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|deal Bose gas: homogeneous case

Gibbs state at a positive temperature T > 0
H
Mo=zle ¥, Ho= / B~ Dy — V)axdx, [anal] = 5(x — y)
Q
In the thermodynamic limit

Q=1ITY v=-klL"2 Lo

we approach critical density from below
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Equivalently, we can fix density and approach critical temperature from above

Equivalently, we can consider the rescaled model

Q=T v=—-k T—oo0
1 T ind=1
<N>r0: Z ?N TlOgT |nd:2
keanzd € T —1 T3/2 ind=3



|deal Bose gas: general case
Gibbs state at a positive temperature T > 0

—1 7E * 2
Mh=2,"e 7, Hy= [ a hcaxdx, h>0on L*(Q)
Q

Theorem (Density matrices of ideal Bose gas)

If Tr(h~P) < oo, then Vk > 1, ng)(xl, ooy X YLy ooy Vi) = (@5 235, 3yy -3y )T

K' o k! 1 e
o) = T(h/—_l) —  Ki(h /|u®k (u®*|dpao(u)

strongly in Schatten space &GP, with 1o Gaussian measure with covariance h™!

0o A o )
dMO(U) 1 —(u hU)d = ® <?e Ail(ui,u))? d(u;, U>) , h = Z)‘ilui><ui|7
i=1

i=1
1-p

which is supported on Sobolev-type space H'=P = D(h™2 ).

Example: h = —A + [x|* on L?(R9), then Tr(h™P) < co with p > ¢ + <.
e d=1,5>2 Tr(h™!) < 0o, uo supported on L?
@ d > 2: g always supported on negative Sobolev spaces
o d < 3 needed for Tr(h=2) < oo



Interacting Bose gas

Gibbs state at a positive temperature T > 0 with pair interaction Aw(x — y)

FA:Z;le_H%, H,\—/a heaxdx + = // a,a,w(x — y)axa,dxdy
Q2

Heuristically, mean-field limit A ~ T~ leads to semiclassical approximation

H \ 1 * 2
- = /behxbdeﬂL 5// bybyw(x — y)bybydxdy, by = T

[bx, byl =0 ~  Envs(u) = (u, hu) + //| (x)Pw(x — y)|u(y)|?dxdy

Conjecture (Density matrices of interacting Bose gas)
If Tr(h=P) < oo and A ~ T~1 — 0, then for all k > 1

HT = [ eHdu(w)

in Schatten space &P, with the nonlinear Gibbs measure

du(u) = “z71 e~ Enus(u) gy




Let d =1 and
h=—A+V(x), V(x)>|x]*" as|x| = o0
Then Tr(h™!) < oo and the interacting Gibbs measure is well defined on L2
du(u) = “z7te Wy = 77te P g0 (u)

where

= L uGPw(x — y)lu(y) Pdxdy
./

Theorem (Trace class case [Lewin-N-Rougerie '15])
When Tr(h™) < 00, 0 < w € ado + L=, and A= T~! =0,

=0, Vk>1.

Tr'?;r&“ [ 18w duta)

Remark: if V/(x) > |x|, then Tr(h™2) < oo and p is supported on L*(R)
~> Hilbert-Schmidt convergence holds



2D and 3D cases: renormalization

Classical theory: Gaussian measure i is supported on negative Sobolev spaces
~ the interacting measure p is defined via a Wick renormalization

dp(u) =z e P dpio(u)
with

D) = 5 [ [ (1809 = ()P Yo = ) ()2 = )P} )

This is well-defined if Tr(h™2) < cc and 0 < w € L!

Quantum theory: Renormalized interaction
ren 1 * * E3 *
wrer = > // (axax - (axax>r0) w(x — y)(ayay - (ayay>ro)dxdy

1
- // ataxw(x — y)ata,dxdy — /(W « (a2a)r,)ataxdx + Eo
with

* 1
(o, =180x) = | g — | (i)
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Homogeneous Bose gas

Let h=—A + x on L2(T9) with k > 0 fixed. Then
1 1
"7(0xi) = Lh/T_J (ix)= D e = No(T)

keorzd € T —1

~~ Renormalization simply amounts to shifting the chemical potential

Theorem (Lewin-N-Rougerie '19)

Let d < 3 and
h=—-A+x on 3T, 0<w(k)(1+ |k € (2nz9).

Consider the Gibbs state [\ = Z/\_le‘H% where
* /\ * % ~
Hy = [ aj(hc—v)axdx+— acayw(x—y)axaydxdy, v =Aw(0)No(T).
Td 2 J Jraxte

When A = T-1 — 0, we have

KU 2
T = [164) 4 dn)

=0, Vk>1.
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Inhomogeneous Bose gas

In general when h = —A + V/(x) on L2(RY), the free density is not a constant

1
pul) =000 = | g7 = 0
~~ Renormalization amounts to adjusting the external potential

Theorem (Frohlich-Knowles-Schlein-Sohinger '17)
Assume Tr(h=2) < co. Take chemical potential v = AW (0)p,, — K, k > 0 fixed.

@ The counter term problem V — v = V7 — Aw * py, has a unique solution
Vr, and Vi — Voo when T =\ -

@ For any fixed € € (0, 1) the density matrices of the quantum state

ZE—].e—EHg/Te—(HA—2€H0)/Te—EH0/T

converge to the Gibbs measure p, associated with ho, = —A + V, and w

vy

Theorem (Lewin-N-Rougerie '19)

If Tr(h=5/3) < oo, then the convergence to jio, holds with the Gibbs state (¢ = 0).




Proof strategy

Variational approach: 2 N
I\ minimizes — log Z rzol,gfrzl { H(I,To) +fTr(WF)}
Tr(M(log T—log p))
i minimizes  —logz, = inf [ Hel u o) /D(u)d,u
p/ prob. measure

d d,
f dﬁﬂ log dﬁo dpo>0

Quantum de Finetti theorem
k' (k
S0 = [ @), ez 1
Berezin-Lieb type inequality
liminf H(Tx, Fo) > Ha(y', o)
When d =1, w > 0 and Fatou’'s lemma imply
T2Tr(Wry) = T2 Tr(wrP) /D Ydp' (1) + o(1) 700,

leading to Zy
—log == — —logz, W =pu
2o
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Proof strategy

When d = 2,3: Renormalized interaction has no sign ~~ Fatou's does not apply!
Quantitative method: Finite dimensional reduction needs variance estimate
dr(t —{dr(1
(A2)y —0, A= (Ln>n) T< (Ln=n)o
i.e. particles at high momenta don't feel interaction. It requires a new method to
control particle correlations.

@ One-body estimate (A), — 0: Hellmann-Feynman -+ new entropy inequality
@ Two-body estimate can be related to a one-body problem by linear response

1< AKLT

Oe=o(A)rc = /lTr( SAMSA)ds — (A)3, Mo = 23l _en
General estimate 0
0> Tr(FAM°A) — (A%), > —%<[[1HIA,A],A]>A 0
@ The linear response ¢ — J:(A), . is mostly convex
0F ()0 = (W), —3(a%), 2 —2(A2);,

) F(e)—F(—
Elementary fact: if £/ > 0, then f’( ) < %
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