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Motivation: the Quantum Mean-Field Limit

N-body Schrodinger eqn. Unknown Wy = Wy (t, xq,...,xy) € C

N

. 2

N =HaWn,  Hni=) gl Ty Y Vig—x)
Jj=1 1<j<k<N

Hartree Unknown 1 = 1(t,x) € C

Ihatﬁ) = le,[), Hp = _%AX + V*X p(tv ')7 p= |¢’2

Mean-field limit

/( oy \UN(t,X,Zg, Ce, ZN)\UN(t,y, 2o, ... ,ZN)dZQ ... dzy
RIYN—

— P(t,x)(t,y) as N — oo

Pbm Convergence rate? Uniform in h? recall that A = 1.1-1073%Js
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EMPIRICAL MEASURES IN CLASSICAL MECHANICS |
|KLIMONTOVICH SOLUTIONS|

W. Braun, K. Hepp: Commun. Math. Phys. 56 (1977) 101-113
R.L. Dobrushin: Func. Anal. Appl. 13 (1979), 115-123
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The diagram

Schrddinger Nz
b

+
h—0 h—0
{ {

. . N—
Liouville —° | Vlasov
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The Mean-Field Limit in Classical Mechanics

Unknown positions+momenta gi(t), p1(t),. .., gn(t), pn(t)
Newton’s 2nd law

N
. . 1
ai(t) = (1), pi(t) = - > VV(gi(t) — k()
o
Vlasov equation distribution function f = f(t,x,£) >0
Oef (t,%,€) + & - Viuf (£, %,6) = Vi Ve(t, x) - Vef (£, x,6) = 0

{Hr,F}(t,x.€) Where He(t,x,):=5L|€[2+ Vi (t,x)
where V¢ (t,x) = // V(x = y)f(t,y,n)dydn
RI x R4

From Newton to Vlasov in the limit as N — oo

N Z(qu 0),p(0) : Z t)p () —F(t,5+)

=1
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Klimontovich's Theorem

Assume that V € CY1(RY) is even. Then
— (qu(t), p1(t), ..., gn(t), pn(t)) satisfies Newton's 2nd law

N
= & Zd((x,ﬁ) — (qj(t), pj(t))) weak solution of Vlasov

=:pp(t,dxd§)

Proof since V is C'+even, VV/(0) = 0, so that

N Z V(g;(t) — qu(t //Rd y = y)un(t, dydn)
X
k#/

Newton's second law for each particle=differential system for the
characteristic curves of Vlasov's equation, localized at (q;(t), pj(t))
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’A QUANTUM NOTION OF EMPIRICAL MEASURE
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Quantum Analog of the Klimontovich Solution

oSet ) := L?(R?; C), and Hy := L*(RIN; C) (N-particle H-space)
oFor k=1,..., N, set

Ji: L(H)DA— Q.. A®...® € L(Hn)
= A acting on the kth variable

Definition For N > 1 and t € R, define Mpy(t) : L($) — L(Hn)

N
. 1 ) . .
M= NE Jo o Mp(t)A = etHn/h(pMin A)e~itHn/h
k=1

——
analog of % ZLV:1 Oz,

where Hy is the N-body quantum Hamiltonian

™=

Hy =Y —ZA, +L > V(g —x) =Hi

j=1 1<j<k<N

Francois Golse Empirical Measures and Quantum Dynamics



A Characteristic Property of My/(t)

oFor o € Gy, and Wy € Hy, define

UU\UN(Xl, ces 7X/\/) = WN(XU—1(1)7 cee 7Xa—1(N))

eSymmetric N-particle trace-class operators

LYon) ={TeL(Hn) : U,TU: =T for all 0 € Sy}

Lemma Set Ty(t) := e tHn/hTnelHn/h for all Tin € L1(Hy)
Trou (Mn()A)TA) = Tra(ATna(t))  forall A€ L£(6)
where Tp.1(t) = Tr(Tn(t)[Hn_1) € L1(H) has integral kernel

/r(t,x,zz,...,zN;y,22,...,zN)d22...dzN

integral kernel of Ty(t)
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An equation for M y(t)

Thm A Let V € FLY(RY) be even+real-valued. Then

MO Mp(t) = ad” (— 2 F2A)Mpy(t) — C[V, Mp(t), Mn(t)]
Notation for each A : L($)) — L($Hn), each unbounded operator
H on $) and each A € L($)

(ad”(H)A)A := —A([H, A]) , if [H, A]:= HA—AH € L($)

CIV, Ay, A] A:= /R ((MEDN(EA) = Mo AE)(MES)) V() 855

where

E,(x) = eiw'xw(x) for each ¢ € §, E*=E_,
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Hartree equation C equation for M7}, (t)

Thm B For t — R(t) time-dependent density operator on £), define

R(t)A:=Tra(R(t)A)ly,, A€ L(9), (chaotic K soln)

Then R is a solution of the Hartree equation (for density operators)
ih0:R(t) = [—5=h*A + VR, R()]

with Vip(py(x) = / V(x —2z) r(t, z,z) dz
Rd —_——
integral kernel of R(t)

— iOR(t) = ad’(— 2 K2 A)R(t) — C[V, R(t), R(t)]
i.e. iff R is a solution of the equation obtained in Thm A
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|deas for the proofs

eThm A = Thm B: if R(t)A = Tru(R(t)A)ls, then

A

(R(t)EXYR(t)(EuA) —R(t)(AEL)(R(t)EX))V(w)
= — Vo p(t,w) Trs([R(t), E,]A)
— —Trg([R(2), VR(£)(w)E.])

eto prove Thm A, write the 1st equation in the BBGKY hierarchy,
think of Mp(t) as the adjoint of the map

LLHN) 3 Rul,_o = Rua(t) € £1($)

and use the identity

[Mu()A Mu(£)B] = %MN(t)[A, B] forall A B € £(5)
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| THE QUANTUM MEAN-FIELD LIMIT|
[UNIFORMITY IN /i OF THE CONVERGENCE RATE]
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From Schrédinger to Hartree

Let V € Cy(RY) be even and real-valued. Assume that ||1i"||,> = 1.

Let ¥, = ¥n(t, x) be a solution of the Hartree equation

iRy = — W2 Ay + (V o [P0, Un],_g = Ui

where x, is the convolution in the variable x, and define

W i(t, Xn) = 7'”{”/}11_[% X;)
where
N 1
) 132
Hy = Z —ﬁﬁ ij + N Z V(Xj — Xk)
j=1 1<j<k<N
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Uniform in A convergence rate for the MF limit

Thm C Let I := max(1, |[V2V/|;=) < oo and assume that

Vi gl [ IV@I+ ) de < o

Then
C[d]ec[d]Vtetr

WAl ) (W plia] = Wallgn) (n ][] g oy (8) < TN

where
|-l dual norm of [}y := max 0207 (k)

Wigner transform of a density R with integral kernel r = r(X,Y)

WHIRI(x,) = iy [ rx+ Shyox = dy)e 7y
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Sketch of the proof of Thm C

(1) Let A = A(t) satisfy

ihOA(t) i= [~ 5 B2 A+ V xy [1hn(t, )2, A(2)]

Let R(t)B := (Yu(t)|B|vn(t))lg, where ¢, =Hartree solution

(Miy(t) = R(2))A(t) = (M(0) — R(0))A(0)

t) —
. /O CIV, Miy(s) — R(s), Miy(s)]A(s)ds

(2) Introduce the metric

dyy (t) := e [(Mp(t) = R(£)AD)Wn,1) (V) (0) ] 22(50)

where A(1) = OP/Y[a] with ||a||, < 1 for some 7 € [0, T]




(3) Use semiclassical estimates to propagate an estimate for
1 Vd
- < Y- —j
pEo AW = —=lw] max ([llxe AN+ [=ihdg, A

as in Appendix C of Benedikter-Porta-Saffirio-Schlein ARMA2016,
starting from 7 (since A(7) is a Weyl operator, so that the r.h.s. is
O(1) by standard commutator estimates)

(4) The dual norm
|WAllW ) (Wi sl 2] (T ) — Wallwon) (@nll(T H[d/2]+2 < dy(T)

while Boulkhemair's (JFA1999) variant of the Calderon-Vaillancourt
theorem implies that

di(0) < c[d]/VN
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Comparison with earlier results

(1) Rodnianski-Schlein (CMP 2009) for h =1

CeKt

VN

Tr|[Wa) (Wnla = [9) (] (1) <

assuming that V(x)? < D(1 — A,) and H@/)"”||H1(R3) =1
(2) Pickl (LMP 2009) for /i = 1

Tr (W) (Wnla (! = [)(])(t)

< & (o0 [ 101V 0t e 1)

assuming that V € [?"(R3) with r > 1 and V € L=(R®\ B(0, R))
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(3) FG-Mouhot-Paul (CMP 2016) Assume V € CH1(RY)

2
distux 2 (em“/4 Wi Rn:1,5], e"Bxe/* Wh[Rh]> (t)
At 1

8 e
< At ° 2
< 2dh(e™ +1)+ NHVVHL A

Téplitz initial 1-body density, with A := 3 4 4(Lip VV/)?
(4) Earlier uniform in & convergence results: local in time and for

WKB initial data (Graffi-Martinez-Pulvirenti M3AS2003), formal semi-
classical expansion (Pezzotti-Pulvirenti Ann. IHP2009)
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Conclusion/Open pbms

We have
(a) extended the Klimontovich Theorem to the quantum setting, and

(b) used it to obtain an O(1/+/N) convergence rate for the quantum
mean-field limit uniformly in 7 € (0, 1]

eSingular potentials? e.g. Coulomb

e The formula for the interaction term C[V, M7}, (t), M} (t)] involves

V(x1 — x) = /Rd V(w)Ew(Xl)E (Xz)(d“;d

Other representations of V involving tensor products — e.g. Pélya
(1949), Fefferman-de la Llave (1986), Hainzl-Seiringer (2002)...

|X’ / / 1B Or)*lB(O r)
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