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Abstract

In this article, we characterize efficient contingent claims in a con-
text of transaction costs and multidimensional utility functions. The
dual formulation of utility maximization helps us outline the key notion
of cyclic anticomonotonicity. Moreover, after defining a utility price in
this multidimensional setting, we provide a measure of strategies inef-
ficiency and a tool allowing to effectively compute this measure with
the help of cyclic anticomonotonicity.

Keywords: cyclic anticomonotonicity, utility maximization, transaction costs,
utility price.

Introduction

We consider a general multivariate financial market with transactions costs
as in KABANOV ([11]), and we give tools to understand optimal strategies
when agents are modelled with preferences following stochastic dominance
of order 2. Precisely, an important feature of our analysis is the setting of
multidimensional model of the market as well as utility functions. We pro-
vide a characterization of efficient contingent claims, i.e. chosen by agents
endowed with a multidimensional utility function U. We also compute the
inefficiency part of a strategy without specifying any utility function.

In the literature, these questions were studied in the case of a discrete and
complete financial market by DYBVIG ([4], and [5]); JOUINT and KALLAL
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([10]) generalizes the results in discrete markets with frictions, and when
agents maximize the expected utility of their terminal wealth with respect
to a numéraire. These papers show in particular the importance of the no-
tion of anticomonotonicity, translating the intuition that efficient contingent
claims are decreasing functions of Arrow-Debreu prices.

Our setting is more general as we consider a continuous financial market,
with an infinite probability space, where preferences of agents are represented
with the help of a multidimensional utility function, (studied in DEELSTRA
and al. [6]). This multidimensional model of preferences is in accordance
with the intuition that not only the liquidation value but also the holdings
of the portfolio matters. Moreover, when the preferences of the agent are
not only function of the liquidation value of the portfolio, the notion of an-
ticomonotonicity is not relevant anymore. In the main results of this paper,
we characterize efficient contingent claims with the notion of cyclic anti-
comonotonicity, introduced by ROCKAFELLAR ([14]); this is done with the
help of the dual formulation of the problem of utility maximization. The
paper is organized as follows. Section (1) presents the setting of this paper,
and gives the first tools to solve our problem. Section (2) states the princi-
pal result of this paper which gives the characterization of strictly efficient
contingent claims. We end this paper (section (3)) by the computation of
the inefficiency size of a trading strategy.

1 The financial market

1.1 Assets and trading strategies

Let T be a finite time horizon and (2, F,P) a probability space endowed

with a filtration F = (F})o<i<7, satisfying the usual conditions. Let S =
(89,81, ..., 8% be a continuous semimartingale with strictly positive compo-
nents; the first component will play the role of numeraire, i.e. is assumed to
be constant over time S°(.) = 1.

In this market, we suppose there exists possibly constant proportional trans-
action costs. These transaction costs are described with a matrix (\¥) €
Mflﬁl, where Mﬁlfl is the set of square matrix with (d+1) lines with non-
negatives entries. Each coefficient A\¥ is the proportional cost to transfer
value from asset 4 to asset j. Furthermore, this matrix satisfies the following
condition:

e Mi=0forallico,..,d
o (1+29) < (1+ XK1+ M) forall i,5,k€0,...d

These conditions translate the economic hypothesis that transaction costs
can not be saved by an artificial transit. Following KABANOV([11]), we



define the solvency region as the vectors of portfolio holdings such that the
no bankruptcy condition is satisfied:

d
K2 !z eRrit | Ja € Miﬂ,mi + Z (a¥" — (1 +A)a") > 0;i=1,....d
j=0

This closed convex cone induces a partial ordering on R? as:

x1 = xg if and only if x1 — 20 € K
We could also introduce the positive polar associated to K, defined as

K* 2 {y e R™ | (z,4) >0, forall z € K}

and the partial ordering induced by K*:

y1 = yo if and only if y; —yo € K*

A trading strategy on this market is a F-adapted, right-continuous, process L
taking values in Mg, 1. Lt] is the cumulative net amount of funds transferred
from the asset ¢ to asset j up to the date ¢. Given an initial holdings vector
x € R% and a strategy L, the portfolio holdings are defined by the dynamics,

/X;SZ +Z<L” (14 X)L )

A trading strategy is said admissible if it satisfies the no bankruptcy condi-
tion, at each time ¢, i.e.:

XCE,L t O

and we define the set of positive contingent claims attainable by an admissible
strategy:

X(z) 2 {X S LO(RSIFH) | X = X;’L for an admissible trading strategy L}

1.2 Tools of valuation and a Duality result
1.2.1 Valuation functions

In the framework of a market with transaction costs, the valuation of a
portfolio with respect to a given asset is not equivalent to the valuation
with respect to cash. Thus, different functions of valuation are possible. We
could define the liquidation value of a portfolio zg € K as the maximum cash
endowment that we can get from portfolio g when clearing all the positions
in risky assets and paying the transaction costs:

l(a:)ésup{we]R\xZwll}.



This definition implies that {(z1) > [(x2) if and only if z; = z3. Moreover, it
is possible to reformulate the liquidation function with K 2 {y c K|y’ = 1}:

I(z) = yg}ﬁg Y
To further comment on this function, we refer to KABaNOv/( [11]), DEEL-
STRA and al. (|6]) and BOUCHARD (]2]).
Another function of valuation, which turns out to be very useful in our set-
ting, is the amount of a certain position xy that we can get from the initial
holdings vector z:

Vo () = sup{w € R | wzy < x}

In the same way as for the liquidation function, we can give a dual formula-

tion of vy, (.) with the set K 2 {y eK*|y= % + yL}. We obtain the

lzo
following proposition:
Proposition 1.1 Let g € int(K). The set K is compact and K* is the

cone generated by K . Moreover, the amount vy, () of the portfolio xq that
can be obtained from the initial holdings vector x is:

Vg (T) = yelrll(f* yx
0

Proof of the proposition 1.1.
Let 2o € int(K); there exists ro > 0 such that z) = z¢o & 25 € K as soon as
|zg| < ro. In consequence, if we define yg3 = ¢ + Bxg, then :

ysrl = "(xo)zo + B (27 )z0 < 0 for B> By
yszy = '(wo)wo — B'(xy)wo < 0 for B< —f
We deduce that if y3 € K*, then |3| < [Bo| : the set K is compact. The fact that

K™ is generated by the compact set K7, is straightforward. Now, for the last item,
take y € K and w € R such that wzo < z. We have, by definition of K*:

(y, z) — (y,wxo) >0

i.e (y,x) > w and we deduce that

To the converse inequality, if w* > vy, (z), we have w*zy > z. We deduce for
ye Ky, :

(y, wzo) = w* = (y, )
This leads to :

> inf
Vgo (T) > yGHIl(;O yz



We introduce also the function, issued from the partial ordering induced by
K™

1>

inf zy

I*
(y) zeK,|z|=1

Before ending this paragraph, let us just recall the following properties:

Proposition 1.2 The functions of valuation verify:

e [*(y1) > 0 if and only if y1 = 0.

Vgo(z1) > 0 if and only if 1 > 0.
o OK* ={y e K" |I"(y) =0}.
e 0K ={z e K |Il(x) =0}

Proof of the proposition 1.2.
The two first items are straightforward. Item (3) and (4) can be found in DEEL-
STRA and al. ([6]).

1.2.2 Dual formulation of the super-replication price

In this paragraph, we give an important result of KABANOV and LAsT (|12]),
allowing us to write the pricing function of contingent claims with a dual
formulation.

For some positive contingent claim C' € L°(K, Fr), let:

rc) 4 {a: e R | X = C for some X € X(az)}

I'(C) is the set of initial portfolio allowing to construct a strategy which

hedges the contingent claim C. For a probability Q denoting M(Q) the set
of all Q-martingales, we introduce the set:

Dé{ZeM(QH?eK*,ogth}
t

With these definitions we can state the following result.

Theorem 1.1 (KABANOV and LAST.) Let S be a continuous process in
M(Q) for some Q ~ P. Suppose further that int(K*) # 0, Then:

I'(C) = D(C) a {z € RAH1 | E (ZTC> — Zox <0 for all Z € D}



We can therefore extend naturally the set D. Let
V(y)={Y € L%K*, Fr) |[E(YX) <zyforallz € K and X € X(z)}

With this result of duality, we can evaluate the amount of portfolio g needed
to hedge the contingent claim Xg. Indeed, define

Dt ={Y € Y(y) fory € K}, }
We have:

Lemma 1 The amount of portfolio xqy in order to hedge the contingent claim
g 18 given by:

11>

7(Xo, x0) sup E(YX)

YeDL, yeKy

Proof of the lemma 1.
Indeed, since Kj generates K*, we have that X, can be hedged by the initial
holdings vector Axg if and only if:

E(YX) < Axoyo = A if and only if Y € D* ()

ie.
sup E(YX)<A
YeDL,yeKy

0.

A straightforward implication is that X' € X'(wo) if and only if supy ep1 (5) E(XY) <
1.

We end this section by an interesting result, proved in DEELSTRA and al.

(6]), which give a characterization of attainable contingent claims.

Lemma 2 Let S be a continuous process in M(Q) for some Q ~ P and
suppose that int(K*) # 0. Let Xo € L°(K, Fr) and xo € K be such that:

sup sup E(XoY) — 2oy = E(XoYy) — zoyo =0
yeEK*YeY(y)

for some yo € K* and Yy € Y(yo) with P[Yo = 0] = 0. Then the contingent
claim is attainable from the initial wealth xq.

2 Characterization of strictly efficient trading strate-
gies

In a complete and discrete market, where prices of every contingent claims
depend on a vector of density price of states, DYBVIG(|4]| show that efficient
contingent claims are decreasing functions of the vector of density prices. In
particular, studying the problem in a market with frictions in a finite space,



JoOuINT and KALLAL (|10]) prove that this property of anticomonotonicity
can be seen as a derivation of the first order condition in the convex opti-
mization problem of maximizing the expected utility of terminal wealth.

In a market with transactions costs, the value of a portfolio is not equiva-
lent to its liquidation value, and it is restrictive to assume that the agents
maximize the expected utility of the liquidation of terminal portfolio. It
is more relevant to consider each agent endowed with a utility function
U € U, being the set of functions mapping R%*! into R with effective do-
main int(K) C dom(U) C K, and satisfying the conditions:

e U is strictly increasing on K, i.e U(x1) > U(z2) for all 21 > xo.
e U is concave on K

Each agent chooses an optimal strategy, depending on his preferences (i.e. on
the utility function U) and on his initial portfolio xg. This optimal strategy
is chosen in order to maximize the expected utility of the terminal holdings
vector.

Definition 2.1 A strategy L, with a positive initial portfolio xo € int(K),
1s strictly efficient iof and only if there exists an utility function U such that
X;O’L € X(xo) is solution to the problem of mazimization:

E(U(X%’L)): sup E(U(X))
XeXx(z)
where

A

Xl(z) = X(z) N LYK, Fr)

In order to avoid problems of definition of expected utility for some contin-
gents claims and utility functions U € U, we work with integrable contingent
claims : indeed, our approach is to use minimal technical hypothesis for the
agents, and the use of the space LO(K, Fr) implies that the expected utility
for some contingent claims may be not well defined.

As it was already the case in JOUINI and KALLAL ([10], the basic idea is
to characterize strictly efficient strategies with results of duality. But in a
context of continuous probability space, duality is more complex to handle.
Maximizing the expected utility in an incomplete market was studied in a
very large setting by KRAMKOV and SCHACHERMAYER ([13]. HUGONNIER
and KrRAMKOV ([9]) study this problem with a random endowment at the fi-
nal date. In a multidimensional case, the problem was studied by DEELSTRA
and al.([6]). Nevertheless, these articles focus on some suitable hypothesis
on the utility function, as the one on the asymptotic elasticity, in order to
have a solution for the primal problem. In our setting, we are not interested
in this question of existence and thus we don’t need to impose any regularity
hypothesis on the utility function.



In the following paragraph, we present more precisely the notion of anti-
comonotonicity and introduce cyclic anticomonotonicity, which is more rele-
vant in our setting. Then, we present our principal result, which characterizes
strictly efficient contingent claims.

2.1 Anticomonotonicity

In the one-dimensional theory of decision, and in the case of stochastic dom-
inance of order 2, anticomonotonicity between a random variable of pric-
ing Y and a contingent claim X derives from duality and the fact that
Y € NMU(X), for A > 0 (see [10]). Let us recall this notion:

Definition 2.2 Two random variables X1 and Xo defined on the same prob-
ability space (Q, F,P) are anticomonotonic if there exists A in F, with prob-
ability one, such that:

(X1 (w) — X3 (w)] [X2(w) — Xa(w)] <0 for all (w,w') € A x A.

Thus, one can think first that we need the natural extension of one-dimensional
anticomonotonicity to the multidimensional framework: i.e., two random
vectors X and Y of dimension d + 1 are said anticomonotonic if and only
there exists a measurable set A of probability 1 such that

(V(wl,wg) S Az) (<X(w1) — X(WQ),Y(wl) — Y(W2)> < 0).

But it turns out in the multidimensional case that this is not enough to
characterize strictly efficient contingent claims. We use the following notion:

Definition 2.3 Two random vectors X and Y of dimension d + 1 are said
cyclically anticomonotonic if and only there exists a measurable set A of
probability 1 such that:

(Vp > 2, Y(wi, w2, ...,wp) € AP)
(X (w1),Y(w1) = Y(w2)) + (X (w2), Y (w2) = Y(w3)) + ... + (X (wp),Y(wp) =¥ (w1) <0)

Indeed, more or less, in our setting, we deduce that for a strictly effi-
cient contingent claim Xy € X(xg), there exists, in the same way as the
uni-dimensional framework, a random vector of pricing Yy € ) such that
Yy € AU (X). ROCKAFELLAR ([14]) show that this is in fact characterized
by the cyclical anticomonotonicity .

Before continuing this discussion, we would like to stress a little subtlety on
the notion of "almost surely". Indeed, we could have defined anticomono-
tonicity with existence of measurable sets A of probability 1 on the product
space. This is in fact equivalent:

Proposition 2.1 Let X and Y two random vectors on the space (2, F,P).
For each p € N*, define PP as the usual propability product on the produce



space Q®P. The cyclic anticomonotonicity between X and Y is equivalent to:

(Vp>2) (34 € Q% | P¥"(A) = 1) (V(wi, ..., wp) € A)
(X (w1),Y(w1) = Y(w2)) + (X (w2), Y(w2) = Y(w3)) + ... + (X (wp), Y(wp) — Y (w1) <0)

Proof of the proposition 2.1.

It is straightforward that cyclic anticomonotonicity implies the property of the
proposition. Conversely, assume that X and Y verify this property. It is enough
to prove there exists X* and Y* with X* = X and Y* “© Y, such that X*
and Y* are cyclically anticomonotonic. Denoting X = (X, Xs,...,X,) and Y =
(Y1,Ys,...,Y,,), we define the set for each vector of T € NZ}%:

Ar = Od{g(i)<xl<f(2jl}
0<I<
Bk = ﬂ {;(?SYk<I(l;j1}

0<i<d

Step 1 - comnstruction of version X.

We define 1)
X = Z S L0 B
(I,K)EP,
with

P, ={(1.K) € (Ni3!)" | P(Arn Br) #£0}

N, =€ U AIﬂBK

(I,K)eP,

If w ¢ |JN,, we have [ X" — X| < oL for all n € N; for all w € Q, X" converge and
we define:
X*2 lim X"
n—-+00
and X* "= X, since P(N,,) — 0.
Step 2 - Construction of version Y*.
In the same way, we define:

n K(l)
"= Z o 14,0 Bk
(I,K)eP,

If w ¢ |JN,, we have |Y™ (w) — Y (w)| < g7 for all n € N. Therefore, for all w,
Y™ converge and we define:

=

Y lim Y,

n—-+oo

and Y* 2 Y
The sequence Y™ and X" have been constructed in order to be almost cyclically
anticomonotonic; indeed, let ,, = Q\ N,, and p € N*. We have:
(V@1 s ) € (2)7) (¥ (1), X7 (1) = X7 (w2) + e+ (Y (00), X7 () = X" (w1)) —
n

Y(w), X(w1) = X(wa)) + . + (Y(wp), X(wp) = X(w1)) = 3pg;



Therefore:

n
(V@ wp) € (@a)?) (Y™ (1), X7 (w1) = X7 (w2) + e+ (V™ (), X" () = X" (1) < 3p;)
We conclude that if we define A = Q\ N, >N, we have:

V(w1 oy wp) € (A)P) (VT (w1), X7 (wr) = X (w2)) + - + (Y (wp), X (wp) — X (w1)) <0)

An important corollary of this proposition is:

Corollary 2.1 Let d € N* and (0, F,P) a probability space. Suppose X and
Y are two vector of dimension d+1 such that we can’t find a € > 0 and some
non negligeable measurable sets Q1,o, ..., Qy, verifying the property:

V(w1 eerywn) € Q1 X ooo X Q) ((Y(wr), X(w1) = X(w2)) + oo + (Y (wn), X(wn) — X(w1)) > €)
Then X and Y are cyclically anticomonotonic.

Indeed, it gives a criterium very tractable to prove that two random vectors
X and Y are cyclically anticomonotonic.

Finally, in the one dimensional case, on discrete probability spaces with
equiprobability states or on probability spaces atomless, we can find, for any
two fixed distributions F'x and Fy, random variables X distributed as Fx,
and Y distributed as Fy such that X and Y are anticomonotonic (see [7]).
The next result proves that this result is extendable to the multidimensional
case for the notion of cyclic anticomonotoncity.

Proposition 2.2 LetNX e XY andY €Y. There exist a random vector X
and a random vector Y, with respectively the same distribution as X and Y,
such that X and Y are cyclically anticomonotonic.

Proof of the proposition 2.2.

In the following, we denote C'x a copula of X, and Cy a copula of Y. Consider the
set C(X,Y) of copula in R?¥+2 such that for all C' € C(X,Y), the marginal copula
of the d + 1 first variables is the copula Cx, and the marginal copula of the d + 1
last variables is the copula of Cy:

C’(ul,u2,...,ud+171,...,1) = Cx(ul,’LLg,...,ud+1)
C(l,...,l,vl,vg,...,’Ud+1) = Cy(ul,UQ,...,ud+1)

It is straightforward that the set C(X,Y") is closed with respect to the topology of
convergence simple in C, the set of copula defined on [0, 1]242. But the set of copula
C is compact with respect to this topology (see [3], theorem 2.3, and [1] for the con-
vergence of probability measures). Let X,, a sequence of random vectors distributed
as X such that lim, ., E(YX,) = inf{E(YX) | X is distributed as Xo}. With
maybe an extraction, we could suppose that the sequence of copula C,, € C(X,Y)

10



of the random vector (X,,Y’) converges to a copula C' € C(X,Y). Define then the
random vector X with the same distribution as Xy, such that C' is a copula of
(X,Y). By construction, (X,,,Y") converges in law to (X,Y’), and therefore:

E(X,Y)) < lim E((X,,Y))

n—-+oo

Now, let’s prove that X and Y are cyclically anticomonotonic. If it is not the case,
we deduce from the corollary (2.1) the existence of ¢ > 0, n > 0 and some non
negligeable sets 1, ..., 2, such that:

(V(wry ey wn) € (Q X oo X D)) (<X(w1) — X (w2), Y(@1)) + oo+ (X (wn) — X(w1),Y (w)) > 5)

and, since we have assumed that our space is atomless, we can always choose the sets
Qq,...,, with the same probability p. Define the random vector X*, distributed
as Xy with: R

X|*Q\Qlu...uQn = X\Q\Nﬂluu.um

X|q, distributed as ){‘QHI fori<n

X[q, distributed as X|qo,

In consequence, we have
E((X",Y)) ~ E((X,Y)) = > E [(v, (X" = D)j0,)]

But, by construction, we have Y7 (Y, (X* — X)‘Qi> < &, which implies
E((X*,Y)) ~E((%,Y)) < —pe

This is a contradiction and conclude the proof [J.

2.2 Theorem of characterization of strictly efficient strate-
gies

We turn now to the problem of characterizing solutions of:

sup  E (U(X))
XGXl(m())

for some utility function U and z¢ € int(K). As we have already pointed
out, in markets with transactions costs, it is not only the liquidation value
of the portfolio zy which matters, but also the whole holdings vector. In
consequence, our problem has a natural direction, and we dualize our prob-
lem with respect to this direction zq, i.e. we consider the perturbed problem
u(Axg) on the line R} zo:

Uzo(N) = sup E(U(X))
XeX(Azo)
= sup inf E(U(X)) - B(E[XY]—X)

Xexl B>O,Y€DL (930)

11



We then associate the following dual problem:

vnlB) = _inf  sup B[U(X)] - FE[XY]
Y €D+ (20) xeal

=l EV(Y)

where V is defined as the Legendre-Fenchel transform of U:

V(Y) :)S(EI;)(U(X) - XY

We want to prove now that our dual problem has a solution and that dual
and primal problem have the same value. For this, we need:

Lemma 3 . Let xg € int(K) and > 0. The family (V(5Y))” for Y €
DL () is uniformly integrable.

Proof of the lemma 3.

Let ¢ > 0 and choose a vector z* such that 0 < z* < Szo. z* € int(K), and
therefore belongs to the effective domain of U. If we choose y* € U (z*), by usual
theory of conjugate functions, we have, z* € 9V (y*), which implies:

V(y)~ < (V") + @y —y") <V + (=" y)
We deduce first that:

sup EVX) <V )"+ sup E(@"Y)<+o0
YeDL(zo) YeDL (zo)

With Tchebychev, we choose a € R* such that V(y*)P(V(Y)>a) = 5.
conclude:

sup / VYY) dP <
YeDL(z0) JV(Y)>a YeD+(zo)

A
w0
=

T

=

Qe*
=

=

=

v

&
+
=

®

*
=

0.

This uniformly integrability property is a key result to prove the following
lemma which tells us there is no gap between the value of the primal and
dual problem.

Lemma 4 Let U and x¢ such that uz,(1) < +o0. Then:

Vg (8) = sup [ug, (A) — Af]
A>0

Moreover there exists Yo € D+ (xq) solution to the dual problem as soon as
Uz (5) < 400

12



Proof of the lemma 4.
The following proof is slightly adapted from the proof of KRAMKOV and SCHACHER-
MAYER ([13]). Consider the set D1 (x¢) and define, for n > 0, the sets B,, to be the

positive elements of the ball of radius n of L*, i.e., B, = {g10< gl <n}. The
sets B,, are o(L>, L')-compact, and since D (z¢) is closed-convex subset of L', we
obtain:

su inf E[U(g) —Bghl|= inf sup E[U(g) — Bgh
sup [U(g) — Bgh] nenil,,) sup [U(g) — Bghl

Moreover, since g € X (zo) if and only if:

sup E[gh] < 1
he€D+(yo)

we have:

lim su inf E[U(g) — Bgh] =supu(A) — A
N I [U(g) — Bgh] Sup (A) = A8

On the other hand,

. . A
inf  sup E[U(g) — Bgh] = inf E[V,(8h)) ="
i S EU(G) = ol =, _inl E[Va(50) 2 0"(3)

Consequently, it is sufficient to prove that lim, . v™(8) = v(5). Evidently, we
have v, < v. Let (hn)n>1 be a sequence in D+ () such that:

lim E[V,(Bh™)] = lim v™(B)

n—-+oo n——+oo

Since the set D+ (z0) is bounded in L', we can apply the lemma of KOMLOS (see
[8]) and find a sequence f™ € conv(h™, h"*1,...), which converges almost surely to
a random vector h. We have h € D+ () by closure of D+ (x¢) under convergence
in probability.
However, from the convexity of the function V", we have:

E[V™(Bf")] < sup E[V™(Bh™)]

m>n

Moreover, the family V”(f™)~ is uniformly integrable. Indeed, let yo € K*
such that 0V (yo) = 9V, (yo) = OVi(yo). Since the mapping 0V (.) is cyclically
comonotonic, 0V, (y) = OV (y) as soon as I(y) > I(yo), i.e. Vo(y) = V(y) as soon as
I(y) > I(yo). We deduce then the property of uniform integrability with the one of
of (V(Bf")).

This leads to the following inequalities, with the Fatou’s Lemma:

lim E [V,(8hn)] = liminf E [V"(£")] > E[V(R)] = v(y)

n—-+4oo n—-+oo

which proves the equality. [J.

With this result, we can give a simple characterization of strictly efficient
strategies, which is one of our principal results:

Theorem 2.2 (Characterization of strictly efficient contingent claims).
A contingent claim Xo is strictly efficient if and only if there exists an
Yo € V(yo) for some yo € K*, such that:

13



o« P(Yy=0)=0

E(XoY0) = zoyo.

Random variables Xg and Yy are cyclically anticomonotonic.

{ (Fi € {0, ...,d}) (supessuen Yi(w) = +o0) = infessyeql (Xo(w))

~=0

(3i € {0, ..., d}) (inf essweq Yi(w) > 0) < supessyenl (Xo(w)) < +oo

Proof of the theorem 2.2.
First implication: Let Xy a contingent claim strictly efficient with the utility
function U, and xq the initial portfolio. The function A — w(\) is concave, and let
Bo € Ou(1l). From the lemma 4, v is the Legendre-Fenchel transform of U, and we
have:

v(Bo) = u(1) = Bo
This implies in particular v(y) < +oco and the existence of Yy € D*(z) solution
to the dual problem. We deduce that

u(1) = E(U(Xo)) E (V(BoYo) + BoYoXo)

v(Bo) + Bo

The above inequalities become equalities and lead to:

INIA

Xo = argmaxxexnE(U(X)— XY)) (1)
E(XoYy) = oy (2)

P(Yp = 0) = 0. Suppose the existence of a set A, with probability not equal to zero,
such that (Yp) 4 = 0. Define X = X 4 14, with. We have, by strict increasing of
U,

E(U(X)) > E(U(X)))

On the other hand, E (Y0X> = E (YpXo), which is in contradiction with (1).

Yy and X are cyclically anticomonotonic. Indeed, with (1), there exists a proba-
btility set A of measure 1 such that:

Yo(w) € U (Xp(w)), Vw € A

which is a characterization of cyclic anticomonotonicity (see ROCKAFELLAR,[14]),
and give us the result.

(Fi € {0,...,d}) (sup essueq Yi (w) = +00) = inf essu,eq | (Xo(w)) = 0.

Suppose on the contrary there exists i € {0,...,d} with supess,ecq Y¢(w) = 400
and inf ess,eq ! (Xo(w)) > 0. Choose € > 0 such that for all w € Q, Xy(w) > 2¢1;.
Since Y, € 90U (Xy) a.s., we have:

U(E) — U(XO) < <Y(),E — X0> < <Y0,Eli — 251z> = _<Yb;51i>

and the left side of the inequality tends to —oo, i.e. & ¢ dom(U), which is in
contradiction with our hypothesis.
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(3i € {0, ...,d}) (inf essyeq Y (w) > 0) < sup essyen ! (Xo(w)) < +o0.
Indeed, if it isn’t the case, we could choose & > z* with z* > Xy(w) for all w € Q.
We deduce, since Yy € 0U (Xp):

U(SAC) — U(iﬂ*) S U("f) — U(Xo) S <Y0,i’ — X0> é <Y0,(1A2'>

and the last term of this inequality tends to 0. We conclude that U(&) = U(a*),
which is in contradiction with the hypothesis of strict increasing of the utility
function U.

Second implication : Let X, and Yy which verify the properties of the theorem.
Let A the measurable set of probability one given by the definition of cyclical
anticomonotonicity. We fix an wg € A and (Xg, Yy) 2 X, (wo), Yo(wo). We define
the utility function U on K by:

U(z) = inf {(z — Xo(wm), Yo(wm)) + - + (Xo(w1) = Xo(wo), Yo(wo)) }

where the infinimum is taken over all finite sets (wo,w1, ..., wn) (M arbitrary) of
elements of A.

U is a proper closed concave function. Since U is an infinimum of a certain collec-
tion of affine functions, U is a closed concave function. Moreover, U(Xy(w)) = 0
by cyclic anticomonotonicity of Xy and Y; and hence U is proper.

For each w € A, Yy(w) € OU (Xo(w)). Indeed, Let w € A, it is enough to show

that for any o > U (Xo(w)), and any z € R we have:

U(z) < a+ (Yo(w), z — Xo(w))
Indeed, by definition of U, there exists some w;, i = 1,...,m such that:
a > (Yo(wm), Xo(w) — Xo(Wm)) + ... + (Yo(wo), Xo(w1) — Xo(wo))
We deduce, by definition of U and setting w,,+1 = w:
U(z) < (Yo(wm), 2= Xo(wm1))+...4+(Yo(wo), Xo(w1) —Xo(wo)) < at(Yo(wm), 2=Xo(w))

and this proves that Yp(w) € 0U(Xo(w)).
U is increasing with respect to =. We prove first U(2) > U(z) as soon as zZ > z.
Indeed, let e > 0 and (z0,%0), -, (2m, Ym ) such that:

(2= zZmyYm) + oo + (21 — 20,90) SU(Z) + ¢
Therefore:
U(z) <z = 2Zm,Ym) + -+ {21 — 20,90) SU(Z)+e+ {2z — 2,Ym)
and since £ — z € K and y,, € K*, we have:
U(z)<U(()+e

and this, for all £ > 0.

int(K) C dom(U): first, since we have always dom(U) C dom (OU(.)), U is finite on
each Xo(w) for w € Q. Suppose first that inf,cq essl(X) = 0. Let z be in int(K).
We can choose an wg € Q, with Xo(wp) < z, and deduce that U (Xo(wp)) < U(2),
ie. z € dom(U). If, on the contrary, inf,ecq essl(X) > 0, then, by hypothesis
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sup,cq essl*(Y) < 4oo. This leads to the result.

U is strictly increasing. We take 2 and z such that 2 > z.

First, suppose that, a.s. Xo(w) = 2. In particular sup ess,ecnl (Xo(w)) < +00, and
from the third item, define ¢ = ﬁ inf,eq l* (Yo(w)) > 0. In the same way, we
can choose y,, such that :

U)<UZ)+e+(z—2,Ym)
Therefore, by construction (2 — z, y,,) > ¢ and
U(z) <U(2)

Now, suppose there exists wg such that Xo(wp) = 2. We choose 2 > 21 = z with
z1 € R(Xo(wo) — 2). We have:

U(z1) 2 U(2) + (Yo(wo), 21 = 2)

But Yy(wo) € int(K*) and in consequence (Yy(wp), 21 — 2z) > 0; we conclude that
U()>U(z)>U(2).

X is strictly efficient for U. Let X € X (xg). Since, Yy € 0U(Xp) almost surely,
we have:

E(U(X)) - E((U(Xo)) <E(Yo(X — Xo)) <0
Therefore X is efficient for U .

This theorem give us immediately that the set of strictly contingent claims
is a cone, as it was the case in the discrete setting (see [10]). However, as
KRAMKOV and SCHACHERMAYER (see [13|) remark, there could be here a
"loss of mass", i.e. E((Yp)1) # ((yo)1) and the sum of a strictly contingent
claim with some cash is not necessarily a strictly contingent claim. This
result, which is anti-intuitive, tell us that investing in the cash can change
the strict efficiency of a strategy. Another difference with the discrete setting
is the third condition of the theorem; sup ess,cql(Xo) < +oo implying a
condition on the pricing vector Y comes from the fact the slope of utility
function must be strictly positive on all his domain, even out of the support
of Xy. One can see also that the other condition is linked to a question of
support of the utility function. However, we stress that int(K) C dom(U) is
a key hypothesis for the lemma (3), which is essential to prove theorem (4).

3 Inefficiency size

In this section, we study the quality of a strategy, leading to Xy € X!, what-
ever the preferences of the agent are and quantify the eventual inefficiency.
To introduce our first notion, let us note that a strictly efficient contingent
claim Xy for an utility function U € U with respect to the initial portfolio
xo can be characterized as the solution of the problem of optimization:

inf X
Xeé%(xo) (X, z0)
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where we have defined the set BY(Xj) as the set of contingent claims pre-
ferred to Xy by an agent with a utility function U:

BY(Xo) = {X e X' |E(U(X)) 2E(U(X0))}

Since we now want studying the efficiency whatever the preferences of the
agent, this leads to the following notion:

Definition 3.1 Let an admissible trading strategy L with initial value xg
which leads to the contingent claims Xo. The utility price of the contingent
claim Xo with respect to the initial portfolio xo is defined as the percentage
of the portfolio xog for any agent to find a strategy giving the same expected
utility as Xo :
PY(Xo, x0) 2 sup  inf (X, zo)
Ueu XeBY(Xo)

The inefficiency size is then IY(Xq,x9) = 1 — PY(Xo, x0)

Our goal is to use results of duality to evaluate the inefficiency size with the
difference of the liquidated price of Xy and a certain contingent claim X well
chosen. It is not straightforward that this contingent claim exists and the
question of existence is one part of our matter.

A natural set in this setting to consider is the set P(Xp) of contingent claims
preferred to Xy by any agent:

P(Xo) = {X € X' |E(U(X)) > E(U(Xy)) for all U € U}
We obtain the following theorem:

Theorem 3.1 (Computation of utility price). The utility price of a
strategy leading to the positive contingent claim X from the initial portfolio
xq satisfies:

1. There exists a contingent claim X € P(Xo) attainable from the initial

portfolio of value P¥(Xg, o)z, i.e.:

PY(Xo,x0) = x&in, m(X, )

Moreover, X is in the closed convez hull of random vectors distributed
as Xg.

2. The utility price can be also computed with each random vector of pric-
ingY € Y with the formula: P¥(Xo,z0) = sup (P(Xo,Y) | Y € D (a0))
and
P(Xp,Y) = min EYX
(Xo.Y) XeP(Xo) (¥Y-X)
= E(YX) with X cyclically anticomonotonic with Y and distributed as Xo
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Before proving this theorem, let us comment some of the results obtained and
give some applications. The first one is the existence of an efficient strategy
leading to a contingent claim X and giving at least the same expected utility
as the contingent claim X for all utility functions U € /. Nevertheless, this
contingent claim is not necessarily distributed as Xp, as it is the case in a
complete and frictionless market ( see [4]). This implies in particular that
for some utility functions U € U, expected utility of X is strictly bigger than
expected utility of Xy. Moreover, another problem which can occur is the
fact that supremum in item (2) may be not attained.

However, one can prove that the supremum is a maximum when inf ess,cql(Xo) =
0. Indeed, in this case the eventual loss of mass for the vector of pricing ¥
is not important:

Lemma 5 Let Xo a random vector in LY. and z € int(K) such that inf essl(Xo) =
0. For each vector Y € DY (xg), we denote XY the random vector dis-
tributed as Xo and cyclically anticomonotonic with Y. Then, the family
(XYY )yept(ay) of random variables is uniformly integrable.

Proof of the lemma 5.

Let € > 0. Since inf ess, e, [(X) = 0, and each composant of X is positive, we can
find wo such that X*(wg) < § for each i € {0, ..., d}. Defining A¢ = {X £ elo}, we
prove:

There exists m € R, such that each Y € D+ () is bounded by m on A¢. Indeed,

let A= = {X < 510}. By hypothesis, p: 2 P (Az) > 0. Since the portfolio
[(xz0)1 is evidently hedged by a strategy from the initial holdings vector zo, we
have E (Yy) < 72, for each Y € D*(z¢). By Tchebychev, we deduce the existence

(20)?

of m > 0 such that for all i € {0, ...,d}, inf,eca. ¥; < m.
2
Furthermore, if w; € AZ, and wy € Ag, we have X(w1) — X(w2) = 51o. By

=3

. .. . g min;efo,..., Ai A
anticomonotonicity Y (wy) — Y(wz) ¢ K*. Since % < I:f;‘(i{{‘;i‘:}}/\l = 3, we
deduce fY (w2) — Y(w1) € K*. In consequence, Y;(w) < pm for i € {0,...,d} and

w e AL
conclusion: We have:

/ XYdP < / X“YdIP’Jr/ XY dP
{XaoY>r} {XeY>r}nA. {Xey>rinAc

d d

YidP + Bm / X;dP
{XeY>rjuAc ;

9

2 /{XGY>r}ﬂAE ;

IN

But since for each Y € D+ (z), ijl Y: < vy,(1), and X; is integrable, we can
choose r > 0 such that:

/ XY dP < (1 + vy (1))
{Xev>r) 2
which prove the uniform integrability of the family (XY )y cpi(4y). O.

This uniform integrability helps us to prove the following corollary of theorem
(3.1).
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Corollary 3.2 Let Xo € X', a positive contingent claim with inf ess,cql(Xo) =
0. The supremum in item (2) of theorem (3.1) is a mazimum.

Proof of the corollary 3.2.
Indeed, Let Y,¢ cyclically anticomonotonic with X, and distributed as Y,, € DL(xO)
such that

im (XY,*) = PY (X, 20)
From the lemma of KoMLOS (and the convexity of D+ (zg)), we could suppose
that Y,2 converges to a random vector Y¢ distributed as Y € D+ (z¢) and cyclically
anticomonotonic with X, . Moreover, from the uniform integrability of the sequence
Y Xy, we conclude:

A

E(Y°X)= lim E(XY?) = PY (Xq,z0)

n—-+4oo

3.1 Demonstration of the computation of inefficiency size

We split the demonstration of the theorem in several lemmata. We have the
same result as JOUINT and al.([10]) which is a characterization of stochastic
dominance of order 2:

Lemma 6 The set P(Xy) is closed with respect to the topology of conver-
gence in measure. We have more precisely the following result:

P(Xo) = So(Xo) + L' (K, Fr)

where Yo(Xo) is the closed convex hull of the contingent claims X distributed
as Xy.

Proof of the lemma 6.

Step 1 - P(Xy) is closed w.r. to the topology of convergence in measure
Indeed, let X,, € P(Xy) which converges almost surely to a random variable X*.
By the theorem of dominated convergence, we have if an utility function U? is
bounded:

E(U(X") = lim B(UY(X,) > BUY(Xo)

But, now, if U is not bounded, we can construct a sequence U’ to U, such that,
for all n and z € R*, we have |U’(z)| < |U(x)|. Therefore, with the dominated
convergence theorem:

E{U(X*) = lim EU:(X)>EU(X,) = lim EU:(X)

n—-+4oo n—-+o0o

Step 2 - Characterization of P(Xj).
Since P(Xy) is closed for the topology of convergence in measure, we deduce
¥o(Xo) + Lt (K, Fr) C P(Xo).
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Reciprocally, let X* ¢ Yo(Xo) + L' (K, Fr). Since ¥o(Xo) + LY(K, Fr) is closed
on the space L'(R%, Fr), we can find an Yy € L>=(R%, Fr), such that:

E (X*Yp) < inf {E(XYp) | for all X € %(Xo) + L' (RY, Fr)}

This implies in particular that Y € K* a.s. Moreover, it is possible to choose a
random vector X, distributed as Xy, cyclically anticomonotonic with Yy. There
exists therefore a concave function U (see [14]), not necessarily strictly increasing,
with dom(U) C K and:

Y € 0U(X)aus.

We deduce that
E(U(X*) ~E (U(XO)) <E (YO(X* - XO)) <0

Unfortunately, U may be not in Y. Nevertheless, we can choose a sequence of
utility functions U,, € U (i.e. in particular strictly increasing) such that U,41(z) <

U, (x), E <U1 (Xo)) < oo and E (U;(X*)) < co. With the theorem of convergence
monotone, we have lim,,_, o, E(U,(X0)) = E(U(Xy)), and lim,, _, o E(U,(X*)) =

E(U(X*)). And we deduce the existence of U € U, with:
E (0(}(*)) <E (U(XO)) =E (U(Xo))

X* doesn’t belong to P(Xp). This proves that P(Xo) = 3o(Xo) + LY(K, Fr) O.

As it is suggested in the last item of theorem (3.1), computation of utility
price is done in two steps. First, we look for the contingent claim Xy €
P(Xo) which minimizes E(XY") for each vector of pricing Y € Dt(xg). In
a second step, we use duality results to prove that PY (X0, zp) is then the
supremum of these computations.

The following lemma is the first step of our demonstration. However, we
need to work with only a part of the set D (x):

Lemma 7 Let Y € D' (xg) with P(Y = 0) = 0. There exists X, distributed
as Xo, cyclically anticomonotonic with Y, such that:

sup inf E(YX)= min EYX)=E(YX)
UEZ,{XEBU(XQ) XGP(X())

Proof of the lemma 7.

Let X, € P(Xo) such that lim, . E(X,Y) = infxecpxy) E(XY). From the
lemma of KoMLOS, and the lemma of Fatou, we could suppose, with maybe an
extraction that X,, converges a.s. to X € P(Xy) and:

E(XY): min  E(XY)
XEP(Xo)

Moreover, from the lemma 6, we have necessarily X e ¥(Xp). Then, the demon-
stration of propostion 2.2 tells us that X is distributed as Xy and is cyclically
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anticomonotonic with X.

The next step is to prove that supy; ¢y, inf xe pv(x,) E(XY) = minxep(x,) E[XY] =
Aopt- We have evidently supge infycpux,) E(XY) < minyep(x,) E[XY]. For
the converse inequality, suppose first that Xy and Y verify also the last item of
theorem (2.2). This proves that X is solution to the problem for a certain utility
function U € U:

sip B (U(X))
XeX(Xopto)

and this implies in particular that supy e, infxepv(x,) E(XY) > Agps. However,
it is possible that the last item of theorem (2.2) is not satisfied. Let ¢ > 0.
We can choose a random vector ex cyclically anticomonotonic with Y, such that

supessl(ex) = 400 and E (Yex) < e. Let’s define the random vector X with

= XfOI‘wGQli{XjZ'l}
1 for w €

D P e
|

= x9+ex forwe Ny

in such a way that, for all A € K* E (</\,X — X)) = 0. With this definition, it

is easy to see that the random vector X is cyclically anticomonotonic with Y. We
first deduce that: 3
sup  inf E(XY)=E (YX)

Ucl XeBU (X)

Moreover, X is a portfolio preferred by each agent to X. To see this, let U € U
and Y € 0U(X). We have:

E(U(X)) -EW(X) <E(V,X - X))

Now if we choose A € K* such that supessi(Y)|q, < I*(A) < Iz = infessl(Y),,-
We have then, a.s., (A, X — X) > (¥, X — X), and we deduce:

E(U(X)) - E(U(X)) < AE (X - X) =0

The next element to prove the theorem is to know if it is indeed possible
to work by random vector of pricing. The next lemma is a duality result
which answers this question.

Lemma 8 Let X € X! and 9 € K. We have
inf 7(X,z) = min sup E(YX)
XeP(Xo) XeP(Xo) yepL(z)

= sup min E(YX)
YeDL(20) XeP(Xo)
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Proof of the lemma 8.

Let n > 0 and Dy(x9) = Dt (zo) N{Y | 0 < Y < n}. The set Dl(zg) is a
weak convex compact subset of L'. Moreover with the theorem of dominated
convergence, Y — E (Y X) is continuous. By a theorem minimax (see, for example,
theorem 45.8 p. 239, in [15]), we obtain:

su inf E((YXg)= inf sup E(YX 3
YED;EQCO)XE’P(XO) (¥ X0)) XeP(Xo)D;(EO) ( ) ®)

Moreover, it is easy to see:

lim sup inf E(YX)< sup inf E((YX) (4)
n— 400 D#@O)XGP(XO) Y EDL (z0) XeP(Xo)

On the other hand, since P(Xj) is convex and closed for the topology of convergence
in measure, we can find, with the help of KoMLOS theorem, a sequel X,, € P(Xy)
such that:

lim inf sup E(YX)= lim sup E(YX,)
n—+00 XeP(Xo) yeDL (x) n=F0 yepl(zg)

and X,, — X almost surely, where X is in P(X,). Moreover, we have:

inf sup E(YX,) > sup inf E(Y Xy)
K21y €D (2o) YED;, (o) F2

> sup E <inf YXk)
Y €Dy (z0) kzn

and, therefore with the theorem of monotone convergence

lim sup E (YTXn) > lim sup E (Y inf Xk>
n—=+00 yepl(g) n—=+00 yepl(g) k2mn

= o E(YX)

As X € P(Xy), we conclude that:

inf sup E(YX)< sup inf E(YX)
X€eP(Xo0) yeDL(z0) YeD (z0) XEP(Xo)

The other inequality is straightforward and the result is proved.

With these two results we can prove finally theorem (3.1).
Proof of the theorem 3.1.

We have:
PY(Xy, z) = su inf  w(X,xp) = su su inf E(YX
(Xo, zo) S xeBY (xo) (X, o) UEIZIYEDEEJCO)XEBU(XU) (YX)
therefore:

PY(Xg,z0) > sup sup inf E(YVX)
Y eDL (o) UcU XEBY (Xo)
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where D+*(zg) = {Y € D+ (z0) | P(Y = 0) = 0}. From lemma 7:

sup inf E(YX)= min E(YX)
Ueu X€BY (Xo) X€eP(Xo)

for Y € Dt (x¢) and therefore:

PY(Xg,20) >  sup min E(YX)
YeDL*(z0) XEP(Xo)

Moreover, let Y* € DL*(xg), Y € Dt(xg), and Yy = AY + (1 — A\)Y*. We have
Yy € DH*(z0) and for all X € P(Xy), limy_1 E (Y3 X) = E(YX). We deduce that:

sup min E(YX)=  sup min E (XY)
YeDL (z0) XeP(Xo) Y EeDL* (o) XeP(Xo)

Now, we can use lemma (8), and we obtain:

PY(Xo,20) > min sup E(YX 5
(Xo, 7o) By (YX) (5)

The other inequality is straightforward and We conclude that:

PY(Xg,z0) = — min sup E(YX)
Xep(Xo)yEDL(xO)

)grelg( {m(X,20) | E(U(X)) > E(U(Xo))}

= min {7(X,z0) | X is a convex comb. of bundles distributed as X}
XeP(Xo)

i.e. we have item (1) and (2). But we deduce equally from (5) that :

PY(Xg,z0) = sup min E (YX)
YGDJ‘(QZ())XEP(XO)

which gives again with lemma (8) item (3) and concludes the proof. O

3.2 Characterization of efficient contingent claims

The notion of inefficiency size allows us to define a new notion of efficiency:

Definition 3.2 Let an admissible trading strategy L with initial value xg
which leads to the positive contingent claim Xo. X is efficient with respect
to the initial portfolio xq if his inefficiency cost is zero.

With this definition, we see evidently that a strictly efficient contingent claim
is efficient but the converse is not true in general. To describe correctly the
set of efficient contingent claims, we would like to have a similar theorem of
characterization as the one for the case of strictly efficient contingent claims.
First note that this set is stable with the addition of a cash endowment.
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Lemma 9 Let Xy an efficient contingent claim with respect to the initial
portfolio xq, and ly a cash endowment. Then the contingent claim Xo+ o is
efficient for the initial portfolio xy + ly.

Proof of the lemma 9.

Indeed, suppose that Xg + Iy is not efficient. From the theorem (3.1), there exists
a strategy which leads to a contingent claim X belonging to the closed convex set
of random vectors distributed as X¢ + I from an initial portfolio A(xg + lp), with
A< 1. Let X1 =X - lg. X belongs to the set Yo(Xp), and is attainable from an
initial portfolio Axg, and implies in particular that X is not efficient with respect
to the initial portfolio .

We prove the following theorem which characterizes efficient contingent claims:

Theorem 3.3 A positive contingent claim Xo € X' with [ 2 inf essl(Xp)
1s efficient if and only of there exists an initial portfolio xo, and yo € K*,
Yo € Y(yo) such that:

e E(Yo(Xo —10)) = yo(zo — lo)
e the random vectors Xg and Yy are cyclically anticomonotonic.

Proof of the Theorem 3.3.

First, we note that, since the cone of efficient contingent claim is stable with the ad-
dition of a cash endowment, we can restrict ourself to the case where inf ess {(Xy) =
0.

First implication. Suppose the existence of Y with the properties required by
the theorem. With item (3) of theorem (3.1), we deduce the utility price of X with
respect to xq is 1: X is efficient.

Converse implication. Again, with theorem (3.1) an corollary (3.2) , if X, is
efficient, there exists an Yj cyclically anticomonotone with X such that

PU(X071'0) =1
i.e. there exists yo € K such that Yy € Y(yo) and:

E (XoY0) = zoyo = 1
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