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Devwudfw

Lq wklv sdshu/ zh suhvhqw d fulwhulrq uhodwhg wr wkh pdunhw sulfh ri ulvn lq
dq htxloleulxp prgho/ zklfk fdq eh xvhg wr rughu 4, wkh ghjuhh ri shvvlplvp ri
vxemhfwlyh suredelolwlhv/ 5, wkh ohyho ri ulvn dyhuvlrq ri hfrqrplf djhqwv dqg 6,
wkh ohyho ri ulvn ri jlyhq survshfwv1 Wklv fulwhulrq lv txlwh qdwxudo dqg shuplwv wr
hqoljkwhq wkh ulvn suhplxp sx}}oh1 Pruhryhu/ lw vkuhgv oljkw rq wkh h{lvwlqj olqnv
ehwzhhq wkh gl�huhqw qrwlrqv ri shvvlplvp/ ulvn dyhuvlrq dqg ohyho ri ulvn1

Nh|zrugv = shvvlplvp/ rswlplvp/ grxew/ vwrfkdvwlf grplqdqfh/ ulvn suhplxp/
ulvnlqhvv/ ulvn dyhuvlrq/ pdunhw sulfh ri ulvn

MHO qxpehuv = G;4/ J44
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41 Lqwurgxfwlrq

Zh vwduw iurp dq htxloleulxpprgho lq zklfk wkh +uhsuhvhqwdwlyh, djhqw lv hqgrzhg
zlwk d vxemhfwlyh suredelolw| ' gl�huhqw iurp wkh lqlwldo suredelolw| �� Zh zdqw
wr phdvxuh wkh lpsdfw ri wklv vxemhfwlyh suredelolw| rq wkh htxloleulxp pdunhw
sulfh ri ulvn1 Lq sduwlfxodu/ lq uhodwlrq zlwk wkh Htxlw| suhplxp sx}}oh4/ zh duh
lqwhuhvwhg lq wkh fkdudfwhul}dwlrq ri wkh vhw ri vxemhfwlyh suredelolwlhv ohdglqj wr
dq lqfuhdvh ri wkh pdunhw sulfh ri ulvn iru doo xwlolw| ixqfwlrqv lq d jlyhq fodvv1

Vwduwlqj iurp wkh hpslulfdo �qglqjv5 ri d2o/ d�o kdv frqvlghuhg d forvho| uhodwhg
sureohp1 Kh gh�qhv d shvvlplvwlf djhqw e| wkh idfw wkdw klv eholhi/ ghvfulehg e|
d suredelolw| phdvxuh 'c lv grplqdwhg e| wkh lqlwldo suredelolw| � lq wkh vhqvh
ri wkh �uvw vwrfkdvwlf grplqdqfh61 Lq rughu wr dqdo|}h wkh lpsdfw ri shvvlplvp
rq wkh htxloleulxp ulvn suhplxp/ d�o lqwurgxfhv wkh vwurqjhu qrwlrq ri xqlirup
shvvlplvp7 dqg suryhv wkhq wkdw xqlirup shvvlplvp ohdgv wr dq lqfuhdvh ri wkh
htxloleulxp ulvn suhplxp iru srzhu xwlolw| ixqfwlrqv1

Lw lv lqwxlwlyho| dsshdolqj wr rewdlq wkdw shvvlplvp udlvhv wkh ulvn suhplxp1
Krzhyhu/ wkh frqfhsw ri �uvw vwrfkdvwlf grplqdqfh0shvvlplvp lqwurgxfhg e| d�o
grhv qrw vhhp wr eh wkh uljkw frqfhsw wr uhdfk vxfk d frqfoxvlrq lq d vx!flhqwo|
jhqhudo iudphzrun1 Lqghhg/ zh vkrz wkdw lq vrph fdvhv/ shvvlplvp dv gh�qhg
e| d�o ohdgv wr d ghfuhdvh ri wkh ulvn suhplxp +hyhq lq wkh fodvv ri srzhu xwlolw|
ixqfwlrqv,1

Zh wkhq sursrvh wr dgrsw wkh frqyhuvh dssurdfk dqg wr vd| wkdw dq djhqw/
ghvfulehg e| klv vxemhfwlyh suredelolw| '� lv pruh shvvlplvwlf wkdq dq djhqw '2

+zlwk uhvshfw wr d jlyhq djjuhjdwh zhdowk e, li wkh htxloleulxp pdunhw sulfh ri ulvn
lv kljkhu xqghu '� wkdq xqghu '2 iru doo xwlolw| ixqfwlrqv lq d jlyhq fodvv1 Zh
gh�qh/ dffruglqj wr zklfk fodvv ri xwlolw| ixqfwlrqv zh frqvlghu/ wkh shvvlplvp ru
pdunhw sulfh ri ulvn0grplqdqfh ri wkh �uvw rughu +iru doo qrqlqfuhdvlqj xwlolw| ixqf0
wlrqv, dqg ri wkh vhfrqg rughu +iru doo qrqlqfuhdvlqj dqg frqfdyh xwlolw| ixqfwlrqv,1
Zh vkrz wkdw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru d suredelolw| phdvxuh '�

wr eh pruh �uvw rughu0shvvlplvwlf wkdq dqrwkhu suredelolw| '2 +zlwk uhvshfw wr d
jlyhq djjuhjdwh zhdowk e, lv wkdw wkh �ghqvlw|� ri '� zlwk uhvshfw wr '2 ghfuhdvhv
zlwk wkh djjuhjdwh zhdowk e1 Wklv lv d vwurqjhu qrwlrq ri shvvlplvp wkdq wkh �uvw

4Vhh ^47` ru ^45` iru d vxuyh|1
5Wkh dxwkruv suryh wkdw d prgho lq zklfk frqvxphuv h{klelw shvvlplvwlf eholhiv fdq ehwwhu

pdwfk vdpsoh prphqwv ri dvvhw uhwxuqv wkdq fdq d udwlrqdo h{shfwdwlrqv prgho1 Vhh dovr wkh
hpslulfdo vwxg| lq ^9`/ zkhuh wkh dxwkruv surylgh hylghqfh ri shvvlplvp lq lqyhvwruv iruhfdvwv1

6 l1h1/ iru doo w> T +[ � w, � S +[ � w,1
7gh�qhg e| T +[ � w, @ S

�

[ � h�w
�

iru vrph � A 3=
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vwrfkdvwlf grplqdqfh1 Zh dovr surylgh d qhfhvvdu| dqg vx!flhqw frqglwlrq iru d
suredelolw| phdvxuh '� wr eh pruh vhfrqg rughu0shvvlplvwlf wkdq dqrwkhu sured0
elolw| '2 +zlwk uhvshfw wr d jlyhq djjuhjdwh zhdowk e, lq whupv ri frsrvlwlylw| ri
jlyhq pdwulfhv1 Lq sduwlfxodu/ zh vkrz wkdw vhfrqg rughu shvvlplvp lpsolhv orzhu
frqglwlrqdo h{shfwhg ydoxhv iru wkh wrwdo zhdowk dqg d kljkhu yduldqfh zkhq wkh
h{shfwhg zhdowk lv wkh vdph xqghu wkh wzr suredelolwlhv1

Zh wkhq dsso| wkh vdph �pdunhw sulfh ri ulvn� dssurdfk wr wkh vwxg| ri wkh
ulvn dyhuvlrq ri d jlyhq xwlolw| ixqfwlrq1 Zh vwxg| zklfk +uhsuhvhqwdwlyh, djhqwv
ghvfulehg e| wkhlu xwlolw| ixqfwlrqv ohdg wr dq lqfuhdvh ri wkh htxloleulxp pdunhw
sulfh ri ulvn1 Pruh suhflvho|/ zh zlvk wr dqdo|}h wkh frqglwlrqv rq wkh xwlolw|
ixqfwlrqv � dqg � zklfk fkdudfwhul}h wkh idfw wkdw iru doo djjuhjdwh zhdowk/ wkh
pdunhw sulfh ri ulvn xqghu � lv kljkhu wkdq xqghu �1 Zh suryh wkdw d qhfhvvdu| dqg
vx!flhqw frqglwlrq lv wkdw � lv pruh ulvn dyhuvh wkdq � lq wkh vhqvh ri Duurz0Sudww
+d�.o,1

Zh �qdoo| dsso| wkh vdph dssurdfk wr wkh vwxg| ri wkh ohyho ri ulvn ri d jlyhq
survshfw1 Zh vkdoo vd| wkdw d survshfw f lv pruh ulvn| +ru ohvv ghvludeoh, wkdq
dqrwkhu survshfw t li wkh uhodwlyh htxloleulxp sulfh iru f +l1h1 lwv sulfh lq whupv
ri xqlwv ri ulvnohvv dvvhw, lv orzhu wkdq wkh uhodwlyh htxloleulxp sulfh iru t iru doo
uhsuhvhqwdwlyh djhqwv lq d jlyhq fodvv1 Dv lq wkh dqdo|vlv ri shvvlplvp/ zh lqwur0
gxfh wkh frqfhswv ri �uvw0 dqg vhfrqg0rughu uhodwlyh htxloleulxp sulfh grplqdqfh1
Zh rewdlq wkdw wkh rughu lqgxfhg e| wkh �uvw0rughu htxloleulxp uhodwlyh sulfh
grplqdqfh lv htxlydohqw wr wkh zhoo0nqrzq prqrwrqh olnholkrrg udwlr +POU, ru0
ghu +vhh d��o, dqg wkdw wkh rughu lqgxfhg e| wkh vhfrqg0rughu htxloleulxp uhodwlyh
sulfh grplqdqfh lv htxlydohqw wr wkh fhqwudo0ulvnlqhvv rughu +vhh d.c Ho, iru doo wkh
wudqvodwlrqv ri f dqg t 1 Pruh jhqhudoo|/ zh vkrz wkdw wkh �uvw0 dqg vhfrqg0rughu
uhodwlyh htxloleulxp sulfh grplqdqfh iru jlyhq survshfwv lv htxlydohqw wr wkh �uvw0
dqg vhfrqg0rughu pdunhw sulfh ri ulvn grplqdqfh iru wkhlu glvwulexwlrqv81

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lv ghyrwhg wr wkh vwxg| ri wkh
pdunhw sulfh ri ulvn0grplqdqfh iru jlyhq vxemhfwlyh suredelolwlhv lq uhodwlrq zlwk
wkh ohyho ri shvvlplvp1 Vhfwlrq 6 lv ghyrwhg wr wkh vwxg| ri wkh pdunhw sulfh ri
ulvn0grplqdqfh iru jlyhq xwlolw| ixqfwlrqv lq uhodwlrq zlwk wkh ohyho ri ulvn dyhuvlrq1
Vhfwlrq 7 lv ghyrwhg wr wkh vwxg| ri wkh htxloleulxp uhodwlyh sulfh0grplqdqfh lq
uhodwlrq zlwk wkh ohyho ri ulvn ri jlyhq survshfwv1 Vhfwlrq 8 frqfoxghv1

8Wkh glvwulexwlrq ri d udqgrp yduldeoh [ lv wkh suredelolw| phdvxuh S[ rq +U> E +U,, vxfk
wkdw S[ +D, @ S +[ 5 D, iru doo Eruho vhw D=
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51 Shvvlplvp

Ohw Elc I c � � eh d jlyhq suredelolw| vsdfh1 Zh frqvlghu d vwdqgdug 5 gdwhv
Oxfdv0iuxlw wuhh hfrqrp|/ h{fhsw wkdw zh doorz wkh uhsuhvhqwdwlyh djhqw wr kdyh
d vxemhfwlyh eholhi2rslqlrq1 Wkh uhsuhvhqwdwlyh djhqw vroyhv d vwdqgdug xwlolw|
pd{lpl}dwlrq sureohp1 Kh kdv d fxuuhqw lqfrph dw gdwh | ' fc � ghqrwhg e|
Eefc e� dqg d yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq iru frqvxpswlrq ri wkh
irup �fESf� n .' d�ES�o c zkhuh ' lv d suredelolw| phdvxuh devroxwho| frqwlqx0
rxv zlwk uhvshfw wr � zklfk fruuhvsrqgv wr wkh vxemhfwlyh eholhi ri wkh djhqw�
Wkurxjkrxw wkh sdshu e lv dvvxphg wr eh qrqqhjdwlyh1 Li zh ghqrwh e| � wkh
qrqqhjdwlyh ghqvlw| ri ' zlwk uhvshfw wr � / wkhq wkh xwlolw| ixqfwlrq fdq eh
uhzulwwhq dv �fESf�n.� d��ES�o � Zh vxssrvh wkdw wkh hfrqrp| lv lq htxloleulxp/
l1h1 wkdw wkhuh h{lvwv d qrqqhjdwlyh/ qrq}hur dqg xqlirupo| erxqghg sulfh surfhvv
9 ^ vxfk wkdw wkh rswlpdo frqvxpswlrq sodq iru wkh uhsuhvhqwdwlyh djhqw +xqghu
klv exgjhw frqvwudlqw, frlqflghv zlwk wkh djjuhjdwh zhdowk ri wkh hfrqrp|/ l1h1
e ' @h}4@ .� dESf3ef�n^ES3e�o$f

�

�fESf� n .� d��ES�o
�

1 Vxfk dq htxloleulxp/ zkhq
lw h{lvwv/ fdq eh fkdudfwhul}hg e| wkh �uvw rughu qhfhvvdu| frqglwlrqv iru lqglylg0
xdo rswlpdolw|1 Zkhq wkh htxloleulxp lv lqwhulru/ wkhvh frqglwlrqv duh jlyhq e|
���Ee� ' ��

fEef�^1
Lw lv hdv| wr rewdlq/ dv lq wkh fodvvlfdo vhwwlqj/ wkh FFDSP irupxod1 Zh

vxssrvh wkh h{lvwhqfh ri d ulvnohvv dvvhw zlwk sulfh surfhvv 7f vxfk wkdw 7f
f ' � dqg

7f
� '

�

� n os
�

iru vrph ulvn iuhh udwh os 1 Zh frqvlghu d ulvn| dvvhw zlwk srvlwlyh
sulfh surfhvv 7 dqg dvvrfldwhg udwh ri uhwxuq ehwzhhq gdwh f dqg � ghqrwhg e|
- � 7�

7f
� �1 Lq vxfk d frqwh{w/ vlqfh ^7 lv d � �pduwlqjdoh/ zh rewdlq

.� d-o � os ' �SJ��

�

^

.� d^o
c -

�

+514,

ru htxlydohqwo|

.� d-o � os ' �SJ��

�

��� Ee�

.� d��� Ee�o
c -

�

� +515,

Wkh irupxod iru wkh ulvn suhplxp lq wkh vwdqgdug vhwwlqj lv jlyhq e|

.� d-o � os ' �SJ��

�

�� Ee�

.� d�� Ee�o
c -

�

�

9Sulfhv duh lq whupv ri gdwh03 frqvxpswlrq xqlwv1
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Lq rughu wr dqdo|}h wkh lpsdfw ri wkh vxemhfwlyh eholhi rq wkh ydoxh ri wkh ulvn
suhplxp/ zh qhhg wr eh dzduh ri wkh idfw wkdw wkh srvvleoh uhwxuqv - rewdlqhg lq
htxloleulxp duh qrw wkh vdph lq erwk vhwwlqjv1 Zkdw h{dfwo| lv wr eh frpsduhg B

Zh frqvlghu dq dvvhw/ zkrvh whuplqdo sd|r� dw gdwh � lv jlyhq e| wkh djjuhjdwh
zhdowk e� Qrwlfh wkdw vxfk dq dvvhw h{lvwv e| pdunhw frpsohwhqhvv/ exw reylrxvo|
grhv qrw kdyh wkh vdph sulfh dqg uhwxuq lq erwk vhwwlqjv1 Krzhyhu/ wkh �ulvn ohyho�
ri vxfk dq dvvhw: lv prgl�hg lq wkh vdph sursruwlrqv dv wkh uhwxuqv1 Zh sursrvh
wr frpsduh wkh pdunhw sulfh ri ulvn +l1h1/ wkh udwlr ehwzhhq wkh ulvn suhplxp dqg

wkh �ohyho ri ulvn�, lq erwk vhwwlqjv/ zklfk ohdgv xv wr frpsduh �SJ��
k

��Ee�
.� d��Ee�o

c e
l

zlwk �SJ��
k

���Ee�
.� d���Ee�o

c e
l

1 Wkh vxemhfwlyh eholhi vhwwlqj ohdgv wr d kljkhu pdunhw

sulfh ri ulvn li dqg rqo| li

.' d�� Ee� eo

.' d�� Ee�o
�

.� d�� Ee� eo

.� d�� Ee�o
� +516,

Qrwlfh wkdw lw lv htxlydohqw wr fkdudfwhul}h wkh suredelolw| phdvxuhv ohdglqj wr
d kljkhu htxloleulxp pdunhw sulfh ri ulvn +iru dq dvvhw zkrvh sd|r� lv wkh dj0
juhjdwh zhdowk e� ru wr fkdudfwhul}h wkh suredelolw| phdvxuhv ohdglqj wr d orzhu
htxloleulxp uhodwlyh sulfh iru wkh djjuhjdwh zhdowk e/ zkhuh wkh uhodwlyh sulfh iru
e phdqv wkh sulfh iru e lq whupv ri xqlwv ri ulvnohvv dvvhw1 Lqghhg/ lq wkh vwdqgdug
prgho/ wkh htxloleulxp sulfh R� Ee� iru e lv jlyhq e| .� d^eo ' .� d�� Ee� eo *��

fEef�
dqg wkh sulfh R� E�� iru d ulvnohvv dvvhw zkrvh sd|r� lv dozd|v � lv jlyhq e|
.� d^o ' .� d�� Ee�o *��

fEef�c khqfh wkh htxloleulxp uhodwlyh sulfh oR� Ee� lv jlyhq

e| .� d��Ee�eo
.� d��Ee�o

� Zh �qg dqdorjrxvo| wkdw wkh htxloleulxp uhodwlyh sulfh lq wkh prgho

xqghu ' ghqrwhg e| oR' Ee� lv jlyhq e| .'d��Ee�eo
.'d��Ee�o

� Dffruglqj wr Lqhtxdolw| E2��� c
wkh suredelolw| phdvxuhv iru zklfk wkh pdunhw sulfh ri ulvn lqfuhdvhv duh wkrvh iru
zklfk wkh htxloleulxp uhodwlyh sulfh ghfuhdvhv1

D vlplodu sureohp lv vwxglhg lq d�o +lq d g|qdplf vhwwlqj,1 Wkh gh�qlwlrq ri
wkh ulvn suhplxp lv voljkwo| gl�huhqw lq d�o/ vlqfh lw lv htxdo wr wkh udwlr ehwzhhq
wkh h{shfwhg uhwxuq ri wkh frqvlghuhg dvvhw dqg wkh ulvniuhh uhwxuq/ lqvwhdg ri wkh
gl�huhqfh ehwzhhq wkhvh wzr txdqwlwlhv1 Zlwk wklv gh�qlwlrq +dqg rxu qrwdwlrqv,/
wkh ulvn suhplxp lq wkh vwdqgdug vhwwlqj +iru dq dvvhw zkrvh sd|r� lv e, lv jlyhq
e|

.� d- n �o

� n os
'

.�
k

e
R� Ee�

l

� n os
' .� deo

�*
�

� n os
�

R� Ee�
'

.� deo

oR� Ee�
�

:phdvxuhg hlwkhu e| wkh vwdqgdug ghyldwlrq ru e| d pdunhw/ +uhvs1 frqvxpswlrq, ehwd
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Dqdorjrxvo|/ zh rewdlq wkdw wkh ulvn suhplxp lq wkh vhqvh ri d�o lq wkh prgho zlwk

wkh vxemhfwlyh suredelolw| ' lv jlyhq e| .� deo
oR'Ee�

� Wkh lqwurgxfwlrq ri d vxemhfwlyh

eholhi ohdgv wkhq wr dq lqfuhdvh ri wkh htxloleulxp ulvn suhplxp lq wkh vhqvh ri d�o
li dqg rqo| li lw ohdgv wr d ghfuhdvh ri wkh uhodwlyh htxloleulxp sulfh +iru e,1

Wr vxppdul}h zkdw zh kdyh mxvw vhhq/ wkh suredelolw| phdvxuhv iru zklfk wkh
pdunhw sulfh ri ulvn lqfuhdvhv duh wkrvh iru zklfk wkh htxloleulxp uhodwlyh sulfh
ghfuhdvhv dqg wkh| duh dovr wkrvh iru zklfk wkh htxloleulxp ulvn suhplxp lq wkh
vhqvh ri d�o lqfuhdvhv1 Zh zlvk wr fkdudfwhul}h wkh vhw ri vxfk suredelolwlhv1

Wkh frqfhsw ri shvvlplvp lqwurgxfhg e| d�o lv gluhfwo| uhodwhg wr wkh �uvw
rughu vwrfkdvwlf grplqdqfh1 Pruh suhflvho|/ d frqvxphu zlwk d eholhi ghvfulehg
e| d suredelolw| phdvxuh ' lv vdlg wr eh shvvlplvwlf lq wkh vhqvh ri d�o +zlwk uhvshfw
wr d udqgrp yduldeoh e, li iru doo |c ' Ee � |� � � Ee � |�1 Lw lv wkhq suryhg lq
d�o wkdw/ lq d vwdqgdug Oxfdv hfrqrp|/ shvvlplvp +zlwk uhvshfw wr wkh djjuhjdwh
zhdowk, uhgxfhv wkh htxloleulxp ulvniuhh udwh iru srzhu xwlolw| ixqfwlrqv1 Krzhyhu/
lq rughu wr dqdo|}h wkh lpsdfw ri shvvlplvp rq wkh htxloleulxp ulvn suhplxp +zlwk
klv gh�qlwlrq,/ kh lqwurgxfhv wkh vwurqjhu qrwlrq ri xqlirup shvvlplvp gh�qhg e|

' Ee � |� ' � Ee � | i T{�

iru vrph { : f1 Kh suryhv wkhq wkdw xqlirup shvvlplvp ohdgv wr dq lqfuhdvh ri
wkh htxloleulxp ulvn suhplxp +iru srzhu xwlolw| ixqfwlrqv,1

Lw lv lqwxlwlyho| dsshdolqj wr rewdlq wkdw shvvlplvp udlvhv wkh ulvn suhplxp1
Krzhyhu/ wkh frqfhsw ri shvvlplvp lqwurgxfhg e| d�o grhv qrw vhhp wr eh wkh uljkw
frqfhsw wr uhdfk vxfk d frqfoxvlrq lq d vx!flhqwo| jhqhudo iudphzrun1 Lqghhg/ zh
vkrz wkdw shvvlplvp dv gh�qhg e| d�o fdq ohdg wr d ghfuhdvh ri wkh ulvn suhplxp
+ru htxlydohqwo| wr d ghfuhdvh ri wkh pdunhw sulfh ri ulvn ru wr dq lqfuhdvh ri wkh
uhodwlyh sulfh, hyhq lq wkh fodvv ri srzhu xwlolw| ixqfwlrqv1

Vxssrvh wkdw e � Xd�(�o dqg wkdw wkh ghqvlw| ri ' zlwk uhvshfw wr � lv jlyhq
e| s Ee� zkhuh

s E%� '

�

% rq d�( 2d
% � 2 rq d2( �o

�

Lw lv hdv| wr vhh rq Iljxuh 4 wkdw � grplqdwhv ' lq wkh vhqvh ri wkh �uvw
vwrfkdvwlf grplqdqfh1 Wkh suredelolw| phdvxuh ' lv wkhq shvvlplvwlf lq wkh vhqvh
ri d�o1

Li wkh uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq lv vxfk wkdw �� E%� ' �%$2 / zh fdq

hdvlo| fkhfn wkdw SJ���Eec sEe�� : f zkhuh �� kdv d ghqvlw| ��Ee�
.� d��Ee�o

zlwk uhvshfw

wr �� Lqghhg/ �� grhv qrw fkdujh o2( �o dqg s Ee� lqfuhdvhv zlwk e xqghu ��� Qrz/

:



vlqfh
�

.'d��Ee�eo
.'d��Ee�o

� .� d��Ee�eo
.� d��Ee�o

�

' .� d��Ee�o
.'d��Ee�o

SJ���Eec sEe��c wklv ohdgv wr d ghfuhdvh ri

wkh htxloleulxp ulvn suhplxp1
Dv lw fdq eh vhhq lq Iljxuh 51/ ' lv shvvlplvwlf zlwk uhvshfw wr � exw rswlplvwlf

zlwk uhvshfw wr �� +vlqfh lw lv doprvw vxuho| lqfuhdvlqj xqghu ��, dqg wklv lv wkh
uhdvrq zk| zh rewdlq d ghfuhdvh ri wkh htxloleulxp ulvn suhplxp1

Rqh frxog dujxh wkdw wklv uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq lv wrr vshfl�f
vlqfh lw lv qrw vwulfwo| lqfuhdvlqj qru vwulfwo| frqfdyh dqg wkdw �� lv qrw htxlydohqw
wr � 1 Krzhyhu/ vpdoo shuwxuedwlrqv ri wklv ixqfwlrq zrxog ohdg wr wkh vdph
uhvxow1 Ixuwkhupruh/ zh fdq fkhfn wkdw zh zrxog rewdlq wkh vdph uhvxow iru zhoo
fkrvhq srzhu xwlolw| ixqfwlrqv +h1j1 ��E%� ' %3S �1 Khqfh/ hyhq lq wkh fodvv ri
xwlolw| ixqfwlrqv vwxglhg lq d�o/ wkh frqfhsw ri shvvlplvp lqwurgxfhg wkhuhlq lv qrw
vx!flhqw wr jxdudqwhh dq lqfuhdvh ri wkh htxloleulxp ulvn suhplxp1

Zh sursrvh wr dgrsw wkh frqyhuvh dssurdfk dqg wr gh�qh d shvvlplvwlf djhqw
e| wkh idfw wkdw wkh htxloleulxp pdunhw sulfh ri ulvn lv kljkhu xqghu klv vxemhfwlyh
suredelolw| ' wkdq xqghu � iru doo xwlolw| ixqfwlrqv lq d jlyhq fodvv1 Dqdorjrxvo|/
zh vkdoo vd| wkdw dq djhqw/ ghvfulehg e| klv vxemhfwlyh eholhi '� lv pruh shvvlplvwlf
wkdq dq djhqw '2 li wkh htxloleulxp pdunhw sulfh ri ulvn lv kljkhu xqghu '� wkdq
xqghu '2 iru doo xwlolw| ixqfwlrqv lq d jlyhq fodvv1 Zh uhfdoo wkdw lw zrxog eh
htxlydohqw wr uhtxluh dq lqfuhdvh ri wkh ulvn suhplxp lq wkh vhqvh ri d�o ru d
ghfuhdvh ri wkh htxloleulxp uhodwlyh sulfh1 Zh vkdoo frqvlghu wkh vhwv X� ri doo
frqwlqxrxv qrqghfuhdvlqj ixqfwlrqv � rq U

W
n vxfk wkdw *�4 t�T%<" ��E%� 	 4 dqg

X2 ri doo frqwlqxrxv qrqghfuhdvlqj frqfdyh
; ixqfwlrqv � rq U

W
n�

Gh�qlwlrq 5141 Ohw e eh d qrqqhjdwlyh udqgrp yduldeoh rq l dqg ohw 8 eh wkh
vljpd0dojheud jhqhudwhg e| e� Ohw '� dqg '2 ghqrwh wzr suredelolw| phdvxuhv rq
Elc 8 � vxfk wkdw .'� deo 	 4/ � ' �c 21 Zh vd| wkdw '� lv pruh shvvlplvwlf wkdq '2

0 zlwk uhvshfw wr e 0 lq wkh vhqvh ri wkh pdunhw sulfh ri ulvn +'� ?�� -�
'2� zkhq iru

doo xwlolw| ixqfwlrqv � lq X�/ .'� d�� Ee� eo.'2 d�� Ee�o � .'2 d�� Ee� eo.'� d�� Ee�o �

Qrwh wkdw zh gr qrw uhihu dq|pruh wr dq remhfwlyh suredelolw| lq wklv gh�ql0
wlrq1 Krzhyhu lw vx!fhv wr frqvlghu dq| suredelolw| phdvxuh � vxfk wkdw '� dqg
'2 duh devroxwho| frqwlqxrxv zlwk uhvshfw wr � wr uhfryhu wkh lqwhusuhwdwlrq ri
.'� d��Ee�eo

.'� d��Ee�o
+uhvs1 .'2 d��Ee�eo

.'2 d��Ee�o
� dv wkh htxloleulxp uhodwlyh sulfh ri e lq d pdunhw zkhuh

wkh uhsuhvhqwdwlyh djhqw vxemhfwlyh eholhi lv jlyhq e| '� +uhvs1 e| '2�� Vxfk d
suredelolw| � fdq eh/ iru lqvwdqfh/ dq| srvlwlyh frpelqdwlrq ri '� dqg '2�

;Qrwh wkdw doo ixqfwlrqv lq X4 duh doprvw hyhu|zkhuh gl�huhqwldeoh dqg doo ixqfwlrqv lq X5

duh doprvw hyhu|zkhuh wzlfh gl�huhqwldeoh1

;



Uhpdun dovr wkdw iru � lq X� vxfk wkdw '�E�
�Ee� 9' f� 9' f/ � ' �c 2c *�4 t�T%<" ��E%� 	

4 dqg vlqfh e lv lqwhjudeoh/
.'� d��Ee�e�eD%o
.'� d��Ee��eD%o

lv zhoo gh�qhg iru % vx!flhqwo| odujh�

Ixuwkhupruh wklv txdqwlw| ghfuhdvhv zkhq % jrhv wr }hur1 Khqfh .'� d��Ee�eo

.'� d��Ee�o
lv zhoo

gh�qhg dw ohdvw dv wkh olplw ri
.'� d��Ee�e�eD%o
.'� d��Ee��eD%o

zkhq % jrhv wr }hur1

Lq wkh qh{w/ zh vkdoo dovr htxlydohqwo| vd| wkdw '� grplqdwhv '2 lq wkh vhqvh
ri wkh pdunhw sulfh ri ulvn +ri wkh �uvw ru ri wkh vhfrqg rughu,1 Zh vkdoo vhh wkdw
wklv grplqdqfh frqfhsw lqghhg fruuhvsrqgv wr shvvlplvp1

Wkh qh{w Sursrvlwlrq fkdudfwhul}hv wkh �uvw rughu pdunhw sulfh ri ulvn grpl0
qdqfh +ru �uvw rughu shvvlplvp,1 Li � lv d jlyhq vxevhw ri l/ zh ghqrwh e| em�

+uhvs1 ' m�, wkh uhvwulfwlrq ri e +uhvs1 ', wr �1

Sursrvlwlrq 5151 Ohw '� dqg '2 ghqrwh wzr suredelolw| phdvxuhv rq Elc 8 �1

41 Li '� dqg '2 duh htxlydohqw wkhq '� ?�� -� '2 li dqg rqo| li wkhuh h{lvwv d
qrqghfuhdvlqj ixqfwlrq � G - $ dfc 4o vxfk wkdw _'2

_'�
' �Ee�1

51 Lq wkh jhqhudo fdvh/ '� ?�� -� '2 li dqg rqo| li wkhuh h{lvw qxpehuv �4 �
%2 � %� � 4 dqg d qrqghfuhdvlqj ixqfwlrq � G d%�c %2o $ dfc 4o vxfk wkdw
'2Ee 	 %2� ' fc '�Ee : %�� ' fc '2mt%2$e$%�� lv devroxwho| frqwlqxrxv zlwk

uhvshfw wr '�mt%2$e$%�� dqg
_ '2�t%2$e$%��

_ '��t%2$e$%��
' �Ee�1

Surri1 41 Ohw xv dvvxph wkdw '� dqg '2 duh htxlydohqw dqg wkdw '� ?�� -� '2�

Zh kdyh wkhq .'� d��Ee�eo

.'� d��Ee�o
� .'2 d��Ee�eo

.'2 d��Ee�o
iru dq| � lq X�1 Vlqfh 8 lv jhqhudwhg e| ec _'2

_'�

fdq eh zulwwhq lq wkh irup _'2

_'�
' � Ee�1 Ohw xv suryh wkdw wkh ixqfwlrq � lv qrq0

ghfuhdvlqj/ ru pruh suhflvho| wkdw wkh udqgrp yduldeoh ) gh�qhg rq EU2c E EU2��
e| ) E%�c %2� ' � E%2� � � E%�� lv �e 
 �e doprvw vxuho| qrqqhjdwlyh rq wkh rshq
kdoi sodqh iE%�c %2� c %� 	 %2j 1

Ohw xv dvvxph rq wkh frqwudu| wkdw wkhuh h{lvw wzr Eruho uhdo vhwv �� dqg
�2 vxfk wkdw < �� 	 �2/ �eE��� 9' fc � ' �c 2 dqg ) lv �e 
 �e doprvw vxuho|
qhjdwlyh rq �� � �21 Zh fdq fkrrvh �� dqg �2 vxfk wkdw � E��� � d@ � 0c @o dqg
� E�2� � dKc K n 0o iru vrph @ 	 K dqg f 	 0 	 K � @�

<Iru wzr uhdo vxevhwv D4 dqg D5/ D4 ? D5 vwdqgv iru ;+d4> d5, 5 D4 � D5/ d4 ? d51

<



Zh kdyh wkhq '2EeM���
'�EeM���

'
.'�

k

_'2
_'�

�eM��

l

'�EeM���
5 d@ � 0c @o dqg '2EeM�2�

'�EeM�2�
5 dKc K n 0o �

Ohw k : f eh jlyhq dqg ohw w ' '�E���
'�E���nk'�E�2�

� Zh kdyh

wE@ � 0� n E� � w�K � w
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'�E�2�
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c zh rewdlq w '2E���
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5 E@c K� � Lw

iroorzv wkhq wkdw iru vxfk kc _'2

_'�
lv kljkhu +uhvs1 orzhu, wkdq '2E���nk'2E�2�

'�E���nk'�E�2�
rq ��

+uhvs1 �2,1
Ohw � ghqrwh vrph uhdo qxpehu lq dt�T��c �?u �2o dqg ohw wkh xwlolw| ixqfwlrq

� eh gh�qhg e| ��E%� ' ��� n k��2� Zh kdyh

.'2 de��Ee�o

.'2 d��Ee�o
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.'2 dEe � �� ���o n k.'2 dEe � �� ��2 o

.'2 d���o n k.'2 d��2 o
n �
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Ee � �� _'2
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��2

l

.'2 d��� o n k.'2 d��2o
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Qrz/ vlqfh Ee � �� � f dqg _'2

_'�
: '2E���nk'2E�2�

'�E���nk'�E�2�
rq ��/ zh kdyh Ee � �� _'2

_'�
�

Ee � �� '2E���nk'2E�2�
'�E���nk'�E�2�

rq ��� Dqdorjrxvo| zh jhw wkdw Ee � �� _'2

_'�
� '2E���nk'2E�2�

'�E���nk'�E�2�

rq �2 dqg rqh ri wkhvh lqhtxdolwlhv lv vwulfw1 Khqfh

.'2 de��Ee�o

.'2 d��Ee�o
	

'2E��� n k'2E�2�
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.'� dEe � �� ��� o n k.'� dEe � �� ��2o
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.'� dEe � �� ��� o n k.'� dEe � �� ��2o
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.'� de��Ee�o

.'� d��Ee�o

zklfk frqwudglfwv wkh idfw wkdw '� ?�� -� '2�

Frqyhuvho|/ .'2 d��Ee�eo

.'2 d��Ee�o
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e
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��Ee�
l zkhuh '� lv gh�qhg

e| d ghqvlw| zlwk uhvshfw wr '� htxdo +xs wr d frqvwdqw, wr ��Ee�� Vlqfh _'2

_'�
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khqfh

.'2 d�� Ee� eo

.'2 d�� Ee�o
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_'2
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51 Ohw xv qrz frqvlghu wkh jhqhudo fdvh1 Zh �uvw suryh wkdw li '� ?�� -� '2c
vxevhwv rq zklfk '� lv }hur fruuhvsrqg wr ydoxhv ri e dw wkh uljkw0hqg ri wkh uhdo
olqh1 Ohw E����'�c2 eh glvmrlqw uhdo vxevhwv vxfk wkdw43 SJE��� _ SJE�2� ' > dqg
vxfk wkdw '�Ee 5 ��� ' f1 Ohw xv gh�qh � vxfk wkdw �� ' k��� n ��2 zlwk k � f1
Zh kdyh .'2 d�� Ee� eo.'� d�� Ee�o � .'2 d�� Ee�o.'� de�� Ee�o � f ru htxlydohqwo|

k
�

.'2 de�eM�� o'� d�2o � '2 d��o.
'� de�eM�2 o

�

n.'2 de�eM�2 o'� d�2o�'2 d�2o.
'� de�eM�2 o� f

iru doo k � f� Li zh dvvxph '�Ee 5 ��� 9' f iru � 9' �c zh kdyh
.'2de�eM�� o

'2deM��o
�

.'� de�eM�2o
'�deM�2o

zklfk ohdgv wr �2 	 ���

Ohw xv qrz gh�qh %� � �?u i% G '�Ee : %� ' fj dqg ohw � � E�4c %� � 0� iru
vrph 0 : f vxfk wkdw '�Ee 5 �� ' f� E| frqvwuxfwlrq/ '�Ee 5 d%� � 0c %�o� 9' f1
Li zh dvvxph '2Ee 5 �� 9' fc zh kdyh d%� � 0c %�o 	 � dqg wklv lv lpsrvvleoh1 Zh
kdyh wkhq '2Ee 5 �� ' f� Frqvhtxhqwo|/ iru doo 0 : fc '2mte$%�30� lv devroxwho|
frqwlqxrxv zlwk uhvshfw wr '�mte$%�30� c khqfh '2mte	%�� lv devroxwho| frqwlqxrxv
zlwk uhvshfw wr '�mte	%��1

V|pphwulfdoo|/ li zh gh�qh %�
2 ' t�T i% G '2Ee 	 %� ' fj c zh rewdlq wkdw

'�mi%�
2	ej lv devroxwho| frqwlqxrxv zlwk uhvshfw wr '2mi%�

2	ej �

Li %�
2 : %�/ zh wdnh %2 ' %� dqg � ' f dqg zh kdyh �4 � %2 � %� � 4/

'2Ee 	 %2� ' fc '�Ee : %�� ' fc '2mt%2$e$%�� lv devroxwho| frqwlqxrxv zlwk

uhvshfw wr '�mt%2$e$%�� dqg
_ '2�t%2$e$%��

_ '��t%2$e$%��
' �Ee�1

Li %�
2 � %�czh wdnh %2 ' %�

2 dqg '2mt%2$e$%�� dqg '�mt%2$e$%�� duh htxlyd0
ohqw1 Wkh vdph dujxphqw dv lq 41 jlyhv xv wkhq wkh h{lvwhqfh ri d qrqghfuhdvlqj

qrqqhjdwlyh ixqfwlrq � vxfk wkdw
_ '2�t%2	e	%��

_ '��t%2	e	%��
' �Ee�1

Li '� Ee ' %�� ' f +uhvs1 9' f, dqg '2 Ee ' %�� ' f +uhvs1 9' f, wkhq wkh
suhylrxv uhdvrqlqj fdq eh h{whqghg wr i%2 	 e � %�j � Li '� Ee ' %�� ' f dqg

43Li D lv d jlyhq uhdo vxevhw/ zh ghqrwh e| fr+D, wkh frqyh{ kxoo ri D=
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'2 Ee ' %�� 9' f wkhq lw vx!fhv wr wdnh � E%�� ' 4� Ilqdoo|/ lw lv hdv| wr fkhfn
wkdw zh fdq qrw kdyh '� Ee ' %�� 9' f dqg '2 Ee ' %�� ' f� Wkh srlqw %2 lv wuhdwhg
dqdorjrxvo|1

Lq rughu wr hvwdeolvk wkh frqyhuvh lpsolfdwlrq/ lw vx!fhv wr suryh/ iru � '
i%2 � e � %�j c wkdw .'2 d�� Ee� e��o.'� d�� Ee� ��o�.'2 d�� Ee� ��o.

'� de�� Ee� ��o �
f iru doo � lq X�� Uhpdun wkdw wklv txdqwlw| lv qrw prgl�hg li zh uhsodfh '�c '2

dqg �� Ee� e| '�mt%2$e$%�� c '2mt%2$e$%�� dqg �� Ee� �t%2$e$%��� Wkh uhvxow lv wkhq d
gluhfw frqvhtxhqfh ri 41

Lw lv qrz hdv| wr surylgh h{dpsohv ri �uvw rughu pdunhw sulfh ri ulvn grplqdqfh1
Li e kdv d qrupdo glvwulexwlrq Q E>�c j�� +uhvs1 Q E>2c j2�, xqghu '� +uhvs1 xqghu
'2, wkhq '� ?�� -� '2 li dqg rqo| li j� ' j2 dqg >� � >2�

Qrwlfh wkdw wkh frprqrwrqlflw| frqglwlrq ehwzhhq _'2

_'�
dqg e +khqfh rxu gh�q0

lwlrq ri shvvlplvp, lqghhg fruuhvsrqgv wr vrph frqfhsw ri shvvlplvp dqg wklv lv/
lq sduwlfxodu/ uh hfwhg lq wkh suhylrxv h{dpsohv zkhuh shvvlplvp lv htxlydohqw wr
d orzhu h{shfwhg ydoxh iru e zlwkrxw prgl�fdwlrq ri wkh ulvn ohyho1 Lw fruuhvsrqgv
wr d vwurqjhu qrwlrq ri shvvlplvp wkdq wkh �uvw vwrfkdvwlf grplqdqfh0shvvlplvp
lqwurgxfhg lq d�o/ vlqfh lw lv lpphgldwh wr vhh wkdw li _'2

_'�
dqg e duh frprqrwrqh

wkhq '� Ee � |� � '2 Ee � |� iru doo |1
Wkh vhfrqg rughu pdunhw sulfh ri ulvn lv kdughu wr fkdudfwhul}h1 Ohw xv �uvw lq0

wurgxfh wkh iroorzlqj qrwdwlrqv1 Ohw %� dqg %2 eh jlyhq qrqqhjdwlyh uhdo qxpehuv/
zh gh�qh @ E%�� dqg KE%�c %2� uhvshfwlyho| e|

@ E%�� ' .'� de�e$%� o.
'2 d�e$%� o � .'2 de�e$%� o.

'� d�e$%� o

K E%�c %2� ' .'� de�e$%� o.
'2 d�e$%2 o n .'� de�e$%2 o.

'2 d�e$%� o

�.'2 de�e$%� o.
'� d�e$%2 o � .'2 de�e$%2 o.

'� d�e$%� o

dqg ohw xv gh�qh wkh sro|qrpldo -%�c%2 e| -%�c%2Ef� ' @E%��f
2 n KE%�c %2�f n

@E%2�� Zh duh qrz deoh wr surylgh wkh iroorzlqj fkdudfwhul}dwlrq1

Wkhruhp 5161 Ohw '� dqg '2 ghqrwh wzr suredelolw| phdvxuhv rq Elc 8 �1 Wkh
iroorzlqj frqglwlrqv duh htxlydohqw=

41 '� ?�� -2 '2c

51 iru doo % ' E%�c %2� 5 U
2
n dqg iru doo f � f zh kdyh -%�c%2Ef� � f

61 iru doo % ' E%�c %2� 5 U
2
n zh kdyh @E%�� � f dqg �

2
KE%�c %2� �

s

@E%��@E%2�
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Surri1 Zh zdqw wr kdyh

.'� d�� Ee� eo

.'� d�� Ee�o
�

.'2 d�� Ee� eo

.'2 d�� Ee�o

iru doo � lq X21 Vlqfh dq| qrqlqfuhdvlqj ixqfwlrq lv dq lqfuhdvlqj olplw ri srvlwlyh
frpelqdwlrqv ri vwhs ixqfwlrqv rq wkh irup ��E5� '

S?

�'� +��5$%�
iru vrph ?/ dqg

vrph E%c +� 5 U
?
n/ lw vx!fhv wr uhvwulfw rxu dwwhqwlrq wr vxfk ixqfwlrqv� Zh zdqw

wkhq wr fkdudfwhul}h wkh iroorzlqj surshuw|
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?
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'� de�e$%�
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Zlwkrxw orvv ri jhqhudolw|/ zh fdq uhvwulfw wkh odvw pd{lpl}dwlrq surjudp wr wkh
xqlw vlpsoh{1 Zh kdyh wkhq iru dq| b d olqhdu surjudpplqj sureohp rq wkh xqlw
vlpsoh{ dqg wkh pd{lpxp ydoxh ri wkh remhfwlyh pxvw eh dfklhyhg e| d ixqfwlrq
rq wkh irup ��E5� '

S?

�'� +��5$%�
zlwk ? � 2� Jrlqj edfnzdug44/ lw lv hdv| wr fkhfn

wkhq wkdw wkh �� -2 grplqdqfh lv qrz fkdudfwhul}hg e| wkh iroorzlqj surshuw|

;E%c +� 5 U
2
n � U

2
nc

S2
�'� +�.

'� de�e$%�
o

S2
�'� +�.'� d�e$%�

o
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S2
�'� +�.

'2 de�e$%�
o

S2
�'� +�.'2 d�e$%�

o
�

Wkh odvw frqglwlrq lv vdwlv�hg li dqg rqo| li iru doo % ' E%�c %2� 5 U
2
n dqg iru doo

f � f zh kdyh -%�c%2Ef� � f1
D qhfhvvdu| dqg vx!flhqw frqglwlrq iru -%�c%2 wr eh qrqsrvlwlyh rq Un lv

@E%�� � fc @E%2� � f dqg �
2
KE%�c %2� �

s

@E%��@E%2�� Wklv hqgv wkh surri1

44Wklv dujxphqw wkdw shuplwv wr uhvwulfw rxu dwwhqwlrq wr wkh fdvh q @ 5 lv dgdswhg iurp �Qhz
phwkrgv lq wkh fodvvlfdo hfrqrplfv ri xqfhuwdlqw| = frpsdulqj ulvnv� e| Jroolhu dqg Nlpedoo
+4<<:,/ xqsxeolvkhg=
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Hyhq li wkh suhylrxv sursrvlwlrq sursrvhv d fkdudfwhul}dwlrq ri wkh vhfrqg
rughu pdunhw sulfh ri ulvn grplqdqfh/ lw lv fohdu wkdw lw lv vwloo gl!fxow wr lghqwli|
zkhwkhu d jlyhq suredelolw| phdvxuh '� lv pruh shvvlplvwlf wkdq d suredelolw|
phdvxuh '2 lq wkh vhqvh ri wkh vhfrqg rughu pdunhw sulfh ri ulvn grplqdqfh1 Wkh
iroorzlqj sursrvlwlrq jlyhv vrph qhfhvvdu| dqg2ru vx!flhqw frqglwlrqv iru wklv
grplqdqfh1

Sursrvlwlrq 5171 Ohw '� dqg '2 ghqrwh wzr suredelolw| phdvxuhv rq Elc 8 �1

41 Li '� ?�� -2 '2c wkhq iru doo %c .'� de m e � %o � .'2 de m e � %o

51 Li '� ?�� -2 '2/ li .'� de2o 	 4/ � ' �c 2 dqg li .'� deo ' .'2 deo wkhq
T @o'� deo � T @o'2 deo

61 Li wkhuh h{lvwv b vxfk wkdw/ iru doo %c .'� de�e$%o � b.'2 de�e$%o dqg '� ie � %j �
b'2 ie � %j c wkhq '� ?�� -2 '2�

71 Lq sduwlfxodu/ li iru doo %c .'� de�e$%o � .'2 de�e$%o dqg '� ie � %j �
'2 ie � %j c wkhq '� ?�� -2 '2

Surri1 41 Wklv lv dq lpphgldwh frqvhtxhqfh ri wkh qrqsrvlwlylw| ri @E%��
51 Ohw xv �uvw dvvxph wkdw e kdv d �qlwh vxssruw dqg ohw 7e eh vxfk wkdw

� ie � 7ej ' f� Wdnlqj ��E%� ' E 7e � %��%$7e/ zh kdyh

7e.'� deo � .'� de2o

7e � .'� deo
�

7e.'2 deo � .'2 de2o

7e � .'2 deo
�

Vlqfh zh dvvxphg .'� deo ' .'2 deo/ zh kdyh .'� de2o � .'2 de2o ru htxlydohqwo|
T @o'� deo � T @o'2 deo � Li e grhv qrw kdyh d �qlwh vxssruw/ zh vwloo wdnh ��E%� ' E
7e � %��%$7e iru vrph 7e1 Vlqfh .'� de2�e$7eo +uhvs1 .'2 de2�e$7eo , frqyhujhv wr
.'� de2o +uhvs1 .'2 de2o, zkhq 7e jrhv wr lq�qlw|/ zh kdyh iru 0 : f jlyhq dqg iru 7e
vx!flhqwo| odujh

.'�
�

e&
�

� 7e&320 � .'�
�

e&�e$7e

�

� .'�
�

e&
�

c & ' fc �c 2c � ' �c 2

Zh kdyh wkhq

7e
�

.'� deo � �
7e
0
�

� .'� de2o

7e �
�

.'� deo � �
7e
0
� �

7e.'2 deo �
�

.'2 de2o � 0
�

7e
�

� � �
7e2 0

�

� .'2 deo
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zklfk ohdgv wr
�

7e.'�

�

e �
e2

7e

�

� 0

�

k

7e � .'� deo �
0

7e

l

�

�

7e.'�

�

e �
e2

7e

�

n 0

�

k

7e � .'� deo n
0

7e

l

�

Glylglqj e| 7e dqg wdnlqj wkh olplw zkhq 7e jrhv wr lq�qlw| dqg 0 jrhv wr }hur zh
rewdlq .'� de2o � .'2 de2o ru htxlydohqwo| T @o'� deo � T @o'2 deo �

61 Ohw xv dvvxph wkdw wkhvh lqhtxdolwlhv duh vdwlv�hg1 E| srvlwlyh frpelqd0
wlrqv dqg wdnlqj wkh olplw +xvlqj wkh prqrwrqh frqyhujhqfh wkhruhp, zh rewdlq
wkdw .'� de��Ee�o � b.'2 de��Ee�o dqg .'� d��Ee�o � b.'2 d��Ee�o iru dq| � lq X2�
Glylglqj wkh �uvw lqhtxdolw| e| wkh vhfrqg rqh ohdgv wr wkh uhvxow1

71 Lw vx!fhv wr wdnh b ' � lq 61
Uhpdun wkdw wkh qhfhvvdu| frqglwlrq surylghg lq wkh �uvw dvvhuwlrq phdqv wkdw

wkh xqfrqglwlrqdo dv zhoo dv wkh frqglwlrqdo h{shfwhg ydoxhv ri e xqghu '� duh
orzhu wkdq wkh fruuhvsrqglqj h{shfwhg ydoxhv xqghu '2� Wklv frqglwlrq fohduo|
fruuhvsrqgv wr vrph nlqg ri shvvlplvp1

Wkh vx!flhqw frqglwlrq surylghg lq wkh irxuwk dvvhuwlrq fruuhvsrqgv wr wkh
�uvw0rughu vwrfkdvwlf grplqdqfh +'� sxwv pruh zhljkw rq ie � %j wkdq '2, exw
dovr lpsrvhv wkdw rq ie � %j c '� sxwv pruh zhljkw rq wkh orz ydoxhv1 Wklv
frqglwlrq vhhpv wr eh forvho| uhodwhg wr wkh frprqrwrqlflw| frqglwlrq wkdw fkdu0
dfwhul}hv wkh �uvw rughu pdunhw sulfh ri ulvn grplqdqfh exw lw fdq eh vkrzq rq
vlpsoh h{dpsohv wkdw wkhvh wzr frqglwlrqv duh qrw htxlydohqw1 Iljxuh 6 surylghv
dq h{dpsoh zkhuh wkh frqglwlrqv ri wkh irxuwk dvvxpswlrq duh vdwlv�hg exw zkhuh
wkh frprqrwrqlflw| frqglwlrq lv qrw1

Lw lv dovr hdv| wr frqvwuxfw h{dpsohv zkhuh wkh vx!flhqw frqglwlrq ri wkh dvvhu0
wlrq 6 ri Sursrvlwlrq 517 lv vdwlv�hg exw zkhuh wkh �uvw0rughu vwrfkdvwlf grplqdqfh
lv qrw1 Iljxuhv 7 dqg 8 surylgh vxfk dq h{dpsoh1

Ilqdoo|/ uhpdun wkdw zh gr qrw prgli| rxu grplqdqfh frqfhsw li zh uhsodfh
e e| e n k zkhuh k lv d jlyhq frqvwdqw vxfk wkdw e n k uhpdlqv qrqqhjdwlyh1
Krzhyhu/ uhsodflqj e e| e n k lq wkh vx!flhqw frqglwlrq ri dvvhuwlrq 61 ohdgv wr
d zhdnhu frqglwlrq1 Zh fdq wkhq uhsodfh 61 e| wkh iroorzlqj zhdnhu vx!flhqw
frqglwlrq 6* zkhq zh vwloo dgrsw wkh frqyhqwlrq f

f
' f�

6* Li t�T%

.'�dEe3err �?u e��e$%o

.'2dEe3err �?u e��e$%o
� �?u%

'�te$%�
'2te$%�

c wkhq '� ?�� -2 '2

Wkh qhfhvvdu| frqglwlrqv surylghg e| wkh �uvw dvvhuwlrq ri Sursrvlwlrq 517 fdq
fohduo| eh lqwhusuhwhg dv d irup ri shvvlplvp1 Qhyhuwkhohvv/ wkh lghqwl�fdwlrq ri
wkh �shvvlplvwlf qdwxuh� ri d suredelolw| phdvxuh lv qrw dozd|v lpphgldwh1 Wkh
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qh{w sursrvlwlrq surylghv xv zlwk dq h{dpsoh ri d fodvv ri suredelolw| phdvxuhv
zklfk duh vkrzq wr eh vhfrqg rughu shvvlplvwlf dowkrxjk wkh shvvlplvp lv qrw
fohduo| uh hfwhg lq wkh suredelolw| glvwulexwlrq1

Sursrvlwlrq 5181 Li wkh glvwulexwlrq ri e xqghu '2 lv v|pphwulf +zlwk uhvshfw wr
.'2 deo, dqg li wkh ghqvlw| ri '� zlwk uhvshfw wr '2 lv d ixqfwlrq ri ec v|pphw0
ulf zlwk uhvshfw wr .'2 deo/ qrqlqfuhdvlqj ehiruh .'2 deo dqg qrqghfuhdvlqj diwhu
.'2 deo wkhq '� ?�� -2 '2�

Surri1 Vxssrvh wkdw wkh ghqvlw| ri '� zlwk uhvshfw wr '2 fdq eh zulwwhq lq wkh
irup _'�

_'2
' s

�

e � .'2 deo
�

zkhuh s lv dq hyhq ixqfwlrq/ lqfuhdvlqj rq Un� Zh
kdyh

.'� Ee�� Ee��

.'� E�� Ee��
'

.'2 dks Ek� E�� E6 n k� � �� E6 � k�� �kDfo

.'2 ds Ek� E�� E6 n k� n �� E6 � k�� �kDfo
�

zkhuh 6 ' .'2 deo dqg k ' e � 6� Zh zdqw wr frpsduh wklv txdqwlw| zlwk

.'2 Ee�� Ee��

.'2 E�� Ee��
'

.'2 dk E�� E6 n k� � �� E6 � k�� �kDfo

.'2 dE�� E6 n k� n �� E6 � k�� �kDfo
�

Ohwwlqj } Ek� ' k E�� E6 � k� � �� E6 n k�� dqg � Ek� � E�� E6 n k� n �� E6 � k�� c

zh duh ohg wr frpsduh
.'2dsEk�}Ek��kDfo
.'2dsEk��Ek�kDfo

zlwk
.'2 d}Ek��kDfo
.'2d�Ek��kDfo

c ru htxlydohqwo|
.'2 dsEk�}Ek��kDfo

.'2d}Ek��kDfo

zlwk
.'2 dsEk��Ek��kDfo

.'2d�Ek��kDfo
� Ohw xv qrz gh�qh wkh suredelolw| phdvxuh � } e| _� }

_'2
'

}Ek��kDf

.'2 d}Ek��kDfo
� Zh duh ohg wr frpsduh .� }

ds Ek�ozlwk.� }
k

s Ek� �
}
Ek�

l

.'2 d}Ek��kDfo

.'2 d�Ek��kDfo
�

Wkh suredelolw| phdvxuh '� grplqdwhv '2 lq wkh vhqvh ri wkh pdunhw sulfh ri ulvn
ri wkh vhfrqg rughu li dqg rqo| li

.� }

ds Ek�o � .� }

�

s Ek�
�

}
Ek�

�

.'2 d}Ek��kDfo

.'2 d�Ek��kDfo
�

Lw lv hdv| wr fkhfn wkdw wkh ixqfwlrq �
}
G % :$ E��E6n%�n��E63%��

%E��E63%�3��E6n%��
lv ghfuhdv0

lqj rq Un1 Vlqfh s lv lqfuhdvlqj/ wkhq iru dq| suredelolw| phdvxuh '/ zh kdyh

SJ�'
�

�
}
Ek� c s Ek�

�

� fc dqg lq sduwlfxodu/ SJ�� }
�

�
}
Ek� c s Ek�

�

� f� Wklv lpsolhv

wkdw

.� }

�

s Ek�
�

}
Ek�

�

� .� }

ds Ek�o.� }

�

�

}
Ek�

�

� .� }

ds Ek�o
.'2 d�Ek��kDfo

.'2 d}Ek��kDfo

49



dqg .� }

ds Ek�o � .� }
k

s Ek� �
}
Ek�

l

.'2d}Ek��kDfo

.'2d�Ek��kDfo
� Wklv frqfoxghv wkh surri ri wkh

Sursrvlwlrq1
Li wkh suredelolw| phdvxuhv '� dqg '2 duh olnh lq Sursrvlwlrq 518/ wkhq e kdv

wkh vdph h{shfwdwlrq xqghu wkh wzr suredelolwlhv dqg kdv d kljkhu yduldqfh xqghu
'�� Vrph dxwkruv +d�o/ dSo, lqwhusuhw wklv surshuw| dv grxew1 Krzhyhu lw lv mxvw d
vshfl�f fdvh ri shvvlplvp dqg lq sduwlfxodu/ zh kdyh/ dv vwdwhg lq rxu qhfhvvdu|
frqglwlrqv/ iru doo %c .'� de m e � %o � .'2 de m e � %o �

H{dpsoh 5191 Ohw xv dvvxph wkdw wkh glvwulexwlrq ri e xqghu '� +uhvs1 '2, lv
qrupdo zlwk sdudphwhuv E>�c j�� dqg E>2c j2� �

� Li >� ' >2 dqg j� � j2 wkhq '� ?�� -2 '2c

� Li >� � >2 dqg j� ' j2 wkhq '� ?�� -2 '2c

� Li >� � >2 dqg j� � j2 wkhq '� ?�� -2 '2�

Surri1 Li >� ' >2 dqg j� � j2 wkhq wkh dvvxpswlrqv ri Sursrvlwlrq 518 duh
vdwlv�hg dqg frqvhtxhqwo| '� ?�� -2 '2� Li >� � >2 dqg j� ' j2c zh kdyh
douhdg| vhhq wkdw '� ?�� -� '2 dqg wkhq '� ?�� -2 '2� Li >� � >2 dqg j� � j2c
wkh uhvxow lv rewdlqhg e| wudqvlwlylw|1 1

61 Ulvn dyhuvlrq

Lq wkh suhylrxv vhfwlrq/ zh kdyh lqwurgxfhg d shvvlplvp0edvhg rughu rq vxemhfwlyh
suredelolwlhv e| vd|lqj wkdw d suredelolw| phdvxuh lv pruh shvvlplvwlf wkdq dqrwkhu
zkhq wkh pdunhw sulfh ri ulvn lv kljkhu iru doo srvvleoh uhsuhvhqwdwlyh djhqw1 Zh
vkdoo lq wklv vhfwlrq surfhhg dqdorjrxvo| frqfhuqlqj wkh hfrqrplf djhqwv dqg wkhlu
ulvn dyhuvlrq1 Lqwxlwlrq vxjjhvwv wkdw wkh h�hfw ri dq lqfuhdvh lq ulvn dyhuvlrq +lq
wkh vhqvh ri Duurz0Sudww/ d�.o, rq wkh pdunhw sulfh ri ulvn rxjkw wr eh wkh vdph
dv wkh h�hfw ri dq lqfuhdvh lq shvvlplvp1

Zh vkdoo vd| wkdw dq hfrqrplf djhqw uhsuhvhqwhg e| klv xwlolw| ixqfwlrq � lv
pruh ulvn dyhuvh wkdq dq djhqw � +lq wkh vhqvh ri wkh pdunhw sulfh ri ulvn, ru
htxlydohqwo| wkdw � grplqdwhv � lq wkh vhqvh ri wkh pdunhw sulfh ri ulvn zkhq wkh
htxloleulxp pdunhw sulfh ri ulvn lv kljkhu iru djhqw � wkdq iru djhqw � dqg zh vkdoo
fkdudfwhul}h wklv frqglwlrq1

Zh frqvlghu wkh vdph htxloleulxp prgho dv lq wkh suhylrxv vhfwlrq/ h{fhsw wkdw
zh gr qrw dvvxph vxemhfwlyh suredelolwlhv1 Zh kdyh vhhq wkdw li wkh uhsuhvhqwdwlyh
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djhqw*v xwlolw| ixqfwlrq lv jlyhq e| �/ wkhq wkh htxloleulxp ulvn suhplxp iru dq
dvvhw/ zkrvh whuplqdo sd|r� dw gdwh � lv wkh djjuhjdwh zhdowk ec lv jlyhq e|

�SJ��
k

��Ee�
.� d��Ee�o

c e
R� Ee�

l

� Lw lv lpphgldwh wkdw wkh pdunhw sulfh ri ulvn xqghu � lv

kljkhu wkdq xqghu � li dqg rqo| li .d��Ee�eo
.d��Ee�o

� .d��Ee�eo
.d��Ee�o

1 Lw lv hdv| wr yhuli| wkdw lw

zrxog eh htxlydohqw wr lpsrvh wkdw wkh ulvn suhplxp lq wkh vhqvh ri d�o eh kljkhu
ru wkdw wkh htxloleulxp uhodwlyh sulfh iru ec dv gh�qhg lq wkh suhylrxv vhfwlrq/ eh
orzhu xqghu � wkdq xqghu ��

Gh�qlwlrq 6141 Ohw �c � eh lq X21 Zh vd| wkdw � lv pruh ulvn dyhuvh wkdq � lq
wkh vhqvh ri wkh pdunhw sulfh ri ulvn +� ?�� - �, zkhq iru doo suredelolw| vsdfh

Elc I c � � dqg doo udqgrp yduldeoh e rq Elc I c � �/ .d��Ee�eo
.d��Ee�o

� .d��Ee�eo
.d��Ee�o

�

Zh rewdlq wkh iroorzlqj fkdudfwhul}dwlrq/ wkdw suryhv wkdw rxu rughu rq wkh
ulvn dyhuvlrq ri hfrqrplf djhqwv lv htxlydohqw wr wkh rqh ri Duurz0Sudww Ed�.o�1

Sursrvlwlrq 6151 Iru xwlolw| ixqfwlrqv � dqg � lq X2c wkh iroorzlqj frqglwlrqv
duh htxlydohqw

41 � ?�� - �

51 � � ��

�� lv qrqlqfuhdvlqj

61 li zh ixuwkhu dvvxph wkdw �� dqg �� duh frqwlqxrxv wkhq wkh suhylrxv frqgl0
wlrqv duh dovr htxlydohqw wr ����

�� � ����

�� �

Surri1 Lq rughu wr rewdlq wkh �uvw lpsolfdwlrq/ zh vxssrvh wkdw � lv qrw qrqlq0
fuhdvlqj/ dqg zh vkdoo suryh wkdw wkh �uvw surshuw| lv wkhq qrw vdwlv�hg1 Vxssrvh
wkdw wkhuh h{lvw %� 	 %2 iru zklfk � E%�� 	 � E%2�1 Frqvlghu wkh glvfuhwh udqgrp
yduldeoh e zklfk wdnhv wzr glvwlqfw ydoxhv %� dqg %2 zlwk dq htxdo suredelolw|1

Wkhq .d��Ee�eo
.d��Ee�o

'
�E%2�
�E%��

��E%��%�n��E%2�%2

�E%2�
�E%��

��E%��n��E%2�
� Vlqfh wkh ixqfwlrq ) G | :$ |@%�nK%2

|@nK
lv ghfuhdv0

lqj iru doo @ : fc K : fc %� 	 %2c dqg vlqfh �E%2�
�E%��

: �c zh hdvlo| rewdlq wkdw
�E%2�
�E%��

��E%��%�n��E%2�%2

�E%2�
�E%��

��E%��n��E%2�
	 ��E%��%�n��E%2�%2

��E%��n��E%2�
c khqfh .d��Ee�eo

.d��Ee�o
	 .d��Ee�eo

.d��Ee�o
�

Iru wkh frqyhuvh lpsolfdwlrq/ vxssrvh wkdw � � ��

�� lv qrqlqfuhdvlqj1 Ohw � �

. d�� Ee� eo. d�� Ee�o � . d�� Ee� eo. d�� Ee�o � Wkhq � ' . d�� Ee�o2 SJ����Ee� E� Ee� c e�

zkhuh
_���Ee�

_�
lv jlyhq +xs wr d frqvwdqw, e| �� Ee�1 Zh kdyh � � f li dqg rqo|
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li SJ����Ee� E� Ee� c e� � f1 Qrz/ vlqfh � lv qrqlqfuhdvlqj/ zh nqrz wkdw iru dq|
suredelolw| phdvxuh ' / SJ�' E� Ee� c e� � fc zklfk suryhv wkh lpsolfdwlrq1

Qrz/ � lv qrqlqfuhdvlqj li dqg rqo| li ����� � ����� � fc ru htxlydohqwo| iru �
dqg � lq X2/ li dqg rqo| li ����

�� � ����

�� �
Rwkhu qhfhvvdu| dqg vx!flhqw frqglwlrqv iru � wr grplqdwh � lq wkh vhqvh ri

wkh pdunhw sulfh ri ulvn duh wkdw � fdq eh zulwwhq lq wkh irup � ' A � � iru vrph
frqfdyh ixqfwlrq A ru wkdw iru doo udqgrp yduldeohv/ wkh �ulvn suhplxp�45 xqghu
�c ghqrwhg e| Z� lv juhdwhu wkdq Z�c wkh ulvn suhplxp xqghu � 1 Pruhryhu/ zh
ghgxfh iurp wklv sursrvlwlrq wkdw lq wkh fodvvlfdo sruwirolr doorfdwlrq sureohp/
zlwk rqh ulvn| dvvhw dqg rqh ulvnohvv dvvhw zlwk }hur udwh ri uhwxuq/ li � ?�� - �c
wkhq iru wkh vdph lqlwldo zhdowk �/ wkh rswlpdo iudfwlrq ri wkh sruwirolr lqyhvwhg
lq ulvn| dvvhw iru djhqw � ghqrwhg e| k�c lv orzhu wkdq wkh rswlpdo iudfwlrq ri wkh
sruwirolr lqyhvwhg lq ulvn| dvvhw iru djhqw � ghqrwhg e| k�1 Pruh jhqhudoo|/ doo
uhvxowv wkdw duh ydolg xqghu Duurz0Sudww +devroxwh, ulvn dyhuvlrq rughu/ uhpdlq
ydolg xqghu rxu �pdunhw sulfh ri ulvn� rughu1

71 Ohyho ri ulvn

Wkh prvw frpprq rughuv rq ulvn| dvvhwv duh wkh �uvw dqg wkh vhfrqg vwrfkdvwlf
grplqdqfh uhodwlrqv +vhh d�Hc �bo,1 Wkh| surylgh d qdwxudo dqg hdvlo| yhul�deoh
sduwldo rughu rq dvvhwv wkdw fhuwdlq fodvvhv ri xwlolw| ixqfwlrqv suhvhuyh1 Krzhyhu/
wkh| idlo wr surylgh qlfh frpsdudwlyh vwdwlfv1 Lq sduwlfxodu/ dq IVG vkliw lq wkh
glvwulexwlrq ri udqgrp uhwxuqv ri dq dvvhw grhv qrw qhfhvvdulo| lqgxfh d ulvn dyhuvh
ghflvlrq pdnhu wr lqfuhdvh klv kroglqjv ri wkdw lpsuryhg dvvhw +dDo, dqg dq VVG
lqfuhdvh lq ulvn lq wkh uhwxuq ri dq dvvhw grhv qrw lqgxfh doo ulvn dyhuwhuv wr uhgxfh
wkhlu ghpdqg iru wkdw dvvhw +vhh d�bo,1 Idflqj vxfk d qhjdwlyh uhvxow/ hvvhqwldoo|
wkuhh vwudwuhjlhv kdyh ehhq dgrswhg lq wkh olwhudwxuh1 Iluvw/ wr lpsrvh uhvwulfwlrqv
rq wkh hfrqrplf prgho uhsuhvhqwhg e| wkh sd|r� ixqfwlrq dffuxlqj wr wkh ghflvlrq
pdnhu +vhh h1j1 d�Do,1 Vhfrqg/ wr lpsrvh uhvwulfwlrqv rq wkh suhihuhqfhv ri wkh
hfrqrplf djhqwv +h1j1 dbc �Hc �bo,1 Wkh wklug vwudwhj| lv wkh rqh wkdw kdv ehhq
wkh prvw dgrswhg/ dqg frqvlvwv lq lqwurgxflqj qhz rughuv rq wkh ghvludelolw| ri
ulvn| dvvhwv1 Iru lqvwdqfh/ lq d��o wkh dxwkruv suryh wkdw li uhwxuqv rq ulvn| dvvhwv
duh rughuhg e| wkh prqrwrqh olnholkrrg udwlr rughu/ wkhq grplqdwlqj dvvhwv zloo
eh pruh ghvluhg e| doo lqyhvwruv zlwk qrqghfuhdvlqj xwlolw| ixqfwlrqv1 Lq d�So c wkh
dxwkruv suryh wkdw wkh fkdqjhv lq ulvn| dvvhw glvwulexwlrq wkdw ohdg doo djhqwv zkrvh

45Wkh �ulvn suhplxp� xqghu x ri d udqgrp yduldeoh } ghqrwhv khuh wkh txdqwlw| �x +}, @
H ^}` � Fx +},/ zkhuh wkh fhuwdlqw| htxlydohqw Fx +}, lv vxfk wkdw x +Fx +},, @ H ^x +},` =
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fkrlfh xqghu fhuwdlqw| lv prqrwrqlf lq wkh h{rjhqhrxv yduldeoh wr lqfuhdvh wkhlu
fkrlfh yduldeoh xqghu xqfhuwdlqw| duh wkrvh vdwlvi|lqj wkh prqrwrqh olnholkrrg
udwlr grplqdqfh1 Wkh prqrwrqh suredelolw| udwlr rughu lv lqwurgxfhg lq deo dqg
lv pruh jhqhudo wkdq wkh prqrwrqh olnholkrrg udwlr1 Lq d.o c wkh dxwkru vkrzv
wkdw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru xqdpeljxrxv frpsdudwlyh vwdwlfv iru
dq| ulvn dyhuvh djhqw lq wkh vwdqgdug sruwirolr sureohp lv wkh fhqwudo ulvnlqhvv
grplqdqfh1

Lq wklv vhfwlrq/ zh dgrsw wkh vdph �pdunhw sulfh ri ulvn� dssurdfk dv lq wkh
suhylrxv vhfwlrqv lq rughu wr udqn wkh ghvludelolw| +ru wkh ohyho ri ulvn, ri gl�huhqw
survshfwv1 Lqwxlwlrq vxjjhvwv wkdw wkh h�hfw rq wkh pdunhw sulfh ri ulvn ri dq
lqfuhdvh lq ulvn rxjkw wr eh wkh vdph dv wkh h�hfw ri dq lqfuhdvh lq shvvlplvp ru lq
ulvn dyhuvlrq461 E| dqdorj| zlwk wkh suhylrxv vhfwlrqv/ zh vkdoo vd| wkdw d survshfw
f lv pruh ulvn| +ru ohvv ghvludeoh, wkdq dqrwkhu survshfw t zkhq .d��Ef�fo

.d��Ef�o
�

.d��Et �t o
.d��Et �o

1 Vlqfh wkh htxloleulxp uhodwlyh sulfh iru +wkh djjuhjdwh zhdowk, f/ l1h

wkh sulfh iru f lq whupv ri xqlwv ri ulvnohvv dvvhw/ ghqrwhg e| oR� Ef� c lv jlyhq

e| .� d��Ef�fo
.� d��Ef�o

c wklv dprxqwv wr vd|lqj wkdw d survshfw f lv pruh ulvn| +ru ohvv

ghvludeoh, wkdq dqrwkhu survshfw t zkhq wkh htxloleulxp uhodwlyh sulfh iru +wkh
djjuhjdwh zhdowk, f lv orzhu wkdq wkh htxloleulxp uhodwlyh sulfh iru t� Zh vkdoo
vd| htxlydohqwo| wkdw t grplqdwhv f lq wkh vhqvh ri wkh uhodwlyh sulfh1 Li . dfo '
. dt o c wklv lv htxlydohqw wr wkh idfw wkdw wkh ulvn suhplxp lq wkh vhqvh ri d�o
lv kljkhu iru f wkdq iru t 1 Li wkh survshfwv f dqg t kdyh wkh vdph vwdqgdug
ghyldwlrq jf ' jt / wkhq wkh frqglwlrq wkdw oR� Ef� eh orzhu wkdq oR� Et � lv
htxlydohqw wr wkh frqglwlrq wkdw wkh pdunhw sulfh ri ulvn +l1h1/ wkh udwlr ehwzhhq
wkh ulvn suhplxp dqg wkh vwdqgdug ghyldwlrq, iru f eh kljkhu wkdq wkh pdunhw
sulfh ri ulvn iru t� Dv lq wkh dqdo|vlv ri shvvlplvp/ zh gh�qh wkh frqfhswv ri �uvw0
dqg vhfrqg0rughu uhodwlyh sulfh grplqdqfh1

Gh�qlwlrq 7141 Ohw f dqg t ghqrwh qrqqhjdwlyh udqgrp yduldeohv rq Elc 8c � �
vxfk wkdw . dfo 	 4 dqg . dt o 	 41 Wkhq f lv vdlg wr eh pruh ulvn| wkdq
t lq wkh vhqvh ri wkh htxloleulxp uhodwlyh sulfh +t ?-��

f� zkhq iru doo xwlolw|

ixqfwlrqv � lq X�/
.d��Ef�fo
.d��Ef�o

� .d��Et �t o
.d��Et �o

�

Wkh iroorzlqj ohppd shuplwv wr hvwdeolvk d olqn ehwzhhq wklv frqfhsw ri ulvn0
lqhvv dqg wkh frqfhsw ri shvvlplvp wkdw zh ghyhorshg lq Vhfwlrq 51

46Vhh ^6> 44> 49`/ dprqj rwkhuv rq wkh uhodwlrq ehwzhhq wkh h�hfw ri dq lqfuhdvh lq ulvn dyhuvlrq
dqg wkh h�hfw ri dq lqfuhdvh lq ulvn rq wkh ohyho ri d fkrlfh yduldeoh1
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Ohppd 7151 Ohw f dqg t ghqrwh qrqqhjdwlyh udqgrp yduldeohv rq Elc 8c � �
vxfk wkdw . dfo 	 4 dqg . dt o 	 41 Ohw �f dqg �t ghqrwh uhvshfwlyho| wkh
glvwulexwlrqv ri f dqg t dqg ohw e eh wkh udqgrp yduldeoh gh�qhg rq Un e|
e E/� ' /� Wkhq wkh wzr iroorzlqj frqglwlrqv duh htxlydohqw =

41 t ?-��
f

51 �f ?�� -�
�t +zlwk uhvshfw wr e,1

Surri1 E| gh�qlwlrq/ t ?-��
f li dqg rqo| li .d��Ef�fo

.d��Ef�o
� .d��Et �t o

.d��Et �o
iru doo �

lq X� ru htxlydohqwo| li dqg rqo| li iru doo � lq X�c
U

%��E%�_�f
U

��E%�_�f
�

U

%��E%�_�t
U

��E%�_�t
ru

.�f de��Ee�o

.�f d��Ee�o
� .�t de��Ee�o

.�t d��Ee�o
1

Zh hdvlo| rewdlq wkdw wkh rughu lqgxfhg e| wkh �uvw0rughu uhodwlyh sulfh grp0
lqdqfh +-��, lv htxlydohqw wr wkh zhoo0nqrzq prqrwrqh olnholkrrg udwlr +POU,
rughu1 Zh uhfdoo47 wkdw t lv vdlg wr grplqdwh f lq wkh vhqvh ri wkh prqrwrqh olnhol0
krrg udwlr +t ?�u- f� li wkhuh h{lvw qxpehuv �4 � %� � %2 � 4 dqg d qrqgh0
fuhdvlqj ixqfwlrq � G d%�c %2o $ dfc 4o vxfk wkdw � Et 	 %�� ' fc � Ef : %2� ' f
dqg _8t E%� ' � E%� _8f E%� rq d%�c %2o1 Wkh POU rughu lv zlgho| xvhg lq wkh vwd0
wlvwlfdo olwhudwxuh1 Lw kdv ehhq lqwurgxfhg iru phdvxulqj wkh ghvludelolw| ri ulvn|
dvvhwv lq d sruwirolr vhwwlqj lq d��o1

Sursrvlwlrq 7161 Ohw f dqg t ghqrwh udqgrp yduldeohv rq Elc 8c � � vxfk wkdw
. dfo 	 4 dqg . dt o 	 41 Wkh iroorzlqj frqglwlrqv duh htxlydohqw=

41 t ?-�� f

51 t ?�u- f

Surri1 Wklv lv d gluhfw frqvhtxhqfh ri Ohppd 715 dqg ri Sursrvlwlrq 5151
Wklv phdqv wkdw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru d udqgrp yduldeoh t

wr kdyh d kljkhu htxloleulxp uhodwlyh sulfh wkdq f iru doo qrqghfuhdvlqj xwlolw|
ixqfwlrqv lq X� lv wkdw t grplqdwhv f lq wkh vhqvh ri wkh prqrwrqh olnholkrrg
udwlr1 Zh ghgxfh iurp Sursrvlwlrq 716 wkdw doo uhvxowv wkdw duh nqrzq wr eh ydolg
iru wkh �u- rughu uhpdlq ydolg iru rxu rughu1 Lq sduwlfxodu/ zh ghgxfh wkdw
wkh -�� rughu lv vwurqjhu wkdq wkh 8 7( rughu1 Zh kdyh lq plqg vrph fodvvlfdo
h{dpsohv ri �u- grplqdqfh wkdw ehfrph fodvvlfdo h{dpsohv ri -�� grplqdqfh1

47vhh ^46`1
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Iluvw/ li wzr glvwulexwlrqv kdyh glvmrlqw frqyh{ vxssruwv/ wkhq wkh glvwulexwlrq
zlwk wkh �kljkhu� vxssruw grplqdwhv lq wkh vhqvh ri wkh uhodwlyh sulfh wkh rwkhu
rqh1 Vhfrqg/ li d udqgrp yduldeoh kdv wzr0srlqw vxssruw/ wkhq lqfuhdvlqj wkh
suredelolw| ri wkh jrrg rxwfrph lv dq -�� lpsuryhphqw1 Li wkh lqlwldo glvwulexwlrq
lv vwurqjo| xqlprgdo/ wkdw lv/ lw srvvhvvhv d ghqvlw| ixqfwlrq wkdw lv orj frqfdyh
+d fodvv wkdw lqfoxghv wkh qrupdo/ xqlirup dqg h{srqhqwldo glvwulexwlrqv,/ wkhq
dgglqj d frqvwdqw wr wkh udqgrp yduldeoh ohdgv wr dq -�� fkdqjh481 Lq wkh
vhwwlqj ri sruwirolr doorfdwlrqv/ zh hdvlo| ghgxfh iurp wkh uhvxow lq d��o phqwlrqhg
dw wkh ehjlqqlqj ri wklv vhfwlrq/ wkdw li uhwxuqv rq ulvn| dvvhwv duh rughuhg e|
wkh -�� rughu/ wkhq grplqdwlqj dvvhwv zloo eh pruh ghvluhg e| doo lqyhvwruv zlwk
qrqghfuhdvlqj xwlolw| ixqfwlrqv1

Wkh vhfrqg rughu grplqdqfh lv kdughu wr fkdudfwhul}h1 Krzhyhu/ dv zh kdyh
vhhq lq Ohppd 715/ t grplqdwhv f lq wkh vhqvh -�2 li dqg rqo| li �f ?�� -2 �t

+zlwk uhvshfw wr e,1 Ohw xv lqwurgxfh wkh iroorzlqj qrwdwlrqv1 Ohw %� dqg %2 eh
jlyhq qrqqhjdwlyh uhdo qxpehuv/ zh gh�qh @ E%�� +uhv KE%�c %2� uhvshfwlyho| e|

�@ E%�� ' . df�f$%� o. d�t $%� o � . dt �t $%�o. d�f$%� o
�K E%�c %2� ' . df�f$%� o. d�t $%2 o n . df�f$%2o. d�t $%� o

�. dt �t $%�o. d�f$%2 o � . dt �t $%2o. d�f$%� o

dqg ohw xv gh�qh wkh sro|qrpldo -%�c%2 e| �-%�c%2Ef� ' �@E%��f
2 n �KE%�c %2�f n

�@E%2��Wkh iroorzlqj uhvxowv duh wkhq gluhfw frqvhtxhqfhv ri wkh �� -2 surshuwlhv1

Wkhruhp 7171 Ohw f dqg t ghqrwh udqgrp yduldeohv rq Elc 8c � � vxfk wkdw
. dfo 	 4 dqg . dt o 	 41 Wkh irxu iroorzlqj frqglwlrqv duh htxlydohqw=

41 t ?-�2 fc

51 ;E%c +� 5 U
2
n � U

2
nc

S2
�'� +�.df�f$%� o

S2
�'� +�.d�f$%� o

�
S2

�'� +�.dt �t $%� o
S2

�'� +�.d�t $%� o

61 iru doo % ' E%�c %2� 5 U
2
n dqg iru doo f � f zh kdyh �-%�c%2Ef� � f

71 iru doo % ' E%�c %2� 5 U
2
n zh kdyh �@E%�� � f dqg �

2
�KE%�c %2� �

s

�@E%���@E%2�

Sursrvlwlrq 7181 Ohw f dqg t ghqrwh udqgrp yduldeohv rq Elc 8c � � vxfk wkdw
. dfo 	 4 dqg . dt o 	 41

48Dowhuqdwlyh uhvwulfwlrqv rq wkh lqlwldo glvwulexwlrq doorz iru gl�huhqw olqhdu wudqvirupdwlrqv
+vhh ^49`,1
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41 Li t ?-�2 fc wkhq iru doo %c . df m f � %o � . dt m t � %o

51 Li t ?-�2 f dqg . dfo ' . dt o wkhq T @o dfo � T @o dt o

61 Li t�T%

.df�f$%o

.dt �t $%o
� �?u%

� tf$%�
� tt $%�

wkhq49 t ?-�2 fc �

71 Lq sduwlfxodu/ li iru doo %c . df�f$%o � . dt �t $%o dqg � if � %j � � it � %j c
wkhq t ?-�2 f�

H{dpsoh 7191 Ohw xv dvvxph wkdw f dqg t kdyh qrupdo +ru orj0qrupdo, glvwul0
exwlrqv uhvshfwlyho| zlwk sdudphwhuv E>f c jf� dqg E>t c jt � � Li >t � >f dqg jf

� jt wkhq t ?-�2 f1

Wkh htxlydohqfh ehwzhhq 4/ 6 dqg 7 lq Wkhruhp 717 lv d gluhfw frqvhtxhqfhv
ri Ohppd 715 dqg ri Wkhruhp 5161 Frqglwlrq 5 dsshduv lq wkh surri ri Wkhruhp
5161 Lq idfw wklv frqglwlrq lv h{dfwo| wkh vdph dv lq dHo dqg kdv ehhq lqwurgxfhg
lq wklv odvw uhihuhqfh lq rughu wr fkdudfwhul}h d uhgxfwlrq ri wkh ghpdqg lq ulvn|
dvvhw zkhq wkhuh lv d vkliw lq uhwxuqv iurp t wr f dqg zkhq wkh ulvnohvv udwh lv
xqvshfl�hg�

Pruh suhflvho|/ ohw xv dvvxph wkdw d jlyhq djhqw kdv wkh srvvlelolw| wr lqyhvw
lq d jlyhq ulvnohvv dvvhw zkrvh uhwxuq lv jlyhq e| � n o : f dqg lq dq dvvhw zkrvh
uhwxuqv duh jlyhq e| f� Wkh djhqw lv hqgrzhg zlwk d frqfdyh xwlolw| ixqfwlrq � dqg
dq lqlwldo zhdowk � dqg pd{lpl}hv klv h{shfwhg xwlolw| . d�E� n kEf � E� n o��o
e| wkh fkrlfh ri wkh dprxqw k lqyhvwhg lq wkh ulvn| dvvhw1 Ohw xv ghqrwh e| kf klv
rswlpdo ghpdqg lq wkdw dvvhw1 Ohw xv dovr ghqrwh e| kt klv rswlpdo ghpdqg lq
wkh ulvn| dvvhw zkhq zh uhsodfh f e| t� Lw lv suryhg lq dHo wkdw zh kdyh kt � kf li
dqg rqo| li wkh vhfrqg dvvhuwlrq ri Wkhruhp 717 lv vdwlv�hg1 Wkh qh{w sursrvlwlrq
dqg lwv surri surylgh d gluhfw dujxphqw vwduwlqj iurp rxu gh�qlwlrq1

Sursrvlwlrq 71:1 Li t ?-�2 f dqg li . dfo � �n o wkhq uhjdugohvv ri wkh lqlwldo
hqgrzphqw dqg ri wkh +frqfdyh, xwlolw| ixqfwlrq gh�qhg rq U dv d zkroh zh kdyh
kt � kf 1

Surri1 Wkh dprxqw kf vdwlv�hv . dEf � E� n o����E� n kfEf � E� n o���o ' f ru
htxlydohqwo| . dEf��Ef�o ' . dE��Ef�o zkhuh �E%� ' �E� n kfE% � E� n o���� Wkh

49Rqfh djdlq zh dgrsw wkh frqyhqwlrq 3

3
@ 3=
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ixqfwlrq k $ . dEf � E� n o����E� n kEf � E� n o���o kdv d qrqsrvlwlyh ghulyd0
wlyh dqg vlqfh . dfo � � n o zh kdyh kf � f1 Wkh ixqfwlrq � lv wkhq qrqgh0
fuhdvlqj dqg frqfdyh dqg e| gh�qlwlrq ri wkh -�2 rughu zh kdyh/ . dEt ��Et �o �
. dE��Et �o ru htxlydohqwo| . dEt � E� n o����E� n kfEt � E� n o���o � f 1 Vlqfh
kt vroyhv . dEt � E� n o����E� n kt Et � E� n o���o ' f dqg e| prqrwrqlflw| ri
k $ . dEt � E� n o����E� n kEt � E� n o���o/ zh kdyh kt � kf �

Wkh frqglwlrq . dfo � � n o jxdudqwhhv wkdw kf � f dqg phdqv wkdw f lv
ghvludeoh1 Wklv frqglwlrq lv qdwxudo zkhq zh kdyh htxloleulxp prghov lq plqg1
Wkh idfw wkdw � lv gh�qhg rq U dv d zkroh holplqdwhv erxqgdu| sureohpv1 Zh fdq
lqvwhdg lpsrvh lqwhulru vroxwlrqv iru wkh �uvw rughu frqglwlrqv1

Zkhq wkh ulvnohvv udwh lv jlyhq/ wkhq d.o fkdudfwhul}hv wkh uhgxfwlrq ri wkh
ghpdqg lq ulvn| dvvhw e| wkh �fhqwudo ulvnlqhvv durxqg o� +�-Eo�,grplqdqfh1 Lw
dsshduv wkhq wkdw rxu -�2 grplqdqfh lv htxlydohqw wr wkh �-Eo� iru doo o ru
htxlydohqwo| wr wkh �-Ef� grplqdqfh iru f � o dqg t � o iru doo o� Lq dHo/ wklv
surshuw| lv ghqrwhg e| _o�-Eo��

Sursrvlwlrq 518 shuplwv wkhq wr frqvwuxfw vlpsoh h{dpsohv ri vxfk fhqwudo
ulvnlqhvv grplqdqfh1

81 Frqfoxvlrq

Zh kdyh lqwurgxfhg d qhz fulwhulrq gluhfwo| olqnhg wr wkh pdunhw sulfh ri ulvn lq
dq htxloleulxp prgho lq rughu wr phdvxuh wkh shvvlplvp ri d jlyhq suredelolw|
eholhi1 Zh kdyh vhhq krz wklv fulwhulrq fdq eh dssolhg wr sursrvh d phdvxuh ri
wkh ulvn dyhuvlrq ri d jlyhq xwlolw| ixqfwlrq dv zhoo dv d phdvxuh ri wkh ohyho ri ulvn
ri d jlyhq survshfw1

Zh kdyh jlyhq qhfhvvdu| dqg vx!flhqw frqglwlrqv rq wkh suredelolw| eholhi/ rq
wkh xwlolw| ixqfwlrq/ rq wkh ohyho ri ulvn ri wkh djjuhjdwh zhdowk iru dq lqfuhdvh ri
wkh pdunhw sulfh ri ulvn1 Iru jlyhq vxemhfwlyh suredelolw| eholhiv '� dqg '2/ wkh
pdunhw sulfh ri ulvn lv kljkhu xqghu '� wkdq xqghu '2 iru dq| qrqghfuhdvlqj xwlolw|
ixqfwlrq li dqg rqo| li '� lv pruh shvvlplvwlf lq wkh vhqvh wkdw wkh ghqvlw| ri '�

zlwk uhvshfw wr '2 lv dqwlfrprqrwrqh zlwk djjuhjdwh zhdowk1 Zh dovr sursrvh d
frqfhsw ri shvvlplvp dvvrfldwhg wr d vhfrqg rughu grplqdqfh +zkhq zh ghdo zlwk
wkh fodvv ri qrqghfuhdvlqj frqfdyh xwlolw| ixqfwlrqv,1 Iru jlyhq xwlolw| ixqfwlrqv
� dqg �/ wkh pdunhw sulfh ri ulvn lv kljkhu xqghu � wkdq xqghu � li dqg rqo| li �
lv pruh ulvn dyhuvh lq wkh vhqvh ri Duurz0Sudww1 Iru jlyhq survshfwv f dqg t /
wkh pdunhw sulfh ri ulvn lv kljkhu iru t wkdq iru f iru dq| qrqghfuhdvlqj xwlolw|
ixqfwlrq li dqg rqo| li f grplqdwhv t lq wkh vhqvh ri wkh prqrwrqh olnholkrrg
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udwlr1 Ixuwkhupruh/ wkh pdunhw sulfh ri ulvn lv kljkhu iru t wkdq iru f iru dq|
qrqghfuhdvlqj frqfdyh xwlolw| ixqfwlrq li dqg rqo| li/ iru doo o/ f � o grplqdwhv
t � o lq wkh vhqvh ri wkh fhqwudo ulvnlqhvv1

Uhihuhqfhv

^4` Deho/ Dqguhz/ 53351 Dq h{sorudwlrq ri wkh h�hfwv ri shvvlplvp dqg grxew rq
dvvhw uhwxuqv1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 59/ 43:8043<51

^5` Fhffkhwwl/ V1/ Odp/ S1 dqg Q1 Pdun/ 53331 Dvvhw sulflqj zlwk glvwrughg eholhiv=
duh htxlw| uhwxuqv wrr jrrg wr eh wuxh B Dphulfdq Hfrqrplf Uhylhz/ <3/ :;:0
;381

^6` Gldprqg/ S1 dqg M1 Vwljolw}/ 4<:71 Lqfuhdvhv lq ulvn dqg lq ulvn dyhuvlrq1
Mrxuqdo ri Hfrqrplf Wkhru|/ ;/ 66:06931

^7` Hhfnkrxgw/ O1/ dqg F1 Jroolhu/ 4<<81 Ghpdqg iru ulvn| dvvhwv dqg wkh
prqrwrqh suredelolw| udwlr rughu1 Mrxuqdo ri Ulvn dqg Xqfhuwdlqw|/ 44604551

^8` Ilvkexuq S1 dqg E1 Sruwhu/ 4<:91 Rswlpdo sruwirolrv zlwk rqh vdih dqg rqh
ulvn| dvvhw= h�hfwv ri fkdqjhv lq udwh ri uhwxuq dqg ulvn1 Pdqdjhphqw Vflhqfh/
55/ 439<043:61

^9` Jlrugdql/ S1 dqg S1 Vùghuolqg/ 53361 Lv wkhuh hylghqfh ri shvvlplvp dqg grxew
lq vxemhfwlyh glvwulexwlrq B D frpphqw rq Deho1 FHSU Glvfxvvlrq Sdshu1

^:` Jroolhu/ F1/ 4<<81 Wkh frpsdudwlyh vwdwlfv ri fkdqjhv lq ulvn uhylvlwhg1 Mrxuqdo
ri Hfrqrplf Wkhru|/ 99/ 85508681

^;` Jroolhu/ F1/ 4<<:1 D qrwh rq sruwirolr grplqdqfh1 Uhylhz ri Hfrqrplf Vwxglhv
97/ 47:04831

^<` Kdgdu/ M1 dqg W1 Vhr/ 4<<31 Wkh h�hfwv ri vkliw lq d uhwxuq glvwulexwlrq rq
rswlpdo sruwirolrv1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 64/ :540:691

^43` Ndsodq/ Z/ 53341 D frsrvlwlylw| sureh1 Olqhdu Dojheud dqg lwv Dssolfdwlrqv/
66:/ 4/ 56:0584

^44` Nlkovwurp/ U1 dqg O1 Plupdq/ 4<:71 Ulvn dyhuvlrq zlwk pdq| frpprglwlhv1
Mrxuqdo ri Hfrqrplf Wkhru|/ ;/ 69406;:1
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^45` Nrfkhuodnrwd/ Q1 U1/ 4<<91 Wkh Htxlw| Suhplxp= Lw*v Vwloo d Sx}}oh1 Mrxuqdo
ri Hfrqrplf Olwhudwxuh/ 67/ 750:41

^46` Odqgvehujhu/ P1/ dqg L1 Phlolmvrq/ 4<<31 Ghpdqg iru ulvn| �qdqfldo dvvhwv=
D sruwirolr dqdo|vlv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 83/ 5370546

^47` Phkud/ U1/ dqg H1 Suhvfrww/ 4<;81 Wkh Htxlw| Suhplxp= D Sx}}oh1 Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ 48/ 47804951

^48` Ph|hu/ M1 dqg P1 Ruplvwrq/ 4<;61 Wkh frpsdudwlyh vwdwlfv ri fxpxodwlyh
glvwulexwlrq ixqfwlrq fkdqjhv iru wkh fodvv ri ulvn dyhuvh djhqwv1 Mrxuqdo ri
Hfrqrplf Wkhru|/ 64/ 484049<1

^49` Ruplvwrq/ P1E1 dqg H1 Vfkohh/ 4<<61 Frpsdudwlyh vwdwlfv xqghu xqfhuwdlqw|
iru d fodvv ri hfrqrplf djhqwv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 94/ 74507551

^4:` Sudww/ M1Z1/ 4<971 Ulvn dyhuvlrq lq wkh vpdoo dqg lq wkh odujh1 Hfrqrphwulfd/
65/ 45504691

^4;` Urwkvfklog/ P1 dqg M1H1 Vwljolw}/ 4<:31 Lqfuhdvlqj ulvn = L1 D gh�qlwlrq1 Mrxu0
qdo ri Hfrqrplf Wkhru|/ 5/ 5580576

^4<` Urwkvfklog/ P1 dqg M1H1 Vwljolw}/ 4<:31 Lqfuhdvlqj ulvn = LL1 Lwv hfrqrplf
frqvhtxhqfhv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 6/ 990;7
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ILJXUHV

Iljxuh 4

Wklv �jxuh uhsuhvhqwv wkh glvwulexwlrq ixqfwlrqv ri ' +gdvkhg olqh, dqg � +vrolg
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Iljxuh 5

Wklv �jxuh uhsuhvhqwv wkh ghqvlw| ri �� +vrolg olqh, dv zhoo dv wkh ghqvlw| ri ' zlwk

uhvshfw wr ��
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Iljxuh 6

Wklv �jxuh uhsuhvhqwv d vlwxdwlrq zkhuh wkh frqglwlrqv ri wkh irxuwk dvvhuwlrq ri

Sursrvlwlrq 517 duh vdwlv�hg exw zkhuh wkh frprqrwrqlflw| frqglwlrq lv qrw vdwlv�hg1

Pruh suhflvho|/ zh kdyh e ' Efc �c 2�/ '�' E�
�
c�

�
c�

�
� dqg '2' E�

H
ce

H
c�

H
�� Wkh vrolg +uhvs1

gdvkhg, wklq olqh uhsuhvhqwv wkh glvwulexwlrq ixqfwlrq ri '2 +uhvs1 '��1 Wkh vrolg +uhvs1

gdvkhg, wklfn olqh uhsuhvhqwv wkh ixqfwlrq .'� de�e$%o +uhvs1 .'2 de�e$%o�� Wkh wklq

+uhvs1 wklfn, gdvkhg olqh lv fohduo| deryh +uhvs1 ehorz, wkh vrolg rqh1 Wkh vx!flhqw
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Iljxuh 7 ) 8

Wkhvh �jxuhv uhsuhvhqw d vlwxdwlrq zkhuh wkh frqglwlrqv ri wkh wklug dvvhuwlrq ri

Sursrvlwlrq 517 duh vdwlv�hg exw zlwkrxw wkh �uvw rughu vwrfkdvwlf grplqdfh1 Pruh

suhflvho|/ zh kdyh e ' Efc �c 2�/ '�' E�
�
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� dqg '2' E�

H
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H
�� Lq wkh �uvw �jxuh/ wkh

vrolg +uhvs1 gdvkhg, wklq olqh uhsuhvhqwv wkh glvwulexwlrq ixqfwlrq ri '2 +uhvs1 '��1 Wkh
vrolg +uhvs1 gdvkhg, wklfn olqh uhsuhvhqwv wkh ixqfwlrq .'� de�e$%o +uhvs1 .'2 de�e$%o��
Zh fohduo| gr qrw kdyh �uvw vwrfkdvwlf grplqdqfh1 Lq wkh vhfrqg �jxuh/ wkh gdvkhg olqhv

duh wkh vdph dv lq wkh suhylrxv rqh dqg wkh vrolg olqhv fruuhvsrqg wr b'� de � %o dqg
b.'� de�e$%o zlwk b '�S

�H
dqg wkh frqglwlrqv ri wkh wklug dvvhuwlrq duh fohduo| vdwlv�hg1
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