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Temporal coherence of a BEC

A fundamental property of BEC, useful for applications

Macroscopic population of a single Well-defined relative phase at time
particle state — macroscopic t =0 : How long do the BECs
coherence remember their (relative) phase ?

@ W

Spatial coherence of a single condensed gas

g1(r) = (P1(r)i(0))) "~ ¢5(r)do(0)(ag20);

Temporal coherence of a single condensed gas

g1(£,0) = (D (r, ) (r,0)) "X |go(r) [ (ag(t)0(0))

System in equilibrium, isolated, homogeneous, condensed
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The condensate phase operator 0o

We introduce the following representation for a bosonic mode ¢

5 1
35 = Ag\/hy Py =2L3,  Ay=——=3 (af (n) = f(n+1)a)

a
Ve
Agln:¢)=|n—1:¢) for n>0 and Ay0:¢)=0

Alln:¢)=In+1:¢) for neN

A, is “almost unitary” : /2\¢A1; =1 2\;2\¢, =1—-10:¢)(0: ¢|

For a macroscopically populated mode ¢, , we approximate
Ag, =~ €% with 0y an hermitian operator
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Hamiltonian on a lattice (spinless bosons)

NI (—A ) B0 + &b S () ()R

Space discretisation step b, consequent cut-off in k € D = [, 3[3

~ ~ Or v -
Commutators [{(r),(r')] = % . Kinetic energy A, (r|k) = —k*(r|k)
b 4mh?
Contact Interaction potential V =g b730 with gy #g= nh’a
m
go adjusted to obtain scattering length a on the lattice
11 /d3k m /d3k m_C(a)
g & Jp(@2n) 2k p (2m)* 2k2 g \b

K2 a p fixed
¢ = /—— Bogoliubov : — x /pa® — 0 Lattice: — =7<1 (Born
mpg £ g (Born)
Ground state energy expansion in powers of a/¢ at fixed 7 :

E
fo_re (1 + Cr(zl)g +.. ) Then 1 — 0 in the coeff (no divergence)

N 2
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Bogoliubov theory (homogeneous ¢y = 1/v/V)

Splitting of the field operator
b(r)=—"T=+du(r)  N=Ro+> [di(r)P
r

Orthogonal number-conserving field A
A(r) = e ) (r) A o] = AT, 0] =0,  [N,0] =i
Elimination of the condensate variables from the Hamiltonian

H(, o) — H(N,A,AT) No =N~ IA(N?

The Bogoliubov Hamiltonian is quadratic in A and Af

. N gl gl ~
t 2 12
Hpog(N) = [/\ <h += )/\ o (/\ +A )]
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Explicit calculation : coarse-grain time average deo
Heisenberg picture : ihd—‘90 = —i%"gg#b\ym

déo 1 goN 20 3
— ==+ = E b [ATA (/\2 /\Tz)
dt { + *3 +
Expansion over eigenmodes of linear equations of motion for A, Af

(hin) - g e () ()2

COARSE-GRAIN TIME AVERAGE OF df/dt

dé, o Oey .
—h—o = uo(N) + 3" =5 A

with uo() = 8N and  Ey(N) = B — 50, g e V2

_(8)2. — . _ B2k N
Ut Vie= (& i ek = VE(Ex+2pg0) Ex=7%"5 p=vy
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Physical interpretation of deo : contribution of
thermal excitations

Canonical ensemble

—BHpo
R e e . r R _ 1
Ocon = ——=— with Hpog = Eo(N)+ E €1 N Ny =

Bex
Z "0 ePer — 1

Free energy of ideal bose gas (Bogoliubov quasi particles)

F = Eo(N +k5TZIn efe)

PHASE DERIVATIVE <> “CHEMICAL POTENTIAL OPERATOR”
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Fermionic case : Phase operator of the condensate
of pairs and time correlation function

2-body density matrix
pa(re, v ¥y, 15) = (DL(F)D] (1), (r2) bt (r1))

Condensate wavefunction ¢(ry,r2) (Ng = mean number of cond. pairs)

b° sz("h r2; 11, 15) (v, 15) = Nogh(ry, r2)

Ly
Condensate phase operator 6,

3 = b° Z¢*(r17 r2)iby (r2)hs (r1) 30 = P iy’

rirp
e “never empty condensate” approx. : e unitary operator

o contrarily to the bosonic case, [Ny, fo] # i

Time correlation function of the pairing field :

(] (re, €)8] (2, )y (r2, 001 (11, 0)) "X [(r1, 12) (3)(£)20(0))



Plan The phase 6 Bosonic case df /dt Fermionic case Fermionic excitations Bosonic excitations

Goal : Phase derivative for a condensate of pairs

Two states T | contact interactions gy on a lattice A= Hcan — MN

=5 S (A ) Bo(1) + 806> 3 BLND] (D (1)1 (1)

e s = F: fermionic, BCS pair breaking, gapped A, o =k, 1 ()

@ s = B: bosonic, pair into motion, phononic start, a = q

We shall use :

@ Fermionic excitations Anderson’s Random Phase Approximation

o Bosonic excitations Time-dependent BCS including moving pairs.
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A few reminders on the BCS theory

Coherent state of pairs |Ypcs) = N exp (Z Fka,tTaT_ki) |0)
k

Tk

VI1+IN?

In terms of the (canonical) variables Vi, V| Vi =—

BCS VARIATIONAL STATE

ses) = [T (U — Vialhali,) I0) & U= VI-TViPeR

K
A = go(thyihy) = 83 UV 5 po = (W3do) = =20 WP

e Ground BCS V? minimize E[Vk, V'] = (Ypcs|H|vpcs)

1 I3 2 K>
p > ( €k> N oy HTEPt k=1 &+ AF

o For a time-dependent BCS state : |¢(t)) = |[¢¥pcs(t))
SV OE L dVi(e) _ OE
dt ovr ' dt - 0V
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A few reminders on the BCS : elementary
excitations
o BCS Elementary excitations (fermionic)

Within BCS states, minimize A < minimize ":/BCS (quadratic, by
incomplete Wick contractions)

Fpcs = o+ et + 44 3k
k

f“le = UEélT + V23, : elementary excitation €x = \/m

CONDENSATE PHASE IN THE BCS APPROXIMATION
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Anderson’s Random Phase Approximation

@ RPA variables

AqQ AT N 2q _ At N

Mt = Acpqrakts My = a g d—k—al
A A~ q _ At

di = a—k—al 3t d ak+qTa kl

@ The Exact Heisenberg equations of motion are quartic
@ RPA linearize the equations by incomplete Wick contractions
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Problem to include the bosonic branch within RPA

Within the RPA equations
o Linear RPA eqgs for fluctuations of pair operators are closed for a
given q (center-of-mass momentum of the pair)
o Collective excitations q — €4 (moving pairs, phononic start), appear
in the linear problem at fixed q. i
o 80 involves only g = 0 pair operators, — % does not involve
collective excitations of the moving pairs with the RPA.
Push RPA beyond the linear order ?
o Idea : solve the linear RPA problem at fixed q, find the eigenmodes
and construct the collective quaisparticle operators Bq, IA)J; (made of

combinations of pair operators for the given q)
@ In the quartic (beyond RPA) equation of %, expand pair operators

over the eigenmodes of the linear q—problem and “recognize”

@ Problem : RPA operators are linked by non-linear relations e.g.
ai+qTakTatk7q\La*ki = 3i+q¢37k7q¢37k¢3kT — non, unicity
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Bosonic excitations : Time-dependent BCS state
including moving pairs (Blaizot-Ripka 1985)

) = N(t)exp (b" D (e t)ﬁ(r)ﬂ(r’)) 10)

r,r’

Key point : introduction of the canonical variables ®(r,r’), ®(r,r')*

Moving pairs : ® = b*®(r,r') Pairs at rest : Vj

e=-L (”Qi)_m © Vie= T (14 |M?) 72

MZi(l—ﬂi)m o (D) = L3ka — [V[?)1/2
’;'—|¢|2_b6;|¢(,,,f,t)z & ’;’_;mz
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Variational approach with moving pairs - |l
Minimisers of H(®, ¢*)
o H, invariant under ®(r,r') — e ®(r,r'), is minimized on a circle
v+ e dy(r, r')

° &o(r,r') = (N/2)Y?o(r,r)
o ¢o(r,r") normalized, (Fourier transform of V?) depends on N

Field Splitting along and orthogonally to ¢q

o(r,r') = e[ 2¢o(r,r') + A(r,r')]

‘ﬂ

Expansion of H for small deviations from the circle of minima

H((D, (D*) = To[n, ¢07¢3] + Z -rj[n7¢07¢8](/\3 /\*) + O(||/\||4)

Jj=13

T; is of order j in A, \*
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Variational approach with moving pairs -Il|

o Equation for 6 : —hdf/dt = 9, H(P, d*)
e Eliminate n = N/2 — ||A||? and limit to the order two in A
o Difficulty : Evaluation of time average of a linear term in d6/dt

(Kt # 0 and quadratic in A due to cubic terms in H)
@ Including this contribution we reconstruct the total derivative

—t
hdo — 1o(N) + dT2

2dt
T, = 5(/\*7/\)0'Z£[N] (/\*)

o Expanding over eigenmodes of the linearized problem

E(LJZ) = ea(”z) = € + using Helmann Feynman

Al t)\ ug(r,r') . vi(r,r)
(/\*(nr’; t)> - Zb(y(t) <va(r, r/) +bo¢(t) u;(..’ r/)
Equation for the phase (bosonic excitations)
k@
2 dt

t

<y V(A A) + O(IAIF)

= (M) + 3 G a1 P+ O(IAIP)
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Variational approach with moving pairs -1V

EQUATION FOR THE PHASE (BOSONIC EXCITATIONS)

do _ de,, 5 3
T dr *MO(N)+%:d7N|ba| + O([IA[I7)

Spectrum of the linear problem For s-wave contact interactions,
b — 0, and homogeneous system, for a fixed total wavevector q

(1) one discrete value €4 same bosonic spectrum as the RPA

du
dp

q—0
€q ~ cq me? =p

(i) a continuum (ki,T; ka2, |) = €F i, 1 + €F Ky, With (ki + ko = q)

Quantum Hydrodynamics
A similar result for the linear part of the bosonic dispersion relation
(low T) can be obtained with quantum hydrodynamics

with exact (not mean field) equation of state.
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