh suhflvho|/ zh frqvlghu d uhwxuq surfhvv vxfk wkdw -|n� ' &|e
W
|n� n K| iru vrph

8|�phdvxudeoh srvlwlyh udqgrp yduldeohv &| dqg K|1 Qrwlfh wkdw vxfk dq dvvhw
h{lvwv e| pdunhw +g|qdplf, frpsohwhqhvv1 Wkh ulvn suhplxp iru wklv dvvhw lq wkh
remhfwlyh eholhi vhwwlqj lv jlyhq e|
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Iru dq| srvlwlyho| krprjhqhrxv ulvn phdvxuh 4/ wkh pdunhw sulfh ri ulvn l1h1/ wkh
udwlr ehwzhhq wkh ulvn suhplxp dqg wkh �ohyho ri ulvn� lv jlyhq e|
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Lq rughu wr frpsduh wkh pdunhw sulfh ri ulvn lq erwk vhwwlqjv/ zh duh wkhq ohg wr
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mhfwlyh eholhi vhwwlqj ohdgv wr d kljkhu pdunhw sulfh ri ulvn li dqg rqo| li
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Deho +5335, vwxglhv d vlplodu sureohp1 Kh frqvlghuv d uhwxuq surfhvv -| jhq0

hudwhg e| dq dvvhw zkrvh glylghqgv duh jlyhq e| eW
| � Lq Deho*v iudphzrun +

eW
|n�

eW
|

l1l1g1 dqg lvrhodvwlf xwlolw| ixqfwlrqv,/ vxfk d uhwxuq surfhvv vdwlv�hv rxu frqglwlrq
-|n� ' &|e

W
|n� n K| iru vrph 8|�phdvxudeoh srvlwlyh udqgrp yduldeohv &| dqg K|�

Deho*v gh�qlwlrq ri wkh ulvn suhplxp lv voljkwo| gl�huhqw/ vlqfh lw lv htxdo wr wkh
udwlr ehwzhhq wkh h{shfwhg uhwxuq ri wkh frqvlghuhg dvvhw dqg wkh ulvniuhh uhwxuq/
lqvwhdg ri wkh gl�huhqfh ehwzhhq wkhvh wzr txdqwlwlhv1 Krzhyhu/ wkh suredelolw|
phdvxuhv ohdglqj wr d kljkhu ulvn suhplxp +lq Deho*v vhqvh, duh wkrvh vdwlvi|lqj
Lqhtxdolw| E���� �
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Wr vxppdul}h zkdw zh kdyh mxvw vhhq/ wkh vxemhfwlyh suredelolw| phdvxuhv
e� ohdglqj wr dq lqfuhdvh ri wkh pdunhw sulfh ri ulvn +frpsduhg wr wkh vwdqgdug
remhfwlyh eholhi vhwwlqj, duh fkdudfwhul}hg e| Lqhtxdolw| E���� ru htxlydohqwo| e|
wkh idfw wkdw
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Wkh vxemhfwlyh eholhi vhwwlqj ohdgv wr d kljkhu pdunhw sulfh ri ulvn zkhq wkh
vxemhfwlyh suredelolw| lv qhjdwlyho| fruuhodwhg zlwk wkh wrwdo zhdowk xqghu vrph
suredelolw| dqg lw lv qdwxudo wr lqwhusuhw wklv surshuw| dv d irup ri shvvlplvp1
Pruhryhu/ dv vhhq lq wkh suhylrxv vhfwlrq/ wkh vxemhfwlyh suredelolw| phdvxuhv e�
ohdglqj wr d ghfuhdvh ri wkh ulvn iuhh udwh duh fkdudfwhul}hg e|
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zklfk dovr fruuhvsrqgv wr vrph irup ri shvvlplvp1 Zh vkdoo lqwurgxfh pruh
irupdoo| gl�huhqw qrwlrqv ri shvvlplvp lq wkh qh{w vhfwlrq1 Qrwh wkdw hyhq li
wklv vhfwlrq lv lq wkh vdph vslulw dv Deho +5335,/ rxu iudphzrun dqg gh�qlwlrqv
duh gl�huhqw1 Lqghhg/ Deho +5335, �uvw fkdudfwhul}hv shvvlplvp e| wkh wkh �uvw0
rughu vwrfkdvwlf grplqdqfh dqg wkhq lqwurgxfhv wkh frqfhsw ri xqlirup shvvlplvp
fkdudfwhul}hg e| d vwurqjhu irup ri grplqdqfh91 Deho +5335, suryhv wkhq wkdw
xqlirup shvvlplvp lqfuhdvhv wkh ulvn suhplxp/ zkhq djhqwv kdyh srzhu xwlolw|
ixqfwlrqv1 Mrxlql0Qdss +5337, vkrzhg wkdw wklv lv qrpruh wkh fdvh zkhq xqlirup
shvvlplvp lv uhsodfhg e| shvvlplvp +lq Deho*v vhqvh, ru zkhq wkh fodvv ri xwlolw|
ixqfwlrqv lv hqodujhg wr wkh zkroh fodvv ri frqfdyh dqg qrqghfuhdvlqj ixqfwlrqv1
Wkh| sursrvhg wkhq/ lq d vwdwlf vhwwlqj/ dqrwkhu gh�qlwlrq iru shvvlplvp wkdw
ohdgv wr d ulvn0suhplxp lqfuhdvh iru doo qrqghfuhdvlqj xwlolw| ixqfwlrqv dqg wkdw lv
fkdudfwhul}hg e| wklv odvw surshuw|1 Lq wkh qh{w vhfwlrq zh jhqhudol}h wklv frqfhsw
wr d g|qdplf iudphzrun1 Ixuwkhupruh/ dv zh vkdoo vhh lq Vhfwlrq 7/ wklv frqfhsw

9Deho +5335, gh�qhv d shvvlplvwlf +uhvs1 xqlirupo| shvvlplvwlf, suredelolw| phdvxuh +zlwk

uhvshfw wr h, dv d suredelolw| phdvxuh eS vxfk wkdw/ iru doo {> eS ^h � {` � S ^h � {` +uhvs1
eS ^h � {` @ S ^h � n{` iru vrph n A 4,1
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lv sduwlfxoduo| dgdswhg wr wkh eholhiv djjuhjdwlrq sureohp vlqfh zh vkdoo ghvfuleh
krz lqglylgxdo shvvlplvp lv fdswxuhg dw wkh djjuhjdwh ohyho1 Deho +5335, dovr
lqwurgxfhv wkh frqfhsw ri grxew edvhg rq wkh vhfrqg0rughu vwrfkdvwlf grplqdqfh1
Lq wkh qh{w zh vkdoo sursrvh dqrwkhu gh�qlwlrq wkdw zloo dsshdu lq Vhfwlrq 7 dv
pxfk pruh wudfwdeoh lq rughu wr dqdo|}h krz lqglylgxdo grxew lv fdswxuhg dw wkh
djjuhjdwh ohyho1

6141 Grxew dqg �uvw rughu shvvlplvp

Lq d vwdwlf iudphzrun/ Mrxlql0Qdss +5337, hvwdeolvkhg wkdw Lqhtxdolw| E���� lv

vdwlv�hg iru doo qrqghfuhdvlqj xwlolw| ixqfwlrqv � li dqg rqo| li f� ghfuhdvhv zlwk
eW� Wklv dqwlfrprqrwrq| surshuw| ehwzhhq f� dqg eW lv uhihuuhg wr dv �uvw rughu
shvvlplvp1 Zh sursrvh wkh iroorzlqj qdwxudo jhqhudol}dwlrq ri wklv frqfhsw wr d
g|qdplf iudphzrun1

Gh�qlwlrq 6141 Zh vd| wkdw d suredelolw| e� rq Elc 8c � � htxlydohqw wr �c zlwk

ghqvlw| surfhvv
�

f�|

�
lv shvvlplvwlf +zlwk uhvshfw wr eW, li iru doo |c f�|n� dqg �eW

|n�

duh frprqrwrqlf: frqglwlrqdoo| wr 8|1

D shvvlplvwlf suredelolw| lv vxfk wkdw lwv ghqvlw| f�|n� dw gdwh E| n �� ghfuhdvhv
zlwk eW

|n� frqglwlrqdoo| wr 8| iru doo |( wklv phdqv wkdw frqglwlrqdoo| wr gdwh |

lqirupdwlrq/ lw sxwv pruh zhljkw rq vwdwhv ri qdwxuh zkhuh eW
|n� lv orzc zklfk

fohduo| fruuhvsrqgv wr d qrwlrq ri shvvlplvp1
Iru lqvwdqfh/ li wkh lqirupdwlrq vwuxfwxuh lv ghvfulehg e| d wuhh dqg li/ iru

d jlyhq qrgh �c wkh wudqvlwlrq suredelolwlhv ri e� +uhvs1 � , ehwzhhq � dqg lwv

lpphgldwh vxffhvvruv lv jlyhq e| eZ� +uhvs1 Z�,/ wkhq e� lv shvvlplvwlf +zlwk
uhvshfw wr eW, li/ iru hdfk | dqg hdfk gdwh�| qrgh �/ wkh wudqvlwlrq ghqvlw| eZ�

Z�
lv

frprqrwrqlf zlwk �eW
|n� rq wkh vhw ri vxffhvvruv ri �� Lq sduwlfxodu wklv zloo eh

wkh fdvh li eZ�

Z�
ghfuhdvhv zlwk eW

|n��

Li 8|n� lv jhqhudwhg e| eW
|n� dqg

eW
|n�

eW
|

�8|
Q E>c j� +uhvs1 Q Ee>c ej�� xqghu �

+uhvs1 e� , wkhq e� lv shvvlplvwlf +zlwk uhvshfw wr eW, ehwzhhq | dqg E| n �� li dqg

:Wzr udqgrp yduldeohv { dqg } duh vdlg wr eh frprqrwrqlf frqglwlrqdoo| wr Iw li wkhuh h{lvwv
d udqgrp yduldeoh � dqg wzr ixqfwlrqv i dqg j rq 
 � U vxfk wkdw

{ +$, @ i+$> �+$,, dqg }+$, @ j+$> �+$,,/ S d=v=

dqg vxfk wkdw i dqg j duh Iw zlwk uhvshfw wr wkhlu �uvw dujxphqw dqg qrqghfuhdvlqj zlwk uhvshfw
wr wkhlu vhfrqg dujxphqw1
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rqo| li > � e> dqg j ' ej� Wkh vdph uhvxow krogv iru orjqrupdo glvwulexwlrqv1 Wklv
uhvxow uhpdlqv ydolg li > dqg j duh 8|�phdvxudeoh udqgrp yduldeohv dqg li wkh
glvwulexwlrqv duh uhsodfhg e| frqglwlrqdo glvwulexwlrqv1

Li EeW
| � iroorzv d Fr{0Urvv0Uxelqvwhlq elqrpldo surfhvv zlwk �uhwxuqv� dw hdfk

shulrg ghqrwhg e| � dqg _ dqg dvvrfldwhg wudqvlwlrq suredelolwlhv Z� dqg Z_ '
�� Z� +uhvs1 eZ� dqg eZ_ ' �� eZ�� xqghu � +uhvs1 e� ,/ wkhq e� lv shvvlplvwlf li dqg
rqo| li Z� � eZ�� Dv suhylrxvo|/ wkh uhvxow uhpdlqv ydolg li zh lqwurgxfh d wlph dqg
vwdwh ghshqghqfh iru �c _c Z� dqg eZ� dv orqj dv �E|� dqg _E|�c wkh uhwxuqv ehwzhhq
| dqg E| n �� duh 8|�phdvxudeoh1

Lq Mrxlql0Qdss +5337, lv dovr lqwurgxfhg +vwloo lq d vwdwlf vhwwlqj, d frqfhsw ri
vhfrqg rughu shvvlplvp/ fkdudfwhul}hg e| wkh idfw wkdw Lqhtxdolw| E���� lv vdwlv�hg
iru doo qrqghfuhdvlqj dqg frqfdyh xwlolw| ixqfwlrqv1

Lq sduwlfxodu/ lw lv vkrzq wkdw li e� lv vhfrqg0rughu shvvlplvwlf zlwk uhvshfw wr
eW wkhq .

e� deW meW � % o � .� deW meW � % o iru doo %c zklfk phdqv wkdw wkh qrwlrq ri

vhfrqg rughu shvvlplvp lv dqrwkhu zd| ri h{suhvvlqj wkh idfw wkdw e� �sxwv pruh
zhljkw� wkdq � rq wkh edg vwdwhv ri wkh zruog dqg fruuhvsrqgv wkhq qdwxudoo| wr
d frqfhsw ri shvvlplvp1

Lw lv dovr vkrzq wkdw li d vhfrqg rughu shvvlplvwlf suredelolw| phdvxuh e� vdw0
lv�hv .

e� deWo ' .� deWo c wkhq T @o
e� deWo � T @o� deWo � Wklv shuplwv wr uhodwh wklv

frqfhsw ri shvvlplvp wr wkh frqfhsw ri grxew lqwurgxfhg e| Deho +5335,1
Wklv qrwlrq ri vhfrqg rughu shvvlplvp dsshduv dv kdug wr fkdudfwhul}h iurp

d sudfwlfdo srlqw ri ylhz1 Mrxlql0Qdss +5337, lqwurgxfhg lq d vwdwlf vhwwlqj dq
lqwhuhvwlqj vxevhw ri wkh vhfrqg rughu shvvlplvwlf suredelolw| phdvxuhv wkdw duh
vlpsoh wr ghvfuleh dqg wkdw fohduo| h{klelw grxew;1 D qdwxudo jhqhudol}dwlrq ri
wklv fodvv ri phdvxuhv lq d g|qdplf iudphzrun ohdgv wr wkh iroorzlqj gh�qlwlrq lq
wkh fdvh zkhuh wkh frqglwlrqdo glvwulexwlrq ri eW

|n� lv v|pphwulf1

Gh�qlwlrq 6151 Vxssrvh wkdw iru doo |/ wkh 8|�frqglwlrqdo glvwulexwlrq ri eW
|n�

xqghu � lv v|pphwulf zlwk uhvshfw wr .|

�
eW

|n�

�
� Zh vd| wkdw d suredelolw| e� rq

Elc 8c � � htxlydohqw wr �c zlwk ghqvlw| surfhvv
�

f�|

�
h{klelwv grxew +uhvs1 ryhu0

frq�ghqfh, ehwzhhq gdwh | dqg E| n �� +zlwk uhvshfw wr eW, li iru doo |/ �̂|n� E/� '
s|E/c eW

|n� E/� � .|

�
eW

|n�

�
E/�� zkhuh s| lv 8|�phdvxudeoh zlwk uhvshfw wr lwv �uvw

;Vxssrvh wkdw h� kdv d v|pphwulf glvwulexwlrq xqghu S zlwk uhvshfw wr HS ^h�` = D suredelolw|
S 3 rq +
> I , htxlydohqw wr S> zlwk ghqvlw| P 3 lv vdlg wr h{klelw grxew zlwk uhvshfw wr h� li
P 3 lv d ixqfwlrq ri h�/ v|pphwulf zlwk uhvshfw wr HS ^h�` qrqlqfuhdvlqj ehiruh HS ^h�` +dqg
qrqghfuhdvlqj diwhu,1
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yduldeoh/ hyhq dqg qrqghfuhdvlqj +uhvs1 qrqlqfuhdvlqj, rq Un zlwk uhvshfw wr lwv
vhfrqg yduldeoh1

Wklv phdqv wkdw d suredelolw| phdvxuh/ htxlydohqw wr � / h{klelwv grxew +uhvs1
ryhufrq�ghqfh, ehwzhhq gdwh | dqg E| n �� li frqglwlrqdoo| wr gdwh | lqirupdwlrq/
lwv ghqvlw| sxwv pruh +uhvs1 ohvv, zhljkw rq wkh wdlov dqg ohvv +uhvs1 pruh, zhljkw

rq wkh fhqwhu ri wkh glvwulexwlrq1 Li 8|n� lv jhqhudwhg e| eW
|n� dqg

eW
|n�

eW
|

�8|
Q E>c j�

+uhvs1 Q Ee>c ej�� xqghu � +uhvs1 e� ,/ wkhq e� h{klelwv grxew +zlwk uhvshfw wr eW,
ehwzhhq | dqg E| n �� li dqg rqo| li > ' e> dqg j � ej�

Li EeW
| � iroorzv d wulqrpldo surfhvv zlwk �uhwxuqv� dw hdfk shulrg �c 6 dqg _

dqg dvvrfldwhg wudqvlwlrq suredelolwlhv Zc � � 2Zc dqg Z +uhvs1 eZc � � 2eZ dqg eZ�
xqghu � +uhvs1 e� ,/ wkhq e� h{klelwv grxew li dqg rqo| li Z � eZ�

6151 Lpsdfw rq wkh pdunhw sulfh ri ulvn dqg rq wkh lqwhuhvw udwh

Zh suryh wkdw shvvlplvp dqg grxew ohdg wr d kljkhu pdunhw sulfh ri ulvn1

Sursrvlwlrq 6161 Li wkh suredelolw| e� lv shvvlplvwlf ru h{klelwv grxew lq wkh
vhqvh ri wkh suhylrxv gh�qlwlrqv/ wkhq iru doo |c

�� -
r�K�E e��
|

�
eW

|n�

�
� �� -

JK�
|

�
eW

|n�

�

l1h1/ wkh pdunhw sulfh ri ulvn ehwzhhq | dqg E| n �� lq wkh vxemhfwlyh eholhi vhwwlqj

xqghu e� lv juhdwhu wkdq lq wkh vwdqgdug remhfwlyh eholhi vhwwlqj1

Wkh lqwhusuhwdwlrq lv wkh iroorzlqj1 Lq idfw/ wkh pdunhw sulfh ri ulvn vxemhfwlyho|
h{shfwhg lv qrw prgl�hg e| vrph shvvlplvp1 Wkh uhdvrq zk| shvvlplvp lqfuhdvhv
wkh remhfwlyh h{shfwdwlrq ri wkh pdunhw sulfh ri ulvn lv qrw wkdw d shvvlplvwlf
uhsuhvhqwdwlyh djhqw uhtxluhv d kljkhu pdunhw sulfh ri ulvn1 Kh2Vkh uhtxluhv wkh
vdph pdunhw sulfh ri ulvn exw klv2khu shvvlplvp ohdgv klp2khu wr xqghuhvwlpdwh
wkh dyhudjh udwh ri uhwxuq ri htxlw| +ohdylqj xqfkdqjhg klv2khu hvwlpdwlrq ri wkh
ulvn iuhh udwh,1 Wkxv wkh remhfwlyh h{shfwdwlrq ri wkh htxloleulxp pdunhw sulfh
ri ulvn lv juhdwhu wkdq wkh uhsuhvhqwdwlyh djhqw*v vxemhfwlyh h{shfwdwlrq/ khqfh lv
juhdwhu wkdq wkh vwdqgdug pdunhw sulfh ri ulvn1 Wkh vdph lqwhusuhwdwlrq krogv
iru grxew1 Wkhvh uhvxowv duh frqvlvwhqw zlwk wkh hpslulfdo �qglqjv ri Fhffkhwwl/
Odp dqg Pdun +5333, dqg Jlrugdql dqg Vùghuolqg +5336,1 Lq wkh �uvw uhihuhqfh
wkh dxwkruv suryh wkdw d prgho lq zklfk frqvxphuv h{klelw shvvlplvwlf eholhiv fdq
ehwwhu pdwfk vdpsoh prphqwv ri dvvhw uhwxuqv wkdq fdq d udwlrqdo h{shfwdwlrqv
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prgho1 Lq wkh vhfrqg uhihuhqfh wkh dxwkruv surylgh hylghqfh ri shvvlplvp lq
lqyhvwruv iruhfdvwv1

Dv idu dv wkh ulvn iuhh udwh lv frqfhuqhg/ zh rewdlq wkh iroorzlqj uhvxow1

Sursrvlwlrq 6171 41 Li wkh vxemhfwlyh suredelolw| eholhi e� h{klelwv shvvlplvp
dqg li wkh uhsuhvhqwdwlyh djhqw*v xwlolw| ixqfwlrq lv frqfdyh dqg qrqghfuhdvlqjc

wkhq wkh htxloleulxp ulvn iuhh udwh lv orzhu lq wkh vxemhfwlyh eholhi vhwwlqj
wkdq lq wkh vwdqgdug remhfwlyh eholhi vhwwlqj1

51 Li wkh vxemhfwlyh suredelolw| eholhi e� h{klelwv grxew dqg li wkh uhsuhvhqwdwlyh
djhqw*v xwlolw| ixqfwlrq lv qrqghfuhdvlqj/ frqfdyh/ zlwk d frqyh{ ghulydwlyhc

wkhq wkh htxloleulxp ulvn iuhh udwh lv orzhu lq wkh vxemhfwlyh eholhi vhwwlqj
wkdq lq wkh vwdqgdug remhfwlyh eholhi vhwwlqj1

Khqfh/ iru d odujh fodvv ri xwlolw| ixqfwlrqv lqfoxglqj KDUD xwlolw| ixqfwlrqv/
li wkhuh lv grxew/ wkh fkdqjh ri suredelolw| ghfuhdvhv wkh ulvn iuhh udwh1 Wklv uhvxow
krogv wuxh li wkhuh lv shvvlplvp zlwkrxw uhvwulfwlrq rq wkh xwlolw| ixqfwlrqv1

6161 Dssolfdwlrq wr wkh khwhurjhqhrxv eholhiv prgho

Zh dgrsw wkh vdph qrwdwlrqv dv deryh dqg zh ghqrwh e| �� -�e|
|

�
eW

|n�

�
wkh

pdunhw sulfh ri ulvn lq wkh khwhurjhqhrxv eholhiv vhwwlqj jlyhq e|

�� -�e|
|

�
eW

|n�

�
' �

�

4
�
eW

|n�

�SJ��
|

%
� |n���

�
eW

|n�

�

.�
|

�
� |n���

�
eW

|n�

�� c eW
|n�

&
�

Zh zdqw wr frpsduh wklv txdqwlw| wr wkh pdunhw sulfh ri ulvn lq wkh vwdqgdug
vhwwlqj/ dv zhoo dv wkh ulvn iuhh udwh lq erwk vhwwlqjv1 Zh kdyh vhhq lq wkh suhfhg0
lqj vhfwlrq wkdw wkh khwhurjhqhrxv eholhiv prgho fdq eh dqdo|}hg lq whupv ri dq
htxlydohqw krprjhqhrxv eholhiv prgho/ wkh krprjhqhrxv eholhi ehlqj jlyhq e| wkh
frqvhqvxv suredelolw| eholhi1 Lq sduwlfxodu/ zh kdyh vhhq wkdw �� -�e|

|

�
eW

|n�

�
'

�� -
r�K�E'�
|

�
eW

|n�

�
zkhuh ' ghqrwhv wkh frqvhqvxv suredelolw| eholhi dqg � n

o
s
|n� dkhwhurjhqhrxvo '

�
�|

�|n�

� k
� n o

s
|n� dkrprjhqhrxv xqghu 'o

l
� Dq lpphgldwh

dssolfdwlrq ri rxu uhvxowv rq shvvlplvp dqg grxew ohdgv wkhq wr wkh iroorzlqj
sursrvlwlrq1

Sursrvlwlrq 6181 41 Li wkh frqvhqvxv suredelolw| eholhi ' h{klelwv shvvlplvp
dqg2ru grxew wkhq wkh pdunhw sulfh ri ulvn lq wkh khwhurjhqhrxv eholhiv
vhwwlqj lv orzhu wkdq lq wkh vwdqgdug remhfwlyh eholhi vhwwlqj1
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51 Li wkh uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq lv lq wkh KDUD fodvv +l1h1 � ��E|c%�
���E|c%�

'

w n #%� zlwk d fdxwlrxvqhvv sdudphwhu # : � dqg li ' h{klelwv shvvlplvp
dqg2ru grxew wkhq wkh htxloleulxp lqwhuhvw udwh lq wkh khwhurjhqhrxv eholhiv
vhwwlqj lv orzhu wkdq lq wkh vwdqgdug remhfwlyh eholhi vhwwlqj1

Wkh odvw vwhs ri rxu dqdo|vlv frqvlvwv qrz lq ghwhuplqlqj krz shvvlplvp dqg
grxew dw wkh djjuhjdwh ohyho +l1h1 rq wkh frqvhqvxv eholhi ', fdq eh lqkhulwhg iurp
wkh shvvlplvp dqg grxew dw wkh lqglylgxdo ohyho +l1h1 rq wkh '�,1

71 Iurp lqglylgxdo wr djjuhjdwh shvvlplvp2grxew

Wkh dlp ri wklv vxevhfwlrq lv wr dqdo|}h krz wkh surshuwlhv ri wkh lqglylgxdo eholhiv
duh wudqvihuuhg wr wkh frqvhqvxv eholhi1 Lq sduwlfxodu/ vlqfh zh kdyh vhhq lq wkh
suhfhglqj vhfwlrq wkdw d shvvlplvwlf frqvhqvxv suredelolw| +dv zhoo dv d frqvhqvxv
suredelolw| zklfk h{klelwv grxew iru d odujh fodvv ri xwlolw| ixqfwlrqv, ohdgv wr d
kljkhu pdunhw sulfh ri ulvn dqg d orzhu ulvn iuhh udwh/ zh zlvk wr h{soruh zklfk
surshuwlhv ri wkh lqglylgxdo eholhiv ohdg wr d shvvlplvwlf frqvhqvxv eholhi ru wr d
frqvhqvxv eholhi zklfk h{klelwv grxew1

Zh vwduw zlwk wkh dqdo|vlv ri wkh qrwlrq ri shvvlplvp1 Qrwlfh wkdw wkhuh lv qr
qhhg iru doo lqyhvwruv wr eh shvvlplvwlf lq rughu wr rewdlq d shvvlplvwlf frqvhqvxv
eholhi/ khqfh dq lqfuhdvh ri wkh pdunhw sulfh ri ulvn dqg d ghfuhdvh ri wkh ulvn
iuhh udwh1 Lqghhg/ vlqfh wkh frqvhqvxv suredelolw| fruuhvsrqgv wr vrph dyhudjh
ri wkh lqglylgxdo eholhiv/ lw vx!fhv wkdw vrph dyhudjh ri wkh lqglylgxdo eholhiv eh
shvvlplvwlf1

Li doo wkh djhqwv kdyh h{srqhqwldo xwlolw| ixqfwlrqv/ zh kdyh vhhq wkdw � '
Hwu

f E� u� � Wkh djjuhjdwh fkdudfwhulvwlfv � ryhuzhljkwv wkh eholhiv � � iru zklfk w�

lv juhdwhu wkdq wkh dyhudjh dqg xqghuzhljkwv wkh eholhiv � � iru zklfk w� lv vpdoohu
wkdq wkh dyhudjh1 Lq rughu wr hqoljkwhq rxu dqdo|vlv/ ohw xv frqvlghu wkh fdvh zkhuh
eW

|n�

eW
|

�8|
Q E>c j� xqghu � / dqg

eW
|n�

eW
|

�8|
Q E>�c j� xqghu '�� Dv lq Vhfwlrq 5/ zh

hdvlo| rewdlq wkdw
eW

|n�

eW
|

�8|
Q

�
Hwu

� E>u� c j
�
xqghu '�

Li doo w� duh htxdo/ wkhq � ' H�

f E� u� c zklfk phdqv wkdw wkh frqvhqvxv fkdudf0
whulvwlfv � lv dq htxdoo|0zhljkwhg jhrphwulf dyhudjh ri wkh lqglylgxdo eholhiv dqg
wkh h{shfwhg jurzwk udwh xqghu wkh frqvhqvxv fkdudfwhulvwlfv dsshduv dv wkh htxdo
zhljkwhg dyhudjh ri wkh lqglylgxdo vxemhfwlyh h{shfwhg jurzwk udwhv1 Wkh lpsdfw
rq wkh pdunhw sulfh ri ulvn lv wkhq vlpso| jlyhq e| wkh shvvlplvp2rswlplvp ri
wkh �htxdo0zhljkwhg dyhudjh� lqyhvwru1 Li wkh lqyhvwruv duh rq dyhudjh shvvlplvwlf
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l1h1 li H�

� E>u� � > +uhvs1 rswlplvwlf/ l1h1 li H�

� E>u� � >,/ wkhq wkh pdunhw sulfh ri
ulvn lv kljkhu +uhvs1 orzhu, wkdq lq wkh vwdqgdug vhwwlqj 0 dqg wkh ulvn iuhh udwh lv
orzhu +uhvs1 kljkhu,1

Li wkh w� duh gl�huhqw/ wkh h{shfwhg uhwxuq xqghu wkh frqvhqvxv eholhi fdq eh

zulwwhq dv H�u

� E>u� ' H�

� E>u� n
S�

�'� E>� � H�

� E>u��
�

w�

w
� �

�

�
� Wkhuh duh wkhq wzr

h�hfwv ri eholhiv khwhurjhqhlw| rq wkh htxloleulxp fkdudfwhulvwlfv1 Wkh �uvw h�hfw
lv jlyhq dv lq wkh suhylrxv fdvh e| wkh dyhudjh ohyho ri rswlplvp2shvvlplvp dqg
wkh vhfrqg h�hfw lv jlyhq e| wkh �fruuhodwlrq� ehwzhhq ulvn wrohudqfh2dyhuvlrq
dqg rswlplvp2shvvlplvp1 Li zh dvvxph iru lqvwdqfh wkdw wkh pruh ulvn wrohudqw
lqyhvwruv duh shvvlplvwlf +uhvs1 rswlplvwlf, dqg wkh ohvv ulvn wrohudqw lqyhvwruv duh
rswlplvwlf +uhvs1 shvvlplvwlf,/ wkhq wkh vhfrqg h�hfw lqfuhdvhv +uhvs1 uhgxfhv,
wkh pdunhw sulfh ri ulvn1 Wkh lqwxlwlrq ohdgv xv wr wklqn wkdw ulvn wrohudqfh dqg
rswlplvp duh srvlwlyho| fruuhodwhg/ zklfk zrxog lqgxfh d orzhu ulvn suhplxp iru
dvvhwv zlwk d kljkhu glvshuvlrq1 Lw uhpdlqv wr suryh wkdw wklv lqwxlwlrq lv fruuhfw +ru
qrw,1 Wklv frxog eh grqh wkurxjk ehkdylrudo ru sv|fkrorjlfdo hpslulfdo vwxglhv/
dqg wr rxu nqrzohgjh/ wklv txhvwlrq lv vwloo rshq1 Wklv frxog dovr eh grqh wkurxjk
wkh lqwurgxfwlrq lq rxu prgho ri d vshfl�f ohduqlqj surfhvv zklfk zrxog ohdg wr
vxfk d fruuhodwlrq/ dqg wklv lv ohiw iru ixwxuh uhvhdufk1

Ohw xv qrz dvvxph wkdw wkh xwlolw| ixqfwlrqv duh qrpruh h{srqhqwldo exw ri

wkh irup ��E%� ' Ew� n #%�3 �
# 1 Wkh frqvhqvxv fkdudfwhulvwlfv � lv qrz jlyhq e|

H
�u
# E� u� � Rxu dlp lv wr h{klelw d wklug h�hfw dqg iru wklv sxusrvh/ ohw xv dvvxph
wkdw doo wkh djhqwv duh htxdoo| zhljkwhg lq wkh gh�qlwlrq ri � +qr zhljkwv h�hfw,
dqg wkdw wkhuh lv qr v|vwhpdwlf eldv lq wkh dyhudjh uhwxuqv lqglylgxdo hvwlpdwlrqv
+l1h1 H�

� E>u� ' >,1 Lq rughu wr vlpsoli| wkh dqdo|vlv/ zh zloo hyhq dvvxph wkdw
wkh >� duh v|pphwulfdoo| glvwulexwhg durxqg >� Wkh htxdoo| zhljkwhg jhrphwulf
dyhudjh eholhi lv wkhq htxdo wr wkh remhfwlyh eholhi dqg wkh frqvhqvxv eholhi lv dq
htxdoo| zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv1 Krzhyhu/ wklv odvw dyhudjh lv dq
#�dyhudjh dqg qrw d jhrphwulf dyhudjh dqg/ frqwudulo| wr wkh h{srqhqwldo fdvh/ wkh
frqvhqvxv eholhi lv qrw htxdo wr wkh remhfwlyh rqh1 Wkh frqvhqvxv fkdudfwhulvwlfv

� lv vxfk wkdw �|n�

�|
'

�
�
�

S�
�'� i T

#
2j2

k
� E>� � >�2 � 2 E> � >��

�
eW

|n�

eW
|

� >
�l� �

#

1

Wklv ixqfwlrq lv fohduo| v|pphwulf zlwk uhvshfw wr >c lqfuhdvlqj diwhu >� Wkhq wkh
frqvhqvxv suredelolw| ' h{klelwv grxew dqg wkh pdunhw sulfh ri ulvn lv kljkhu wkdq
lq wkh vwdqgdug vhwwlqj1 Lw lv hdv| wr fkhfn wkdw wklv grxew h�hfw lqfuhdvhv zlwk
wkh fdxwlrxvqhvv sdudphwhu #� Pruh suhflvho|/ li zh ghqrwh e| '# +uhvs1 '#�

, wkh
frqvhqvxv suredelolw| zkhq doo wkh djhqwv kdyh d fdxwlrxvqhvv sdudphwhu # +uhvs1
#�, wkhq/ iru #� � #c wkh ghqvlw| ri '#�

zlwk uhvshfw wr '# lv v|pphwulf zlwk
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uhvshfw wr >c dqg lqfuhdvhv diwhu >� Wkh suredelolw| '#�

h{klelwv pruh grxew wkdq
'# dqg wkh pdunhw sulfh ri ulvn lv kljkhu lq wkh #� fdxwlrxvqhvv iudphzrun wkdq
lq wkh # fdxwlrxvqhvv iudphzrun1

Zh kdyh vkrzq rq wkhvh h{dpsohv wkdw wkhuh duh wkuhh srvvleoh h�hfwv zkhq
zh djjuhjdwh lqglylgxdo khwhurjhqhrxv eholhiv lqwr d frqvhqvxv eholhi=

� dq dyhudjh h�hfw= li wkh +htxdoo| zhljkwhg, dyhudjh eholhi lv shvvlplvwlf ru
rswlplvwlf/ wkhq wkh frqvhqvxv eholhi zloo eh lq xhqfhg dffruglqjo|/

� d fdxwlrxvqhvv h�hfw= zkhq wkh frqvhqvxv eholhi lv dq #��dyhudjh zlwk
jlyhq zhljkwv< dqg wkh remhfwlyh suredelolw| lv dq #�dyhudjh zlwk wkh vdph
zhljkwv/ wkhq wkhuh lv d eldv wrzdugv grxew li #� � # dqg d eldv wrzdugv
ryhufrq�ghqfh li # � #��

� d uhodwlyh zhljkwv h�hfw= li wkh pruh ulvn wrohudqw lqyhvwruv duh shvvlplvwlf
+uhvs1 rswlplvwlf, dqg wkh ohvv ulvn wrohudqw lqyhvwruv duh rswlplvwlf +uhvs1
shvvlplvwlf,/ wkhq wkh frqvhqvxv eholhi zloo suhvhqw d eldv wrzdug shvvlplvp
+uhvs1 rswlplvp,1

Wkh �uvw h�hfw lv qdwxudo dqg grhv qrw qhfhvvlwdwh vshfl�f ghyhorsphqwv1 Wkh
vhfrqg h�hfw kdv ehhq vwxglhg lq d gl�huhqw iudphzrun e| Jroolhu +5336, zkhuh
wkh dxwkru dqdo|}hv wkh vrfldo lpsdfw ri gl�huhqw h{rjhqhrxv djjuhjdwlrq ri eh0
olhiv surfhgxuhv1 Zlwk rxu qrwdwlrqv/ Jroolhu +5336, vwdwhv lq sduwlfxodu iru vrph
vshfl�f ydoxhv ri wkh fdxwlrxvqhvv sdudphwhu # wkdw wkh #��dyhudjh djjuhjdwlrq
surfhgxuh lv vrfldoo| h!flhqw li dqg rqo| li #� ' #� Zkhq wklv frqglwlrq lv qrw
vdwlv�hg/ Jroolhu +5336, dqdo|}hv wkh lpsdfw ri d glvdjuhhphqw lqfuhdvh ghshqglqj
rq wkh orfdwlrq ri wklv lqfuhdvh +lq wkh wdlov ru lq wkh fhqwhu ri wkh glvwulexwlrq,1

Krzhyhu/ wkh Wd|oru h{sdqvlrqv surylghg lq wkh lqwurgxfwlrq shuplw wr vkrz
wkdw wkhvh glvwlqfw dyhudjhv gl�hu rqo| e| vhfrqg rughu whupv/ zkhq wkh eholhiv
glvshuvlrq lv vx!flhqwo| vpdoo1 Khqfh wkh vhfrqg h�hfw ghvhuyhv vshfl�f dwwhqwlrq
rqo| zkhq wkh wzr rwkhu h�hfwv fdqfho rxw1

Deho +4<;<, vwxglhg d sureohp wkdw lv vlplodu wr rxuv lq d vshfl�f iudphzrun1
Kh lpsrvhv d qrupdo glvwulexwlrq iru wkh djjuhjdwh zhdowk dqg frqvlghuv h{sr0
qhqwldo xwlolw| ixqfwlrqv1 Ixuwkhupruh/ lw lv dvvlphg wkdw wkh �dyhudjh lqyhvwru lv
udwlrqdo�/ l1h1 wkh jhrphwulf dyhudjh eholhi grhv qrw h{klelw dq| eldv dqg lv htxdo
wr wkh remhfwlyh suredelolw|1 Xqghu wkhvh dvvxpswlrqv rxu wkuhh h�hfwv ydqlvk
dqg wkhuh lv qr lpsdfw rq wkh pdunhw sulfh ri ulvn dv gh�qhg lq wklv sdshu1 Deho

< l1h1 zkhq zh kdyh FUUD xwlolw| ixqfwlrqv zlwk d fdxwlrxvqhvv sdudphwhu �=
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+4<;<, lv qrw lqwhuhvwhg lq wkh lpsdfw ri eholhiv khwhurjhqhlw| rq wkh pdunhw sulfh
ri ulvn exw rq wkh ulvn suhplxp1 Wkh lpsdfw ri eholhiv khwhurjhqhlw| rq wkh ulvn
suhplxp lv gluhfwo| uhodwhg wr wkh lpsdfw rq wkh ulvn iuhh udwh dqg Deho �qgv wkdw
eholhiv khwhurjhqhlw| ohdgv wr dq lqfuhdvh ri wkh ulvn suhplxp1

Lq wkh qh{w/ zh irfxv rq wkh wklug dqg odvw h�hfw dqg/ iru wklv sxusrvh/ zh
vxssrvh wkdw wkh htxdoo|0zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv fruuhvsrqgv wr
wkh remhfwlyh suredelolw| �� Zh rewdlq wkh iroorzlqj uhvxow/ zlwkrxw dq| vshfl�f
dvvxpswlrq rq wkh glvwulexwlrqv ri wkh jurzwk udwh ri djjuhjdwh zhdowk1

Sursrvlwlrq 7141 Dvvxph wkdw �
��

�E|c%�

���
� E|c%�

' w� : f dqg wkdw

H�

f

�
� u

|n�

�

.|

�
H�

f

�
� u

|n�

�� ' � | ' fc ��c A�

Li wkh shvvlplvwlf +uhvs1 rswlplvwlf, djhqwv kdyh d ulvn wrohudqfh kljkhu +uhvs1
orzhu, wkdq wkh dyhudjh/ wkhq wkh pdunhw sulfh ri ulvn lq wkh khwhurjhqhrxv eholhiv
vhwwlqj lv juhdwhu wkdq lq wkh vwdqgdug vhwwlqj1

Wklv uhvxow fdq eh jhqhudol}hg wr wkh rwkhu xwlolw| ixqfwlrqv lq wkh KDUD fodvv1
Zh kdyh

Sursrvlwlrq 7151 Dvvxph wkdw �
��

�E|c%�

���
� E|c%�

' w� n #% iru # 9' fc dqg wkdw

H�

#

�
� u

|n�

�

.|

�
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#

�
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|n�

�� ' � | ' fc ��c A�

Li wkh shvvlplvwlf +uhvs1 rswlplvwlf, djhqwv kdyh d ulvn wrohudqfh kljkhu +uhvs1
orzhu, wkdq wkh dyhudjh/ wkhq wkh pdunhw sulfh ri ulvn lq wkh khwhurjhqhrxv eholhiv
vhwwlqj lv juhdwhu wkdq lq wkh vwdqgdug vhwwlqj1

Uhpdun wkdw wkh frqglwlrq rq wkh E� �� vwloo phdqv wkdw wkh htxdoo|0zhljkwhg
dyhudjh ri wkh lqglylgxdo eholhiv fruuhvsrqgv wr wkh remhfwlyh suredelolw| �� Krz0
hyhu/ wkh jhrphwulf dyhudjh lv uhsodfhg e| wkh srzhu # dyhudjh1 Lw lv srvvleoh wr
uhsodfh wklv frqglwlrq e| d jhrphwulf dyhudjh frqglwlrq +ru dq #��dyhudjh zlwk
#� 	 #, prgxor dq dgglwlrqdo �fdxwlrxvqhvv� h�hfw1 Dv phqwlrqhg suhylrxvo|/ wklv
h�hfw lv ri wkh vhfrqg rughu iru vpdoo glvshuvlrqv1 Ixuwkhupruh/ wklv h�hfw vkrxog/
dv lq wkh h{dpsohv deryh/ ohdg wr dq dgglwlrqdo lqfuhdvh ri wkh pdunhw sulfh ri
ulvn1
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Zh fdq dgrsw wkh vdph dssurdfk wr dqdo|}h krz grxew2ryhufrq�ghqfh dw wkh
djjuhjdwh ohyho fdq eh lqkhulwhg iurp wkh grxew2ryhufrq�ghqfh dw wkh lqglylgxdo
ohyho1

Lq wkh fdvh ri h{srqhqwldo xwlolw| ixqfwlrqv/ zh kdyh vhhq wkdw � ' H�u

f E� u�
dqg � ryhuzhljkwv wkh eholhiv � � iru zklfk w� lv juhdwhu wkdq wkh dyhudjh dqg
xqghuzhljkwv wkh eholhiv � � iru zklfk w� lv vpdoohu wkdq wkh dyhudjh1 Iru lqvwdqfh/

vxssrvh wkdw xqghu � /
eW

|n�

eW
|

�8|
Q E>c j� dqg wkdw xqghu '�c

eW
|n�

eW
|

�8|
Q E>c j�� � Lw

lv wkhq hdv| wr vhh wkdw/ dv lq Vhfwlrq 5/
eW

|n�

eW
|

�8|
Q

�
>c Hwu

32 Eju�
�
xqghu '1 Wkhuh

duh wkhq wzr h�hfwv ri eholhiv khwhurjhqhlw| rq wkh pdunhw sulfh ri ulvn1 Wkh �uvw
h�hfw +wkh dyhudjh h�hfw, lv jlyhq e| wkh dyhudjh ohyho ri grxew2ryhufrq�ghqfh/
phdvxuhg e| dq htxdoo| zhljkwhg dyhudjh ri wkh lqglylgxdo ohyhov ri ryhufrq�ghqfh
�

j2
�

� Wkh vhfrqg h�hfw +uhodwlyh zhljkwv h�hfw, lv jlyhq e| wkh fryduldqfh ehwzhhq

lqglylgxdo ulvn wrohudqfh2dyhuvlrq dqg wkh lqglylgxdo ohyho ri ryhufrq�ghqfh1 Li zh
dvvxph iru lqvwdqfh wkdw wkh pruh ulvn wrohudqw lqyhvwruv h{klelw grxew dqg wkdw
wkh ohvv ulvn wrohudqw lqyhvwruv h{klelw ryhufrq�ghqfh/ wkhq zh jhw d kljkhu +uhvs1
orzhu, pdunhw sulfh ri ulvn1 Zh frxog/ dv lq wkh dqdo|vlv ri shvvlplvp/ h{klelw d
wklug �fdxwlrxvqhvv� h�hfw li zh frqvlghu srzhu xwlolw| ixqfwlrqv1

Dv deryh/ li zh irfxv rq wkh �uhodwlyh zhljkwv h�hfw� dqg vxssrvh wkdw wkh
htxdoo|0zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv fruuhvsrqgv wr wkh remhfwlyh
suredelolw| �c zh rewdlq wkh dqdorj ri Sursrvlwlrqv 714 dqg 7151

Sursrvlwlrq 7161 Dvvxph wkdw �
��

�E|c%�

���
� E|c%�

' w� n#% +zlwk # srvvleo| htxdo wr }hur,

dqg iru doo |/
-�

# E� u
|n��

.|d-�
# E� u

|n��o
' �1

Li wkh djhqwv wkdw h{klelw grxew +uhvs1 ryhufrq�ghqfh, kdyh d ulvn wrohudqfh
kljkhu +uhvs1 orzhu, wkdq wkh dyhudjh/ wkhq wkh pdunhw sulfh ri ulvn lq wkh khwhur0
jhqhrxv eholhiv vhwwlqj lv juhdwhu wkdq lq wkh vwdqgdug vhwwlqj1

Shvvlplvp dqg grxew fdq wkhq eh vhhq dv srvvleoh h{sodqdwlrqv iru wkh ulvn0
suhplxp sx}}oh dv zhoo dv iru wkh ulvn0iuhh udwh sx}}oh dv xqghuolqhg e| Deho
+4<;<,1 Krzhyhu/ lw lv qrw qhfhvvdu| wr dvvxph shvvlplvp ru grxew dw wkh lqgl0
ylgxdo ohyho qru rq +htxdoo| zhljkwhg, dyhudjh1 D srwhqwldo lpsruwdqw vrxufh ri
shvvlplvp ru grxew dw wkh djjuhdjdwh ohyho lv wkh fruuhodwlrq ehwzhhq wkh lqglylg0
xdo ulvn wrohudqfh dqg wkh lqglylgxdo ohyho ri shvvlplvp2grxew1
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81 Frqfoxvlrq

Lq wklv sdshu/ zh surylghg dq djjuhjdwlrq surfhgxuh zklfk shuplwv wr uhzulwh
lq d vlpsoh zd| wkh htxloleulxp fkdudfwhulvwlfv +vwdwh sulfh ghqvlw|/ pdunhw sulfh
ri ulvn/ ulvn suhplxp/ ulvn0iuhh udwh, lq d khwhurjhqhrxv eholhiv iudphzrun dqg
wr frpsduh wkhp zlwk dq rwkhuzlvh vlplodu vwdqgdug vhwwlqj1 Wklv surfhgxuh
shuplwv wr dqdo|}h lq ghwdlo wkh lpsdfw ri eholhiv khwhurjhqhlw| rq wkh htxloleulxp
fkudfwhulvwlfv1

Lq sduwlfxodu/ zh lqwurgxfhg frqfhswv ri shvvlplvp dqg grxew dqg zh suryhg/
lq d idluo| jhqhudo vhwwlqj/ wkdw shvvlplvp dqg grxew dw wkh djjuhjdwh ohyho ohdg
wr dq lqfuhdvh ri wkh pdunhw sulfh ri ulvn1 Zh dovr kdyh vkrzq krz shvvlplvp dqg
grxew duh wudqvplwwhg iurp wkh lqglylgxdo wr wkh djjuhjdwh ohyho1

Lq sduwlfxodu/ lw dsshduv wkdw shvvlplvp dqg grxew ohdg wr dq lqfuhdvh ri wkh
pdunhw sulfh ri ulvn dqg/ xqghu vrph dgglwlrqdo frqglwlrqv rq wkh fdxwlrxvqhvv
ohyho/ d ghfuhdvh ri wkh pdunhw sulfh ri ulvn1 Ixuwkhupruh/ wkh djjuhjdwh ohyho
ri shvvlplvp dqg2ru grxew lv/ doprvw iru xwlolw| ixqfwlrqv lq wkh KDUD fodvv/ d
zhljkwhg dyhudjh ri wkh lqglylgxdo ohyhov ri shvvlplvp dqg grxew1 Wkhvh zhljkwv
duh sursruwlrqdo wr wkh lqglylgxdo ulvn wrohudqfhv dqg/ dw wkh htxloleulxp/ wkhuh lv
d eldv wrzdug wkh eholhiv ri wkh pruh ulvn wrohudqw djhqwv1 Wkh lqwxlwlrq ohdgv xv
wr wklqn wkdw ulvn wrohudqw djhqwv duh pruh rswlplvwlf1 Lw uhpdlqv wr suryh wkdw
wklv lqwxlwlrq lv fruuhfw dqg wklv frxog eh grqh wkurxjk ehkdylrudo h{shulphqwdo
vwxglhv ru wkurxjk wkh lqwurgxfwlrq ri d wkhruhwlfdo prgho ri ohduqlqj dqg eholhiv
frqvwuxfwlrq1 Wklv lv ohiw iru ixwxuh uhvhdufk1
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Dsshqgl{

Surri ri Sursrvlwlrq 514 Vlqfh ^W lv dq lqwhulru htxloleulxp sulfh surfhvv uho0
dwlyho| wr wkh eholhiv E� �� c dqg wkh lqfrph surfhvvhv e�/ zh nqrz wkdw

S�
�'� +W�

'
eW dqg wkdw wkhuh h{lvw srvlwlyh Odjudqjh pxowlsolhuv Eb�� vxfk wkdw iru doo � dqg
iru doo |/

� �
| ��

�

�
|c +W�

|

�
' b�^

W
| �

Zh frqvlghu wkh pd{lpl}dwlrq sureohp

�
Sb

�
G 4@ 

�[

�'�

�

b�
L�

�
+�

�
xqghu wkh frqvwudlqw

�[

�'�

+� � eWc

zkhuh L� ES� ' .
kSA

|'f �� E|c S|�
l
1 Ghqrwlqj wkh vroxwlrq e|

�
+�cb

�
�
c zh jhw wkdw

S�
�'� +�cEb� ' eW dqg wkh surfhvv

�
�
b�

��
�

�
|c +

�cEb�
|

��
|
lv lqghshqghqw iurp �1 Zh

ghqrwh wklv surfhvv e| REb�� Ohwwlqj � Eb� � ^W

REb� / zh wkhq kdyh iru doo � dqg iru doo
|

�
Eb�
| ��

�

�
|c +

�cEb�
|

�
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| ��
�

�
|c +W�

|

�
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Wkh surfhvv � Eb� lv dgdswhg dqg srvlwlyh1 Pruhryhu/ dw gdwh | ' fc zh kdyh iru

doo �/ � �
f ' �/ dqg

S�+
�cEb�
f �

�'� '
S�

�'� +W�

f ' eW
f/ vr wkdw �

Eb�
f ' �1 Wkhq/ lw vx!fhv

wr wdnh � ' � Eb� dqg 7+� ' +�cEb��

Dv idu dv xqltxhqhvv lv frqfhuqhg/ qrwlfh wkdw dq| surfhvv +� vxfk wkdw
S�

�'� +� '
eW dqg

�|�
�
�

�
|c +�

|

�
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| ��
�

�
|c +W�

|

�

iru vrph srvlwlyh surfhvv � lv d vroxwlrq ri wkh pd{lpl}dwlrq sureohp
�
SEb�

�
1

Wkh xqltxhqhvv iroorzv iurp wkh vwulfw frqfdylw| ri wklv pd{lpl}dwlrq surjudp1
Surri ri Sursrvlwlrq 515 Vlplodu wr wkh surri ri wkh dqdorjrxv uhvxow lq d

vwdqgdug vhwwlqj1
Surri ri H{dpsoh 516 Vlqfh wkh uhsuhvhqwdwlyh xwlolw| ixqfwlrq � lv jlyhq e|

�bE|c %� ' 4@ S�
�'� %�$%

�[

�'�

�

b�
��E|c %��

wkh h{suhvvlrq ri �b lq wkh vshfl�f vhwwlqj ri olqhdu ulvn wrohudqfh xwlolw| ixqfwlrqv
lv rewdlqhg dv lq wkh vwdqgdug fdvh +vhh h1j1 Kxdqj0Olw}hqehujhu/ 4<;;,1
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Wkh h{suhvvlrq ri � lv rewdlqhg e| xvlqj �|�
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Surri ri Sursrvlwlrq 517 Lpphgldwh gh�qlqj � dqg � e|

�| ' �|3�
.|3� d�|o

�|3�
c �f ' �

dqg

� | '
�|

�|
�

5<



Surri ri H{dpsoh 518 E| H{dpsoh E2��� dqg Sursrvlwlrq E2�e� c zh
lpphgldwho| jhw wkh h{suhvvlrqv iru �|� Kùoghu *v lqhtxdolw| shuplwv wr frqfoxgh
lq wkh h{srqhqwldo fdvh1 Lq wkh fdvh ri srzhu xwlolw| ixqfwlrqv/ iru f 	 # 	 �/ zh jhw

e| Plqnryvnl*v lqhtxdolw| wkdw .|3�
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vr wkdw � lv qrqlqfuhdvlqj1 Wkh fdvh # : � fdq eh wuhdwhg vlploduo|1
Surri ri wkh FFDSP irupxod dqg wkh ulvn iuhh udwh h{suhvvlrq
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^4` Deho/ D1/ 4<;<1 Dvvhw sulfhv xqghu khwhurjhqhrxv eholhiv= lpsolfdwlrqv iru wkh
htxlw| suhplxp1 Plphr/ Xqlyhuvlw| ri Shqqv|oydqld1

^5` Deho/ D1/ 53351 Dq h{sorudwlrq ri wkh h�hfwv ri shvvlplvp dqg grxew rq dvvhw
uhwxuqv1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 59/ 43:8043<51

^6` Fdoyhw/ O1/ Judqgprqw/ M10P1/ dqg L1 Ohpdluh/ 53351 Djjuhjdwlrq ri Khw0
hurjhqrxv Eholhiv dqg Dvvhw Sulflqj lq Frpsohwh Ilqdqfldo Pdunhwv1 Zrunlqj
Sdshu1

^7` Fhffkhwwl/ V1/ Odp/ S1 dqg Q1 Pdun/ 53331 Dvvhw sulflqj zlwk glvwrughg eholhiv=
duh htxlw| uhwxuqv wrr jrrg wr eh wuxh B Dphulfdq Hfrqrplf Uhylhz/ <3/ :;:0
;381

^8` Fudjj/ M1 dqg E1 Pdonlho/ 4<;51 H{shfwdwlrqv dqg wkh Vwuxfwxuh ri Vkduh
Sulfhv1 Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr1

^9` Ghwhpsoh/ M1 dqg V1 Pxuwk|/ 4<<71 Lqwhuwhpsrudo Dvvhw Sulflqj zlwk Khwhur0
jhqhrxv Eholhiv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 95/ 5<706531

^:` Glhwkhu/ N1/ F1 Pdoor| dqg D1 Vfkhuelqd/ 53351 Gl�huhqfhv ri rslqlrq dqg
wkh furvv vhfwlrq ri vwrfn uhwxuqv1 Mrxuqdo ri Ilqdqfh/

^;` Jdooph|hu/ P1/ 53331 Eholhiv dqg yrodwlolw|1 Zrunlqj sdshu/ Fduqhjlh Phoorq
Xqlyhuvlw|1

^<` Jdooph|hu/ P1 dqg E1 Krool�hog/ 53351 Dq h{dplqdwlrq ri khwhurjhqhrxv eh0
olhiv zlwk d vkruw vdoh frqvwudlqw1 Zrunlqj sdshu/ Fduqhjlh Phoorq Xqlyhuvlw|1

^43` Jhqrwwh/ J1/ 4<;91 Rswlpdo sruwirolr fkrlfh xqghu lqfrpsohwh lqirupdwlrq1
Mrxuqdo ri Ilqdqfh/ 74/ :660:791

^44` Jlrugdql/ S1 dqg S1 Vùghuolqg/ 53361 Lv wkhuh hylghqfh ri shvvlplvp dqg grxew
lq vxemhfwlyh glvwulexwlrq B D frpphqw rq Deho1 FHSU Glvfxvvlrq Sdshu1

^45` Jroolhu/ F1/ 5336/ �Zkr vkrxog zh eholhyhB Froohfwlyh Ulvn0Wdnlqj Ghflvlrqv
zlwk Khwhurjhqhrxv Eholhiv�1 LGHL Glvfxvvlrq Sdshu1

^46` Kduulv/ P1 dqg D1 Udyly/ 4<<61 Gl�huhqfhv ri rslqlrq pdnh d kruvh udfh/
Uhylhz ri Ilqdqfldo Vwxglhv/ 9 +6,/ 7:608391
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^47` Kxdqj/ F10I1/ dqg U1 Olw}hqehujhu/ 4<;;1 Irxqgdwlrqv ri Ilqdqfldo Hfr0
qrplfv/ Suhqwlfh Kdoo/ Hqjohzrrg Fol�v/ Qhz0Mhuvh|1

^48` Mrxlql/ H1/ dqg F1 Qdss/ 53361 Frqvhqvxv frqvxphu dqg lqwhuwhpsrudo dvvhw
sulflqj zlwk khwhurjhqhrxv eholhiv1 Zrunlqj Sdshu1

^49` Mrxlql/ H1 dqg F1 Qdss/ 53371 Shvvlplvp/ ulvnlqhvv/ ulvn dyhuvlrq dqg wkh
pdunhw sulfh ri ulvn1 Zrunlqj Sdshu1

^4:` Nrfkhuodnrwd/ Q1 U1/ 4<<91 Wkh Htxlw| Suhplxp= Lw*v Vwloo d Sx}}oh1 Mrxuqdo
ri Hfrqrplf Olwhudwxuh/ 67/ 750:41

^4;` Phkud/ U1/ dqg H1 Suhvfrww/ 4<;81 Wkh Htxlw| Suhplxp= D Sx}}oh1 Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ 48/ 47804951

^4<` Yduldq/ K1/ 4<;81 Glyhujhqfh ri Rslqlrq lq Frpsohwh Pdunhwv1 Mrxuqdo ri
Ilqdqfh/ 73/ 63<064:1

^53` Yduldq/ K1/ 4<;<1 Gl�huhqfh ri Rslqlrq lq Ilqdqfldo Pdunhwv1 Lq Ilqdqfldo
Ulvn= Wkhru|/ Hylghqfh/ dqg Lpsolfdwlrqv1 Vwrqh F1F1 +Hg1,/ Noxzhu/ Gru0
guhfkw/ Wkh Qhwkhuodqgv1

^54` Zhlo/ S1/ 4<;<1 Wkh Htxlw| Suhplxp Sx}}oh dqg wkh Ulvn Iuhh Udwh Sx}}oh1
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 57/ 73407541

^55` Zlooldpv/ M1 W1/ 4<::1 Fdslwdo Dvvhw Sulfhv zlwk Khwhurjhqhrxv Eholhiv1 Mrxu0
qdo ri Ilqdqfldo Hfrqrplfv/ 8/ 54<056<1

^56` ]dsdwhur/ I1/ 4<<;1 H�hfwv rq Ilqdqfldo Lqqrydwlrqv rq Pdunhw yrodwlolw|
zkhq Eholhiv duh Khwhurjhqhrxv1 Mrxuqdo ri Hfrqrplfv/ G|qdplfv dqg Frq0
wuro/ 55/ 8<:09591
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