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Abstract

The aim of the paper is to analyze the impact of heterogeneous beliefs in
an otherwise standard competitive complete markets discrete time economy.
The construction of a consensus belief, as well as a consensus consumer are
shown to be valid modulo a predictable aggregation bias, which takes the
form of a discount factor. We use our construction of a consensus consumer
to investigate the impact of beliefs heterogeneity on the CCAPM and on
the expression of the risk free rate. We focus on the pessimism/doubt
of the consensus consumer and we study their impact on the equilibrium
characteristics (market price of risk, risk free rate). We finally analyze
how pessimism and doubt at the aggregate level result from pessimism
and doubt at the individual level. We show that it is possible to obtain a
higher market price of risk and lower returns for assets with higher beliefs
dispersion, which is interesting in light of the risk premium puzzle (Mehra-
Prescott, 1985) and of the findings of Diether et al. (2002).

1. Introduction

The aim of the paper is to analyze the impact of heterogeneous beliefs in an
otherwise standard competitive complete markets discrete time economy.

We start from a given equilibrium with heterogeneous beliefs in a fairly general
setting and we propose to decompose our analysis into three steps.

The first issue deals with the aggregation of these heterogeneous beliefs. The
main question is to know if it is possible to analyze the heterogeneous beliefs



model in terms of a classical homogeneous beliefs model, in which the common
belief may be different from the objective one. In other words, can we define a
subjective consensus belief, i.e. a belief which, if held by all individuals, would
generate the same equilibrium prices as in the actual heterogeneous economy ?

We show that the answer to the previous question is positive. We are then
led to analyze, in a standard homogeneous model, the impact of a subjective be-
lief on the equilibrium characteristics (state price density, risk premium, risk free
rate, etc.). This question has been explored by Abel (2002) in the specific setting
of power utility functions and i.i.d asset returns. In particular, Abel introduces
concepts of pessimism and doubt, and analyzes their impact on the equilibrium
characteristics. In the same spirit, we introduce similar concepts that have an
unambiguous impact on the equilibrium characteristics in a more general setting
(in particular, without specific restrictions on the utility functions or on the dis-
tribution of the asset returns).

The last question is to understand how doubt and pessimism at the individual
level are captured at the aggregate level, i.e. by the consensus belief. Our defi-
nitions of doubt and pessimism appear as particularly adapted to this question.
Indeed, roughly speaking, we obtain that the level of pessimism (resp. doubt) at
the aggregate level is a weighted average of the level of pessimism (resp. doubt)
at the individual level.

In this paper, the different subjective beliefs are considered as given. As in
Varian (1985, 1989), Abel (1989) or Harris-Raviv (1993), they reflect difference
of opinion among the agents rather than difference of information; indeed, “we
assume that investors receive common information, but differ in the way they
interpret this information” (Harris-Raviv, 1993). The different subjective beliefs
might come from a Bayesian updating of the investors predictive distribution over
the uncertain returns on risky securities as in, e.g. Williams (1977), Detemple-
Murthy (1994), Zapatero (1998), Gallmeyer (2000), Basak (2000), Gallmeyer and
Hollifield (2002), but we do not make such an assumption; we only impose that
the subjective probabilities be equivalent to the initial one. Notice that the above-
mentioned models with learning are not ”"more endogenous”, since the investors’
updating rule and the corresponding probabilities can be determined separately
from his/her optimization problem (see e.g. Genotte, 1986).

In a companion paper, Jouini and Napp (2003) considered the same problem
in continuous time. Even if the approach developed therein is similar to ours,
the techniques and concepts are quite diferent. In particular, if we analyze the
subjective beliefs in terms of distortions of the objective one, the continuous time



setting permits a much smaller set of possible distortions than the discrete time
setting. For instance, in continuous time, the volatility of given process is the
same under the objective and the different subjective beliefs whereas in discrete
time some agents might overestimate or underestimate this volatility leading to
doubtfull or overconfident behavior.

The paper is organized as follows. We present in Section 2 a method to ag-
gregate, in a discrete time framework, heterogeneous individual subjective beliefs
into a single consensus belief. Given an observed equilibrium with heterogeneous
probabilities, we look for a consensus belief, which, if held by all investors would
lead to an equivalent equilibrium, in the sense that it would leave invariant the
equilibrium market prices. We prove the existence of such a consensus belief mod-
ulo the introduction of a predictable discount factor. This means that, modulo
this discount factor, the equilibrium price under heterogeneous beliefs is the same
as in an economy where all agents would share the same belief, namely the con-
sensus belief. For a large class of utility functions, the consensus belief is given by
some weighted average of the individual beliefs, and the discount factor is directly
related to the beliefs dispersion. The discount factor might be positive or negative
depending on whether the investor is cautious or not. A possible interpretation
for the presence of this discount factor consists in considering the dispersion of
beliefs as a source of risk. When there is more risk involved, depending on whether
the investor is cautious or not, it is well known that the investor will reduce or
increase current consumption with respect to future consumption, acting as if
his/her utility was discounted by a positive or negative discount rate.

We then derive an adjusted CCAPM formula. We prove that the CCAPM for-
mula under heterogeneous beliefs is given by the CCAPM formula in an economy
where all investors would share the same probability belief, namely the consensus
belief obtained through the aggregation procedure. It appears that the discount
factor does not impact the risk premium but only the risk free rate. Through
our aggregation procedure, we have then transformed the study of a model under
heterogeneous subjective beliefs into the study of a model under homogeneous
subjective beliefs.

The next step consists in the study of the impact of a subjective belief on the
equilibrium risk premium and risk free rate, which is the aim of Section 3. More
precisely, we try to determine characteristics of the subjective belief that have an
unambiguous impact on the market price of risk and on the risk free rate, and, in
relation with the risk premium puzzle (see Mehra-Prescott, 1985 or Kocherlakota,
1996 for a survey on the risk premium puzzle) and the risk free rate puzzle (Weil,



1989), which preferrably lead to an increase of the market price of risk and a
decrease of the risk free rate. We start by considering the notion of pessimism.
The notion we consider was introduced in a static setting in Jouini-Napp (2004),
where a probability measure, equivalent to the initial probability, is defined to
be first order-pessimistic if its density (with respect to the initial probability)
decreases with the aggregate wealth. A natural generalization of this concept to a
dynamic setting leads to the following definition. A pessimistic probability is such
that its density at date (¢ + 1) decreases with the aggregate wealth conditionally
to F; for all ¢; this means that conditionally to date ¢ information, it puts more
weight on states of nature where the aggregate wealth at date (¢t + 1) is low,
which clearly corresponds to a notion of pessimism. We prove that a pessimistic
subjective probability belief increases the market price of risk and decreases the
risk free rate. We also introduce a notion of doubt. Loosely speaking, we shall say
that a probability measure exhibits doubt if conditionally to date ¢ information,
its density at date (¢ + 1) puts more (resp. less) weight on the tails and less
(resp. more) weight on the center of the distribution of aggregate wealth at date
(t +1). We prove that a probability measure which exhibits doubt also increases
the market price of risk and decreases the risk free rate for a large class of utility
functions.

The aim of Section 4 is to analyze how pessimism and doubt at the aggregate
level result from pessimism and doubt at the individual level. We show that with
our definitions of pessimism and doubt, the consensus belief level of pessimism
(resp. doubt) appears as a weighted average of the individual level of pessimism
resp. doubt, where the weights are given by the individual risk tolerances. We
prove that there are essentially two effects of beliefs heterogeneity on the equilib-
rium characteristics. The first effect is given by the equally-weighted average level
of pessimism/optimism (resp. doubt/overconfidence). In particular, if agents are
on average pessimistic, there is a bias towards a higher market price of risk and a
lower risk free rate than in the standard setting, which is interesting in light of the
risk premium and risk free rate puzzles (Mehra-Prescott, 1985, Weil, 1989). The
second effect is given by the “correlation” between risk tolerance/aversion and
pessimism /optimism (resp. doubt/overconfidence). In particular, if risk tolerance
and optimism are positively correlated, this induces a lower market price of risk.
We also prove that our results are compatible with the findings of Diether et al
(2002), i.e. that assets with higher beliefs dispersion yield lower returns.

All proofs are in the appendix.

In the next sections we shall need the following notations. For given families of



positive real numbers (mz)lzln and (01-)1.:17“,’” we denote by 0 the sum >or ., 0; by
1

. (x.) the weighted k—average defined for k € Z\ {0} by & (z.) = 31, Lak]*

i=1 97

9
and we let & (.) = [[I_, z;” denote the geometric average. We denote by 1 the
vector of R™ whose coordinates are all equal to 1. With these notations, £}(z.) is
then the equally weighted k—average of the x;. We also denote by Var? (x.) the
weighted variance Var? (z.) = >0 % [2; — &} (:151)}2 Note that straightforward
Taylor expansions gives us for Var? (x.) small enough, the following approxima-

1 —1Var? (z.
tions £0(z.) ~ £ (z.) + 2 Ve 2]

2. Consensus belief, adjusted CCAPM and risk free rate

In the classical representative agent approach, all investors are taken as having
the same subjective beliefs and in this section, we analyze to which extent this
approach can be extended to heterogeneous subjective beliefs. More precisely, we
start from a given equilibrium with heterogeneous beliefs in an otherwise standard
complete discrete time market model, and we explore to which extent it is possible
1) to define a consensus belief, i.e. a belief, which, if held by all individuals would
generate the same equilibrium prices as in the actual heterogeneous economy and
2) to define a representative agent (or a consensus consumer). We shall then
analyze the impact of heterogeneity of beliefs on asset pricing, and more precisely
on the CCAPM formula and on the expression of the risk free rate.

The model is standard, except that we allow the agents to have distinct sub-
jective probabilities. It is essentially the same as in Jouini-Napp (2003), apart
that we now deal with a discrete time setting. We fix a finite time horizon T
on which we are going to treat our problem. We consider a filtrated probabil-

ity space <Q, (Ftseto,.1y > P> , where the filtration (Fy)c (.. 1y satisfies the usual

conditions. Fach investor indexed by 7 = 1,---, N solves a standard dynamic
utility maximization problem. He has a current income at date ¢ denoted by e}
and a von Neumann-Morgenstern utility function for consumption of the form

E9 [ZtT:o ui(t,ct)] , where Q% is a probability measure equivalent to P which
corresponds to the subjective belief of individual i. If we denote by (M), (0,7}
the positive density process of ()* with respect to P, then the utility function can
be rewritten as E¥ [Z’f:o Miug(t, c;)

We make the following classical assumptions on the utility functions and on



the subjective beliefs.
Assumption

o forallt =1,....7T, ui(t,-) : [ki,00) — RU {—0c0} is of class C* on (k;, 00),
strictly increasing and strictly concave!,

o u;(.,c) and uj(t,.) = 24(¢,.) are continuous on [0, 77,
o fori=1,--- N, P{e! > k;} >0and P{el > k;} =1,

e there exists € > 0 such that e* > vazl ki +¢e, P a.s.,
P T *
o K [tho et} < 00,
e the density process M* is uniformly bounded for i = 1,---, N.

The third condition can be seen as a survival assumption at the individual
level and the fourth one as a survival assumption at the aggregate level. All the
remaining conditions are very classical ones.

We do not specify the utility functions u;, although we shall focus on the
classical cases of linear risk tolerance utility functions (which include logarithmic,
power as well as exponential utility functions).

2.1. Consensus belief

We start from an equilibrium (q*, <y*)) relatively to the beliefs (M?) and the

income processes e'. We recall that an equilibrium relatively to the beliefs (M?)
and the income processes (¢') is defined by a positive, uniformly bounded price

process ¢* and a family of optimal admissible consumption plans <y*) such that

markets clear i.e. a family of adapted [k;, c0)-valued processes y* such that
T *i
EP [Zo Y

} < 0o and satisfying

{ y* =y'(¢", M’ €')

N i N P
DY =2 e =

'Note that we could easily generalize the results of this paper to the case where k; is a
function of ¢.




where

T
y'(q, M, e) = arg max EF ZMtui(t, c)dt| .
T ali-e)l0 |5
Such an equilibrium, when it exists, can be characterized by the first order
necessary conditions for individual optimality and the market clearing condition.
These conditions can be written as follows

( Mid(ty) < Mg, on {y = ’f}
M) = Nt on Lyt ) 2.1)
EP [ 0 0 (yt —6;‘;)] =0
\ Zivﬂ y*i =e

for some set of positive Lagrange multipliers (\;) .

In the next, we will say that (¢, (y*')) is an interior equilibrium relatively to
the beliefs (M?) and the income processes (') if y** > k;, P a.s. fori =1,---, N2

Our first aim is to find an ”equivalent equilibrium” in which the heterogeneous
subjective beliefs would be aggregated into a common characteristics M. Following
the approach of Calvet et al. (2002), we shall define an ”equivalent equilibrium”
by two requirements. First, the ”equivalent equilibrium” should generate the same
equilibrium trading volumes <y*i — ei) and price process ¢* as in the original equi-
librium with heterogeneous beliefs. Second, every investor should be indifferent at
the margin between investing one additional unit of income in the original equilib-
rium with heterogeneous beliefs and in the ”equivalent equilibrium”, so that each
asset gets the same marginal valuation by each investor (in terms of his marginal
utility) in both equilibria®. The existence of such an ”equivalent equilibrium” is
given by the following proposition.

Proposition 2.1. Consider an interior equilibrium (¢*, (y*')) relatively to the
beliefs (M?) and the income processes (¢'). There exists a unique positive and

2Note that under the following additional condition
w,(t,k;) = oo for t € {0,...,T} and i =1,---, N,

all the equilibria are interior ones.

3This condition was introduced by Calvet et al. (2002). It would be equivalent to impose that
the Lagrange multipliers are the same for each investor in both equilibria. As a consequence,
the representative agent utility function will also be the same in both equilibria.

7



adapted process (My),c .y With Mo = 1, there exists a unique family of income
processes (&) with 3.~ & = ¢* and a unique family of individual consumption
processes (') such that (¢*, (¢')) is an equilibrium relatively to the common char-
acteristics M and the income processes (€') and such that trading volumes and
individual marginal valuation remain the same, i.e.

Mt’u;(t,y*’) = Mtu;(t, 51)7 t e {O’ ...,T}, 1=1,---,N.

This means that (¢*, (7)) is an equilibrium with income transfers relatively to
the common characteristics M and the income processes (¢!) such that individual
marginal valuation is the same as in the original equilibrium with heterogeneous
beliefs. In other words, we proved that modulo a feasible modification of the
individual incomes (i.e. 32N, & = SV ¢) the initial equilibrium price process
and trading volumes remain equilibrium price process and trading volumes in an
homogeneous beliefs setting. The positive process M can then be interpreted as
a consensus characteristics. In particular, if there is no heterogeneity, i.e. if all
the investors have the same belief represented by M? = M for all 4, we obtain
M = M and there is no transfer nor optimal allocations modification (i.e. & = ¢’
and §' = y*' for all 7).

Once the result on beliefs aggregation achieved, it is easy to construct as in
the standard case, a representative agent, i.e. an expected utility maximizing
aggregate investor, representing the economy in equilibrium. As in the standard
case, for o € (]Ri)N , we introduce the function

N

Uq(t,T) = 1max —u;(t, x;).
o) Zﬁlmigm;ai it 2:)

Proposition 2.2. Consider an interior equilibrium (¢*, (y*')) relatively to the
beliefs (M?) and the income processes (€') and let ()\;) denote the Lagrange mul-
tipliers associated to this equilibrium. There exists a consensus investor defined
by the normalized von Neumann-Morgenstern utility function u) and the con-
sensus characteristics M of Proposition 2.1, in the sense that the portfolio e*

maximizes his expected utility ET [ZtT:o Myuy(ct)| under the market budget con-

straint BT |32 qf (¢, — e’t")] <0.



Remark that the consensus investor utility function is constructed as usual
with the Lagrange multipliers of the initial equilibrium. In the specific case of
linear risk tolerance utility functions we obtain the following explicit expressions
for the consensus characteristics. Recall that the risk-tolerance of agent i is defined

by E(t7y) - _Z_?(t7 y)

Example 2.3. 1. If the individual utility functions are of exponential type,

ie. 1f—Z,/,((iz)) =0, >0, then u/(t,z) = ae~*/? for a = e%/? and

M =TT (M) = &g (ar).

=1

2. If the individua] utility functions are of logarithmic or power type, i.e. such

that — ,,( = 0;+nz forn # 0, then u/(e) = b(9+ne)_% for b = (é—|—77€0)%
and
1
N n Y
M= Z%(Ml)"] =& (M)
_ _1
N m ‘
= ZTZ(Mz)n] — 837('5,1/ )(M)
| i=1
for vy, = Zjv S and T; = —Zj-\’lej(t,y*")'

Notice that the consensus belief M is a martingale (i.e. the density process of
a given probability) only when n = 1 (logarithmic case). It is a supermartingale
when n < 1, and a submartingale when n > 1.

It is interesting to notice in Example 2.3 that for all utility functions in the
classical class of linear risk tolerance utility functions, the consensus characteristics
is obtained as a weighted average of the individual subjective beliefs, the weights
being given by the individual risk tolerances. It is easy to see that in the general
case, the consensus characteristics can still be considered as an average of the
individual beliefs.

The process M represents a consensus characteristics, however, except in the
logarithmic case, it fails to be a martingale. Consequently, it can not be inter-
preted as a belief, i.e. the density process of a given probability measure. It is easy

9



to see that it is not possible in general to recover the consensus characteristics as
a martingale, as soon as we want the equilibrium price to remain the same and
the optimal allocations in the equivalent equilibrium to be feasible, in the sense
that they still add up to e* (even if we do not impose the invariance of individual
marginal valuation).

This means that in the general case, there is a bias induced by the aggregation
of the individual probabilities into a consensus probability.

Proposition 2.4. Consider an interior equilibrium price process q* relatively to
the beliefs (M?), and the income processes (e'). There exists a positive martingale
process M with My = 1, and a predictable positive process B with By = 1 such
that

M; Bl (t, €}) = ¢*.

The process B is given by

and can be thought of as a discount factor.

_ Ei 1[My]

The process B represents an aggregation bias. It satisfies Bf and
measures the default of martingality of the consensus characteristics M. If all
investors share the same beliefs, then B = 1. Otherwise, the process B leads to a
(possibly negative) discount of utility from future consumption. We shall interpret
the presence and the properties of this “discount factor” below, after Example 2.5.

We shall see now that the process M corresponds to a (weighted) average of
the individual beliefs and that the discount factor B is directly related to the
dispersion of the individual beliefs. We first consider two simple and enlightening
examples.

Suppose that log efe—“ has a normal conditional distribution under P and under

()i, more precisely suppose that, under P, lo N (m, o) and that under

Q;, log et;? ~p N (u;,0) and that all the utility functions are exponential, i.e.
w(t,x) = e 7. We have

M, p2 —m? + 2log T (m — p,)
—— =exp—
M} 202

10



and consequently

My SN, &2 —m? + 2log L (m_ SN %m)
M, exp — —
— M1 B
M, B
with
_ ’ 5 o |
M [Sf (1.)]” —m?+2log % (m — o (1))
— = e J—
My P 202
2
N 6 N ¢,
By ox _Zi:1 7/%2 - (Zi:l 7/%’)
Bt o b 20—2
~ exp— Var® (u.)
202

If we let @ denote the probability measure with density process M with respect
to P, we have under (), log ei}fl ~p N (Ef‘ (1.),0) . The aggregate belief M
corresponds then clearly to a weighted average belief, the weights being given
by the individual risk tolerances. The discount factor Bg;;)l) is directly related to
Var® (11.) the weighted variance of the y; with the same weights and the process
B can be interpreted as a measure of beliefs dispersion.

With the same utility functions and if we now assume that under P, log ei*,;l ~F,

N (p, o) and that under Q;, log G ~g N (i, 0;), we obtain with the same nota-

-
€t

tions that under @), log eitl ~p N (,u, g%, (J.)) which still can be interpreted as
t

an average belief (the variance under () is an average of the variances under ;).

B(t+1) _ &%5(0)

Furthermore, and a simple second order Taylor expansion gives

B(t) — &(o)
us ng)l) ~1-— ‘2‘27”?0(()’) when the dispersion of the o; is sufficiently small. Once

again, the process B is direcly related to beliefs dispersion and its distance to 1
increases with beliefs dispersion.

More generally, with HARA utility functions, it is easy to see using the approx-
imations provided in the introduction that when beliefs dispersion is sufficiently
small, M is equal, at the first order, to a risk-tolerance weighted arithmetic aver-
age of the M* and that the growth rate of B is, at the second order, proportional
to the dispersion of the M®.

11



As in the continuous time setting (see Jouini-Napp, 2003), for linear risk tol-
erance utility functions, we are able to explicitly compute the process B and
to determine whether it is increasing, decreasing, smaller or greater than one.
Although the techniques used are different, the results are similar to the ones
obtained in the continuous time setting.

Example 2.5. For general power utility functions, the process B satisfies

B Bl (M)
By & (M;_,)

so that by Minkovski’s Lemma, B is nondecreasing, greater than 1 (resp. nonin-
creasing, lower than 1) if n > 1 (resp. n <1).

For logarithmic utility functions, B = 1.

In the exponential case, the process B satisfies

B, _ E, 1 [E,’g' (Mt)]
By gy (M;_,)

so that by Hélder’s Lemma, B is nondecreasing, greater than 1.

The interpretation is the following. The parameter 7 is a cautiousness para-
meter. When there is more risk involved, depending on whether the investor is
cautious or not, that is to say, depending on whether n < 1 or n > 1, it can
be shown that the investor will reduce or increase current consumption with re-
spect to future consumption. For instance, for n < 1, the investor is cautious
and increases current consumption acting as if his/her utility was discounted by
a positive discount rate. The converse reasoning leads to a negative discount rate
if n > 1. Now in our context with heterogeneous beliefs, a possible interpretation
consists in considering the dispersion of beliefs as a source of risk thereby leading
for the representative agent to a discount factor associated to a positive or neg-
ative discount rate depending on whether n < 1 or n > 1. This interpretation of
beliefs heterogeneity as a source of risk is compatible with the empirical findings
of Cragg and Malkiel (1982) who studied the relationship between ex post returns
and various measures of risk and found that the measure that performed best was
a measure of divergence of opinion about the asset returns.

To summarize, we have pointed out through previous propositions two distinct
effects of the introduction of beliefs heterogeneity on the equilibrium price.

12



There is first a change of probability effect from P to the new common proba-
bility @, whose density is given by M. This aggregate probability can be seen (at
least in the classical utility functions cases) as a weighted average of the individual
subjective probabilities. The weights of this average are given by the individual
risk tolerances. The second effect is represented by an “aggregation bias”, which
is predictable and takes the form of a discount factor. This discount factor is,
at least for classical utility functions, directly related to the dispersion of the be-
liefs. We are able, for linear risk tolerance utility functions, to determine if it is
associated to a positive or negative discount rate. Modulo this discount factor,
the equilibrium (state) price (density) is the same as in an economy in which all
agents (or the representative agent) would share the same subjective belief Q.
Remark that the interpretation of beliefs heterogeneity as a source of risk is only
related to the second effect. The relative importance of these effects is discussed
in detail in Section 4.

We shall now use our construction of a representative consumer to analyze the
impact of heterogeneity of beliefs on the equilibrium properties.

2.2. Adjusted CCAPM, Risk Premium and Risk Free Rate

In this subsection, we wish to compare the equilibrium characteristics (CCAPM
formula, risk premium, risk free rate) in the heterogeneous beliefs setting and in
the standard setting. We shall consider as the standard setting an equilibrium
where the beliefs are homomogeneous and given by the objective probability P,
and where the representative agent utility function is given by* uy with the same
(\i) as in our heterogeneous beliefs setting’.

We suppose the existence of a riskless asset with price process S° such that
SY=1and S? =[], (14 r]) for some predictable risk free rate process r/. We
consider a risky asset with positive price process S and associated rate of return
between date t and (¢ + 1) denoted by R,y = 24 — 1. In such a context, since

St
¢*S is a P*-martingale, we obtain, as in the classical case (see the Appendix),

q*
Ef [Ry] —rlyy = —covf [t—Ha Ry (2.2)

Ef [Qfﬂ]

N 1
i=1 o,

4We recall that for a € (Rj_)N s Ua(t, @) = maxsn oo D0 w;(t, x;).

®This is in particular the case when the standard setting equilibrium has the same Lagrange
multipliers (or equivalently the same marginal valuations at date 0 or the same initial individual
equilibrium consumptions) as in the heterogeneous beliefs framework, or without restriction on
the Lagrange multipliers when investors have linear risk tolerance utility functions.

13



Now, since ¢ = M, B’ (t,e}), with B predictable, Equation (2.2) can be written

[ M 1B 1Ul t+1,€*
Ef [Ri] - th+1 = —covf D — (, Hj) s Ry
| Ei (M1 B! (t41,¢5,4)]
p | Myt (t+1,€f,)
= —cov, > - "
B [(Meaw (t+1,€14)]
so that the adjustment process B plays no role in the CCAPM formula with

heterogeneous beliefs. This adjusted CCAPM formula differs from the following
standard formula

Rt (2.3)

u (t+1,e;
Ef [Rya] — 7’{+1 = —covy ( i) Rt+1] (2.4)

BY [ (41 et)]

only through the change of probability from P to the consensus probability ().

This implies that only the change of probability has an impact on the difference

of the risk premium in the standard and in the heterogeneous beliefs setting.
The risk free rate 7/ is given, as in the classical case, by (see the Appendix)

f q;rk
HET S B T

Now, since ¢ = M, B/ (t,e}), with B predictable, we obtain

B M (t, e
1 +7{+1 [het'} = (B t > P [ar tu/ ( et) * (25)
1) E; [Mt—i-lu (t + 17€t+1)]

B
_ (B—t> [1 + 7/, , [homogeneous under Q]} (2.6)
141

where 7/ [homogeneous under @] denotes the equilibrium risk free rate in a model
where all investors share the same subjective probability belief (). Both the change
of probability and the discount factor have an impact on the risk free rate. The
impact of the discount factor leads to a decrease (resp. increase) of the riskfree rate
if B is nondecreasing (resp. nonincreasing). This effect has a clear interpretation.
A nonincreasing (resp. nondecreasing) discount factor B corresponds to the fact
that the representative agent “discounts” future consumption, which means that
future consumption is less (resp. more) important for the representative agent,

14



it is then natural to obtain a higher (resp. lower) equilibrium risk free rate. For
instance, for power utility functions with n < 1, as well as for exponential utility
functions, we have seen that the “discount factor” B is nonincreasing and therefore
contributes to a higher risk free rate.

The impact of the change of probability effect from P to the consensus prob-

ability () depends on the sign of EtQ {M — EF {M )

o/ (te}) u/(te})

Through our aggregation procedure, we have then transformed the study of
a model under heterogeneous subjective beliefs into the study of a model under
homogeneous subjective beliefs. Indeed, the equilibrium risk premium formula
under heterogeneous beliefs (Equation 2.3) is the same as in an economy where
all investors would share the same probability belief, namely the consensus belief
obtained through the aggregation procedure. The same is true of the risk free rate,
modulo the “discount factor”, and we have seen that we are able to determine
the impact of the discount factor, at least for classical utility functions. The next
step consists in the study of the impact of a subjective belief on the equilibrium
risk premium and risk free rate, which is the aim of the next section.

3. Pessimism/doubt of the consensus belief

We consider in this section a standard homogeneous beliefs model, the agents
common subjective belief P being possibly different from the objective probability
P. We suppose that P is equivalent to the objective probability P and we denote
by M its density. We want to determine characteristics of the subjective belief
P that have an unambiguous impact on the risk premium and on the risk free
rate, and, in relation with the risk premium puzzle (see Mehra-Prescott, 1985 or
Kocherlakota, 1996 for a survey on the risk premium puzzle) and the risk free rate
puzzle (Weil, 1989), which preferrably lead to an increase of the risk premium and
a decrease of the risk free rate. In particular, we wish to analyze how pessimism
/doubt of the subjective probability may affect the equilibrium risk premium and
risk free rate.

In order to analyze the impact of the subjective belief on the value of the risk
premium, we need to be aware of the fact that the possible returns R = (Rt)le
obtained in equilibrium are not the same in the standard (objective belief) setting
and in the subjective belief settings. What exactly is to be compared?

As in the classical CCAPM, we consider an asset, whose returns R;,; between
date ¢ and date t 4 1 are perfectly correlated with e}, ; from date ¢ point of view.
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More precisely, we consider a return process such that R, = kiej, ; + b; for some
F;—measurable positive random variables k; and b;. Notice that such an asset
exists by market (dynamic) completeness. The risk premium for this asset in the
objective belief setting is given by

Ef [Ria] =l = —covf

u’ (e:+1)
T et |
Ef [“/ (efﬂ)} T

For any positively homogeneous risk measure p, the market price of risk i.e., the
ratio between the risk premium and the “level of risk” is given by

ul (6:+1) 6: 1]
) Ut

Ef [u’ (62%1)}

: 1
MPRY (Ry1) = ————covf
p (€t+1)

Since this quantity does not depend upon k; and b;, we shall denote it by M PRy b (e;" +1) .
We obtain analogously in the subjective belief setting under P that

1 P M\Hl“/ (6f+1) «

subj(ﬁ) 7*001)15 as el
p(ein) Ef [Mt+1ul (e:—b—l)}

MPR,

(er1) = -

In order to compare the market price of risk in both settings, we are then led to
u(ef " . Mg/ (e "
compare —cov}’ {%, etH] with —cov! |:Ef [%115,(’5;1)1)] : et+1] . The sub-

jective belief setting leads to a higher market price of risk if and only if

EP [ (er1) ern] B [u (ef,y) eryi]

Ef [w (era)]  —  BC v (6.)]

Abel (2002) studies a similar problem. He considers a return process R; gen-

(3.1)

erated by an asset whose dividends are given by e;. In Abel’s framework (e;—tl
ii.d. and isoelastic utility functions), such a return process satisfies our condition
Ry = kiej + b, for some F;—measurable positive random variables k; and b;.
Abel’s definition of the risk premium is slightly different, since it is equal to the
ratio between the expected return of the considered asset and the riskfree return,
instead of the difference between these two quantities. However, the probability
measures leading to a higher risk premium (in Abel’s sense) are those satisfying

Inequality (3.1).
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To summarize what we have just seen, the subjective probability measures
P leading to an increase of the market price of risk (compared to the standard
objective belief setting) are characterized by Inequality (3.1) or equivalently by
the fact that

covy™ (Mt+1,et+1) <0 (3.2)

where dP Vi

is given (up to a constant) by v’ (¢ +1,¢e},,) and My, =FE [% ] Ft+1]
The subJectlve belief setting leads to a higher market price of risk when the
subjective probability is negatively correlated with the total wealth under some
probability and it is natural to interpret this property as a form of pessimism.
Moreover, as seen in the previous section, the subjective probability measures P

leading to a decrease of the risk free rate are characterized by

u(t+1,ef,) S P u(t+1,ef,)
wite) |70 w(te)

t

or equivalently by
covl [Mt+1, (62‘+1)] >0,

which also corresponds to some form of pessimism. We shall introduce more
formally different notions of pessimism in the next section. Note that even if
this section is in the same spirit as Abel (2002), our framework and definitions
are different. Indeed, Abel (2002) first characterizes pessimism by the the first-
order stochastic dominance and then introduces the concept of uniform pessimism
characterized by a stronger form of dominance®. Abel (2002) proves then that
uniform pessimism increases the risk premium, when agents have power utility
functions. Jouini-Napp (2004) showed that this is nomore the case when uniform
pessimism is replaced by pessimism (in Abel’s sense) or when the class of utility
functions is enlarged to the whole class of concave and nondecreasing functions.
They proposed then, in a static setting, another definition for pessimism that
leads to a risk-premium increase for all nondecreasing utility functions and that is
characterized by this last property. In the next section we generalize this concept
to a dynamic framework. Furthermore, as we shall see in Section 4, this concept

6 Abel (2002) defines a pessimistic (resp uniformly pessumstlc) probability measure (with
respect to €) as a probability measure P such that, for all z, Ple <z] > Ple < x] (resp.
Ple <z]= Ple < kz] for some k > 1).
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is particularly adapted to the beliefs aggregation problem since we shall describe
how individual pessimism is captured at the aggregate level. Abel (2002) also
introduces the concept of doubt based on the second-order stochastic dominance.
In the next we shall propose another definition that will appear in Section 4 as
much more tractable in order to analyze how individual doubt is captured at the
aggregate level.

3.1. Doubt and first order pessimism

In a static framework, Jouini-Napp (2004) established that Inequality (3.1) is
satisfied for all nondecreasing utility functions u if and only if M decreases with
e*. This anticomonotony property between M and e* is referred to as first order
pessimism. We propose the following natural generalization of this concept to a
dynamic framework.

Definition 3.1. We say that a probability P on (Q, F, P) equivalent to P, with
density process (]\2) is pessimistic (with respect to e*) if for all t, ]\ZH and —ej

are comonotonic’ conditionally to F}.

A pessimistic probability is such that its density ]\//-7t+1 at date (t 4+ 1) decreases
with ej,; conditionally to F; for all ¢; this means that conditionally to date ¢
information, it puts more weight on states of nature where e;,, is low, which
clearly corresponds to a notion of pessimism.

For instance, if the information structure is described by a tree and if, for
a given node w, the transition probabilities of P (resp. P) between w and its
immediate successors is given by 7. (resp. ), then P is pessimistic (with
respect to e*) if, for each ¢ and each date—t node w, the transition density = Iz ig
comonotonic with —e; ; on the set of successors of w. In particular this will be

the case if fr—: decreases with e;_ ;.
L ~p, N(u,o) (resp. N(ji,0)) under P
(resp. ]3) then P is pessimistic (with respect to e*) between ¢ and (¢ + 1) if and

"Two random variables = and z are said to be comonotonic conditionally to F; if there exists
a random variable £ and two functions f and g on €2 x R such that

2 (W) = f(w, (W) and 2(w) = g(w,£(w)), P as.

and such that f and g are F; with respect to their first argument and nondecreasing with respect
to their second argument.
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only if 4 > 11 and o = . The same result holds for lognormal distributions. This
result remains valid if ;1 and o are F;—measurable random variables and if the
distributions are replaced by conditional distributions.

If (e}) follows a Cox-Ross-Rubinstein binomial process with "returns” at each
period denoted by u and d and associated transition probabilities m,, and 74 =
1—m, (resp. 7, and 74 = 1 —7,) under P (resp. P) then P is pessimistic if and
only if m, > 7,. As previously, the result remains valid if we introduce a time and
state dependence for u, d, 7, and 7, as long as u(t) and d(t), the returns between
t and (t + 1) are F;—measurable.

In Jouini-Napp (2004) is also introduced (still in a static setting) a concept of
second order pessimism, characterized by the fact that Inequality (3.1) is satisfied
for all nondecreasing and concave utility functions.

In particular, it is shown that if P is second-order pessimistic with respect to
e* then ET [e* [e* < 2] < ET [e* [e* < z] for all z, which means that the notion of
second order pessimism is another way of expressing the fact that P ”puts more
weight” than P on the bad states of the world and corresponds then naturally to
a concept of pessimism. R

It is also shown that if a second order pessimistic probability measure P sat-
isfies B [e*] = ET [e*], then Var? [e*] > Var® [e*]. This permits to relate this
concept of pessimism to the concept of doubt introduced by Abel (2002).

This notion of second order pessimism appears as hard to characterize from
a practical point of view. Jouini-Napp (2004) introduced in a static setting an
interesting subset of the second order pessimistic probability measures that are
simple to describe and that clearly exhibit doubt®. A natural generalization of
this class of measures in a dynamic framework leads to the following definition in
the case where the conditional distribution of e}, is symmetric.

Definition 3.2. Suppose that for all t, the F,—conditional distribution of e;,
under P is symmetric with respect to E [ej; +1] . We say that a probability P on

(Q, F', P) equivalent to P, with density process (Z\Z) exhibits doubt (resp. over-

confidence) between date t and (t + 1) (with respect to e*) if for all t, ]\/L: (w) =
filw, €y (w) — Ey [ej4] (w)) where f, is F,—measurable with respect to its first

8Suppose that e* has a symmetric distribution under P with respect to E¥’ [e*]. A probability
P’ on (Q, F) equivalent to P, with density M’ is said to exhibit doubt with respect to e* if
M’ is a function of e*, symmetric with respect to E¥ [e*] nonincreasing before E¥ [e*] (and
nondecreasing after).
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variable, even and nondecreasing (resp. nonincreasing) on R, with respect to its
second variable.

This means that a probability measure, equivalent to P, exhibits doubt (resp.
overconfidence) between date t and (¢ + 1) if conditionally to date ¢ information,
its density puts more (resp. less) weight on the tails and less (resp. more) weight

on the center of the distribution. If F}, is generated by e;,; and ef;tl ~p N(u,0)
(resp. N(fi,0)) under P (resp. ]3), then P exhibits doubt (with respect to e*)
between ¢ and (¢t + 1) if and only if 4 = and 0 < .

If (ef) follows a trinomial process with ”returns” at each period u,m and d
and associated transition probabilities 7,1 — 27, and 7 (resp. 7, 1 — 27 and 7)

under P (resp. P), then P exhibits doubt if and only if 7 < 7.

3.2. Impact on the market price of risk and on the interest rate

We prove that pessimism and doubt lead to a higher market price of risk.

Proposition 3.3. If the probability P is pessimistic or exhibits doubt in the
sense of the previous definitions, then for all t,

subj

MPR™ ) (e1,)) > MPRY (e1,,)

i.e., the market price of risk between t and (t + 1) in the subjective belief setting
under P is greater than in the standard objective belief setting.

The interpretation is the following. In fact, the market price of risk subjectively
expected is not modified by some pessimism. The reason why pessimism increases
the objective expectation of the market price of risk is not that a pessimistic
representative agent requires a higher market price of risk. He/She requires the
same market price of risk but his/her pessimism leads him/her to underestimate
the average rate of return of equity (leaving unchanged his/her estimation of the
risk free rate). Thus the objective expectation of the equilibrium market price
of risk is greater than the representative agent’s subjective expectation, hence is
greater than the standard market price of risk. The same interpretation holds
for doubt. These results are consistent with the empirical findings of Cecchetti,
Lam and Mark (2000) and Giordani and Soderlind (2003). In the first reference
the authors prove that a model in which consumers exhibit pessimistic beliefs can
better match sample moments of asset returns than can a rational expectations
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model. In the second reference the authors provide evidence of pessimism in
investors forecasts.
As far as the risk free rate is concerned, we obtain the following result.

Proposition 3.4. 1. If the subjective probability belief P exhibits pessimism
and if the representative agent’s utility function is concave and nondecreasing,
then the equilibrium risk free rate is lower in the subjective belief setting
than in the standard objective belief setting.

2. If the subjective probability belief P exhibits doubt and if the representative
agent’s utility function is nondecreasing, concave, with a convex derivative,
then the equilibrium risk free rate is lower in the subjective belief setting
than in the standard objective belief setting.

Hence, for a large class of utility functions including HARA utility functions,
if there is doubt, the change of probability decreases the risk free rate. This result
holds true if there is pessimism without restriction on the utility functions.

3.3. Application to the heterogeneous beliefs model

We adopt the same notations as above and we denote by M PRI (e;‘ +1) the
market price of risk in the heterogeneous beliefs setting given by

M (efﬂ) o
B e (e.0] &

1
MPR?et (6;_1) = —mCO'I}tP

We want to compare this quantity to the market price of risk in the standard
setting, as well as the risk free rate in both settings. We have seen in the preced-
ing section that the heterogeneous beliefs model can be analyzed in terms of an
equivalent homogeneous beliefs model, the homogeneous belief being given by the
consensus probability belief. In particular, we have seen that M PRI (ef,,) =

MPR™@ (ej,1) where @ denotes the consensus probability belief and 1 +

rl, | [heterogeneous] = < Bil) {1 + 7/, [homogeneous under Q]] . An immediate

application of our results on pessimism and doubt leads then to the following
proposition.

Proposition 3.5. 1. If the consensus probability belief () exhibits pessimism
and/or doubt then the market price of risk in the heterogeneous beliefs
setting is lower than in the standard objective belief setting.
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u/(t,z)
u’’ (t,x)
0 + nx) with a cautiousness parameter n > 1 and if () exhibits pessimism
and/or doubt then the equilibrium interest rate in the heterogeneous beliefs

setting is lower than in the standard objective belief setting.

2. If the representative agent utility function is in the HARA class (i.e. —

The last step of our analysis consists now in determining how pessimism and
doubt at the aggregate level (i.e. on the consensus belief ) can be inherited from
the pessimism and doubt at the individual level (i.e. on the Q).

4. From individual to aggregate pessimism/doubt

The aim of this subsection is to analyze how the properties of the individual beliefs
are transferred to the consensus belief. In particular, since we have seen in the
preceding section that a pessimistic consensus probability (as well as a consensus
probability which exhibits doubt for a large class of utility functions) leads to a
higher market price of risk and a lower risk free rate, we wish to explore which
properties of the individual beliefs lead to a pessimistic consensus belief or to a
consensus belief which exhibits doubt.

We start with the analysis of the notion of pessimism. Notice that there is no
need for all investors to be pessimistic in order to obtain a pessimistic consensus
belief, hence an increase of the market price of risk and a decrease of the risk
free rate. Indeed, since the consensus probability corresponds to some average
of the individual beliefs, it suffices that some average of the individual beliefs be
pessimistic.

If all the agents have exponential utility functions, we have seen that M =
EY (M) . The aggregate characteristics M overweights the beliefs M* for which 6;
is greater than the average and underweights the beliefs M for which 6; is smaller
than the average. In order to enlighten our analysis, let us consider the case where

cin ~p N (i, 0) under P, and 223 ~p, N (;,0) under Q;. As in Section 2, we

€t €t

easily obtain that T3 r N (&) (), 0) under Q.

€t

If all §; are equal, then M = £} (M) , which means that the consensus charac-
teristics M is an equally-weighted geometric average of the individual beliefs and
the expected growth rate under the consensus characteristics appears as the equal
weighted average of the individual subjective expected growth rates. The impact
on the market price of risk is then simply given by the pessimism/optimism of
the “equal-weighted average” investor. If the investors are on average pessimistic
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ie. if & (1) < p (resp. optimistic, i.e. if & (u.) > ), then the market price of
risk is higher (resp. lower) than in the standard setting - and the risk free rate is
lower (resp. higher).

If the 60; are different, the expected return under the consensus belief can be

written as Ef» () =& () + le\il (; — &L (1)) (% — %) . There are then two
effects of beliefs heterogeneity on the equilibrium characteristics. The first effect
is given as in the previous case by the average level of optimism/pessimism and
the second effect is given by the “correlation” between risk tolerance/aversion
and optimism/pessimism. If we assume for instance that the more risk tolerant
investors are pessimistic (resp. optimistic) and the less risk tolerant investors are
optimistic (resp. pessimistic), then the second effect increases (resp. reduces)
the market price of risk. The intuition leads us to think that risk tolerance and
optimism are positively correlated, which would induce a lower risk premium for
assets with a higher dispersion. It remains to prove that this intuition is correct (or
not). This could be done through behavioral or psychological empirical studies,
and to our knowledge, this question is still open. This could also be done through
the introduction in our model of a specific learning process which would lead to
such a correlation, and this is left for future research.

Let us now assume that the utility functions are nomore exponential but of
the form u'(x) = (6; + nx)*%. The consensus characteristics M is now given by
&) (M) . Our aim is to exhibit a third effect and for this purpose, let us assume
that all the agents are equally weighted in the definition of M (no weights effect)
and that there is no systematic bias in the average returns individual estimations
(ie. &' (p.) = p). In order to simplify the analysis, we will even assume that
the p, are symmetrically distributed around p. The equally weighted geometric
average belief is then equal to the objective belief and the consensus belief is an
equally weighted average of the individual beliefs. However, this last average is an
n—average and not a geometric average and, contrarily to the exponential case, the
consensus belief is not equal to the objective one. The consensus characteristics

M is such that MA}—fl = (% Zﬁilexp# [— (p; — p)* =2 (e — ;) <e;—r1 —,u)Dn.
This function is clearly symmetric with respect to i, increasing after p. Then the
consensus probability () exhibits doubt and the market price of risk is higher than
in the standard setting. It is easy to check that this doubt effect increases with
the cautiousness parameter 7. More precisely, if we denote by Q" (resp. Q”/) the
consensus probability when all the agents have a cautiousness parameter 1 (resp.
') then, for 5’ > 7, the density of Q7 with respect to Q" is symmetric with
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respect to p1, and increases after y. The probability Q" exhibits more doubt than
Q" and the market price of risk is higher in the n’ cautiousness framework than
in the 7 cautiousness framework.

We have shown on these examples that there are three possible effects when
we aggregate individual heterogeneous beliefs into a consensus belief:

e an average effect: if the (equally weighted) average belief is pessimistic or
optimistic, then the consensus belief will be influenced accordingly,

e a cautiousness effect: when the consensus belief is an 7'—average with
given weights® and the objective probability is an n—average with the same
weights, then there is a bias towards doubt if 7’ > 1 and a bias towards
overconfidence if n > 7n'.

e a relative weights effect: if the more risk tolerant investors are pessimistic
(resp. optimistic) and the less risk tolerant investors are optimistic (resp.
pessimistic), then the consensus belief will present a bias toward pessimism
(resp. optimism).

The first effect is natural and does not necessitate specific developments. The
second effect has been studied in a different framework by Gollier (2003) where
the author analyzes the social impact of different exogeneous aggregation of be-
liefs procedures. With our notations, Gollier (2003) states in particular for some
specific values of the cautiousness parameter n that the 1’ —average aggregation
procedure is socially efficient if and only if 7 = 1. When this condition is not
satisfied, Gollier (2003) analyzes the impact of a disagreement increase depending
on the location of this increase (in the tails or in the center of the distribution).

However, the Taylor expansions provided in the introduction permit to show
that these distinct averages differ only by second order terms, when the beliefs
dispersion is sufficiently small. Hence the second effect deserves specific attention
only when the two other effects cancel out.

Abel (1989) studied a problem that is similar to ours in a specific framework.
He imposes a normal distribution for the aggregate wealth and considers expo-
nential utility functions. Furthermore, it is assimed that the ”average investor is
rational”, i.e. the geometric average belief does not exhibit any bias and is equal
to the objective probability. Under these assumptions our three effects vanish
and there is no impact on the market price of risk as defined in this paper. Abel

%i.e. when we have CRRA utility functions with a cautiousness parameter 7.
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(1989) is not interested in the impact of beliefs heterogeneity on the market price
of risk but on the risk premium. The impact of beliefs heterogeneity on the risk
premium is directly related to the impact on the risk free rate and Abel finds that
beliefs heterogeneity leads to an increase of the risk premium.

In the next, we focus on the third and last effect and, for this purpose, we
suppose that the equally-weighted average of the individual beliefs corresponds to
the objective probability P. We obtain the following result, without any specific
assumption on the distributions of the growth rate of aggregate wealth.

AGED)

)

Proposition 4.1. Assume that — =6; > 0 and that

& (M£+1)
Ly [501 (M£+1)]

=1 t=0,.,T

If the pessimistic (resp. optimistic) agents have a risk tolerance higher (resp.
lower) than the average, then the market price of risk in the heterogeneous beliefs
setting is greater than in the standard setting.

This result can be generalized to the other utility functions in the HARA class.
We have

ul(t,x)
ul/ (t,x)

Proposition 4.2. Assume that — = 0; +nz for n # 0, and that

&y (M£+1>

n

B [€] (Mi)]

=1 t=0,.T.

If the pessimistic (resp. optimistic) agents have a risk tolerance higher (resp.
lower) than the average, then the market price of risk in the heterogeneous beliefs
setting is greater than in the standard setting.

Remark that the condition on the (M?) still means that the equally-weighted
average of the individual beliefs corresponds to the objective probability P. How-
ever, the geometric average is replaced by the power n average. It is possible to
replace this condition by a geometric average condition (or an 7' —average with
1" < n) modulo an additional “cautiousness” effect. As mentioned previously, this
effect is of the second order for small dispersions. Furthermore, this effect should,
as in the examples above, lead to an additional increase of the market price of
risk.
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We can adopt the same approach to analyze how doubt/overconfidence at the
aggregate level can be inherited from the doubt/overconfidence at the individual
level.

In the case of exponential utility functions, we have seen that M = &5 (M)
and M overweights the beliefs M® for which 6; is greater than the average and
underweights the beliefs M? for which 6; is smaller than the average. For instance,

suppose that under P, eitl ~p, N (i, 0) and that under @Q;, eitl ~e N (p,05) . Tt
is then easy to see that, as in Section 2, 22 ~p N (1, €% (0.)) under Q. There

&
are then two effects of beliefs heterogeneity on the market price of risk. The first
effect (the average effect) is given by the average level of doubt/overconfidence,
measured by an equally weighted average of the individual levels of overconfidence

0—12. The second effect (relative weights effect) is given by the covariance between

individual risk tolerance /aversion and the individual level of overconfidence. If we
assume for instance that the more risk tolerant investors exhibit doubt and that
the less risk tolerant investors exhibit overconfidence, then we get a higher (resp.
lower) market price of risk. We could, as in the analysis of pessimism, exhibit a
third “cautiousness” effect if we consider power utility functions.

As above, if we focus on the “relative weights effect” and suppose that the
equally-weighted average of the individual beliefs corresponds to the objective
probability P, we obtain the analog of Propositions 4.1 and 4.2.

Proposition 4.3. Assume that — uf,(t’w)

i = it (with ) possibly equal to zero)
£ (M;,,)
and for all t, ——+—"— = 1.
ACIE)
If the agents that exhibit doubt (resp. overconfidence) have a risk tolerance
higher (resp. lower) than the average, then the market price of risk in the hetero-

geneous beliefs setting is greater than in the standard setting.

Pessimism and doubt can then be seen as possible explanations for the risk-
premium puzzle as well as for the risk-free rate puzzle as underlined by Abel
(1989). However, it is not necessary to assume pessimism or doubt at the indi-
vidual level nor on (equally weighted) average. A potential important source of
pessimism or doubt at the aggreagate level is the correlation between the individ-
ual risk tolerance and the individual level of pessimism/doubt.
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5. Conclusion

In this paper, we provided an aggregation procedure which permits to rewrite
in a simple way the equilibrium characteristics (state price density, market price
of risk, risk premium, risk-free rate) in a heterogeneous beliefs framework and
to compare them with an otherwise similar standard setting. This procedure
permits to analyze in detail the impact of beliefs heterogeneity on the equilibrium
chracteristics.

In particular, we introduced concepts of pessimism and doubt and we proved,
in a fairly general setting, that pessimism and doubt at the aggregate level lead
to an increase of the market price of risk. We also have shown how pessimism and
doubt are transmitted from the individual to the aggregate level.

In particular, it appears that pessimism and doubt lead to an increase of the
market price of risk and, under some additional conditions on the cautiousness
level, a decrease of the market price of risk. Furthermore, the aggregate level
of pessimism and/or doubt is, almost for utility functions in the HARA class, a
weighted average of the individual levels of pessimism and doubt. These weights
are proportional to the individual risk tolerances and, at the equilibrium, there is
a bias toward the beliefs of the more risk tolerant agents. The intuition leads us
to think that risk tolerant agents are more optimistic. It remains to prove that
this intuition is correct and this could be done through behavioral experimental
studies or through the introduction of a theoretical model of learning and beliefs
construction. This is left for future research.
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Appendix

Proof of Proposition 2.1 Since ¢* is an interior equlhbrlum price process rel—
atively to the beliefs (M?) , and the income processes ', we know that S y* =
e* and that there exist positive Lagrange multipliers ()\1) such that for all ¢ and
for all ¢,

Mju; (@?ﬁ) = \ig; -
We consider the maximization problem

N
77)‘ maxz i under the constraint Z Yy < e

i=1
where U; (¢) = E |:Z,tT:O w; (t, ct)}. Denoting the solution by (yi”\)i, we get that
Zf\i Ly*™ = ¢* and the process (iu’ (t,yz’(’\))) is independent from i. We
Ai t

denote this process by p®. Letting M = p‘f:) , we then have for all 7 and for all

t
MM (t, yi’(”) = Mju; (t,yf) :
The process MW is adapted and posmve Moreover, at date t = 0, we have for

all 4, M¢{ = 1, and ZNyO i ZZ LYs = e}, so that M M = 1. Then, it suffices
to take M = M( ) and §¢ = y»W.

As far as uniqueness is concerned, notice that any process y* such that vazl Yt =
e* and

M, (t,y1) = Mg (ty;")

for some positive process M is a solution of the maximization problem (P(’\)).
The uniqueness follows from the strict concavity of this maximization program. B
Proof of Proposition 2.2 Similar to the proof of the analogous result in a
standard setting. ®
Proof of Example 2.3 Since the representative utility function u is given by

the expression of uy in the specific setting of linear risk tolerance utility functions
is obtained as in the standard case (see e.g. Huang-Litzenberger, 1988).
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The expression of M is obtained by using M, (t, yt) Miu (t y; ) , as well

N ) N .
DV =27~
i=1 =

=1

as
Indeed, in the case of exponential utility functions, we have for all 7,
M'e — =Me —=
P ( 0i ) P ( 9i)

ﬂ M) exp< XN:y )zMgexp (—iﬂ)

=1

hence

or equivalently

In the case of power utility functlons, we get for all 4,

M (0,- + ny*i)_l/n =M (6; + n@i)fl/n =\M (0 + 776*)71/” b

hence . B . '
(M’)77 A= M (9 + 776*)_ b" (Gi + ny*l)
and
sy
M = M* .
=1 Zz 1 z
|
Proof of Proposition 2.4 Immediate defining B and M by
E;, 1 [M,
B = BH%, By=1
and
37, M
t B,
|
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Proof of Example 2.5 By Example (2.3) and Proposition (2.4), we
immediately get the expressions for B;. Holder ’s inequality permits to conclude
in the exponential case. In the case of power utility functions, for 0 < n < 1, we get

. R Y ) 1/
by Minkovski’s inequality that F; 4 HZZ]\LI Y (Mt’)n} q < [vazl Vi (Mg_l)”} !

so that B is nonincreasing. The case 1 > 1 can be treated similarly. W
Proof of the CCAPM formula and the risk free rate expression
We know that for any asset with associated price process (St)fzo, we must have

4; St = El [qf1Si+1] forallt =0,..,T — 1. (5.1)

or equivalently, since ]\//EBtu’ (t,e;) =q ,

St:Eg)

My B! (t +1, efﬂ) g
— 1
MtBt'U/ (t, 6:) "

or by definition of R;.4

Mt+1Bt+1ul (t + 1, 6:;_’_1)
M,Ba/ (t,er)

1 — Ef (]_ + Rt+1)

This leads to

M1 By (75 +1, €:+1)
M, B/ (t,€r)

M1 Byt t+1,¢ef
1= Ef (1+Etp [Rt+1])+covf< B { t+1)7Rt+1>-

M, B/ (t,€r)

Now, applying equation (5.1) to the riskless asset yields EY [MMBM“ (Hl’et*l)] —

]/\/[\tBtu’(t,ef)

—L— hence
147y

My Byttt + 1,ef
1+ 7"{+1 = (1 + Ef [Rt+1]) + (1 + T{H) COUtP ( ke ( H_l):Rt—H)

]\/J\tBtu’ (t,er)

and

]/\Zt_g_lBt_g_lu’ t+1,ef
COU,{D = ( Hl) Ry
MtBtu’ (t,e;‘)

Ef [Rea] =1l =~

Ep Mf,+1€\f,+1u/(t+l,e;‘+l>
t My B! (t,e})
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or equivalently

Mt+1Bt+1ul (t + 1, 6:_,'_1) R

_EtP Wt+lBt+1ul (t +1, ef+1)} o

e | M (0 L)
Ef [Mt-&-lul (t+1, ef+1)}

Ef [Rip1] —rly = —covf

) Rt+1

|

Proof of Proposition 3.3 1. Consider first the case of a pessimistic
probability measure P. We have seen (Inequality 3.2) that the probability mea-
sures leading to an increase of the market price of risk are characterized by

cov™ (Mt+1, €t+1) < 0 where %% is given (up to a constant) by o’ (t +1,¢},,).

By definition, since Pis pessimistic with respect to e*, the random variables Mt+1
and —ej,; are comonotonic conditionally to F;. From Proposition 1 in Jouini-
Napp (2004), we know that for positive random variables X and Z such that
X and Z are comonotonic conditionally to F;, we have cov? (X, Z) > 0 for any
probability measure @) absolutely continuous with respect to P. We easily deduce

from this lemma that cov/™ (Mt+]_, €} +1) <0.
2. Consider now the case of a probability measure P which exhibits doubt.

We have obtained (Inequality 3.1) that P leads to a higher market price of risk if
and only if

EP[ (1) €iai] < Ef [u' (1) 6t+1]‘
EF W (ery)] —  EF [ (ef41)]
We have
ot (e1,2)) B (6t —m) Moot (efia)
( (e;fk+1)) Ef [@4—1”’ (e;tk+1)]

-+ my

il

where m; = E; [e;* +1} . Since the random vector (ez‘ L — My, ]\//EH) is distributed

like (mt — e/ 1, ]\ZH) conditionally to F};, we have
Ef [(6:4-1 - mt) My (€:+1) 1e§+1§mt} = Ef [(mt - 6:+1) My (th - €:+1) 1e§+12mt}
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Ef [(62‘“ —my) Myt (6:-&-1)} =B/ [(mt — 1) ]\//‘Ttﬂ [ (2my —ej1) — ' (ef11)] 162‘+1>mt] :

EP Ae;‘;rlu’ (€711)) _ B [(mt — i) M [ (2my —efyy) — ' (ef1)] 162‘+12W] -
B (v (i) B [V [of (2my —et) + 0 (6502)] gy

We want to compare this quantity with

BY [(me = eia) [ (2me = 1) = (1)) Lz, 2]

Ef “ul (2mt - €7£<+1) + (62‘+1)] 1€Z‘+1th]

-+ my.

Letting g (my, e;1) = (my — €) [u/ (2my —€f,y) — (ej;rl)} and h (my, ej,) =

Ef) t+19 mt’et+1 >m .
u' (2my — €;4) + ' (ef,,) , we are led to compare i iy with
[Mt+1h mt,€t+1 1 * >mt}

Ct+1

EF|g(ms,e 1%
i FE : t“; o127 ] Let us now define the probability measure P? by < dP > =

EL |h(mt,e} 1)1,

t+1>mt]
EF? [Mm] 1

Ef? [M t+ly (mt’etﬂ)] Epg[ (mt’et-&-l)} .

(u' (z+y)+u'(z—y))

y(u/ (z—y)—u/(z+y))

on R, so that Mt+1 Lex >m and — (mt, €; +1) 1e*+1>mt are comonotonic condition-

ally to F;. We have then (Jouini and Napp 2004, Proposition 1), covf’ (% (me, €yq) ]\//EH) <

0 or equivalently

with

, 1%
9(meeiia) ey, >my . We are led to compare
EP {g(mt,e;l)legﬂzmt]

It is easy to check that the function 2 d(@)y—

is decreasing

s h * 9 | 75 g h *
Ef Mt+1§(mt’et+1):|§EtP [Mt-&-l} Ef [5 (mtvet+1):|

which concludes the proof. W

Proof of Proposition 3.4 1. If P exhibits pessimism with respect to e*,
then by definition of pessimism and since u is concave, we easily obtain that for
all t, My, and v/ (ef.,) are comonotonic conditionally to F;. By Proposition 1
in Jouini-Napp (2004), we deduce that for all probability measure P absolutely
continuous with respect to P, we have for all ¢, covf’ (My1,u' (ef1)) > 0. In
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partlcular we have for all ¢, covl (Mt+1, (e;“H)) > 0 and Etﬁ [u’ (e’t"ﬂ)} >

Ef [u (6t+1)}
2. If P exhibits doubt with respect to e*, then we know that

EL [ (e111)] = BE [ (2my = i) + 0 (€5:2)] Tezm |
and
Ef W' (e11)] = Ef [[ul (2my — efy1) + ' (ef11)] 162‘+12mt} :
Since u has a convex derivative, u' (2m — x) 4+ v’ (x) is nondecreasing on x > m
and we conclude as in the previous case. W
Proof of Proposition 3.5 1. Immediate consequence of Proposition 3.3 and
the fact that the market price of risk under heterogeneous beliefs is the same as

the market price of risk under the subjective belief ().
2. Immediate consequence of Equality 2.6, Proposition 3.4 and Example 2.5.

|
Proof of Proposition 4.1 We have e &(](V[ ))] = 1 and & (Mt'H) =
,z' 9 _ 1
[T 1<Mtl+1) (95 (M) =11 (MZH)(Q ) Ey [£ (M;.)] . Consequently,
Z_ 1
6 N

M = HI 1 (MtZ +1) N; where N, is some F;—measurable random variable. It

i

—2\/5
is easy to see that under our assumptions, the random variable M = Hfil ( . +1) <0’ N ) /2

is comonotonic with —ej,; conditionally to F}, hence the consensus probability is
pessimistic. Proposition 3.3 concludes. W

Proof of Pr0p0s1t10n 4.2 For power utility functions, let us remark that
(& (M )] =N (v — 1) (M) + (£} (M;,)]". Under our assumptions,
since [5; (Mt' H)}n is Fj-measurable, this expression is comonotonic with —ej ;
conditionally to F} and again, Proposition 3.3 concludes. W

Proof of Proposition 4.3 For n = 0, as in the proof of Proposition 4.1,

we have M = szl (MtZ H)(?Z )Nt where V; is some F;—measurable random

variable. Now, if the more risk tolerant agents (i.e. those for which 6; > %)
exhibit doubt (i.e. have a density M;, , that is symmetric with respect to E; [ej 4]

nondecreasing after E; [e}, ] conditionally to F}) and if the less risk tolerant agents

(i.e. those for which 6; < £) are overconfident (i.e. have a density M}, that is
nonincreasing with e}, after E; [ej ] conditionally to F}), we clearly obtain that
M exhibit doubt.

The case 1 # 0 can be similarly treated using the arguments of the proof of
Propositions 4.2. &
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