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General introduction

The overall goal of this class is to provide a concise introduction to classical and
modern methods in classical numerical optimisation. It goes without saying that
such a class cannot be fully self-contained, and the students are expected to have
basic working knowledge of the following fields of mathematics:

(1) Calculus and measure theory,
(2) Linear algebra,
(3) Dynamical systems,
(4) Basics of optimisation.

This class consists of two main parts: the first one covers the basics of numerical
optimisation, with a strong emphasis on gradient and Newton methods. The second
part of the class deals with more modern topics, and seeks to offer an overview of
new perspectives in numerical optimisation.

None of the material presented here is original, and there are numerous good
references available, both online (several exercises were drawn from the lectures of
C. Royer, B. Bogosel, Y. Privat, D. Gontier, A. Frouvelle, F. Bach, R. Herbin, E.
Herberg, etc.) and in the university library. In particular, I drew inspiration from
the following sources:
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1. A primer on gradient descent

1.1. Introduction: basic concepts, optimality conditions
Throughout this entire chapter, unless stated otherwise, we consider a fixed, C 2

function f : Rd → R.

1.1.1. First definitions
The goal of this section is to fix the terminology, as well as some notations.

Definition 1.1. A point x∗ ∈ Rd is called:
(1) A global minimiser of f if

∀x ∈ Rd , f(x∗) ⩽ f(x).

(2) A local minimiser of f if

∃ε > 0 , ∀x ∈ Rd , ‖x− x∗‖ ⩽ ε⇒ f(x∗) ⩽ f(x).

In the remainder of this document, we will adopt the following notational con-
ventions:

(1) Md(R) denotes the set of d× d matrices, Mp,q(R) denotes the set of p× q
matrices.

(2) Sd(R) denotes the set of symmetric matrices in Md(R). The transpose of a
matrix M is written MT .

(3) S+
d (R), resp. S++

d (R), resp. S−
d (R), resp. S−−

d (R) denotes the set of
symmetric positive, resp. definite positive, resp. negative, resp. symmetric
negative, matrices.

1.1.2. The optimisation problem under consideration
The goal of this class is to study the optimisation problem

(1.1) min
x∈Rd

f(x).

A first question is whether or not a solution x∗ actually exists. To this end, let us
recall the definition of coercivity:

Definition 1.2. We say that a continuous function f is coercive if for any M ∈ R
the sub-level set {x ∈ Rd : f(x) ⩽M} is bounded.

It is a classical result (see Exercise 1.2) that if f is coercive, then the optimisation
problem (1.1) has a solution x∗ ∈ Rd. With a slight abuse of terminology, we will
say that x∗ solves (1.1), and dub it a minimiser of f in Rd.

Now, consider (1.1), and assume that x∗ is a solution. Naturally, one would
like to have either an explicit or a good enough numerical approximation of the
minimiser x∗. Unless we are quite lucky and an easy comparison argument provides
an explicit value, this is a hopeless endeavour. The best we can do is to rely
on optimality conditions. Optimality conditions allow to reduce the search of a
minimiser to the resolution of a non-linear system of equations.

There are two optimality conditions. The first-order optimality condition reads
(1.2) ∇f(x∗) = 0

while the second-order optimality condition writes
∇2f(x∗) ∈ S+

d (R).
4



Numerical optimisation-Lecture #1

Assume for simplicity that (1.2) has a finite number of solutions x1, . . . , xN , which
have tractable expressions. This still does not provide any conclusion, and we
need to compute the Hessian of f at each xk, k = 1, . . . , N . There are several
possibilities:

(1) If ∇2f(xk) ∈ S++
d (R), then xk is a local minimiser of f .

(2) If ∇2f(xk) ∈ S−−
d (R), then xk is a local maximiser of f .

(3) If ∇2f(xk) has at least one negative and one positive eigenvalue, xk is a
saddle point: there exist two orthogonal directions e⃗1 , e⃗2 such that t∗ = 0 is
a local minimiser of t 7→ f(x+ te1), and a local maximiser of t 7→ f(x+ te2).

(4) If ∇2f(xk) ∈ S+
d (R), but not in S++

d (R), then we cannot conclude and
further analysis is required.

The proof of this result is very quick; we refer to Exercise 1.4. The exercises of this
chapter (in particular exercise 1.5) contain several examples of optimisation prob-
lems that can be solved by hand. Such examples are usually limited to dimension
2 or 3, unless the problem has a very specific structure.

For the sake of future references, let us single out the following definition:
Definition 1.3. Let f ∈ C 1(Rd;R). A point x∗ ∈ Rd is called a critical point of
f if

∇f(x∗) = 0.

In the first part of this class, we will focus on finding critical points.
Most real-life applications of optimisation cannot be tackled analytically, and

one must be satisfied with good numerical approximation of the optimisers. In
this class, we will be focusing on iterative methods, that is, methods which can be
written as {

Start from an initial guess x0,
Supposing x0, . . . , xk are built, set xk+1 = xk +Gk(xk)

for some function Gk, the definition of which might depend on the previous iterates
x0, . . . , xk. Most of the time, this will not be the case, and the iteration map Gk

will not depend on the index k. The goal is to obtain algorithms that produce
sequences that converge at a “good enough” rate — most of the time, we will be
satisfied with linear convergence, in the following sense:
Definition 1.4. Let {xk}k∈N ∈ (Rd)N and x∗ ∈ Rd. We say that {xk}k∈N converges
linearly, at rate α ∈ [0; 1), to x∗, if there exists a constant C such that

∀k ∈ N , ‖xk − x∗‖ ⩽ Cαk.

At any rate, in order to tackle (1.1), we will rely on the true and tried method
of gradient descent and its variants. Recall that our main objective, from now on,
is to locate critical points of f .

1.2. Definition of the gradient descent and basic properties
The gradient descent is a local algorithm that essentially relies on a Taylor expan-

sion of the function f : assume that you are starting from an initial guess x0 ∈ Rd,
and you want to solve (1.1). We look for a point that is close enough to x0, say at
distance at most d0, and such that f(x1) < f(x0) (if that is possible). In that case,
a natural idea is to replace f by its first-order Taylor approximation

f(x0 + z) = f(x0) + 〈∇f(x0), z〉+ o
z→0

(‖z‖)
5
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so that, at first order, we are solving the minimisation problem
(1.3) min

∥x−x0∥⩽d0

〈∇f(x0), x− x0〉.

At this stage, two things may happen:
(1) Either the gradient vanishes (∇f(x0) = 0), in which case we stop, as we

are satisfied with what we already have. Now, if we wanted to go further
in the analysis, we should note that two other possibilities arise: either f
is convex, in which case this implies that x0 is a global minimiser of the
function f , or f is not convex and we would need to do something different
to investigate the local optimality of x0. This will very often not be the
case, and we will see, in Chapter ??, why this is not a problem in practice.

(2) Either the gradient does not vanish, so that the pseudo-optimisation prob-
lem (1.3) has a unique solution

x1 = − d0
‖∇f(x0)‖

∇f(x0).

Now, the question remains of choosing the parameter d0. Of course, if we already
know that the gradient is small enough in norm, it makes no sense to look for a point
that would be far away, and this naturally leads to choosing d0 as d0 = τ‖∇f(x0)‖
for some τ > 0.

Overall, we define the sequence of iterates of the gradient descents as follows:{
x0 ∈ Rd ,

∀k ∈ Rd , xk+1 = xk − τ∇f(xk).

The main questions under consideration from now on are:
(1) The convergence of the generated sequence {xk}k∈N.
(2) The convergence of the sequence of values {f(xk)}k∈N.
(3) The convergence of the gradient of the objective function {∇f(xk)}k∈N.

Of course, the convergence of {xk}k∈N implies the convergence of the values and of
the gradient; the convergence of the values, on the other hand, does not imply the
convergence of the sequence itself. It is also important to note that, in general, the
presentation of gradient descent assumes, from the get-go, some strong convexity of
f , which gives a positive answer to all the questions above. On the other hand, it is
extremely important, both in practice and in theory, to distinguish these different
steps and this is what we will do. At any rate, here is a simple result:
Proposition 1.1. Assume that f ∈ C 1 and that the gradient descent with fixed step
size τ converges in the sense that {xk}k∈N converges to some x∗. Then ∇f(x∗) = 0.
Proof of Proposition 4.1. If the sequence converges then, passing to the limit in
xk+1 = xk −∇f(xk) yields ∇f(x∗) = 0. □

Of course the next question is, if we assume that {xk}k∈N converges to some x∗,
is it true that x∗ is, in fact, a minimiser of f? The answer is no in general. Consider
for instance the function

f : x 7→ x3

3
,

a fixed 1 > τ > 0 and an initialisation x0 = 1. The sequence of iterates of the
gradient descent is given by

∀k ∈ N , xk+1 = xk(1− τxk).
6
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Now, if τ ∈ (0; 1), a simple reasoning by induction shows that the sequence {xk}k∈N
is positive and decreasing; in particular it is converging so that by Proposition 4.1
it converges to 0, which is not a minimiser of f . Of course, one might argue that
this is cheating, as the function f is not coercive. Nevertheless, it is easy to adapt
this example: simply modify f on (−∞;−1] to have a globally smooth, coercive
function.

1.2.1. Convergence of the gradient descent: first considerations
In this first paragraph, we investigate in a formal manner the constraints we

should put on the step size and on the function f to obtain a converging sequence,
where the parameters should be chosen uniformly with respect to the initial condi-
tion. We begin with the regularity of the function. Let us consider the case of a
C 1, but not C 1,1 function, for instance, in two variables

f : (x, y) 7→ 2

3

(
x2 + 2y2

) 3
4 .

It is fairly easy to show that the function f is C 1, but not C 1,1 at 0 (this is left as
an exercice): simply observe that

|f(x, y)| ⩽ C‖(x, y)‖ 3
2 .

Furthermore, 0 is the unique minimiser of f . For a given parameter τ > 0, the
sequence of iterates is given explicitly by

xk+1 = xk

(
1− τ

(x2
k+2y2

k)
1
4

)
yk+1 = yk

(
1− 2τ

(x2
k+2y2

k)
1
4

)
.

Although this example will be studied more in detail (or rather, illustrated) in the
computer sessions, observe that, at a formal level, if the sequence converges, then
it must converge to 0. Thus, we “should” be able to write that

(xk+1, yk+1) ∼
τ

(x2k + 2y2k)
1
4

(−xk,−2yk) .

Defining
zk := x2k + 2y2k

we deduce that (asymptotically)

zk+1 ⩾ Cz
1
2

k , C = τ2.

Now, let us assume that this inequality is, in fact, satisfied for all k ∈ N. This
would give the lower bound

zk+1 ⩾ CC
1
2 z

12

22

k−1 ⩾ · · · ⩾ C
∑k

i=0( 1
2 )

i

z2
−k

0 ,

and cannot converge to 0.
We continue with an investigation of the step size; here the computations are

much easier, as it suffices to consider, in the one-dimensional case, the function

f : x 7→ µ

2
x2.

Then, for any initialisation x0 and any fixed step size τ > 0, the sequence of iterates
is given by

xk+1 = xk(1− µτ) = x0(1− µτ)k.
7
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Thus, the method converges if, and only if, 0 < τ < 1
µ . As µ quantifies the

steepness of f ′, or, put otherwise, the average variation of the gradient, we fairly
easily understand that the wilder the gradient of a function, the smaller the step
size needs to be.

1.2.2. The gradient descent is a descent method
In this section, we consider a function f ∈ C 1(Rd) with a µ-Lipschitz gradient

in the sense that
(1.4) ∀x , y ∈ Rd , ‖∇f(x)−∇f(y)‖ ⩽ µ‖x− y‖.
We do not make any assumption on the coercivity of f , or on the existence of a
minimiser. Our first result is the following:

Theorem 1.1. For any x0 ∈ Rd, for any τ > 0, the sequence generated by the
gradient descent initialised at x0 with step size τ satisfies

∀k ∈ N , f(xk+1)− f(xk) ⩽ τ (τµ− 1) ‖∇f(xk)‖2.

In particular, if τ ∈
(
0; 1

µ

)
then the sequence {f(xk)}k∈N is strictly decreasing

unless it is stationary. Finally, for any τ ∈
(
0; 1

2µ

)
there holds

∀k ∈ N , f(xk+1)− f(xk) ⩽ −τ
2
‖∇f(xk)‖2.

Proof of Theorem 1.1. It suffices to write that for any k ∈ N there holds
f(xk+1) = f(xk − τ∇f(xk)).

From the mean-value theorem, there exists ξ ∈ B(xk; ‖xk+1 − xk‖) such that
f(xk+1) = f(xk) + 〈∇f(ξ),−τ∇f(xk)〉.

This rewrites
f(xk+1)− f(xk) = −〈∇f(ξ)−∇f(xk), τ∇f(xk)〉 − τ‖∇f(xk)‖2

⩽ τ‖∇f(ξ)−∇f(xk)‖ · ‖∇f(xk)‖ − τ‖∇f(xk)‖2

⩽ τµ‖xk+1 − xk‖ · ‖∇f(xk)‖ − τ‖∇f(xk)‖2

= τ (τµ− 1) ‖∇f(xk)‖2.
The conclusion follows. □

We highlight once again that we did not require any information other than the
regularity of ∇f .

1.2.3. Convergence of the gradient descent II: the Zoutendijk theorem
In this section, we seek to answer the question:do the gradients converge? As it

turns out, they do! Provided, once again, the step size τ is chosen properly enough.
Here again, we let µ > 0 be such that (1.4) is satisfied.

Theorem 1.2. Assume that f is bounded from below and that τ ∈
(
0; 1

2µ

)
. Then

there holds
∞∑
k=0

‖∇f(xk)‖2 <∞.

In particular, {∇f(xk)}k∈N converges to 0.
8
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Proof of Theorem 1.2. An easy consequence of Theorem 1.1 is that

∀k ∈ N , f(xk)− f(xk+1) ⩾
τ

2
‖∇f(xk)‖2.

Summing the previous inequalities yields

∀N ∈ N ,
µ

2

N∑
k=0

‖∇f(xk)‖2 ⩽ f(x0)− f(xN+1).

Thus,

µ

N∑
k=0

‖∇f(xk)‖2 ⩽ 2 (f(x0)− inf f) .

The conclusion follows. □

This still does not allow to conclude regarding the convergence of the sequence
itself. We refer to Exercise 1.8.

1.2.4. Convergence of the gradient descent III: convex functions
Recall the definition of a convex function:

Definition 1.5. We say that a function φ : Rd → R is convex if
∀x , y ∈ Rd , ∀t ∈ [0; 1] , φ((1− t)x+ ty) ⩽ (1− t)φ(x) + tφ(y).

We say that φ is strictly convex if
∀x 6= y ∈ Rd , ∀t ∈ (0; 1) , φ((1− t)x+ ty) < (1− t)φ(x) + tφ(y).

A classical result states the following:

Proposition 1.2. Let φ ∈ C 1(Rd;R). Then φ is convex (resp. strictly convex) if,
and only if, its gradient is monotone:

∀x , y ∈ Rd , 〈∇φ(x)−∇φ(y), x− y〉 ⩾ 0 ,

resp. strictly monotone:
∀x 6= y ∈ Rd , 〈∇φ(x)−∇φ(y), x− y〉 > 0.

In addition, if φ ∈ C 2(Rd;R) and is convex, then for any x ∈ Rd ∇2φ(x) ∈ S+
d (R).

If, for any x ∈ Rd, ∇2φ(x) ∈ S++
d (R), then φ is strictly convex.

We now make one stronger assumption on the function f . Namely, we assume
that f still satisfies (1.4) for some constant µ > 0 and that f is convex.

Theorem 1.3. Assume that f is convex and satisfies (1.4) for some µ > 0. Finally,
assume that f has a minimiser x∗. For any τ ∈

(
0; 1

2µ

)
, for any initialisation x0,

the gradient descent with fixed step size τ , initialised at x0, satisfies

∀k ∈ N , f(xk+1)− f(x∗) ⩽ f(x0)− f(x∗)

k + 1
.

Proof of Theorem 1.3. Recall that from Theorem 1.1 we have

∀k ∈ N , f(xk+1)− f(xk) ⩽ −τ
2
‖∇f(xk)‖2.

However, by convexity of f ,
f(xk) ⩽ f(x∗) + 〈∇f(xk), xk − x∗〉.

9
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Consequently,

f(xk+1) ⩽ f(xk)−
τ

2
‖∇f(xk)‖2

⩽ f(x∗) + 〈∇f(xk), xk − x∗〉 − τ

2
‖∇f(xk)‖2

= f(x∗) +
2

τ

(
τ

2
〈∇f(xk), xk − x∗〉 − τ2

4
‖∇f(xk)‖2

)
= f(x∗)− 2

τ

(
‖τ
2
∇f(xk)−

1

2
(xk − x∗)‖2 − 1

4
‖xk − x∗‖2

)
= f(x∗)− 2

τ

(
1

4
‖xk+1 − x∗‖2 − 1

4
‖xk − x∗‖2

)
.

We thus deduce that

k (f(xk)− f(x∗)) ⩽
k∑

i=1

(f(xi)− f(x∗)) ⩽ 1

2τ
‖x0 − x∗‖2.

The conclusion follows.
□

1.2.5. Convergence of the gradient descent IV: quadratic functions
We saw in the previous paragraph that, in the case of convex functions, we could

get a convergence rate (algebraic, as it turns out) for the gradient descent. The goal
of this section is to provide a finer convergence rate in the special case of quadratic
functions.

Definition 1.6. We say that a function f : Rd → R is quadratic if there exists
A ∈Md(R) and b ∈ Rd such that

∀x ∈ Rd , f(x) =
1

2
〈Ax, x〉 − 〈b, x〉.

When f is quadratic, we say that f is represented by (A, b).

A straightforward computation shows that

∇f(x) = A+AT

2
x− b.

In particular, when A is symmetric,
∇f(x) = Ax− b

and x∗ is a critical point of f if, and only if, x∗ is a solution to Ax∗ = b.

Theorem 1.4. Let A ∈ S++
d (R), b ∈ Rd and f be the quadratic function represented

by (A, b). Letting 0 < λ1 ⩽ λd(A) be the eigenvalues of A, for any τ ∈
(
0; 2

λd(A)

)
,

for any x0 ∈ Rd, the gradient descent initialised at x0 with fixed step size τ > 0
converges linearly to the unique solution of Ax∗ = b and, more specifically,

∀k ∈ N , ‖xk − x∗‖ ⩽ α(τ)k‖x0 − x∗‖
with α(τ) = maxi=1,...,d |1− τλi(A)|. Finally,

min
τ∈

(
0; 2

λd(A)

)α(τ) = α

(
1

λ1(A) + λd(A)

)
=

cond(A)− 1

cond(A) + 1
with cond(A) =

λd(A)

λ1(A)
.

10
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Proof of Theorem 1.4. Observe that as A ∈ S++
d (R) all the eigenvalues of A are

positive. Furthermore, A induces a bijection, whence x∗ is uniquely defined. Ad-
ditionally, as A is symmetric, ∇f(x) = Ax − b. Now we explicitly obtain, for any
k ∈ N,

xk+1 = xk − τAxk + τb

so that, defining yk := xk − x∗,

∀k ∈ N , yk+1 = yk − τAxk + τb = yk − τA(xk − x∗) = (Id− τA)yk.

The matrix Id− τA has eigenvalues 1− τλd(A) ⩽ · · · ⩽ 1− τλ1(A)We deduce that

∀k ∈ N , ‖yk+1‖ = ‖(Id− τA)yk‖ ⩽ ‖Id− τA‖op · ‖yk‖.

Here, we used the operator norm on Id− τA. By a straightforward iteration argu-
ment we deduce that

∀k ∈ N , ‖yk‖ ⩽ ‖Id− τA‖kop ‖y0‖.

However,
‖Id− τA‖op = max

i=1,...,d
|1− τλi(A)|.

We refer to Exercise 1.3. In particular, if τ > 0 is chosen so that

(1.5) α(τ) := max
i=1,...,d

|1− τλi(A)| < 1

we obtain
∀k ∈ N , ‖xk − x∗‖ ⩽ α(τ)k‖x0 − x∗‖.

It remains to pick τ > 0 so that α(τ) < 1. However

α(τ) < 1 ⇔ −1 < 1− τλd(A) ⩽ 1− τλ1(A) < 1

which rewrites, in a compact form, as

τ <
2

λd(A)
.

The conclusion follows. Finally, it is an easy exercise to see that α is minimised at
τ∗ such that

|1− τ∗λ1(A)| = |1− τ∗λd(A)|.

Solving this equation explicitly in τ∗ yields

τ∗ =
2

λ1(A) + λd(A)
, whence α(τ∗).

□

Let us observe that the convergence rate of gradient descent is quantified by the
conditioning number of the matrix A: if cond(A) ≈ 1 then the method converges
extremely quickly if τ∗ is chosen properly, while, if cond(A) � 1 (which means
that A, as a linear map, dilates much more in certain directions than in others),
the method will a priori converge extremely slowly. It is important to have basic
reflexes regarding the conditioning number of matrix. We refer to Exercise 1.14.

11
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1.2.6. Convergence of the gradient descent V: the case of strongly convex
functions

The purpose of this section is to generalise the results of the previous paragraph
to the case of strongly convex functions.

Definition 1.7. Let α > 0. A function f is said to be α-strongly convex if

∀x y ∈ Rd , ∀t ∈ [0; 1] ,

f((1− t)x+ ty) ⩽ (1− t)f(x) + tf(y)− αt(1− t)‖x− y‖2.

Additionally, observe the following facts (see Exercise 1.12) if f is α-strongly
convex and C 1 then

(1.6) ∀x , y ∈ Rd , 〈∇f(x)−∇f(y), x− y〉 ⩾ α‖x− y‖2.

Second, if ∇f is µ-Lipschitz and is minimal at x∗, then

(1.7) ∀x ∈ Rd , f(x)− f(x∗) ⩾ 1

2µ
‖∇f(x)‖2.

For this second inequality, we refer to Exercise 1.11.
With this inequality at hand, we can finally prove the following result:

Theorem 1.5. Let f be a α-strongly convex, coercive, C 1 function with a µ-
Lipschitz gradient. Let x∗ be the minimiser of f . Then, for any x0 ∈ Rd, for any
τ ∈

(
0; 1

2µ

)
, the gradient descent initialised at x0 with fixed step size τ converges

linearly to x∗ and, more precisely, we have

∀k ∈ N , ‖xk − x∗‖ ⩽ (1− ατ)
k
2 ‖x0 − x∗‖.

Proof of Theorem 1.5. We observe that, setting yk := xk − x∗, we have

∀k ∈ N , yk+1 = yk − τ (∇f(xk)−∇f(x∗)) .

Taking the squared norm on each side of this identity yields

‖yk+1‖2 = ‖yk‖2 + τ2‖∇f(xk)‖2 − 2τ〈∇f(xk)−∇f(x∗), xk − x∗〉

Now observe that
α

2
‖xk − x∗‖2 + 〈∇f(xk), x∗ − xk〉 ⩽ f(x∗)− f(xk)

so that

‖yk+1‖2 ⩽ (1− ατ)‖yk‖2 + 2τ(f(x∗)− f(xk)) + τ2‖∇f(xk)‖2

From (1.7)
τ2‖∇f(xk)‖2 ⩽ 2τ2µ(f(xk)− f(x∗)).

Consequently

‖yk+1‖2 ⩽ (1− ατ)‖yk‖2 + 2τ (1− τµ) (f(x∗)− f(xk)) ⩽ (1− ατ)‖yk‖2.

□
12
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1.3. The Polyak-Lojasiewicz condition
In this section, we finally consider the most general class of functions for which

we can provide guarantee and estimate the convergence for the gradient descent.
Such functions are characterised by an inequality:

Definition 1.8. Let f ∈ C 1(Rd;R) be bounded from below and α > 0. We say that
f satisfies the Polyak-Lojasiewicz condition with constant α if

∀x ∈ Rd , f(x)− inf
Rd
f ⩽ 1

2α
‖∇f(x)‖2.

This notion is strictly weaker than α-strong convexity. Indeed, we will see in
Exercise 1.13 the following two facts:

(1) If f is α-strongly convex, then f satisfies a Polyak-Lojasiewicz inequality
with constant α.

(2) There exist functions f satisfying a Polyak-Lojasiewicz condition that are
not strictly convex.

The main takeaway of this section is that it suffices that the Polyak-Lojasiewicz
condition is satisfied to ensure a proper behaviour of the gradient descent. More
specifically, we have the following:

Theorem 1.6. Let f ∈ C 1(Rd;R) be bounded from below, satisfy the Polyak-
Lojasiewicz condition with constant α and such that ∇f is µ-Lipschitz. For any
τ ∈

(
0; 1

µ

)
and any x0 ∈ Rn, letting {xk}k∈N be the sequence generated by the

gradient descent initialised at x0 with fixed step size τ , we have

∀k ∈ N , f(xk+1)− inf f ⩽ (1− τα)k+1(f(x0)− inf f).

Proof of Theorem 1.6. First observe that

f(xk+1) = f(xk) +

ˆ 1

0

〈∇f((1− t)xk + txk+1), xk+1 − xk〉dt

⩽ f(xk) + 〈∇f(xk), xk+1 − xk〉+
1

2
µ‖xk+1 − xk‖2

= f(xk)− τ‖∇f(xk)‖2 +
µ

2
‖xk+1 − xk‖2

= f(xk)− τ‖∇f(xk)‖2 +
µ

2
τ2‖∇f(xk)‖2

⩽ f(xk) + τ(−1 +
µ

2
τ)‖∇f(xk)‖2.

Since τµ < 1, (−1 + µτ
2 ) ⩽ 1

2 whence

f(xk+1) ⩽ f(xk)−
τ

2
‖∇f(xk)‖2.

By the Polyak-Lojasiewicz inequality this yields

f(xk+1) ⩽ f(xk)− ατ(f(xk)− inf f) = (1− ατ)(f(xk)− inf f) + inf f.

A straightforward iteration yields the conclusion. □
13
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1.4. The least square method
1.4.1. Presentation of the method

A very important class of optimisation problems consist of parameter identifica-
tion from observations. These problems can be found in a range of fields, including,
most recently, machine learning and neural networks. While there are several effi-
cient frameworks to tackle these problems from the numerical perspective, in this
class, we will mostly focus on least square techniques, briefly presenting Ordinary
Least Square (OLS) problems and Nonlinear Least Square. At any rate, the prob-
lem always reads as follows: letting Φ : Rd → RN be a (potentially non-linear) map
and letting Y ∈ RN be a fixed vector (the observation) solve

(1.8) min
θ∈Rd

1

2
‖Φ(θ)− Y ‖2.

In the upcoming paragraphs we will distinguish between cases where Φ is linear,
and where it is truly non-linear (as is the case, typically in neural networks). There
will not really be any proofs, mostly a discussion. We refer to the computer sessions
for practical illustrations.

1.4.2. Ordinary least squares
The first case of importance, called Ordinary Least Squares (sometimes called lin-

ear regression), corresponds to a situation where there exists a matrix Z ∈Md,N (R)
such that

∀θ ∈ Rd ,Φ(θ) = Zθ.

In that case, expanding the scalar product allows to boil this problem down to a
quadratic problem. Namely,

1

2
‖Φ(θ)− Y ‖2 =

1

2
〈Zθ − Y, Zθ − Y 〉

=
1

2
〈(ZTZ)θ, θ〉 − 〈ZTY, θ〉+ 1

2
‖Y ‖2

=
1

2
〈Aθ, θ〉 − 〈b, θ〉+ 1

2
‖Y ‖2.

However, one should be careful: although A is symmetric and non-negative, there
is no guarantee that A is positive definite. There are two ways to establish the
existence of a solution to (1.8) in this setting.

(1) Using the geometric interpretation of the problem: in the linear case, (1.8)
can be interpreted as follows: find the orthogonal projection of the reference
point Y on the hyperplane Im(Z). As this hyperplane is closed and convex,
it follows from the projection theorem that this orthogonal projection is
well defined and unique. Be careful though: this means that there exists
a unique X ∈ Im(A) such that the orthogonal projection of Y is X, but
there is not a unique θ∗ such that X = Aθ∗.

(2) Using optimality conditions: letting A := ZTZ , b := ZTY , the functional

θ 7→ 1

2
〈Aθ, θ〉 − 〈b, θ〉

is convex. Thus any critical point is a minimiser. As A is not necessarily
invertible, it is not clear whether the criticality equation

Aθ∗ = b
14
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actually has a solution. Nevertheless, finding a critical θ∗ amounts to find-
ing a solution to

ZT (Zθ∗ − Y ) = 0.

Now recall that in finite dimension we always have

Im(Z) = ker(ZT )⊥.

Thus
Im(Z)⊕ ker(ZT ) = RN

and, consequently, there exists X ∈ Im(Z) (and, consequently, θ∗ ∈ Rd),
Xker ∈ ker(ZT ) such that

Y = X +Xker = Zθ∗ +Xker.

The conclusion follows. Of course, we observe that the uniqueness of θ∗
fails again, unless the matrix ZTZ is invertible.

When trying to solve ordinary least squares, a possibility is to use the so-called
Moore-Penrose pseudo-inverse of a matrix; this is an important object, which is the
topic of Exercise 1.15.

1.4.3. Non-linear least squares
We now move on to a brief discussion of the non-linear least square model. Recall

that we work with a generic functional

f(θ) =
1

2
‖Φ(θ)− Y ‖2.

We are interested in simple conditions on Φ that can guarantee a good behaviour of
the gradient descent. In order to do so, we wish to find conditions on Φ to ensure
that the Polyak-Lojasiewicz condition is satisfied. Assume that Φ is C 1. Then

‖∇f(x)‖2 = ‖(∇Φ)T (θ)(Φ(θ)− Y )‖2

= 〈(∇Φ(θ)∇Φ(θ)T )(Φ(θ)− Y ),Φ(θ)− Y 〉.

Consequently, if the matrix ∇Φ(∇Φ)T is uniformly positive, the Polyak-Lojasiewicz
condition is satisfied.

1.5. Line search and variable step size
The aim of this section is to prepare for future methods, typically (quasi-)New-

ton methods, where one cannot expect to use a fixed step-size. Rather than delve
into the general theory (we refer to the next chapter) we focus on the simple case of
line-search, and we state a convergence result for quadratic functions; this result is
proved in Exercise 1.16. The setting is the following: consider a matrix A ∈ S++

d (R)
and b ∈ Rd. Let f be the quadratic function represented by (A, b). For a given
initialisation x0 ∈ Rd, we define, iteratively, a sequence {xk}k∈N by

∀k ∈ N , xk+1 = xk − τk∇f(xk)

where
τk = argmin

τ>0
f(xk − τ∇f(xk)).

The main result is the following:
15
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Theorem 1.7. The sequence generated by the line-search algorithm converges lin-
early at rate

cond(A)− 1

cond(A) + 1
.

In particular, observe that the guaranteed rate of convergence corresponds to
the optimal rate of convergence for the fixed step-size gradient descent.

16
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1.6. Exercises of the chapter
1.6.1. Basics
Exercise 1.1. [Fixed points] We consider a function F : Rd → Rd of class C 1

and we let x∗ ∈ Rd be such that F (x∗) = x∗. Assume that there exists δ > 0
such that for all y ∈ Rd we have ‖∇F (x∗)y‖ > (1 + δ)‖y‖. Show that for any
ε > 0, and any x0 ∈ B(x∗; ε) \ {x∗}, the iterative sequence xk+1 = F (xk) does not
converge to x∗, or converges to x∗ in a finite number of iterations. Show that if
F ∈ C 2(Rd;Rd) and if F (x∗) = x∗ ,∇F (x∗) = 0 then, for ε > 0 small enough and
any x0 ∈ B(x∗; ε) the sequence {xk}k∈N converges to x∗ quadratically: there exist
constants C ∈ R , α ∈ (0; 1) such that

∀k ∈ N , ‖xk − x∗‖ ⩽ Cα2k .

Exercise 1.2. (1) Show that a coercive function on Rd admits a minimiser.
(2) Give an example of a function that admits a minimiser but that is not

coercive.

Exercise 1.3. We let M ∈ Sd(R) and λ1(M) ⩽ · · · ⩽ λd(M) be its eigenvalues.
Show that

λ1(M) = inf
∥z∥=1

〈Mz, z〉 , λd(M) = sup
∥z∥=1

〈Mz, z〉

and that
‖M‖op = max(|λ1(M)|, |λd(M)|).

Exercise 1.4. Show that, if f is a C 2 function, and if x∗ is a critical point of f in
the sense that ∇f(x∗) = 0, then

(1) If ∇2f(x∗) ∈ S++
d (R), then x∗ is a local minimiser of f .

(2) If ∇2f(x∗) ∈ S−−
d (R), then x∗ is a local maximiser of f .

(3) If ∇2f(x∗) has at least one negative and one positive eigenvalue, x∗ is a
saddle point: there exist two orthogonal directions e⃗1 , e⃗2 such that t∗ = 0
is a local minimiser of t 7→ f(x∗ + te1), and a local maximiser of t 7→
f(x∗ + te2).

Exercise 1.5. Classify the critical points (local minimisers, local maximisers, sad-
dle points, indeterminate critical points) of the following functions:

(1) f1 : (x, y) 7→ (x− y)2 + (x+ y)3,
(2) f2 : (x, y) 7→ x2 − 2y2 + 3xy,
(3) f3(x, y) 7→ x4 + y3 − 3y − 2.

1.6.2. Quadratic functions and gradient descent

Exercise 1.6. (1) We let A =

1 3 0
0 2 0
0 0 0

, b =

0
0
1

 and f be represented by

(A, b). Can the gradient descent initialised at a given x0 ∈ Rd with fixed
step size τ > 0 converge?

(2) Assume that A is symmetric and that for any b ∈ Rd, for any x0 ∈ Rd there
exists τ > 0 such that the gradient descent generated at x0 with step size
τ > 0 converges. Show that A ∈ S++

d (R).

Exercise 1.7. Let f ∈ C 1(Rd) be a coercive function with an L-Lipschitz gradient,
and assume that f only has one critical point. Show that for any initialisation

17
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x0 and any τ ∈ (0; 1/2L), the gradient descent initialised at x0 with step size τ
converges.

Exercise 1.8. Let f ∈ C 1(Rd) be such that f is bounded from below, ∇f is µ-
Lipschitz and that ‖∇f‖ is coercive. We further assume that f only has isolated
critical points. Show that, for any τ > 0 small enough the sequence generated by
the gradient descent with fixed step size τ converges. Does it necessarily converge
to a local minimiser?

Exercise 1.9. We let A ∈ Sd(R) be matrix with (at least) two eigenvalues of
opposite signs. We let b = 0. Show that for any τ > 0 the set {x0 ∈ Rd :
the gradient descent initialised at x0 with fixed step size τ converges} has measure
zero.

Exercise 1.10. Give a strictly convex function φ such that the equation ∇2φ = 0
has an infinite number solutions.

1.6.3. Convexity
Exercise 1.11. (1) Show that if ∇f is µ-Lipschitz then

∀x ∈ Rd , f

(
x− 1

µ
∇f(x)

)
− f(x) ⩽ − 1

2µ
‖∇f(x)‖2.

(2) Show that if ∇f is µ-Lipschitz and f is minimal at x∗, then

(1.9) ∀x ∈ Rd , f(x)− f(x∗) ⩾ 1

2µ
‖∇f(x)‖2.

Exercise 1.12. (1) Show that a function f is µ-strongly convex if, and only
if, f − µ‖ · ‖2 is convex.

(2) Show that if f is C 1, it is µ-strongly convex if, and only if,
∀x , y ∈ Rd , 〈∇f(x)−∇f(y), x− y〉 ⩾ µ‖x− y‖2.

Exercise 1.13 (Polyak-Lojasciewicz Inequality). Let f : R → R be a λ-convex
function and let x∗ be a minimiser of f . First, prove that

∀x ∈ Rd , ‖x− x∗‖2 ⩽ 2

λ
(f(x)− f(x∗)).

Second, show the following inequality:

∀x ∈ Rd , f(x)− f(x∗) ⩽ 1

2λ
‖∇f(x)‖2 .

Finally, deduce that
∀x ∈ Rd , ‖x− x∗‖ ⩽ 1

λ
‖∇f(x)‖.

1.6.4. Matrices, conditioning number and line-search algorithm
Exercise 1.14. [Some basic properties of the conditioning number]

(1) Show that, for any symmetric positive definite matrix M , cond(M) ⩾ 1.
(2) Show that for any symmetric definite positive matrix cond(M) = ‖M‖op ·

‖M−1‖op. We use this expression to define the conditioning number of any
invertible matrix M ∈ Gld(R).

(3) Show that for any M ∈ Gld(R) cond(M) ⩾ 1 and that, for any orthogonal
matrix P , cond(PM) = cond(M).

(4) For any M ∈ Gld(R) show that ‖M‖op = ‖MT ‖op.
18
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(5) LetM ∈ Gld(R) be such that Cond(M) = 1. Show that there exists x ∈ R∗

such that xM is an orthogonal matrix.

Exercise 1.15. [The Moore-Penrose pseudo-inverse] In this exercise, we investigate
the properties of the Moore-Penrose pseudo inverse. Namely, for any matrix A ∈
Mm,n(R) we say that B ∈Mn,m(R) is a pseudo-inverse of A is
(1.10) ABA = A.

Existence of pseudo-inverse matrices In this first part we show that any A
admits a pseudo-inverse.

(1) A being fixed, why does there exists an integer r and two invertible matrices
U ∈Mm(R) , V ∈Mn(R) such that

A = U

(
Idr 0
0 0

)
V.

(2) Show that V −1

(
Idr 0
0 0

)
U−1 is a pseudo-inverse of A.

(3) Do we have uniqueness?
The Moore-Penrose pseudo-inverse The Penrose pseudo-inverse can be seen

from two points of view. The first one is to require more symmetry and structural
assumption on the pseudo-inverse, while the second one, which is more natural, is
to perturb the system Ax = y into Ãx = y with Ã close to A and invertible, and
to pass to the limit in the solutions of this system.

(1) Let M be a N ×N symmetric matrix. Show that
QM := lim

δ→0
(M + δId)−1M = lim

δ→0
M(M + δId)−1

always exists and is in fact the projection on Im(M).
(2) We now go back to our general (not necessarily symmetric) matrix A. Show

that
AMP := lim

δ→0
(ATA+ δ2Id)−1AT

is a pseudo-inverse of A.
(3) Recall why ker(A)⊕Im(AT ) = Rn , ker(AT )⊕Im(A) = Rm. For any z ∈ Rm,

let zIm + zker be the associated decomposition.
(4) Show that there exists x0 ∈ Rn such that

lim
δ→0

(ATA+ δId)−1AT z = ProjIm(ATA)x0.

(5) Show that, for any z, X̂ := AMP z solves the optimisation problem
min

X∈Rm ,∥AX−z∥2=minθ∈Rm ∥Aθ−x∥2
‖X‖2.

In other words, the Moore-Penrose inverse gives the minimal norm solution
of the ordinary least-square problem.

Exercise 1.16. The goal of this exercise is to show the convergence of the line-
search gradient descent for quadratic functions.

(1) Preliminary: Kantorovich inequality Let A ∈ S++
d (R) with eigenvalues 0 <

λ1 ⩽ · · · ⩽ λd. Show that

∀x ∈ Rd \ {0} , ‖x‖4 ⩽ 〈Ax, x〉 · 〈A−1x, x〉 ⩽ ‖x‖4

4
· (λ1 + λd)

2

λ1λd
.

19
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(2) Let A ∈ S++
d (R) and b ∈ Rd. Let x ∈ Rd. Solve the optimisation problem1

min
τ>0

f(x− τ∇f(x)).

(3) We now consider the sequence generated by the line search algorithm. Using
the explicit expression of the step size obtained at the previous question
and defining, for any k ∈ N, yk := A(xk − x∗), show that

∀k ∈ N , 〈yk+1, xk+1 − x∗〉 = 〈yk, xk − x∗〉 ·
(
1− ‖yk‖4

〈Ayk, yk〉〈A−1yk, yk〉

)
.

(4) Conclude the proof.

1.7. Correction of the exercises
Solution of Exercise 1.1. (1) Consider the iterative sequence xk+1 = F (xk).

First of all, from the assumption, there exists a radius ε > 0 such that
infB(x∗;ε) inf∥y∥=1 ‖∇F (x)y‖ ⩾ 1 + δ

2 and, consequently, x∗ is the unique
fixed point of F in B(x∗; ε). Fix this ε > 0. Now if there exists x0 ∈
B(x∗; ε) \ {x0} such that the sequence converges to x0, it would follow that
‖xk+1−x∗‖ ⩾ (1+ δ

2 )‖xk−x
∗‖, which immediately leads to a contradiction.

(2) It suffices to do a Taylor expansion to obtain that
x1 − x∗ = F (x0)− F (x∗) = 〈∇2F (ξ)(x0 − x∗), x0 − x∗〉

for some ξ. A simple iteration argument (which needs to be detailed prop-
erly) allows to conclude.

Solution of Exercise 1.2. (1) Fix an arbitrary x0 ∈ Rd. Then it is trivial to
see that

inf
x∈Rd

f = inf
x∈Rd ,f(x)⩽f(x0)

f.

The conclusion follows as {f ⩽ f(x0)} is closed by continuity of f and
bounded by the coercivity assumption.

(2) Take f(x) = sin(x).

Solution of Exercise 1.3. It suffices to apply the spectral decomposition theorem.

Solution of Exercise 1.4. Immediate by Taylor expansions and the Rayleigh
quotient formulation of eigenvalues (see the previous exercise).

Solution of Exercise 1.5. (1) The critical points are the points (x, y) such
that {

2(x− y) + 3(x+ y)2 = 0,

−2(x− y) + 3(x+ y)2 = 0.

In particular, (x, y) is critical if and only if x = y = 0. The hessian at (0, 0)
is the matrix (

2 −2
−2 2

)
which has eigenvalues {0, 4}. In particular, we can not conclude immedi-
ately. Nevertheless, observe that f(−ε,−ε) < 0 for ε small enough. Conse-
quently, (0, 0) is a saddle point.

1In particular, show existence and uniqueness of the optimiser
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(2) Likewise, (x, y) is critical if, and only if,{
2x+ 3y = 0

−4y + 3x = 0.

This system has (0, 0) as a unique solution. Furthermore, the hessian at
(0, 0) is (

2 3
3 −4

)
which has two eigenvalues with opposite signs. Thus (0, 0) is a saddle point.

(3) (x, y) is a critical point if, and only if,{
4x3 = 0 ,

y2 − 1 = 0.

Similarly (0, 1) and (0,−1) are the only critical point. As the hessian at

(0, y) is
(
0 0
0 6y

)
and f(x, y) = −f(x,−y) we deduce that (0, 1) is a local

minimiser and (0,−1) is a local minimiser.

Solution of Exercise 1.6. (1) Let M := A+AT

2 . If the gradient with fixed
step size τ > 0 converges, it converges to a solution x∗ ofMx∗ = b. However,
b ∈ Im(M)⊥ \ {0}, so that no such x∗ exists. Thus, the gradient descent
can not converge.

(2) Without loss of generality, we can assume thatA is diagonal, A =

λ1 . . .
λd

.

If we assume that (for instance) λ1 < 0, then, letting x0 = e1 be the asso-
ciated first eigenvector and b = 0, we deduce that for any k ∈ N and any
τ > 0 there holds xk = (1− τλ1)

kx0, and it thus does not converge. Thus,
for any i, λi ⩾ 0. If we assume, for instance, that λ1 = 0, then taking
b = e1 and any x0, the same reasoning as in the previous question shows
that the gradient descent can not converge. Thus, for any i, λi > 0 and so
A ∈ S++

d (R).

Solution of Exercise 1.7. It suffices to apply the Zoutendijk theorem; the fact
that τ < 1/2L, combined with the coercivity of f , implies the boundedness of the
sequence of iterates. In particular, it suffices to show that the sequence only has
one closure point. As any closure point is a critical point, the assumption allows to
conclude.

Solution of Exercise 1.8. By the Zoutendijk theorem, for τ > 0 small enough,
‖∇f(xk)‖ →

k→∞
0. By assumption, this implies that {xk}k∈N converges, up to a

subsequence, to a critical point. To conclude, it suffices to show that the sequence
has a unique closure point. First of all, observe that as the critical points of f are
isolated and as ‖∇f‖ is coercive, f only has finitely many critical points x1, . . . , xN .
For the sake of readability, assume that f only has two distinct critical points x1 , x2
(the general case follows by an immediate adaptation).

Argue by contradiction and assume that {xk}k∈N has two distinct closure points,
which are necessarily equal to x1 , x2. We can fix ε > 0 such that B(x1; ε)∩B(x2; ε) =
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∅ and such that xi is the unique critical point of f in B(xi; ε) (i = 1, 2). As
xk+1 − xk →

k→∞
0, it is easy to see that the set {k ∈ N , xk /∈ (B(x1; ε) ∪ B(x2; ε))}

is infinite. We can thus extract another converging subsequence, and obtain the
existence of another closure point x3, which is necessarily critical, a contradiction.

Using a suitable modification of x 7→ x3 with a positive initial condition x0 and
a small enough step size, we deduce that it does not necessarily converge to a local
minimiser.

Solution of Exercise 1.9. Up to a change of basis, we can assume that A =λ1 . . .
λd

 with λ1 < 0. Letting xk,1 be the first coordinate of the k-th

iterate we observe that xk,1 = (1 − τλ1)
kx0,1. Thus, the set of initial conditions

that guarantee convergence is included in e⊥1 , which has Lebesgue measure zero,
thereby concluding the proof.

Solution of Exercise 1.10. It suffices to take φ(x) = x2

2 +cos(x). Indeed, φ′′(x) =
1 − cos(x), which has infinitely many zeroes. As these zero has zero Lebesgue
measure the function φ′ is strictly increasing, thereby giving the strict convexity of
the function.

Solution of Exercise 1.11. (1) This basically follows the proof of the theo-
rem on the gradient descent. Namely, we know (by the integral Taylor
formula for instance) that

f

(
x− 1

µ
∇f(x)

)
− f(x) ⩽ − 1

µ
‖∇f(x)‖2 + 1

2µ
‖∇f(x)‖2.

The conclusion follows.
(2) Now, observe that for any x ∈ Rd we have

f(x∗) ⩽ f

(
x− 1

µ
∇f(x)

)
⩽ f(x)− 1

2µ
‖∇f(x)‖2.

The conclusion follows.

Solution of Exercise 1.12. (1) It suffices to observe that

t(1− t)‖x− y‖2

= −(1− t)2‖x‖2 − t2‖y‖2 − 2t(1− t)〈x, y〉+ (1− t)‖x‖2 + t‖y‖2

and to plug this equality in the strong convexity inequality.
(2) We proceed with a Taylor expansion. Starting from the definition of strong

convexity, we observe that for any x , y ∈ Rd,
f(x) + t〈∇f(x), y − x〉+ o(t) = f((1− t)x+ ty)

⩽ f(x) + t(f(y)− f(x))− µt‖x− y‖2 + o(t)

whence
〈∇f(x), y − x〉 ⩽ f(y)− f(x)− µ‖x− y‖2.

By convexity of f ,
f(y)− f(x) ⩽ 〈∇f(y), y − x〉.
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Thus
〈∇f(x)−∇f(y), y − x〉 ⩽ −µ‖x− y‖2,

whence the conclusion.

Solution of Exercise 1.13. As f is λ-convex we know that for any x, y ∈
Rd we have

f(y) ⩾ f(x) + 〈∇f(x), y − x〉+ λ

2
‖y − x‖2.

(1) We begin with the first inequality. Take x = x∗ in the previous inequality.
(2) Letting x be fixed, minimise the right-hand side of the inequality in y.We

obtain a minimum at

y∗ = −∇f(x)
λ

+ x

thereby yielding

f(y) ⩾ f(x)− 1

2λ
‖∇f(x)‖2.

This yields the conclusion.
(3) The two previous inequalities combine to give the required result.

Solution of Exercise 1.14. (1) Trivial.
(2) It suffices to observe that, if M is positive definite, than λd(M) = ‖M‖op.

Indeed, working in a diagonalisation basis,

∀x ∈ Rd , ‖Mx‖2 =

d∑
i=1

λ2ixi

and the conclusion follows.
(3) As ‖AB‖op = 1 we obtain cond(M) ⩾ ‖MM−1‖op = 1. Likewise, as the

operator norm is invariant by conjugation by an orthogonal matrix the
second property follows.

(4)

‖M‖2op = sup
∥x∥2=1

〈x,MTMx〉

= λd(M
TM)

by the Rayleigh quotient formulation of eigenvalues. Furthermore, det(AB−
Id) = det(BA−Id) so that AB and BA have the same spectral radius. The
conclusion follows.

(5) The conclusion is obvious if M is symmetric positive definite. In general
let A = MMT . By the previous questions we obtain cond(A) = 1. As A
is symmetric, positive definite, A = x−2Id for some x ∈ R∗, whence xM is
orthogonal.

Solution of Exercise 1.15. (1) Rank theorem.
(2) Trivial.

(3) Any matrix of the form V −1

(
Idr W
S Q

)
U−1 is a pseudo-inverse of A.
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(1) The fact that M(M + δId)−1 = (M + δId)−1M is a consequence of (M +
δId)M = M(M + δId). Now observe that for δ > 0 small enough we have
(M + δId) invertible. This is a simple consequence of the spectral theo-
rem: letting λ1 , . . . , λn be the non-zero eigenvalues of M we have, in a
diagonalisation basis of M ,

(M + δId) =

(
(λi − δ)1⩽i⩽n 0

0 −δId

)
.

Similarly, we obtain

M(M + δId)−1 =

((
λi

λi−δ

)
1⩽i⩽n

0

0 0

)
.

Passing to the limit provides the conclusion.
(2) Rank theorem
(3) Consequence of the first part.
(4) Write zIm = Ax0 for some x0 ∈ Rn. Then

(ATA+ δId)−1AT z = (ATA+ δId)−1ATAx0.

It then suffices to invoke the first part.
(5) Observe that since we are working with projection, we have ATAX̂ = X̂.

Let x0 be another solution of
Ax0 = AX̂.

Then
‖x0‖2 = ‖X̂‖2 + ‖x0 − X̂‖2 + 2〈X̂, X̂ − x0〉.

However,
〈X̂, X̂ − x0〉 = 〈ATAX̂, X̂ − x0〉 = 0.

Solution of Exercise 1.16. (1) Assume ‖x‖ = 1 and thatA =

λ1 . . .
λd

.

We have to show that for any {xi}2i=1,...,d such that
∑
x2k = 1 there holds

1 ⩽
d∑

i=1

λix
2
i

d∑
j=1

x2i
λi

⩽ 1

4

(λ1 + λd)
2

λ1λd
.

The left-hand inequality is the Cauchy-Schwarz inequality. As for the right-
hand inequality, observe that for any δ > 0

2

√√√√ d∑
i=1

λix2i

d∑
j=1

x2i
λi

⩽
d∑

i=1

x2i

(
1

δλi
+ δλi

)
=

d∑
i=1

x2iϕ(δλi)

with ϕ(x) = x+ 1
x . As ϕ is convex, it is maximal at λ1 or λd whence

2

√√√√ d∑
i=1

λix2i

d∑
j=1

x2i
λi

⩽ max{ϕ(δλ1) , ϕ(δλd)}.

Choosing δ > 0 such that ϕ(δλ1) = ϕ(δλd) provides the answer.
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(2) We obtain after explicit computations (the existence and uniqueness of τ∗ >
0 being guaranteed by the strict convexity of the underlying functional) that

τ∗ =
‖Ax− b‖2

〈A(Ax− b), Ax− b〉
.

(3) Explicit computations.
(4) A simple iterative argument allows to conclude.
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1.8. Computer session
The goal of this first computer session is to review some basic manipulations

in Python and to get down to business regarding basic optimisation algorithms.
The basic packages we will be using throughout are the numpy and matplotlib
packages; do not forget to load them.

1 import numpy
2 import matplotlib.pyplot as plt

1.8.1. Basics in Python
The numpy library deals with arrays and matrices, and is particularly useful for

linear algebra.

Exercise 1.17. Consider the matrix A defined as: 4 6 −2 3
2 −1 0 1
−7 0 1 12

 .

(1) Define A as a numpy.array().
(2) Print the first line and the second column of A.
(3) Create a new matrix Ac as a copy of A. Modify it by multiplying the first

two lines by 2 and (then) divide its last column by 3.
(4) Define the new matrix B 4 5 6

5 10 15
1 1 1

 ,

(5) Go back to the initial matrix A. Create a matrix C ∈M33R as a sub-matrix
of A: for any 1 ⩽ i, j ⩽ 3, cij = aij .

(6) Matrix product
• Create D = BA (using numpy.dot()).
• Create E = B ·C, where · denotes the Hadamard product of matrices:

∀1 ⩽ i, j ⩽ 3, eij = cijbij .

(7) Compute the sum of all elements of E, and create the vector Y ∈ R3 whose
coordinates are given, for 1 ⩽ i ⩽ 3, by yi =

∑4
j=1 dij .

1.8.2. Plotting curves
The basic command for plotting curves is plot(x,y). In this expression, x

et y are (array) with the same size which can be either declared or generated.
You should use linspace(a,b,N) to represent as a list the interval (a, b) with N
(uniform) discretisation points.

The functions title, axis, legend, x/ylabel are useful for the presentation
of the graphs.The typical code will write as follows:

1

2 def f(x) : return .... # The function
3

4 xx=linspace(a,b,N) #
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5 plot(xx, f(xx),'color') # 'color' is optional but allows to
choose the color of the curve

6

7 axis('equal') # the two axis are at the same scale
8 title("Graph")
9 legend("f")

10 xlabel("\$ x\$-axis")
11 ylabel("\$ y\$-axis")

Exercise 1.18. (1) Plot the graph of f : x 7→ x2 cos(10 ∗ x) on (−π;π) in
green.

(2) Plot, on the same graph, the functions fn : x 7→ x2 cos(nx) pour x ∈
(−π, π) for n = 0, 1, . . . , 10. Observe that if we create a graph using
plt.plot(xx,f(xx),...), we can call back the function plt.plot(xx,g(xx),....)
to draw another graph on the same figure.

Finally, the contour function is extremely useful to plot level-sets of functions
of several variables. To do so, we consider a function f of two variables and we
generate an array containing all the values of f as follows: once f and the two
domains of definition are give, we can write:

1 z=[[f(x,y) for x in ... ] for y in ...]

The function fonction plt.contour(x domain,y domain,Z,N) plots N level
sets. The plt.colorbar() command allows for a tuning of the colour scheme.

Exercise 1.19. Plot 20 level sets of

f : (x, y) 7→ e−x2

sin(πx− y)

fo (x, y) ∈ (−4, 4)2. Toy around with the options cmap='inferno',cmap='plasma'...

1.8.3. Basics of gradient descent
Exercise 1.20. (1) We first consider the minimisation problem

inf
x∈Rd

1

2
〈Ax, x〉 − 〈b, x〉.

We work in dimension 2. Write a function f that takes as arguments A, b
and x and returns 1

2 〈Ax, x〉 − 〈b, x〉.
(2) Choose any symmetric, positive definite matrix A and generate a random

vector b. Solve the equation

Ax = b

using the gradient descent method (you are of course allowed to use, here,
the explicit expression for the gradient). Can you illustrate the order of
convergence of your method?

(3) Plot the level sets of the function f , and represent the successive iterates
on the graph.

We now consider a function f of d variables.
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(1) We aim at approximation, numerically, the gradient of f . In order to do so,
we resort to a centred difference methods. in other words, we write

∂f

∂ei
≈ f(x+ δei)− f(x− δ)

2δ

for δ > 0 small enough where {ei}i=1,...,d is the canonical basis of Rd. First,
define the vectors ei in Python. Second, write a function gradientF(F,d,delta=1e-5)
that returns the discrete gradient of F . You can test your code on the fol-
lowing toy function:

1 # Test function
2 def F(x):
3 return x[0]**2 + x[1]**2

(2) Write a code that takes, as arguments, x0 and a step size τ and returns the
sequence generated by the gradient descent initialised at x0 with fixed step
size τ . Test your code on F.

We now apply this to the least square problem to test our algorithm: fix α0 =
3 , α1 = 2, an integer N and generate a random vector of size N by calling Xi=
numpy.random.rand(N)*2-1 (this generates numbers between -1 and 1). Generate
a “noise” vector Wi=numpy.random.rand(N)*2-1. Finally, set Yi=alpha0+alpha1*Xi+Wi
(the set of noisy observations we have access to). We want to see whether we can
recover the values of α0 and α1 from the knowledge of (Xi,Yi). To do so, we define,
for an array A = (a0, a1),

E(A) =
1

N

N∑
k=1

|yi − (a0 + a1xi)|2.

(3) Write the function A 7→ E(A) in python, A being coded as an numpy array.
The vectors Xi and Yi are numpy array defined globally.

(4) Plot 20 level lines of E. Is what you observe coherent with we might expect?
(5) Minimise E with a constant step-size gradient descent using the discretised

gradient you computed earlier. Run your code with several values of τ and
find the best value for τ .

(6) Check that we find a good approximation for (α0, α1). Show datas (Xi,Yi)
and the line y = a0 + a1x that you obtain, for x ∈ [−1, 1].
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2. Newton and quasi-Newton methods

In this chapter, we investigate another very important class of methods, the
family of (quasi-)Newton iterates. Here, rather than a descent approach, we focus,
for the optimisation problem minx∈Rd f(x), on solving the criticality equation
(2.1) ∇f(x∗) = 0,

by seeing it as a general nonlinear equation
(2.2) Φ(x∗) = 0.

We will present two methods. The first one, the classical Newton method, is ex-
tremely efficient but has two difficulties, its computational cost and its delicate
sensitivity to initialisation. The second one is much more useful in practice, but
slightly slower — keep in mind it also has some limitations.

2.1. The classical Newton method
2.1.1. The general framework

We consider a function Φ : Rd → Rd, say of class C 1. Assume we are given
a reasonable estimate x0 of a solution x∗ to (2.2). In order to compute a better
approximation of x∗, we do a Taylor expansion of Φ at order 2 at the point x0,
namely

Φ(x0 + y) ≈
∥y∥≪1

Φ(x0) +∇Φ(x0) · y.

Keep in mind that in this expression∇Φ is the Jacobian matrix∇Φ =
(

∂Φi

∂xj

)
1⩽i,j⩽d

.
Thus, we replace (2.2) with the approximate equation

Find x1 such that Φ(x0) +∇Φ(x0) · (x1 − x0) = 0.

Provided the matrix ∇Φ(x0) is invertible, this leads to defining
x1 = x0 − (∇Φ(x0))

−1Φ(x0).

Two questions need to be addressed: first, is the method well-defined? We see that
we need ∇Φ(x0) to be invertible for the previous iterate to make sense. Of course,
if we assume that ∇Φ(x∗) ∈ Gld(R) and that ∇Φ is uniformly continuous, the fact
that Gld(R) is an open subset of Md(R) implies that ∇Φ(x0) is invertible as well
if x0 is close enough to x∗. Second, even if the method is well-defined, can we
guarantee its convergence and estimate its rate?

The main result of this first part is the following local convergence result:

Theorem 2.1. Assume that Φ ∈ C 1(Rd;Rd) with a M2-Lipschitz Jacobian. Let
x∗ ∈ Rd be such that

Φ(x∗) = 0 ,∇Φ(x∗) ∈ Gld(R).
There exists ε > 0 such that, for any x0 ∈ B(x∗; ε), the iterative sequence

∀k ∈ N , xk+1 = xk − (∇Φ(xk))
−1Φ(xk)

is well defined, and converges quadratically to x∗: there exist C ∈ R and α ∈ (0; 1)
such that

∀k ∈ N , ‖xk − x∗‖ ⩽ Cα2k .

Furthermore, we can estimate ε in a finer way: it suffices to have
(2.3) M2 · ‖x0 − x∗‖ · ‖∇Φ−1‖∞ < 1.
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Some remarks are in order: first, if the method converges, it converges phenom-
enally fast. Second, the limitation x0 ∈ B(x∗; ε) is tedious, and not so easy to
check. In practice (we refer to the next paragraph), when solving optimisation
problems, a possible strategy is to run a slow algorithm for some time, and then to
switch to the Newton method at the end of the procedure in order to accelerate the
computations. Second, even if at a theoretical level this method is very tempting,
a hurdle to overcome is the computation of the inverse of the Jacobian. Unless
this Jacobian has a nice structure, this inversion can take some time...although the
Newton method itself can be used to compute the inverse of a matrix, see Exercise
2.7!

Proof of Theorem 2.1. We give two proofs.
(1) When Φ is C 2: When the function is more regular, the quadratic conver-

gence of {xk}k∈N is a consequence of the fixed point theorem, see Exercise
1.1. Indeed, recalling that the differential of Inv : Gld(R) 3 A 7→ A−1 is
given by

dInv(A) : H 7→ −A−1HA−1

we observe that, setting F : x 7→ x− (∇Φ(x))−1Φ(x) we have

∇F (x∗) = Id− Id− (∇Φ(x∗))−1∇2Φ(x∗)(∇Φ(x∗))−1Φ(x∗) = 0.

A word of caution here: ∇2Φ is not a matrix but rather a matrix of matrices,
in the sense that ∇2Φ ∈ L (Rd;L (Rd;Rd)) (i.e. it is rather a matrix of
matrices), but this is not an essential point.

(2) When ∇Φ is M2-Lipschitz: In that case, the idea is essentially the same.
First of all, observe that as Gld(R) is open, ∇Φ is invertible in a small
enough ball B(x∗; ε). Now we will prove that, up to reducing ε > 0, the
sequence is well-defined and converges quadratically. We do not detail the
entire induction steps. Assuming the sequence is well-defined at a step k,
observe that

xk+1 − xk = −(∇Φ(xk))
−1(Φ(xk)).

As Φ(xk) = Φ(xk) − Φ(x∗) =
´ 1
0
∇Φ((1 − s)x∗ + sxk)(xk − x∗)dx and as

∇Φ is M2-Lipschitz we derive

‖xk+1 − x∗‖ =

∥∥∥∥xk − x∗ −
ˆ 1

0

∇Φ(xk)
−1∇Φ((1− s)x∗ + sxk)(xk − x∗)dx

∥∥∥∥
⩽
∥∥∥∥xk − x∗ −

ˆ 1

0

(xk − x∗)ds

∥∥∥∥
+M2‖∇Φ(xk)

−1‖op · ‖xk − x∗‖2 ·
∥∥∥∥ˆ 1

0

(1− s)ds

∥∥∥∥
⩽M2‖∇Φ(xk)

−1‖op · ‖xk − x∗‖2.

Now, fixing ε′ > 0, M := supx∈B(x∗;ε′) ‖∇Φ(x)−1‖ and choosing 0 < ε′′ ⩽ ε

such that for any M2Mε′′ < 1 we deduce that the sequence is well defined
at any step. The quadratic convergence is an immediate consequence, and
is guaranteed provided that

(2.4) M2 sup
x∈B(x∗;ε′)

‖∇Φ(x)−1‖op · ‖x0 − x∗‖ < 1.
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□

2.1.2. Application to optimisation problems — the case of strongly con-
vex functions

Recall that within the framework of optimisation, the function Φ of (2.2) is
Φ = ∇f . In that case, the sequence of Newton iterates reads

For an initialisation x0 ∈ Rd, for any k ∈ N,
if ∇2f(xk) ∈ Gld(R) , xk+1 = xk − (∇2f(xk))

−1∇f(xk).
The local convergence of the method to a local minimiser x∗ is guaranteed by
Theorem 2.1, provided ∇2f(x∗) ∈ Gld(R). Since x∗ is assumed to be a local
minimiser, this means that we have convergence bounds provided

∇2f(x∗) ∈ S++
d (R)

or, in other words, if x∗ is a non-degenerate local minimiser.
Let us now discuss the question of global convergence; in general the conver-

gence is not global, even if the function f is strongly convex. Nevertheless, as
strong convexity is a very hard assumption to assess in practice, a good strategy is
the following:

(1) First, run the gradient descent for a “sufficient” number of iterations. The
hope is that it gets you close enough to the minimiser.

(2) Second, run the Newton method, initialising it.
This is problematic: the radius ε > 0 provided by Theorem 2.1 depends on the
distance of x0 to...x∗. This is not good, as the only information available to us is
x0 and the values of f and its derivatives at x0. To obtain a tractable rule, we
would thus like to re-interpret the closeness of x0 to x∗ in terms of ∇f . This is,
however, exactly what α-strongly convex functions allow us to do. Recall that if f
is α-strongly convex then (see Exercise 1.13) then there holds

‖x− x∗‖ ⩽ 1

α
‖∇f(x)‖.

Consequently, we know from (2.3) that, if x0 is such that

(2.5) M2

α
‖∇f(x0)‖ · ‖(∇2f)−1‖op < 1

the method initialised at x0 converges quadratically. What is more, if f is strongly
α, it implies ‖(∇2f)−1‖op < 1

α so that it suffices to guarantee

(2.6) ‖∇f(x0)‖ ⩽ α2

M2

to obtain a quadratic convergence.
(Dis)advantages of the Newton method
This still does not answer the question of the global convergence of the Newton

method for optimisation. A reasonable guess would be that if f is strongly convex,
the Newton method might converge. It is, after all, the right setting for gradient
descent.

On the one hand, the Newton method works extremely well for quadratic func-
tion: namely, if we try to minimise the function

x 7→ x2

2
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then, regardless of the initialisation x0, the Newton method converges in one itera-
tion; furthermore, the “more quadratic” the function f , the better the convergence
rate–we refer to Exercise 2.5.

On the other hand, this very good behaviour for quadratic functions implies that
in general the Newton method behaves very poorly: consider the function

f : x 7→


(x+ 1)2 if x ⩾ 1 ,

(x− 1)2 if x ⩽ −1

Any smooth convex extension on [−1; 1].

Then, starting from x0 = 1 we obtain x1 = 1− 2 = −1 , x2 = 1 . . . and it is trivial
to see that, for any k, xk = (−1)k. This is simply due to the fact that the Newton
method for optimisation converges, for quadratic functions, in exactly one iteration
so that, starting at 1, it sends us directly to the unique root of x 7→ (x+ 1)2.

Furthermore, it is computationally heavy (and error-ridden) to try and compute
the Hessian of f and its inverse.

The remainder of this chapter is devoted to understanding how these two issues
might be resolved: first, by considering the so-called damped Newton method, which
seeks to avoid the overshooting issues that we saw above. Second, quasi-Newton
methods, which aim at bypassing the computation of the “true” Hessian and of its
inverse. A trigger warning, the rest of this chapter becomes quite technical, quite
quickly.

2.1.3. Global convergence analysis: damped Newton method for strongly
convex functions

There is a possibility to obtain global convergence of the Newton method for
strongly convex and coercive functions, the so-called damped Newton method. The
basic idea is similar to the standard line-search technique in gradient descent. Es-
sentially, we consider, at a given x ∈ Rd where ∇2f(x) ∈ Gld(R) the Newton
direction

d(x) := (∇2f(x))−1∇f(x).
To some extent, the norm of d(x) gives (at least when f is α-strongly convex) a
notion of proximity to the minimiser x∗ of f . The damped Newton method selects,
when ‖d(x)‖ is too large, a smaller step size tx to avoid overshooting, while, if
‖d(x)‖ is small enough, we can hope to be in a neighbourhood small enough to
guarantee convergence of the method.

To be more specific, we make the following assumptions on f :

(HNewton)


f is α− strongly convex and bounded from below,
∇f ,∇2f are Lipschitz,
with Lipschitz constants M1 ,M2 respectively.

Since we want to make smaller steps and to run the standard Newton method
once we are close enough, recall from Theorem 2.1 and (2.6) that we can guarantee
quadratic convergence if we start from a point x satisfying

‖∇f(x0)‖ ⩽ α2

M2
.

Now, as long as this condition is not satisfied, we shall make a smaller step t̄ (which
we would like to be fixed to not recompute it at every step), and we shall choose a
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step size that guarantees the fact that f(x1) < f(x0). We thus need a finer estimate
of f(x1)− f(x0).

Finer estimate on f(x1) − f(x0) for variable step size We let t̄ > 0 be a
fixed parameter and we set

x1 = x0 − t̄(∇2f(x0))
−1∇f(x0).

Consequently, from (HNewton) we obtain
f(x1) = f(x0 − t̄(∇2f(x0))

−1∇f(x0))

⩽ f(x0)− t̄〈∇f(x0),∇2f(x0)
−1∇f(x0)〉+

M1

2
‖x1 − x0‖2

⩽ f(x0)− t̄〈∇f(x0),∇2f(x0)
−1∇f(x0)〉+

M1t̄
2

2
‖∇2f(x0)

−1∇f(x0)‖2.

Now observe that using the spectral theorem and the fact that any eigenvalue λk
of (∇2f(x0))

−1 satisfies λk ⩽ 1
α , we obtain that for any X ∈ Rd

‖∇2f(x0)
−1X‖2 ⩽ 1

α
〈∇2f(x0)

−1X,X〉

whence

f(x1)− f(x0) ⩽ t̄

(
M1t̄

2α
− 1

)
〈∇f(x0),∇2f(x0)

−1∇f(x0)〉.

Thus, if we take
t̄ =

α

M1

we obtain

f(x1)− f(x0) ⩽ − α

2M1
〈∇f(x0),∇2f(x0)

−1∇f(x0)〉 ⩽ − α2

2M3
1

‖∇f(x0)‖2.

In this last step, we used the fact that for any X ∈ Rd

‖X‖2 = ‖(∇2f(x0))(∇2f(x0)
−1X)‖2 ⩽

‖∇2f(x0)‖2op
α

〈X,∇2f(x0)
−1X〉,

once again by the spectral decomposition theorem.
Summary of the damped Newton method
The damped Newton method is defined as follows: set γ := α2

M2
, t̄ := α

M1
, x0 ∈ Rd.

For any k ∈ N, assuming xk is constructed, define

xk+1 =


xk − (∇2f(xk))

−1∇f(xk) if d(xk) = (∇2f(xk))
−1∇f(xk) satisfies

‖∇f(xk)‖ < γ ,

xk − t̄(∇2f(xk))
−1∇f(xk) else.

Observe that the damped Newton method always enters the quadratic regime phase.
Indeed, arguing by contradiction and assuming that for any k ∈ N, ‖∇f(xk)‖ ⩾ γ
we deduce that

∀k ∈ N , f(xk)− f(x0) ⩽ − αk

2M2
1

γ2,

in contradiction with the coercivity of f . We have thus obtained the following
result:

Theorem 2.2. Assume f satisfies (HNewton) and has a minimiser at x∗. The
damped Newton method converges quadratically for any initialisation x0 ∈ Rd.
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2.2. Quasi-Newton methods
There is a big drawback to the Newton method applied to the minimisation of

a function, among others the fact that it relies on a computation of the second
order derivative and on the computation of its inverse. As in practice this is done
numerically, errors might pile up and affect the result substantially.

2.2.1. The one-dimensional secant method
We very briefly recall the secant method in the one-dimensional case. In 1-d, we

can, rather than computing f ′′ at every iteration, approximate f ′′ with

f ′′(xk) ≈
f ′(x)− f ′(xk)

x− xk
whenever x is close enough to xk, and this generates the sequence of iterates

(2.7)
{
x0 ∈ R fixed,
∀k ∈ N , xk+1 = xk − f ′(x) · xk−xk−1

f ′(xk)−f ′(xk−1)
.

A tedious series of computations (which we recall in Exercise 2.8) shows that this
method does perform much better than a brute gradient descent, in the sense that
the local convergence rate is super-linear, but that it performs a priori worse than
the Newton method. This suggests that such methods might be a good compromise
and might mitigate the computational complexity of computing the hessian at every
step.

2.2.2. Generalities about quasi-Newton methods
There is a whole range of quasi-Newton methods; in this class, we will present

the general philosophy behind these methods and present more in details the two
most standard quasi-Newton iterations, the DFP and the BFGS algorithms. The
basic idea behind quasi-Newton method is to overcome the difficulty of finding ∇2f ;
this refers both to computational mistakes and to computational complexity. Thus,
rather than working on the quadratic model

f(y) ≈ f(x) + 〈∇f(x), y − x〉+ 1

2
〈∇2f(x)(y − x), y − x〉

we seek a “good enough” approximation. This means that, at step k, we look for a
matrix Bk+1 that should satisfy:

(1) A good approximation quality: the quadratic function

y 7→ f(xk) + 〈∇f(xk), y − xk〉+
1

2
〈Bk(y − xk), y − xk〉

should be a good approximation of the function f .
(2) Good structural properties: Bk, as an approximate Hessian, should be

symmetric and, if ∇2f ∈ S++
d (R), should also be definite positive.

(3) An efficient cost: Bk+1 should be easily computable from Bk,
Let us begin with the first point. The least that one might require is that Bk should
quantify how much the gradient varies between one iterate and the next one. In
particular, it makes sense to require that
(2.8) Bk (xk − xk−1) = ∇f(xk)−∇f(xk−1).

This is sort of where we need to make a first stop. The two most famous Newton
methods, the DFP and the BFGS methods, correspond to to ways of solving this
equation for Bk. The DFP works on (2.8) directly, while the BFGS focuses on

34



Numerical optimisation-Lecture #2

finding B−1
k in an iterative way. Naturally, as working with B−1

k directly avoids
the numerical computation of an inverse, this one will be favoured, but we present
both.

2.2.3. Generalities about the selection of S++
d (R) matrices

At any rate, in both cases, the general setting is the following: assume we have
constructed the first matrices given by the method, say, for the sake of generality,
A0, . . . , Ak. In order to look for Ak+1, we take into account both a linear equation
of the form

(2.9) AX = Y

and a closeness constraint — this is implemented by requesting that Ak+1 solves

(2.10) min
A∈S++

d (R) ,AX=Y
‖
√
C(A−Ak)

√
C‖F

where C is a suitably chosen matrix and F is the Frobenius norm ‖A‖F =
∑

i,j a
2
i,j .

Since both DFP and BFGS share similarities in their underlying computations, we
lay out the general framework here. We begin with the solvability of (2.9).

Lemma 2.1. The equation (2.9) has a solution A ∈ S++
d (R) if, and only if,

〈X,Y 〉 > 0.

Proof of Lemma 2.1. If there exists A ∈ S++
d (R) such that AX = Y then 〈X,Y 〉 =

〈AX,X〉 > 0. Conversely, assume that

〈X,Y 〉 > 0.

Let us show that there exists A ∈ S++
d (R) such that AX = Y . If X = aY for

some a > 0, it suffices to take A = 1
a Id. Else, consider E := span(X,Y ). Since

〈X,Y 〉 > 0, up to a rotation, we can find a direct orthonormal basis (e1, e2) of
E such that, in this basis, x1 , x2 , y1 , y2 > 0. We can define A0 : (α1, α2) 7→

(y1α1/x1, y1α2/x2) ∈ S++
2 (R). We then set A =

(
A0 0
0 Id−2

)
in an extended

orthonormal basis and it is readily checked that it satisfies all requirements. □

We now analyse how to tackle minimisation problems of the type (2.10). Two
things are noteworthy:

(1) First, the Frobenius norm is unitarily invariant; we refer to Exercise 2.9.
(2) Second, the matrix C is chosen to guarantee that all matrices A ∈ S =

{A ∈ S++
d (R) , AX = Y } have a common eigenvector and eigenvalue.

To fix the objects under consideration, we pick any matrix C such that

CY = X

and we let Â :=
√
CA

√
C , Ŷ =

√
CY . Thus, for any A ∈ S, there holds

ÂŶ =
√
CACY =

√
CAX =

√
CY = Ŷ .

In particular, Ŷ is a common eigenvector (with common eigenvalue 1) to all matrices
Â ∈

√
CS

√
C. Now, let P = (Ŷ /‖Ŷ ‖|Ŷ ⊥) ∈ Od(R) where Ŷ ⊥ is an orthogonal
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complement to Ŷ , so that

PT ÂP =


1 0 . . . 0
0
... M̂
0

 .

Write

PT ÂkP =


α1,1 α1,2 . . . α1,d

α2,1

... M̂k

αd,1

 .

As the Frobenius norm is unitarily invariant, as already noted, the minimisation
problem (2.10) boils down to

min
M̂∈S++

d (R)
‖M̂ − M̂k‖F

and we thus deduce that, at an optimal A∗, there holds

(2.11) Â∗ = P


1 0 . . . 0
0
... M̂k

0

PT

where P = (Ŷ /‖Ŷ ‖|Y ⊥). This is not the most convenient way to write, and it can
be condensed further. Indeed, introducing û := Ŷ

∥Ŷ ∥ we obtain

Â∗ = (u|u⊥)


1 0 . . . 0
0
... M̂k

0


(

uT

(u⊥)T

)

= uuT + u⊥(u⊥)T Âku
⊥(u⊥)T

= u⊗ u+ (Id− u⊗ u)Âk(Id− u⊗ u).

Here we used the fact that M̂k = (u⊥)T Âku
⊥, and that Id − u ⊗ u = u⊥(u⊥)T is

the projection on u⊥ (observe that Id = PPT ). In particular, this gives

A∗ =
√
C−1u⊗ u

√
C−1 +

√
C−1(Id− u⊗ u)

√
CAk

√
C(Id− u⊗ u)

√
C−1

As √
C−1u⊗ u

√
C−1 =

1

‖Ŷ ‖2
(
√
C−1Ŷ )(

√
C−1Ŷ )T =

1

‖Ŷ ‖2
Y ⊗ Y

and
‖Ŷ ‖2 = 〈

√
C−1Y,

√
C−1Y 〉 = 〈C−1Y, Y 〉 = 〈X,Y 〉

we deduce that

(2.12) A∗ =
Y ⊗ Y

〈X,Y 〉
+

(
Id− Y ⊗X

〈X,Y 〉

)
Ak

(
Id− X ⊗ Y

〈X,Y 〉

)
.

Before we conclude this section we need a basic considerations about matrices of the
form (2.12). Namely, observe thatA∗ is a rank-1 perturbation of

(
Id− Y⊗X

⟨X,Y ⟩

)
Ak

(
Id− X⊗Y

⟨X,Y ⟩

)
.
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Keeping in mind that A∗ should be an approximation of the hessian matrix of f
(in the case of the DFP method), it is important to compute its inverse. To this
end, let us recall the Sherman-Morrison-Woodbury formula.

Proposition 2.1. [Sherman– Morrison–Woodbury Formula] Let A ∈ Gld(R) and
let u , v ∈ Rd. Then A+ u⊗ v ∈ Gld(R) if, and only if, 1 + 〈A−1u, v〉 6= 0. In this
case

(A+ u⊗ v)−1 = A−1 − A−1(u⊗ v)A−1

1 + 〈A−1u, v〉
.

Proof of Proposition 2.1. We first prove the formula in the case A = Id, namely,
we consider Id + u1 ⊗ v1. Observe that

(Id + u1 ⊗ v1)u1 = u1 + 〈u1, v1〉u1

Thus if 1+ 〈u1, v1〉 = 0 Id+ u1 ⊗ v1 is not invertible. Assume that 1+ 〈u1, v1〉 6= 0,
so that u1 is an eigenvector with non-zero eigenvalue. Furthermore, for any w ∈ v⊥,
(Id + u1 ⊗ v1)w = w, so that Id + u1 ⊗ v1 ∈ Gld(R).

Now, to compute the inverse, it makes sense to look for (Id + u1 ⊗ v1)
−1 in the

form (Id + αu1 ⊗ v1). Identifying, this gives

0 = (1 + α)u1 ⊗ v1 + α(u1 ⊗ v1)
2 = (u1 ⊗ v1)(1 + α+ α〈u1, v1〉).

Thus we obtain
α =

−1

1 + 〈u1, v1〉
.

Now, in the general case

(A+ u⊗ v)−1 = (Id + (A−1u⊗ v))−1A−1 =

(
A−1 − A−1u⊗ vA−1

1 + 〈A−1u, v〉

)
□

2.2.4. The DFP algorithm
We come back to the DFP algorithm, named after Davidon, Fletcher & Powell.

In this framework, we seek to update the approximation of the Hessian Bk by
solving

min
B∈S++

d (R) ,B(xk+1−xk)=∇f(xk+1)−∇f(xk)
‖
√
C(B −Bk)

√
C‖2F

where C is any matrix such that

C(∇f(xk+1)−∇f(xk)) = xk+1 − xk.

We let Yk = ∇f(xk+1) − ∇f(xk) , X = xk+1 − xk. From the discussion of the
previous section we deduce that, starting (for the sake of initialisation) at B0 = Id,
we have

∀k ∈ N , Bk+1 =
Yk ⊗Xk

〈Xk, Yk〉
+

(
Id− Yk ⊗Xk

〈Xk, Yk〉

)
Bk

(
Id− Xk ⊗ Yk

〈Xk, Yk〉

)
.

Its inverse Hk+1 is thus given, in compact form (exercise: check for yourselves!),
by

Hk+1 = B−1
k+1 = Hk − HkYk ⊗ YkHk

〈Yk,HkYk〉
+
Xk ⊗Xk

〈Xk, Yk〉
.
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2.2.5. The BFGS algorithm
In the case of the BFGS (Broyder-Fletcher-Goldfarb-Shanno) algorithm, which

proved to be in practice more robust than the DFP update, rather than trying to
find an approximation of the hessian, we rather focus on finding a good approxi-
mation of its inverse. In other words, starting from H0 = Id we solve, iteratively
(retaining the notations Xk = xk+1 − xk , Yk+1 = ∇f(xk+1)−∇f(xk))

min
H∈S++

d (R) ,HYk=Xk

‖
√
C(H −Hk)

√
C‖2F

where C is any symmetric matrix such that CXk = Yk. Similarly, we deduce that
the iterates are given by

(2.13) Hk+1 =
Xk ⊗Xk

〈Xk, Yk〉
+

(
Id− Xk ⊗ Yk

〈Xk, Yk〉

)
Hk

(
Id− Yk ⊗Xk

〈Xk, Yk〉

)
.

In the next section we will show that the BFGS method defined as

x0 ∈ Rd ,H0 = Id , x1 = x0−∇f(x0) and for any k ∈ N

{
Hk+1 given by (2.13)
xk+2 = xk+1 −Hk+1∇f(xk+1)

converges superlinearly for certain classes of functions.
For the sake of completeness, observe that the Sherman-Morrison-Woodbury

formula (Proposition 2.1) gives

(2.14) Bk+1 = H−1
k+1 =

Yk ⊗ Yk
〈Xk, Yk〉

+Bk − BkXk ⊗XkBk

〈BkXk, Xk〉
.

2.3. Super-linear convergence of the BFGS algorithm
The last part of this chapter is devoted to understanding the superlinear conver-

gence of the BFGS method under quite general assumptions. This does, however,
require several preparatory steps: as we saw when discussing the damped Newton
algorithm, it is necessary, for the standard Newton method, to adjust the step-size
as we go along, and there is no reason the BFGS iterations should not be subjected
to the same type of problems. This is the first paragraph, devoted to the under-
standing of the Wolfe criterion for step sizes and to the general understanding of
Zoutendijk type results. Second, we will give a general result, the Dennis-Moré
theorem, that characterises the super-linear convergence of Newton-like methods.
Finally, we will give the complete proof of local superlinear convergence.

2.3.1. Adaptative step-sizes and the Zoutendijk theorem
In this first part we work on a general algorithm of the following form: f is a

smooth, C 2 function, x0 is a given initialisation in Rd, and, at every step k, we fix
(1) A direction zk ∈ Rd such that 〈zk,∇f(xk)〉 < 0 (such a direction is called

a descent direction).
(2) A step size τk > 0,

and we set
xk+1 = xk + τkzk.

The question is: under the usual assumption (e.g. coercivity, convexity,...), can
we guarantee a convergence of this algorithm? The answer is: not completely,
but we can nevertheless garner enough information to provide a partial result. A
first observation is that the step-sizes should naturally be neither too large (to
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prevent overshooting) nor too small (for obvious reasons). This leads to the Wolfe
conditions:

Definition 2.1. Let x ∈ Rd be such that ∇f(x) 6= 0 and z be a descent direction at
x. Let 0 < γ1 < γ2 < 1 and α > 0. We say that (x, z, α, γ1, γ2) satisfies the Wolfe
condition if:

(1) f(x+ αz) ⩽ f(x) + γ1α〈z,∇f(x)〉,
(2) 〈∇f(x+ αz), z〉) ⩾ γ2〈∇f(x), z〉.

The Zoutendijk theorem (which generalises Theorem 1.2) gives a sufficient con-
dition to ensure the convergence of the gradients {∇f(xk)}k∈N (see Remark 2.1).

Theorem 2.3. Assume that f is C 1, has a µ-Lipschitz gradient and is bounded
from below. Let x0 ∈ Rd, 0 < γ1 < γ2 < 1 and consider a sequence {τk, zk}k∈N
which satisfies the following property: the sequence {xk}k∈N defined iteratively by

∀k ∈ N , xk+1 = xk + τkzk

is such that for any k ∈ N (xk, zk, τk, γ1, γ2) satisfies the Wolfe condition. Then

(2.15)
∞∑
k=0

|〈∇f(xk), zk〉|2

‖zk‖2
<∞.

Proof of Theorem 2.3. First observe that
0 < (γ2−1)〈∇f(xk), zk〉 < 〈∇f(xk+1)−∇f(xk), zk〉 ⩽ µ‖xk+1−xk‖·‖zk‖ = τkµ‖zk‖2.

Thus,
(2.16) (1− γ2) |〈∇f(xk), zk〉| ⩽ τkµ‖zk‖2.

Furthermore,
f(xk+1)− f(xk) ⩽ −γ1τk |〈∇f(xk), zk〉| .

Thus (2.16) implies

f(xk+1)− f(xk) ⩽ −γ1(1− γ2)

µ
· |〈∇f(xk), zk〉|

‖zk‖2
.

Summing this inequality in k yields the conclusion. □

Remark 2.1. [A geometric interpretation of the Zoutendijk theorem] Equation
(2.15) has a simple geometric interpretation and very nice consequences. Let θk be
the angle between the chosen descent direction zk and ∇f(xk), so that

|〈∇f(xk), zk〉| = | cos(θk)| · ‖∇f(xk)‖ · ‖zk‖.

(2.15) rewrites
∞∑
k=0

cos(θk)
2 · ‖∇f(xk)‖2 <∞.

In particular, if the sequence {θk}k∈N is bounded away from ±π
2 , (2.15) ensures that

lim
k→∞

‖∇f(xk)‖2 = 0

and, provided f is strictly convex and coercive, this suffices to guarantee the con-
vergence of the entire sequence.
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This theorem will be applied to the BFGS method, where we will choose zk =
−Hk∇f(xk).

The only result that remains to be proved is the existence of step sizes satisfying
the Wolfe condition.

Proposition 2.2. Let f ∈ C 2(Rd), x ∈ Rd, 0 < γ1 < γ2 < 1. Assume that
∇f(x) 6= 0 and let z be a descent direction at x. There exists α > 0 such that
(x, z, α, γ1, γ2) satisfies the Wolfe condition.

The proof is left as an exercise.

2.3.2. The Dennis-More theorem
We are now giving a general result on the convergence of “Newton-like” methods,

which essentially states that the super-linear convergence of a Newton-like algorithm
is linked to the way the iteration matrices approximate the Hessian of the function.

Throughout, f ∈ C 2, x∗ is a critical point of f and ∇2f(x∗) ∈ S++
d (R). We

consider a sequence {Mk}k∈N of matrices, an initialisation x0 ∈ D where D is an
open neighbourhood of x∗ and the sequence iteratively defined as
(2.17) ∀k ∈ N , xk+1 = xk −M−1

k ∇f(xk).

Theorem 2.4. Assume that the sequence {xk}k∈N defined by (2.17) remains in D
and that, for any k ∈ N, xk 6= x∗. Then {xk}k∈N converges super-linearly to x∗ in
the sense that

‖xk+1 − x∗‖
‖xk − x∗‖

→
k→∞

0

if, and only if,

(2.18)
∥∥(Mk −∇2f(x∗))(xk+1 − xk)

∥∥
‖xk+1 − xk‖

→
k→∞

0.

This theorem is due to Dennis & More [5]. It is important to note that (2.18)
expresses, not the closeness ofMk to ∇2f(x∗) as linear forms, but only the closeness
on the subset spanned by xk+1 − xk.

Proof of Theorem 2.4. Assume that xk →
k→∞

x∗ super-linearly. Observe that

(2.19) ‖xk+1 − xk‖
‖xk − x∗‖

→
k→∞

1.

Indeed, ∣∣∣∣‖xk+1 − xk‖
‖xk − x∗‖

− 1

∣∣∣∣ ⩽ ‖xk+1 − x∗‖
‖xk − x∗‖

,

which allows to conclude.
Furthermore,

(2.20) ‖∇f(xk+1)‖
‖xk+1 − xk‖

→
k→∞

0.

Indeed,
‖∇f(xk+1)‖
‖xk+1 − xk‖

=
‖∇f(xk+1)‖
‖xk − x∗‖

· ‖xk − x∗‖
‖xk+1 − xk‖

=
‖∇f(xk+1)−∇f(x∗)‖

‖xk − x∗‖
· ‖xk − x∗‖
‖xk+1 − xk‖
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⩽ µ
‖xk+1 − x∗‖
‖xk − x∗‖

· ‖xk − x∗‖
‖xk+1 − xk‖

.

However, by super-linear convergence, ∥xk+1−x∗∥
∥xk−x∗∥ →

k→∞
0 and (2.20) follows.

Finally,
(Mk −∇2f(x∗))(xk+1 − xk) = −∇f(xk)−∇2f(x∗)(xk+1 − xk)

= ∇f(xk+1)−∇f(xk)−∇2f(x∗)(xk+1 − xk)−∇f(xk+1)

= ∇2f(x∗)(xk+1 − xk)−∇2f(x∗)(xk+1 − xk)

+ o
k→∞

(‖xk+1 − xk‖)−∇f(xk+1) by continuity of the Hessian at x∗

= o
k→∞

(‖xk+1 − xk‖) by (2.20).

This concludes the proof.
Conversely, assume that (2.18) holds. Similarly to the previous computations

(here we do not yet use (2.18)), we deduce
(Mk −∇2f(x∗))(xk+1 − x∗) = o

k→∞
(‖xk+1 − xk‖)−∇f(xk+1).

Consequently, (2.18) implies
‖∇f(xk+1)‖
‖xk+1 − xk‖

→
k→∞

0.

Since ∇2f(x∗) ∈ S++
d (R) this gives

‖xk+1 − x∗‖
‖xk+1 − xk‖

→
k→∞

0.

As ‖xk+1 − xk‖ ⩽ ‖xk+1 − x∗‖+ ‖xk − x∗‖ this in turn yields
1

1 + ∥xk−x∗∥
∥xk+1−x∗∥

→
k→∞

0.

This is equivalent to the super-linear convergence of the sequence {xk}k∈N.
□

2.3.3. Super-linear convergence of the BFGS method and approximation
of the Hessian

In this section we assume the following: f ∈ C 2(Rd), is α-strongly convex and
has a unique minimiser at x∗. We define a sequence {xk}k∈N iteratively as follows:
fix 0 < γ1 < γ2 < 1. Starting from an initialisation x0 ∈ Rd and setting H0 = Id,
we let τ0 > 0 satisfy the Wolfe condition and we define

x1 = x0 − τ0H0∇f(x0).
We then iterate the procedure as follows: x0, . . . , xk being constructed, we let Hk

be the BFGS update at xk, we choose τk > 0 so that τk satisfies the Wolfe condition
for the descent direction −Hk∇f(xk) and we define

xk+1 = xk − τkHk∇f(xk).
The main theorem is the following:

Theorem 2.5. The sequence of iterates {xk}k∈N thus constructed converges super-
linearly to x∗.
Proof of Theorem 2.5. The proof will follow several steps:
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(1) We first prove that
(2.21) lim inf

k→∞
‖∇f(xk)‖ = 0.

This relies on the Zoutendijk theorem.
(2) We then show that (2.21) is sufficient to guarantee that

xk →
k→∞

x∗.

(3) We then show that convergence to x∗ implies super-linear convergence to
x∗.

We begin with (2.21).

Proof of (2.21). We introduce the angle θk as

cos(θk) =
〈∇f(xk),Hk∇f(xk)〉

‖∇f(xk)‖ · ‖Hk∇f(xk)‖
=

〈Xk, BkXk〉
‖Xk‖ · ‖BkXk‖

.

We now prove that there exists a subsequence {θik}k∈N and a > 0 such that
(2.22) ∀k ∈ N , | cos(θik)| ⩾ a.

Theorem 2.3 implies, in that case, that (2.21) holds. We now argue by contradiction,
and assume that

cos(θk) →
k→∞

0.

Let us show that this would break the non-negativity of Hk. Introduce the function

ψ : S+
d (R) 3M 7→

{
Tr(M)− ln(det(M)) if M ∈ S++

d (R) ,
+∞ else.

Of course,
ψ(M) =

∑
λ eigenvalue of M

(λ− ln(λ)) ⩾ 0.

Now, observe that, letting Bk = H−1
k we have from (2.13)

(2.23) Tr(Bk+1) = Tr(Bk) +
‖Yk‖2

〈Xk, Yk〉
− ‖BkXk‖2

〈BkXk, Xk〉
.

In order to compute the determinant, use (2.14), and observe that for any four
vectors x1 , x2 , y1 , y2 we have
(2.24) det(Id + x1 ⊗ y1 + x2 ⊗ y2) = (1 + 〈x1, y1〉)(1 + 〈x2, y2〉)− 〈x1, y2〉〈x2, y1〉.

This immediately gives

(2.25) det(Bk+1) = det(Bk) ·
〈Yk, Xk〉
‖Xk‖2

· ‖Xk‖2

〈Xk, BkXk〉
= det(Bk)

mk

qk
.

Thus we deduce that

ψ(Bk+1) = ψ(Bk) +
‖Yk‖2

〈Xk, Yk〉
− ‖BkXk‖2

〈BkXk, Xk〉
− ln(mk) + ln(qk)

= ψ(Bk) +

(
‖Yk‖2

〈Xk, Yk〉
− ln(mk)− 1

)
+

(
1− ‖BkXk‖2

〈BkXk, Xk〉
+ ln(qk)

)
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= ψ(Bk) +

 ‖Yk‖2

〈Xk, Yk〉︸ ︷︷ ︸
=:Mk

− ln(mk)− 1


+

(
1− qk

cos2(θk)
+ ln(qk/ cos

2(θk))

)
+ ln(cos2(θk)).

A key factor is now that by strong convexity of f there holds
mk ⩾ α > 0 ,Mk ⩽ µ = ‖f‖C 2 .

Furthermore,
∀x ⩾ 0 , 1− x+ ln(x) ⩽ 0.

Consequently, we deduce the existence of a constant C such that

ψ(Bk) ⩽ ψ(B0) + Ck +

k∑
i=0

ln(cos2(θk)).

We immediately deduce that the sequence {cos2(θk)}k∈N cannot converge to zero
whence the Zoutendijk theorem entails (2.21). □

Let us now prove that
(2.26) xk →

k→∞
x∗.

Proof of (2.26). Since the step sizes satisfy the Wolfe condition and since f is co-
ercive, {xk}k∈N remains bounded, and we thus just have to show that x∗ is its
unique closure point. From (2.21) and the strong convexity of f we know that x∗
is a closure point of the sequence. Let {xik}k∈N be a subsequence that converges
to x∗. Since for any k ∈ N and any j ⩾ ik f(xj) ⩽ f(xik) we deduce that any other
closure point x∗∗ satisfies f(x∗∗) ⩽ f(x∗), whence the conclusion. □

We finally show the superlinear convergence, that is,

(2.27) ‖xk+1 − x∗‖
‖xk − x∗‖

→
k→∞

0.

Observe that for any k ∈ N we have, since f ∈ C 2,
(∇f(xk+1)−∇f(xk))−∇2f(x∗)(xk+1 − xk) = (∇f(xk+1)−∇f(xk))−∇2f(xk)(xk+1 − xk)

+O(‖xk − x∗‖ · ‖xk+1 − xk‖)
= O

k→∞
((‖xk − x∗‖+ ‖xk+1 − xk‖) · ‖xk+1 − xk‖)

In particular, from (2.26),
‖Yk −∇2f(x∗)(xk+1 − xk)‖ = o

k→∞
(‖xk+1 − xk‖).

The conclusion follows by the Dennis-Moré theorem. □
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2.4. Exercises of the chapter
2.4.1. Newton method
Exercise 2.1. We want to minimise the function f : x 7→ x4 using the Newton
method. Does the method converge? Linearly? Quadratically?

Exercise 2.2. We let A ∈ S++
d (R) , b ∈ Rd and we consider f : x 7→ 1

2 〈Ax, x〉 −
〈b, x〉. Show that the Newton method applied to the minimisation of f converges
for any initialisation.

Exercise 2.3. We want to solve{
x2 + 2xy = 0 ,

xy + 1 = 0.

(1) Solve the system explicitly.
(2) Write the Newton iterations for the resolution of this system.
(3) Can you expect the Newton iterates to converge locally?

Exercise 2.4. We want to solve a basic geometric problem: consider two walls,
separated by a distance d = AB, which we want to compute. We are given two
ladders, one of length ℓ0 and a second one of length ℓ1, with ℓ0 ⩽ ℓ1. We assume
that these two ladders intersect at a point I at height ℓ3. We represent the situation
in the picture below:

A

x y
B

ℓ3

Ladder of length ℓ1

Ladder of length ℓ0

(1) Show that d = x+ y where (x, y) solves{
ℓ21x

2 = (x+ y)2(ℓ23 + x2) ,

ℓ20y
2 = (x+ y)2(ℓ23 + y2).

You should use the Pythagoras and Thales theorems.
(2) Write the system that should be solved to obtain the sequence of Newton

iterates.

Exercise 2.5. (1) Let x̄ ∈ R and consider f : x 7→ (x − x̄)2. Show that for
any initialisation x0 the Newton method applied to the minimisation of f
converges in exactly one iteration.

(2) We consider a function φ of class C∞ and we assume that there exists
x∗ ∈ R , n ∈ N , n ⩾ 2 such that

φ(x∗) = 0 , φ′(x∗) 6= 0 and, for any k ∈ {2, . . . , n}, φ(k)(x∗) = 0.
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Show that the Newton method locally converges at order n+1, in the sense
that there exists ε > 0 , α ∈ (0; 1) and a constant C such that, for any
x0 ∈ B(x∗, ε),

‖xk − x∗‖ ⩽ Cα(n+1)k .

(3) Acceleration of the Newton method: Let φ be C∞ and x∗ be such that
φ(x∗) = 0 , φ′(x∗) 6= 0. We want to find a function f such that the map
ψ : x 7→ φ(x)f(x) satisfies ψ(x∗) = 0 , ψ′(x∗) 6= 0 , ψ′′(x∗) = 0. Show that
the solution f to the ODE{

f(x∗) = 1 ,

2φ′(x)f ′(x) + φ′′(x)f(x) = 0

satisfies these requirements. Solve this equation, and deduce a way to
accelerate the Newton method.

Exercise 2.6. We investigate in this exercise an important property of optimisation
algorithms, the affine invariance. The point of affine invariance is to say that
no change of coordinates can improve the behaviour, or convergence rate of the
algorithm. To be more specific, consider a function f to be minimised, and A ∈
Gld(R). Define fA : x 7→ f(Ax). We say that an iterative method is affine invariant
if, for any A ∈ Gld(R), the sequence {xk}k∈N generated for the function f and the
sequence {yk}k∈N generated for fA with y0 = A−1x0 satisfy

∀k ∈ N , xk = Ayk.

(1) Show that the gradient descent is not affine invariant (use, for instance,
f : x 7→ 1

2 〈Mx, x〉 for a positive definite symmetric matrix M). Give a
geometric interpretation of that result.

(2) Show that the Newton method applied to minimisation is affine invariant.

Exercise 2.7. The goal of this exercise is to compute the inverse of a matrix using
only the Newton method.

(1) The case of scalars We first compute, for a real number a 6= 0, its inverse 1
a

using only multiplications and additions. Using the function φ : x 7→ 1
x −a,

show that the sequence of Newton iterates converges quadratically, and only
requires multiplications and additions.

(2) The case of matrices
(a) Recall why the set of invertible matrices is an open set of Md(R).
(b) Compute the differential of the inversion map Inv : Gld(R) 3 M 7→

M−1.
(c) Compute the Newton iterations {Mk}k∈N associated with the Newton

method applied to the map Φ :M 7→M−1 −A.
(d) Show that

∀k ∈ N , Id−AMk+1 = (Id−AMk)
2.

Deduce that the sequence converges if, and only if, the spectral radius
of Id−AM0 is strictly lower than 1.
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2.4.2. Quasi-Newton methods
Exercise 2.8. In the one dimensional case, the most useful quasi-Newton method
is called the secant method and it is easier to show its super-linear convergence.
Namely, we consider a function f : R → R, we let x∗ be such that f(x∗) =
0 , f ′(x∗) 6= 0. We define, for a given initialisation x0 , x1 ∈ R \ {x∗}, the iterative
sequence {xk}k∈N as

∀k ∈ N∗ , xk+1 = xk − f(xk)(xk − xk−1)

f(xk)− f(xk−1)
.

(1) Why is this a quasi-Newton method?
(2) Assume that f is C 2 in a neighbourhood of x∗ and introduce the sequence

{yk}k∈N defined as yk = xk −x∗. Show that there exists a rational fraction
T : (x, y) 7→ αy

β+γ(x+y) such that

∀k ∈ N , |yk+1| ⩽ |yk| · |T (yk, yk−1)|.

(3) Deduce that yk →
k→∞

0.
(4) Show, in the case f ′(x∗) 6= 0, that there exists a constant C 6= 0 such that

|yk+1|
|ykyk−1|

→
k→∞

C.

Is this consistent with the superlinear rate we expect?
(5) Introduce zk = − ln(|yk|). Show that the sequence {zk+1 − zk − zk−1}k∈N

is bounded from below by a constant −A. Finally, show that {zk −A}k∈N
is subadditive. Conclude.

Exercise 2.9. Recall that the Frobenius norm of matrix A is given by

‖A‖2F =

d∑
i,j=1

a2i,j .

(1) Give a geometric interpretation of the Frobenius norm if A is a symmetric
matrix.

(2) Show that the Frobenius norm is unitary invariant in the sense that for any
matrices P,Q ∈ Od(R) there holds

‖PAQ‖F = ‖A‖F .

(3) We now show that a unitary invariant norm N is induced by two norms
(‖ · ‖1, ‖ · ‖2) if, and only if, there exists a constant α such that N(A) =

α supλ∈C ,λ eigenvalue of ATA |
√
λ| = αρsing(A).

(a) We begin with a remainder on the Singular Value Decomposition of
matrices (SVD for short). Show that if A ∈ Md(R) has rank m there
exist two orthogonal matrices U , V and D = diag(σ1, . . . , σm, 0, . . . , 0)
with σ1, . . . , σm > 0 such that

A = UDV.

Hint: work on ATA.
(b) Show that if a norm N is unitary invariant, there exists α ∈ R such

that for any rank-1 matrix A we have
N(A) = αρ(A).
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(c) For any two vectors x , y ∈ Rd, wet let y⊗x = yxT (yixj)1⩽i,j⩽d. Show
that if N is induced by (‖ · ‖1, ‖ · ‖2) then

N(y ⊗ x) = ‖y‖2 sup
z ,∥z∥1=1

|〈x, z〉|.

(d) Show that y ⊗ x is rank-1.
(e) Assume that a unitary invariant norm is induced by two norms; show

that these two norms coincide with the euclidean norm.
(f) Show that the Frobenius norm is not induced by two norms.

2.5. Corrections of the exercises
Solution of Exercise 2.1. The Newton iterates read

xk+1 = xk − f ′(xk)

f ′′(xk)
= xk − 4x3

3× 4x2k
= xk − xk

3
.

We deduce that the method converges linearly.
Solution of Exercise 2.2. Recall that ∇f(x) = Ax − b ,∇2f(x) = A. Conse-
quently, the Newton iterates read

xk+1 = xk −A−1(Axk − b) = A−1b.

The method converges in exactly one iteration.

Solution of Exercise 2.3. (1) It is obvious that the only solutions are {(±
√
2,∓

√
1
2 )}.

(2) Introduce the function F : (x, y) 7→ (x2 + 2xy, xy + 1). Then the Jacobian
matrix of F is

JF (x, y) =

(
2x+ 2y y

2x x

)
Recall that the inverse of

(
a b
c d

)
(when this matrix is invertible) is given

by 1
ad−bc

(
d −b
−c a

)
and observe that det(JF ) 6= 0 at any solution of the

problem. In particular, the convergence theorem ensures the local quadratic
convergence of the Newton method.

Solution of Exercise 2.4. (1) By the Pythagoras and Thales theorem, we
obtain

ℓ23 + x2 = AI2 = ℓ21
x2

(x+ y)2
.

Similarly,

ℓ23 + y2 = ℓ20
y2

(x+ y)2
.

(2) We introduce the function F : (x, y) 7→ (ℓ21x
2− (x+y)2(ℓ23+x

2), ℓ20y
2− (x+

y)2(ℓ23 + y2)).
Solution of Exercise 2.5. (1) The Newton method gives xk+1 = xk − (xk −

x̄) = x̄ and thus always converges in exactly one iteration.
(2) This is a simple adaptation of the proof of the lecture notes.
(3) For a given f , we have ψ′(x) = φ′(x)f(x) + φ(x)f ′(x). Thus, if f(x∗) =

1, ψ′(x∗) = φ′(x∗) 6= 0. Furthermore, taking into account the fact that
φ(x∗) = 0 we obtain ψ′′(x∗) = 2φ′(x∗)f ′(x∗)+φ′′(x∗)f(x∗). The conclusion
follows.
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(4) This equation is easily integrated: formally, we have

f ′(x) = − φ′′(x)

2φ′(x)
f(x)

and we can thus choose
f(x) = e−

1
2 ln(|φ′(x)|).

Typically, if φ′ > 0 we may choose f(x) = 1√
φ′(x)

. This gives a function
for which the Newton method converges at order 3.

Solution of Exercise 2.6. (1) Consider the function f : x 7→ 1
2 〈Mx, x〉 and

A ∈ Gld(R). Then the gradient descent (with step size τ > 0 for f is the
sequence of iterates

xk+1 = (Id− τM)xk.

On the other hand,

fA(x) =
1

2
〈MAx,Ax〉 = 1

2
〈ATMA,x〉.

The sequence of iterates generated by gradient descent for fA now reads
yk+1 =

(
Id− τATMA

)
yk.

In particular, in order for the method to be affine invariant, we would need
to have

(Id− τATMA)A−1x0 = y1 = A−1(Id− τM)x0,

and this should be valid for any x0, whence the condition would read
A−1M = ATM

or, in other words, A would need to be orthogonal. Thus, the gradient
descent is not affine invariant. Geometrically, this means that the gradient
descent strongly depends on the underlying geometry (or metric) of the
space, and choosing a right A is a particularly important question–although
we do not touch on this topic specifically in this class, we mention that this
is the field of “pre-conditioning”.

(2) We consider a C 2 function f that needs to be minimised and A ∈ Gld(R).
As a first step, let us compute ∇fA ,∇2fA; the easiest way is to go through
Taylor expansion. Indeed,

fA(x+ εz) = f(A(x+ εz))

= f(Ax+ εAz)

= fA(x) + ε〈AT∇f(Ax), z〉+ ε2

2
〈AT∇2f(Ax)Az, z〉+ o

ε→0
(ε2).

We deduce that
∇fA(x) = AT∇f(Ax) ,∇2fA(x) = AT∇2f(Ax)A.

In particular, starting from y0 = A−1x0 we obtain
y1 = y0 −∇2fA(y0)

−1∇fA(y0)
= A−1x0 −A−1∇2f(x0)

−1A−TAT∇f(x0) = A−1x1
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and the conclusion follows. In particular, the Newton method does not
depend on the specific underlying geometry.

Solution of Exercise 2.7. (1) The Newton sequence generated by the func-
tion φ is the iterative sequence

xk+1 = xk − φ(xk)

φ′(xk)
= xk(2− axk).

Thus, it only requires multiplications and additions. Furthermore, φ′(1/a) =
−a2 6= 0, so that the Newton method converges locally quadratically.

(2) (a) The set Gld(R) is the pre-image of R∗ by a polynomial function and
is thus open.

(b) The easiest way to compute the differential of Inv is to use Neumann
series. Namely, for a given A ∈ Gld(R) and any H ∈ Md(R), for ε
small enough,

(A+ εH)−1 = (Id + εA−1H)−1A−1

=

( ∞∑
k=0

(−1)kεk(A−1H)k

)
A−1

= A−1 − εA−1HA−1 + o(ε).

(c) The Newton iterates are given by
Mk+1 =Mk − (dΦ(Mk))

−1Φ(Mk).

As
(dΦ(Mk))

−1(H) = −MkHMk

this yields
Mk+1 =Mk +Mk(M

−1
k −A)Mk

=Mk +Mk −MkAMk

=Mk(2Id −AMk).

(d) Observe that
Id−AMk+1 = Id− 2AMk − (AMk)

2

= (Id−AMk)
2.

Consequently, the sequence converges if, and only if, the spectral radius
ρ is strictly lower than 1.

Solution of Exercise 2.8. (1) This is a quasi-Newton method as the quantity
xk−xk−1

f(xk)−f(xk−1
is an approximation of 1

f ′(xk)
.

(2) For the sake of notational simplicity, we only write the proof in the case
where f is a quadratic function, that is,

Solution of Exercise 2.9. (1) Diagonal of the image of the unit cube.
(2) ‖A‖2F = Tr(ATA) = Tr(ATPTPAQQT ) = ‖PAQ‖2F .
(3) (a) ATA is symmetric positive. Consequently, by virtue of the spectral

decomposition theorem, we can fin P ∈ Od(R) such that ATA =
PTdiag(λ1, . . . , λm, 0, . . . , 0)P where λi ⩾ 0 and m = rank(A). Let
V = P be the matrix of the eigenvectors of ATA. Let {xi}i=1,...,d be
the eigenvectors of ATA. Observe that {yi = Axi/

√
λi}i=1,...,m is an
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orthonormal basis of Im(A). The fact that it is an orthonormal family
is immediate, and it suffices to observe that rank(ATA) ⩽ rank(AT ) =
rank(A). A dimensionality argument provides the conclusion. We com-
plete {yi}i=1,...,m to be an orthonormal basis of Rd and we let U be
the matrix (y1| . . . |yn). The conclusion follows as Axi =

√
λiyi.

(b) Since A is rank 1, there exist U, V orthogonal and a real number σ such
that A = Udiag(σ, 0, . . . , 0)V = σUE1,1V . The conclusion follows by
setting α = N(E1,1), and by observing that σ = ρ(A). This last
identity comes from the Gelfand formula

ρ(A) = lim
k→∞

|||Ak|||1/k.

(c) Trivial
(d) Trivial
(e) We know that if the Frobenius norm is induced by a norm then

αρsing(y ⊗ x) = ‖y‖2 · sup
∥z∥1=1

|〈x, z〉|.

Let x be fixed. We deduce that there exists a constant a such that
‖y‖2 = aρ(y ⊗ x).

Let us compute ρsing(y ⊗ x).Observe that
ρsing(y ⊗ x) = ρ(x⊗ y · y ⊗ x) = ‖x‖eucl‖y‖eucl.

We deduce that up to a constant ‖y‖2 is the euclidean norm of y and,
similarly, that sup∥z∥1=1 |〈x, z〉| = ‖x‖eucl. The conclusion follows.

(f) We have thus showed that if the Frobenius norm is induced by two
norms, it coincides with the norm of the largest singular value (up
to a multiplicative constant). It suffices to take A = diag(λ1, λ2, . . . )
with λi reasonably chosen to obtain a contradiction.
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2.6. Computer session
The goal of this computer class is to get a good feel of the Newton method and

its variants. In a (maybe) surprising way, we actually start with the dichotomy
method in the one-dimensional case.

2.6.1. The dichotomy method in the one-dimensional case
When trying to solve the equation ϕ(x) = 0 in the one-dimensional case, the

most naive method, which actually turns out to be quite efficient, is the dichotomy
method. Namely, starting from an initial pair (aL, aR) ∈ R2 with aL < aR such
that ϕ(aL)ϕ(aR) < 0, we set b := aL+aR

2 . If ϕ(b) = 0, the algorithm stops. If
ϕ(aL)ϕ(b) < 0 we set aL → aL and aR → b. In this way, we obtain a linearly
converging algorithm. In particular, it is globally converging.

Exercise 2.10. Write a function Dichotomy(phi,aL,aR,eps) that takes as argu-
ment a function phi, an initial guess aL,aR and a tolerance eps and that runs the di-
chotomy algorithm. Your argument should check that the condition ϕ(aL)ϕ(aR) < 0
is satisfied, stop when the function phi reaches a value lower than eps and return
the number of iteration. Run your algorithm on the function f = tanh(x) with
initial guesses aL = −20 , aR = 3.

Solving one-dimensional equation with the Newton and the secant
method We work again in the one-dimensional case with a function ϕ we want to
find the zeros of.

Exercise 2.11. Write a function Newton(phi,dphi,x0,eps) that takes, as argu-
ments, a function phi, its derivative dphi, an initial guess x0 and a tolerance eps
and that returns an approximation of the solutions of the equation ϕ(x) = 0. The
tolerance criterion should again be that |ϕ| ⩽eps. Your algorithm should return an
error message in the following cases:

(1) If the derivative is zero (look up the try and except commands in Python).
(2) If the method diverges.

Apply this code to the minimisation of x 7→ ln(ex + e−x), with initial condition
x0=1.8. Compare this with the results of Exercise 2.10.

Exercise 2.12. Write a function Secant(phi,dphi,x0,x1,eps) that takes, as
arguments, a function phi, its derivative dphi, two initial positions x0, x1 and a
tolerance eps and that returns an approximation of the solutions of the equation
ϕ(x) = 0. The tolerance criterion should again be that |ϕ| ⩽eps. Apply this code
to the minimisation of x 7→ ln(ex+ e−x), with initial conditions x0=1,x1=1.9, then
x0=1,x1=2.3 and x0=1,x1=2.4. Compare with the results of Exercise 2.10.

Combining dichotomy and the Newton method A possibility to leverage
the advantages of dichotomy (the global convergence of the method) and of the
Newton method (the quadratic convergence rate) is to combine both: start from
an initial interval [aL,aR] of length InitialLengthwith phi(aL)phi(aR)<0 and
fix a real number s ∈ [0; 1]. Run the dichotomy algorithm until the new interval is
of length s*InitialLength. From this point on, apply the Newton method.

Exercise 2.13. Implement this algorithm with s = 0.1. Include a possibility to
switch back to the dichotomy method if, when switching to the Newton method,
the new iterate falls outside of the computed interval [aL,aR]. Apply this to the

51



Numerical optimisation-Lecture #2

minimisation of the function f : x 7→ ln(ex+e−x) with an initial condition that made
the Newton method diverge. What you can say about the number of iterations?

Solving an optimisation problem using the Newton method An island
(denoted by a point I below) is situated 2 kilometers from the shore (its projection
on the shore is a point P ). A guest staying at a nearby hotel H wants to go from
the hotel to the island and decides that he will run at 8km/hr for a distance x,
before swimming at speed 3km/hr to reach the island.

•H • P

• I

x

Taking into account the fact that there are 6 kilometers between the hotel and
P , how far should the visitor run before swimming?

Exercise 2.14. Model the situation as a minimisation problem, and solve it nu-
merically. Compare the efficiency of the dichotomy method and of the Newton
algorithm.

2.7. The Newton method to solve boundary value problems
We consider the following non-linear ODE

(2.28) y′′ = f(x, y, y′), x ∈ [a, b], y(a) = α, y(b) = β.

To classically integrate such an ODE, we usually don’t have endpoints for y, but
initial values for y and y′. So, we cannot start at x = a and integrate up to x = b.
This is a boundary value problem.

One approach is to approximate y by somme finite difference and then arrive at
a system for the discrete values y(xi) and finally solve large linear systems.

Here, we will see how we can formulate the problem as a shooting method, and
use Newton method so solve it.

The idea is to use a guess for the initial value of y′. Let s be a parameter for a
fonction y( · ; s) solution of (1) such that

y(a; s) = α, and y′(a; s) = s.

There is no chance that y(b; s) = y(b) = β but we can adjust the value of s,
refining the guess until it is (nearly equal to) the right value.

This method is known as shooting method in analogy to shooting a ball at a
goal, determining the unknown correct velocity by throwing it too fast/too slow
until it hits the goal exactly.

In practice
For the parameter s, we integrate the following ODE:

(2.29) y′′ = f(x, y, y′), x ∈ [a, b], y(a) = α, y′(a) = s.

We denote y( · ; s) solution of (2).
Let us now define the goal function. Here, we want that y(b; s) = β, hence, we

define:
g : s 7→ y(x; s)|x=b − β

We seek s∗ suth that g(s∗) = 0.
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Note that computing g(s) involves the integration of an ODE, so each evaluation
of g is fairlà expensive. Newton’s method seems then to be a good way due to its
fast convergence.

To be able to code a Newton’s method, we need to compute the derivative of g.
For this purpose, let define

z(x; s) =
∂y(x; s)

∂s
.

Then by differentiating (2) with respect to s, we get

z′′ =
∂f

∂y
z +

∂f

∂y′
z′, z(a; s) = 0, and z′(a; s) = 1.

The derivative of g can now be expressed in term of z:
g′(z) = z(b; s).

Putting this together, we can code the Newton’s method:

sn+1 = sn − g(sn)

g′(sn)
.

To sum up, a shooting method requires an ODE solver and a Newton solver.
Example
Apply this method to

y′′ = 2y3 − 6y − 2x3, y(1) = 2, y(2) = 5/2,

with standard library for integration, and your own Newton implementation.
Note that you may want to express this with one order ODE.
With python, you can use ‘scipy.integrate.solve_ivp‘ function:
https://docs.scipy.org/doc/scipy/reference/generated/scipy.integrate.solve_ivp.html#scipy.integrate.solve_ivp
Here, we are going to use a different approach to solve the boundary value

problem:

(2.30) y′′ = f(x, y, y′), x ∈ [a, b], y(a) = α, y(b) = β.

This problem can be solved by the following direct process:
1. We discretize the domain choosing an integer N , grid points {xn}n=0,...,N

and we define the discrete solution {yn}n=0,...,N . 1. We discretize the ODE using
derivative approximation with finite differences in the interior of the domain. 1.
We inject the boundary conditions (here y0 = α and yN = β) in the discretized
ODE. 1. Solve the system of equation for the unknows {yn}n=1,...,N−1.

We use here a uniform grid :
h := (b− a)/N, ∀n = 0, . . . , N xn = hn.

If we use a centered difference formula for y′′ and y′, we obtain:

∀n = 1, . . . , N − 1,
yn+1 − 2yn + yn−1

h2
= f

(
xn, yn,

yn+1 − yn−1

2h

)
.

The result is a system of equations for y = (y1, . . . , yN−1) :
G(y) = 0, G : RN−1 → RN−1.

This system can be solved using Newton’s method. Note that the Jacobian
∂G/∂↷ is tridiagonal.

Example
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Apply this method to
y′′ = 2y3 − 6y − 2x3, y(1) = 2, y(2) = 5/2.

Remark 2.2. In the context of numerical optimal control, these two numerical
methods are often called indirect method (for the shooting method) and direct method
(for the finite difference method).
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3. Constrained optimisation problems

In this chapter, we start investigating constrained problems and their numerical
approximation. We will see several methods:

(1) First and foremost, the case of inequality constraints, in which the basic
methods we shall investigate are the penalisation method, the projected
gradient descent and the Uzawa algorithm.

(2) Second, we will investigate the case of equality constraints, with a partic-
ular emphasis on linear constraints, as these problems are much harder to
approximate numerically.

3.1. General framework and basics of constrained optimisation for in-
equality constraints

3.1.1. Generalities
The setting will primarily be the following:
(1) We let

K := {g ⩽ 0}
where g is a coercive, convex function and we assume that there exists
x0 ∈ Rd such that g(x0) < 0.

(2) We let f ∈ C 2(Rd;R).
The main problem under consideration is
(3.1) min

x∈K
f(x).

Remark 3.1. The existence of a solution to (3.1) follows from the compactness of
K. Note that the convexity of g does not play a role here but will be instrumental
when deriving the optimality conditions, see Exercise 3.5.
Remark 3.2. For the sake of readability, we shall mostly work with only one
constraint–the generalisation to multiple constraints is usually not a problem. Of
course, it is also useful to keep in mind the Lagrange multiplier rule in the case of
several (in)equality constraints, and we recall them in section 3.2.1.
Remark 3.3. We will often go back and forth between the set K and the function
g used to describe it; naturally, g is not unique. Depending on the situation, one
description might be preferable to the other.
Remark 3.4 (Regarding terminology). One often encounters in the literature the
distinction between equality constrained problems and inequality constrained prob-
lems, which correspond, respectively, to taking K = {g = 0} and K = {g ⩽ 0}.
The distinction is only meaningful when some qualification conditions are satisfied;
in order to clarify what we mean, for us, given a constraint set K, we will refer
to it as an inequality constrained set when K is the closure of its interior, and
to equality constraints when K has an empty interior. This is not a completely
standard terminology but it will prove useful.
3.1.2. Optimality conditions

Although the most general optimality conditions are the well-known Karush-
Kuhn-Tucker (KKT) conditions, we will only work, for the time being, with the
simpler Lagrange multiplier rules. We refer to Theorem 3.3 for the general KKT
conditions.
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Theorem 3.1. Assume that f is convex. For any solution x∗ of (3.1) there exists
a Lagrange multiplier λ(x∗) ⩾ 0 such that

(3.2)
{
∇f(x∗) + λ(x∗)∇g(x∗) = 0 ,

λ(x∗)g(x∗) = 0.

There are several proofs and interpretations of this theorem; we refer to Exercise
3.2. Additionally, one should keep in mind the following facts:

(1) First, if g(x∗) < 0, one has ∇f(x∗) = 0–this is natural as in this case x∗ is
in fact a critical point of f .

(2) Second, as always, the Lagrange multiplier rule is a first order optimality
conditions; this cannot help to distinguish between saddle points, local min-
imisers and local maximisers, and one needs to check second-order optimal-
ity conditions. In the context of convex constrained optimisation problems,
these second-order order optimality conditions would write

(3.3)


If g(x∗) < 0 then ∇2f(x∗) ∈ S+

d (R)
If g(x∗) = 0 then for any y such that 〈∇g(x∗), y〉 = 0

there holds 〈(∇2f(x∗) + λ(x∗)∇2g(x∗))y, y〉 ⩾ 0

The question for these optimisation problems is the same as the one for uncon-
strained optimisation: can we find an efficient iterative method that produces a
good numerical approximation of the optimiser x∗?

3.1.3. First option: penalisation techniques
In this approach, we need to go from an inequality constraint to an equality

constraint. Introduce, the function g being given,
h : x 7→ max(g(x), 0)2.

Then
K = {h = 0},

and the function h is both C 1 and convex. We can thus replace (3.1) with
(3.4) min

h=0
f.

Now, let ε > 0 be a small parameter, and replace (3.4) with

(3.5) min
x∈Rd

Fε(x) :=

(
f(x) +

1

ε
h(x)

)
.

As g is coercive, so is h and, provided f is bounded from below, this implies the
coercivity of Fε so that the optimisation problem above is well-posed. We can thus
apply the algorithms we saw previously to provide a good (linearly converging)
approximation of the minimiser x∗ε of Fε. Formally, we can expect that

x∗ε →
ε→0

x∗,

a minimiser of f onK. It is in fact the case, and can be used to derive the multiplier
rule, but that does not give a reasonable convergence rate. We refer to Exercise
3.2.

This approach needs to be tuned in a finer way, and we will do so when discussing
the augmented Lagrangian method, which is closely related to duality methods.
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3.1.4. Second option for inequality constraints: projection method
Another natural idea that works well in the case of convex inequality constraints

is the projection method. Recall the following basic fact:

Proposition 3.1. For any closed, convex non-empty set C ⊂ Rd, for any x ∈ Rd,
there exists a unique ΠC(x) ∈ C such that

‖ΠC(x)− x‖ = min
y∈C

‖y − x‖.

The operator ΠC is called the orthogonal projection on C, and is uniquely charac-
terised as the solution of the variational inequality

∀y ∈ C , 〈x−ΠC(x), x− y〉 ⩾ 0.

We refer to Exercise 3.8 for a proof of this Proposition.
We thus devise a gradient descent in the following way: fix an initialisation

x0 ∈ K and a step size τ ⩾ 0. For any k ∈ N, define

(3.6) xk+1 = ΠK (xk − τ∇f(xk)) .

As always, there are two questions:
(1) First, does the sequence {xk}k∈N converge?
(2) If so, can we specify the rate of convergence?

Naturally, since if, x∗ being a minimiser, g(x∗) < 0, and if τ > 0 is small enough,
this is nothing but the gradient descent in the unconstrained case, so that we can
hope–at best–to get a linear convergence rate.

The main result is the following:

Theorem 3.2. Assume that f is α-strongly convex and let ∇f be µ-Lipschitz in
K. Then:

(1) (3.1) has a unique solution x∗.
(2) For any τ ∈

(
0; 2α

µ2

)
, for any initialisation x0 ∈ K, the sequence generated

by the projected gradient algorithm converges linearly to x∗.

Proof of Theorem 3.2. (1) The fact that (3.1) has a solution x∗ is immediate.
Regarding the uniqueness, assume (3.1) has two distinct solutions x∗1 , x∗2
and consider ϕ : [0; 1] 3 t 7→ f ((1− t)x∗1 + tx∗2). Then ϕ is (strongly)
convex. As for any t ∈ [0; 1] we have (1− t)x∗1 + tx∗2 ∈ K we deduce that

〈∇f(x∗1), x∗2 − x∗1〉 , 〈∇f(x∗2), x∗1 − x∗2〉 ⩾ 0

whence
〈∇f(x∗2)−∇f(x∗1), x∗2 − x∗1〉 ⩽ 0

in contradiction with the monotonicity of the gradient.
(2) Recall (see Exercise 3.8) that ΠK is a 1-Lipschitz function. Consequently,

for any k ∈ N,

‖xk+1 − xk‖2 ⩽ ‖(xk − xk−1 + τ(∇f(xk−1)−∇f(xk))‖2

= ‖xk − xk−1‖2 + τ2‖∇f(xk)−∇f(xk−1)‖2

− 2τ〈xk − xk−1,∇f(xk)−∇f(xk−1)〉
⩽ ‖xk − xk−1‖2

(
1 + τ2µ− 2τα

)
.
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In particular, provided

(3.7)
∣∣1 + τ2µ2 − 2τα

∣∣ < 1,

we obtain linear convergence of the sequence. Observe that condition (3.7)
amounts to {

τ < α
2µ2 ,

2τα− τ2µ2 < 2.

The second inequality is always satisfied whenever the first one is. Indeed,
by the definitions of α , µ, α ⩽ µ. Thus, for any τ ∈

(
0; α

2µ2

)
there holds

2τα <
α2

µ2
⩽ 1.

This concludes the proof.
□

Remark 3.5. Just as in gradient descent, the strong convexity assumption simpli-
fies our queries, but can be weakened. We refer to Exercise 3.9.

Although this might seem like the problem is more or less solved, as we have a
linearly converging method, this is not satisfactory: indeed, this requires knowing
the projection operator ΠK . While it is easy in particular cases, this is not the case
for general constraints. A way to overcome this difficulty is to use the theory of
duality.

3.2. Duality & the Uzawa algorithm for inequality constraints
In this section we will work (as this is now quite important) with N possibly

non-linear constraints
∀i ∈ {1, . . . , N} , gi(x) ⩽ 0.

Nevertheless, so as not to bother with the qualification of constraints, the running
assumption is

(3.8) For any i, gi is convex and coercive.

We let
K := ∩N

i=1{gi ⩽ 0}

and we assume that

(3.9) ∃x0 , ∀i ∈ {1, . . . , N} , gi(x0) < 0.

We consider

(3.10) min
x∈K

f(x)

where f is, as usual, a C 1 function (observe that for the time being we do not
require that f be convex).
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3.2.1. Karush-Kuhn-Tucker optimality conditions
We briefly recall the necessary optimality conditions for (3.10) and, most im-

portantly, how to derive them. We will not go into advanced concepts like the
qualification of constraints as these are mostly–for the purposes of this class– tech-
nical details that would obscure the presentation. Our goal is to prove the following
generalisation of the Lagrange multiplier rule that is due to Karush, Kuhn & Tucker:

Theorem 3.3. Under the standing assumptions (3.8)-(3.9), if x∗ solves (3.10) there
exist λ1, . . . , λN ⩾ 0 such that{

∇f(x∗) +
∑N

i=1 λi∇gi(x∗) = 0 ,∑N
i=1 λigi(x

∗) = 0.

Proof of Theorem 3.3. The core of the proof amounts to determining the cone of
admissible perturbations at the point x∗ or, in other words, the set

C(x∗) := {0}∪
{
y ∈ Rd \ {0} , there exists {xk}k∈N ∈ KN , xk →

k→∞
x∗ ,

xk − x∗

‖xk − x∗‖
→

k→∞

y

‖y‖

}
.

Assume that, up to relabelling, g1(x∗) , . . . , gn(x∗) < 0 , gn+1(x
∗) = · · · = gN (x∗) =

0. Indeed, if no constraints are active, there is nothing to prove. Observe that
(3.11) ∀y ∈ C(x∗) , 〈∇f(x∗), y〉 ⩾ 0.

Remark 3.6. Be careful: that a direction y is admissible does not mean that for
any t ⩾ 0 small enough x∗ + ty ∈ K. However, it means that there exist two
sequences {tk}k∈N ∈ (0;+∞)N , {yk}k∈N such that

tk →
k→∞

0 , yk →
k→∞

y and for any k ∈ N, x∗ + tkyk ∈ K.

Indeed, letting y ∈ C(x∗) \ {0} and choosing any sequence {xk}k∈N ∈ KN in the
conditions of the definition, we have

f(x∗) ⩽ f(xk)

whence
〈∇f(x∗), xk − x∗〉 ⩾ 0.

Let us now prove that under (3.8)–(3.9) we have the explicit description of the
tangent cone as
(3.12) C(x∗) = {y ∈ Rd , ∀i ∈ {1, . . . , n} , 〈∇gi(x∗), y〉 ⩽ 0}.

Define C̃ := {y ∈ Rd , ∀i ∈ {1, . . . , n} , 〈∇gi(x∗), y〉 ⩽ 0}. The fact that C(x∗) ⊂ C̃

is immediate. Conversely, let y ∈ C̃ \ {0}. Assume, up to relabelling, that
〈∇gi(x∗), y〉 = 0 , 1 ⩽ i ⩽ n , 〈∇gi(x∗), y〉 < 0 , i ⩾ n.

As the gi are convex Assumption (3.9) guarantees that ∇g1(x∗) , . . . ,∇gn(x∗) 6= 0
and, x0 being a point provided by (3.9), that is, such that

∀i ∈ {1, . . . , N} , gi(x0) < 0

we obtain
∀i ∈ {1, . . . , N} , 〈∇gi(x∗), x0 − x∗〉 < 0.
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Indeed, convexity would otherwise imply gi(x0) > 0, which is absurd. Define, then,
w := x0 − x∗ and set, for ε > 0 small enough, yε := y + εw. Thus, for any t > 0
small enough, xε := x∗ + tyε ∈ K. Finally, observe that C(x∗) is closed, as a
consequence of a simple Cantor diagonal argument. Letting ε→ 0 we deduce that
y ∈ C(x∗), as claimed.

In particular, the optimality condition (3.11) rewrite

(3.13) {y ∈ Rd , ∀i ∈ {1, . . . , n}〈∇gi(x∗), y〉 ⩽ 0} ⊂ {y ∈ Rd , 〈∇f(x∗), y〉 ⩾ 0}.

But we know from the Farkas-Minkowski lemma (see Exercise 3.8) that this implies
the existence of a family λ1, . . . , λn ⩾ 0 such that

∇f(x∗) +
n∑

i=1

λi∇gi(x∗) = 0.

Setting λn+1 = · · · = λN = 0 concludes the proof.
□

3.2.2. The augmented Lagrangian method: a primer on duality
The Karush-Kuhn-Tucker conditions suggest looking at the so-called Lagrangian

L(x, λ) := f(x) +

N∑
i=1

λigi(x).

A key observation is the following one, that relates the saddle points of the La-
grangian to the solution of the constrained optimisation problem:

Theorem 3.4. Let x∗ be a solution of (3.10) and λ(x∗) := (λ1(x
∗) , . . . , λN (x∗))

be the Lagrange multiplier given by Theorem 3.3. Then (x∗, λ(x∗)) is a saddle-point
of L in the sense that

min
x∈Rd

L(x, λ∗) = L(x∗, λ(x∗)) = max
λ⩾0

L(x∗, λ)

where we use the notation λ ⩾ 0 to signify: for any i, λi ⩾ 0 and λ(x∗) =
(λ1(x

∗), . . . , λN (x∗)).
Conversely, let (x, λ) be a saddle point of L. Then x ∈ K, x solves (3.10) and

λ are the associated the Lagrange multipliers.

Proof of Theorem 3.4. As all λi(x∗) are non-negative, x 7→ L(x, λ(x∗)) is convex, so
that the condition ∇xL(x∗, λ(x∗)) = 0 implies the minimality of x∗. Furthermore,
fix x∗ and let µ ⩾ 0. Assume, up to a relabelling,

g1(x
∗) , . . . , gn(x

∗) = 0 , gi(x
∗) < 0 , i ⩾ n+ 1.

To check the optimality of λ(x∗), it suffices to prove that

0 ⩽
N∑
i=1

(λi(x
∗)− µi)gi(x

∗) = −
N∑

i=n+1

µigi(x
∗),

which is obvious.
Now, assume that (x, λ) is a saddle point of L. The optimality in λ implies

∀µ ⩾ 0 ,

N∑
i=1

(λi − µi)gi(x) ⩾ 0.
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This immediately implies (letting µi → ∞) that

∀i ∈ {1, . . . , N} , gi(x) ⩽ 0

or, in other words, that x ∈ K. Additionally, this gives
N∑
i=1

λigi(x) ⩾ 0

and thus

(3.14) ∀i ∈ {1, . . . , N} , λigi(x) = 0.

Furthermore, for any x′ ∈ K, we have

f(x) = f(x) +

N∑
i=1

λigi(x) ⩽ f(x′) +

N∑
i=1

λigi(x
′) ⩽ f(x′),

which gives the conclusion.
□

The main result of this part is the following:

Theorem 3.5. Let x∗ be a solution of (3.10) and λ(x∗) be the associated Lagrange
multiplier. Then

min
x∈Rd

max
λ⩾0

L(x, λ) = L(x∗, λ(x∗)) = max
λ⩾0

min
x∈Rd

L(x, λ).

Proof of Theorem 3.5. On the one hand, we have, for any (x, λ),

inf
y∈Rd

L(y, λ) ⩽ L(x, λ) ⩽ sup
µ⩾0

L(x, µ)

so that
sup
λ⩾0

inf
y∈Rd

L(y, λ) ⩽ inf
y∈Rd

sup
µ⩾0

L(x, µ).

Furthermore,
L(x∗, λ(x∗)) = sup

λ⩾0
L(x∗, λ)

so that
inf
y∈Rd

sup
λ⩾0

L(y, λ) ⩽ L(x∗, λ(x∗)).

Thus,
L(x∗, λ(x∗)) = inf

x∈Rd
L(x, λ(x∗)) ⩽ sup

λ⩾0
inf

x∈Rd
L(x, λ),

which provides the reverse inequality.
□

Using the terminology of convex optimisation, we say that convex problems have
no duality gaps. At any rate, what matters most now is that we have replaced a
potentially nasty optimisation problem with a (continuous) family of constrained
optimisation problems, but where the constraints λ ⩾ 0 are particularly easy to
handle (in particular, the projection operator is explicit). This is the basic idea
behind the Uzawa algorithm, which will take up the rest of the chapter.
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3.2.3. The Uzawa algorithm
The idea of the Uzawa algorithm is to generate two sequences {xk}k∈N , {λk}k∈N

that should converge to x∗ and λ(x∗). We introduce the following notations:

RN
+ := {λ ∈ RN , ∀i ∈ {1, . . . , N} , λi ⩾ 0} , g(x) = (g1(x), . . . , gN (x)).

An important observation is the following one: for any τ > 0,

(3.15) λ(x∗) = ΠRN
+
(λ(x∗) + τg(x∗)) .

The proof of (3.15) is straightforward: first, observe that for any y ∈ RN

ΠRN
+
(y) = (max(yi, 0))i=1,...,N .

Second, on each coordinate, either gi(x∗) < 0 and λi(x
∗) = 0, or gi(x∗) = 0 and

λi(x
∗) ⩾ 0.

Back to the Uzawa algorithm, which goes as follows:
(1) Start from any λ0 ∈ RN

+ and fix a step size τ > 0.
(2) For any k ∈ N, set

xk := argmin
Rd

(f(x) + 〈λk, g(x)〉)

and
λk+1 := ΠRN

+
(λk + τg(xk)) .

Now, can we expect to have convergence for this algorithm and, if so, at which rate?
To do so, let us first remain at a formal level. Assume that for any λ ∈ RN

+ there
exists a unique xλ that solves

ℓ(λ) := min
x∈Rd

(f(x) + 〈λ, g(x)〉 = L(x, λ)).

Assume furthermore that the map λ 7→ xλ is differentiable. Then, it appears that

∇ℓ(λ) = ∇xL(xλ, λ)∇λxλ +∇λL(xλ, λ)
= ∇λL(xλ, λ) because of the optimality of xλ
= g(xλ),

so that the Uzawa algorithm appears as a real projected gradient ascent. In par-
ticular, this means that we should expect convergence, and maybe even linear
convergence. Unfortunately, while the convergence indeed holds under suitable
assumption, the rate is not always known. We summarise this in the following
theorem:

Theorem 3.6. Assume that f is α-strongly convex and that g is convex and µ-
Lipschitz. Then for any τ ∈ (0; 2α

µ2 ), the sequence {xk}k∈N converges to the solution
x∗ of (3.10).

Proof of Theorem 3.6. We proceed in several steps: first of all, observe that for any
λ ∈ RN

+ , letting xλ be the unique solution of

min
x∈Rd

(f(x) + 〈λ, g(x)〉)

there holds, for any y ∈ Rd,

(3.16) 〈∇f(xλ), y − xλ〉+ 〈λ, g(y)− g(xλ)〉 ⩾ 0.
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Proof of (3.16). This is a consequence of convexity: let y ∈ Rd. Then for any
t ∈ [0, 1] there holds

f((1− t)xλ + ty)− f(xλ) + 〈λ, g((1− t)xλ + ty)− g(xλ)〉 ⩾ 0.

As g is convex and λ ⩾ 0 this implies
f((1− t)xλ + ty)− f(xλ) + 〈λ,−tg(xλ) + tg(y)〉 ⩾ 0.

Dividing by t and letting t→ 0 provides the required inequality. □
An important consequence of (3.16) is the following:{

〈∇f(xk), x∗ − xk〉+ 〈λk, g(x∗)− g(xk)〉 ⩾ 0 ,

〈∇f(x∗), xk − x∗〉+ 〈λ∗, g(xk)− g(x∗)〉 ⩾ 0.

Combining these two inequalities we deduce
(3.17) 〈∇f(x∗)−∇f(xk), xk − x∗〉+ 〈λ∗ − λk, g(xk)− g(x∗)〉 ⩾ 0.

Using the α-strong convexity of f , (3.17) in turn implies
(3.18) 0 ⩽ α‖xk − x∗‖2 ⩽ 〈λ∗ − λk, g(xk)− g(x∗)〉.
Now, observe that from (3.15) and the fact that projections are 1-Lipschitz we also
have the estimate

‖λk+1 − λ∗‖2 ⩽ ‖λk − λ∗ + τ(g(xk)− g(x∗))‖2

= ‖λk − λ∗‖2 + τ2µ2‖xk − x∗‖2 + 2τ〈λk − λ∗, g(xk)− g(x∗)〉
⩽ ‖λk − λ∗‖2 + ‖xk − x∗‖2

(
τ2µ2 − 2ατ

)
.

Thus, if τ is chosen so that
τ <

2α

µ2

we obtain
‖λk+1 − λ∗‖2 ⩽ ‖λk − λ∗‖2.

The sequence {‖λk − λ∗‖2}k∈N is consequently non-increasing, and so it converges.
Passing to the limit in

‖λk+1 − λ∗‖2 ⩽ ‖λk − λ∗‖2 + ‖xk − x∗‖2
(
τ2µ2 − 2ατ

)
we obtain

‖xk − x∗‖2 →
k→∞

0.

□
Observe that this proof does not give convergence to the solution of the dual

problem; nevertheless, in certain specific cases, it is possible to show it. We refer
to Exercise (3.11).
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3.3. Exercises of the chapter
3.3.1. Generalities on constrained optimisation
Exercise 3.1. Let f be convex andK be a compact, convex set equal to the closure
of its interior. Show that

max
K

f = max
∂K

f

and that this maximum can always be reached at an extremal point of K.

Exercise 3.2. We consider the constrained optimisation problem

min
g(x)⩽0

f(x)

where f, g are strictly convex functions and we assume that g is a coercive and sat-
isfies g(x0) < 0 for some x0 ∈ Rd. We want to give several proofs or interpretation
of Theorem 3.1. We shall always assume that there exists a unique solution x∗ to
the underlying optimisation problem, that further satisfies

g(x∗) = 0.

(1) A geometric interpretation What does the Lagrange multiplier rule mean
geometrically? If this is not clear for you, try to grasp it, following for
instance the following reasoning:
(a) For any ε > 0 consider the level set

Aε := {f = f(x∗)− ε}

and assume that this is a smooth submanifold. Why do Aε ∩ {g =
0} = ∅?

(b) What are the normal vectors to the surfaces Aε and {g = 0}? Why
is x∗ the “first” intersection point between the two manifolds? What
can you conclude?

(2) A proof by parametrised curves This is a more standard proof. Show that
for any curve γ : [−1; 1] → {g = 0} such that γ(0) = x∗ there holds

〈∇f(x∗), γ′(0)〉 = 0

and conclude.
(3) A proof by penalisation This is yet another standard and important proof.

Consider the optimisation problem

min
g(x)=0

f(x).

We assume that f , g, are strictly convex and coercive, and that there exists
a point x0 such that g(x0) < 0. Finally, we assume that ∇f 6= 0 on {g = 0}
and that there exists a unique minimiser to the constrained problem. We
introduce for any ε > 0 the function

fε(x) = f(x) +
1

2ε
g(x)2.

Show that fε admits a minimiser xε.
(4) Show that {g(xε)/2ε}ε→0 is bounded.
(5) Conclude.
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Exercise 3.3. Let K be a convex, compact subset of Rd. Show that there exists
a convex, coercive function g such that

K = {g ⩽ 0}

and such that there exists x0 ∈ Rd with g(x0) < 0.

Exercise 3.4. Using the Lagrange multiplier rule, solve the following constrained
optimisation problems:

(1) Maximise f(x, y) = xy subject to x2 + y2 ⩽ 2.
(2) Minimise f(x, y) = (x− 4)2 + (y− 4)2 subject to x+3y ⩽ 9 and x+ y ⩽ 4.

Exercise 3.5. Solve the optimisation problem: minimise x2 + y2 subject to (x −
1)2 = 0. Does the Lagrange multiplier rule hold? Why?

3.3.2. Theoretical aspects of constrained optimisation problems
Exercise 3.6. We want to prove two classical inequalities using constrained opti-
misation.

(1) The goal is the prove the Hölder inequality using the Lagrange multiplier
rule. Fix p , q ∈ (1;+∞) such that 1/p + 1/q = 1. Consider a vector
x ∈ Rd \ {0}. Study the optimisation problem

max
y∈Rd ,

∑d
i=1 |yi|q=1

〈x, y〉

and characterise the optimisers using the Lagrange multiplier rule.
(2) The goal is to prove the discrete rearrangement inequality using the La-

grange multiplier rule. Let x ∈ Rd and assume that all its components are
non-negative: for any i, xi ⩾ 0. Furthermore, assume that the components
of x are non-increasing:

x1 ⩾ x2 ⩾ · · · ⩾ xd.

Let y ∈ Rd be a vector whose components are non-negative. Find the
solution of

max
σ∈Sd

d∑
i=1

xiyσ(i)

where Sd is the group of permutations of a set with d elements. Find an
easy condition on x to ensure the uniqueness of maximisers.

Hint: try a direct approach. Do not use the Lagrange multiplier rule as
the set Sd is discrete.

Exercise 3.7. The goal of this exercise is to study the isoperimetric inequality in
the polygonal case and, more generally, to tackle geometric problems using con-
strained optimisation as a main tool.

(1) A first geometric optimisation problem We consider a convex polygon in-
scribed in the unit disk in Rd. In other words, we consider 0 = θ1 ⩽ θ2 ⩽
· · · ⩽ θn < 2π, and the associated polygon is the convex hull of {eiθk}k=1,...n.
Show that the perimeter of such a polygon P is maximal when

θ1 = 0 , θk+1 − θk =
2π

n
.
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(2) The polygonal isoperimetric inequality (*) We want to solve the following
problem: given an perimeter constraint L and a fixed number of sides N ,
what is the polygon with N sides that maximises the enclosed area? We
represent a polygon in R2 by a collection of point {(xi, yi)}i=1,...,N , ordered
in a counterclockwise fashion.
(a) What is the perimeter of such a polygon?
(b) Show that an optimal polygon exists.
(c) We admit that the area of this polygon is given by

A =
1

2

N∑
k=1

(xkyk+1 − ykxk+1).

(d) Write down the optimality conditions for the optimisation problem.
(e) Solve this optimality system and conclude.

3.3.3. Numerical methods for constrained optimisation
Exercise 3.8. [Existence and uniqueness of a projection, application] The goal
of this exercise is to (re)prove Proposition 3.1. We let C be a closed, non-empty
convex subset of a Hilbert space H.

(1) Show that for any y ∈ Rd there exists a unique yC ∈ C such that
‖y − yC‖ = min

x∈C
‖y − x‖.

(2) Show that yC is the unique solution of the variational inequality
∀x ∈ C , 〈y − yC , x− yC〉 ⩽ 0.

(3) We define ΠC(y) := yC . Show that ΠC is 1-Lipschitz.
(4) Deduce from the first two questions that for any closed subspace E of H

there holds:
E ⊕ E⊥ = H.

(5) Deduce from the previous question that for any continuous linear form
ℓ ∈ L(H,R) there exists xℓ ∈ H such that ℓ = 〈xℓ, ·〉.

(6) We now want to prove the Farkas-Minkowski lemma: let a1, . . . , an ∈ Rd

and b ∈ Rd. Assume that
∩n
i=1{〈ai, ·〉 ⩾ 0} ⊂ {〈b, ·〉 ⩾ 0}.

Then there exist λ1, . . . , λn ⩾ 0 such that

b =

n∑
i=1

λiai.

(a) Show the lemma when n = 1, using the projection Πa on the set R+a.
(b) In the case n = 2, propose a geometric interpretation of this lemma.
(c) Consider, in the general case, the cone

C := {
n∑

i=1

αiai , αi ⩾ 0}.

Show that C is closed and convex when the vectors ai are linearly
independent, and conclude in that case.

(d) Show the lemma in the general case.
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Exercise 3.9. In this exercise, we study the projected gradient descent under a
simple convexity assumption (i.e. we do not require the function f to be strongly
convex). To be more precise, we consider a function f that we assume is convex
and with a µ-Lipschitz gradient. We let K ⊂ Rd be a compact, convex subset of
Rd. We fix a step size τ > 0 and, starting from any x0 ∈ K, we define the sequence
{xk}k∈N as

xk+1 := ΠK (xk − τ∇f(xk)) ,
ΠK being the projection on K. The main goal of this exercise is to show that
(3.19) f(xk)−min

K
f →

k→∞
0.

We set
yk := xk − xk+1 = xk −ΠK(xk − τ∇f(xk)).

(1) Show that xk+1 solves

xk+1 = argmin
x∈K

(
〈∇f(xk), x− xk〉+

1

2τ
‖x− xk‖2

)
and deduce that

∀x′ ∈ K ,

〈
∇f(xk) +

1

τ
(xk+1 − xk), x

′ − xk+1

〉
⩾ 0.

(2) Show that whenever τ ∈
(
0; 1

µ

)
f(xk+1)− f(xk) ⩽ − 1

2τ
‖yk‖2.

(3) Let x∗ be a minimiser of f in K. Show that for any k ∈ N there holds
f(xk+1)− f(x∗) ⩽ f(xk+1)− f(xk)− 〈∇f(xk), xk+1 − xk〉+ 〈∇f(xk), xk+1 − x∗〉.

(4) Show that

〈∇f(xk), xk+1 − x∗〉 ⩽ 1

2τ

(
‖xk − x∗‖2 − ‖xk+1 − x∗‖2 − ‖xk+1 − xk‖2

)
.

(5) Conclude that

f(xk+1)− f(x∗) ⩽ 1

2τ

(
‖xk − x∗‖2 − ‖xk+1 − x∗‖2

)
.

(6) Conclude.
(7) Assume that f is, in addition, strictly convex. Show that {xk}k∈N converges

to x∗.

3.3.4. Around the Uzawa method & duality
Exercise 3.10. Let f : Rn × Rd → R be such that ∇f is locally Lipschitz. We
assume that there exists α > 0 such that

∀(x, z) ∈ Rn × Rd ,∇2
zf(x, z) ⩾ αId.

We define
ℓ(x) := min

z∈Rd
f(x, z).

(1) Show that ℓ is well-defined, and that the optimisation problem has a unique
solution zx.

(2) Show that the map x 7→ zx is Lipschitz continuous.
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(3) Show that ℓ is differentiable, and that
∇ℓ(x) = ∇xf(x, zx).

Exercise 3.11. We want to investigate certain situations where the Uzawa algo-
rithm provides not only convergence of the approximations of the primal problem,
but also of the dual problem. To this end, we consider two functions f , g that
satisfy the following assumptions:

(1) f and g are convex, M0-Lipschitz with M1-Lipschitz gradients.
(2) f is α-strongly convex.
(3) There exists x0 ∈ Rd such that g(x0) < 0.

We consider the constrained optimisation problem
min

x ,g(x)⩽0
f(x),

and we let {xk, λk}k∈N be the sequence generated by the Uzawa algorithm. Simi-
larly, we let

L(x, λ) := f(x) + λg(x)

be the associated Lagrangian.
(1) Recall why, for any τ > 0 small enough, the sequence generated by the

Uzawa algorithm with step-size τ > 0 converges to the solution of the
primal problem.

(2) Let λ , µ ⩾ 0 be fixed, and let xλ , xµ minimise L(·, λ) and L(·, µ) respec-
tively. Show that there exists a constantM2 (independent of λ and µ) such
that

‖xλ − xµ‖ ⩽M2|λ− µ|.
(3) Show that λ 7→ ℓ(λ) := minx∈Rd L(x, λ) is either strictly concave or linear,

and has a Lipschitz continuous gradient.
(4) Conclude.

3.4. Correction of the exercises
Solution of Exercise 3.1. We first do it assuming that f is a linear map, that is

f(x) = 〈a, x〉.
In that case, if f is minimised at some interior x∗ then for any y ∈ K 〈a, y〉 = 0,
which is impossible as K has non-empty interior, unless a = 0.

To come back to the general case, let x ∈ K and let y solve
max y ∈ K〈∇f(x), y〉.

This is a linear optimisation problem, a solution of which is an extreme point. By
convexity, f(y) ⩾ f(x).

Solution of Exercise 3.2. (1) (a) Argue by contradiction: if for some ε >
0 there exists xε ∈ Aε ∩ {g = 0} f(xε) = f(x∗) − ε < f(x∗), in
contradiction with the definition of x∗.

(b) The normal vector to Aε at a point z is ∇f(z)
∥∇f(z)∥ . Similarly, the normal

vector to {g = 0} at a point x is ∇g(x)
∥∇g(x)∥ . Furthermore, as ε → 0,

we claim that the two level sets must touch tangentially; as is obvious
on a drawing. Consequently, the two normal vectors should be equal,
yielding the conclusion.
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(2) (a) It suffices to apply to chain rule to the mapping ϕ : t 7→ f ◦ γ(t), as

ϕ′(t) = 〈∇f(γ(t)), γ̇(t)〉.

In particular, as ϕ′(0) = 0, this gives the conclusion. Now, observe
that this means that the vector ∇f(x∗) is orthogonal to the entire
tangent space at x∗, so that it has to be normal. As the normal vector
is ∇g(x∗)

∥∇g(x∗)∥ we derive the required conclusion.
(3) (a) As f is coercive, so is fε.

(b) As
fε(xε) ⩽ fε(x

∗) = f(x∗),

the conclusion follows.
(c) At a point of minimum,

∇f(xε) +
g(xε)

ε
∇g(xε) = 0.

Now, taking any closure point of the sequence {xε}ε→0 we deduce that
any closure point is a minimiser of the constrained problem. Further-
more, if we assume that the minimiser is unique, we can pass to the
limit in the equation above: as ∇g(x∗) 6= 0 we have∣∣∣∣g(xε)ε

∣∣∣∣ = ‖∇f(xε)‖
‖∇g(xε)‖

and we can then pass to the limit.

Solution of Exercise 3.3. It suffices to consider the Minkowski gauge: up to a
translation, we might assume that 0 ∈ Int(K). We then define

pK(x) := inf{λ ⩾ 0 : x ∈ λK}

and to define
g(x) := pK(x)− 1.

Solution of Exercise 3.4. (1) We let f(x, y) = xy , g(x, y) = x2+y2−2. The
set {g ⩽ 0} is compact, so that the existence of a minimiser is guaranteed.
At a point of minimum (x∗, y∗) there exists λ ⩾ 0 such that

y + 2λx = 0 ,

x+ 2λy = 0 ,

λ(x2 + y2 − 2) = 0.

In particular, either x = y = λ = 0, but this is impossible as 0 is not a local
minimiser, or x = −y , λ = 1

2 . In this case, the problem becomes:

min
x ,x2⩽1

−x2,

so that the only two solutions are x = ±1 , y = ∓1.
(2) We set f(x, y) = (x−4)2+(y−4)2 , g1(x, y) = x+3y−9 , g2(x, y) = x+y−4.

The function f is coercive so that a minimum exists. At a minimum (x∗, y∗)
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there exist λ1 , λ ⩾ 0 such that
2(x− 4) + λ1 + λ2 = 0 ,

2(y − 4) + 3λ1 + λ2 = 0 ,

λ1(x+ 3y − 9) = 0 ,

λ2(x+ y − 4) = 0.

We do a case by case analysis:
(a) If λ1 = λ2 = 0 we obtain x = y = 4, which violates the condition

x+ y − 4 ⩽ 0.
(b) If λ1 6= 0 , λ2 = 0 we deduce that x ≈ 3.3 , y ≈ 1.7, which violates the

condition x+ y − 4 ⩽ 0.
(c) If λ1 6= 0 , λ2 6= 0 then we obtain y = 5

2 , x = 3
2 and λ1 + λ2 =

5 , 3λ1 + λ = 3, which has obviously no non-negative solutions.
(d) If λ1 = 0 , λ2 6= 0 we obtain x = y and x + y = 4 whence x = y = 2.

This is the only admisible solution, and is thus the global solution to
the optimisation problem.

Solution of Exercise 3.5. Observe that the problem does not fulfil qualification
conditions. Furthermore, if we apply the Lagrange multiplier rule then we must

2x+ 2λ(x− 1) = 0 , y = 0 , λ(x− 1)2 = 0.

However, if x = 1, then x = 0 and if λ = 0 x = 0, which is not admissible. This is
due to the fact that the gradient of the constraint is zero at any admissible point.

Solution of Exercise 3.6. (1) First of all observe that we can, without loss
of generality, assume that x is component-wise non-negative: for any i ∈
{1, . . . , d}, xi ⩾ 0, which means that, for any optimiser y∗, we can also
assume without loss of generality that y∗ is component-wise non-negative.
By the Lagrange multiplier rule, we deduce that there exists a real number
λ such that, for any i ∈ {1, . . . , d},

xi + λ(y∗i )
q−1 = 0.

From the constraints
∑

(y∗i )
q = 1 we obtain

λ = −
N∑
i=1

x
q

q−1

i = −
N∑
i=1

xpi 6= 0

so that finally, either xi = 0, in which case y∗i = 0, or xi 6= 0, in which case

y∗i =
x

1
q−1
i

(
∑N

i=1 xp
i )

1
q−1

. Thus, for any y , ‖y‖ℓq = 1,

〈x, y〉 ⩽
∑N

i=1 x
1+ 1

q−1

i(∑N
i=1 x

p
i

) 1
q−1

=

(
N∑
i=1

xpi

) 1
p

,

which is exactly the Hölder inequality.
(2) We let σ∗ be an optimal perturbation. Let i 6= j be two distinct integers

and let τ = (i j) be the permutation associated with these two indices. As
d∑

i=1

xiyσ∗(i) ⩾
d∑

i=1

xiyσ∗◦τ(i)
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we deduce that

xiyσ∗(i) + xjyσ∗(j) ⩾ xiyσ∗(j) + xjyσ∗(i).

This rewrites
(xi − xj)(yσ∗(i) − yσ∗(j)) ⩾ 0.

In particular, σ∗ must be chosen so that

yσ∗(1) ⩾ · · · ⩾ yσ∗(d).

The uniqueness is guaranteed if we have

x1 > · · · > xd,

and this is actually a necessary and sufficient condition.

Solution of Exercise 3.7. (1) We begin by computing the perimeter of a
polygon described by its angles. By a simple computation, we obtain

P (θ1, . . . , θN ) = 2

N∑
i=1

∣∣∣∣sin(θi+1 − θi
2

)∣∣∣∣ .
Furthermore, we have

θi+1 − θi ⩽ 2π

whence 0 ⩽ θi+1−θi
2 ⩽ π and so

P (θ1, . . . , θN ) = 2

N∑
i=1

sin

(
θi+1 − θi

2

)
.

At a point of maximum, we observe (by a simple drawing) that

θi+1 − θi > 0

so that the only active constraint is
N∑
i=1

θi = 2π.

Thus, there exists a Lagrange multiplier λ such that

cos

(
θi+1 − θi

2

)
= −λ.

As θi+1−θi
2 ⩽ π we deduce that the quantity θi+1 − θi does not depend on

the index i, which gives the result.
(a) We have

P =

N∑
k=1

√
(xk+1 − xk)2 + (yk+1 − yk)2.

(b) We fix (x1, y1) = (1, 0) (up to a translation). The perimeter bound
P = L gives the compactness of the design set.
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(c) At an optimal polygon, there exists a constant λ such that, first,

∀k ∈ {1, . . . , N} , λ

(
xk − xk−1√

(xk − xk−1)2 + (yk − yk−1)2
− xk+1 − xk√

(xk+1 − xk)2 + (yk+1 − yk)2

)
+(yk+1−yk−1) = 0,

which we rewrite, introducing
pk :=

√
(xk − xk−1)2 + (yk − yk−1)2

λ

(
xk − xk−1

pk
− xk+1 − xk

pk+1

)
+ (yk+1 − yk−1) = 0.

Furthermore, we also have

λ

(
yk − yk−1

pk
− yk+1 − yk

pk+1

)
+ (xk+1 − xk−1) = 0.

(d) We introduce
zk := (xk+1 − xk) + i(yk+1 − yk)

so that the previous system rewrites

zk + zk−1 − λi

(
zk−1

pk
− zk
pk+1

)
= 0,

whence

zk

(
1− λi

pk+1

)
= −zk−1

(
1 +

λi

pk

)
Taking the modulus on both sides yields

p2k+1 + λ2 = p2k + λ2.

Thus, all pk’s are equal and the optimal has sides of the same length
p̄. Furthermore, this implies

zk+1

zk
= − p̄+ iλ

p̄− iλ
= eiθ

for a given angle, and so the optimal polygon is regular.

Solution of Exercise 3.8. (1) The existence follows from a standard com-
pactness argument. Introduce the function

f : C 3 x 7→ ‖y − x‖2.
f is strongly convex and, in particular, has a unique minimiser on C; this
follows from arguments seen in the lectures.

(2) Define, for x ∈ C, φ : t 7→ f((1− t)yc + tx). Thus, φ′(0) ⩾ 0. However,
φ′(0) = 2〈x− yC , yC − y〉.

Conversely, if a point yC satisfies this inequality then, for any x, the function
φ (defined above) being convex, f(x) ⩾ f(yC).

(3) We consider two points y, z. From the previous question, we deduce{
〈y − yC , zc − yC〉 ⩽ 0

〈z − zC , yC − zC〉 ⩽ 0

whence we obtain
〈(y − z) + (zC − yC), zC − yC〉 ⩽ 0.
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As a consequence,
‖zC − yC‖2 ⩽ 〈z − y, zC − yC〉 ⩽ ‖z − y‖ · ‖yC − zC‖

and the conclusion follows.
(4) We consider ΠE the projection onto E. Then we obtain, from the optimality

conditions, that for any x ∈ E there holds
〈y −Π(E), x− y〉 ⩽ 0.

Consequently, the linear map
x 7→ 〈x, y −Π(E)〉

is bounded, and is thus equal to 0, whence y −Π(E) ∈ E⊥ and the conclu-
sion follows.

(5) We now prove the Riesz theorem. Assume that ℓ 6= 0 and write
Rd = ker(ℓ)⊕ ker(ℓ)⊥.

Let x ∈ ker(ℓ)⊥ \ {0}. Of course, ℓ(x) 6= 0. Now, for any z ∈ Rd,
ℓ(z − ℓ(z)/ℓ(x)x) = 0

whence, by orthogonality,

〈z − ℓ(z)

ℓ(x)
x, x〉 = 0.

We deduce the result
(6) (a) We suppose that b 6= 0 otherwise there is nothing to prove. When

n = 1, we define
(b)
(c)
(d)

Solution of Exercise 3.9. (1) One needs to complete the square. Indeed,

〈∇f(xk), x− xk〉+
1

2τ
‖x− xk‖2 =

1

2τ

(
‖x− xk‖2 + 2τ〈∇f(xk), x− xk〉

)
=

1

2τ

(
‖x− xk + τ∇f(xk)‖2 − τ2‖∇f(xk)‖2

)
.

The definition of the orthogonal projection yields the desired result. The
last inequality is the optimality condition at xk+1: consider any x′ ∈ K
and let xt := (1− t)xk+1 + tx′. Define

φ : t 7→ 〈∇f(xk), xt − xk+1〉+
1

2τ
‖xt − xk‖2.

We have φ′(0) ⩾ 0 whence

〈∇f(xk), x′ − xk+1〉+
1

τ
〈x′ − xk+1, xk+1 − xk〉 ⩾ 0.

(2) By standard estimates, we have

f(xk+1)− f(xk) ⩽ 〈∇f(xk), xk+1 − xk〉+
µ

2
‖xk+1 − xk‖2

⩽ 〈∇f(xk), xk+1 − xk〉+
1

2τ
‖xk+1 − xk‖2

⩽ 〈∇f(xk), xk+1 − xk〉+
1

τ
‖xk+1 − xk‖2 −

1

2τ
‖xk+1 − xk‖2
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⩽ 1

τ
〈τ∇f(xk) + xk+1 − xk, xk+1 − xk〉 −

1

2τ
‖xk+1 − xk‖2.

Introduce z := xk − τ∇f(xk) and observe that
〈τ∇f(xk) + xk+1 − xk, xk+1 − xk〉 = 〈τ∇f(xk) + ΠK(z)− xk,ΠK(z)− xk〉

= 〈ΠK(z)− z,Πk(z)− xk〉
⩽ 0

by the fundamental property of orthogonal projections. This concludes the
proof.

(3) Since f is convex, we have
f(xk+1)− f(x∗) ⩽ f(xk+1)− f(xk)− 〈∇f(xk), x∗ − xk〉

⩽ f(xk+1)− f(xk)− 〈∇f(xk), xk+1 − xk〉 − 〈∇f(xk), x∗ − xk+1〉.

(4) Observe that from the first question

〈∇f(xk), xk+1 − x∗〉 ⩽ 1

τ
〈xk+1 − xk, x

∗ − xk+1〉

=
1

2τ

(
‖xk − x∗‖2 − ‖xk+1 − xk‖2 − ‖xk+1 − x∗‖2

)
.

(5) All the previous estimates lead to

f(xk+1)− f(x∗) ⩽ f(xk+1)− f(xk)− 〈∇f(xk), xk+1 − xk〉 −
1

2τ
‖xk+1 − xk‖2

+
1

2τ

(
‖xk − x∗‖2 − ‖xk+1 − x∗‖2

)
⩽ 1

2τ

(
‖xk − x∗‖2 − ‖xk+1 − x∗‖2

)
.

(6) We can conclude as in the lecture notes: the sequence {‖xk − x∗‖2}k∈N
is non-increasing, and thus converges, which implies the convergence of
{f(xk)}k∈N to f(x∗).

(7) As f is strictly convex, it has at most one minimiser and, from the previous
questions, any closure point x∞ of {xk}k∈N is a minimiser. Consequently,
the sequence has a unique closure point, and thus converges.

Solution of Exercise 3.10. (1) By strong convexity of z 7→ f(x, z), the exis-
tence and uniqueness of zx are guaranteed.

(2) Let x1 , x2 ∈ Rn and z1 , z2 be such that ℓ(xi) = f(xi, zi) (i = 1, 2). Then
α

2
‖z1 − z2‖2 + 〈∇zf(x1, z1), z2 − z1〉 ⩽ f(x1, z2)− f(x1, z1)

= f(x2, z1)− f(x2, z1) + f(x1, z2)− f(x1, z1)

⩽ f(x2, z1)− f(x2, z2) + f(x1, z2)− f(x1, z1).

Introducing the function F : x 7→ f(x, z1) − f(x, z2), the right-hand side
rewrites F (x2)− F (x1), so that there exists ξ ∈ [x1;x2] satisfying

F (x2)− F (x1) = 〈∇F (ξ), x2 − x1〉.
As ∇F (ξ) = ∇xf(x, z1)−∇xf(x, z2) we have

∇F (ξ) ⩽ L‖z1 − z2‖
and the conclusion follows by the Cauchy-Schwarz inequality.
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(3) We let h be a vector. Then
ℓ(x+ h)− ℓ(x) ⩾ f(x, zx+h)− f(x, zx+h)

= 〈∇xf(x, zx+h), h〉+ o(‖h‖).

Observe that zx+h →
h→0

zx. Similarly,

ℓ(x+ h)− ℓ(x) ⩽ f(x+ h, zx)− f(x, zx)

= 〈∇xf(x, zx), h〉+ o(‖h‖).
Passing to the limit provides the required result.

Solution of Exercise 3.11. (1) We refer to the lecture notes.
(2) Observe that by strong convexity of f and convexity of g we have

α

2
‖xλ − xµ‖2 + 〈∇f(xλ), xµ − xλ〉+ λ〈∇g(xλ), xµ − xλ〉 ⩽ L(λ, xµ)− L(λ, xλ).

By optimality of xλ, ∇f(xλ) + λ∇g(xλ) = 0 whence
α

2
‖xλ − xµ‖2 ⩽ L(λ, xµ)− L(λ, xλ).

However,
L(λ, xµ) = f(xµ) + λg(xµ)

= f(xµ) + µg(xµ) + (λ− µ)g(xµ)

⩽ f(xλ) + µg(xλ) + (λ− µ)g(xµ)

= L(λ, xλ) + (λ− µ)(g(xµ)− g(xλ))

so that
α

2
‖xλ − xµ‖2 ⩽ |λ− µ| · |g(xµ)− g(xλ)|.

The Lipschitzianity of g allows to conclude.
(3) The concavity of ℓ follows from the following observation: let λ1 , λ2 ⩾ 0, let

xi be the minimiser associated with λi (i = 1, 2), define λt := (1−t)λ1+tλ2
and let xt ∈ Rd be the unique minimiser of x 7→ f(x) + λtg(x). We have

ℓ(λt) = f(xt) + λtg(xt)

= (1− t)f(xt) + tf(xt) + (1− t)λ1g(xt) + tλ2g(xt)

= (1− t) (f(xt) + λ1g(xt)) + t (f(xt) + λ2g(xt))

⩾ (1− t) (f(x1) + λ1g(x1)) + t (f(x2) + λ2g(x2)) .

In particular, we deduce that:
• ℓ is concave,
• And that, if ℓ is not strictly concave, we can find λ1 , λ2 ⩾ 0, λ1 6= λ2

and t ∈ (0; 1) such that x1 minimisers f+λtg. In particular, we obtain,
for this t, two sets of optimality conditions: on the one-hand,

∇f(x1) + λ1∇g(x1) = 0

and, on the other,
∇f(x1) + λt∇g(x1) = 0.

In particular, substracting these two equations, we obtain
(λ1 − λ2)∇g(x1) = 0.
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This implies that ∇f(x1) = 0 and, in turn, that for any µ ⩾ 0,
∇f(x1) + µ∇g(x1) = 0.

Thus, x1 minimises f + µg for any µ ⩾ 0 and so
ℓ(λ) = f(x1) + λg(x1)

and is in particular linear.
Furthermore, by the Danskin theorem,

ℓ′(λ) = g(xλ),

and as λ 7→ xλ is Lipschitz, so is ℓ′.
(4) It suffices to apply Exercise 9 in the case of a strictly concave function. If

ℓ is, on the other hand, linear, it follows from a direct computation.
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3.5. Computer session
3.5.1. Computing a projection using the Uzawa algorithm

We consider a compact, convex subset K ⊂ Rd

3.5.2. Geometric problems
In this first exercise, you are left completely free. Your goal is to solve, nu-

merically, the two geometric problems of Exercise 3.7. Namely, your function must
take, as an argument, the geometric quantities of the problem: in the first case, you
should fix the number of sides or of angles. Then, computing the perimeter, min-
imise it under constraints, using (for instance) a penalised method, as in Exercise
3.2.

3.5.3. The obstacle problem
Let g be a given continuous function on the interval [0, 1]. We consider an

obstacle problem: find a function u : [0, 1] −→ R such that:
−u′′(x) ⩾ 1 x ∈ (0, 1)
u(x) ⩾ g(x) x ∈ (0, 1)
(−u′′(x)− 1) (u(x)− g(x)) = 0 x ∈ (0, 1)
u(0) = u(1) = 0

The first equation represents a minimum concavity for the function u, the second
equation represents the obstacle: u must remain above g. The third equation
expresses the fact that we must satisfy at least one of the two previous equations
with equality: either we solve −u′′(x) = 1, or u(x) = g(x), and we are on the
obstacle.

Associated minimization problem
We discretize this problem by introducing a uniform mesh: xj = jh, where h

is the step size of the mesh, and j ∈ {0, . . . , n + 1}, with n ⩾ 1 an integer and
h = 1

n+1 . Let gj = g(xj) for j ∈ {0, . . . , n + 1}. We seek values uj = u(xj) for
j ∈ {0, . . . , n+ 1} such that:

−uj−1 − 2uj + uj+1

h2
⩾ 1 j ∈ {0, . . . , n+ 1}

uj ⩾ gj j ∈ {0, . . . , n+ 1}(
−uj−1 − 2uj + uj+1

h2

)
(uj − gj) = 0 j ∈ {0, . . . , n+ 1}

u0 = un+1 = 0

Recall that −uj−1−2uj+uj+1

h2 is the finite difference approximation of −u′′(xj).
We introduce the matrix A ∈ Sn(R), defined by:

A =
1

h2



2 −1 0 . . . 0

−1 2 −1
...

0
. . . . . . . . . 0

... −1 2 −1
0 . . . 0 −1 2


.

We also define the column vectors b and g of Rn as follows:
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b =

 1
...
1

 , g =

 g1
...
gn

 .

Recall that if u =

 u1
...
un

, then

u is a solution of (2) ⇐⇒ u is a solution of

 min
v∈K

{
1

2
(Av, v)− (b, v)

}
K = {v ∈ Rn : v ⩾ g}

We define the function J on Rn by:

J(v) =
1

2
(Av, v)− (b, v).

Problem Resolution
Consider the specific case where g(x) = max

(
0, 1− 100(x− 0.7)2

)
.

We want to solve this problem using the projected gradient algorithm. Denote
by ΠK = {v ⩾ g} the projection onto the convex set K =. Without proving it, we
can use the fact that:

ΠK(v) = (max(vi, gi))1⩽i⩽n .

(1) Write a gradient method with a fixed step size to find the minimum of J
over Rn. Test this method and verify that it converges to the desired result.

(2) Adapt the previous program to implement the projected gradient method
with a constant step size. For instance, you can choose the optimal step
size ρopt = 2

λ1(A)+λn(A) of the gradient method without constraints. Also,
don’t forget to set a maximum number of iterations and a relevant stopping
criterion.

(3) Test the program for different values of n. Represent the graph of the
solution and the graph of the obstacle on the same plot. Verify that if
u(x) 6= g(x), then −u′′(x) = 1 (using the finite difference approximation).

(4) Implement the Uzawa algorithm to solve this problem and compare the
efficiency of the methods implemented. Test with different choices of ob-
stacles.
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Regarding the end of the lectures

At this point, you should have mastered the basics in (un)constrained optimisa-
tion. The remainder of this class will be devoted to the exploration, of course in
less details, of more recent topics. In particular, these last lectures will give a very
brief overview of the following:

(1) The stochastic gradient descent, which is by now a central algorithm in
machine learning (you will touch on that in the exercise session for this
chapter).

(2) The link between gradient descent and continuous time differential equa-
tions, which will be used in two major directions:
(a) The first one will be the study of another stochastic method, the sim-

ulated annealing.
(b) The second one will be the study of acceleration in gradient descent.
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4. Stochastic gradient descent for finite sum optimisation & Neural
Networks

4.1. Finite sum optimisation problems & stochastic gradient descent
4.1.1. General introduction

In this chapter, we will be studying problems with a particular structure, the
so-called finite sum functions. Namely, we consider a function f that writes

(4.1) f : x 7→ 1

N

N∑
k=1

fk(x),

where each fk is a scalar valued function. The basic problem under consideration
is

min
x
f(x).

The stochastic gradient descent has a simple objective: although we know that
under mild assumptions the constant step-size gradient descent converges, the nu-
merical computation of the gradient might be extremely costly. The idea behind
the stochastic gradient descent is to just compute one (or a few) of the gradients
∇fk, these being chosen at random. Before we proceed with the mathematical
formalism, let us briefly explain where these types of problems naturally pop up.

An important example
A fundamental example is that of Neural Networks. For the sake of simplicity,

we only discuss shallow Neural Networks with one layer (we refer to the following
chapter for deep Neural Networks). A neural network is an application from Rd to
Rm which consists of a triplet (σ,A, b) where

(1) A ∈Mm,d(R) is the set of linear weights,
(2) b ∈ Rm is the bias,
(3) σ : Rm → Rm is the activation function.

In this very basic presentation we do not talk about either depth or width. A neural
network takes an entry x ∈ Rd and outputs a result y ∈ Rm through the relation

y = σ (Ax+ b) .

The point is that we are given a (very large) number of data points {xi, yi}i=1,...,N ,
and we want to find the best linear weights A and bias b such that

yi ≈ σ (Axi + b) ,

and to then uses these parameters A and b to predict the result for another entry x
not already present in the data set. This can be used, for instance, in classification
of data or in model prediction. The basic way to approach this is to solve the
minimisation problem

min
A ,b

1

N

N∑
i=1

‖yi − σ(Axi + b)‖2,

which has the exact shape of (4.1). There are, as always, two main questions when
faced with such approximation problems:

(1) The first one is the approximation property: can we approximate the targets
arbitrarily close? This is the problem of universal approximation, which is
discussed in two of the exercises.
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(2) The second one is the question of numerical approximation of the optimal
parameters of the network.

We will tackle these questions in the reverse order.

4.1.2. The stochastic gradient descent I: the classical setting
The basic idea
The principle of the stochastic gradient descent is simple: fix a step-size τ > 0

(which, in this chapter, we will call the learning rate) and proceed according to the
following procedure:

(1) Start from a x0 ∈ Rd.
(2) For k ∈ N, pick an index j(ω) at random in {1, . . . , N} according to the

uniform probability.
(3) Set xk+1 := xk − τ∇fj(ω)(xk).
The standing assumptions on {fk}k=1,...,N are as follows:

(4.2)


For any k ∈ {1, . . . , N}, fk is convex,
f is coercive,
There exists µ such that for any k ∈ {1, . . . , N}, ∇fk is µ-Lipschitz.

The question is then: what type of behaviour can we expect? Of course, nothing
as good as for the full gradient descent; in particular, observe that in general the
stochastic gradient descent is not a descent method, although it is on average. In
order to prove this, we need some preparatory material. We begin with the following
basic proposition.

Proposition 4.1. The following properties hold
(1) The random vector ∇fj(·)(x) is a unbiased estimator of ∇f(x):

E
(
∇fj(·)(x)

)
= ∇f(x).

(2) Under assumption (4.2), the stochastic gradient descent satisfies

E (f(xk+1)) ⩽ f(xk)− τ‖∇f(xk)‖2 +
µτ2

2
E
(
‖∇fj(·)‖2

)
.

Proof of Proposition 4.1. (1) The first point is immediate.
(2) Likewise, this is quickly proved:

E (f(xk+1)) =
1

N2

N∑
i,j=1

fi (xk − τ∇fj(xk))

=
1

N2

N∑
i,j=1

(
fi(xk) +

ˆ 1

0

〈∇fi(xk − tτ∇fj(xk)),−τ∇fj(xk)〉dt
)

⩽ f(xk)− τ
1

N2

N∑
i,j=1

〈∇fi(xk),∇fj(xk)〉+
µτ2

2N2

N∑
i,j=1

〈∇fj(xk),∇fi(xk)〉

= f(xk)− τ‖∇f(xk)‖2 +
µτ2

2
E
(
‖∇fj(·)(xk)‖2

)
.

□
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If we want to proceed further, we need to estimate E(‖∇fj(·)(xk)‖2) in a finer
way. The key tool to do so is the notion of variance of a finite-sum function f .

Variance of a finite-sum function

Definition 4.1. Let f be of the form (4.1) and assume that f is strongly convex
and coercive. Let x∗ be the unique minimiser of f . We define the variance of f as

σf := E(‖∇fj(·)(x∗)‖2).

The key lemma is the following:

Lemma 4.1. Under Assumption (4.2), for any x ∈ Rd,
E
(
‖∇fj(·)(x)‖2

)
⩽ 4µ (f(x)−min f) + 2σf .

Proof of Lemma 4.1. Fix i ∈ {1, . . . , N}. As fi is convex, we deduce that for any
x , y ∈ Rd,

(4.3) 1

2µ
‖∇fi(x)−∇fi(y)‖2 ⩽ fi(y)− fi(x)− 〈∇fi(x), y − x〉.

Proof of (4.3). □

Let x∗ be a minimiser of f . Observe that for any x ∈ Rd, for any i ∈ {1, . . . , N},
there holds

‖∇fi(x)‖2 ⩽ 2‖∇fi(x)−∇fi(x∗)‖2 + 2‖∇fi(x∗)‖2

⩽ 4µ (fi(x)− fi(x
∗))− 4µ〈∇fi(x∗), x− x∗〉+ 2‖∇fi(x)‖2.

Taking the expectation provides the conclusion. □

We are now ready to state our convergence result for stochastic gradient descent.
Convergence of the stochastic gradient algorithm
The main theorem of this section is the following:

Theorem 4.1. Assume (4.2), that f is α-strongly convex and minimal at x∗, and
let x0 ∈ Rd. Then, for any τ ∈

(
0; 1

2µ

)
, {xk}k∈N being the sequence generated by

the stochastic gradient descent, there holds

(4.4) E
[
‖xk − x∗‖2

]
⩽ (1− 2τα)k‖x0 − x∗‖2 + τ

µ
σf .

Remark 4.1 (Regarding the assumptions). As usual, we can obtain different
classes of results depending on the type of assumptions we enforce on the func-
tion f (for instance, we could obtain weaker convergence results if f is merely
assumed to have a smooth gradient, or we can relax some assumptions to f satisfy-
ing a Polyak-Lojasiewicz inequalities). As this is just an introduction to stochastic
gradient descent, we detail some of these cases in the exercises.

Proof of Theorem 4.1. We know that
‖xk+1 − x∗‖2 = ‖xk − x∗‖2 − 2τ〈∇fj(·)(xk), xk − x∗〉+ τ2‖∇fj(·)(xk)‖2

so that, taking the expectation with respect to xk, we obtain
E
[
‖xk+1 − x∗‖2

]
= ‖xk − x∗‖2 − 2τ〈∇f(xk), xk − x∗〉+ τ2E

[
‖∇fj(·)(xk)‖2

]
⩽ ‖xk − x∗‖2 − 2τα‖xk − x∗‖2 − 2τ(f(xk)− f(x∗))

+ 4τ2µ(f(xk)− f(x∗)) + 2τ2σf
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from Lemma 4.1
⩽ (1− 2τα) ‖xk − x∗‖2 + (4τ2µ− 2τ)(f(xk)− f(x∗)) + 2τ2σf .

Thus, if τ ∈
(
0; 1

2µ

)
we obtain

E
[
‖xk+1 − x∗‖2

]
⩽ (1− 2τα) ‖xk − x∗‖2 + 2τ2σf .

Taking the expectation with respect to x1, . . . , xk−1 this yields

E
[
‖xk − x∗‖2

]
⩽ (1− 2τα)k‖x0 − x∗‖2 + 2τ2σf

k−1∑
i=0

(1− 2τµ)i

⩽ (1− 2τα)k‖x0 − x∗‖2 + τσf
µ
.

□
4.1.3. The Stochastic Gradient Descent II: mini-batches and variance re-

duction
Still continuing our exploration of stochastic method, we focus on another as-

pect, variance reduction techniques. To be more specific, inspecting the estimate
provided by Theorem 4.1 we observe that the error that is made is of order σf , which
quantifies the deviation between the condition ∇f = 0 and the individual condi-
tions ∇fk = 0. A possibility, in order to overcome this hurdle, is to pick a family
of random directions rather than just one. This is the purpose of mini-batching.

Definition 4.2. Let f be of the form (4.1) and let B ⊂ {1, . . . , N}. The mini-batch
gradient of f associated with B is the vector

∇fB =
1

|B|
∑
i∈B

∇fi.

Now, we fix a batch size nB . The mini-batch stochastic gradient descent algo-
rithm reads as follows:

(1) Start from a x0 ∈ Rd.
(2) For k ∈ N, pick a subset B ⊂ {1, . . . , N} at random according to the

uniform probability on all subsets of size nB of {1, . . . , N}.
(3) Set xk+1 := xk − τ∇fB(ω)(xk).

Of course, when nB = 1 the mini-batch and the standard Stochastic Gradient
Descent coincide. When nB = Nn this is just the standard gradient descent.

Analogous to Definition 4.1, we can introduce the variance associated with a
mini-batch:

Definition 4.3. We assume that f is coercive and α-strictly convex. Let x∗ be the
unique minimiser of f and nB be a mini-batch size. The variance of f at x∗ is
defined as

σf,nB
= E

[
‖∇fB(·)(x

∗)‖2
]
.

Similar to Lemma 4.1, we have the following estimate:

Lemma 4.2. Assume f satisfies (4.2), is coercive and α strictly convex. Then, for
any x ∈ Rd,

E
[
‖∇fB(·)(x)‖2

]
⩽ 4µ(f(x)− f(x∗)) + 2σf,nB

.

The main theorem of this section is the following convergence result:
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Theorem 4.2. Assume (4.2), that f is α-strongly convex and minimal at x∗, and
let x0 ∈ Rd. Then, for any τ ∈

(
0; 1

2µ

)
, {xk}k∈N being the sequence generated by

the stochastic gradient descent, there holds

(4.5) E
[
‖xk − x∗‖2

]
⩽ (1− 2τα)k‖x0 − x∗‖2 + τ

α
σf,nB

.

Remark 4.2. Naturally, σf,N = 0, in which case we recover the usual rate of
the (deterministic) gradient descent. In fact, there is a very simple expression for
σf,nB

, which allows to show that n 7→ σf,nB
is non-increasing (and decreasing unless

σf = 0). We refer to Exercise 4.4.

Proof of Theorem 4.2. The proof is essentially the same as that of Theorem 4.1.
Namely, we let x∗ be the unique minimiser of f . We have

‖xk+1 − x∗‖2 = ‖xk − x∗ − τ∇fB(xk)‖2

= ‖xk − x∗‖2 − 2τ〈∇fB(xk), xk − x∗〉+ τ2‖∇fB(xk)‖2.

Taking the expectation, this provides
E
[
‖xk+1 − x∗‖2

]
= E

[
‖xk − x∗‖2

]
+ τ2E[‖∇fB(·)(xk)‖2]− 2τ〈∇f(xk), xk − x∗〉

⩽ E
[
‖xk − x∗‖2

]
− 2ατ‖xk − x∗‖2 − 2αµτ(f(xk)− f(x∗))

+ 4µτ2 (f(xk)− f(x∗))

+ 2τ2σf,nB
.

The conclusion follows exactly as before. □

4.1.4. The stochastic Gradient Descent III: Projected Stochastic Gradi-
ent Descent

To conclude this (ever so short) introduction to the stochastic gradient descent,
we present a similar result for the case of constrained optimisation, under a strong
convexity assumption on the function f .

As always, we assume that f is a finite sum function satisfying (4.2). We fix a
compact, convex set K ⊂ Rd, and we are interested in the problem
(4.6) min

x∈K
f.

We let ΠK denote the projection on the set K. Finally, we consider a sequence
{τk}k∈N of step-sizes, and we define the Projected Stochastic Gradient Descent,
starting from some x0 ∈ K, as

xk+1 = ΠK

(
xk − τk∇fi(·)(xk)

)
.

Theorem 4.3. Assume that f is α strongly convex and define the sequence {τk}k∈N
as

∀k ∈ N , τk =
1

αk
.

Then, letting, for any k ∈ N,

〈x〉k =
1

k

k∑
i=1

xi

there holds
E [f(〈x〉k)− f(x∗)] ⩽M

1 + log(k)

α2k
84



Numerical optimisation-Lecture #4

with
M = sup

i=1,...,N
‖fi‖2C 1(K).

Proof of Theorem 4.3. Observe that, definingM as in the statement of the theorem
we have, for any x ∈ K,

E[‖∇fi(·)(x)‖2] ⩽M.

Now, using the fact that ΠK is 1-Lipschitz, we obtain, for any k ∈ N,
E[‖xk+1 − x∗‖2] ⩽ ‖xk − x∗‖2 − 2τk〈∇f(xk), xk − x∗〉+ τ2kE[‖∇fi(·)(xk)‖2]

⩽ ‖xk − x∗‖2 − 2τk

(
f(xk)− f(x∗)− α

2
‖xk − x∗‖2

)
+ τ2kM.

Rearranging all these terms, we deduce that

2(f(xk)− f(x∗)) ⩽ 1− ατk
τk

‖xk − x∗‖2 − 1

τk
E[‖xk+1 − x∗‖2] + τkM.

Summing and using the convexity of f , we obtain

2

(
Ef

(
1

k

k∑
i=1

xi

)
− f(x∗)

)
⩽ 2

k

(
k∑

i=1

(E(f(xi)− f(x∗))

)

⩽ 2

k

k∑
i=0

(
1− ατi
τi

E[‖xi − x∗‖2]− 1

τi
E[‖xi+1 − x∗‖2] + τkM

)

⩽ 2

k

k∑
i=0

(
1− ατi
τi

E[‖xi − x∗‖2]− 1

τi+1
E[‖xi+1 − x∗‖2] + τkM

)

⩽ 2‖x0 − x∗‖2

k
+

2

k

k∑
i=0

τiM.

The conclusion follows by the usual equivalent of the harmonic series. □
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4.2. Exercises of the chapter
4.2.1. Around neural networks

In this first set of exercises, we investigate some basic aspects of Neural Networks
To alleviate notations, we first consider a single layer (or shallow) Neural Networks,
seen as an application from Rd to Rm and which consists of a triplet (σ,A, b) where

(1) A ∈Mm,d(R) is the set of linear weights,
(2) b ∈ Rm is the bias,
(3) σ : Rm → Rm is the activation function.

A neural network takes an entry x ∈ Rd and outputs a result y ∈ Rm through the
relation

y = σ (Ax+ b) .

Depending on the type of applications we have in mind, the dimensions and the
choice of activation functions will be crucial.

In these exercises, we will see some basic examples of Neural Networks and we
will provide some universality properties.
Exercise 4.1. [The Perceptron Leaning Algorithm] The first example of Neural
Network we study is the Perceptron, which is widely used in classification of data
sets. In this setting, we have a set of data X ⊂ Rd that we want to label with the
signs + or − (typically, if the set X represents images, we want to assign a + to
the image if the image represents a rabbit or a − if it does not).

In terms of Neural Networks, we have m = 1 and the activation function is the
Heaviside function

H : x 7→ 1R∗
+
(x).

We say that a function f : X → {+,−} is a linear classification of X if there exists
a vector w ∈ Rd , b ∈ Rd such that {f = +} ⊂ {〈w, ·〉 > 0} + b and {f = −} ⊂
{〈w, ·〉 < 0} + b. In that case, we say that w generates this classification (and we
will always assume b = 0).

The goal of this exercise is to show that there exists an algorithm that converges
in a finite number of sets to a vector wf that generates this classification.

(1) Preliminary For any given set C we let Conv(C) denote the convex hull of
C. Prove the Carathéodory theorem: for any C ⊂ Rd and any x ∈ Con(C),
there exist c1, . . . , cd+1 ∈ C and α1, . . . , αd+1 ∈ [0; 1] such that

d+1∑
i=1

αi = 1 , x =

d+1∑
i=1

αici.

(2) Let f : X 7→ {+,−}. Show that the following statements are equivalent:
(a) f is a linear classification,
(b) Conv(f−−1({+})) ∩ Conv(f−1({−})) = ∅.

(3) We now assume that f is a linear separation of a dataset X = {x1, . . . , xN}.
We extend it to a sequence X ∈ (Rd)N by setting xN+j = xj for j ∈
{1, . . . , N}. We let τ > 0 , w0 ∈ Rd \ {0} and we define the sequence
{wj}j∈N by setting
(a) If f(xj)〈wj−1, xj〉 > 0 then wj = wj−1,
(b) Else, wj = wj−1 + τf(xj)xj .
The goal of this question is to prove that there exists J ∈ N∗ such that for
any j ⩾ J ,

f(xj)〈wJ , xj〉 > 0.
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(a) Why does it suffice to prove that the set
A := {j ∈ N∗ , f(xj)〈wj−1, xj〉 ⩽ 0}

is finite?
(b) We introduce the following notations: nj is the cardinal #(A ∩ J1; jK)

with n0 = 0, R := supx∈X ‖x‖, and, for any i ∈ N, δi := f(xi)
⟨w,xi⟩
∥w∥ ⩾

δ > 0. Show by induction that for any j ∈ N there holds{
〈w,w0〉+ τδnj‖w‖ ⩽ 〈w,wj〉
‖wj‖2 ⩽ ‖w0‖2 + τ2R2nj .

(c) Conclude that nj is bounded and prove the result.
Exercise 4.2 (Universality of Neural Networks I). In this exercise, we begin our
investigation of the so-called “universality” of Neural Networks, starting with the
one-dimensional case. We focus on shallow neural networks, which write, for a ∈
RN , b ∈ RN , c ∈ RN ,

F (a, b, c; ·) : [0; 1] 3 x 7→
N∑
i=1

ciσ(aix+ b),

where σ is the Rectified Linear Unit (ReLu):
σ : y 7→ y+ := max(0; y).

The number N is called the width of the Neural Network. We want to prove the
following fact: given a function f ∈ C 0([0; 1]) and ε > 0, there exist N , a , b , c such
that

‖f − F (a, b, b; ·)‖L∞([0;1]) ⩽ ε

(1) Why does it suffice to do it for a piecewise affine function?
(2) We let f be a piecewise linear function, parameterised by

0 = x1 < x2 < · · · < xm = 1

and we assume that f ′ ≡ αi on (xi;xi+1). Show that there exist parameters
N , a , b , c such that

f = F (a, b, c; ·).
Exercise 4.3 (Universality of Neural Networks II). The goal of this exercise is to
prove a general universality theorem, which essentially state that shallow Neural
Networks of arbitrary widths can approximate any function. We present the proof
of the oldest of these approximation results, which is due to Cybenko. We let σ,
for the time being, be a C 0 function from R to R. We say that σ has the universal
approximation property if the following holds: for any f ∈ C 0([0; 1]d;R) and any
ε > 0 there exist N ∈ N, {yi}i=1,...,N ∈ (Rd)N , {θi}i=1,...,N ∈ RN , {αi}i=1,...,N ,
such that

(4.7)
∥∥∥∥∥f −

N∑
k=1

αkσ (〈yk, ·〉+ θk)

∥∥∥∥∥
L∞([0;1]d)

⩽ ε.

(1) We assume the following discrimination property on σ: for any probability
measure µ on [0; 1]d,(

∀y ∈ Rd , ∀θ ∈ R ,
ˆ
[0;1]d

σ (〈y, x〉+ θ) dµ(x) = 0

)
⇒ µ = 0.
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Show that under this assumption σ has the universal approximation prop-
erty. Is this an equivalence?

(2) We now let σ be such that
σ(x) →

x→∞
0 , σ(x) →

x→∞
1.

We want to show that σ is discriminatory.
(a) Let µ be such that

∀y ∈ Rd , ∀θ ∈ R ,
ˆ
[0;1]d

σ (〈y, x〉+ θ) dµ(x) = 0.

Show that for any y ∈ Rd , φ ∈ R , θ ∈ R,
µ ({〈y, ·〉 > θ}) + σ(φ)µ ({〈y, ·〉 = θ}) = 0.

Hint: Consider, y , ϕ and θ being fixed, the behaviour of σ(λ(〈x, y〉 +
θ) + φ) as λ→ ∞...

(b) Deduce that for all y ∈ Rd , θ ∈ R,
µ ({〈y, ·〉 ⩾ θ}) = 0.

(c) Prove that this implies µ ≡ 0.
(3) Give an example of a discriminatory σ.

4.2.2. Around the stochastic gradient descent
Exercise 4.4 (Interpolation and variance for finite-sum optimisation problems).
We consider a finite-sum function

f : x 7→ 1

N

N∑
i=1

fi(x),

which is assumed to be coercive, and such that each of the fi is bounded from
below, convex, and has a µ-Lipschitz gradient.

(1) Interpolation for finite-sum problems We define

δf := min f − 1

N

N∑
k=1

inf
Rd
fi.

(a) Show that δf ⩾ 0, with equality if, and only if there exists x∗ ∈ Rd

such that for any i ∈ {1, . . . , N}, fi(x∗) = minRd fi(x).
(b) We let X∗ be the set of minimisers of f and we define, for any x∗ ∈ X∗,

σf (x
∗) := E[‖∇fi(·)(x∗)‖2]. Show that for any x , y ∈ X∗, σf (x) =

σf (y). We call this common value σf .
(c) Show that for any x ∈ Rd there holds

E[‖∇fi(·)(x)‖2] ⩽ 4µ (f(x)−min f) + 2σf .

(2) Variance for mini-batches We assume that f is strictly convex and we let
nB ∈ {1, . . . , N} be a mini-batch size. Show that

σf,nB
=

N − nb
nB(N − 1)

σf .

Exercise 4.5 (Convergence results for the Stochastic Gradient Descent). We ex-
plore in this exercise some further aspects of the stochastic gradient descent that
we did not touch upon in the lecture notes.
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(1) Polyak-Lojasiewicz functions We assume that a function f writes f :

x 7→ 1
N

∑N
i=1 fi(x) with each ∇fi µ-Lipschitz. Furthermore, we assume

that f satisfies a Polyak-Lojasiewicz inequality with constant α:

∀f ∈ Rd , f(x)− inf
Rd
f ⩽ ‖∇f(x)‖2

2α
.

Finally, we consider the sequence generated by the stochastic gradient de-
scent. Show that, for any step size τ small enough, there holds

E[f(xk)− inf
Rd
f ] ⩽ (1− τα)k(f(x0)− inf

Rd
f) +

τµ2

α
δf

where δf = infRd f − 1
N

∑N
i=1 infRd fi. You can assume for the sake of

simplicity that f has a minimiser x∗ and start by proving that

∀x ∈ Rd ,E[‖∇fi(·)(x)‖2] ⩽ 2µ (f(x)− f(x∗)) + 2µδf .

(2) The case of smooth functions Consider a function f that writes f =
1
N

∑N
i=1 fi, where each of the fi is assumed to have a µ-Lipschitz gradient,

fix an integer K and the step size τK :=
√

2
Kµ2 . We let {xk}k∈N be a

sequence generated by the stochastic gradient descent with step size K.
(a) Show that, for any k,

τKE[‖∇fi(·)(xk)‖2] ⩽ (1 + τ2Kµ
2)E[f(xk)− inf

Rd
f ]− E[f(xk+1)− inf

Rd
f ] + τ2Kµ

2δf .

(b) Consider the sequence

αk := (1 + τ2Kµ
2)−1−k

and show that

τK

K−1∑
k=0

αkE[‖∇f(xk)‖2] ⩽ (f(x0)− inf
Rd
f) + τ2Kµ

2δf

K−1∑
k=0

αk.

(c) Deduce that

min
k∈{0,...,K−1}

E[‖∇f(xk)‖2] ⩽
√

2µ2

K

(
2(f(x0)− inf

Rd
f) + δf

)
.

4.3. Solution of the exercises
Solution of Exercise 4.1. (1) We let x ∈ Conv(C) so that we can find {xi}i=1,...,k ∈

Ck , {αi}i=1,...,k ∈ [0; 1]k ,
∑k

i=1 αi = 1 and

x =

k∑
i=1

αixi.

Either k ⩽ d+ 1, in which case there is nothing to prove, or k > 1 + d. In
that case, the family {xi − x1}i=1,...,k is linearly dependent, whence there
exist {µ1, . . . , µk} ∈ Rk \ {(0, . . . , 0)} such that

k∑
i=1

µi(xi − x1) = 0.
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Setting

λ1 = −
k∑

i=2

µi , λi = µi

we obtain ∑
λi = 0 ,

∑
λixi = 0.

Set
γ := min{αi

λi
, λi > 0} , βi = αi − γλi.

The family {βi}i=1,...,d is still an admissible linear weights. Furthermore,
letting j be such that γ =

αj

λj
, βj = 0 and finally

x =

k∑
i=1

αixi =

k∑
i=1

βixi,

and we have thus expressed it as a combination of k−1 elements. Iterating
provides the conclusion.

(2) The implication (b) ⇒ (a) is the Hahn-Banach theorem. Now, assume that
we can find x ∈ Conv(f−−1({+})) ∩ Conv(f−1({−})) where f is a linear
separation of the dataset X, represented, say, by some vector w. Then it
implies that we can write x =

∑
αixi,+ =

∑
βixi,− with xi,± ∈ f−1({±}).

The contradiction follows by taking the scalar product with w.
(3) (a) If the set A is finite then, setting J := 1 +max(A), if follows that the

sequence {wj}j∈N is stationary as off the rank J , which thus provides
the conclusion.

(b) When j = 0, there is nothing to prove. Assume the inequalities are
satisfied at a certain rank j − 1 Two possibilities might occur:

• Either f(xj)〈wj−1, xj〉 > 0, in which case nj = nj−1 and wj =
wj−1. There is nothing to prove.

• Or f(xj)〈wj−1, xj〉 ⩽ 0, in which case nj = nj−1 + 1 and wj =
wj−1 + τf(xj)xj . Thus,

τδnj‖w‖ = τδnj−1‖w‖+ τδ‖w‖ ⩽ 〈w,wj−1〉+ τf(xj)〈w, xj〉 = 〈w,wj〉.
Similarly

‖wj‖2 = ‖wj−1‖2 + 2τf(xj)〈wj−1, xj〉+ τ2‖xj‖2

⩽ ‖wj−1‖2 + τ2‖xj‖2

⩽ ‖wj−1‖2 + τ2R2.

This suffices to conclude.
(c) Using the Cauchy-Schwarz inequality and arguing by contradiction,

this implies the existence of two constants A ,B such that
nj ⩽ A+B

√
nj

which entails that {nj}j∈N is bounded. As the sequence is non-decreasing,
it is eventually stationary, which provides the conclusion.

Solution of Exercise 4.2. (1) This is simply because of the density of piece-
wise affine function.

(2) The function f is linear. It suffices to define N = m+ 1 and
aN = 0 , a1, . . . , aN−1 = 1 , bN = 1 , bi = −xi , c1 := α1 , ci = αi − αi−1.
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Solution of Exercise 4.3. (1) We let X be the set

X :=

{
N∑

k=1

αkσ (〈yk, ·〉+ θk) , N ∈ N , α , θ ∈ RN , y ∈ (Rd)N

}
and we show that X is dense in C 0([0; 1]d). Should this not be the case,
by the Hahn-Banach theorem, there exists a linear form ℓ ∈

(
C 0([0; 1]d)

)′
such that that ℓ 6≡ 0 on C 0([0; 1]d), but such that ℓ ≡ 0 on X. By the Riesz
representation theorem, there exists a measure µ on [0; 1]d such that

ℓ(f) =

ˆ
fdµ.

As σ is discriminatory, this implies µ ≡ 0, a contradiction. This is clearly
an equivalence, for the non-discriminatory character of σ also implies that
X thus defined is not dense.

(2) (a) We follow the hint and we observe that

σ(λ(〈x, y〉+ θ) + φ) →
λ→∞


0 if 〈x, y〉+ θ < 0 ,

σ(φ) if 〈x, y〉+ θ = 0 ,

1 if 〈x, y〉+ θ > 0.

The conclusion follows by passing to the limit.
(b) Take the limit ϕ→ +∞.
(c) This is the Fourier transform, along with the fact that µ̂ ≡ 0 ⇒ µ ≡ 0,

that gives the result: indeed, from the condition of question (b), we
deduce that for any continuous function h,

∀x ∈ Rd ,

ˆ
Rd

h(〈x, y〉)dµ(y) = 0,

which entails that the Fourier transform of µ is zero.
(3) Trivial.

Solution of Exercise 4.4. (1) (a) We let x∗ denote the minimiser of f . Then

δf =
1

N

N∑
i=1

(
fi(x

∗)− inf
Rd
fi

)
⩾ 0

with equality if, and only if, for any i, fi(x∗) = infRd fi.
(b) We let x , y ∈ X∗. From the estimate (4.3), we know that for any

i ∈ {1, . . . , N},
1

2µ
‖∇fi(x)−∇fi(y)‖2 ⩽ −〈∇fi(x), y − x〉.

In particular,

E
[
‖∇fi(x)−∇fi(y)‖2

]
⩽ 2µ〈E [∇fi(x)] , x− y〉 = 0.

Thus,
E
[
‖∇fi(x)‖2

]
= E

[
‖∇fi(y)‖2

]
and the conclusion follows.

(c) This follows from the same reasoning as in the lecture notes.
91



Numerical optimisation-Lecture #4

(2) This is a straightforward computation: let x∗ be the unique minimiser of f .
Then

σf,nB
=

1(
N
nB

) ∑
B⊂{1,...,N} ,|B|=nB

∥∥∥∥∥∑
i∈B

∇fi(x∗)

∥∥∥∥∥
2

=
1(
N
nB

) ∑
B⊂{1,...,N} ,|B|=nB

∑
i,j∈B

〈∇fi(x∗) ,∇fj(x∗)〉

=
1(
N
nB

) ∑
B⊂{1,...,N} ,|B|=nB

∑
i∈B

‖∇fi(x∗)‖2 +
∑

i ̸=j ,i ,j∈B

〈∇fi(x∗),∇fj(x∗)〉


=

1(
N
nB

) ∑
B⊂{1,...,N} ,|B|=nB

∑
i∈B

‖∇fi(x∗)‖2

+
1(
N
nB

)∑
i ̸=j

∑
B ,|B|=nB ,(i,j)∈B

〈∇fi(x∗) ,∇fj(x∗)〉

=

(
N − 1
nB − 1

)
(
N
nB

) Nσf +

(
N − 2
nB − 2

)
(
N
nB

) ∑
i≠j

〈∇fi(x∗),∇fj(x∗)〉

=

(
N − 1
nB − 1

)
(
N
nB

) Nσf +

(
N − 2
nB − 2

)
(
N
nB

) (
N∑
i=1

〈∇fi(x∗) ,∇fj(x∗)〉 −
∑
i

‖∇fi(x∗)‖2
)

=


(
N − 1
nB − 1

)
(
N
nB

) −

(
N − 2
nB − 2

)
(
N
nB

)
Nσf

=
N − nB
nB(N − 1)

σf .

Solution of Exercise 4.5. (1) We begin by proving the estimate. Recall that,
as each of the fi’s has a µ-Lipschitz gradient, we have

∀i ∈ {1, . . . , N} , ∀x ∈ Rd , fi(x)− inf
Rd
fi ⩾

1

2µ
‖∇fi(x)‖2.

In particular, we obtain

‖∇fi(x)‖2 ⩽ 2µ(fi(x)− inf
Rd
fi) = 2µ(fi(x)− fi(x

∗)) + 2µ(fi(x
∗)− inf

Rd
fi).

Passing to the expectation provides the conclusion, and we deduce

(4.8) ∀x ∈ Rd ,E[‖∇fi(·)(x)‖2] ⩽ 2µ (f(x)− f(x∗)) + 2µδf .
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We then argue exactly as in the lecture notes. Indeed, observe that by
the same reasoning as in the proof of Theorem 4.1, for any k ∈ N, we have

f(xk+1) ⩽ f(xk)− 2τ〈∇f(xk),∇fi(·)(xk)〉+
τ2µ

2
‖∇fi(·)(xk)‖2

whence, passing to the expectation, we deduce

E[f(xk+1)] ⩽ f(xk)− 2τ‖∇f(xk)‖2 +
τ2µ

2
E[‖∇fi(·)(xk)‖2]

⩽ f(xk)− τα (f(xk)− f(x∗)) +
τ2µ

2
E[‖∇fi(·)(xk)‖2]by the Polyak-Lojasiewicz inequality

⩽ f(xk)− τα (f(xk)− f(x∗)) +
τ2µ

2
(2µ(f(xk)− f(x∗)) + 2µδf ) by (4.8).

Thus,
E[f(xk+1)− f(x∗)] ⩽ (1− τα+ 2τ2µ2)E[f(xk)− f(x∗)] + τ2µ2δf .

Iterating, we deduce that

E[f(xk+1)− f(x∗)] ⩽ (1− τα+2τ2µ2)(f(x0)− f(x∗))+ τ2µ2
k∑

i=0

(1− τα+2τ2µ2)i,

whence the conclusion.
(2) (a) These are exactly the same computations as before.

(b) It suffices to multiply the previous inequality by αk and to recognise
a telescopic sum.

(c) It suffices to study the inequality

τK min
i=0,...,K−1

E[‖∇f(xi)‖2]
K−1∑
j=0

αj ⩽ f(x0)− inf
Rd
f) + τ2Kµ

2δf

K−1∑
k=0

αk

to conclude.
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Appendix A. Exams

A.1. Midterm (2024-2025)
Exercise A.1 (A bit of Newton method). (1) Let A ∈ S++

d (R) and b ∈ Rd;
write the iterations for the Newton method applied to the minimisation of
the function

f : x 7→ 1

2
〈Ax, x〉 − 〈b, x〉.

(2) Propose an example of a function that is strongly convex but for which,
depending on the initialisation, the Newton method does not converge.

Solution of Exercise A.1. (1) See the lecture notes.
(2) Idem.

Exercise A.2 (The Newton method for the computation of eigenvalues). Let A ∈
Md(R) and let λ ∈ R be the smallest eigenvalue of A. We assume λ is a simple
eigenvalue of A. We let xλ be an associated eigenvector, with ‖x‖ = 1. We want
to approximate (λ, xλ) numerically. To this end, we introduce the function

Φ : (x, ξ) 7→ (Ax− ξx, ‖x‖2 − 1).

(1) Prove that

λ = min
y ,∥y∥=1

〈Ay, y〉
‖y‖2

.

(2) Show that the Jacobian JΦ of Φ at (xλ, λ) is invertible (Hint: to check a
linear map is invertible, it suffices to check it is injective... Also, what does
the Courant-Fischer formula give you?).

(3) Which rate of convergence should we expect for the Newton method? Which
operations should be carried out and how would you carry them out numer-
ically?

Solution of Exercise A.2. (1) See exercise sheet 1.
(2) The Jacobian JΦ at (x, ξ) is given by

JΦ(x, ξ) : (h, µ) 7→ (Ah− ξh− µx, 2〈x, h〉).
To check its invertibility, it suffices to check that it is injective. In other
words, let us show that JΦ(xλ, λ)(h, µ) = (0, 0) implies h = 0 , µ = 0. On
the one hand, we have

Ah− λh = µxλ

and, on the other,
〈xλ, h〉 = 0.

This implies (taking the scalar product of the first equation with xλ)
〈Ah, h〉 = λ‖h‖2.

As
λ = min

y ,∥y∥=1

〈Ay, y〉
‖y‖2

this gives that h is an eigenvector associated with λ. However, as λ is a
simple eigenvalue and as xλ and h are orthogonal, this gives a contradiction.

(3) We can expect a quadratic convergence rate as the Jacobian is invertible.
However, at each step, we must solve a linear system. There are several
possibilities to do so, typically a Gauss elimination procedure.
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Exercise A.3. Let f ∈ C 2(Rd;R) be coercive, assume that ∇f is µ-Lipschitz and
that f has a unique critical point.

(1) Show that for any x0 ∈ Rd and any τ > 0 small enough, the sequence
of iterates generated by constant step-size gradient descent remains in a
compact subset of Rd.

(2) Show that for any x0 ∈ Rd and for such a τ , the sequence generated by
gradient descent with constant step-size τ converges (you must identify the
limit point).

Solution of Exercise A.3. (1) Any τ < 1
µ would fit.

(2) Here you can invoke the Zoutendijk theorem: any closure point is critical,
and since there is a unique critical point, there is a unique closure point for
the sequence. As the sequence remains in a compact set, this is sufficient
to guarantee convergence to that critical point.

Exercise A.4 (Mirror gradient descent). We study a variant of gradient descent
based on the notion of Bregman divergence: For any strictly convex, C 1 function
φ : Ω → R (where Ω is a convex subset of Rd), we define its Bregman divergence as

dφ : Ω× Ω 3 (x, y) 7→ φ(x)− φ(y)− 〈∇φ(y), x− y〉.

(1) Preliminary
(a) Compute the Bregman divergence of φ : x 7→ ‖x‖2 (here Ω = Rd) and

of φ : x 7→
∑d

i=1 xi ln(xi) (here Ω = {x ∈ [0; 1]d ,
∑d

i=1 xi = 1}. In
the last case, show that the Bregman divergence is given by (x, y) 7→∑d

i=1 xi ln(xi/yi). Is the Bregman divergence symmetric in general?
(b) Show that if φ is strictly convex, then for any y, x 7→ dφ(x, y) is strictly

convex.
(c) Show that if φ is strictly convex then dφ(x, y) ⩾ 0 with equality if,

and only if, x = y.
(d) Consider a C 1 function f : Rd → R with µ-Lipschitz gradient. Let

τ ⩾ 0, x0 ∈ Rd and {xk}k∈N the sequence generated by gradient
descent with constant step size τ > 0. Show that for any k ⩾ 0 xk+1

is the minimiser of

y 7→ 〈∇f(xk), y − xk〉+
1

2τ
‖y − xk‖2.

You must show that this map admits a minimiser beforehand.
We now define the gradient descent with step-size τ > 0, with respect to
a function φ, as: given an initialisation x0 ∈ Rd, for any k ∈ N, xk+1 is
chosen as the minimiser of the map

y 7→ 〈∇f(xk), y − xk〉+
1

2τ
dφ(x, xk).

(2) Study of the Bregman descent
(a) Let ℓ be a C 1, convex function bounded from below, x ∈ Rd. Assume

that φ is coercive and strictly convex. Let y∗ be defined as the solution
of

min
y∈Rd

ℓ(y) +
1

2τ
dφ(y, x).
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Show that for any y ∈ Rd,

ℓ(y) +
1

2τ
dφ(y, x) ⩾ ℓ(y∗) +

1

2τ
dφ(y

∗, x) +
1

2τ
dφ(y, y

∗).

Hint: you can start by showing that for any (a, b, c) ∈ (Rd)3 there holds
dφ(c, b)− 〈∇φ(a)−∇φ(b), c− b〉 = dφ(c, a)− dφ(b, a).

This procedure, applied iteratively to ℓ with a step size τ > 0, is called
the Bregman descent.
We say that ℓ is L-smooth with respect to φ if Lφ− ℓ is convex.

(b) Assume that f is L-smooth with respect to φ, convex, coercive and
C 1. Let {xk}k∈N be the sequence generated by Bregman descent with
a constant step-size τ > 0, defined as

(A.1) xk+1 = argmin

(
f(xk) + 〈∇f(xk), y − xk〉+

1

2τ
dφ(y, xk)

)
.

We want to show that if τ ∈ (0; 1/2L), the sequence {xk}k∈N satisfies

f(xk)−min
Rd

f ⩽ 1

kτ
dφ(x

∗, x0)

where x∗ is a minimiser of f (you can assume it to be unique).
(i) First, show that for any x, y,

f(y) ⩽ f(x) + 〈∇f(x), y − x〉+ Ldφ(y, x).

(ii) Write down the optimality conditions for the optimisation prob-
lem (A.1).

(iii) Using the strict convexity of φ, show that {f(xk)}k∈N is decreas-
ing unless it is stationary.

(iv) Prove that
f(xk+1)− f(x∗) ⩽ 〈∇f(xk), xk+1 − x∗〉+ Ldφ(xk+1, xk).

(v) Prove that

〈∇f(xk), xk+1 − x∗〉 ⩽ 1

2τ
(dφ(x

∗, xk)− dφ(x
∗, xk+1)− dφ(xk+1, xk)) .

(vi) Conclude.
(c) Assume that, besides the assumptions of the previous question, f is

α-strongly convex relative to φ in the sense that f − αφ is convex.
Show, with the same assumptions on the step-size τ > 0, that

dφ(x
∗, xk) ⩽ (1− ατ)kdφ(x

∗, x0).

Solution of Exercise A.4. (1) (a) For φ0 : x 7→ ‖x‖2, we obtain
dφ0(x, y) = ‖x‖ − ‖y‖2 − 2〈y, x− y〉 = ‖x− y‖2.

For φ1 : x 7→
∑d

i=1 xi ln(xi),

dφ1
(x, y) =

∑
i

xi ln(xi)−
∑
i

yi ln(yi)− 〈

1 + ln(y1)
...

1 + ln(yd)

 , x− y〉

=

d∑
i=1

xi ln

(
xi
yi

)
.
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(b) A sum of a linear function and of a strictly convex function is strictly
convex.

(c) Definition of the strict convexity.
(d) Introduce the function

g : y 7→ 〈∇f(xk), y − xk〉+
1

2τ
||y − xk||2.

The coercivity and the strong convexity of g are immediate, which
gives the existence and uniqueness of a minimiser, characterised by

∇g(y∗) = 0 ⇔ ∇f(xk) +
1

τ
(y∗ − xk) = 0.

This is exactly the definition of the sequence generated by gradient
descent.

(2) (a) We begin with the hint. Letting a , b , c be three points in Rd, we have
dφ(c, b)− 〈∇φ(a)−∇φ(b), c− b〉 = φ(c)− φ(b)− 〈∇φ(b), c− b〉 − 〈∇φ(a), c− b〉+ 〈∇φ(b), c− b〉

= φ(c)− φ(b)− 〈∇φ(a), c− a〉 − 〈∇φ(a), a− b〉
= φ(c)− φ(a)− 〈∇φ(a), c− a〉
− (φ(b)− φ(a)− 〈∇φ(a), b− a〉
= dφ(c, a)− dφ(b, a).

Moving back to the optimisation problem, we obtain, at an optimiser
y∗,

∇ℓ(y∗) = ∇φ(x)−∇φ(y∗)
2τ

.

Consequently, as ℓ is convex,
ℓ(y) ⩾ ℓ(y∗) + 〈∇ℓ(y∗), y − y∗〉

= ℓ(y∗) +
1

2τ
〈∇φ(x)−∇φ(y∗), y − y∗〉

= ℓ(y∗) +
1

2τ
(dφ(y, y

∗) + dφ(y
∗, x)− dφ(y, x)) .

This gives the required conclusion.
(b) (i) This is simply a convexity inequality.

(ii) The optimality conditions write

∇f(xk) +
1

2τ
(∇φ(xk+1 −∇φ(xk)) = 0.

(iii) We have
f(xk+1) ⩽ f(xk) + 〈∇f(xk), xk+1 − xk〉+ Ldφ(xk+1, xk)

⩽ f(xk) +
1

2τ
〈∇φ(xk)−∇φ(xk+1), xk+1 − xk〉+ Ldφ(xk+1, xk)

⩽ f(xk) +
1

2τ
〈∇φ(xk)−∇φ(xk+1), xk+1 − xk〉+ L (φ(xk+1)− φ(xk)− 〈∇φ(xk), xk+1 − xk〉)

⩽ f(xk) +
1

2τ
〈∇φ(xk)−∇φ(xk+1), xk+1 − xk〉+ L (〈∇φ(xk+1)−∇φ(xk), xk+1 − xk〉) ,

and the last inequality is strict unless xk = xk+1. Taking τ <
1/2L yields the conclusion.
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(iv) It suffices to use the convexity of f :
f(xk+1)− f(x∗) ⩽ f(xk)− f(x∗) + 〈∇f(xk), xk+1 − xk〉+ Ldφ(xk+1, xk)

⩽ 〈∇f(xk), xk − x∗〉+ 〈∇f(xk), xk+1 − xk〉+ Ldφ(xk+1, xk)

= 〈∇f(xk), xk+1 − x∗〉+ Ldφ(xk+1, xk)

(v) It suffices to apply Question (a).
(vi) We obtain

f(xk+1)− f(xk) ⩽
1

2τ
(dφ(x

∗, xk)− dφ(x
∗, xk+1)) .

We conclude as in the lectures.
(c) Observe that in that case

αdφ ⩽ df

so that, writing
f(x)− f(y) = 〈∇f(x), x− y〉 − df (y, x)

the same steps provide
f(xk+1)− f(x∗) ⩽ f(xk)− f(x∗) + 〈∇f(xk), xk+1 − xk〉+ Ldφ(xk+1, xk)

= 〈∇f(xk), xk − x∗〉 − df (x
∗, xk) + 〈∇f(xk), xk+1 − xk〉+ Ldφ(xk+1, xk)

and we conclude as in the lectures.
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