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Abstract

The aim of this short paper is to explore a new connection between a conjecture concerning sharp
boundary observability estimates for the 1-D heat equation in small time and a conjecture concerning the
cost of null-controllability for a 1-D convection-di�usion equation with constant coe�cients controlled on
the boundary in the vanishing viscosity limit, in the spirit of what is done in [Pierre Lissy, A link between
the cost of fast controls for the 1-D heat equation and the uniform controllability of a 1-D transport-
di�usion equation, C. R. Math. Acad. Sci. Paris, Volume 352, 2012]. We notably establish that the
�rst conjecture implies the second one as soon as the speed of the transport part is non-negative in the
transport-di�usion equation.
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1 Introduction

Let us consider some T > 0, L > 0, and the following one-dimensional heat equation with boundary
control at the left side of the boundary:

yt − yxx = 0 in (0, T )× (0, L),

y(·, 0) = u(t) in (0, T ),

y(·, L) = 0 in (0, T ),

(1)

with initial condition y(0, ·) = y0 ∈ H−1(0, L) and control u ∈ L2(0, T ). It is well-known that this control
operator is admissible for initial data in H−1(0, L) and that equation (1) is null-controllable in arbitrary small
time, thanks (notably) to the in�nite speed of propagation of the information (see [8] for the one-dimensional
case, or more recently [9], [14] and [13] for results in any space dimension with in addition terms of order 0
and 1 in the equation). A more challenging (and still widely open, especially in the multi-dimensional case)
question is what is usually called the cost of fast controls, i.e. what is the energy required to steer the system
to 0 at time T when T → 0. More precisely, let us call

TD(y0, T ) := {(y, u) ∈ C0([0, T ], H−1(0, L))× L2(0, T )|(y, u) veri�es (1), y(0, ·) = y0 and y(T, ·) = 0}
∗lissy@ann.jussieu.fr
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and

CD(T, L) = sup
y0∈H−1(0,L)

inf
(y,u)∈ TD(y0,T )

||u||L2(0,T )

||y0||H−1(0,L)
.

One can prove (see for example [2, Section 2.3]) that CD(T, L) is always �nite. Moreover, for every
y0 ∈ H−1(0, L), the in�mum is always reached at a unique uopt, which corresponds to the L2(0, T )-projection
of the vector 0 on the subspace of all the controls u that steer y0 to 0 at time T (i.e. uopt is the control having
the smallest norm, which justi�es the expression �cost of the control� for the quantity CD(T, L)). CD(T, L)
can be seen as the smallest constant C > 0 such that for every y0 ∈ H−1(0, L), there exists some control u
such that the corresponding solution y of (1) with initial condition y0 veri�es y(T ) = 0 and

||u||L2(0,T ) 6 C||y0||H−1(0,L). (2)

Let us call
β∗ := lim sup

T→0
T ln(CD(T, L))

and
β∗ := lim inf

T→0
T ln(CD(T, L)).

It is proved in [12] that β∗ > 0 and in [21] that β∗ < +∞. This means that CD(T, L) behaves roughly like

e
K
T for small enough T , where K is independent of T . These results have been made more precise later: One

has β∗ > L2/4 (see [17]), which can be notably proved by constructing a singular solution of the heat equation
and using a formula of Varadhan concerning the heat kernel in small time (cf. [25]). The question of upper
bounds for β∗ has also been studied by numerous authors (see notably [21], [22], [16] or [23]) and the best
upper bound known is β∗ 6 3L2/4 as obtained in [24]. Let us mention here that thanks to the transmutation
of solutions of wave-type equations into solutions of heat-type equations studied systematically in [18], a result
for the cost of fast controls in one space dimension for boundary or distributed controls gives a corresponding
result in the multi-dimensional case in a (smooth enough) bounded domain Ω of Rn (n ∈ N∗) with control
domain ω which can be either a subset of ∂Ω or distributed into Ω verifying the geometric control condition
GCC of [1], which justi�es the speci�c study of the one-dimensional case. However, it is not natural to impose
GCC for the control domain ω in the case of parabolic systems. Moreover, in this case tone can bound β∗

from above by a multiple of the length of the longest geodesic of Ω not intersecting ω, which is not natural
for heat-type equations (one expects β∗ to be some multiple of supy∈Ω d(y, ω) according for example to [16,
Theorem 2.1]). Using the transmutation method for control domains not verifying GCC is possible (see [6]),
unfortunately it does not seem to provide precise estimates on CD(T, L).

In fact, it is conjectured (notably in [16] and [7]) that in the one-dimensional case one has exactly

Conjecture 1 β∗ := (L2/4)+, i.e. for every L > 0, for every K > L2/4, there exists some C(K) > 0 such
that for every T small enough,

CD(T, L) 6 C(K)e
K
T .

For corresponding conjectures in the multi-dimensional case, see [16] or [7, Section 5].
It is well-known, using the duality between observability and controllability (see for example [5]), that the

null-controllability of equation (1) with cost CD(T, L) is exactly equivalent to proving the following inequality,
called observability inequality : ∫ L

0

|ϕ(T, x)|2 6 CD(T, L)2

∫ T

0

|∂xϕ(t, 0)|2, (3)

for every ϕ satisfying 
ϕt − ϕxx = 0 in (0, T )× (0, L),

ϕ(·, 0) = 0 in (0, T ),

ϕ(·, L) = 0 in (0, T ),

ϕ(0, ·) = ϕ0 in (0, L),

(4)

with ϕ0 ∈ H1
0 (0, L). Inequality (3) is in general set for the adjoint problem of (1) but one can consider instead

the forward problem (4) by changing t into T − t. A classical tool to obtain (3) is to use parabolic Carleman
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estimates as in [9] (another possible strategy is to use elliptic Carleman estimates and the FBI transform as
in [14]). Such inequalities provide integral estimates in �nite or in�nite time with singular weight at time
t = 0 (because of the irreversibility of the heat semigroup) on a solution ϕ of (4) under the form∫ T

0

e−
C(L)
t |ϕ(t, x)|2dt 6 C(T, L)

∫ T

0

|∂xϕ(t, 0)|2dx (5)

or ∫ ∞
0

e−
C∞(L)

t |ϕ(t, x)|2dt 6 C(T, L)

∫ T

0

|∂xϕ(t, 0)|2dx, (6)

for some constants C(L), C∞(L) (not depending on T ) and some constants C(T, L). The links between
estimates of the form (3), (5) and (6) has been carefully studied in [19] (it is also worth mentioning here
[20] which concentrates on the link between (3) and spectral inequalities coming from the Lebeau-Robbiano
strategy).

The main problem of Carleman estimates is that they are not really adapted to the context of the cost of
fast controls because they are in general not precise enough to ensure that the constant C and C∞ appearing
in such estimates are optimal. It is proved in the very nice paper [7] (using a kind of reverse transmutation
method where the solutions of some wave equation are written in terms of solutions of the corresponding heat
equation) that the following estimate in in�nite-time horizon holds:∫ ∞

0

∫ L

0

e−
L2

2t |ϕ(t, x)|2dxdt 6 C(L)

∫ ∞
0

|∂xϕ(t, 0)|2dt, (7)

where C(L) might depend on L. Moreover, this estimate is sharp in the one-dimensional case (as proved in
[8]) and characterizes the reachable states of equation (1). The authors are then able to derive from inequality
(7) the following estimate in �nite time:∫ ∞

0

∫ L

0

e−
L2

2t |ϕ(t, x)|2dxdt 6 Cint(T, L)

∫ T

0

|∂xϕ(t, 0)|2dt, (8)

where Cint(T, L) is a constant that depends on T and L. Unfortunately, since (8) is obtained by using a
reasoning by contradiction, the authors where unable to estimate precisely the constant Cint(T, L).

A very natural conjecture (cf. [7, Section 1.2, Section 3.2, Section 5]) would be that the constant Cint(T, L)
does not blow up in a too violent way, in the following sense:

Conjecture 2 Let δ > 0 and L > 0. One can choose Cint(T, L) such that

Cint(T, L) = O
T→0

(e
δ
T ).

Conjecture 2 would notably be true if for example Cint(T, L) is some fraction of (some power of) T .
Let us mention here the well-known fact that the dissipative character of the parabolic systems implies

the following result:

Proposition 1.1 Conjecture 2 is stronger than Conjecture 1.

For the sake of clarity, we recall here brie�y a possible proof, without claim of originality (this is very similar
to the proof of the fact that Carleman estimate ⇒ observability).

Proof of Proposition 1.1. Let us consider some 0 < r < 1 (which is destined to be close to 1). Using
the fact that the L2-norm of the solution of (4) is non-increasing, we obtain∫ T

0

∫ L

0

e−
L2

2t |ϕ(t, x)|2dxdt > e−
L2

2Tr

∫ T

rT

∫ L

0

|ϕ(t, x)|2dxdt > (1− r)Te− L2

2rT

∫ L

0

|ϕ(T, x)|2dx.

For a given K > L2/4, thanks to Conjecture 2, there exists some constant C > 0 and some r < 1 (that might
depend on L but not on T ) such that for every T > 0 small enough one has

e
L2

2rT

T (1− r)
Cint(T, L) 6 Ce

2K
T .
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We deduce that ∫ L

0

|ϕ(T, x)|2dx 6 Ce
2K
T

∫ T

0

|∂xϕ(t, 0)|2dt,

which gives exactly Conjecture 1.

The goal of what follows is to explain how Conjecture 2 can be linked to another famous conjecture stated
in [3] concerning the uniform controllability of a transport-di�usion equation in one space dimension with
constant coe�cients in the vanishing viscosity limit, in the spirit of what was done by the author in [15].

Let us consider some constantM 6= 0 (supposed to be independent of x and t) and some viscosity coe�cient
ε ∈ (0, 1) (which is destined to tend to 0). We are interested in the following family of transport-di�usion
equations 

yt − εyxx +Myx = 0 in (0, T )× (0, L),

y(·, 0) = v(t) in (0, T ),

y(·, L) = 0 in (0, T ),

(9)

with initial condition y0 ∈ H−1(0, L) and control v ∈ L2(0, T ) and ε ∈ (0, 1). If ε is taken equal to 0 and if
the initial condition y0 is taken in L2(0, T ), we obtain a transport equation at constant speed M

yt +Myx = 0 in (0, T )× (0, L),

y(·, 0) = v(t) in (0, T ),

y(·, L) = 0 in (0, T ),

(10)

which is known to be null-controllable if and only if T > L/|M |, the optimal control in L2-norm is in this
case the null function (see for example [2, Section 2.1]). Let us de�ne

TTD(y0, T ) := {(y, u) ∈ C0([0, T ], H−1(0, L))× L2(0, T )|(y, u) veri�es (9), y(0, ·) = y0 and y(T, ·) = 0}

and

CTD(T, L) = sup
y0∈H−1(0,L)

inf
(y,u)∈ TTD(y0,T )

||u||L2(0,T )

||y0||H−1(0,L)
.

Since one can prove (see [3, Appendix A]) that the solution of (9) with initial condition y0 ∈ L2(0, L)
converges in some sense to the one of (10) when ε→ 0, one might reasonably expect that CTD(T, L,M, ε)→
+∞ for T < L/|M | and CTD(T, L,M, ε)→ 0 for T > L/|M |.

However, it is proved in [3], as expected, that one has

CTD(T, L,M, ε) > Ce
K
ε

for some constants C,K independent of ε if T < L/M for M > 0, but what is unexpected is that

CTD(T, L,M, ε) > Ce
K
ε

for some C,K independent of ε if T < 2L/|M | for M < 0. This surprising result led the authors to make the
following conjecture concerning positive results for the uniform controllability of the family of equations (9)
in large time, which is still not decided to be true or false:

Conjecture 3 Let T > 0, L > 0 and M 6= 0 be given. Then CTD(T, L,M, ε) → 0 as ε → 0+ as soon as
T > L/M for M > 0 and T > 2L/|M | for M < 0.

In [3], it is proved the exponential decay of the cost of the control when ε → 0+ for su�ciently large times,
namely T > 4.3L/M (resp. T > 57.2L/|M |) if M > 0 (resp. M < 0), which was extended to varying in
time and space (and regular enough) speed M and arbitrary space dimension in [11]. In both articles [3] and
[11], the strategy is to derive a Carleman estimate which takes into account the transport term and then use
dissipation result adapted to the equation similar to what is done in [4]. In [11], the authors also obtained an
exponential growth of the cost of the control as ε→ 0+ for small times.

The upper bounds concerning the uniform controllability of equation (9) have been improved in [10] which
proved the uniform controllability for T > 4.2L/M (resp. T > 6.1L/|M |) if M > 0 (resp. M < 0) by using
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a method similar to the moment method on the adjoint system of (9) with a well-chosen complex multiplier.
The latest improvement were done by the author in [15], where the uniform controllability is proved for
T > 2

√
3L/M > 3.45L/M (resp. T > (2

√
3 + 2) > 5.45L/|M |) if M > 0 (resp. M < 0), which is still

quite far from Conjecture 3. However, it is also given a strategy to improve the critical times up to T > 2
(resp. T > 4) if M > 0 (resp. M < 0) by �nding a link between this problem of uniform controllability and
Conjecture 1 for the heat equation (1) in small time.

We now state our result.

Theorem 1.2 Let T > 0, L > 0 and M > 0 be �xed. Assume that Conjecture 2 is veri�ed. Then there exists
some constants C,K > 0 (independent of ε but depending possibly on T > 0, L > 0 and M > 0) such that for
every ε ∈ (0, 1),

CTD(T, L, ε,M) 6 Ce−
K
ε

as soon as

1. T > L/M for M > 0,

2. T > (1 +
√

2)L/|M | for M < 0.

Theorem 1.2 is quite surprising, because it seems to indicate that Conjecture 2 is much stronger than
Conjecture 1, which is unexpected because of one may think that what happens near t = +∞ is quite negligible
compared to what happens near t = T . Moreover, we think that Theorem 1.2 is of interest because it will
enable people to solve both Conjecture 1 and Conjecture 3 in the case M > 0 simultaneously. Theorem 1.2
suggests that it is worth trying to concentrate on proving Conjecture 3 instead of proving Conjecture 1.

2 Proof of Theorem 1.2

Let ψ0 ∈ H1
0 (0, L) and let ψ be the solution of the following forward problem:

ψt − εψxx −Mψx = 0 in (0, T )× (0, L),

ψ(·, 0) = 0 in (0, T ),

ψ(·, L) = 0 in (0, T ),

ψ(0, ·) = ψ0 in (0, T ).

(11)

We use the same kind of transformation than in [15, Proof of Lemma 2.1], and we call

ϕ(t, x) := e
M2t
4ε2

+Mx
2ε ψ(

t

ε
, x). (12)

Then

ϕt(t, x)− ϕxx(t, x) = e
M2t
4ε2

+Mx
2ε (

M2

4ε2
ψ(
t

ε
, x) +

ψ( t
ε , x)

ε
− M2

4ε2
ψ(
t

ε
, x)− ψ(

t

ε
, x)− M

ε
ψx) = 0.

Hence ϕ is a solution of (4) on the interval (0, εT )× (0, L), with initial data ϕ0(x) = e
Mx
2ε ψ0(x). Since ε→ 0,

this means that we now work in small time and the dependance in ε now only appears in the time variable.
Moreover, one has

∂xϕ(t, 0) =
M

2ε
e
M2t
4ε2 ψ(

t

ε
, 0) + e

M2t
4ε2 ∂xψ(

t

ε
, 0) = e

M2t
4ε2 ∂xψ(

t

ε
, 0). (13)

Let us consider some 0 < a < 1 (which is destined to be close to 1). The map t 7→ e−
L2

2t is increasing on
(0,∞), so we deduce that

e−
L2

2aεT

∫ εT

εaT

∫ L

0

|ϕ(t, x)|2dxdt 6
∫ εT

εaT

∫ L

0

e−
L2

2t |ϕ(t, x)|2dxdt

6
∫ +∞

0

∫ L

0

e−
L2

2t |ϕ(t, x)|2dxdt.
(14)

5



Since ϕ is a solution of (4), t > 0 7→ ||ϕ(t, .)||2L2(0,L) is decreasing so

(1− a)εT

∫ L

0

|ϕ(εT, x)|2dx 6
∫ εT

εaT

∫ L

0

|ϕ(t, x)|2dxdt. (15)

Using (14) and (15), we obtain

(1− a)εTe−
L2

2aεT

∫ L

0

|ϕ(εT, x)|2dx 6
∫ +∞

0

∫ L

0

e−
L2

2t |ϕ(t, x)|2dxdt. (16)

Applying inequality (8) at time bεT with some b > 0 (which is destined to be close to 0) and inequality (16),
we deduce

(1− a)Te−
L2

2aεT

∫ L

0

|ϕ(εT, x)|2dx 6 Cint(εbT )εe
bM2T

2ε

∫ bεT

0

|∂xϕ(t, 0)|2dt. (17)

We now use equalities (12) and (13) together with inequality (17) to obtain

e−
L2

2aεT +M2T
2ε

∫ L

0

e
Mx
ε |ψ(T, x)|2dx 6 Cint(εbT, L)

∫ εbT

0

e
M2t
2ε2 |∂xψ(

t

ε
, 0)|2dt. (18)

From (18) we deduce by changing t into εt in the integral appearing in the right-hand side

e−
L2

2aεT +M2aT
2ε ε(1− a)T

∫ L

0

|eMx2ε ψ(T, x)|2dxdt 6 Cint(εbT )εe
bM2T

2ε

∫ bT

0

|∂xψ(t, 0)|2dt. (19)

Let us treat separately the cases M > 0 and M < 0.

1. Assume that M > 0. In this case, inequality (19) provides∫ L

0

|ψ(T, x)|2dxdt 6 e
L2

2aεT −
M2T
2ε + bM2T

2ε

(1− a)T
Cint(εbT, L)

∫ T

0

|∂xψ(t, 0)|2dt. (20)

Assume now that T > 0, L > 0 and M > 0 are such that T > L/M . Then one obtains

L2

2aT
− M2T

2
+
bM2T

2
< 0 (21)

as soon as b is chosen close enough to 0 and a is chosen close enough to 1: The roots of the polynomial
(in the variable T )

L2

a
+ (b− 1)M2T 2

converge when a→ 1− and b→ 0+ to the roots of the polynomial

L2 −M2T 2,

which are precisely −L/M and L/M . Thanks to (20), (21) and Conjecture 2, one deduces that there
exists some constants C,K > 0 independent of ε (but depending possibly on L, T and M) such that

CTD(T, L, ε,M) 6 Ce−
K
ε .

The �rst part of Theorem 1.2 is proved.

2. Assume now that M < 0. In this case, (19) becomes∫ L

0

|ψ(T, x)|2dxdt 6 e
L2

2aεT −
M2T
2ε + bM2T

2ε +
|M|L
ε

(1− a)T
Cint(εbT, L)

∫ T

0

|∂xψ(t, 0)|2dt. (22)

Assume now that T > 0, L > 0 and M < 0 are such that T > (1 +
√

2)L/|M |. Then one obtains

L2

2aT
− M2T

2
+
bM2T

2
+ |M |L < 0 (23)
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as soon as b is chosen close enough to 0 and a is chosen close enough to 1: The roots of the polynomial
(in the variable T )

L2

a
+ (b− 1)M2T 2 + 2b|M |LT

converge when a→ 1− and b→ 0+ to the roots of the polynomial

L2 −M2T 2 + 2|M |LT,

which are precisely (1−
√

2)L/|M | and (1 +
√

2)L/|M |.
Thanks to (22), (23) and Conjecture 2, one deduces that there exists some constants C,K > 0 indepen-
dent of ε (but depending possibly on L, T and M) such that

CTD(T, L, ε,M) 6 Ce−
K
ε ,

which ends the proof of Theorem 1.2.

3 Further remarks

1. Since one can recover Conjecture 3 from Conjecture 2 for M > 0, maybe T > 2L/|M | is not the right
conjecture for the minimal time ensuring the uniform controllability for M < 0 and might be replaced
by what is found in Theorem 1.2, i.e. T > (1 +

√
2)L/|M |.

2. The fact that the integral is on (0,∞) in the left-hand side of (8) is crucial in our proof, because it
enables us to consider larger times in the left-side (a close to 1) than in the right-hand side (b close to
0). Another possible Conjecture (weaker than Conjecture 2) would be the following. Let δ > 0 and
L > 0. One can �nd Cfin(T, L) such that

Cfin(T, L) = O
T→0

(e
δ
T )

and ∫ T

0

∫ L

0

e−
L2

2t |ϕ(t, x)|2dxdt 6 Cfin(T, L)

∫ T

0

|∂xϕ(t, 0)|2dt. (24)

However, one can verify that we exactly recover the results of [15] and notably we do not �nd constants
as good as in Theorem 1.2. This is consistent with the fact that (24) is roughly equivalent to (3), as
explained in [19].
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