DISPERSIVE ESTIMATES FOR NONHOMOGENEOUS RADIAL PHASES:
AN APPLICATION TO WEAKLY DISPERSIVE EQUATIONS AND WATER
WAVE MODELS

BENJAMIN MELINAND

ABSTRACT. We study linear dispersive equations in dimension one and two for a class of radial
nonhomogeneous phases. L' — L° type estimates, Strichartz estimates, local Kato smoothing
and Morawetz type estimates are provided. We then apply our results to different water wave
models.

1. INTRODUCTION
We consider a class of dispersive equations under the form
i
(1) O =+ g(5|D])u
where § > 0 is a parameter, u(t,z) € C, t € R, z € R" with n = 1 or 2. We assume that

(HO) g is a real-valued C? function defined on RY.

In the following we use a Fourier multiplier notation and denote the unique solution of
with u(0,z) = up well enough localized as

1 ot il g(8l)~
(2m)3 / e e 590G () de.

Remark 1.1. When n = 1, one can also consider dispersive equations under the form
9(0|D])
0.
5D "
where § > 0, u(t,z) € R, t € R, x € R since we have the relation

9(3|D1) t
t 1z ;L
e OIDI Py = e 1590ID)

.t
2) u(t,z) = 590y =

8tu::l:

(]

i59(3/D])
]l{D<0}U() +ed ]l{D>0}ug.

Studying dispersive estimates for a class of general radial phases is not new and we refer for
instance to [GPWO08, [COX11] or [KPV91] when n = 1. We restrict our study ton =1 or n = 2
since we apply our results to water wave models. Using the methodology developped in this
paper together with integration by parts as in [GPWO0S]|, one can easily extend our results to
n > 3, considering C™ phases with ad hoc bounds from above on their derivatives. Our goal is
threefold : (i) provide minimal assumptions on the phase in order to obtain optimal dispersive
decays, (ii) study weakly dispersive equations and (iii) obtain bounds that are uniform with
respect to 6 — 0. Let us first discuss point (i). The key bounds are of L' — L* type. Using
Fourier transform one has to estimate oscillatory integrals. To do so we split the integrals into
three different areas: the low, the intermediate and the high frequencies. For the low frequencies,
respectively the high frequencies, we consider phases g such that ¢”(y) ~ y* as y — 0, resp.
y — oo, for some o € R. The power a can differ between the low and high frequencies. In
Lemma 2.5 when n = 1, Lemma [2.15] and Lemma [2.17| when n = 2, we prove optimal L' — L
type estimates of the low or high frequency part of the propagator. A careful attention is also
given for low frequency estimates when n = 2 and ¢’ 2 1 at the vicinity of 0 (Lemma since
a better time decay can be obtained compare to an homogeneous phase. For the intermediate
frequencies, the decay depends on the dimension n. When n = 1, L' — L® type estimates with
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1
a decay of order |t| "7 can be obtained if ¢”,---,¢® do not vanish at the same time (Lemma
. When n = 2, if |¢/| > 0 and ¢”,--- .9 do not vanish at the same time one can prove

1 1
L' — L type estimates with a decay of order |[t| 2" #» (Lemma D whereas if ¢/, g",- -, g®
do not vanish at the same time one can prove L' — L type estimates with decay of order

\tr% (Remark or Lemma . The main tool used to perform these estimates is Van
der Corput’s Lemma. We also use a Littlewood-Paley decomposition to better understand the
regularity needed at low and high frequencies in order to get an optimal time decay. Then,
with all these estimates in hand, we perform Strichartz estimates in Subsection [2.5] Finally,
in Subsection [2.6] we study two properties of dispersive equations: local Kato smoothing effect
and local energy decay (related to Morawetz estimates). We provide a result that unifies these
two properties.

Concerning point (ii) we have in mind a phase g where ¢'(y) — 0 as y — oo (a < 0 in the
previous paragraph). In that case, extra regularity of the initial datum is necessary in order to
obtain a time decay at high frequencies. In Lemma [2.5 when n = 1, Lemma and Lemma
when when n = 2, we provide the minimal regularity needed to do so.

Finally to achieve goal (iii) we carefully track the dependence of the parameter ¢ in all our
dispersive estimates. Assumption (HO) does not necessary mean that g is defined or smooth
at 0. However when it is true with ¢’(0) # 0 and 0 small, Equation can be seen as a
perturbation of the half-wave equation. Therefore we expect to capture, at least for the low
frequencies, similar properties to the wave equation as § — 0. We have in mind L' — L™®
type estimates with decay of order ]tlfé when n = 2 and local energy decay for any dimension
(also called Morawetz estimates [Mor68]). We show such properties in Lemma (for the
L' — L™ type estimates) and in Proposition and Corollary (for the bound and the
decay of local energy) with bounds that are uniform with respect to 6 — 0.

This problem is motivated by the study of water-wave models in the shallow water regime.
Adopting the framework of [Lanl3|], we introduce the shallowness parameter p € (0,1]. As
examples of our dispersive estimates, we mainly study two models. Firstly, in Subsection [3.4
we consider the linearized irrotational water wave equations (under the Zakharov/Craig-Sulem
formulation)

_ tanh(y/u|D|) _
(3) 8t< Vi ‘DW} - 0:
at’(vb + C = O’
so that 6 = /p € (0,1] and

g(y) = vy tanh(y).

Secondly, we study in Subsection the dispersive part of the linearized abcd-Boussinesq

Systems
(4) (1 — pubA)O¢ + (1 + paA)V -V =0,
(1 = pdA)oyV -V 4+ (1 +cA)V( =0,

under the condition that b > 0,d > 0, a < 0, ¢ < 0 (in order to get the wellposedness [BCS02]),

so that § = /i € (0,1] and
(= pay?) (1 — pey?)
9(y) = Z/\/(l T ,ubyz)(l + Mdy2)'

These two models exactly fall within our goals (ii) (at least for most of parameters a,b,c,d
when one considered System (4))) and (iii) (since y can be very small).
We also provide dispersive estimates for other models when n = 1:

— the linearized Ostrovsky equation, studied in Subsection (3.1
O = (=0, 'u + bd3u)

where, in the setting of Remark d=1and g(y) = % — by3,
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— a linearized BBM/KdV equation, studied in Subsection
Oru + ppdadyu = +(0pu + p(p + )33 )

1
1—(p+5)v°

with p < 0 and where, in the setting of Remark 0=/ and g(y) = e

— the linear intermediate long wave equation, studied in Subsection
1
up = —(pl D])0ru

where ¢(y) = y coth(y) — 1 and with p > 0.

Notations.

e If u is a Schwartz class function, we define Fu or @ as the Fourier transform of u by

i :71 e 8y (x)dx
© = Gz [, @

e If f is a smooth function that is at most polynomial at infinity, we define the Fourier
multiplier f(D) as, for any Schwartz class function u,

F(Dyu=FH(f(&)a(€)).
The family (Q;);ez is defined in Subsection
Jo is a Bessel function defined as Jy(s) = f027r etssin(®) gg.
If g is a function and p € N, we denote by ¢(P) the p-th derivative of g.
Zjy:={ke€Z, 281 2k1] C J} where J is an interval.
If p € [1,00], we denote p’ = 5.
If A is a subset of R™, the map z € R™ — 1 4(z) stands for the indicator function of A.
If ug is function defined on R™ we denote by ||ug||zr the LP(R™) norm of ug.
If F:(t,z) € RxR" = F(t,z) € R, the norm |[F| sy, corresponds to the norm of the
space L4(R; L™ (R™)).
e If T: E — F is linear bounded operator with E, F' two Banach spaces, we denote by
T* its adjoint.

Acknowledgments. We thank Jean-Claude Saut for his interest in this work and Vincent
Duchéne for his comments that greatly improve the presentation of this paper. We also thank
Anatole Gaudin for very enriching discussions about interpolation theory and harmonic analysis.
This work has been partially funded by the ANR project CRISIS (ANR-20-CE40-0020-01).

2. DISPERSIVE ESTIMATES

2.1. Littlewood-Paley decomposition. Since the phases we consider are not necessary ho-
mogeneous or weakly dispersive, we use a Littlewood-Paley decomposition to better capture the
difference between the low and the high frequencies and catch possible need of extra regularity.
We introduce a smooth nonnegative even function ¢y supported in [ s 5] that is equal to 1

3] and that is nonincreasing on R*. Then we define, for any y € R and any j € Z,

: 3
in [, %
Qi(y) == o279 y) — vo(277y). We note that Q; is a function supported in the annulus
C(%Qﬂ 897) ¢ €(27~1,2711) and that for any y € R*

»5
1
Qj(y)E[O,l] ) ZQJ(y) §<ZQ2
JEZL JEZ
We also define the set Z; for any interval J of R as
Zy={keZ, [2F1 2" c J}.
Roughly speaking for some y; > yo > 0, Z; gathers the low frequencies when J = (0, yo], the
intermediate frequencies when J = [yg,y1] and the high frequencies when J = [y1,00). Note

that if J = (yo,y1) with 0 <y < %yl < 00, then ZJEZJ Q; is equal to 1 on (%yo, %yl).
3



2.2. Tools for dispersive estimates and framework. In this section, we introduce some
basic tools in order to prove decay estimates. We first recall the van der Corput lemma (see for
instance [Ste93]).

Lemma 2.1 (Van der Corput). Let a < b be real numbers, X\ > 0 and ¢ a smooth real-valued
function defined on (a,b). Assume that there exists p € N* such that || > X on (a,b) and, if
p =1, that ¢ is monotonic on (a,b). Then, there exists a constant ¢, that only depends on p,
such that for any t € R* and any C' function f defined on [a, b]

/be’w(w)f( )dz| < cp(Aft]) " <|f )|+ / [ (= |d:c)

a
We easily get the following corollary in the case p = 1.

Corollary 2.2. Let a < b be real numbers, r € N, A > 0 and ¢ a smooth real-valued function
defined on (a,b). Assume that |¢'| > X on (a,b) and that ¢ has at most r zeros on (a,b). Then,
there exists a constant ¢ such that for any t € R* and any smooth function f defined on [a,b]

b b
[ ie] < 55 (sl )+ [ @las)
Then, we introduce the Bessel function Jy: for any s € R
2
J()(S) — / eis sin(@)da,
0

A direct application of Van der Corput’s Lemma gives

[ To(s)] + [To(s)] <

1
1~|—|s!.

Furthermore, introducing a smooth nonnegative function x defined on [0, 27] with x(z) = 0 for

z € [28, 7] and x(z) = 1 for any z € [Z, 3T], one can decompose Jy as

2 2
JQ(S) _ eis/ X(e)eis(sin(e)—l)dg + e—is/ (1 _ X(@))eis(sin(0)+1)d0 — oS (S) + 6_i8h+(8).
0 0
Integrating by parts if necessary and using Van der Corput’s Lemma, one can get for any p € N

1
WP ()] § ———
(L+ st
In the next two subsections, we prove different decay estimates. Our goal is to provide
L' — L type bounds of and therefore L2° bounds of

/ eiw'ée%g(t;lﬁ\) €| de.

The quantity |£|® is introduced to catch global smoothing effects or to assume extra regularity
in order to get a time decay. Since g can have different behaviors on the low, intermediate
and high frequencies, we split the domain of integration into different pieces and it remains to
estimate two type of integrals:

/ eI §ICIED \ (51¢ )¢ de

where x is a smooth function supported on an interval and
/ eixfeigg(ﬂﬂ)p(%)msdf

for some j € Z and where P is a smooth function whose support is contained in the annulus
C(%7 2). The first type of integrals appears for the intermediate frequencies or when a derivative
of ¢’ is far from 0. The second type of integrals occurs when one performs a Littlewood-Paley
decomposition and wants to understand the regularity needed to get an optimal time decay.
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2.3. Dispersive estimates in the 1d case. In this subsection we assume that n = 1. We
first give an easy consequence of Van der Corput’s Lemma in case a derivative of g is far from
0 on an interval.

Lemma 2.3. Let J C RT an interval. Let A\ > 0, p € N with p > 2. Assume that g satisfies
(HO), that g is C? and |g®?)| > X on J. Let x be a smooth function on R whose support is a
subset of J and such that X' € L'(J). There exists C > 0 such that for any t € R* and any
0>0

1p
e
)7

sup
zeR

/ PRI 59 (sl&h x(56)de| <
R

Remark 2.4. When J is unbounded, the previous integral is well defined from integration by

parts since g,/gz%% has a sign for |y| large enough and lim |¢'(y)| = +oc.

|y|—+o00
The previous lemma is particularly useful for homogeneous phases or low frequency estimates.
However, in many situations, one has to be more accurate especially when ¢'(y) — 0 as y — +oc.
For this reason we localize in the annulus C(628~1, §25*1) for some k € Z. Fix P a smooth even
function supported in the annulus C (%, 2). We define the quantity for any t € R, z € R, s € R
and k € Z

S iz i S 2(1+S)k 2 lzk xr i T S
bk = /R+ e e 69(‘”5' ( )5 d§ = el ﬁ e 69(2 ) p P(r)rédr.
2

Note that one can easily compute from Il:i ok the quantities

, 1 901E)
/ 6378 590D p(35) €] or / "L P86 for o € N
R R

Lemma 2.5. Let J C R an interval. Let A\ >0, a €R, s € R and p € N with p > 2. Assume
that g satisfies (HO), that g is CP and that |g®) (y)| > \y® on J. There exists C' > 0 such that
foranyt € R*, any 6 >0 and any k € Z;

a)k 1—31‘:7—10

S|

2(s~
sup\If’z’k\ <C T
T€R |t|p
and, if 1 > 2 and |g"(y)| > A\y® on J,

2(5-‘1—172170‘)]65 17‘7l7l

sup |17, x| < T
zeR |t|l

Proof. By a change of variables, one can assume that § = 1. Defining ¢(r) = tg(2Fr) + 2Fzr,
we have |p®) ()| = 2P*|tg(P)(2Fr)|. Van der Corput’s Lemma gives

. 9(1+s)k
‘It,x,k‘ rg 1
(2PFtlgtP) (2Fr)) v
for some r € [1 2]. The first bound follows. The second bound can be obtained by interpolation
between the first bound and the fact that |17, | < 2(s+1)k, O

By taking P = @)y in the previous lemma we get

. .t
sup| [ <5908 3 Q;(50)l¢lde| 5 °
R

z€R k€Zy |t|E

l—sp—p

provided that s — % > 0and J = (0,y0) or s — % < 0 and J = (yo, +00).
The next lemma can be seen as an alternative to Lemma [2.3] that is better suited for inho-
mogeneous phases when ¢”(y) — 0 as y — 0 or +00 without vanishing.
5



Lemma 2.6. Let J C R" an interval. Let A, X > 0, £,s,a € R with o # —2. Assume that g
satisfies (HO) and that |g" (y)| > A\y® on J.

(1) If §>s5>—1o0r5 <s < —1, there exists C > 0 such that for any t € R* and any

6>0
6_ (1+;_)'—(5+1) . 5_ (1+(2x-)~>(s+1)
Y sup || € C———, swp / s 90D N " Qi (8) ¢l de| < O —
keZJIE |t|m zeR |JR keZ, |t|m

(2) If furthermore Ay®*t > |¢'(y) — €] > Ay*™t on J and o ¢ {—2,—1}, there exists C > 0
such that for any t € R* and any 6 > 0
55"

s 0”2 06 i5.9(31€)) $
sip 3|12 [ <0t sup /ewfe s Quse)eiael <.

Remark 2.7. When J =]0, 1], 6 = 1 and s = 0, we get item (c) of Theorem 1 in [GPWO0S§|. Point
(2) is similar to Corollary 2.9 in [KPV9I].

When J = (0,y0] and § < s < —1orJ = [yg,00) and § > s > —1 for some yo > 0, we rather
use Lemma [2.5] since the decay provided by Lemma [2.6]is not optimal.

1+«

Remark 2.8. As noted in [KPV9I], the assumption « # —2 is crucial since the estimate is not
true for g(§) = In(]¢]). Concerning the case (a,s) = (—1,—%), our proof fails in the region
|z| ~ |t| since the set A, defined in the proof can actually be Z and then is not bounded. We
interpret this issue as the fact that o = —1 corresponds to a wave-type behavior so that the
dispersive effects can not be optimal.

Proof. We begin with the first estimate. In that case, (s+1)(s— %) < 0. We have, using Lemma
for any k € Z;

s—L)k s—(s+1
I | S min (2(1+5)k(5—(5+1), 2(2)(5(2)>

]
so that if a > —2
doswllipg S 3, 2T )
keZ z€R _1_ _1 1 1
J 2k|t|a+2 <§ot2 2k |t|o+2 >§ o2

whereas if @ < —2

Z su§‘1217k‘ < Z

kez; T€

o(s— )k 5—(s+1)

Z 2(1+s)k5—(s+1)'
t]

1

1 1 1
Qk‘tla-&-f S6a+§ 2k|t|0‘+§260‘+2

The first estimate follows and also the second one by taking P = Q) in the definition of I} .
Then, we consider the third estimate. By translation, one can assume that £ = 0. Two cases
occur.

e Case 1: %2("‘“)’“\75\ <l|z| < 4A2(a+1)k|t|

Lemma [275] gives
57 1+«
o 2
I2 | < .
‘ t,x’k’ ~ |t|

Note that since a # —1, the set Ay, := {k € Zy, 32TVk|¢| < |z < 4A2@FVF|¢[} is bounded
by a number independent of ¢, x, §.

e Case 2: %2(0‘+1)k|t| > |z| or |z| > 4A2(+ Dk
6



Defining the phase ¢(r) = Lg(2"r) + % “2r and since |¢'(r)| > %5_12(°‘+2)k|t|, we get thanks

to Corollary [2.2]
o 24ay . 2+a Q_QT“IC(S_%
|txk|<m1n 272 % Q’T )

Therefore gathering all previous estimates, we get ifa>—-2and a # —1

Ll S D0 1+ >

kEZy k€A« k€Zy, k‘¢At)k
1+« a+2 o
(57 2 24ap o 2+a 272 kéii
L i D DS
2l 11 1 1 I
Qk‘tl at2 S(S a+2 2k‘t| a+2 26 a+2
whereas if @ < —2
1+ +2 a
o o~ N 2_a2 k§—2 2oy . 24a
12 | < + I 272 0T 2.
k| i
keZ, t] 1 1 1 1
2k |t|aF2 <§oF2 2k |t|aF2 >§o+2

The third and fourth estimates follow.
O

Finally, we provide a result for the intermediate frequencies. We consider the situation where
some derivatives of g do not vanish at the same time.

Lemma 2.9. Let A\ > 0, y; > 3o > 0 and | € N with | > 2. Assume that g is C' and that
l

Z ]g(p)| >\on [%yg,2y1]. There exists C > 0 such that for any k € Z such that yo < 2F <y,

p=2
any 0 >0 and any t € R*

§—(s+1=1)k it §—(s+1=1)k
sup|If, 4| < C———— , sup / eCeis90) N Qu(ae) gl de| < C
e iy TER|R yo<2* <y, idx
Proof. For p € {2,--- 1} we define the sets
By L e B2l 9P W) > =2V o € (o2l ld® )] < =2
b 205 IR 20-1) )} 2o mIRD —2(-1)
so that by assumption J, is a finite union of intervals and I_IéZQJ = [%yo, 2y1], and the integrals

2(5+1)k 2 k
I, := e / el ar 169(2 ’")]ljp(ri)P(r)rsdr.
1
2

If 2k|t| < 6
o(s+)k  o(s+l-Pk oh  o(s+1-1)kg—(s+1-7)k

L < = — <
Bl % g 5<S+1—*>k 5t e

If now 2%|t| > 6, denoting ¢(r) = Lg(2~r) + 2 S, |pP) ()| = 2P*5~1|tg() (25| and by Van der

Corput’s Lemma
<2 (5>é<23kasé L gt D
NIV ARV o

Then since 2¥[t| > &
57z 61 §(et1-1)o )k

= 1 (L < :

i [t]7 [t




The first bound follows noticing that 2% ~ 1. The second bound follows by taking P = Qg in
the definition of Iz ok and the boundedness of the domain of summation. O

2.4. Dispersive estimates in the 2d case. We assume that n = 2. We begin with a series
of results that provide a better decay compare to the wave equation. There are however not
uniform with respect to § — 0. First, we consider the quantity for t € R, 2 € R? and y a
smooth function

.t
o) oo = [ eS8 Oy Blelde

We can rewrite the integral I; . , using polar coordinates and the functions h4 as

2 ¢
It,:c,x:/ / elr‘x‘Sm(e)elgg(ar)x(ér)rdedr
r+ Jo

Lt Lt
:/ el(égw)ﬂwr)h(|:1:|r)x(5r)7“dr—|—/ (IO (|2 )Y X (67)rdr
R+ R+

=Ttay,— + Ttax,+-

Our first result is a low and intermediate frequency estimate assuming that ¢’ # 0 and some
other derivatives of g do not vanish on a bounded interval.

Lemma 2.10. Let J C Rt a bounded interval. Let A\ > 0 and l € N with | > 2. Assume that

l
g satisfies (HO) and that g is C', |g'| > X and Z |g(p)| > XonJ. Let x be a smooth function
p=2
such that x(y) =0 for any y ¢ J. There exists C > 0 such that for any t € R* and any § > 0

2-3l

21
sup |l zy| < C——.
b, Ve I3+
Remark 2.11. Such configuration typically occurs when there is a coupling between a high
dispersive operator and a wave operator. Note that if we do not assume that |g’| > ), one can
only get though Van der Corput’s Lemma

sup ‘It,;c,x’ 5 1 -
r€R? |t| 1

Proof. By a change of variables, one can assume that § = 1. For p € {2,--- |1} we define the

sets
p—1

Jp = {y € J, 19" (y)| > 2(lA—1)} N {y € J,1gM ()| < 2(l)\—1)}

k=2
so that by assumption J), is a finite union of intervals and I_ILZQJp = J, and the integrals

I+ ::/ ei(tg(’")ﬂxl’“)hi(|x]r)x(r)r]ljp(r)dr.
R+
We then introduce the phase ¢4 (r) = tg(r) F |z|r. We consider two cases.
e Case 1: |z > Jt]

Noticing that |¢§f) ()| = [tg®(r)] > 72<t], by Van der Corput’s Lemma, the properties on
the functions hyt and since |, +| < 1, we get

11 1 1
Smin (1, ——— | Smin | 1, < .
( |t|ivlwl> ( |t|5*i> 121

’I/pd:

e Case 2: |z| < %|t|



Noticing that |¢/y(r)| > 3|t|, using Corollary (note ¢, has a finite number of zeros on J,
(p—1)

since ¢ "/ is monotonic), the properties on the functions h4 and since |1, +| S 1, we get

1 1 1
‘I,:l: Smin<17> S 1,1 S 1,1°
)~ s i e

O

Then we provide a low frequency estimate with a better decay compare to the previous lemma
when ¢ is defined and smooth close to 0 and ¢'(0) # 0.

Lemma 2.12. Let o > 1. Let A, )\, yo > 0. Assume that g satisfies (H0) and is defined and C*
in the neighborhood of 0, that |¢'(y)| > X\ and that |¢"(y)| > A\y® for any y € [0,90]. If « =1,
assume also that A\y®T < |¢'(y) —¢'(0)| < Ayt for any y € [0,y0]. Let x be a smooth function
such that x(y) = 0 for any y > yo. There exists C > 0 such that for any t € R* and any § > 0

3 14«

) 22+a

sup Itz x| < O35
z€R? |t| 2(2+a)

Remark 2.13. This lemma is typically adjusted for phases such that ¢/(0) # 0, ¢®)(0) = 0 and
g® (0) # 0 for p,l € N with 2 < p <. As we will see later, the water wave phase and most of
the abcd-Boussinesq phases satisfy this assumption with [ = 3 (and then o = 1).

Proof. By a change of variables, one can assume that § = 1. We consider two cases.
e Case 1: [z] < 3t

Defining ¢ (r) = tg(r) F |z|r, we have in that case |¢/,(r)| > 3| so that, using Corollary
the properties on the functions hy and since [0, yp] is a bounded,

1

. 1
’Itw%ﬂ:’ < min (L W) N T 5Fra
o2+

e Case 2: |z] > 3t

We notice that I; ;. + is the evaluation of a Fourier transform (with respect to the variable
r) at £|z| — ¢'(0)t

lia = V20 (00O (jalr) L oy (r)x(r)r) (] - ¢/ (O)1)

so that introducing a 1d Littlewood-Paley decomposition (see Subsection and integrating
by parts

< supz

YeER ez,

[ t0,x,+

L (e a0 Oy r)et ) (el

2k+l
/kl

Using the properties on the functions h4 and an easy adaptation of Lemma
1 1

‘It,(IJ,X,Zl:‘ S 73
‘t’2(2+0‘) V ‘l‘|

and the result follows in that case. O

< sup g sup
yeR 2k <2y 2€[0,y0]

/ T =i ita(n =o' O ), (1) by

% (hi(|x|r)x(r)r%) ’ dr.




Secondly, we provide estimates for more general phases. For this reason we localize in the
annulus C(2°~1,2¥1). Again we fix P a smooth even function supported in [—2, —3] U [$,2].
We introduce the quantity for any ¢t € R, z € R?, s € R and k € Z,

Fap = [ eweeT0 P e
R2

Using a change of variables and polar coordinates we can rewrite I; ; j

2+s)k 2 1 ( ) -
ts,;t,k: — 53+2 / / 1 r:r sin( ( ) S d0dr

(2+8)k‘ ot
= T / GO (2 fafr) P+
s 1
2
9(2+s)k

2t
+ Wﬁ 61(39(52%)—*Iw\r)h+(%|x|r)P(r)T1+sdr
2

= I;Z‘,k‘,— + I;x7k7+.
We recall that Zj := {k € Z , [2F=1 2F1] c J}.

Lemma 2.14. Let J C Ry an interval. Let A > 0, o, B,s € R. Assume that g satisfies (HO0),
that |g'(y)| > M\y? and that |g"(y)| > M\y® on J. There exists C > 0 such that for any t € R*,
any 6 >0 and any k € Zj

9(s+1=5=2)k 5—(s+1) 9(s+1=B)k §—(s+1)
sup\]mk\<0 ’ +C ,
z€R? It] It]

and, if B=a+1andl € R withl > 1,

2(s+ A=)k s—(s+2- 1)

sup [I7, | < T
z€R2 ‘t‘l

Proof. The second bound can be obtained by interpolation between the first bound and the fact
that [I7, ] < 5~ (s72)2(s+2k  We introduce the phase ¢ (r) = gg(zk ) F Q;Ifﬁlr Let 1y € [%72]

be such that lg' (2Fry)| = r[n}n | 1g'(2r)| > 2°F. We consider two different cases.
1/2,2

e Case 1: |z| > |;—‘]g’(2k7“1)|

Noticing that |¢(r)| = 22k61|tg” (2¥r)|, we use Van der Corput’s Lemma and the properties
on the functions h4, we get

9(s+2)k 1 9(s+2)k 5—(s+1)
S
5512, /22K| 5Tt g (2krg)| \/2K6 2| T \/23k|tg  (2F 1 )Lg" (2F 1)

for some 5 € [%,2]. The first bound follows in that case.

‘Its,m,k,:t’ S

o Case 2: [z| < |g/(2%r))]

Noticing that |¢ ()| > 286 ~!|tg’(2¥r1)| and using Corollary and the properties on the
functions hy, we get
2(s+2)k 1
S
’It,l’,k‘,i| S s+2 kS—1 /(Ok '
J 2k5=1tg' (2Fry)]
The first bound follows in that case. O

The next two lemmas can be seen as a generalization of the Van der Corput’s Lemma to the
2d case.

Lemma 2.15. Let J C R an interval. Let A,X >0, o, s € R with o # —2. Assume that g
satisfies (HO), that |g'(y)| > Ayt and that |g" (y)| > \y® on J.
10



(1) Ifa >s > =2 o0ora<s< —2, there exists C > 0 such that for any t € R* and any
0>0

5 (at1)(s+2) . 5 (a+1)(s+2)
2+a . .t 24a

> sup |IF, 4] < C——5—, swp / et 90D N Qu(dle)) gl dg| < O——5—

ke, "< [tz weR? | JR? kel |t]2+a

(2) If s = o and o ¢ {—2,—1}, assuming furthermore that g is C3, that |¢'(y)| < Ay*HL,
that |g" (y)| < Ay® and that |g" (y)| < Ay®~! on J, there exists C > 0 such that for any
teR* and any 6 >0

§—(a+1)

§—(a+1) ot
sup S 12, <O sup / el I0D ™ 0, (slg]lefede| < 00—
2ER2 ™ || zeR2 |JR2 ||

keZy k€EZ y

Remark 2.16. When J =]0,1], § =1 and s = 0, we get item (c) of Theorem 1 in |[GPWO0S].
This lemma can be read as follows. We assume by simplicity that § = 1 and s = 0. Let
A, N> 0,1 € Nwith [ > 2. We recall that we define the quantity I; ,, in .

(1) Assume that |¢®”)| > X on a bounded interval J C R* containing 0 with ¢(*)(0) = 0 for
any k € {1,---,1 — 1}, then for any smooth function x whose support is a subset of .J

1

27

(2) Assume that A > [¢?)] > X on an unbounded interval J C RT with inf(JJ) > 0, then
there exists y; € J such that for any smooth function xy whose support is a subset of

[07 yl]
’It,w,l—x’ 5 —3-
UE

Note that when J = (0,yo] and o < s < =2 or J = [yp,00) and o > s > —2 for some yg > 0,
we rather use Lemma since the decay provided by Lemma [2.15]is not optimal.

Finally, as noted in Remark 2.8/ about Lemma [2.6] the assumption o # —2 is crucial, the fact
that (a,s) # (—1,—1) is due to our proof and we interpret this issue as the fact that « = —1
corresponds to a wave-type behavior so that the dispersive effects can not be optimal.

Proof. We begin with the first estimate. In that case (s+2)(s —a) < 0. We have, using Lemma
for any k € Zj

. ) 2(2+s)k 2(s—a)k
’It,x,k’ SJ min §5+2 ’ 55—&—1‘“

so that if o > —2
9(2+s)k 9(s—a)k

Z sup2 ‘Ika’ < Z e + lz: W’

z€eR 1 1 _1_
kez,; 2k |t| a2 <§at2 2k |t|a+2 > a+2

whereas if o < —2
o(s—a)k 9(2+s)k

S

Z Sépo anl < Z 55 L[¢] + Z g5t
x

Kot ok | 72 <52 2kt T2 252

The first estimate follows and also the second one by taking P = Qo in the definition of I} .

Then we consider the third estimate and define the phase ¢4 (r) = Lg(2%r) ¥ 2Tk>|az:]r. Two cases
occurs.

o Case 1: 2200+ Dk < |z] < 4A2(0+ Dk
11



Here 2F|z| ~ 2(@*2)F|¢| and using Van der Corput’s Lemma and the properties on h.
2(a+2)k 1 < 5—(C¥+1)
go+2,/2(at2)ks—T]¢] \/gm ~ e
0

’ISx,k’ S}

Note that the set A;, = {k € Zj, >‘2 (at Dkt < |z| < 4A2(@FDF|¢]} is bounded by a number
independent of ¢, z, 4.

e Case 2: %2(0‘“)’“\75\ > |z| or |z| > 4A2(a+1)k|t|
We notice that |¢, ()| > %5_12(0‘+2)k|t|. Integrating by parts we get

N 22 Fa)k Cm d 1 .
Ly =1 5ot2 /é 9 = <¢i( )hi(%;]x\r)P(r)r> dr

so that by Corollary the properties on h+ and the bounds on ¢, ¢”, g

2—(o¢+2)k5—a
et € 2

Therefore gathering all previous estimates, we get if @« > —2 and o # —1

STl S ST A S 1A

k€EZ k€At « keZy, k’gAt’k
6—(&—}—1) 2(a+2)k 9—(a+2)ks—a
< + — + —_—
~ |t| 12: . jo+2 12 . +2
2H[1| 7 <52 24[t| 52 > ] 72
whereas if o < —2
5 (a +1) 9—(a+2)kg—a 9(a+2)k
Z ’ t,x k} Z +2 + Z jot2
keZ, 11 11
2k 1] T <[1| 52 24}t T >[1| 52
The third and fourth estimates follow. O

When |¢'(y)| 2 1 and |¢"(y)| 2 y* with a < —1 and for any y > y; > 0, Lemma[2.14] provides
a decay of order ﬁ whereas Lemma [2.15| does not. We studied a similar situation in the low
frequency case in Lemma The next lemma provides bounds in the high frequency case.

Lemma 2.17. Let A, \,y1 >0, { € R* and o € R with o < —1. Assume that g satisfies (HO0),
that |¢'(y)| > )\ and that |g" (y )| > \y® for any y > 1.

(1) If 5= <5 < =2 or %= L' > s> —2, there exists C > 0 such that then for any t € R*

and any d >0
5 etes) 5 etes)
13 ) a+3
. (6
Z sup ‘Itzk‘ < CW , sup / e 159 ) Z Qr(68)[€)°dE| < CW‘
ok >y, TER? [t o3 veR? | JR? 25 >2y, [t] o8

(2) If furthermore o # —2 and \y®t! < |¢'(y) — | < Ayt for any y > y1, there exists
C > 0 such that for any t € R* and any § > 0

sup Z

2
zeR 2k >y,

a+1 o<+1

d 2
2]

o~
<C———, sup / ia-€ o 75.9(016]) > Qr9)IET Tde| <0
R2
Remark 2.18. This kind of configuration occurs for some abcd-Boussinesq systems, see Subsec-

I 2
|t| z€R? 9k >2y
tion

t,x,k

12



Proof. We begin with the first estimate. In that case (s +2)(s — 25%) < 0. Using Lemma

for any 25§ > 2y,
(2+s)k  o(s+15%)k §—(s+1)
I, 4] S min (2 S )

5s+2 ’ ’t’
so that if @ > —3
9(2+s)k o(s+15%)k s—(s+1)

Z S;lﬂg ‘It:rk‘ Z W‘f‘ Z ] )

k 2 2 2 2
28221 2k|t|a+3 §5a+3 Qk‘t|a+3 2§a+3

whereas if o« < —3
2(8+1fTa)k5—(s+1) 9(2+s)k
Z SHPZ‘ItS,:Jc,k‘ f, Z ‘t’ + Z 5st2 7

2 Te 2 2 2 2
2522y ok|¢| o T3 <gats 2k|t| T8 >5aT3

The first estimate follows and also the second one by taking P = Qo in the definition of I} ;.
Then we consider the third estimate. T'wo cases occurs.

e Case 1: [z] < 3t

Defining ¢ (r) = Lg(2%r) ¥ %MT, we have in that case |¢/, (r)| > 52F5~1|¢| so that, using
Corollary 2.2 and the properties on the functions h4

(a+1)k5

<
|tzk’ |t|

and since o + 1 < 0, the result follows in that case.

e Case 2: |z| > A|t|

We notice that I k4 is the evaluation of a Fourier transform (with respect to the variable
) at i]a:\ — 1t

1%, = Vo f( 00 )y Gr sl ) el 00,

Denoting y4 := +|x| — ¢t, integrating by parts and using the properties on the functions hy we

obtain
) dr,

12l S| [ (B0 pg et ) alalryriar,
2k+1

(v L

< sup
z€[2k—1 2k+1]

/ —iry4 15( g(or)— éér)P( ) %dT
2k—1

= (e (lalryr®)

< sup /Z e e i3 (9(6r)~ %T)P(% Yr2dr .
ze[2k—1 2k+1] |Jok—1 |t]
The result in that case follows from an easy adaptation of Lemma O

We then give two other lemmas with weaker decays compare to the previous lemma. They
provide however a decay when ¢’ has a positive zero and the bounds are uniform with respect
d € (0,1]. We see the problem as a perturbation of the half-wave equation when 0 is small. The
following lemma gives a decay when ¢’ and ¢” do not vanish at the same time.

Lemma 2.19. Let a € R, A > 0 and y; > yo > 0. Assume that g satisfies (HO).

(1) If |[¢'| > X and ¢" has a finite number of zeros on (0, yo] there exists C > 0 such that
for any t € R*, any 6 > 0 and any k € Z such that 2F < 2y0

2(54’5)]657(54’5)
sup |I7, 4| < C——=——
z€R2 |t|
13



2) If |¢'| + |¢"| > X and ¢" has a finite number of zeros on [Syo,2y1], there exists C > 0
2
such that for any t € R*, any 6 > 0 and any k € Z such that yo < 2F < 1

5 (s+3) ot §5—(s+3)
sup /R2 e €et590IED Z Qr(08)[E|7de| < C

sup |If, x| < C—— <C—re
zeR2 VI zere Yo<2* <y vau

(3) If |d'(y)| = Myt and |g"(y)| > A\y® for any y > y1 with a # —2, there exists C > 0
such that for any t € R* and any § > 0

a+1 _ o+l

T 5
S sup 1f <00 sup | [ e ST alefE e < 0
ok >y, TERZ T [t wer? |JR2 2k >2y, i

4) If |g'(y)| = X and |¢"(y)| = A\y® for any y > y1 with o < —1 and o # —3, there exists
C > 0 such that for any t € R* and any 6 > 0

atl a+1
=5 02 T2
(6
S sup 1, < €O sup | [ oD ST Quse)ie)* T < 0%
- zeR? VIt zeR2 |JR2 ok >y It|
Remark 2.20. By taking s = 2 in the first two estimates these bounds are uniform with respect

to § € (0,1] and the case § = 0 exactly corresponds to the bounds of the 2d wave equation, see
for instance Lemma 2.1 in the Oberwolfach seminar by M. Vigan [KTV14]. By taking o < —1
(which is always possible) in the last two estimates we also have uniform bounds with respect
to 0 € (0,1].

Proof. We begin with items (1) and (2). We introduce the following quantities to bound

s k 2
I = 2(”)/ i(sen(tg’) & |I|T+59(2kr))]l
1

. ok
§5+2 (Qk )P(T)T‘S+1JO(¥|;B|T)€_I sgn(tg )%‘:ﬂrdr’

{lg’ |>4}
s+2 2T 2 ok ) t o

b= A el sin@)+9(2"r) o\ P

2= Tsga / / 5 (o2, ‘g‘<4}( VP(r)r*" drd

Note that the sets {|¢g| > 2} and {|¢"| > %,|¢'| < 4} are finite unions of intervals. Defining

¢1(r) = sgn(tg') % |alr + §g(2¥7) so that |¢}(r)| = 26 x| + 286~ |tg'(2%r)| 2 286 (fe| + It])
and using Corollary and some properties of the Bessel function Jy we obtain

9(s+2)k  9(s+2)k5—(s+2) k
I;| < min , V142
1] ( G5F2 T 2 4 2y 5 121

o5tz It] (2 t|<2) i >2)

It provides the desired bound for I;. Then, we introduce ¢o(r) = %MT sin(f) + Lg(2*r) so
that |¢4(r)| = 22¥6!|t| and Van der Corput’s Lemma provides the desired bound for I since
we only estimate I, when 2¥ ~ 1. The third bound follows by boundedness of the domain of
summation. Item (3) follows from Lemma with s = § —1 whereas item (4) is a consequence
of Lemma with s = "‘T_5. O

Then, we consider the situation where some derivatives of g do not vanish at the same time.
By simplicity, we only consider low and intermediate frequencies.

Lemma 2.21. Let A >0, a € R, y1 > yo > 0 and !l € N with | > 2. Assume that g satisfies
(HO).
14



(1) If |¢'| > X and ¢" has a finite number of zeros on (0,yo], there exists C > 0 such that
for any t € R*, any 6 > 0 and for any k € Z such that 2¥5 < %yo

2(s+2—%)k5—(s+2—%)
sup ‘Ifa; k’ < ¢ 1
z€R2 ‘t‘l

l
(2) If g is C', Z 1P| > X\ and ¢" has a finite number of zeros on [%y0,2y1], there exists
p=1
C > 0 such that for any t € R*, any 6 > 0 and for any k € Z such that yo < 2F < 1

(5 (s+2—%)

. .t
sup |1, < CP L sup | [ e S Quaelgrag] < €0
]R2

zER2 |t]7 zER? Jo<s2h <y |t]7

5~ (s+2—7)

Proof. For p € {1,...,1}, we define the sets

p—1
Jy = {y € [3y0, 2v1], 19 ()| > Q(ZA_ 1)}Q1 {y € [3v0,201], 19W (y)] < Q(ZA_ 1)}

so that by assumption J, is a finite union of intervals and I_IézlJ = [%yo, 2y1], and we define
the integrals

(5+2

2 x|r sin k S
Iy = oy /1 (5 lalrsin(@)+59(2" 1) () P(r)yrstidrdg.

As in the proof of Lemma [2.19] we have
o(s+3)ks—(s+3)

|| <
|t]

IS

For p > 2, defining ¢(r) = %MT sin(9) + £g(2%r), Van der Corput’s Lemma gives

s+2 L —(s43 (s4a-1
15 2 () 2T g T
) 20k |¢| It It

)

Then for any p € {1,...,1}, if 2¥|t| < § we have

(s+2)k (s+2-1)k —(s+2-7)
sl S T = ot g aerahed T
vl A 5s+2 5s+2 ~ |t|%
whereas if 2¥|t| > ¢ we notice that
—(s+3) —(s+2) —(s+3) —(s+2—-1
o 0 . 11 < d ok _ oG- !
i i 27 [t

The first and second bounds follow using that 2¥ ~ 1 for the second bound. The third bound
is a consequence of the boundedness of the domain of summation and by taking P = () in the
definition of Iy ; j. O

2.5. Strichartz estimates. In this subsection, we prove Strichartz estimates from the L' —
L™ type bounds obtained in the previous subsections. We first recall a few facts. For n = 1
and n = 2 and a smooth function P supported in the annulus C (l 2) we defined

Iy = / einé el 50Kl P(£8)e%ds or / ¢ ci5al01ED P()e)sde.
R+ R2

We defined a Littlewood-Paley decomposition (Q;);ez in Subsection and we note that if P

is equal to 1 in the annulus C(2, £), then for any k € Z, QrP(5) = Q-
15



For any o € (0, 1] we say that an ordered pair (g, r) is sharp o-admissible (definition intro-
duced by [KT98]) if ¢, > 2 and

1 o o

6 - +—-—=—,(qnmr0 2,00,1).
(6) =% ano) £ (2o, 1)
We first state Strichartz estimates similar to the wave equation.

Proposition 2.22. Letn =1 or2, J C R". Assume that g satisfies (H0). Suppose there exists
C >0,0¢€(0,1] and 8,7 € R such that for anyt € R*, any § >0 and any k € Z;

sup [I0 | < C2vF——
CCEﬂ%) ‘ twk’ ’t’(;

for some P supported in the annulus C( 2) that is equal to 1 in the annulus C(S, 5) Then, for
any (q,q,r,7) € [2,00]* with (q,r) and ( d,7) sharp o-admissible, there exists a constant Cy > 0

such that for any § > 0, any k € Zj, any f € L*(R") and any F € Lg/ (R; L% (R™))

e'596I0D g, ( <cm<% DESG=D|Qr(SID) £ 2
/ e IOPDQOID F(s)ds|| < 121G EDQuIDDF )y,
R L2 *
( 1_1 _1_1
/R o GIDDF(s)ds| <210 DR == QuGIDDF g
LiLr ’

< O 20k Qu (5| D) F|
LiLy,

/ 590D, (5| D)) F(s)ds
s<t

G
q 7§l
Ly Ly

Furthermore, if x is a smooth bounded function such that XZkezJ Qr = X, then for any
(q,q,7,7) € [2,00]* with (q,7) and (§,7) sharp o-admissible and r,7 < oo, there exists a constant
Cy > 0 such that for for any § >0, any f € L*(R™) and any F € LY (R; L (R™))

1 1
59CIPD o< Co8°G || DGRy (8| D)) f | 2
e’%g(‘”D‘)x(&DI)F(S)dS < 8P G| E DX (SIDF g, 0.
(7) R L2 Lt Lz
i(t—s) —=—= —=—z
/6 5 90IPDy (8| D)) F(s)ds < Cp8°0=+=3)|| D (5!D|)F!\Lq'L,:f
R L‘tZL'r x
and one also has the retarded Strichartz estimates
(8) TP GID)F(s)ds| < GO D DU DGIDDF e
s<t L?L’"

Finally, one can consider the case r = oo replacing the L™ norm by the Besov norm 32072 and
the case 7 = oo replacing the L™ norm by the Besov norm B%Q.

For the sake of completeness we recall that the Besov norm 3972 for r € [1, 00| is defined from
a Littlewood-Paley decomposition as

. — . 2
lull o, = | S IQ (DIl

JET

Remark 2.23. One can also consider other ordered pairs (p, r) with the restriction that 1 T 7 < 3.
Indeed, defining 6 € (0,0) such that % + % = % and interpolating the assumption I ok with
16



the fact that [I? | < 27F6~" we get

( ) 51354»(5*0‘)71
yo+n(oc—o& o

sup |I1?xk| <C2 k757
TeR™ ’t’

so that one can apply the previous proposition, replacing ¢ by &, v by w and 8 by
Bo+(c—0o)n

g

Proof. The proof mimics the strategy used to prove Strichartz estimates for the wave equation
(see for instance the Oberwolfach seminar by M. Visan [KTV14] or [KT98J) We give the main
steps. Let fix k € Z;. Using the assumption on IO « and noting that |F, (12 tei) (©)] S 1, we get

by interpolation that for any f € L™ (R™)

By the Hardy-Littlewood-Sobolev inequality

‘Aée““§”9@1>>fﬂ(i§?)pms)ds

Then one can perform a T*T argument on the operator Ty

2y, 680
<027<1 m|uzwﬁﬂ
<

590-2)
D
iy /\t—s\"(l—f) £l ds

< 20-DkeP0=3) | F(s)

5901D)) p

Li

’
[P
Ly Ly

T, : LY(R,LI(RY) — L2(R™)
F [ 1590IPD p2Pl (s as

and the first three estimates follow by applying the previous estimates to Q. f and QpF. Con-
cerning the fourth estimate (localized retarded Strichartz estimates), we note that

(O|D])F(s)ds

ei“} Lg(

= HTk(]l(,oo,t)Qk(&DDF)HL;X’L?.
LL2 ’

s<t

< 2R QDD F g

and using the strategy used to prove the first two estimates, we also have

c(t—s B(li%
el%ngDQk(é\DDF(s)dS < /52 |Qr (8| D) F(s)][ v ds
P AT g
_2 _2
< o(I=7)kgh0 7“)\\Qk(5\D|)F(S)HLg’Lg-

Interpolating the two previous bounds we obtain the fourth estimate in the case r < 7. Then,
for (a,b), (a,b) sharp o-admissible, we define the operator S, 5

Sk LY(R,LI(R") — <H®L%WW
F [, 500D p2( Dl pigygs,
We notice that for any F' € LY (R, L* (R™)) and any function ¢ € Lf (R, L¥ (R™)) we have
(SkF, ¢>L§L2XL§,L2/ + (F, Sk¢>L?’L%’ XLPLe — <TI:TkF7 ¢>L§L5XL§/L§

so that, using the third estimate and the previous case, the case r > 7 follows.
~ For the last four estimates we sum on Z; and use Bernstein’s inequality and the embeddings
By < L" and L" < BY , when r € [2,00] (see for instance Theorem 2.40 in [BCDII]). O

The next proposition can be seen as a generalization of Theorem 2.1 in [KPV91].
17



Proposition 2.24. Assume that we are under the assumptions of Proposition[2.23, that o < 1
and that

[ et S Qualelae| <
R = e

Then one can actually take r = co and 7 = oo in the bounds of Proposition . Further-
more, one can take (r,7) = (2,00), (00,2) or (00, 00) in the retarded Strichartz estimates of

Proposition [2.23.

Remark 2.25. Together with Lemma [2.5] Lemma[2.6] Lemma [2.14 and Lemma [2.15] we provide
another way to prove, for n =1 or 2, any o ¢ {—1, -2} and any (q,7) sharp §-admissible, the
Strichartz estimates

e
e

Remark 2.26. 1t is tempting to argue by interpolation as in Proposition [2.22] and obtain more
retarded Strichartz estimates. Complex interpolation requires however Banach spaces and can
be tricky when one deal with L' or L™ type function spaces, both issues we have here since we
are dealing with homogeneous Sobolev spaces based on L'. In some cases one can still interpolate
using for instance arguments expounded in [Gau22] or by proving that the operators we are
dealing with are part of a Stein interpolation family. Note also that such strategy provides
constants Cp,Cy that are independent of (q,q,r,7) when o < 1. Since it goes beyond the
philosophy of this paper we decided not to present such estimates.

l
s

. a2 max(«,0) l
it| D| ‘D’i 3

f’ LgL
. a+1 max(a,0) (11
lt‘D| a:c|D| n (2 r)f‘

iy ™

Proof. We define gy > 2 such that (go,c0) is sharp o-admissible. One can use a T*T argument
with the operator
T . LOR,LLRY) — L2(R™)
G = [ Yher, Qu(0|D))e 590D D2 G s)ds

so that the first three estimates follow in the case r = oo or ¥ = oco. Concerning the fourth
estimate, one can prove that

N[

. (t—s)
e1

9OPD\ (81D F (s)ds SO

LgLg

9

Jioiée

90
s<t L, L

G 90IPD (8| D)) F(s)ds

<8P |ID|"F
» Jog 11D| Hng)Li?

and the bound in the case (r,7) = (00, 2) follows from a duality argument as in the proof of
Proposition [2.22] O

Finally we provide Strichartz estimates that are useful for low frequencies or when |¢"| ~ 1.

Proposition 2.27. Letn =1 or 2 and x be a smooth bounded function. Assume that g satisfies
(HO). Suppose there exists Cy > 0, o € (0,1] and B,y € R such that for any § > 0 and any
teR*
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Then for any (q,G,r,7) € [2,00]* with (¢,7) and (G, 7) sharp o-admissible, there exists a constant
Co > 0 such that for any § > 0, any f € L*>(R™) and any F € ng (R; L (R™))

Lt 1_1
SDNEIDN),,, < G

LiLy

/R e~ 139010, (5| D|) F (s)ds

< 15°G V| F|
2

!t
2 Ly Ly’

/ e FHIOPD\2(5| D) F(s)ds| < CyP01 )| P

LiLy

/ ¢! 590D\ 2(5| D) F(s)ds
s<t

5!
qa'
Ly L%

Sl

< 0255(1—%—
LiLy

IE)

iy
Proof. The proposition follows from a T*T argument and a duality argument on the operator
T . L{(R,LI(RY) — L2(R")
F [ 590Dy (5| D)) F(s)ds.
O

2.6. Local Kato smoothing/Morawetz type estimates. Some dispersive propagators pro-
vide a local smoothing effect (also called local Kato smoothing effect [Kat83]) or some uniform
bounds of the local energy (also called Morawetz estimates [Mor68]). The next proposition gives
a unified version of these two properties.

Proposition 2.28. Let n € N*. Assume that g is Cl(Ri). There exists C > 0 such that for
any function f in L2(R™), any 6 > 0, any a > 0 and any x¢ € R"

[ [ g @inpieenon pa)

Remark 2.29. This proposition can be read as follows. Assume by simplicity that 6 = 1.
(1) If |¢'(y)| ~ ¥® on R* with B > 0, we obtain a local Kato smoothing

J.J.

B =2 (KdV-type behavior) corresponds to [Kat83], 5 =1 (Schrodinger-type behavior)
to [CS88] and 3 = & (water-wave with surface tension and infinite depth) to [ABZI10].
(2) If |¢'(y)| ~ 1 on RT (wave-type behavior), we get a Morawetz type estimate

sup / /
xg€ER™ JR L

(3) If |¢'(y)| ~ y® on RT with 8 < 0 (weakly dispersive phase), we have a Morawetz type

ro€ / /
0 R? JR n

A similar estimate was obtained for instance with § = —% (water-wave with infinite
depth) in [AIT22].

Finally, note that the bound is uniform with respect to ¢ so that if ¢’(0) # 0, the case
6 = 0 exactly corresponds to a Morawetz-type estimate for the wave propagator.

2 a C
[ et gt < el

. 2
(1DJ3*9070 ) ()| e~ drat < |73

. 2
(5020 ) (o) || el dwat < | 713

. 2
(@902 ) (&) el w5 1D

We only chose to present one type of Morawetz estimates (with a Gaussian weight). Other
types of Morawetz estimates can be obtained adapting for instance [OR13] to nonhomogeneous
radial phases.
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Proof. The strategy used here is similar to the proof of the local smoothing of the Schrédinger
propagator, see for instance [Sj687] or Oberwolfach seminar by M. Visan [KTV14] (see Lemma
2.11). By a change of variables on can assume that 6 = 1. We argue by density and assume
that f is a Schwartz class function whose Fourier transform support does not contain 0. We
notice that

. 2 a .
/ / ‘(eltg(|D|)|g/(|D’)|%f)(x) 675\z7x0|2dxdt — / / / Ga(n7 f)e‘t(g(m)’g(‘"'))dnd{dt
R JR? teRJE€R™ JneR™

where 1
G, €) = ——— e 20 EDe5alE |5/ (1€)) 3¢/ (|n]) |2 F(€) F()-

(27ma)2
Let J C RT be an interval such that |¢g'| > 0 on J. We define
I; ;:/ / Ga(naé.)]1{|§|eJ}1{|n|eJ}€it(g(m)_g(ln‘))dndédt-
€R JeeRn JneRn
We get

Iy = / Ga(n,§)1{|geJ}ll{|n|eJ}/ ¢i1(0(ED~9(n) gt e
SERT IneR™ teR
= Vo / / Ogg(leh=g(n)} Ga (1 )L gelesy L niesydnds
£eR™ JneR™

Ga(’l’],f)
ZVQW/ / Oflel=lnl} Torrent LHlelest Limespdnds
¢eRn JneRrn l9"(1€])]

where dyj¢|—[,y 1s the Dirac delta function. Then, using polar coordinates { = rw and n = yu
and denoting by S"~! the n — 1 sphere

U, TW
Iy=+72 / / / / Ofr—y} Galy )]].{rej}]].{yeJ}dudeydr
wesn—1 Jyesn-1 lg'(r )|

E / / / —1rro w— U)e Salw—ul? ]l{rej}f(rw) A( ) (n— 1)dwadT‘
a2 r=0JwesSn—1 JycsSn—1

fir:vo-(wfu)e—g—a|w—u|2rnfl
a?2
1 " e 1gn—2 1
Kq(r,rw, ru)dw| + Ky (r,rw,ru)du| S — | e 0" 2dh < —
wesn—1 ueSn—1 a2 Jo ~Va

The result follows from Schur’s test. |

We finally notice that if we define K, (r,rw,ru) :== —re

We can now state local energy decay.

Corollary 2.30. Let n € N*. Assume that g is C'(R%). Leta > 0, § > 0, zyp € R" and
f € L3R"). Then

2 a
lim \(!g(élD\)rQeW'D‘)f)() e3P gz = 0.

t—+o0

Furthermore, if g is deﬁned and C' in the vicinity of 0, the limit is uniform with respect to
0 — 0.

Proof. We argue by density and assume that f is a Schwartz class function whose Fourier
transform support does not contain 0 and is bounded. We define the map

Ea’xo’g t— /

Using Proposition [2.28| and since || f||;2 and ||Z 6|D‘ fll12 are finite, the maps E, ;, s and E

.t 2 "
(14 (5| D])|2 e $9CIPD ) ()| e~ 3le—20 g

a :vo 0
are L'(R) so that E, ,, s goes to 0 at d-o0. Flnally, when ¢ is defined and C' in the vicinity of
0, || f]lz2 and wanﬂ are bounded uniformly with respect to § — 0. O
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Actually when n = 1 one can prove a stronger version of Proposition [2.28

Proposition 2.31. Let n = 1. Assume that g is C'(R*.). Then, there ezists a constant C > 0
such that for any function f in L*(R™) and any § > 0

. 2
sup [ [(lg (610D 25520 ) )| dr < €1
zeR JR

This proposition can be seen as a generalization of [Veg88] and a reformulation of Theorem
4.1 in [KPVOI].

Proof. For the sake of completeness we recall the proof. Firstly using a change of variables one
can assume 6 = 1. Then, let J be an interval such that |¢'| > 0 on J. Therefore g is invertible
on J and by simplicity, we denote in the following as ¢! the inverse of g on J. We define

wy(t,z) = jfw /R 19/ (€)1 F 90D 7€ F(6)1 oy

1 i - -1 g™ (y) 7y~
= == [ g1 D13 Tl )L gegiy

The key observation is to see u as a Fourier transform with respect to the variable ¢ so that
using Plancherel’s identity

/ g (1, 2)2dt < / 19~ @)D M T @) P Ly dy = / PO ee pyde.
R R R

3. EXAMPLES

In this section we apply the results obtained in the previous section to various dispersive
equations. We recall that we study equations under the form

Oru = +59(6|D))u,
or whenn =1 (510
g(é|D
O .
o] "
We use the notations of Section [2 Notice that for any smooth bounded function y, s € R,
n =1 or 2, if we define

8tu:j:

A={ke€Z,3r e[} 2] such that (2Fr) # 0}
and if we take P = ()¢ in the definition of I; ; , then

. i - o n s S —S
/Remfe‘ég(‘s5')x(5|£|)uo(£)d5 = (2m)2 Y (I} — %4 _.4) * | DI 7°X(6|Dl)uo.
keA

3.1. Ostrovsky equation. We consider the linear Ostrovsky equation
Opu = (=0, 'u + bd3u)

so that ¢g(y) = % — by? with b € R* and § = 1. Dispersive estimates were obtained in [VL04]
when b > 0 and some Strichartz estimates and a local Kato smoothing were established in
[LMOG] for any b € R*.

If b <0, ¢’ >0 onRY{ and Lemma Lemma and Proposition m provide for any

(g,r) sharp G-admissible with & € [1, 1] there exists a constant C' > 0 such that for any ¢ € R*

. 1 1
eltg(D)uoH < C'min (1, ) llwollzr
L t]s /It
and we can obtain a local Kato smoothing thanks to Proposition as in [LMOG].
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If b > 0, there exists a unique y, > 0 such that ¢”(y,) = 0 and ¢"”" < —6b on R*. Introducing
a smooth compactly supported function y that is equal to 1 near +y;, and whose support does
not contain 0, Lemma gives a constant C' > 0 such that for any ¢t € R*

. 11
9P (1 — (ID)uo|| < Cmin [ —, —= | |luol|f:
.- ot ) el

and for any (g, r) sharp %—admissible and any (g, 7) sharp %—admissible, PropositionMprovides
some Strichartz estimates: there exists a constant C' > 0 such that

| @ = %D

One can also prove a local Kato smoothing thanks to Proposition as in [LMO6].

Finally one can deal with the case b = 0. It is a linearized version of an equation which
has several names in the literature : Vakhnenko equation ([Vak92]), Ostrovsky-Hunter equation
([Hun90]) or simply reduced Ostrovsky equation. We get a L dispersive estimate from Lemma

0] Strichartz estimates from Proposition [2.24] and Morawetz type estimates by Proposition
% for any (q,r) sharp f—admissible there exists a constant C' > 0 such that for any t € R*

< clwle:

eitg(D)S(ﬂDDuOH :
L ‘t‘3

o) < Clluo|| L2-

< C|luo||z2 and ’ e

w) .
LiLy LiLY

3
1Dz uol| 1
L I

sup [ (e o) (@)t < Clualse , sup [ [(eun)(a) Pt < €|l
[ R

< C|IDIEEDugl e,

it
elPly
’ H 0‘ Lirr

3.2. BBM-KdV equation. We consider a linear BBM-KdV equation (named after [BBM72])
O + ppdadru = £(0pu + p(p + §)u).

Here g(y) = 1( yg) with p < 0 and 0 = /i € (0,1]. The equation we present here is the
linear version of (7.7) in [LanI3] and serves as a model for the propagation of long waves. Since
= 0 corresponds to the KdV case that is well understood we focus on the case p < 0. We note

that
6 — (12p +3)y® + p(6p + 1)y ny) = - Y8 +py?) "y) = Pyt +6py® +1

/
9(y) = _
6(1 —py?)? 3(1—py?)? (1—py?)*
so that ¢” has a unique positive zero yg := ‘p|, ¢” and ¢"” have no common zero and
6p+1 1 1
/ o ~ " ~ .
9 (y) 60 o g Y ) ~ 37

We introduce a smooth compactly supported function y that is equal to 1 on [—3yo, 3yo]. From
Lemma [2.3] (for the low frequencies), Lemma - (for the intermediate frequenc1es) Lemma [2.6]
(for the high frequencies) and Proposition |2 for any [ > 2, any (q,r) sharp f—admlssfble
any (q,T) sharp g—admls&ble there exists C' > 0 such that for any ¢ € R* and any u € (0, 1]

e =7 (it
.t 1
i—=g(y/pD) ] 141
SR VEDD|_ < O IDIT = x(VED Dl
Lge
.t
i—=g(y/uD) 11 1y (-1
VI 1 x(VEDDuo| < CpBGTD DG = (VD) uoll gz,
LirLy
iﬁg(\/ﬁD) C (-1 4(1_1y
e w|| <~ lluoll + Cud G0 = X(VED) DI Do 1.
Lng [VEAYIN:
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Finally one can prove a Morawetz type estlrnate for some p. We notice that ¢’ has a positive
root if and only if p > —=-. Then, if p < — 16, from Proposition - and Corollary |2 there
exists C' > 0 such that for any ug € L2(R™) and any u € (0,1]

sup / (VRO ) (@) 2dt < C luoll22 . lim / (VRS VFIPD g () 2o de = 0,
zcR JR t—+oo Jp

3.3. Intermediate long wave equation. We consider the linear intermediate long wave equa-
tion

1
= - D|)ou
p@(ﬂ\ )

where ¢(y) = ycoth(y) — 1 and with p > 0. We refer for instance to [KS21I] for more details
concerning the nonlinear version of this equation. Note that one must change ¢ by % in order

to be under the form of Remark with 6 = p. We define ¢g(y) := y¢(y) and we notice that
9'(y) = y*(1 — coth?(y)) + 2y coth(y) —
9"(y) = 2 coth(y) + 4y(1 — coth?(y)) — 2y coth(y)(1 — coth?(y)),
" " / 2 /
IW 2.9 ~ 2,90 vy 9 W) ~ 2

Note also that the function g” is positive on R¥ and ¢’ > 0 on [—2,2]. We introduce a smooth
compactly supported function y that is equal to 1 on [—1,1] and whose support is a subset
of [-2,2]. We get from Lemma [2.3] Lemma [2.6] and Proposition that for any [ > 2, any
(q,7) sharp j—admlsmble and any (g, 7) sharp 3-admissible, there exists C' > 0 such that for any
t € R* andanyp>0

& t 3

& Px s
er?PD) (1—><(pD))uoHLoo " ‘ 11 = x(pD))|D| T ol 1,
Lo(pD)oy
or?(PD) (1- X(PD))UO’ Lip < CJ[(1 = x(pD))uol| 12,
tlx
t o(pD)ds ¢ s+
5P| < L (pDhunllze + €I = (DYDY P
LiL; = p3(a=%)

We can also prove a local smoothing. Since g’ > 0, by Proposition there exists C' > 0 such
that for any ug € L?(R™) and any p > 0

sup / (e 2 PPV (1P| D]+ 1oy v/ 1D Do) (@) 2dt < Cllul |2

Note that by letting p — oo one get the dispersive estimates of the Benjamin-Ono equation
uy = |D|0yu (see for instance [KS21]).

3.4. Irrotational water wave equations. We consider the equation

tanh (/i D])
VilD|

Here g(y) = y/ytanh(y), 0 = \/p € (0,1] and n = 1 or 2. This equation arises as a factorized
form of System (3). Some L' — L weighted estimates of the propagator were performed
in [Mell5, MGI17], localized dispersive and Strichartz estimates when 1 = 1 were obtained in
[Wan19, [DST20, [DDT22] and a Morawetz-type bound when g = 1 and in the infinite depth
limit was proved in [AIT22].

We note that ¢’ > 0, ¢” < 0 and

Opu = D|u.

/ IR T ) / N
J(y) 1~ 2y,g(y)+oo

1

-5 " 1

Yy 2,9 (y)N—y q (y)m—z
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Let introduce a smooth compactly supported function y that is equal to 1 near 0.

When n = 1, we get from Lemmaﬂand Pr0p051t10n-that for any [ > 2, any (g, r) sharp
*—admISSIble and any (¢, 7) sharp g—admls&ble there exists C' > 0 such that for any ¢t € R* and
any p € (0,1]

ot
SVEIVIPD || < ol
L (uft)s
(VEIDI) a 2-1
NI o < g IPIT (= X(VED) ol
\fg(fl D) (1-1) (21
(1 =x(ViD))uo| < CpsG D IDITGD (1 = x(viD))uol 12,
LiLg

.t

i—=g(y/alD)) C 1 (1_1)
GRS < IxeDuol e + et AIDIS (1 — x(VED))uoll 2

LILE JUERY 7)

Retarded Strichartz estimates can also be obtained.

When n = 2 we get from Lemma [2.12] Lemma 2 Proposition 2.:24, Lemma [2.19] and
Proposition [2.22| that for any (g, r) sharp 1- adrms&ble and any (G, 7) sharp g—admls&ble with
7 < 00, there exists C > 0 such that for any ¢t € R* and any p € (0, 1]

¢
i—=g(v/ulD|)
e Vi {0 X (VD yuo| 1 +CE H!DI (1 = x(VulD)uoll L1,
Lo f\t\ t]
ot
i—=g(y/plD) C (1-1
e VEIVIED Sillx(\f!Dl)UOHerCM‘*(? DIDZEH (1 = x (/D)) uol 12

b
VAV | < O [DIE GO (I Dluo | 2+ Cps

5
z

IDIEED (1 = x(ValDD))uol 2.

Retarded Strichartz estimates can also be obtained.
Finally, one can prove a Morawetz type estimate. Since g’ > 0, from Proposition and

Corollary there exists C' > 0 such that for any ug € H%(R”) and any p € (0 1]

sup // (e TFIWVAIDD 05 (23 2=la—ao dxdt<cH./1+ ]D\uo

zoER™

I

lim
t—+oo R™

lﬁg(\/ﬁ‘Dl)’U,o)(x) 67|:1:\ dr = 0.

3.5. abcd-Boussinesq systems. We consider the equation

dyu = ip(y/| D) D,

o) = \/ (1 — pay?)(1 — pey?)

where

(L + pby?)(1 + pdy?)

and here g(y) = yo(y), 0 = /p and n = 1 or 2. This equation arises as a factorized form of
System . We assume that

9) b>0,d>0,a<0,¢c<0
in order to get a wellposed equation (see [BCS02]) and that
(10) ((a+b)(a+d)(c+b)(ct+d)?+(a+b+c+d)?>0

so that we avoid the situation where g(r) = r which corresponds to the half-wave case. Some
dispersive estimates were obtained in the case a = c = % and b =d =0 in [LPS12].
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We note that

oy P yR(y*)
NG e AN T RN e )
where
P(z) =1—2(a+c)z+ (3ac — bd — (a + ¢)(b + d))2* + 2ac(b + d) 2> + abedz?,
U(z) =(1—az)(1—cz),
(11) V(z) = (1 +b2)(1 4 dz),

R(z) = 2P'(2)U(2)V (2) — P(2)U'(2)V(2) = 3P(2)U(2)V'(2).
Note also that deg(R) < 6, deg(R) < 5 if bd = 0 and deg(R) < 4 if ac = 0.
3.5.1. Low frequencies. In this case the decay depends on the behavior of ¢’ close to 0.

Proposition 3.1. Let a,b, c,d satisfying @-. There exists a number yg > 0 such that for
any compactly supported function x that is equal to 1 near 0 and whose support is a subset of
[—vo0,yo], there exists C > 0 such that for any p € (0,1] and any t € R*

(1) ifa+b+c+d#0

o
el\f VEID]) X (/D) <C’HUOHL1 , when n =1,
L (pft])s
i /7oA D olwllee b
e , when n ,
X(VAID o v
(2) ifa+b+c+d=0
RGN ol L) R p——
Lr o (?t)s
o = ps |t

‘ _ k
(3) in any case when n =2 for any k € Z such that 2 < %

P12k (A Dol
iz I

i~ g(EID

Corresponding Strichartz estimates can also be obtained from Propositions and
Proof. We notice that ¢'(y) = 1-3(a+b+c+dy?+0@W") andif a+b+c+d =

J (y) = 1+ 2(a+b)(b+ c)y* + O(y°). The bounds follow from Lemma Lemma [2.12 and
Lemma 2.19] (|

3.5.2. Intermediate frequencies. In that case, the decay depends on how many derivatives of g
vanish at the same time so that one has to check the roots of the polynomials P and R defined
in . The key observation is that ¢/, ¢”,--- ,¢") have a common positive zero if and only if
P, P’ ... PU=1 have a common positve root and that ¢”, ¢"”,- - - , g have a common positive
zero if and only if R, R',--- , R¢~2) have a common positive root. We begin with the case n = 1.

Proposition 3.2. Let a, b, c,d satisfying @— and n =1. Define R as in and m € N
as the mazimum among the multiplicities of positive roots of R. Then for any y1 > yo > 0, any
smooth function X that is compactly supported in [yo,y1], there exists C > 0 such that for any
w € (0,1] and any t € R*

[[uol| 21
<C—m
L 1 2m+a |t‘m+2

fg(fl ‘)~(\F|DD
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Corresponding Strichartz estimates can also be obtained from Proposition

Remark 3.3. Note that m < deg(R) < 6. In many cases one can compute m, at least numerically.
For instance, in the case a =b=c=0and d > 0, R(r) = —3d and m = 0.

Proof. This is a consequence of Lemma since 7" [R™| > 0 on R% by definition of m. O

Before stating the result when n = 2, we have the following technical lemma.

Lemma 3.4. Let a,b,c,d satisfying (9)-(10). Using the notations from (1)), P, P' and P" do
not have a common root.

Proof. Arguing by contradiction, there exists A > 0, u,v € R such that (X — \)3(uX +v) = P.
By checking the X4, X% and then X3 coefficients, we get u = abed, v = —% and then

1+ 2ac(b + d)A3 + 3abcd\* =0
which is impossible since ac(b+ d) > 0 and abed > 0. O

One can now state a result in the case n = 2.

Proposition 3.5. Let a,b, c,d satisfying @— andn = 2. Define P, R as in andm € N
as the mazrimum among the multiplicities of positive roots of R. Then, for any y1 > yo > 0,
any smooth function X that is compactly supported in [yo,y1], there exists C > 0 such that for
any € (0,1] and any t € R*

(1) if P does not have a positive root

3
D|2x D|)u
< Cmin S,MOHL;H MIDEX(VEIDuollzr )
Lee pAmTS |t 2m+a VIt

(2) if P has a positive root and if P and P’ do not have a common positive root

(3) if P and P' have a common positive root

Corresponding Strichartz estimates can also be obtained from Propositions and

D
S (LD

o RIVD) <Al

T ( 3 luollza, !\!D|2x<fD|>uorL1>,

L D)) _
e\/ﬁg(\/ﬁ\ l)X(\/mDDUO

C 1 5
< —r min <5 [uollrs \\!D|3X(\/E\D|)UO!\L1> :
MG

Ly |ts

Proof. This is a consequence of Lemma Remark Lemma since Y1 |[RM| >0
on R% by definition of m and that |P| 4+ |P’| 4+ |P”| > 0 on RT by the previous lemma. O

3.5.3. High frequencies. After careful computations one can show that if a, b, ¢, d satisfies @-

we have
(12) g'(y) =L~ Tiy™ g"(y) o (e + 1Tay™ , g"(y) <oy,

where I'1 and I'y depend on a, b, ¢, d and «, ¢ are given by Table |1

We obtain from Lemma [2.6 . Lemma [2.15] - Lemma [2.17] and Proposition [2.24] the following
proposition.

Proposition 3.6. Let a,b, c,d satisfying @— and n =1 or 2. Define a and £ as in Table
[l There exists a number y1 > 0 such that for any compactly supported function x that is equal
to 1 on [—y1,y1], any (q,r) sharp §-admissible, there exists C > 0 such that for any p € (0,1]
and any t € R*
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(1) ifn=2and £ #0
a1 [[1D] 2 (1 = X(y/EID]) o 1

it D
e VEVHIPD (4 (aID) )uo

<Cu~ ’
Lee I
fg(fl ) _atl(l_1) l-al_1y
(= x(VulDuo|| < Cpm 7| D720 P (1= x (v DD)uoll 2,
LiLy
(2) else
i~ natt |||D]72%(1 = x(/E|D
|SFT i < oz TP Mm uoll:
Lge
¢
i~ g(VEIDI) Cmasii_1y e
|SFTE (D < Cu RPN (DDl o
LyL;
12 Q@
b=d=0,a<0,c<0 0 1
b=d=0,ac=0,a4+¢c<0 0 0
bd=0,b4+d>0,ac#0 0 0
bd=0,b+d>0,ac=0,a+c<0 Yl | g
bd=0,b+d>0,a=c=0 0 —4
bd£0,a=c=0 0 3
bd #0,ac=0,a+c<0,bla+c)+bd+ (a+c)d#0 0 —4
bd #0,ac=0,a+c<0,bla+c)+bd+ (a+c)d=0 0 —6
abced # 0, abe + abd + acd + bed # 0 b -3
abed # 0, abc+abd+acd+bcd 0 Vb -5

TABLE 1. Values of a and £ in with a, b, ¢, d under Assumptlons @]) 10)).

3.5.4. Global Strichartz estimates. One can gather the previous bounds on the low, intermediate
and high frequencies in order to prove global L*>° decays and global Strichartz estimates. For
instance, in the case n = 2, ac > 0 and b = d = 0, introducing a smooth compactly supported
function y that is equal to 1 near 0, we obtain from the previous subsection that there exists
C > 0 such that for any p € (0, 1] and any t € R*

i~ g(vlDl) -1
e VH U || (VBID)uol|r + |t|H\D| (1 =x(v/ulD)uol 11
Lgo 2

improving the decay provided by [LPS12] (Proposition 2). In the following we focus on global
Strichartz estimates, since L decays are obtained in the same way. We begin with the case
n = 1 which is a consequence of Lemma Lemma [2.9 and Proposition

Proposition 3.7. Let a, b, c,d satisfying @D— and n = 1. Define R as in (11)) and m € N
as the mazximum among the multiplicities of positive roots of R. Let | = max(m + 2,3) if
a+b+c+d#0orl=max(m+25) ifa+b+c+d=0. Define a as in Table[l] and a
smooth compactly supported function x that is equal to 1 near 0. Then for any (q,r) € [2, 0]
with (q,r) sharp %—admissz’ble, there exists a constant C > 0 such that for any p € (0,1]

¢
lelﬂg(ﬁlDDuO
+Cu 2 5_?)|HD| _21_0(%_%)(1 — X(V/1|DI))uol| L2

Retarded Strichartz estimates can also be obtained. We now deal with the case n = 2 which

is a consequence of almost all the lemmas in Subsection [2.4] and propositions in Subsection
27
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Proposition 3.8. Let a, b, c,d satisfying @ and n = 2. Define P, R as in andm € N

as the mazimum among the multiplicities of posztwe roots of R. Let u = 23:4 zf P >0 on
RT oru =2 if P has a positive root and if |P| + |P'| > 0 on R+ oru =3 if P and P’ have
a common positive root. Let k =1 ifa+b+c+d#0ork =2 zfa+b—|—c+d— 0. Let

[ = max(u, k). Define a,? as in Table |1 I and a smooth compactly supported function x that
is equal to 1 near 0. Then for any (q,r) € [2,00]% with (q,7) sharp }-admissible, there exists
C > 0 such that for any p € (0,1]

(1) if £ £ 0 and additionally when |l > 1, a # —3

¢
i—=g(v/mID]) L2t (1_ 1)
‘6 VRSOl <ot G D (R Dl e
LiLy
,L 11 41— 3 a(l_1
+Cp »|1D| 270 (1 = x (I DD)uoll 2,
(2) if t£0, a =—=3 and | > 1, we must assume r < oo and
¢
i—=g(v/ulD]) 1201 1)
‘6 I g <Cp'a G0 |Ix(ValD)uoll 2
LiLy,
_17 1_1 _ 1_1
+Cu DD~ DG (1~ x(alD]))uoll 12,
(3) else
¢
i—=9(\/RID|) (1-1
| 5P| <o D RD Dl
LiL;

2-2-a (1

21 (1 — x(VAID))uoll -

Retarded Strichartz estimates can also be obtained as well as Strichartz estimates that are
uniform with respect to p € (0, 1].

3.5.5. Local Kato smoothing/Morawetz type estimates. Let a, b, ¢, d satisfying @—, n=1or
2 and define a and ¢ as in Table Il

If @ > 0, there is a local Kato smoothing. Let x be a compactly supported function as in
Proposition Using Proposition [2.2§ there exists C' > 0 such that for any p € (0, 1]

/ / (¢ VF VPP D15 (1 — X(V/alD)uo) (x) Pddt < O™ 3" uol 22

If « < 0and P > 0, we can prove Morawetz type estimates. From Proposition there
exists C' > 0 such that for any p € (0,1]

sup / / g(vaDD,, )(x)‘267|$710|2d£€dt <C ||u0H%2 , in case £ # 0,
xgER™ n
o 2
sup / / f|D|) )(x)‘267|x—mo|2d;cdt <C H(l + \/17|D\)* ;rluoHLQ in case £ = 0.
xrgER™ n

Corresponding decay of local energy can be obtained from Corollary [2.30]
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