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ABSTRACT. We prove existence and regularity of optimal shapes for the problem
min {P(Q) 1G(Q): QCD, |9 = m},

where P denotes the perimeter, |- | is the volume, and the functional G is either one of the following;:
e the Dirichlet energy Ey, with respect to a (possibly sign-changing) function f € L?;
e a spectral functional of the form F'(A1,..., ), where )\ is the kth eigenvalue of the Dirichlet
Laplacian and F : R¥ — R is Lipschitz continuous and increasing in each variable.
The domain D is the whole space R? or a bounded domain. We also give general assumptions on
the functional G so that the result remains valid.

1. INTRODUCTION

This paper is concerned with the question of existence and regularity of solutions to shape opti-
mization problems of the form

min{J(Q) : QeA}, (1.1)

where A is a class of domains in R? (where d > 2) and J : A — R is a given shape functional.
We focus on the case where J can be decomposed as the sum P + G of the perimeter P and of a
functional G which depends on the solution of some PDE defined on 2. We find general assumptions
on G so that any minimizer for (1.1) in the class A = {2 C R || = m} is a quasi-minimizer of the
perimeter and therefore is C1® up to a residual set of codimension bigger than 8. Our hypotheses
allow to deal with several functionals {2 — G(2) involving elliptic PDE and eigenvalues with Dirich-
let boundary conditions on 9f2.

State of the art:

The first question one has to handse is the existence of a minimizer Q* € A for (1.1). This step
crucially relies on the choice of a suitable topology on A and this usually forces to relax the initial
natural class A to a wider oner of possibly irregular domains. For the functionals we are going to
deal with here, we will often choose A to be a subclass of measurable sets.

Once existence is known the second question to handle concerns regularity of optimal shapes.
Indeed one usually expects the optimal domain Q* for (1.1) to more smooth than what a priori
provided by the existence theory. The first step toward reaching this smoothness is usually very
difficult, especially because one has to work with domains 2* whose boundary may even not be
(locally) the graph of a function. Once it is known that 92* is locally the graph of a (say Lipschitz
continuous) function ¢, it is reasonably easy in many cases to write the first order optimality
condition for (1.1) in terms of . It generally leads to a PDE system satisfied by ¢. Then using
nontrivial, but well-known results from PDE regularity theory, we may use bootstrap regularity
arguments and reach high smoothness for ¢, see Remark 1.4. Hence, the most difficult step is to
gain regularity from scratch, namely to show that the optimal shape ©*, which a priori enjoys very
littele regularity, is actually a Lipschitz or a C»* domain.

The most important example in this framework comes from the question of minimizing the perime-
ter, defined as P(Q) = H?~1(02) when Q is smooth (see Section 2 for a suitable relaxation of this
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definition), under volume constraint. Of course, the well-known isoperimetric inequality asserts that
the ball is the unique minimizer for this problem, if it is admissible, and in that case of course, the
regularity is trivial. But in more general situations, for example for the constrained isoperimetric
problem

min{P(2) : | =m, QC D} (1.2)
where D is a box in R? too narrow to contain a ball of volume m, the regularity issue is not trivial.
In this case, it can be proved that, if D is bounded, an optimal shape Q* exists in the class of sets
of finite perimeter and that 9Q* N D is smooth (locally analytic) if d < 7, and in general is smooth
up to a closed residual set of codimension bigger than 8, see for example [23, 22, 27].

This has been generalized in many ways and led to the notion of quasi-minimizer of the perimeter.
This means for Q* that there exists C € R, o € (d — 1,d] and r¢o > 0 such that for every ball B,
with r < rg,

P(QY") < P(Q)+Cr® ¥V Qsuch that QAQ* C B, N D, (1.3)

(see again Section 2). This implies that 2* enjoys strong regularity properties, namely
the reduced boundary 9*Q* N D is CH@=4D/2 and  dimy ((0Q\ &*Q) N D) <d—8. (1.4)

Here 012 is the measure theoretical boundary of €2 which coincides with the topological boundary of
Q) for a suitable representative, see Section 2.6.

Another class of energy functionals of great interest is related to elliptic PDE’s with Dirichlet
boundary conditions on J€). As a seminal example, we introduce the Dirichlet energy Fy

Ef(Q) := min{;/ﬂ|Vu]2dm—/quda: : ueH&(Q)}, (1.5)

where f is a fixed function of L?(D). This is naturally defined for any open set  of finite volume.
But the class of open sets is not suitable for the existence theory and one has to introduce the
concept of quasi-open set, see [24] and Section 2.6. Therefore, one considers the problem

min{F;(2) : Q quasi-open, |2 =m, Q C D}. (1.6)

In this case, and if f € L*°(D), it can be proved that there exists an optimal shape which is actually
an open set Q* (see [7]). Moreover, if f is nonnegative and d = 2, it can be shown that 9Q* is
smooth (analytic), see [8]. If d > 2, it is only known that 9Q* is smooth up to a set of codimension
bigger than 1, see [8]. The main argument in [8] is based on the connection of Problem (1.5) to a
free-boundary type problem, and the regularity theory relies on the techniques introduced by Alt
and Caffarelli in [1]. This strategy strongly uses that E(Q2) has a variational formulation as a
minimization over a class of functions u € H'(D) and that the optimal shape Q* is then the set of
positivity of the optimal wu.

Note that, if f changes sign, then 0Q* will have singularities around each point where the optimal
u changes sign. This happens even in dimension two where the singularities are of cusps type, see
e.g. [21]. This shows that the regularity of the optimal shapes is a difficult question in the present
framework. And it is interesting to notice that, adding the perimeter in the energy to be minimized
like we do here, does bring enough regularity for the optimal shapes even for signed data f as proved
later in this paper.

In [25] (see also [3]), the regularity of minimizers is investigated for the problem

min{P(Q) + E¢(Q2) : [Q =m, QC D},
where both of the previous functionals are involved. The main result there asserts that if f is
nonnegative and in L>°(D), then an optimal shape Q* for problem (1.2) is a quasi-minimizer for
the perimeter in the sense of (1.3), and therefore satisfies the regularity (1.4). In the more general
case where f € L1(D), with ¢ > d and f > 0, or f € L*°(D) with no assumption on its sign, it
was proved in [26] that the state function ug~ (i.e. the function achieving the minimum in (1.6))
was locally C%1/2 in D. This clearly implies that Q* is an open set, but is not sufficient to conclude
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that Q* is a quasi-minimizer of the perimeter (it gives « = d —1 in (1.3)). By a completely different
strategy we will prove later in this paper that this is actually the case, see the proof of Theorem 1.1.

Another class of interesting functionals is related to the spectrum of the Dirichlet-Laplacian over
2, denoted 0 < A1(2) < X2(2) <--- < A\g(2) <.... The problem

min{\;(Q) : |2 =m, Q C D}, (1.7)

where k € N*, has received a lot of attention in the last years. For the particular case D = R¢,
only recently a satisfying existence result has been proved in the class of quasi-open sets, see [11]
and [28]. In particular in [11], even though existence was the main purpose, the author proves along
the way some qualitative properties of optimal shapes, namely that they are bounded and of finite
perimeter; its strategy led to the notion of sub- and super-solution for shape optimization problems.
Let us stress that for minimizers of (1.7), regularity is yet not understood except for k = 1, see [9].
There are however some partial results, see [17]. In the recent work [20], the first and last authors
studied a slightly different related problem, namely

min{\,(Q) : P(Q) = p}. (1.8)

Making good use of the concept of sub/super-solution, they take again advantage of the presence
of the perimeter and they were able to prove that solutions of (1.8) are quasi-minimizer of the
perimeter, and therefore they satisfy (1.4). In particular, their strategy allows to prove regularity of
optimal shapes for functionals for which the minimization problem cannot be translated into a free
boundary problem and for which the state function can change sign.

New results:

Our main purpose here is to generalize the ideas of [20] in order to deal with problems of the form
min{P(Q) + E¢(Q) : |Q=m, QC D or min{P(Q)+ \(Q) : [Q =m, Q C D}.

Our main result, Theorem 1.1 below, proves existence of minimizers, and that they are quasi-
minimizer of the perimeter (therefore satisfying (1.4), see Theorem 2.2). In particular, comparing to
the results of [25], we strongly relax the assumptions on f for the Dirichlet-energy case. Namely we
are able to deal with every f € LY(D) for g € (d, oo] without any assumption on the sign. Concerning
the case of eigenvalues, while the strategy of [25] (based on a free boundary formulation) could only
be applied to the case k = 1, we are able to deal with every k. To obtain these results, we generalize
the concepts of sub/super-solutions to the case of volume constraint, see Definitions 5.2 and 6.3. In
particular, we obtain two independent results for sub- and super-solutions, which are of complete
different nature, and are interesting on their own. We refer to the beginning of Sections 5 and 6,
respectively, for the statement of these results. Here we state the main consequence of these two
statements, which, combined with a penalization procedure, lead to the main theorem of this paper.

Theorem 1.1. Suppose that D C R? is a bounded open set of class C2 or the entire space D = R,
Then there exists a solution of the problem

min {P(Q) +G(Q) : Qopen, QC D, |Q] = m}, (1.9)

where m € (0,|D|) and G is one of the following functionals:
e G = Ey, where f € LP(D) with p € (d,0] if D is bounded and p € (d,00) if D = R%;
e G =F(\, - ,\), where F : Rk — R is increasing in each variable and locally Lipschitz
continuous.

Moreover, every solution QU* of (1.9) is bounded and it is a quasi-minimizer of the perimeter with
exponent d — d/p or d respectively, and therefore satisfies (1.4).

An interesting fact in the proof of the above Theorem, is that the proofs of existence and regularity
are actually linked. Indeed:
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e We will prove existence for a related but different problem (see Proposition 3.1), and conclude
that these solutions also solve (1.9) because they are smooth enough.

e In the proof of existence for this related problem, namely (3.1) in order to study minimizing
sequences, one a priori has to prove that solutions are bounded. This relies on a density
estimate which is a first step in the regularity theory, see Section 6.2.

Remark 1.2. Let us note that the assumptions of Theorem 1.1 are essentially sharp for what concerns
existence of optimal sets, as the following examples show:

e For f € L°°(RY), existence of minimizers of (1.9) could fail if G = E; (or similarly of (3.1) if
G = Ey). For example, let f be such that 0 < f <1 and f(z) =30 1. Then the infimum

of (1.9) equals P(B) + E1(B) where B is a ball of volume m, and it is not attained. Indeed,
by symmetrization, for every set €2 of volume m, we have

P(Q) 4+ E¢(Q2) > P(Q) + E1(Q?) > P(B) + E1(B),

while a sequence of balls of volume m that goes to oo achieves equality in the limit.
e There exists a smooth convex unbounded box D such that Problem (1.9) with G = A\; has
no solution. For example, take

D:{(x,y)E(O,oo)xR, y2<j_1}CR2, and m=|B(0,1)] =m.
T

Note that D does not contain any ball of volume m, though it almost does at the limit

x — 00. Using the isoperimetric and Faber-Krahn inequalities, one easily sees that, for every

set 2 C D of volume m,

P(Q)+ A (Q) > P(B1) + \i(By),
while equality is achieved for a sequence of sets converging to the ball at infinity.
Remark 1.3. With similar notation, we could also consider the problem:

min{P(Q) +G(Q) : Qopen, QC D, |0 < m} (1.10)

In general, this problem is not equivalent to Problem (1.9). This can be easily seen by considering
the problem of minimizing P + A; among all sets in R? (in particular with no volume constraint):
the solutions are balls (symmetrization) whose radius is the unique minimizer of r — P(By)rV ! +
A1(B1)r~2 (scaling of the functional). For any value m bigger than the volume of those balls, it is
clear that Problems (1.9) and (1.10) have different solutions.

However, all the conclusions of the previous theorem are still valid for solutions of (1.10). To see
this, one just needs to take into account the following two remarks:

e The existence proof from Section 3 can be repeated verbatim in the case of (1.10).
e A solution Q* of Problem (1.10) is a solution of Problem (1.9) if we replace m by [Q2¥|.

Remark 1.4. Once OY%-regularity of the reduced boundary is obtained, one may wonder about
higher regularity. In the case G = E; with f smooth enough, this is done classically by writing an
optimality condition for problem (1.9). Namely one can show that in a weak sense,

1
H— §|Vu]2 =pu on 9*QF,

where H is the mean curvature, p € R is a Lagrange multiplier for the volume constraint, and v is
the state function, A simple bootstrap argument shows that if f € C*8(D) then 9*Q*N D is C*+3:58,
see [25].

A similar statement for G = F/(Aq, - - - , A\g) is more involved as eigenvalues may not be differentiable
if they are multiple and thus it is not straightforward to write an optimality condition. However, as
it is noticed in [6], this can still be done, at least assuming a priori smoothness. In [5], a weak sense
is given to this optimality condition and it is proved that the reduced boundary is C*° when F' is
smooth enough.
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Strategy of the proof and organization of the paper:

The proof of the main result is carried out in several steps and there is a different section dedicated
to each one of them.

e Extending the admissible class of domains. Our goal is to find a minimizer for the
functional F, which is a priori defined in the class of open sets. From the point of view of
existence theory, it is more appropriate to consider classes of domains that are as large as
possible. For this purpose, we define a functional F on the class of Lebesgue measurable sets
in R?. We notice that F is not an extension of F but satisfies the inequality

F(Q) < F(Q), for every open set Q C R%, (1.11)

while the equality holds for sets which are sufficiently regular. The construction of F will be
carried out in Section 2, along basic facts and tools which will be used in the rest of the paper.

e Existence of a minimizer of F. The existence of an optimal domain is well known in
the case where the admissible class is restricted to the family of measurable sets contained
in a given set D C RY of finite measure, see Section 3. In the case where D = R?, in order
to show existence of minimizers, we need to prove some qualitative properties of solutions,
namely boundedness. This will be done in Section 6, while existence is proved in Section 3.

e Penalization of the volume constraint: This is a new difficulty compared to the result of
[20]. In order to develop a regularity theory, we need to explain how minimizers for Problem
(1.9) (or also (3.1)) are also solutions of an optimization problem with no constraint on the
volume. This will be obtained through a penalization technique. In Section 4, we prove a
general result by assuming very weak properties on the functional F, Lemma 4.5, and we
then show that these properties are satisfied by our functionals.

e Regularity of the minimizers of F. We generalize in Sections 5 and Section 6 the notion
of sub/supersolution from [20] for functionals with a volume term. We state two general
results, Propositions 5.1 and 6.1, which lead to the desired regularity result for minimizers
of F. Compared to the results of [25, 26] (where the author studies the regularity, but does
not obtain a complete result when f has no sign), the main new idea it is to prove that the
torsion function wo-« (instead of the state wq-« ¢) is Lipschitz continuous (see the notation in
Section 2), and then to show that the variation of E is controlled by the variation of Fj.
In particular, this allows to avoid the use of the Monotonicity Lemma of Caffarelli-Jerison-
Kenig [19].

e Conclusion. The previous steps show that there exists a minimizer Q of F which is suffi-
ciently regular. In particular F(Q) = F(Q). Hence by (1.11), Q is also a minimizer of F in
the class of open sets. Using once again the results of Section 5 and Section 6, we will prove
that, if  is a minimizer of F, then the set Q) of points of Lebesgue density one is again a
minimizer and it is regular.

Remark 1.5. It is clear from the above description that our strategy of proof strongly relies on the
presence of a perimeter term in the functional we aim to minimize. Indeed, all the regularity issue
boils down in showing that the optimal shapes are quasi-minimizers of the perimeter. In this respect
the main step consists in proving Lipschitz continuity of the state function wgq+ since it makes the

term
* 1 2
By(@) = 5 [ [Vwor]

behaving as a volume term and thus of lower order with respect to the perimeter.
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One might wonder what can be said if one puts a constraint both on the measure and on the
perimeter. For instance if one considers as in [4] the problem

min {)\k(Q) Q) <m PQ) < p}, (1.12)

for given m,p > 0. In this situation the regularity issue is highly not trivial, at least when the
perimeter constraint is not saturated. Indeed in this case it is easy to see that, understanding the
regularity of solution of (1.12) is equivalent to understanding the regularity of solutions of (1.7),
which is at the moment completely open when k£ > 2.

2. PRELIMINARIES

In this section, we review the notion of Sobolev space, Dirichlet energy and Dirichlet eigenvalues
for sets that are only measurable. We also recall a few basic facts about sets of finite perimeter that
are needed in this paper, and we conclude with some compactness and semi-continuity properties.

Given D a measurable set in R?, we denote B(D) the class of measurable subsets of D.

2.1. The Sobolev space H{ () and the Sobolev-like space ﬁ& (Q). Suppose first that Q C R?
is an open set. The Sobolev space H&(Q) is defined, as usual, as the closure of the smooth functions
with compact support in Q, C2°(2), with respect to the Sobolev norm [|ul|7;: = || Vul|72 + [lul3e.

For a given Lebesgue measurable set 2 C R?, we define the Sobolev-like space H} () as
H(Q) = {u e H'RY : u=0 ae on R?\ Q}
We notice that this space is also a Hilbert space, as it is closed in H'(R%). Moreover, if Q C RY has
finite Lebesgue measure (|| < 00), then the inclusion HE(Q) C L?(12) is compact.

Remark 2.1. If Q C R? is an open set, then clearly H}(Q) C ]Tlé (©). In general this inclusion is
strict, a typical example being Q = By \ {(z1,%) € R x R : z; = 0}. Nevertheless, if Q is a
Lipschitz domain, then the two spaces coincide H}(Q) = .FNIS(Q) More generally, this is true if
satisfies an exterior density estimate, see for example [20] and Lemma 5.6.

2.2. Elliptic problems on measurable sets. If ) C R? is of finite Lebesgue measure, then for
any f € L?(2), there is a unique minimizer in H{ () of the functional

1
Jp(u) = Q/Rd ]Vu\Qd:U—/Rdufd:c,

which we denote by wgq s or simply by wq if f = 1. Writing the Euler-Lagrange equations for
w = wq,f, we get
de~Vg0d:U:/d<pfdac, for every goEﬁ&(Q). (2.1)
We will say that w is thﬂj (weak) solution ff the equation
—Aw=f in Q  we H)Q). (2.2)
Estimate in H': Testing (2.1) with ¢ = w we get

/Rd \Vw|? dz = /Rd fwdz. (2.3)

By using that A;(Q)|Q|*¢ > A\ (By)|B1]¥¢ (Faber-Krahn inequality) and Holder inequality, one
immediately checks that

IVw|?. = /Rd fwdz < || fllzl|wllze < Cajall fll2Vwllze,
where Cy o) depends only on the dimension d and on |2|. This finally gives that

lwa I3 < CajorllfI172(0), (2.4)
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where Cy || is a possibly different constant, also depending only on d and [€2].

Of course, the same results hold if we replace ﬁI&(Q) by the classical Sobolev space H}(f2) (though
the function wgq s is not the same in general).

Other properties: Suppose that  C R? is a set of finite Lebesgue measure and suppose that
f € LP(R?) for some p € (d/2,00]. Then the solution w of (2.2) has the following properties:

e w is bounded, precisely we have (see [16]):

Cq

< 2/d71/p' .
< gl (25)

[[wl| £

In particular, if f =1 on €, by letting p — oo we get
lwl| e < Cal Q4. (2.6)
By [29], we can choose Cy to be less than ﬁ.
“a

e If w > 0, then we have the inequality (see for example [7])
Aw+ flg >0 in sense of distributions on R%. (2.7)

e Thanks to (2.7), every point = € R? is a Lebesgue point for w, i.e. w has a representative
defined everywhere on R,

2.3. The Dirichlet energy functionals. For an open set  C R? of finite measure, the Dirichet
energy E7(€2), is defined as

E(Q) = ue%fﬁm Iy ().
Alternatively, the Dirichlet energy Ef(Q) is defined for every set of finite measure  C R¢ as
Ef(Q) = min Jp(u) = J(wo,y).
ueHL(Q)
A simple integration by parts, which is expressed through (2.3) for irregular domains, gives

~ 1
E¢(Q) = _Q/Rd fwa,r dx.

We notice that, since J¢(0) = 0, we have that Ef(Q) < 0, where the inequality is strict if f # 0.
If Q3 C Qo, then HJ(Q1) C H}(Q) and so E¢(1) > Ef(Q2). Moreover for an open set €,

E¢(Q) > Ef(Q) and there is equality if HE(Q) = H}(Q).

2.4. Eigenvalues and eigenfunctions. We first notice that the operator Rq, that associates to a
function f € L2(R?) the solution wgq f of (2.2), is a bounded linear operator Rq : L?(R%) — L%(R9)
with norm depending only on the dimension and the measure of 2. Moreover:

e Rgq is compact due to the compact inclusion ﬁ&(Q) C L*(R%);
e R is self-adjoint since

/Rd fRa(g) dzx =

e R is positive since

VRo(f) - VRq(g) dx :/ gRo(f)dz for all f, g e L*(RY);

R4 R4

/ fRa(f) de = / IV Ra(f)? dr,
]Rd Rd

which is strictly positive if f # 0.



8 GUIDO DE PHILIPPIS, JIMMY LAMBOLEY, MICHEL PIERRE, AND BOZHIDAR VELICHKOV

As a corollary of these properties, the spectrum of Rq consists of a sequence of eigenvalues /NXl(Q) >
Ag() > - > Ap(Q) > -+ > 0 decreasing to 0. We define the eigenvalues of the Dirichlet Laplacian
on the measurable set  as A\,(Q) = A,(Q)~! and the corresponding (normalized) eigenfunctions
uy € ﬁ&(Q) as

—Auy = Xk(Q)uk in €, up € ﬁ&(Q), / uz dx = 1.
R4

Note that we have the following min-max characterisation for A (£):

5y Vu|?d
)\k(Q> = mjn max ﬁRd‘iw’
SpCHL(Q) ueSK\{0} Jga u? dx

where the minimum is taken over the k-dimensional subspaces Sj of f[&(Q) In particular the
Dirichlet eigenvalues are decreasing with respect to set inclusion, i.e. Az(Q1) > Ap(€2) whenever
Q1 C Qo.

The construction of the Dirichlet eigenvalues and the resolvent operator in the classical case
H&(Q), where €2 is an open set of finite measure, is precisely the same and again we have

Vu|?d
Ae(2) =  min max M
SKCHE(Q) ueSi\{0}  [pa u?dx
dim Sip=k

Since A is defined as minimum over a larger space than Ag, clearly Ax(€2) > i(€) and equality is
achieved if Hi(Q) = H}(Q).

2.5. Sets of finite perimeter. For a measurable set Q C R, we define its perimeter by
P(Q) := sup { / divodz : ¢ € CHRERY), |¢] <1 on Rd}, (2.8)
Q

(where | - | denotes the euclidian norm). It is well known that if the set 2 is regular then the above
definition coincides with the usual definition of the perimeter. We say that a set has finite perimeter
if P(2) < oo and we refer to the books [27], [22] and [2] for an introduction to the theory of the sets
of finite perimeter. Here we recall some basic properties of these sets. If € has finite perimeter then
the distributional derivative V1g of the characteristic function 1 is a Radon measure. We then
define the reduced boundary 9*Q as the set of points z € R% such that

.. T VILQ(BT(x))
the limit vq(z) : }LI\% Viol(B,(2)
where |V1g| is the total variation of V1. We recall that 0% C 99 (see also Section 2.6) and that
P(Q) = HL(07Q).
We say that the set Q C R? is a local a-quasi-minimizer for the perimeter in the open set D C R?,
if there are constants C' > 0 and ¢ > 0 such that, for every r € (0,79) and z € R?, we have

exists and is such that |vo(z)| =1,

P(Q) < P(Q) + Cr®, for every measurable set € C R? such that QAQ C B.(z) N D.

Our main tool to prove regularity is the following theorem:

Theorem 2.2 (Tamanini [30]). Suppose that the set of finite measure Q@ C R? is a local a-quasi-
minimizer of the perimeter in D for a € (d — 1,d]. Then

a—d

(R1) The set 9*Q N D is locally the graph of a C* 5 function.
(R2) The singular set has dimension at most d — 8, i.e. H*(OQ\ 0*Q) = 0 for every s < d — 8,
where H® is the s-dimensional Hausdorff measure.

In this statement, 92 is the topological boundary for a suitable representative of €2, see (2.9) and
(2.10).
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2.6. Set representatives. Typically when we speak of a domain in shape optimization, we actually
mean an equivalence class of domains. When it comes to regularity of the optimal domains this may
cause some problems. For example, the ball B is a solution of the shape optimization problem

min{)\l(Q)+P(Q) L QCRY m|:1},

but the set B; \ {0} is also a solution. Thus, it is natural to expect that the regularity theory will
apply only to a certain representative of the optimal set. In this section, we make a few remarks
about the choice of representative of a domain ).

e When dealing with sets of finite perimeter, it is classical to identify a measurable set ) with
its class of equivalence given by the relation €y ~ Qg if and only if [Q;AQs| = 0 (notice
that by (2.8) the function P does not depend on the representative). One can then choose
a representative so that J€2 is minimal: in [22, Proposition 3.1] or [27, Proposition 12.19] it
is proved that

Q~ (QU) N\ Qo where Q) = {x,3r > 0,210 B.(z)| = |Br|},
Qo ={z,3r >0,|QN B,(z)| =0} (2.9)

and that if we choose this representative, we have 9Q = 9MQ = 9*Q where
MO ={zeR0< QN B, (2)| < |B,|, Vr>0}. (2.10)

e When dealing with shape functionals involving the Sobolev space HE(2) (where €2 is open
or quasi-open), it is more suitable to identify a set with its class of equivalence given by
Qy ~ Qg if and only if cap(Q2;AQy) = 0, which identifies sets more accurately than in the
previous item. In order to define a convenient canonical representative of a set {2, we first
consider the solution wq of the equation

—Awg =1 in Q, wo, € Hy ().

It is different from wgq in Section 2.2 and we will denote it wq for the purpose of this section.
2

We recall that, since A (wg + %) = Awg +1 > 0 (in Q and so in R?, see (2.7)), we

have that every point of R? is a Lebesgue point for wqo and so we can choose a canonical

representative of wq defined pointwise everywhere by

) 1
wo(x) = lim 1o / L wa)
Therefore the set {wq > 0} is well-defined, is a quasi-open set and we have that Hg(Q) =
H({wg > 0}) (see for example [24] for more details). Thus, we can restrict our attention to
sets of the form {wgq > 0} which, in the case of quasi-open sets ) are representatives of €2,
in the equivalence class defined above.

We notice that, with the formulation (1.9) of our problem, one cannot expect a full regu-
larity result for the boundary of such representative. Indeed, let us consider for example the
(smooth) set 2* solving

min {(0), © C R, P(9) =p},

studied in [14] and which solves (1.9) for G = Ay and a suitable choice of m. Then, any set
of the form Q* \ ¥ where ¥ is any closed subset of the nodal line is again a minimizer, since
its perimeter is the same as 2 (as the perimeter does not see the set of zero measure) and
A2(Q2F\ 2) = A (2%).
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e We now use the ideas from the previous two paragraphs to construct a canonical represen-
tative of an optimal measurable set  C R%. Reasoning as above, we introduce the solution
wgq, of the problem

~Ag=1 in Q  @ge HNQ),
which is defined pointwise everywhere on RY. Thus the set {wq > 0} is well-defined, and
one has {wg > 0} C Q a.e. and equality holds if and only if 2 is quasi-open, up to a set of
measure zero. Moreover, for every set of finite measure Q C R?, we have

HY(Q) = HY ({wg > 0}) = H} ({wg > 0}),

which gives that all the spectral functionals on  and {wgq > 0} have the same values.

We now suppose that ) satisfies an exterior density estimate, which is the case (as we will
prove in Section 5) when 2 is optimal for the functionals of the form P+ G. In this case, we
have that (see [20, Remark 2.3, Proposition 4.7] and Lemma 5.6 below)

~ QN B (x
{wg >0} = Q) .= {x e R%, }ig%w = 1} (2.11)
which is an equality between sets, and both are a representative a.e. of €. This is a
consequence of the following observations:
— For every measurable set Q, we have Q = QU q.e., due to the Lebesgue Theorem.
— The exterior density estimate for 2 implies that the solution wq is Holder continuous
on R? (again, see Lemma 5.6 for more details and references).
— If W is continuous, then {wg > 0} is open and therefore {wg > 0} Q).
— If ¢ is a point of density 1 for €2, then by the exterior density estimate, there is a ball
B, (z0) such that |B,(zo) \ 2| = 0. The maximum principle applied to the solution

wp(x) = LD of the PDE
~AWg=1 on B, wpe H)(Br(z0)) = Hj(Br(x0)),

gives that Wg > W > 0 on B,.(xg), which shows that zy € {Wq > 0} and so Q)

{wq > 0}.
Finally, again by the exterior density estimates, Q) is equal to the representative defined
in (2.9), and the regularity result that we prove in this paper, precisely refers to these repre-
sentatives (note that this is also the case for the results stated in Theorem 2.2). Moreover,
for such a representative, the classical formulation (1.9) and the generalized one (3.1) from

Section 3 are equivalent. This will allow us to obtain existence of an optimal set in Theorem
1.1, see Section 7.

2.7. Convergence of measurable sets. Suppose that 2, C R? is a sequence of measurable sets
of uniformly bounded Lebesgue measure [€2,| < C. Consider the torsion functions wg,, solutions of
the equations

—Awg, =f in Q, wa, € HY(Q),

and suppose that the sequence wq,, converges strongly in L?(R?) to a function w € H'(R?). Then
setting = {w > 0}, one easily checks that:

e the Lebesgue measure is lower semicontinuous
|| < liminf |Q,];
n— o0
e the Dirichlet eigenvalues Xk are lower semicontinuous
Ne(€) < liminf A () (2.12)
n—oo
e the Dirichlet energy with respect to any f € LP(RY), with p € [2, 00], is lower semicontinuous

Ef(Q) < liminf Ef(Qy,). (2.13)

n—oo
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Remark 2.3. Suppose that the sequence of sets of finite measure €,, converges in L'(R?) to the set
Q C R Then the semicontinuity properties (2.12) and (2.13) also hold (see for example [24]).

We notice that the family (wgq,, ), is relatively compact in L? whenever Q,, C D for a set of finite
measure D C R?. This is no more the case when D = R¢. However we can apply the concentration-
compactness principle of P.L. Lions to the sequence of characteristic functions 1g, and use the
bound wgq, < Clgq, to control the behaviour of wq, . Precisely, we have the following result, see [20,
Theorem 3.1] and [14].

Theorem 2.4. Suppose that the sequence Q, C R® has uniformly bounded measure and perimeter:
Q] + P(Q,) < C. Then, up to a subsequence, we have one of the following possibilities:

(1a) Compactness. There is a set of finite perimeter Q C R? such that 1g, converges to 1q in
L'(RY).
(1b) Compactness at infinity. There is a set of finite perimeter Q C R? and a sequence (z)n>1 C
RY such that the sequence x, + 2, converges to 0 in L'(R?).
(2) Vanishing. For every R >0

lim sup |Br(z) NQ,|=0.

n—oo xGRd
Moreover, for every f € LP(RY) with p € (d/2,00] and every k > 1, we have
lim ||’an’fHch> =0 and lim Xk(Qn) = +4o00.
n—00 n—0o0
(8) Dichotomy. There are sequences A, and B, such that
e A,UB, CQ, and li_}m dist(Ayn, By) = +o0;
. li_>m 12, \ (A, UB,)| =0 and h_)m |P(Q2,) — P(A, UBy,)| =0;
e lim [[Ro, — Ra,uB, |2 meyr2re) = 0-
Moreover, for every k € N and every f € LP(RY) with f € [2,00], we have
lim Xe() — Me(An UBL)| =0 and lim |Ef(Q) — Ef(A, UB,)| = 0.

3. EXISTENCE OF OPTIMAL SETS

In this section, we prove the following existence result. Note that we prove existence in the class
of measurable sets and with G instead of G. Using the regularity theory developed in the following
sections, we conclude in Section 7 to existence (and regularity) of solutions to Problem (1.9).

Proposition 3.1. Suppose that D C R% is a bounded open set or the entire space D = R®*. Then
there is a solution of the problem

min {P(Q) +G(Q), Qc D, Q| = m} (3.1)

where m < |D| and G is one of the following functionals:
e G = Ef, where f € LP(D) with p € (d, 0] if D is bounded and p € (d,c0) if D = R%;

«G = F(Mi, ..., \), where F : RF — R is locally Lipschitz continuous and increasing in each
variable.

Proof of Proposition 3.1 in the case D bounded. There exist E C D a smooth set of measure m, and
a minimizing sequence €2, C D such that

P(Q0) +G(Q) < P(E) +G(E).
By the monotonicity of G , we have that
P(Q,) < P(E) +G(E) — G(D),
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i.e. the sequence {2, has uniformly bounded perimeter. Then there is a set of finite perimeter
) C D such that, up to a subsequence, we have that |QAQ,| — 0. By the lower semicontinuity of

the perimeter and of G with respect to the L' convergence (Remark 2.3), we have that
P() +G() < liminf (P(2,) + G(n)),
which proves that € is a solution of (3.1). O

Proof of Proposition 3.1 in the case D = R% and G = Ef. In this case, the direct method does not
work straightforwardly due to the fact that the boundedness of the perimeter does not imply com-
pactness in L'. Thus we will apply the concentration compactness principle of Theorem 2.4. Let
Q, C R? be a minimizing sequence. As in the case of D bounded, we have that the perimeter is
uniformly bounded P(Q2,,) < C for some C' > 0. Indeed, denoting by w,, the solution of —Aw, = f

in H}(€2,), we have, according to (2.5), that

~ 1 ’
Ef(Qn) = -5 /wnf > —[lwnl o 1 llze = = lwlloo| P fl 0 > =C(m, || f]|0)-

Hence, by taking any smooth set E with measure m, we infer
P() < C(m,||f|l1r) + P(E) + Ef(E).

We now have three possibilities:

e Compactness. Suppose that 1, converges strongly in L'(R?) to 1g for some 2 € R%. Then
2 solves (3.1) by the semicontinuity of P and Ef.

e Compactness at infinity. If f is not constantly zero (the case f = 0 being trivial), there
cannot be a divergent sequence xz,, and a set € such that x, + 2, converges in L' to Q.
Indeed, if it was the case, then we would get that, up to a subsequence, wq, ¢(- + xn)
converges in L” (R?) to some w € H}(Q). In particular, we would have

~ 1 1
E:(Q) = —3 /Rd wq,,. ff dr = —2/Rd wa,, f(zn + ) f(xn + ) de — 0,

since f(x, +-) — 0 weakly in LP(R?). Thus, we would get that
lim inf P(y) + Ef(2,) = liminf P(Q,) > P(B),

where B is a ball of measure m. If f is not constantly zero, this is a contradiction with
the fact that €2, is minimizing since the total energy P(B) 4 E¢(B) of the ball B is strictly
smaller than P(B) each time when we choose B such that f is not constantly vanishing in
B.

e Vanishing. The vanishing cannot occur for a minimizing sequence £2,. Indeed, if 2, was a
vanishing sequence, then we would have that wq, ; converges to zero in L> (R%) and so in

/ ~ 1
LP'(RY). Thus also the energy converges to zero, that is E¢(£,) = —2/ wq,, ffdx — 0,
R4

which is a contradiction with the fact that €2, is a minimizing sequence, by the same argument
as in the previous case.
e Dichotomy. If the dichotomy occurs, then there is a sequence Q) C €, such that
- ‘Qn \ Q;L‘ —0;
— Q) = A, U B, dist(A,, B,) = 400, nhﬁr{.lo |Ap| = mq > 0 and lim,,_, | By | = ma > 0;

= lim (P(Q) +G(2)) = lim (P(,) +G(2)).
Now we notice that
Er () = E¢(Ay) + Ef(By).
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On the other hand, since dist(A,, B,) — 400 and f € LP(RY) with p < co, we have

either / f(z)dz — 0 or f(z)dz — 0.
By

Assume without loss of generality that | B, | (z) dx — 0. Since the solution w,, of

—Aw, =f in By, w, € HY(By),

is bounded by a constant ||wy| L~ < C that does not depend on n (see (2.5)), we have

Ef(Bn) = —;/ wy f dx — 0,
which implies that
lim (P(Q) +G(Q) = lim (P(4s) +G(4n) + P(Ba)).

n—oo

We now apply the concentration compactness principle to the sequence A,, which will give
us three more possibilities.
— Compactness of A,. In this case, there exists a set of finite perimeter A such that

P(A) +G(A) < liminf (P(A,) +G(An)).
We notice that A solves the problem
min {P(Q) +G(Q) : QCRY Q| = ml}.

Now, by Proposition 6.7, the set A is bounded. Then, taking any ball of measure mo
disjoint with A, we have that A U B is such that

P(AUB) 4+ G(AU B) < P(A) + G(A) + P(B)
< liminf (P(4,) + G(Ay) + P(B)),

which proves that AU B solves (3.1).

— Compactness at infinity of A,. This case is ruled out by the same argument as for the
analogous case for €2,,.

— Vanishing of A,,. The vanishing also cannot occur since again this would imply that the
Dirichlet energy converges to zero which would be a contradiction with the minimizing
property of A, U B,.

— Dichotomy of A,. Suppose that A, = C,, U D, where C, and D, are disjoint sets
such that dist(Cy,, D) — +oo. Reasoning as above, without loss of generality, we can

assume that E #(Dyn) — 0. We now conclude that
Tim (P(Q) + G(Q)) = lim (P(Cy) + G(Cy) + P(Dy) + P(B,))
> tim (P(Ca) + G(Ca) + P(D}) + P(B).

where B} and D} are two disjoint balls of measures |B,,| and |D,,| respectively which
are placed far away from C,. We now consider a sequence of balls E,, such that |E,| =
|By| + |Dy| and that are disjoint with C,. We now notice that, by the isoperimetric
inequality, there exists a positive constant 6 > 0 such that P(D})+ P(B}) > 6+ P(E,).
Hence

lim (P(Q) +G(Qn)) > 6+ lim (P(Cy) + G(Cy) + P(Ey)),

n—oo
which finally gives that €2, cannot be a minimizing sequence, and this is a contradiction.
O



14 GUIDO DE PHILIPPIS, JIMMY LAMBOLEY, MICHEL PIERRE, AND BOZHIDAR VELICHKOV

Proof of Proposition 5.1 in the case D = R? and G = F(Xl, . ,Xk) We argue as in [20] by induc-
tion on k using the a priori boundedness result of Proposition 6.7. First note that since F’ (Xl, R Xk) >
F(0,...,0), P(£,) is uniformly bounded. In the case k = 1, by the Faber-Krahn and the isoperi-
metric inequalities, we have that a ball of measure m is an optimal set. Suppose that the claim is
true for ¢ = 1,..., k and consider a functional of the form

G(Q) = F(A (), ..., A ().
Since the functional is invariant under translation, for a minimizing sequence €,,, we have only three
possibilities.

e Compactness. If Q,, converges in L'(R?) to €2, then by semicontinuity of the perimeter and
of the functional G, we have that € is a minimizer of (3.1).

e Vanishing. The vanishing cannot occur since, otherwise, we would have that nl;n;o Xl(Qn) =
400 in contradiction with the minimality of the sequence 2,,, as the ball of volume m has a
lower energy.

e Dichotomy. If the dichotomy occurs, then we can replace each of the sets €2, by a disjoint
union A, U B,. Then we argue by induction as in [20], replacing each of the sets A,, and B,
with the optimal sets corresponding to a functional involving less eigenvalues for which we
know, by the inductive step, that a minimum exists and that it is necessarily bounded by
Proposition 6.7.

O

4. PENALIZATION
In this section, we prove that we can penalize the volume constraint for minima of the problem

min{P(Q) +G(Q) : Qc D, |9 = m}.

In the following proposition, we consider G : B (D) — R to be one of the following functionals:

e G(Q) = E;(Q), for f € LP(D) with p € [2, 0.

e G(N) = F(Xl(Q), e ,Xk(Q)), where the function F : R¥ — R is locally Lipschitz continuous.
We notice that we do not suppose the monotonicity of F, but we will assume that an optimal set

exists.

Proposition 4.1. Let D C R? be an open set and let Q* C D be a minimizer of
min {P(Q) +G(Q) : Qc D, |9] = m}
where m < |D| is fixred. Then there are constants r > 0 and p < o0 such that

P(Q") +G(2") < P(Q) +G(9) + 9] - 1],
for every Q such that 3z € D, QAQ* C B,(x)N D.

We will carry out the proof of this proposition in three steps. In Subsection 4.1, we prove our main
estimates involving the Dirichlet energy and the Dirichlet eigenvalues. Subsection 4.2 is dedicated
to a general result concerning the possibility of penalizing the volume constraint, and in Subsection
4.3, we conclude the proof of the above proposition.

4.1. Lipschitz estimates of the variations of the Dirichlet energy and of the Dirichlet
eigenvalues.
In this subsection, we estimate the variation of the Dirichlet energy (Lemma 4.2) and of the Dirichlet
eigenvalues (Lemma 4.3) with respect to perturbations induced by a smooth map @ : R? — RY close
to the identity for the Cl-norm : ||®||1.00 = sup,cpa |P(z)| + supyepa | DP()].

These results are also valid for E’f and Xk, the proofs being exactly similar, replacing H& (Q) with
H; ().
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Lemma 4.2. Let Q C R? be a set of finite measure, f € LP(R?) a given function with p € [2,00],
and ® € CX(R%R?) such that | D® — Id||p~ < 1/2. Then we have the estimate

|E4(2(Q) — Ef(Q)] < CaallfII7e 112 — Id]|1 00,
where Cg ) is a constant depending only on the dimension d and on |(|.
Proof. Let u € H}(Q) be the solution of the problem
~Au=f in Q,  u€c H}Q).
On the set ®(0), we consider the test function uo ®~! € H}(®(Q)). Then we have
E(®(Q)) = Bp(Q2) < Jp(uo @) — Jy(u)

= /\Vuo(b )| da — /fuocb dm—/ \Vu]Qda:—i-/ fudx

1
<= /|Vu|2o(I> HD@ Y| de - /|Vu|2dx—/ f(uoq)_l—u)dx
R4

:1/ Vuf2(| DB|| %) det DB — 1) dx/ Fluod™ —u)de.
2 R4 Rd

We now notice that, since u € H'(R?), we have (for some constant Cy depending on the dimension)
/ ‘uocl)fl —u‘2da: §C’dH<I>1—Id||%oo/ |Vul|* d.
R4 R4

Therefore, to analyze the second term above, we use (2.4) and the elementary inequality ||®~1 —
Id]loo < 75505 < 2||® — Id]|o (vecall that @ — Id]l« < 1/2) to obtain
| [ #0®7 — ) do] < CapollFlr |07 = 11,

In order to estimate the first term, we use that there exists Cj;, a constant depending only on the
dimension, such that (we recall that |D® — Id||s < 1/2)

|[|1D®[|~%| det D®| — 1| < Cy||DP — Id]| .
We finally get
Ef(®(Q) — Ef(Q) < Coyall 170 1® — Id]1,00-

Repeating now the same argument with the sets ®(Q2), ®~1(®(Q)) = €, and the function =1, we
obtain the claim. t
<

Lemma 4.3. Let Q C R be a set of finite measure and ® € C°(R%RY) such that | D® — Id|| =
1/2. Then we have the estimate

| Ak (®(2)) = M(Q)] < Cya)|® — Id]|1,00,
where Cyq| is a constant depending only on the dimension d and the measure of €.

Proof. The proof of this result is a direct consequence of Lemma 4.2 and of an estimate involving
the projection on the space of the first k eigenfunctions, that can be found in [11], and that we
briefly reproduce here. Suppose that A (®(£2)) > A\x(Q2). As in the case of the energy, we are going
to estimate the difference Ag(®(2)) — Ax(2). Let uy,....ux be the first k& normalized eigenfunctions
on Q. Let Rq : L?(R?) — L2(RY) and Ryq) : L*(R?Y) — L?(R%) be the resolvent operators on §)
and ®(Q). Let Py : L*(R?) — L?(R?) be the projection on the subspace V C H3(f2) generated by

the first k£ eigenfunctions
k

Puw) =3 (/Rd w dm) ;.

J=1
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Consider the operators T = P o Rgo Py and Ty(q) = Py o Re(q)© Py on the finite dimensional space
V. Tt is immediate to check that w1, ..., u; and A1 ()71, ..., \e(Q) 7! are the eigenfunctions and the
corresponding eigenvalues of T. On the other hand, if we denote by Aq, ..., A the eigenvalues of
To) € L(V), we have the inequality Ay < Ap(®(€2))"!. Indeed, we have by the min-max Theorem

. (Pr. o Ro(q) © Pr(u),u) 2
Arp = min  max 5
WCV ueVulWw [Jul[%

, (Ra(q)(u), u) 2
= min max
WCL? ueVulW ||U”%2
, (Ra(a)(u), w) 2
< min max 3
WCL? uel?ulW HUHLz

= M(@(2) 7,

where the minima are over the k-dimensional spaces W C L2. Thus, we have the estimate
0 < M()7 = A(@() " < ()7 = A < [T — Tyl 2ovys

and on the other hand

(Ta — Te))u, u) 12 (Ra — Ro(q))u, u) 12

1T — To)llzvy = sup = sup
@) = ey w2, uev [

1
= sup 2/ (Ra(u) — Re(q)(u))uds
[ull7e Jre

ucV
2
= sup 2 ‘EU(CD(Q)) - EU(Q)‘v
uev [[ull7
which, together with Lemma 4.2, gives the claim. The case A\ (®(Q)) < () is analogous and
follows by the same argument applied to the set ®(2) and the function ®~!. O

Remark 4.4. We notice that similar estimates have already appeared in the literature. We refer for
example to the recent article [18], where it is proven that there exists C' (independent on ) such
that, for any (open) set €2, we have

. 1
Ae(P(Q) — M ()] < CA(Q)||P — Id|[1,00, if |® = Id]|1,00 < rok

4.2. A general result on penalization. In this subsection, we prove a lemma identifying a general
set of hypotheses implying the possibility to (locally) penalize the volume constraint.

Let D C R? be a given open set. In the following lemma, we will denote by A the class of open,
quasi-open, or measurable subsets of D. For a set {2 € A and a positive real number r > 0, we will
denote by A(£,r) the family of local perturbations of €, i.e.

A, r) = {§~2 € A : 3z € R? such that QAQ C BT(CC)}.
Lemma 4.5. Let Q* € A be a solution of the problem
min {.7-"((2) Qe A Q= m},

where m < |D| and F : A — R is a given functional. Suppose that Q* and F satisfy the following
condition:

I(p,e,C) € (0,00)3, VQ € AQ*p) s.t. F(Q) <F(Q),
V& e CX(D,RY) st ||®—Id|1,00 <& and ® = Id on QAQ*, (4.1)

we have F(®()) — F(Q) < C||® — Id]1,00-
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Then there exist ;1 > 0 and ro € (0, p| such that Q* is a solution of the problem
min {f(Q) +ul|Q=m| : Q€ A(Q*,To)}.

Proof. Consider two distinct points z1, 2o € M Q* N D and a number 1 € (0, p] sufficiently small
such that

By (x1) C D, By (r2)CD, and m < |z;—z2|/4.
We consider two vector fields T} € C°(B,, (r1); R?) and Ty € C°(B,, (z2); R?) such that

/diledx>0 and /dingd:r>0.1

-1
Let to > 0 satisfy the inequality ¢y < €<max {IVTi| Lo, VT2 oo }) and be such that the func-
tionals
O} =Id+tTy and &2 =Id+ tTy,

are diffeomorphisms respectively of By, (1) and B, (x2), for every t € (—to,tp). We now notice that
for i = 1,2, we have the asymptotic expansion (see [27, Theorem I1.6.20])

1©1 (2" O By, (2:))] = |97 1 By, (21)] + t/ div T3 dz + O(12).

*

Thus, for ty small enough, there is a constant Cy depending on 77 and 75 such that

t < Co||®5(Q* N By, ()| — |99 N By (w)||, Yt € (—to,t0), i = 1,2.

Now let B, (z) C R? be an arbitrary ball of radius g = min{ry, 72}, where o is such that |B,,| =
to/Co. Let Q C D be such that QAQ* C B, (). We notice that B,,(z) does not intersect at least one
of the balls B, (z1) and B, (z2). Without loss of generality, we suppose that B,,(z) N By, (z1) = 0.
Consider the set Q = ®(Q), where ¢ is such that |Q| = |Q2*|.2 By the optimality of Q*, we conclude
that

F(Q) < F(Q) < F(Q) + O VTi| = Co|[Q] — 9] = F(Q) + ||| = m],
where we set u = C||VT1| e Co. O

Using this general result and the estimates from Subsection 4.1, we are in position to prove
Proposition 4.1.

4.3. Proof of Proposition 4.1. In view of Lemma 4.5, it is sufficient to check that the functionals
P+ Efand P+ F(Aq,..., ;) satisfy the condition (4.1).

e For the perimeter, we use the area formula (see [27, Proposition I1.6.1])
P(@(Q*)):/ | det D®||(D®) Lvg-| dH L.
o*Q*

The condition ||[D® — Id|| < ¢ with e small, implies that for some Cy
|| det DO||(D®) tvg+| — 1| < Cy|| DD — Id|| .

Thus, assuming ® = Id on QAQ*, we get
P(®(2)) — P(Q) = P(2(Q%)) — P(Y") < P(Q%)Cy|| D® — Id| Lo~

1We notice that such vector fields exist. Indeed if JodivT dz = 0 for every vector field T € C(Bry;RY), then
Dlq = 0 in B, (5, in the distributional sense and thus either |2 N B, (x1)] = 0 or |Q N By, (z1)| = |Br, (x1)] in
contradiction with z1 € 9™ Q. We refer to [27, Section IL.6] for more details.

2Notice that the existence of such a ¢ is guaranteed by the choice ro < rs.
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e For the Dirichlet energy, we directly use the estimate from Lemma 4.2 where we notice that
the constant C' = Cy ||| f]|7, depends only on the measure of ||, so that one can choose
any p > 0 and then the volume of sets in A(Q2*, p) is uniformly bounded; thus the constant
Cg,q| in this class is also bounded.

e For the functional I’ (Xl, .. ,Xk), let us first assume for simplicity that F is globally Lipschitz
continuous. In this case, by Lemma 4.3, we have that, if |[D® — Id||r~ < 1/2,
FOL(®(9)), ., A(@(Q)) = FOL(Q), -+, M(Q)) < [VF [ Cy oy M ()| ® — Td]1,06
< |IVF||poo Cg o Ak (Q2°\ Bp)[|® — Id][1,00,

where the last inequality is due to the fact that QAQ* C B, for some ball B, C R?. Now
[11, Lemma 3] implies that

() = Ae(Q°\ By)| < Carllwar — wou gl < Cax cap(By) (4.2)

where the first inequality is [11, Lemma 3] while the second is given by [31, Lemma 3.125]
(with a possibly different constant Cq«). Since lin% cap(B,) = 0, we see that, choosing p
p—

small enough, there is a constant C' such that (4.1) holds. The case of a local Lipschitz
continuous function F' easily follows from (4.2) since it implies that |[Ag(P(2)) — A\x(27)] <1
if @ is sufficiently close to Id and Q2 € A(Q2*, p).

]

5. SUPERSOLUTIONS AND SETS OF BOUNDED MEAN CURVATURE IN THE VISCOSITY SENSE

In this section, we discuss the properties of the sets which are optimal, with respect to exterior
perturbations, for functionals of the form P(-) + p| - |. Here is the main result of this section that
we will need in the proof of Theorem 1.1.

Proposition 5.1. Suppose that D C R? is a bounded open set with C? boundary or that D = R,
Suppose that the measurable set Q* C D is a local shape supersolution for the functional P+ pl|-| in
D, that is to say : there is a constant rq > 0 such that

P(QY") + p|Q| < P(Q) + p|Q, for every measurable set 2 with
Q" € QC D and QAQ* C By, () for some xp € R%,
Then Q* has the following properties:

(a) There are constants r1 > 0 and p1 € R such that Q* is a local shape supersolution in R for the
functional P + | - | which means that

P(Y") + || < P(Q2) + 1|2 for every measurable set £ with
Q* € Q and QAQ* C By, (1) for some z; € RY.

(b) If we identify the set 0" with the set of points of density 1 (see (2.11)), then Q* is open and
‘?&(Q*) = H}(*). In particular, Vk € N*, A\g(2*) = A\(¥*) and Vf € LP(D), Ef(Q*) =
E¢ ().

(c) The energy function wq=, solution of the equation

—Awg-=1 1in QF, wor € HY(QF),
is Lipschitz continuous on R®.

Proof. The first claim (a) follows from Lemma 5.12 applied to D and Lemma 5.5. Point () is
contained in Lemma 5.6. The Lipschitz continuity of wq~« is proved in Proposition 5.11. O

In what follows, we will revisit the properties of the shape supersolutions and we will also introduce
the sets of bounded (from below) curvature in the viscosity sense.
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5.1. Definitions and first properties of the supersolutions.

Definition 5.2. Let F : B(R?) — RU {+o0} and let Q € B(RY) be such that F(2) < +o0o. We say
that:

e () is a supersolution for F, if

F(Q) < F(Q), for every measurable set €2 D Q.

e ) is a supersolution for F in the set D C RY, if

F(Q) < F(Q), for every measurable set Q> Q  such that Q\Q C D.

e Q) is a local supersolution for F in the set D C R?, if there is a constant ro > 0 such
that Q is a supersolution for F in B, (x) N D for every ball B,,(z) C R%.

Remark 5.3. Suppose that Q € B(R?) is a (local) supersolution for the functional F + G and that
G : B(RY) — R is decreasing with respect to the set inclusion. Then Q € B(R?) is a (local)
supersolution also for F. Indeed, it is sufficient to notice that, by the monotonicity of G and the
superoptimality of {2, we have

FO)+G6(Q) <FQ)+G6(Q) <FQ) +G(Q), VvacQ.
Remark 5.4. Suppose that G : B(R%) — R is one of the following functionals
e G(0) = Ef(Q), for some f € LP with p € [2, 00];
e G(Q) =F(AM(Q),..., (), where F : R¥ — R is a function increasing in each variable.
In both cases, G is decreasing with respect to the set inclusion and thus every supersolution for the

functional P(Q) + G(Q) + || is also a supersolution for the functional P(2) + x|

When we deal with shape optimization problems in a box D, a priori we can only consider
perturbations of a set 2 C D, which remain inside the box. The following lemma allows us to
eliminate this restriction and work with the minimizers as if they were solutions of the problem in
the free case D = RY.

Lemma 5.5. Let Q C D be two measurable sets in R? and let F = P + p| - |, where p > 0. If
D is a (local) supersolution for F and Q is a (local) supersolution for F in D, then Q is a (local)
supersolution for F in R,

Proof. We start by recalling the following formulas for the perimeter of the union and intersection
of sets of finite perimeter, see [27, Section 16.1]: for every measurable set F and F,

P(EUF)=P(E,FO)+ P(F,EO) + H*"'\{vg = vp})
and
P(ENF)=PEFY)+ P(F,EM) +H"'\{vg = —vp)}).

Here E©) = (R4\ E)) is the set of density zero point of E and {vz = fvp} is a short hand notation
for {vp = +vp} NO*E N I*F. Recall also that, for every set of finite perimeter, H41(R%\ (E©) U
EWUHE)) =0and E©, EMW and §*E are disjoint.

Let now €2 D Q. Since D is a supersolution, we get
P(Q; DO) + P(D; Q) + H Y {vp = vg5}) + u|QU D| = F(QU D) > F(D)
= P(D; Q) + P(D; QW) + H“1(9*D N §* Q) + u|D,
which gives (as by definition {vp = vg} C 9*D N 9*Q)

P(D; QW) < P(Q; D©) 4 u|Q\ D|. (5.1)
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On the other hand, we can test the super-optimality of 2 with QN D and then use (5.1) to obtain
F(Q) < F(Qn D) = P(Q; DY) + P(D; QW) + HI ({vp = —vg}) + u|Q2N D)
< P(Q; DW) + P(Q; D) + 119" D N 9*Q) + p|Q\ D| + p|Q N D|
= P(Q) + Q| = F(Q).

For the case of local supersolutions, it is enough to consider € such that 2\ D ¢ Q\ Q € B,(z) and
then use the same argument as above. O

The following lemma is the first step in the analysis of the supersolutions for P + p - | and shows
that they are in fact open sets.

Lemma 5.6. Suppose that Q is a local supersolution for the functional F = P+ p|-|. Then:
(a) There ezists a constant ¢ < 1 such that
Bo(2) N0
| Br |
where Ty s as in Definition 5.2.
(b) Q is an open set.
(c) Hy(Q) = Hy ().
(d) The weak solution of the equation

—Awg =1 1in €, wo € HY (),

<eg, Ve e OMQ, Vr <,

is Holder continuous on R®.

Proof. The proof of (a) is classical, see for instance [20]. The proof of (b) follows by (a) and the
identification Q = Q) defined in (2.11). The last two claims (¢) and (d) follow by (a): for (c) see
[20, Proposition 4.7], and for (d), see [20, Proposition 4.6] (see the proof to be convinced that only
(a) is used), which implies [20, Proposition 5.2] asserting Holder regularity for wgq. O

5.2. Mean curvature bounds in the viscosity sense. Let us start with the following definition.

Definition 5.7. For an open set Q C R? and ¢ € R, we say that the mean curvature of 9 is
bounded from below by c¢ in the viscosity sense (Hqo > ¢), if for every open set U C Q with
smooth boundary and every point xg € QN OU, we have that Hy(xg) > c.

We will now show that supersolutions have bounded mean curvature in the viscosity sense.

Proposition 5.8. Let Q C R? be an open set of finite measure. If Q is a local supersolution for the
functional P+ p| - |, then Hq > —pu in the viscosity sense.

Proof. Let U C €2 be an open set with smooth boundary and let g € 0U N 9. We can suppose
that g = 0 and that U is locally the epigraph of a smooth function ¢ : R%! — R such that
»(0) = |[Vp(0)| = 0. We can now suppose that {0} = 9U N 92, up to replacing U by a smooth set
U C U, which is locally the epigraph of the function ¢(z) = ¢(z) + |#|*. We now consider the family
of sets U, = —ceq + (7, where eg = (0,...,0,1). By the choice of (7, for every r > 0, one can find
gg > 0 such that

U \QCU\UC B,, forevery 0< e < g.

Thus one can use the sets Q. = Uz U () to test the local superminimality of 2. Let d. : U — R be
the distance function

de(x) = dist(z, 9U;).
For small enough €, we have that d. is smooth in U.N B, up to the boundary 0U.. By [22, Appendix
BJ, we have that Hy(0) = Hy.(—ceq) = Ad-(—ceq). If Hy(0) < —p, then for € small enough, we
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Br(Xo)

FIGURE 1. © has mean curvature bounded from below in the viscosity sense, but is
not a local supersolution for P + pl - |.

FIGURE 2. Testing the viscosity bound Hg > —pu with the set {p > t}.

can suppose that Ad. < —u in U. N B,.. Thus, denoting by v the exterior normal to a set of finite
perimeter €2, we have

—u|U:\ Q] > Adc(z) dx
UA\Q

= / Vd. vy, dHT! - / Vd. - vodH > P(U; Q) — P(Q;U.),
QNoU. U:No2
which implies
P(Q) + plQ > P(QUU:) + p[QU U,
thus contradicting the local superminimality of 2. O

Remark 5.9. The converse is in general false. Indeed, the set 2 on Figure 1 has mean curvature
bounded from below in the viscosity sense. On the other hand it is not a supersolution for P + p| - |
since, adding a ball B,.(z¢) in the boundary point z¢ € 012, decreases the perimeter linearly P(2) —
PQNB,) ~r.

The following lemma is a generalization of [20, Lemma 5.3].

Lemma 5.10. Suppose that () is an open set such that Hq > —u in the viscosity sense. Then the
distance function do(x) = dist(x,0Q) satisfies Adg < p in the viscosity sense.

Proof. Suppose that ¢ € C(Q) is such that ¢ < do and suppose that zg € € is such that
o(z9) = da(xo). In what follows, we set t = p(z), Q. = {@ >t} C {dq >t} and n = ég:zg', where

yo € 0D is chosen such that |xg — yo| =t (see Figure 2). We first prove that V(z¢) = n. Indeed,
on one hand the Lipschitz continuity of dgo gives

p(x) = p(xo) < da(x) — da(wo) < |z — o,
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and so |V|(zp) < 1. On the other hand, we have
p(20) = (w0 +en) > da(xo) — da(xo +en) =,

which gives |Vpl|(zg) > g—i(xo) - 1.
We now notice that ¢ is concave in the direction of n. Indeed

¢ . p(xo +en) + p(xo — en) — 2p(o)
anz o) = I, 52
—en) -2
< lim da(wo +en) + dQ(iO en) — 2do(o)
e—0t £
)2
< lim (t+5)—|—(7; g) —2t o
e—0t €
Since |V|(zo) = 1, the level set ; has smooth boundary in a neighbourhood of xg and n = —vg, (x¢)
is the interior normal at xg € 9€);. Then we have
0%p 9
Ap(zo) = 5-5(20) = 5~ (x0) Ha, (0) < —Ha, (w0).
On the other hand, setting U = tn + 4, we have U C tn + {dq >t} C Q, yo € OU and Hy(yo) =
Hq,(x9) > —u, which gives Ap(zg) < p and concludes the proof. O

In the following proposition, we prove the main result of this section. We state it for local shape
supersolutions (2, but the main ingredients of the proof are continuity of the energy function wq and
the fact that Hg is bounded from below in the viscosity sense.

Proposition 5.11. Suppose that Q C R is a local supersolution for the functional F = P + p| - |.
Then § is an open set and the energy function wq is Lipschitz continuous on R with a constant
depending only on p, the dimension d and the measure |$).

Proof. Recall that, by Lemma 5.6, ) is open and wq is continuous. Let us set w = wgq for simplicity.
Consider the function
1— €7Mt

N

1/d de/d}

h(t) ’ |Q|2/d

M
, where M =1+ |yl and N = min {EG—MUQI/U@

By construction, h is M /N-Lipschitz continuous and is a homeomorphism A : [0, +00) — [0,1/N).
We will show that the following inequality holds:

w(z) < h(dg(z)), Vo e Q. (5.2)
We first note that, since ||w|/p~ < % < 1/N (see (2.6)) the function h=1(w) is well defined,

positive and has the same regularity as w. Suppose there exists ¢ > 0 such that the function
we := (w —e)T satisfies

we < h(dg) in Q and we(xo) = h(da(xo)), for some xp € Q. (5.3)
Then considering the function u. = h~!(w.), we get
u <dg in Q and ue(x0) = da(zo).
By Lemma 5.10, we have Aue(z0) < g and |Vue|?(29) = 1 so that
—1 = Aw(zo) = B (uc(20))|Vue* (x0) + A (ue(z0)) Aue(20)

M2, M M
< _ —Mue(zo) —Mue(z0) ,, — o —Mue(z0)
=TN € tNe =y = Me
< M emtucton) < o (5.4)

N
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where the last inequality is due to the fact that u. < dg < (|2|/ wd)l/ 4 and to the definition of N.
Now since (5.4) is a contradiction, it implies that (5.3) cannot be true either and we therefore obtain
(5.2). In particular, this gives that

M
w(zr) < ﬁdg(x), Vo € €,

which roughly speaking corresponds to a gradient estimate |Vw| < M/N on the boundary 0.
There are several very well known ways to extend this estimate inside 2. We recall the method of
Brezis-Sibony [10], which is an elegant way to avoid the regularity issues of w and Q. Indeed, we

1
recall that w is the unique minimizer in H}(Q2) of the functional J(u) = 3 / |Vu|? da —/ udz and
Q Q

we test the minimality of w against the functions
M M
wy(z) = (w(z+s)+ W|S|) A w(x) and w_(z) = (w(z —s) — W|SD Vw(x),

where s € R? is arbitrary. In fact, we can use w4 as test functions since wy < %dg, which gives
that wy € H} (). Now the inequalities J(wy) > J(w) and J(w-) > J(w) give respectively

1 M 1
/ ]Vw(x—i—s)|2d:1:—/ (w(z + s) + —|s]) dz < / |Vw(:n)|2dw—/ w(z) dz,
2 JEe, By N 2 Je, N

(5.5)
1 1

2/ |Vw(:n—s)|2dx—/ (e — 5) — clhf) e < 2/E |Vw(:c)|2dx—/E w(z) dz,

where Fy = {wy < w} and E_ = {w_ > w}. Now we notice that F, = s + E_ and, after
a change of variables, we obtain that both inequalities in (5.5) are in fact equalities which give
J(w) = J(wy) = J(w_) and, by the strict convexity of J, w = wy = w_. Since this is true for every
h € R, we get that wq is M/N-Lipschitz on RY, and in particular this implies that Q = {wq > 0}
is open. [l

The main point of this section is that the property of being a supersolution of P+ yu|-| corresponds
to a curvature bound, which we may then use to obtain the regularity of the solutions of some
elliptic PDEs. We conclude this section with the converse implication, i.e. that the regular sets
whose curvature is bounded from below are in fact local supersolutions for a functional of the form
P+ pl-].

Lemma 5.12. Suppose that Q C R% is an open set with C? boundary such that Hq > —u. Then Q
is a local supersolution for the functional F = P + pl - |.

Proof. We will prove the proposition by constructing an appropriate calibration £. Let xg € 02 and
assume that in a neighbourhood V;, of zg, 92 is the epigraph of a function ¢ : R4~ — R. Consider
the function & : V,,, — R? defined by

(Vd,1¢, _1)
VI+ Va9
It is straightforward to check that

o || <1in V,, and the restriction of £ to 0f2 is precisely the normal vector field to 0€2.
e a straightforward calculation gives that

. A4 S bitidis
div &(z1,...,2q) = 419 5 J= d ;/2 = —Hq(z1,...,%4-1)-
V1+ Va1l (14|Vae19?)

Since all sets of finite perimeter can be approximated by smooth sets, it is sufficient to show that
the property of being a supersolution holds for C? sets. For an arbitrary C? set O  such that

0 0
where Vi-1¢ = (ajl,...,ale).

é.(xla"'?xd) =
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QAQ C Vo, wWe get

P(Q;on):/ §-ng7{d_1:/~§-y§d%d_l+/~ dive dz
o0 o9 O\Q

< P@Vig) + [ diveds < PR Vi) + 2\ 9,
N0

where v and vg are the exterior normals to € and Q. Thus Q is a local supersolution for F. O

6. SHAPE SUBSOLUTIONS FOR FUNCTIONALS INVOLVING THE PERIMETER

In this section, we prove the following proposition.

Proposition 6.1. Let us consider G : B(R?) — R to be one of the following functionals:
e G(0) = E4(Q), for f € LP(D) with p € (d, ).

e G(O) = F(Xl(Q), e ,Xk(Q)), where the function F : RF — R is locally Holder continuous
with exponent B > 0.

Suppose that 0* C RY is an open set of finite Lebesque measure such that the energy function wg-,
solution of (c), is Lipschitz continuous on R?, and satisfies:

P(Q¥) 4+ G() + plQ*| < P(Q) + G(Q) + u|Q,  for every measurable set Q C QF, (6.1)

for some fized p € R.

Then Q* is a local interior quasi-minimizer of the perimeter with an exponent df where f = 1—1/p if
G= Ef and B is the Holder exponent of F if G(Q) = F(Xl(Q), e ,Xk(Q)) Thus there are constants
rg > 0 and C > 0 such that

P(Q*) < P(Q) + Cr®8,  for every measurable Q C Q* with
Q*AQ C B,(x0) for some r < 1o and x¢ € R

Proof. Tt is sufficient to apply Lemma 6.5 and Lemma 6.11. ]

Remark 6.2. In the case where G = F(Xl,...,xk), for F : R¥ — R which is locally Lipschitz
continuous, this result was proved in [20] in the particular case pu = 0.

The sets that satisfy an inequality of the form (6.1) are called shape subsolutions. More generally,
let A be a family of sets and F : A — R a given functional on A.

Definition 6.3. We say that the set Q C A is a subsolution for F, if the following sub-optimality
condition holds:

F(Q) <FU), foreveryset UeA suchthat U C Q.

In what follows, we will suppose that A is the family of measurable subsets of R?. We will
deduce some qualitative properties of a set Q C R? assuming that  is only a subsolution for a
functional of the form F(Q) = P(2) + G(Q2), where G is an energy or spectral functional. In order
to obtain a general theory, easy to handle, we introduce the notion of a y-Holder functional 3in
order to transfer the sub-optimality information of the functional G to the Dirichlet energy E;. We
then study the qualitative properties of the sets (2, satisfying a suitable sub-optimality condition
involving the perimeter P and the Dirichlet energy Fj.

3Here ~-Hoélder refers to the topology of y-convergence, see [13], and not to the value of the Holder exponent
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6.1. Decreasing y-Holder functionals.

Definition 6.4. We say that the decreasing functional G : B(RY) — R is

e y-Holder, if there is a constant f > 0 such that, for every Q C RZ of finite Lebesgue
measure, there exists a constant C' > 0 with the following property:

G(U) -6 < o(Ew) - E1(9)>B, U © Q. (6.2)

e locally ’y—H{)'Vlder, ifihere is a constant € > 0 such that (6.2) holds for the measurable sets
U C Q with E1(U) — E1(Q) < e.

Lemma 6.5. Suppose that p > d/2 and that f € LP(R?) is a given function. Then, the functional

Ef : B(RY) — R is y-Hélder. More precisely, for any measurable set Q C R? of finite Lebesgue
measure, we have

By(U) - By(@) < Ol (Bi0) - Bu@)”, woca,

where 8 = (1 — 1/p) and C is a constant depending on the exponent p, the dimension d and the
measure |€].

Proof. We first note that we can suppose that f is nonnegative, since the inequality
Ef(U) = Ef(Q) < Ejp(U) — B (),

holds. Indeed, using the definition of E ¢ and the positivity of the operator Rq — Ry (which follows
by the inclusion U C ), we have

By(0) = By(@) = 5 [ (Rals) = (1)) da
_ ;/Qf—&—(RQ(f) —RU(f>) dl‘+;/ﬁf—(RQ(_f) _RU(_f)) dzx

< ;/Qﬁ(RQ(er) — Ry(fy)) dz + ;/Qf (Ra(f-) = Ru(f-)) dz
< Bjj(U) = By (9).

Since we can suppose f > 0, we have Rqo(f) — Ry(f) > 0. We now use an estimate from the proof
of [12, Lemma 3.6], which we sketch for the sake of completeness. For every nonnegative ¢ € LP(€2),
we have

/Q Ra(6) — Ru(0) dx < ||Ra(6) — Ru(6)]7=! /Q (Ra(@) — Ru(6)) da
= 1Ra() = Ru@I= [ ¢(Ra() = Ry(1) da

< | Ra(9) = Ru(d)|7= 6llr | Ra(1) = Ru(1)ll -
Now, using the estimate (2.5) that we recall here:

C, -
IBa(@lli < g7 9]

we get from a duality argument that there is a constant C' depending on d, p and || such that

IRa — Rullc(ur@yiny < CllRa(1) — Ru()]}7.

Now, since Rg — Ry is a continuous self-adjoint operator on L?(Q), we get that

IR~ Rull cu oyia ) < CllRa(1) = Ru(D]|YE.
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We can now estimate the difference of the energies as follows:

~ ~ 1 1
Ep(U) - Bp(9) = 5 /Q F(Ra(f) = Ru(1) dz < 511171l o 1 Re = Roll o opnr o

C 1
< S 11 1 Ra()) = Ru )]}/,
which concludes the proof. O

Lemma 6.6. Suppose that F : R* — R is a locally Holder continuous function with exponent 3 > 0.
Then the functional G : B(R?) — R defined as

G(Q) = F(A(Q), ..., (),
1s locally v-Holder with the same Holder exponent as F, i.e.
GU) -G <CE(U)-E(Q)’, YUcQ st E(U)-E(Q)<e
where C' and ¢ are constants depending on d, k, M\p(€), || and 8.

Proof. Let Q C R be a given measurable set of finite measure and let U C Q. By [11, Lemma 3],
we have the estimate

Vi [LE], (@) = M(U) ! < Cp(Bi(U) - E1(Q),

where Cp is a constant depending on the dimension d, k, A(£2) and the measure |Q|.
By the local Holder continuity of F', we have constants Cr > 0 and S8 > 0 such that

k
FOL(U), ..., M(U)) = F(M(Q), ..., M) < C S (M(U) — X))’
i=1
k
= Or Y NUPNQP ()™ = Ni(@)h)?

k
< CpCY (Z Xi(U)'BXZ'(Q)B> (Bv(U) — Ex(9)°

i=1
< CrOBkP2P9 XL ()% (B (U) — E\(Q),
where the last inequality holds for U C €2 such that Cp (El(U) - El(Q)) < A (0)/2. O

6.2. Boundedness of the subsolutions. In this section, we prove:

Proposition 6.7. Suppose that the measurable set of finite measure Q* C R? is a subsolution Jor
the functional P+ G + |- |, where p € R, G = E; with f € LP(RY) and p > d, or G= F()\l, : )\k)
with F : R¥ = R being locally Holder continuous with exponent B > 1 — é Then * is bounded.

In particular, solutions to (3.1) when D = R? are bounded.

Proof. The first part of this result is a consequence of the next two lemmas and Section 6.1, and
the last part follows by applying Proposition 4.1 asserting that solutions to (3.1) are subsolutions to

P+G+upl-|. O

The following lemma is implicitly contained in [20, Lemma 3.7] and was proved in [15] for general
capacitary measures. We state here the result in the case of measurable sets, though we do not
reproduce the proof which is exactly similar.

Lemma 6.8. Suppose that Q is a set of finite measure and that H is a half-space in RE. Then we

have
(QﬂH \/2’20()‘00/ deHd - / ‘va|2d.T+/ wq dzx,
HC c

where wq is the energy function on €.
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Lemma 6.9. Consider a constant 8 € (1 — é, 1], where d is the dimension of the space. Suppose
that Q C RY is a measurable set such that

_ ~ 8 _ _
P(Q)-P(U) < A(B\(U)=Ey(Q)) +plQ\UI, YU CQ such that Ey(U)-Ey(Q) <z, (6.3)
where A >0, ¢ > 0 and p > 0 are given constants. Then 1 is bounded.

Proof. For every t € R, we set H; = {(x1,...,74) € R?: 21 < t}. We notice that Lemma 6.8 implies
that, for ¢ large enough, F1 (2N Hy) — E1(Q2) < e. We now use QN Hy to test (6.3). By Lemma 6.8
and the bound |Jwq e < Cy4*?, we have

P(Q; H) — P(H;; Q) < AC(P(Hy Q) + 10\ Hy)’ + plQ\ Hy| |
(6.4
< AC(P(Hy;; Q)7 + [\ Hel”) + ulQ\ Hl,
where C' is a constant depending only on the dimension d, 8 and |2|. On the other hand, by the
isoperimetric inequality for Q \ Hy, we get
d—1
Q\ He| & < Ca(P(Q; HY) + P(Hy; Q) (6.5)
for a dimensional constant Cy > 0. Substituting the estimate for P(Q; Hf) from (6.4) in (6.5), we
get
Q\ Hy| T < 2C4P(Hy; Q) + ACP(Hy; Q)° + ACIQ\ Hyl® + pCalQ \ Hyl.
Now setting ¢(t) := |Q\ H|, we have that ¢'(t) = —P(Hy; Q). Taking in consideration the fact that
o(t) = 0 and |¢'(t)] < P(Q; Hf) — 0, as t — oo, we get that for some large ¢y we have

p) T < —AFCY(), iz,

where C' depends on d, § and |2|. Then, since < 1 and ¢(to) < |92, we have

1

_d-1 d—1, 1 _d1

o(t) < (10" — (1- T ACE —10))
and so, ¢(t) = 0, for t > tg + CA~/#, where C' depends on d, 8 and |Q|. Repeating the argument
in every direction, we obtain the boundedness of €. O

6.3. Interior quasi-minimality for subsolutions with Lipschitz energy function. The fol-
lowing lemma was proved by Alt and Caffarelli [1] for harmonic functions and is implicitly contained
in [16]. The more general statement for capacitary measures can be found in [31].

Lemma 6.10. Let Q C R? be a set of finite measure. Then there exist constants Cy, depending
only on the dimension d such that, for each ball B.(xq) C R?, we have the following estimate for the
enerqgy function wgq.

E1(Q\ By(20)) — E1(Q) < Cy <r + HwQHL";;BZT(IO))) / wo dH! -I-/ wo dz.
8B,~(ac0) B»,«(Z‘o)

This estimate leads to the following result:

Lemma 6.11. Consider an open set  C R?® such that
~ ~ 8 ~ ~
P(Q)—P(U) < A(El(U)—El(Q)> FulQ\U|, YU CQ such that Ey(U)—Ey(Q) <e, (6.6)

where A >0, 3> 0, e >0 and > 0 are given constants. If the energy function wg € H'(RY) is
Lipschitz continuous on R, then there are constants ro > 0, depending on d, €, |Q|, and C > 0 such
that the following interior quasi-minimality condition holds:

P(Q) < P(U) + Cr® + puwgr?, YU C Q  such that Q\U C By(xg) for some xy € .
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Proof. By Lemma 6.10, for ro small enough, we have E; (Q\ Byy(z0)) — E1(Q) < e. Thus, we can
use any set U C €, such that Q\ U C B,(xo) C By,(x0), to test (6.6). Indeed, we have

P©) - PWU) <A(BW) - Ei(@) +p0\ U]

< A(B1(@\ Bo(wo)) = Br(@)) + 121 B, o)

<T+ ”wQHLw(Bzr(l"O)))/ we d’]-[d_1+/ waq dx
27" aBT(mO) Br(fﬂo)

< A(dwd(ro + L)L+ wdroL)Brdﬁ + pwgr?,

B

A + puwgr®

IN

where L is the Lipschitz constant of wq. O

7. PROOF OF THEOREM 1.1

Consider first the shape optimization problem

min {P(Q) +G(Q) : QC D measurable, |Q] = m}, (7.1)

where the boz D is a bounded open set in R? with C? boundary or D = R¢.
(1) By Proposition 3.1, there is a solution * of (7.1).

(2) By Proposition 4.1, there are some A > 0 and r > 0 such that Q* is a solution of the problem

(3)

min {P(Q) +G(0) + A||Q] —m| : Q C D measurable, diam(QAQ*) < r}.
In particular, due to the monotonicity of G with respect to the set inclusion, we have that,
for every Q C D with Q* C Q
P(Q") + A|Q*| < P(Q) + A9,

i.e. the conditions of Proposition 5.1 are satisfied and in particular the torsion function wq-«
is Lipschitz continuous.

On the other hand, if Q C Q*, then
P(Q") +G(Q") — A|jQ°| < P(Q) +G(Q) — AlQ].

Then the conditions of Proposition 6.1 are satisfied and, in particular, Q* is a local interior
quasi-minimizer of the perimeter with some exponent df € (d — 1, d).

Thus, for a generic set € such that QAQ* is contained in a ball of sufficiently small radius
r > 0, we can apply Proposition 5.1 and Proposition 6.1 and obtain that

P(Q)>PONQ")+POQUO") — P(QF)
> P(Q) — Cr? 4+ P(Q*) — A|B,| — P(*) > P(Q*) — CrP,
This proves that * is a local quasi-minimizer of the perimeter. Therefore, it is bounded
and satisfies the regularity property (1.4). In particular G(Q*) = G(Q*).
Let now €2 be a generic open set of measure m in D. Then we have
P(Q) +G(Q) > P(Q) +G(Q) > P(Q") + G(Q") = P(Q) + G("),

which proves that Q* is a solution of (1.9).
On the other hand, if €2 is another solution of (1.9), then

P(Q) +G(Q) < P(2) +G(Q") = P(2) +G(Q") < P(2) +G(Q) < P(2) + (%),
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which proves that € is also a solution of (7.1). Therefore, it enjoys the same regularity
properties of 2%,

O
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