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Abstract

In this paper, we present a criterion related to the market price of risk in
an equilibrium model, which can be used to order 1) the degree of pessimism of
subjective probabilities, 2) the level of risk aversion of economic agents and 3)
the level of risk of given prospects. This criterion is quite natural and permits to
enlighten the risk premium puzzle. Moreover, it shreds light on the existing links
between the different notions of pessimism, risk aversion and level of risk.
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1. Introduction

We start from an equilibrium model in which the (representative) agent is endowed
with a subjective probability ) different from the initial probability P. We want
to measure the impact of this subjective probability on the equilibrium market
price of risk. In particular, in relation with the Equity premium puzzle!', we are
interested in the characterization of the set of subjective probabilities leading to
an increase of the market price of risk for all utility functions in a given class.

Starting from the empirical findings? of [2], [1] has considered a closely related
problem. He defines a pessimistic agent by the fact that his belief, described by
a probability measure (), is dominated by the initial probability P in the sense
of the first stochastic dominance®. In order to analyze the impact of pessimism
on the equilibrium risk premium, [1] introduces the stronger notion of uniform
pessimism* and proves then that uniform pessimism leads to an increase of the
equilibrium risk premium for power utility functions.

It is intuitively appealing to obtain that pessimism raises the risk premium.
However, the concept of first stochastic dominance-pessimism introduced by [1]
does not seem to be the right concept to reach such a conclusion in a sufficiently
general framework. Indeed, we show that in some cases, pessimism as defined
by [1] leads to a decrease of the risk premium (even in the class of power utility
functions).

We then propose to adopt the converse approach and to say that an agent,
described by his subjective probability (); is more pessimistic than an agent (),
(with respect to a given aggregate wealth e) if the equilibrium market price of risk
is higher under ); than under @), for all utility functions in a given class. We
define, according to which class of utility functions we consider, the pessimism or
market price of risk-dominance of the first order (for all nonincreasing utility func-
tions) and of the second order (for all nonincreasing and concave utility functions).
We show that a necessary and sufficient condition for a probability measure ()4
to be more first order-pessimistic than another probability () (with respect to a
given aggregate wealth e) is that the ”density” of (); with respect to () decreases
with the aggregate wealth e. This is a stronger notion of pessimism than the first

ISee [14] or [12] for a survey.

2The authors prove that a model in which consumers exhibit pessimistic beliefs can better
match sample moments of asset returns than can a rational expectations model. See also the
empirical study in [6], where the authors provide evidence of pessimism in investors forecasts.

i, forallt, Q(X <t)>P(X <t).

‘defined by Q (X <t)=P (X < eAt) for some A > 0.



stochastic dominance. We also provide a necessary and sufficient condition for a
probability measure (), to be more second order-pessimistic than another proba-
bility Q2 (with respect to a given aggregate wealth e) in terms of copositivity of
given matrices. In particular, we show that second order pessimism implies lower
conditional expected values for the total wealth and a higher variance when the
expected wealth is the same under the two probabilities.

We then apply the same “market price of risk” approach to the study of the
risk aversion of a given utility function. We study which (representative) agents
described by their utility functions lead to an increase of the equilibrium market
price of risk. More precisely, we wish to analyze the conditions on the utility
functions u and v which characterize the fact that for all aggregate wealth, the
market price of risk under w is higher than under v. We prove that a necessary and
sufficient condition is that u is more risk averse than v in the sense of Arrow-Pratt
([17]).

We finally apply the same approach to the study of the level of risk of a given
prospect. We shall say that a prospect X is more risky (or less desirable) than
another prospect Y if the relative equilibrium price for X (i.e. its price in terms
of units of riskless asset) is lower than the relative equilibrium price for Y for all
representative agents in a given class. As in the analysis of pessimism, we intro-
duce the concepts of first- and second-order relative equilibrium price dominance.
We obtain that the order induced by the first-order equilibrium relative price
dominance is equivalent to the well-known monotone likelihood ratio (MLR) or-
der (see [13]) and that the order induced by the second-order equilibrium relative
price dominance is equivalent to the central-riskiness order (see [7,8]) for all the
translations of X and Y. More generally, we show that the first- and second-order
relative equilibrium price dominance for given prospects is equivalent to the first-
and second-order market price of risk dominance for their distributions®.

The paper is organized as follows. Section 2 is devoted to the study of the
market price of risk-dominance for given subjective probabilities in relation with
the level of pessimism. Section 3 is devoted to the study of the market price of
risk-dominance for given utility functions in relation with the level of risk aversion.
Section 4 is devoted to the study of the equilibrium relative price-dominance in
relation with the level of risk of given prospects. Section 5 concludes.

The distribution of a random variable X is the probability measure Py on (R, B (R)) such
that Px (A) = P (X € A) for all Borel set A.



2. Pessimism

Let (2, F,P) be a given probability space. We consider a standard 2 dates
Lucas-fruit tree economy, except that we allow the representative agent to have
a subjective belief/opinion. The representative agent solves a standard utility
maximization problem. He has a current income at date ¢t = 0,1 denoted by
(€0, e) and a von Neumann-Morgenstern utility function for consumption of the
form wug(co) + E9 [u(c)], where Q is a probability measure absolutely continu-
ous with respect to P which corresponds to the subjective belief of the agent.
Throughout the paper e is assumed to be nonnegative. If we denote by M the
nonnegative density of () with respect to P, then the utility function can be
rewritten as ug(co) + EY [Mu(c)]. We suppose that the economy is in equilibrium,
i.e. that there exists a nonnegative, nonzero and uniformly bounded price process
6 ¢ such that the optimal consumption plan for the representative agent (under
his budget constraint) coincides with the aggregate wealth of the economy, i.e.
€ = arg MAaXpP{(cy—co)+q(c—e) <0 L Uo(Co) + B [Mu(c)]}. Such an equilibrium, when
it exists, can be characterized by the first order necessary conditions for individ-
ual optimality. When the equilibrium is interior, these conditions are given by
Mu'(e) = uy(eo)q.

It is easy to obtain, as in the classical setting, the CCAPM formula. We
suppose the existence of a riskless asset with price process S° such that S§ = 1 and
Sy = (1 +rf ) for some risk free rate r/. We consider a risky asset with positive
price process S and associated rate of return between date 0 and 1 denoted by

R = g—é — 1. In such a context, since ¢S is a P—martingale, we obtain
EP[R] — 1! = —covpl g ,R} 2.1
R joan 21)

or equivalently

1)1 = o [ ]

EP [Mu! (e)]’
The formula for the risk premium in the standard setting is given by
/
EP IRl — —oouP |20 Bl
[R] — cov {EP m (e)]’R

6Prices are in terms of date-0 consumption units.




In order to analyze the impact of the subjective belief on the value of the risk
premium, we need to be aware of the fact that the possible returns R obtained in
equilibrium are not the same in both settings. What exactly is to be compared 7

We consider an asset, whose terminal payoff at date 1 is given by the aggregate
wealth e. Notice that such an asset exists by market completeness, but obviously
does not have the same price and return in both settings. However, the “risk level”
of such an asset” is modified in the same proportions as the returns. We propose
to compare the market price of risk (i.e., the ratio between the risk premium and

the “level of risk”) in both settings, which leads us to compare —cov” [%, e]

with —cov” [%, e} . The subjective belief setting leads to a higher market

price of risk if and only if

ECfu (e)e] _ ET[u/(e)¢]
EQW! (e)] = EP[u(e)]

(2.3)

Notice that it is equivalent to characterize the probability measures leading to
a higher equilibrium market price of risk (for an asset whose payoff is the ag-
gregate wealth e) or to characterize the probability measures leading to a lower
equilibrium relative price for the aggregate wealth e, where the relative price for
e means the price for e in terms of units of riskless asset. Indeed, in the standard
model, the equilibrium price p? (e) for e is given by EF [qe] = EF [u (€) €] Juj(e)
and the price pP (1) for a riskless asset whose payoff is always 1 is given by

Ef[q [}J ET [u (€)] Jup(eg), hence the equilibrium relative price rp” (e) is given
by Ep” ((e )} We find analogously that the equilibrium relative price in the model
EQ[u/(e)e]

under ) denoted by rp@ (e) is given by ()] According to Inequality (2.3),
the probability measures for which the market price of risk increases are those for
which the equilibrium relative price decreases.

A similar problem is studied in [1] (in a dynamic setting). The definition of
the risk premium is slightly different in [1], since it is equal to the ratio between
the expected return of the considered asset and the riskfree return, instead of the
difference between these two quantities. With this definition (and our notations),
the risk premium in the standard setting (for an asset whose payoff is e) is given
by

EP[R+1]_EP[pPL<e>]_ [e}l/(lwf)_EP[e]
14+rf 14rf pPle) P (e)

measured either by the standard deviation or by a market, (resp. consumption) beta

7

6



Analogously, we obtain that the risk premium in the sense of [1] in the model with

the subjective probability @) is given by TEPZE). The introduction of a subjective

belief leads then to an increase of the equilibrium risk premium in the sense of [1]
if and only if it leads to a decrease of the relative equilibrium price (for e).

To summarize what we have just seen, the probability measures for which the
market price of risk increases are those for which the equilibrium relative price
decreases and they are also those for which the equilibrium risk premium in the
sense of [1] increases. We wish to characterize the set of such probabilities.

The concept of pessimism introduced by [1] is directly related to the first
order stochastic dominance. More precisely, a consumer with a belief described
by a probability measure () is said to be pessimistic in the sense of [1] (with respect
to a random variable e) if for all ¢, @ (e <t) > P (e <t). It is then proved in
[1] that, in a standard Lucas economy, pessimism (with respect to the aggregate
wealth) reduces the equilibrium riskfree rate for power utility functions. However,
in order to analyze the impact of pessimism on the equilibrium risk premium (with
his definition), he introduces the stronger notion of uniform pessimism defined by

Qe<t)=Ple<texpA)

for some A > 0. He proves then that uniform pessimism leads to an increase of
the equilibrium risk premium (for power utility functions).

It is intuitively appealing to obtain that pessimism raises the risk premium.
However, the concept of pessimism introduced by [1] does not seem to be the right
concept to reach such a conclusion in a sufficiently general framework. Indeed, we
show that pessimism as defined by [1] can lead to a decrease of the risk premium
(or equivalently to a decrease of the market price of risk or to an increase of the
relative price) even in the class of power utility functions.

Suppose that e ~ U];;3 and that the density of () with respect to P is given

by f (e) where 1o
f(x):{x—Q on ,[2;3}

It is easy to see on Figure 1 that P dominates () in the sense of the first
stochastic dominance. The probability measure () is then pessimistic in the sense
of [1].

If the representative agent utility function is such that v’ (z) = 1,<2 , we can

u’(e)

easily check that covt (e, f(e)) > 0 where P, has a density FPurey] With respect

to P. Indeed, P, does not charge |2;3] and f (e) increases with e under P,. Now,
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since < %%[EZ’((%?] - %};[Eﬁ/((e e))ef) = ggﬁ:gg% cov™ (e, f(e)), this leads to a decrease of

the equilibrium risk premium.

As it can be seen in Figure 2., () is pessimistic with respect to P but optimistic
with respect to P, (since it is almost surely increasing under P,) and this is the
reason why we obtain a decrease of the equilibrium risk premium.

One could argue that this representative agent utility function is too specific
since it is not strictly increasing nor strictly concave and that P, is not equivalent
to P. However, small perturbations of this function would lead to the same
result. Furthermore, we can check that we would obtain the same result for well
chosen power utility functions (e.g. v/(z) = 7% ). Hence, even in the class of
utility functions studied in [1], the concept of pessimism introduced therein is not
sufficient to guarantee an increase of the equilibrium risk premium.

We propose to adopt the converse approach and to define a pessimistic agent
by the fact that the equilibrium market price of risk is higher under his subjective
probability () than under P for all utility functions in a given class. Analogously,
we shall say that an agent, described by his subjective belief (), is more pessimistic
than an agent (), if the equilibrium market price of risk is higher under ); than
under () for all utility functions in a given class. We recall that it would be
equivalent to require an increase of the risk premium in the sense of [1] or a
decrease of the equilibrium relative price. We shall consider the sets U; of all
continuous nondecreasing functions u on R*_ such that limsup,_, ., «'(z) < co and
U, of all continuous nondecreasing concave® functions u on R .

Definition 2.1. Let e be a nonnegative random variable on ) and let ' be the
sigma-algebra generated by e. Let ()1 and (> denote two probability measures on
(Q, F) such that E% [e] < oo, i = 1,2. We say that Q, is more pessimistic than Q,
- with respect to e - in the sense of the market price of risk (Q1 =y pr, Q2) when for
all utility functions u in U;, E? [u' (€) e] E92 [u' ()] < E92 [u/ (e) e] B9 [u' (e)].

Note that we do not refer anymore to an objective probability in this defini-
tion. However it suffices to consider any probability measure P such that ); and
()> are absolutely continuous with respect to P to recover the interpretation of
% (resp. %) as the equilibrium relative price of e in a market where

the representative agent subjective belief is given by @)1 (resp. by @Qs). Such a
probability P can be, for instance, any positive combination of ()1 and @)s.

8Note that all functions in If; are almost everywhere differentiable and all functions in Us
are almost everywhere twice differentiable.



Remark also that for u in I4; such that Q;(u/(e) # 0) # 0,7 = 1,2, limsup,_, . v/ (z) <
EQi [u’(e)eleZz]
’ EQi [u (e)le>w]
Furthermore this quantity decreases when x goes to zero. Hence £
[u (e)eleZw]
EQi [u (e)leZz]
In the next, we shall also equivalently say that (); dominates ()5 in the sense
of the market price of risk (of the first or of the second order). We shall see that
this dominance concept indeed corresponds to pessimism.
The next Proposition characterizes the first order market price of risk domi-
nance (or first order pessimism). If A is a given subset of €2, we denote by e|,
(resp. @ |4) the restriction of e (resp. Q) to A.

is well defined for x sufficiently large.

ifu/(e)e]
E%iu/ (e)]

oo and since e is integrable
is well

defined at least as the limit of = when z goes to zero.

Proposition 2.2. Let ); and Qs denote two probability measures on (£, F').

1. If @, and Q)2 are equivalent then Q1 =ypr, (2 if and only if there exists a
nondecreasing function h : R — [0, oo] such that dQ2 = h(e).

2. In the general case, Q1 =npr, Q2 if and only if there exist numbers —oo <
xy < x1 < oo and a nondecreasing function h : [x1,xs] — [0, 00] such that
Q2(e < x2) =0, Qi(e > 1) =0, Qa(,, <.,y 18 absolutely continuous with

d dQ2‘{z2<e<zl} — h( )

respect t0 Qi s, <ocay and g 2o

Proof. 1. Let us assume that (); and ()2 are equivalent and that Q1 =y pr, Q2.

We have then E;%ll[f‘u/,((e e))eﬂ < %%22% ©e] for any u in U;. Since F is generated by e, 382

can be written in the form dQ = h( ). Let us prove that the function h is non-

decreasing, or more premsely that the random variable ¢ defined on (R?, B (R?))
by ¢ (x1,22) = h(z2) — h(x1) is P, ® P, almost surely nonnegative on the open
half plane {(z1,x2), 21 < 22} .

Let us assume on the contrary that there exist two Borel real sets A; and
Ay such that ¥ Ay < As, P(A;) # 0,7 = 1,2 and ¢ is P, ® P, almost surely
negative on A; x Ay. We can choose A; and A, such that h(A;) C [a — ¢,a] and
h(A2) C [b,b+¢] for some a <band 0 < e <b—a.

9For two real subsets A; and As, A; < A stands for V(a1,as) € Ay x Az, a1 < as.



1[99z,
We have then Qz(eeAl) il i € [a—¢€,a] and Q2 Qale€a) < [ b+ ¢].

Q1(ecAr) — Q1(€Q€1‘2114) ) 1(e€A2)
Let a > 0 be given and let § = W We have
Q2(A1) Q2(Az)
Bla—e)+(1—-0)b< 0 +(1—-0 <fOa+(1-0)Db+e¢
=t U= =0 @) H 0@y =t 00T
€ A
and for o € (glgﬁigb - ng g — > we obtain «9Q2 g +(1- Q)QQE 2% € (a,b). It
follows then that for such «, deQ is higher (resp. lovver) than %ﬁ‘m on Ay
(resp. Ay).

Let v denote some real number in [sup A;,inf A;] and let the utility function
u be defined by u/(x) = 14, + als,. We have

E% [eu(e)] _ E%[(e—v)la] +aB® (e —7) la]
E%[u(e)] B 1] + aB% [14)] K
B2 (e =) §821a] +aB% (e ) $1a,
- B [1a,] + aB% [y o
Now, since (¢ — ) < 0 and sz > % on A;, we have (e —7) % <

(e —7) % on A;. Analogously we get that (e — )

on A, and one of these inequalities is strict. Hence

dQz < Q2(A1)+0Q2(A2)
dQ1 — Q1(A1)+aQ1(A2)

B2 [en(e)] _ Qal) +0Qu(dy) B [fe —) L] + 0B (e —9) L] | _
E@[(e)] ~ Qu(A) + aQi(As) E@ [1y,] + 0B [14,]
EQl [(6 - 7) 1A1] + aEQl [(6 _ 7) 1A2]
< E@ [1,] + 0B [14,] o
E [eu/(c)]
= B (o)

which contradicts the fact that Q1 =y pr, @2-

Bw(e)e] _ B[R] _ B[ B (o)
ERWE]  paliRue)] B[22

by a density with respect to @1 equal (up to a constant) to u'(e). Since %82 is
nondecreasing in e, we have

d d
] ]

Conversely, where @), is defined
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hence

E® [ (e)e] B [%} E@« [e] B [u' (e)]
BN T we [
E@ [/ (e) €]
= B ()]

2. Let us now consider the general case. We first prove that if Q)1 =ypr, @2,
subsets on which (), is zero correspond to values of e at the right-end of the real
line. Let (A;),_,, be disjoint real subsets such that'’ co(A;) N co(Az) = ) and
such that Q;(e € A;) = 0. Let us define u such that v’ = ala, + 14, with a > 0.
We have E@2 [u/ (e) €] B9 [u/ (e)] — E?2 [u’ (e)] E9* [eu/ ()] > 0 or equivalently

o (EQ2 [eleca,| Q1 [As] — Qo [A4] E [eleeAg]) +E? [eleca,| Q1 [A2] —Qs [A2] E [eleca,] >0

E[eleca, ]

for all @ > 0. If we assume Q;(e € A;) # 0 for i # j, we have —Greenl 2

% which leads to Ay < A;.

Let us now define 21 = inf {z : Q1(e > ) =0} and let A C (—o0,z; —¢) for
some ¢ > 0 such that Q;(e € A) = 0. By construction, Q4 (e € [x; —&,21]) # 0.
If we assume Qs(e € A) # 0, we have [x; — ¢,2;] < A and this is impossible. We
have then Q2(e € A) = 0. Consequently, for all € > 0, Q] {e<z,_e} 1S absolutely
continuous with respect to Q| (e<z1—c} ) hence (2 3 is absolutely continuous
with respect to Q1|{e<$1}.

Symmetrically, if we define x5, = sup{x: Q2(e <z) =0}, we obtain that
Q1| {ap<c} is absolutely continuous with respect to Q3| {ap<e} -

‘{e<:r

If xf, > 21, we take 9 = 27 and h = 0 and we have —oo < 25 < 27 < 00,
Q2(e < z3) = 0, Q1(e > 1) = 0, QQ‘{m2§e§rl} is absolutely continuous with

dQQ‘{mSESM}
respect to Q1l(,,<c<,,) and Ty h(e).

If 2, < x1,we take 2o = x5 and @2y, <.,y and Qi(,, <., are equiva-
lent. The same argument as in 1. gives us then the existence of a nondecreasing
dQ2|{r2<e<z1} .
dQ1|{12<e<zl} o h(e)

If Q1(e=x1) = 0 (resp. # 0) and Q2 (e =x1) = 0 (resp. # 0) then the
previous reasoning can be extended to {z; <e <uz1}. If Q1 (e=xz1) = 0 and

nonnegative function h such that

107f A is a given real subset, we denote by co(A) the convex hull of A.
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Q2 (e = x1) # 0 then it suffices to take h(x;) = oco. Finally, it is easy to check
that we can not have @, (e = z1) # 0 and Q3 (e = 1) = 0. The point z, is treated
analogously.

In order to establish the converse implication, it suffices to prove, for A =
{zy <e <z}, that B9 [u/ () ela] EQ [/ () 14]—E [u/ (e) 14] E9 et (e) 14] >
0 for all u in U;. Remark that this quantity is not modified if we replace @1, Q2
and v’ (€) by Q1l(y,<ccrry s @2limycecs,y a0d U (€) 1{z,<e<ay}. The result is then a
direct consequence of 1. W

It is now easy to provide examples of first order market price of risk dominance.
If e has a normal distribution N (p,01) (resp. N (uy,02)) under ¢y (resp. under
Q2) then Q1 =ppr, Q2 if and only if o7 = 09 and py < ps.

Notice that the comonotonicity condition between % and e (hence our defin-
ition of pessimism) indeed corresponds to some concept of pessimism and this is,
in particular, reflected in the previous examples where pessimism is equivalent to
a lower expected value for e without modification of the risk level. It corresponds
to a stronger notion of pessimism than the first stochastic dominance-pessimism
introduced in [1], since it is immediate to see that if % and e are comonotone
then @ (e <t) > Q2 (e <t) for all ¢.

The second order market price of risk is harder to characterize. Let us first in-
troduce the following notations. Let x; and x5 be given nonnegative real numbers,
we define a (x1) and b(x1, x2) respectively by

a(r1) = E9 lele<a,] E9 le<a,] — E9 [ele<a, ] E& [le<a]
b(z1,22) = E%[elecy,] B [lecg,] + B [elecy,] E¥? [lecy,]
_EQ2 [eleﬁm] EQl [16§9€2] - EQ2 [eleﬁxz} EQl [1e§fv1]

and let us define the polynomial Ry, 4, by Ruy 2,(X) = a(z1)X? + b(z1,29) X +
a(x2). We are now able to provide the following characterization.

Theorem 2.3. Let ()1 and Q)2 denote two probability measures on (), F'). The
following conditions are equivalent:

1. Q1 =mpr, Q2,

2. for all x = (x1,x2) € R2 and for all X > 0 we have R, ,,(X) <0

3. for all x = (x1,22) € R% we have a(x1) < 0 and $b(x1, 22) < \/a(21)a(w,)

12



Proof. We want to have

E@ ' (e)e] _ E9 [ (e) ]
E9u(e)] = E@[u(e)]

for all w in Us. Since any nonincreasing function is an increasing limit of positive
combinations of step functions on the form u'(z) = > | y;1.<,, for some n, and
some (z,y) € R, it suffices to restrict our attention to such functions. We want
then to characterize the following property

Z?:l yz‘EQl {eleﬁm] < Z?:l yz'EQ2 [eleémi]
2?21 Y @ [163’67:] N Z?:l yi @ [16937:}

or equivalently for all real number A, and all (z,y) in R} x R%,

Zn:yiEQz [ele<m )\Zyz e<r < 0= Zy E eleﬁmi]_kzn:yiEQl [162%‘] S 0
=1 =1

=1

V(z,y) € R} x RY,

or in other words for all real number A, and all z in R},

sup Zyz Uele<a;] — A Zy E le<s;] <0.

Z:‘l:l yiEQ2 I:e]-ega: ] )‘Zz 1y’LEQ2 [1e<z }<0 =1

Without loss of generality, we can restrict the last maximization program to the
unit simplex. We have then for any A a linear programming problem on the unit
simplex and the maximum value of the objective must be achieved by a function
on the form v/(z) = Y"1 | y;1.<,, with n < 2. Going backward'!, it is easy to check
then that the M PR, dominance is now characterized by the following property

Z?:l yiEQl [eleﬁxi] < Z?:l yiEQ2 [615§Ii]‘
S LGB [lees] T S0 %iE9 [lecs]

The last condition is satisfied if and only if for all z = (z1,23) € ]R%r and for all
X >0 we have R, ,,(X) <0.
A necessary and sufficient condition for le z, to be nonpositive on R, is

a(x1) <0, a(xe) <0 and b (x1,22) < \/a(r1)a(zz). This ends the proof. B

1 This argument that permits to restrict our attention to the case n = 2 is adapted from ”New
methods in the classical economics of uncertainty : comparing risks” by Gollier and Kimball
(1997), unpublished.

V(z,y) € R x R,
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Even if the previous proposition proposes a characterization of the second
order market price of risk dominance, it is clear that it is still difficult to identify
whether a given probability measure (); is more pessimistic than a probability
measure ()7 in the sense of the second order market price of risk dominance. The
following proposition gives some necessary and/or sufficient conditions for this
dominance.

Proposition 2.4. Let )1 and Qs denote two probability measures on (£, F').

1. If Q1 =ppr, Qo, then for all z, EQ1 [e | e < 2] < E% e e < 1]

2. If Q1 =mpr, Qo, if E9[€?] < o0, i = 1,2 and if E9 [¢] = E% [e] then
Var®@ [e] > Var®: [e]

3. Ifthere exists A such that, for all , E9' [el.<,] < AE9? [el.<,] and Qy {e < x} >
AQ2{e <z}, then Q1 =umpr, Q2.

4. In particular, if for all z, E? [elo<,] < E9el.<,] and Qi {e <z} >
Q2 {e <z}, then Q1 =mpr, Q2

Proof. 1. This is an immediate consequence of the nonpositivity of a(x).
2. Let us first assume that e has a finite support and let € be such that
P{e>e} =0. Taking v/(z) = ( € — x)1,<¢, we have

eE@ [e] — B9 [¢?] - eE@ [e] — B9 [¢?]
e — B9 e -~ &— E%|e

Since we assumed E9 [e] = E? [e], we have E?! [¢?] > E% [¢?] or equivalently
Var@ [e] > Var@ [e]. If e does not have a finite support, we still take u'(z) = (
€ — 2)1,<¢ for some e. Since E? [e*1.<.] (resp. FE?[e*l.<] ) converges to
E91 [e2] (resp. E? [e?]) when € goes to infinity, we have for € > 0 given and for e
sufficiently large

E9 [e"] — "% < B9 [Fle] < E¥ [],  k=0,1,2, i=1,2
We have then

e (E9 [e] — 1e) — B9 [¢?] - eE? [e] — (B9 [e?] —¢)
e — (E9 [¢] — L) T e(1—%e) - E|
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which leads to
2 2

léEQl [e - 671 - 51 [é — E9 [e] — i] < léEQl {e - 671 + 51 [é — E9 [e] + i] :
e e e e
Dividing by € and taking the limit when € goes to infinity and e goes to zero we
obtain E? [e2] > E9 [e?] or equivalently Var®@ [e] > Var? [e] .

3. Let us assume that these inequalities are satisfied. By positive combina-
tions and taking the limit (using the monotone convergence theorem) we obtain
that E9 [eu'(e)] < AE? [eu/(e)] and E® [u/(e)] > AE®@2 [u/(e)] for any u in Us.
Dividing the first inequality by the second one leads to the result.

4. It suffices to take A =1in 3. W

Remark that the necessary condition provided in the first assertion means that
the unconditional as well as the conditional expected values of e under (); are
lower than the corresponding expected values under ();. This condition clearly
corresponds to some kind of pessimism.

The sufficient condition provided in the fourth assertion corresponds to the
first-order stochastic dominance ((); puts more weight on {e <z} than Q) but
also imposes that on {e¢ <z}, ); puts more weight on the low values. This
condition seems to be closely related to the comonotonicity condition that char-
acterizes the first order market price of risk dominance but it can be shown on
simple examples that these two conditions are not equivalent. Figure 3 provides
an example where the conditions of the fourth assumption are satisfied but where
the comonotonicity condition is not.

It is also easy to construct examples where the sufficient condition of the asser-
tion 3 of Proposition 2.4 is satisfied but where the first-order stochastic dominance
is not. Figures 4 and 5 provide such an example.

Finally, remark that we do not modify our dominance concept if we replace
e by e + a where « is a given constant such that e + o remains nonnegative.
However, replacing e by e 4+ « in the sufficient condition of assertion 3. leads to
a weaker condition. We can then replace 3. by the following weaker sufficient
condition 3’ when we still adopt the convention % = 0.

, E@1 (e—essinfe)le<y . e<z
3’ If sup, EQQ[ <] < inf, 8;&;&7 then Q1 =mpr, Q2

[(e—ess inf e) 1695]

The necessary conditions provided by the first assertion of Proposition 2.4 can
clearly be interpreted as a form of pessimism. Nevertheless, the identification of
the ”pessimistic nature” of a probability measure is not always immediate. The

15



next proposition provides us with an example of a class of probability measures
which are shown to be second order pessimistic although the pessimism is not
clearly reflected in the probability distribution.

Proposition 2.5. If the distribution of e under ()5 is symmetric (with respect to
E@ [e]) and if the density of Q, with respect to QQy is a function of e, symmet-
ric with respect to E9? [e], nonincreasing before E9? [e] and nondecreasing after
EQ2 [6] then Ql %MPRQ QQ.

Proof. Suppose that the density of ()1 with respect to ()2 can be written in the
form @ = f (e — E?[e]) where f is an even function, increasing on R.. We
have

E9 (ew' (e))  E?[of (a) (u (m+ o) — ' (m — ) Lax]

E@ (u/ () E?[f (a) (W (m+a)+u' (m—a))lazo]
where m = E9? [¢] and a = e — m. We want to compare this quantity with

E% (e () _ E% [a(u (m+ a) — (m = a)) Lz

B (w(e) | E%[(w (mta)+u (m—a))las]

Letting g (o) = a (v (m — a) —uv' (m+ «a)) and h (o) = (v (m + a) +u' (m — a)),
? a)gla @ @ E® a)g(a
we are led to compare B2 f(@)g(e)Laxa) with = 2l9(@)1azo] or equivalently Ezg({ )9(2)1a ]2 o]

EQ2(f(a)h(alaxo] E2[h(c)1a>0]’
EQ[f(a)h(a)lax0]
E [h(@)lazo|

g(a)lg>0 P9 . P9 h EQQ[ (a )1a20]
T (o tang] We are led to compare B [f ()] with E [f (a) 4 (a)] F (@)l
The probability measure (); dominates (- in the sense of the market price of risk

of the second order if and only if

with . Let us now define the probability measure P? by g dP ° =

Q2 a)ly>o
e T

It is easy to check that the function % : z — (( (7:1+2))+_ “u,((Tn f,,,)))) is decreas-
ing on R,. Since f is increasing, then for any probabl ity measure (), we have
cov® (% (@), f(a )) < 0, and in particular, cov”’ (% (), f(a )) < 0. This implies

that

B 1@t @] < B r)E” |

< E”[f ()]




9 g EQ2|g(a)lq .
and BT’ [f (a)] > ET [f (@) % (a)} M. This concludes the proof of the

Proposition. W

If the probability measures (); and ()2 are like in Proposition 2.5, then e has
the same expectation under the two probabilities and has a higher variance under
(1. Some authors ([1], [6]) interpret this property as doubt. However it is just a
specific case of pessimism and in particular, we have, as stated in our necessary
conditions, for all z, E9 e |e < x| < E%[e|e < x].

Example 2.6. Let us assume that the distribution of e under @) (resp. Q) is
normal with parameters (u,,01) and (g, 09) .

o If iy = py and o0y > oy then Q1 =ypr, Q2,
o If u; < py and o1 = o9 then Q1 =pypr, @2,

o prq < Ho and o1 > 09 then Ql >,=]\/[pR2 QQ.

Proof. If y;, = p, and o; > o5 then the assumptions of Proposition 2.5 are
satisfied and consequently Q1 =ypr, Q2. If 4y < py, and o7 = 02, we have
already seen that Q1 =ypr, @2 and then Q1 =y pr, Q2. If 1y < py and o1 > 09,
the result is obtained by transitivity. W

3. Risk aversion

In the previous section, we have introduced a pessimism-based order on subjective
probabilities by saying that a probability measure is more pessimistic than another
when the market price of risk is higher for all possible representative agent. We
shall in this section proceed analogously concerning the economic agents and their
risk aversion. Intuition suggests that the effect of an increase in risk aversion (in
the sense of Arrow-Pratt, [17]) on the market price of risk ought to be the same
as the effect of an increase in pessimism.

We shall say that an economic agent represented by his utility function v is
more risk averse than an agent u (in the sense of the market price of risk) or
equivalently that v dominates u in the sense of the market price of risk when the
equilibrium market price of risk is higher for agent v than for agent u and we shall
characterize this condition.

We consider the same equilibrium model as in the previous section, except that
we do not assume subjective probabilities. We have seen that if the representative
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agent’s utility function is given by u, then the equilibrium risk premium for an
asset, whose terminal payoff at date 1 is the aggregate wealth e, is given by

—cov? [% (e) . It is immediate that the market price of risk under v is
higher than under u if and only if E[EL ((e )?} < E[[ (( ))]} It is easy to verify that it

would be equivalent to impose that the risk premium in the sense of [1] be higher
or that the equilibrium relative price for e, as defined in the previous section, be
lower under v than under u.

Definition 3.1. Let u,v be in Us. We say that v is more risk averse than u in
the sense of the market price of risk (v =pypr u) when for all probability space

(Q, F, P) and all random variable e on (€, F, P), 2 > Zuiel],

We obtain the following characterization, that proves that our order on the
risk aversion of economic agents is equivalent to the one of Arrow-Pratt ([17]).

Proposition 3.2. For utility functions u and v in Us, the following conditions
are equivalent

1. v =mpr U

2. h =¥ is nonincreasing
u
i w . i .
3. if we further assume that v’ and v’ are continuous then the previous condi
. . 11 1"
tions are also equivalent to —%; > —

u_
u

Proof. In order to obtain the first implication, we suppose that h is not nonin-
creasing, and we shall prove that the first property is then not satisfied. Suppose

that there exist x; < xs for which h (1) < h (z3). Consider the discrete random

variable € which takes two distinct values z; and z, with an equal probability.

( 2) v (z1)z1+0 (z2) 22

Then Eh;,(%ﬂ = g:E)”‘?gu' T Since the function ¢ : t % is decreas-
z]
ing for all a > 0, b > 0, 1 < x2, and since ZEE% > 1, we easily obtain that
h(xzg) 1 /
v (J}1)JJ1+U (a)g)a?g ’ ’ 1(=\= —\=
h(z1) v’ (z1)z1+v' (z2) T2 E[v (e)e] E[v'(e)e]
Mo o)/ (02) ) 1O FE) < Ee)

For the converse implication, suppose that h = Z—: is nomncreasing Let A =

El (e)e] E[u' (e)] — Eu'(e)e] E[v' (e)]. Then A = E[u (e )] cov@ (b (e) ,e)

(e

-5 is given (up to a constant) by u’(e). We have A < 0 if and only

dpP
where
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if cov™ @ (h(e),e) < 0. Now, since h is nonincreasing, we know that for any
probability measure Q , cov® (h(e),e) < 0, which proves the implication.

Now, h is nonincreasing if and only if v"u — v'u” < 0, or equivalently for u
and v in Us, if and only if —”U—/,' > —Z—l,/. [ ]

Other necessary and sufficient conditions for v to dominate u in the sense of
the market price of risk are that v can be written in the form v = T o u for some
concave function T or that for all random variables, the "risk premium”'? under
v, denoted by 7 is greater than 7“, the risk premium under v . Moreover, we
deduce from this proposition that in the classical portfolio allocation problem,
with one risky asset and one riskless asset with zero rate of return, if v >=y/pr u,
then for the same initial wealth w, the optimal fraction of the portfolio invested
in risky asset for agent v denoted by o, is lower than the optimal fraction of the
portfolio invested in risky asset for agent u denoted by a“. More generally, all
results that are valid under Arrow-Pratt (absolute) risk aversion order, remain
valid under our ”"market price of risk” order.

4. Level of risk

The most common orders on risky assets are the first and the second stochastic
dominance relations (see [18,19]). They provide a natural and easily verifiable
partial order on assets that certain classes of utility functions preserve. However,
they fail to provide nice comparative statics. In particular, an FSD shift in the
distribution of random returns of an asset does not necessarily induce a risk averse
decision maker to increase his holdings of that improved asset ([5]) and an SSD
increase in risk in the return of an asset does not induce all risk averters to reduce
their demand for that asset (see [19]). Facing such a negative result, essentially
three stratregies have been adopted in the literature. First, to impose restrictions
on the economic model represented by the payoff function accruing to the decision
maker (see e.g. [15]). Second, to impose restrictions on the preferences of the
economic agents (e.g. [9,18,19]). The third strategy is the one that has been
the most adopted, and consists in introducing new orders on the desirability of
risky assets. For instance, in [13] the authors prove that if returns on risky assets
are ordered by the monotone likelihood ratio order, then dominating assets will
be more desired by all investors with nondecreasing utility functions. In [16], the
authors prove that the changes in risky asset distribution that lead all agents whose

12The "risk premium” under u of a random variable z denotes here the quantity 7% (z) =
E[2] — C" (2), where the certainty equivalent C (z) is such that u (C* (2)) = E [u (2)].
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choice under certainty is monotonic in the exogeneous variable to increase their
choice variable under uncertainty are those satisfying the monotone likelihood
ratio dominance. The monotone probability ratio order is introduced in [4] and
is more general than the monotone likelihood ratio. In [7], the author shows
that a necessary and sufficient condition for unambiguous comparative statics for
any risk averse agent in the standard portfolio problem is the central riskiness
dominance.

In this section, we adopt the same ”market price of risk” approach as in the
previous sections in order to rank the desirability (or the level of risk) of different
prospects. Intuition suggests that the effect on the market price of risk of an
increase in risk ought to be the same as the effect of an increase in pessimism or in
risk aversion'®. By analogy with the previous sections, we shall say that a prospect
X is more risky (or less desirable) than another prospect Y when B (OX]

EW/ (X)) —
%. Since the equilibrium relative price for (the aggregate wealth) X, i.e

the price for X in terms of units of riskless asset, denoted by rp? (X), is given

by %, this amounts to saying that a prospect X is more risky (or less

desirable) than another prospect Y when the equilibrium relative price for (the
aggregate wealth) X is lower than the equilibrium relative price for Y. We shall
say equivalently that Y dominates X in the sense of the relative price. If E'[X] =
E[Y], this is equivalent to the fact that the risk premium in the sense of [1]
is higher for X than for Y. If the prospects X and Y have the same standard
deviation oy = oy, then the condition that rp” (X) be lower than rp” (Y) is
equivalent to the condition that the market price of risk (i.e., the ratio between
the risk premium and the standard deviation) for X be higher than the market
price of risk for Y. As in the analysis of pessimism, we define the concepts of first-
and second-order relative price dominance.

Definition 4.1. Let X and Y denote nonnegative random variables on ({2, F, P)
such that F [X] < oo and E[Y] < oo. Then X is said to be more risky than

Y in the sense of the equilibrium relative price (Y =gp, X) when for all utility
Bl (X)X] _ E[/(Y)Y]
Ew(X)] — EN)] "

functions u in U;,

The following lemma permits to establish a link between this concept of risk-
iness and the concept of pessimism that we developed in Section 2.

13See [3,11, 16], among others on the relation between the effect of an increase in risk aversion
and the effect of an increase in risk on the level of a choice variable.
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Lemma 4.2. Let X and Y denote nonnegative random variables on (€2, F, P)
such that E[X] < oo and E[Y] < oco. Let Px and Py denote respectively the
distributions of X and Y and let e be the random variable defined on R, by
e (w) = w. Then the two following conditions are equivalent :

1. Y zrp, X

2. Px =mpr, Py (with respect to e).

. ) .o El/(X)X] E[u/(Y)Y]

Proof. By definition, Y =gp, X if and only if B () < B (7)) /for all u
in U; or equivalently if and only if for all u in U, ffmu%(%);gf < ffm;(%)dcfyy or
ElX[ew'(e)]  EY[eu'(e)]

EPX W/ (e)] — EPY[u/(e)]

We easily obtain that the order induced by the first-order relative price dom-
inance (RP;) is equivalent to the well-known monotone likelihood ratio (MLR)
order. We recall'* that Y is said to dominate X in the sense of the monotone likeli-
hood ratio (Y =pr X) if there exist numbers —oo < 27 < x5 < 0o and a nonde-
creasing function h : [x1, x2] — [0, 00] such that P (Y < x;) =0, P(X > z2) =0
and dFy (x) = h(x) dFx (x) on [z1, z3]. The MLR order is widely used in the sta-
tistical literature. It has been introduced for measuring the desirability of risky
assets in a portfolio setting in [13].

Proposition 4.3. Let X and Y denote random variables on (2, F, P) such that
E[X] < o0 and E Y] < co. The following conditions are equivalent:

1Y pp X

2.Y =ur X

Proof. This is a direct consequence of Lemma 4.2 and of Proposition 2.2. B
This means that a necessary and sufficient condition for a random variable Y
to have a higher equilibrium relative price than X for all nondecreasing utility
functions in U; is that Y dominates X in the sense of the monotone likelihood
ratio. We deduce from Proposition 4.3 that all results that are known to be valid
for the M LR order remain valid for our order. In particular, we deduce that
the RP, order is stronger than the F'SD order. We have in mind some classical
examples of M LR dominance that become classical examples of RP; dominance.

Msee [13].
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First, if two distributions have disjoint convex supports, then the distribution
with the “higher” support dominates in the sense of the relative price the other
one. Second, if a random variable has two-point support, then increasing the
probability of the good outcome is an RP; improvement. If the initial distribution
is strongly unimodal, that is, it possesses a density function that is log concave
(a class that includes the normal, uniform and exponential distributions), then
adding a constant to the random variable leads to an RP; change'®. In the
setting of portfolio allocations, we easily deduce from the result in [13] mentioned
at the beginning of this section, that if returns on risky assets are ordered by
the RP; order, then dominating assets will be more desired by all investors with
nondecreasing utility functions.

The second order dominance is harder to characterize. However, as we have
seen in Lemma 4.2, Y dominates X in the sense RP; if and only if Px =y pgr, Py
(with respect to e). Let us introduce the following notations. Let z; and x5 be
given nonnegative real numbers, we define a (1) (res b(z1, x2) respectively by

a(z1) = E[Xlx<y) ol = EYly<y | Elx<y,]
b(r1,22) = E[X1x<y,] o) T B [ X1xca,] Ely<a)
—-K {Ylygrl} E [1XS962] - F [Y1Y§$2] E [1XS21]

Ely<
FE [1y§

and let us define the polynomial Ry, 4, by Ry en(X) = @(x1)X? + b(21, 22) X +
a(x2).The following results are then direct consequences of the M PR, properties.

Theorem 4.4. Let X and Y denote random variables on (2, F, P) such that
FE[X] < o0 and E[Y] < co. The four following conditions are equivalent:

1. Y >=grp, X,

Sl wiBXixse,] o XL wB[Ylve,]
Y viElx<;,] T YiiviE[ly<a]

2. ¥(z,y) € RZ x R3,
3. for all ¥ = (21, 22) € R and for all X > 0 we have Ry, ,,(X) <0
4. for all x = (z1,z2) € R2 we have a(z;) < 0 and %i)(ml,xg) < Va(xy)a(zs)

Proposition 4.5. Let X and Y denote random variables on (2, F, P) such that
FE[X] < oo and E[Y] < 0.

15 Alternative restrictions on the initial distribution allow for different linear transformations
(see [16]).
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1. If Y =gp, X, then for allz, E[X | X <z| < E[Y | Y < 1]
2. IfY =gp, X and F'[X] = E Y] then Var [X]| > Var[Y]

E[Xlxgz]

3. If sup, EVye] < inf, 22} pont6 v =rp, X, .

T P{Y<z}

4. In particular, iffor allz, E [X1x<,] < E[Y1ly<,Jand P{X <z} > P{Y <},
then Y %Rp2 X.

Example 4.6. Let us assume that X and Y have normal (or log-normal) distri-
butions respectively with parameters (pix,0x) and (py,oy). If gy > py and ox
> oy thenY =grp, X.

The equivalence between 1, 3 and 4 in Theorem 4.4 is a direct consequences
of Lemma 4.2 and of Theorem 2.3. Condition 2 appears in the proof of Theorem
2.3. In fact this condition is exactly the same as in [8] and has been introduced
in this last reference in order to characterize a reduction of the demand in risky
asset when there is a shift in returns from Y to X and when the riskless rate is
unspecified.

More precisely, let us assume that a given agent has the possibility to invest
in a given riskless asset whose return is given by 1+ > 0 and in an asset whose
returns are given by X. The agent is endowed with a concave utility function u and
an initial wealth w and maximizes his expected utility E [u(w + a(X — (1 +71))]
by the choice of the amount « invested in the risky asset. Let us denote by ax his
optimal demand in that asset. Let us also denote by ay his optimal demand in
the risky asset when we replace X by Y. It is proved in [8] that we have ay > ay if
and only if the second assertion of Theorem 4.4 is satisfied. The next proposition
and its proof provide a direct argument starting from our definition.

Proposition 4.7. IfY =grp, X and if E [X] > 1+ r then regardless of the initial
endowment and of the (concave) utility function defined on R as a whole we have
ay Z ax.

Proof. The amount ay satisfies £ [(X — (1 +7))v'(w+ ax(X — (1 +7)))]=0o0r
equivalently F [(Xv'(X)] = E[(v'(X)] where v(z) = u(w + ax(x — (1 +r))). The

160nce again we adopt the convention % =0.
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function @« — E[(X — (1 +7))u/(w + a(X — (1 +7)))] has a nonpositive deriva-
tive and since E[X] > 1+ r we have ax > 0. The function v is then nonde-
creasing and concave and by definition of the RP, order we have, E [(Yv'(Y)] >
E[(V'(Y)] or equivalently F[(Y — (14 r))u/(w+ ax(Y — (1 +7)))] > 0 . Since
ay solves E[(Y — (1 +7))u'(w+ ay(Y — (1 +7)))] = 0 and by monotonicity of
a—E[Y -0+ (w+aY —(1+7)))], we have ay > ax. B

The condition E [X] > 1 + r guarantees that axy > 0 and means that X is
desirable. This condition is natural when we have equilibrium models in mind.
The fact that u is defined on R as a whole eliminates boundary problems. We can
instead impose interior solutions for the first order conditions.

When the riskless rate is given, then [7] characterizes the reduction of the
demand in risky asset by the ”central riskiness around r” (C'R(r))dominance. It
appears then that our RP, dominance is equivalent to the C'R(r) for all r or
equivalently to the C'R(0) dominance for X —r and Y — r for all 7. In [8], this
property is denoted by N,.CR(r).

Proposition 2.5 permits then to construct simple examples of such central
riskiness dominance.

5. Conclusion

We have introduced a new criterion directly linked to the market price of risk in
an equilibrium model in order to measure the pessimism of a given probability
belief. We have seen how this criterion can be applied to propose a measure of
the risk aversion of a given utility function as well as a measure of the level of risk
of a given prospect.

We have given necessary and sufficient conditions on the probability belief, on
the utility function, on the level of risk of the aggregate wealth for an increase of
the market price of risk. For given subjective probability beliefs (); and ()2, the
market price of risk is higher under ), than under (); for any nondecreasing utility
function if and only if (); is more pessimistic in the sense that the density of (),
with respect to () is anticomonotone with aggregate wealth. We also propose a
concept of pessimism associated to a second order dominance (when we deal with
the class of nondecreasing concave utility functions). For given utility functions
u and v, the market price of risk is higher under v than under w if and only if v
is more risk averse in the sense of Arrow-Pratt. For given prospects X and Y,
the market price of risk is higher for Y than for X for any nondecreasing utility
function if and only if X dominates Y in the sense of the monotone likelihood
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ratio. Furthermore, the market price of risk is higher for Y than for X for any
nondecreasing concave utility function if and only if, for all r;, X — r dominates
Y — r in the sense of the central riskiness.
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FIGURES
Figure 1

This figure represents the distribution functions of () (dashed line) and P (solid
line).
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Figure 2

This figure represents the density of P, (solid line) as well as the density of () with
respect to P.
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Figure 3

This figure represents a situation where the conditions of the fourth assertion of
Proposition 2.4 are satisfied but where the comonotonicity condition is not satisfied.
More precisely, we have e = (0,1,2), Q1= (%,%,%) and Qo= (%,%,%). The solid (resp.
dashed) thin line represents the distribution function of Q2 (resp. @)1). The solid (resp.
dashed) thick line represents the function E9' [el.<,] (resp. E9? [el.<,]). The thin

(resp. thick) dashed line is clearly above (resp. below) the solid one. The sufficient

condition of assertion 4. is then satisfied. The dot-dash line represents % and is clearly
nonmonotone.
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Figure 4 & 5

These figures represent a situation where the conditions of the third assertion of
Proposition 2.4 are satisfied but without the first order stochastic dominace. More
precisely, we have e = (0, 1,2), Q1= (%,%,%) and Qo= (%,g,%). In the first figure, the
solid (resp. dashed) thin line represents the distribution function of Q3 (resp. QJ1). The
solid (resp. dashed) thick line represents the function E?! [el.<,] (resp. E9? [ele<y]).
We clearly do not have first stochastic dominance. In the second figure, the dashed lines
are the same as in the previous one and the solid lines correspond to AQ, [e < z] and

AE? [elo<,] with A :% and the conditions of the third assertion are clearly satisfied.
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