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1. Introduction.

In this paper we are interested in the maximisation problem for the quantum or non-quantum entropy functional

(L1) H(g) := . hg(p)dp,  h(g)=7"(1+7g)In(l+7g)—glng, 7ER,

under the relativistic or non-relativistic moments constraint

N(g) 1 N
(1.2) P(g) :/ p | awar=|P),
BEg) T \em E

where N > 0 is the total number (or mass) of particles, P € R? is the mean momentum and E > 0 is the total energy.
Depending of whether particles are considered to be relativistic or not the energy £(p) of a particle having momentum
p € R3 is defined by

(13) £p) = Eurlp) = 2
. nr 2m’
for a non-relativistic particle, and by
p[?
(1.4) E(p) =&r(p) =ymc* v =11+ el

for a relativistic particle. The entropy H corresponds to the classical Boltzmann-Maxwell entropy (of non quantum
particles) when 7 = 0, it corresonds to the Bose-Einstein entropy (of quantum particles of Bose type) when 7 > 0 (and
for the sake of simplicity we will restrict ourself to 7 = 1, in the sequel) and it corresonds to the Fermi-Dirac entropy
(of quantum particles of Fermi type) when 7 < 0 (and again, we only consider the case 7 = —1).

Considering one of the above entropies H and one of the above energies £ we are therefore looking for a density
function G > 0 satisfying the moments constraint (1.2) and

(1.5) H(G) = max H(g)
g satisfying (1.2)

The above entropy maximisation problem is a very fundamental problem of statistical physic since its solution G
corresponds to the microscopic momentum distribution of a gas of particles at the rest whose macroscopic observable
mass, momentum and energy are N, P and E. The density distribution G is called the thermal equilibrium state. Out
of rest, the evolution of the momentum gas distribution is usually discribed by a Boltzmann equation. The equilibrium
state G is then (at least formally) a steady state to the associated Boltzmann equation. Moreover, any solution to the
Boltzmann equation associated to an initial datum of macroscopic mass N, momentum P and energy FE is expected
to converge to the corresponding equilibrium state G in the large time asymptotic. For more details on this huge and
difficult subject, we refer to [4], [22] and the many references therein for the classical Boltzmann equation, to [7], [18],
[19] for the Fermi-Boltzmann equation, to [17], [11] for the Boltzmann equation associated to a gas of Bose particles and
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to [14], [8], [15], [1] for the relativistic Boltzmann equation. We also refer to [12] for a general mathematical presentation
of the Boltzmann equation in a quantum and relativistic framework. A classical physical reference is [16].

A first simple and heuristic remark is that if g solves the entropy maximisation problem with constraint (1.2), there
exists Lagrange multipliers x4 € R, 4% € R and 3 € R? such that

< VH(g),¢ > = /{sh’(ﬁ)sodp =<BEp)-B-p-—me> Vo
IR.
which implies
m(l+7g)—ng=gE(p)—B-p—n,
and in turn leads to

(1.6 90) = g with v(p) == FE() 5 p— k.

The function g is called a Maxwellian when 7 = 0, a Bose-Einstein distribution when 7 = 1 and a Fermi-Dirac distribution
when 7 = —1.

Let us consider for a moment the case 7 = 0, i.e. the classic (non-quantum non-relativistic) maximisation problem. In
that case, the following result is known (and it is almost trivial).

Theorem 1. For any measurable function G > 0 on R® such that

(1.7) g(1,p, m)dp =(N,P,E)

R3 2
for some N,E >0, P € R3, the following assertions are equivalent:

14 exp(_\P—M
(27 ©)3/2 20

uniquely determined by N = p, P = pu, E = g (Jul* +30);

2
(i) G is the Mazwellian My pp = M|[p,u,0] =

) where (p,u,©) is

(ii) G is the solution of the mazimisation problem

H(G) =max{H(g), g satisfies the moments constraint (1.2)},
where H(g) = f/ g log gdp stands for the classical entropy.
R3

Our main result is the extension of Theorem 1 to the quantum non-relativistic and quantum relativistic framework,
or in other words, we solve the maximisation problem (1.1)—(1.5) in the most general case. Before stating it, we would
like to make some elementary remarks to convince the reader how differents are the non quantum, the Bose and the
Fermi cases.

On the one hand, the natural functional spaces to look for the density f are the spaces of distribution f > 0 such
that the “physical” quantities are bounded:

RSf(l+$(p))dp<oo and  H(f) < oo.

In the Fermi case where 7 = —1, h(f) = +oo if f ¢ [0,1] and so H(f) < oo provides a strong L° bound on f. While
in the Bose case, i.e. for 7 = 1, h(f) ~ Inf when f — oo, so that the entropy bound does not give any additional
information than the moments bound. This provides very different conditions since we obtain:

feLNnLlogL in non quantum case, relativistic or not

fE€LLNL>® in the Fermi case, relativistic or not

fe L; in the Bose case, relativistic or not,
where Lt = {f € L'(R®); [ps (1 + [p*) [f(p)|dp < oo}}, and s = 2 in the non relativistic case, s = 1 in the relativistic

case.

On the other hand, it was already observed by Bose and Einstein ([2], [9], [10]) that for systems of Bose particles
in thermal equilibrium a careful analysis of the statistical physics of the problem leads to enlarge the class of steady
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distributions to include also the solutions containing a Dirac mass. More precisely, the class of Bose distributions g given
by (1.6) has to be enlarged to the class of generalized Bose-Einstein relativistic distributions B defined by

(1.8) B(p) =b+ ad, !

— 3
Mc—m QZO, pMCGR.

+ ad,

Prco

Moreover, and still concerning the Bose case, considering any fixed vector a € R? and any approximation of the identity
(¢n) centered in a, it is shown in [3], see also Lemma 2.0, that for any f € L} the quantity H(f + ¢,) is well defined
and

N(f+ap,) = N(f)+a and H(f+¢,) — H(f) as n— oo.

This indicates that the entropy H may be extended to nonnegative measures and that, moreover, the singular part of
the measure does not contributes to the entropy. We will come back to this question in section 3 below.

In the Fermi case, the strong uniform bound entailed by the entropy on the Fermi distributions leads to include in
the family of Fermi steady states the so called-degenerate states. Therefore, one has to enlarge the class of Fermi-Dirac
states given by (1.6) to the class of distributions (see for instance [21])

1

(1.9) Flp) = P

and x(p) = L{po e(p)—pp<i}-

Our main result reads as follows.

Theorem 2.  For every possible choice of (N, P, E) such that the set K defined by

g € K if and only if / g(1,p,E())dp=(N,P,E),
R3
is non empty, there exists a unique solution G to the entropy maximisation problem:
Ge K, H(G)=max{H(g); g€ K}.

Moreover, G is the unique thermal equilibrium, i.e. G = g given by (1.6) in the nonquantum case, G = B given (1.8) in
the Bose case, and G = F given (1.9) in the Fermi case, satisfying the moments constraint (1.2).

We refer to Theorem 2.1, Theorem 3.2 and Theorem 4.1 for more precise statements. It is of course looked as an
evidence, in the physicist community, that equilibrium states (1.6), (1.8) and (1.9) are the solution to the associated
entropy maximisation problem. Nevertheless, in the quantum case, we were not able to find a convincing proof of this
fact. Indeed, it is not clear at all how to obtain an explicit expression of the thermal equilibrium G (i.e. values of 5°, 3,
i, ...) as a function of the macropic quantities N, P, E. Our aim is to give here a rigorous and detailed proof of it.

The paper is organized as follows. In section 2 we treat the relativistic non quantum case. In fact, this case was yet
completely solved by R. Glassey and W. A. Strauss in [14], see also R. Glassey in [13] and [5]. However, we present here
another proof, which uses in a crucial way, the Lorentz invariance and may be adapted to the quantum relativistic case.

We then deal with the Bose-Enstein gas in section 3 and with the case of a Fermi-Dirac gas in section 4. For each
of these two kind of gases, we first consider in detail the relativistic case and then briefly the non relativistic case, which
is simplest since, by Galilean invariance, it can be reduced to P = 0.

Acknowledgments. We would like to thank A. Chambolle for useful discussions on maximisation problems and J. J. L.
Velazquez for his encouragement and helpful comments during the elaboration of this work. We were partially supported
by CNRS and UPV through a PIC between the Universidad del Pais Vasco and the Ecole Normale Superieure. The
work of M.E. is supported by TMR contract HCL # ERBFMRXCT960033, DGES grant PB96-0663 and UPV 127.310-
EB035/99.

2. Relativistic non-quantum gas.

In this section, we consider the Maxwell-Boltzmann entropy
(2.1) H(g):—/mglngdp,

of a non quantum gas. From the heuristic argument presented in the introduction, the solution to (1.2)-(1.5) is expected
to be a relativistic Maxwellian distribution, which means that it is expected to be of the form

(2.2) M(p) = e 0’ p"-s—ﬂp—u7
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where we introduce the notation
P’ = E(p) = c/2m? + |p|2, peR3.
Our result is the following.

Theorem 2.1. (i) Given E,N > 0, P € R3, there exists a least one function g > 0 which realizes the moments equation
(1.2), (1.4) if, and only if,

(2.3) m? 2 N? +|P|*> < E°.

When (2.3) holds we will say that (N, P, E) is admissible.

(ii) For any admissible (N, P, E) there exists at least one relativistic Mazwellian distribution M given by (2.2)
corresponding to these moments, i.e. satisfying (1.2).

(#1) Let M be a relativistic Mazwellian distribution. For any function g > 0 with the same moments, i.e. satisfying

1 1

(2.4) /RS » g(p)dp = /W 5) M(p) dp,
one has
(25) 1(g) = HOM) = 1M = [ gt — g+ M d

Moreover, H(g|M) < 0 and vanishes if, and only if, g = M.
(iv) As a conclusion, for any admissible (N, P, E), the entropy problem (1.2)-(1.5)-(2.3)-(2.1) has a unique solution,
and this one is the relativistic Mazwellian constructed just above.

Remark 2.2. The relativistic Mazwell distribution M belongs to L*(R3) if, and only if, 3° > 0 and |B| < 8°. In this
case, all the moments of M are well defined and M takes its mazimum at the point p,,. such that

Puc ﬂ mcﬂ
=, andthus p,. = —F———m—.
B P Y VBR8P

We do not prove this claim, since we do not need it in the sequel and its proof is the same as that of Lemma 3.1 that
we present in the next subsection.

We split the proof of Theorem 2.1 in three parts corresponding to the three first intermediary results (assertions (i),
(i), (iil) of Theorem 2.1). The last and main result (assertions (iv) of Theorem 2.1) is then an immediate consequence
of the preceding ones.

Proof of Theorem 2.1. -(i) Since that F(p)/N dp is a probability measure whose support is not a single point,
and because the function r — C(r) = vm? ¢ + r2 is strictly convex, the Jensen inequality (which is therefore a strict

inequality) implies
P2 F(p) dp F(p)dp _E
2.2 |27 = -z
ymee +‘N‘ C(/Rgp N )<= =5

Proof of Theorem 2.1. -(ii) Given (N, P, E) admissible, we look for a relativistic Maxwellian M (which means
that we look for 3° > 0, 3 € R® and p € R) such that

]

(2.6) N(M)=N, PM)=P, EM)=E.

By symmetry the second equation implies that § must be collinear to P. Therefore, in all the sequel, P will denote the
norm |P| instead of a vector, so that the second equation as to be understood as a scalar equation.

The idea is now to reduce the system of three scalar equations (2.6) to a system of equations with less unknowns. A first
way is to eliminate the p dependence since the term e™# can be factorised. This is the most classic way, which is used
for instance by Glassey [13], but we do not follow it, since we do not know how to generalize it to the quantum case.

We begin introducing two new unknowns (B, u) with 8 > 0, u € R?, |u| < ¢, which correspond to the 4-vector
(8°, 8) € R* with |8] < 8°, by the following bijection

(2.7) w:=cB/8% B := (8%~ 8%
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and thus
1

TV

From the results recalled in the Appendix 1, we know that there is a Lorentz transformation A, associated to the velocity

u such that 0 3
(%) -2 (5)

In the initial frame, the identities (A.12), (A.13), (A.14) written for M give

B’ =~8, B=vPBu/c, where

N(M) = A1y p
(2.8) BE(M) = Ay + A3 (7 5)?
P(M) = 45 (v5) (v 3<),
where

N@) = [ odn P@)= [ opn B@) = [ ordp o) =m? [ o,

and where A; are invariant by change of frame under a Lorentz transform, see Lemma A.5.
Let us now introduce the Maxwellian M in the rest frame, i.e. we define

(2.9) M(p) = e PP —n,

In the rest frame, identities (A.12), (A.13), (A.15) written for M are

N(M)=A,08
(2.10) E(M) = Ay + A3 32
G(M) = 4 Ay + Ay 7.
Inverting the two systems, we get
A1 =N(M)/y Ay f=N(M)
Ay = E(M) — P(M)c/u and Ay = —H(M)
A2+A352:E(M)—P(M)u/c A2+A3B2:E(/\;{),
where we have defined
(211) 1) = (56 - 60)/3= [ o ap
. : P30

Therefore, the fundamental relation between the relativistic Maxwellian M in the initial frame and the reduced relativistic
Maxwellian M in the rest frame is

N(M) = N(M)~(u)
(2.12) PM)c/u— E(M) = H(M)

E(M) - P(M)u/c=E(M).

To find M such that equation (2.6) holds is therefore equivalent to find 8 > 0, 4 € R and u > 0 such that

(2.13) {E=E(ﬁ7u)+Pc (=:Ze(B,n)

N=N@,pw) (=3n(B,n),
where u is given by

Pc

(2.14) u=u(B,p) = m,

and where we have defined L(J3, z1) := L(M) = L(e=??")e~# for L = N, E,G, H.
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Existence of a solution to (2.13),(2.14) is given by the following result which we state below and prove at the end of the
section.

Lemma 2.3. 1. For all pu € R the function Sp(., ) : Ry — R is continuous, decreasing and such that £ (5, ) — +00
when 3 — 0 and Xg(8,u) — 0 when 8 — 4o0o0. Therefore, for any p there exists a unique 8 = B(u) > 0 such that
EE(ﬁ7 M) =E. _ _ _
2. The function B : R — R is continuous, decreasing, 3() — +oo when p — —oo and B(p) — 0 when p — +o00.
3. The function £y : R — R, Sn(u) := Sn(B(w), ) is continuous and decreasing. Moreover, Yy (u) —
VE2 — P2/mc when p — —oco and Xy (i) — 0 when pp — +oo. In particular, under the admissible condition (2.3),

there exists p* € R such that S(u*) = N. As a conclusion, setting p = p*, = B(p*), u = u(B(w*), u*), we have
constructed a solution (3, u,u) to (2.13),(2.14).

Assertion 3 of Lemma 2.3 states precisely that there exists a relativistic Maxwellian M satisfying (2.6), and this concludes
the proof of assertion (ii) of Theorem 2.1.

Proof of Theorem 2.1.-(iii) Since that InM = —3°p® + 3 p — u and using the moments equation (2.4), we get
Hg) = - [ gingdp+ [ gMdp+ [ (M-g)dp
R3 R3 R3
=- / g 1ngdp+/ MInMdp=H(g) — HM).
JRrs R3

Furthermore, the function h4(t) :=t In(¢/s) + s — t satisfies h/,(t) = In(t/s) and kY (t) = 1/t so that h is strictly concave
and hs(t) < hs(s) = 0 for any ¢ # s. 0

Proof of Lemma 2.3.-(1)  For L = N, E,G, H the function L : R} — R, B — L(B) is C', decreasing, L(3) — 400
when 8 — 0 and L() — 0 when § — 4o00. Then, u(8, 1) : RY x R — R is continuous, increasing with respect to the
two variables, u(3,u) — 0 when 8 — 0 (for fixed p) and when p — —oo (for fixed 3), u(3,u) — c¢P/E (< ¢) when
B — +oo (for fixed p) and when p — +oo (for fixed ). Last, v(B,u) := v(u(B,p)) : R% x R — R is continuous,
increasing with respect to the two variables, v(3, ) — 1 when 8 — 0 (for fixed p) and when p — —oo (for fixed (),
(B, 1) — (cP/E) (< +00) when 8 — +o0 (for fixed 1) and when p — ~+oo (for fixed ).

We come now to study of the function ¥ . We clearly have ¥ : R x R — R is C* and the derivate ¥/, with
respect to the variables 8 or p satisfies

/(7 P = 1A P Hl(Bv/L) 1A
SpBp) = —u'(B,p) + E'(B,p) = — (=Pc) —— =~ + E'(B, 1)
2 E Cu(ﬁ ) C ]éE +;Z(BB’ ?))2 1
= (B [@Bw+EGw((5+ =5 - 3)] <0

since E/P > 1, E'(B,u) < 0 and G'(B,u) < 0. This implies that Y is decreasing in both 3 and p. Moreover
Y (B, 1) — 400 when § — 0 (for fixed u) or when p — —oo (for fixed 3), ¥g(8, u) — P?/E when 8 — +oco (for fixed
) or when y — o0 (for fixed 8). Since E > P and then E > P2/E, for any u € R there exists an unique 3 = 5(u)
such that (6, u) = E.

Proof of Lemma 2.3.-(2) By the implicit function theorem, we know that p +— G(x) is C* and moreover

-, 0¥g ,0¥E
so that 3 is decreasing. Assume by contradiction, that there is B, > 0 such that 3(u) > B, for any u € R. Then
L(B(1), 1) < L(Bs,1t) — 0 when p — 400 and therefore Xg(3(u), u) — P?/E < E which is in contradiction with the
definition of B(u). Therefore 3(u) — 0 when g — 4o00. Next, assume by contradiction that there is 3* < -+oo such
that B(p) < B* for any u € R. Then S (B8(n), 1) > E(B(u), 1) > E(B*, ) — +0o when p — —oo which is again in
contradiction with the definition of 3(u). Therefore (1) — 400 when p — —oo.

Proof of Lemma 2.3.-(3) It is clear that ¥y is continuous as a composition of continuous functions. Since
[p| < p° < |p| + me, we have the estimates

= I
N(ﬂnu‘) Se—ﬂ/ e—/@\lﬂ dp:CN %7
R B

3
_ ~ —pu—fme
E(B,u) > 67”/ lple P (Pl+m) g = ¢ © 5
R3
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where Cy = / el dz and Cp = / |z| e~/ dz. Then, using that E > E(B(u), ) for any pu, it yields
R3 R3
e # cP

_ P
Yn(p) <Cn ?ﬂf =

50

Cn - _

)< B Y B een(
E
when p — +oo (and thus G(p) — 0).
We now claim that, there is a > 0 and a sequence (p,,) such that u, — —oo and
(2.16) M, (p) = e Plun) PO —pn ady
n——4oo

in the sense of measure, and in fact, most precisely < M,,, ¢ > — a ¢(0) for any ¢ € C(R?) such that (1+|p|=™) ¢(p) — 0

when p — oo for some m > 0. Indeed, on one hand if for some p € R3\{0} we have M,,(2p) > 0 > 0 for any n > 0,
then for any p € B(0, |p]) we have

Mu(p) = M(2p) eP1n) (@2P)°=2") > g oBlun) (20)°—8") _, 4o
so that E(B(itn), ftn) — +oo which is in contradiction with the bound E(B(jtn), ftr) < E. Therefore, M,,(p) — 0 when
n — +oo for any p € R3\{0}. On the other hand, fix p € R*\{0}. We have already proved that there is some © such
that M,,(p) < © for any n > 0. Therefore, for any p € R? such that |p| > |p| we have

Mn(p) - M(ﬁ) efa(ﬂn) (Pofﬁﬁ) S @ 670907170)‘
Combining this with the bound E(B(n), pin) < E, we get (2.14) and in particular

N(B(Nn)nun) — Q, H(B(/Ln)vﬂn) -0, E(B(#n)vﬂn) —mca.

p2
Now, passing to the limit in (2.11)-(2.12) we get E = mca + 5 s° that

= Pc E? - p? 1 E? — p?
lim Yn(p) = ¢ .

u=>Too NE) = s ismme . me

3. Bose gas.

We consider in this section the case of Bose particles. Let us start with the proof of the following remark, already
stated in the introduction.

Lemma 3.0. Let a € R? be any fized vector and (o, )nen an approzimation of the identity:
(¢n)nen s a non negative sequence of D(]RS) such that p, — dq in D/(Rg).
For any f € L} and any n € N, the quantity H(f + ¢,) is well defined by (1.1), and

H(f + o) = H(f) as n—oc.

Proof of Lemma 3.0. Suppose indeed, for the sake of simplicity that: ¢, =0 if |p — a| > 2/n. Therefore:

H(f + on) = / h(f (p,1). p)dp

lp—al>2/n
+f B (1) + 9n(0) D).

lp—al<2/n

Since |(1 + 2)In(1 4 2) — zIn 2| < ¢y/z,
/ Ih(f(p,1) + on (@) ldp
lp—al<2/n
2 vz _,
< Cm(/lp_a‘g/n(f(p, t) + ¢n(p)dp) 0.
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Finally,

\/RS h(f(p’t)m)dp—/‘piam/nh(f(nt),p)dpl
< /| o 0P = 0

which ends the proof. 0

Lemma 3.0 thus indicates that the expression of H given in (1.1) may be extended to nonnegative measures and that,
moreover, the singular part of the measure does not contributes to the entropy. We refer to [6] and [11] for a detailed
proof of this claim. More precisely, for any non negative measure F' of the form F' = gdp+ G, where g > 0 is an integrable
function and G > 0 is singular with respect to the Lebesgue measure dp, we define the Bose-Einstein entropy of F' by

(3.) H(E) = H(g) = [ [(1+9) (1 +.9) ~ g Ing] dp.

On the other hand, the heuristic argument presented in the introduction has shown that the regular solution to the
maximum entropy problem should be Bose relativistic distributions

(3.2) b= g with vlp) =8~ Gt

The following result explains simply where the Dirac masses have now to be placed.

Lemma 3.1. The Bose relativistic distribution b is non negative and belongs to LY(R3) if, and only if, B° >0, |8| < B°
and > pg with pg := —meB, §> 0 and B2 = (892 —|B8|%. In this case, all the moments of b are well defined. Finally,

mef

(3.3) v(p) > v(Pue) 20 VP Fpye = N

Proof of Lemma 3.1. First, a necessary and sufficient condition for b to be non negative is that v(p) > 0 for any
p € R3. Taking p = te, where e € S2, 8 = |3| e we see that limv(te)/t = 3° — |3] when t — oo, and therefore |3 < 3°.
We want now to prove that b € L'(R®) implies that 5% > 0 and || < 3°. The fact 8° > 0 is obvious: in the contrary,
B =03 =0 and b(p) is a positive constant, and thus do not belongs to L!(R?).

Let first assume, by contradiction, that
(3.4) B=p0%, ecS?® and 'mc+p=0.

Performing a spherical change of coordinates with e-axes, i.e. writing p = er cos € + ..., we obtain

dp r2 sin 6.df dr
N(b) = /]R3 6ﬁ (p —p-e)tpu _ 27[‘/ A eﬁ (5(7'>*"' cos 0)+p _ 1
= r2 drdt > 5 r2drds
= o 1 eB (metr—tr)+p _ & 0 eBlrsefdmetn _ ]
o 50 12 drds
o [
o Jo 28°rs

choosing s¢ and 7o small enough. Since the last expression is 400, we see that (3.4) can not hold.

Now assume, again by contradiction, that
(3.5) 8=083% ecS* and Omc+p>0.

Writing p = te + ¢ with ¢ € R3, |¢| < 1 and ¢q L e we compute

Ny = [ - S [y dg
gs €80 PO—pe)ytn 1 = o R2 B0 (mety/t2+]g2—t)+u _ |

>2 dt > 2 e dt
= a7 R eB° (VEBF1—t) o2 metp _ | TI' ‘o e(BOmetp)/2 _q
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choosing ¢ large enough. Once again the last expression is 400, so that (3.5) does not hold. Finally, since 3°mc+ pu =
v(0) > 0, we must have |3| < 8°. From the preceding computations, we deduce that v(p) — +oo when |p| — +oo and

therefore v(p) reaches its minimum at a point p,,, which satisfies

VPV(pMc) = ﬂo Puc -B=0.

V m2 02 + |p1vIC|2

The unique solution of this equation is p,,. given in (3.3). As a conclusion, we get v(p) > v(p,,.) for any p # p,,. a

the condition v(p,,.,) > 0 implies p1 > —mcf.

We define now the generalized Bose-Einstein relativistic distribution B by

1
(3.6) Blp) =b+ady,, = o=+ a0,
with
(37) vp#pmc V(p) :ﬂopo -B-ptp> V(pMc) >0

and the condition av(p,,.) = 0.

For the Bose case, our main result reads as follows.

nd

]

Theorem 3.2. 1. Given E,N > 0, P € R3, there exists at least one measure F' > 0 which realizes the moments

equation (1.2) if, and only if,
(3.8) m?c? N2 +|P|> < B2

When (3.8) holds we will say that (N, P, E) is a admissible.

2. For any admissible (N, P, E) there exists at least one relativistic Bose-Einstein distribution B corresponding to

these moments, i.e. satisfying (1.2).
3. Let B be a relativistic Bose-Einstein distribution. For any measure F > 0 satisfying

(3.9) /. 53) )= [ ;190 aB(p),
one has
(3.10) H(F)— H(B) = Hy(g]b) + H2(G|b)
where

l4g

(3.11) ) = [ (1+9)1

w29 Y dy and  Hy (D) ::—/ w(p) dG(p).
JR3 1+b

b JR3

Moreover, H(F|B) < 0 and vanishes if, and only if, F = B. In particular, H(F) < H(B) if F # B.

4. As a conclusion, for any admissible (N, P, E), the entropy problem (1.5), (3.1), (1.4) has a unique solution, and

this one is the relativistic Bose-Einstein distribution constructed just before.

The proof of part 1 of Theorem 3.2 is the same as the proof of (i) in Theorem 2.1. except that the Jensen inequality
may be not strict since we deal with measures which can be concentrated at a single point. We present the proof of
parts 2 and 3 pointing out the main differences with respect to the proof of (ii) and (iii) of Theorem 2.1. Then point 4

is an immediate consequence of the previous steps.

Proof of Theorem 3.2.-2. We use the same notations as in the proof of part (ii) in Theorem 2.1. Given (N, P, E)

admissible, we look for B =10+ acspMc such that

N =N(B)=N(b)+a

(3.12) E=E(B)=E®) +ap),.
P =P(B) = P(b) + APyc-

©



We introduce again the variables (3, u) and the Bose-Einstein distribution in the rest frame

- 1
bp) = S
We easily verify that
Pue =mAu,  ph,.=mcy.

By (2.8), with M replaced by b and M replaced by b, to find B such that (3.12) holds is equivalent to find (3, u, u, a)
which satisfies

N=N@uvy+a
(3.13) P% ~E=H(f,n)

E—Pg—amng(B“u)’
c v

where now L(3, i) stands for L(b). Setting

= cP
u:u(ﬁvu) = m7 ’Y(57N):7(U(ﬂvﬂ))7
the system (3.13) is equivalent to
E—a-2° _ Ll
(3.14) T Rl

Let us define the functions

FE «)
(3.15) 7(8) ,

with the notation L(j3) := L(B,,ug), Mg = —mef as in Lemma 3.1, for any L = N, E, G, H. The properties of 'y, $g
and ¥y are then summarized in the following Lemma.

Lemma 3.3. 1. There is a contmuous function B, : [0, N] — (0, +00), a + B,(c), such that for any
a €[0,N], Te(B:(a),a) = E , and By = Bi(a) is the unique solution of Tg(B,,a) = E.

2. We set p, == g, ) = —mcB.(0). There is a continuous function (3 : [, +00) — (0,+00), p— B(u), such
that L 5(B(p), p) = E for any p > py, and B = B(u) is the unique solution of the equation (8, 1) = E. Moreover, the
map B is not increasing and B(p) — 0 when p — +oo. Last, the function p— Sy (1) := Zn(B(w), 1) is continuous on
[ts, +00) and Sy (1) — 0 when p — +oo.

Let us use Lemma 3.3 to conclude the proof of part 2 of Theorem 3.2. Its proof is postponed to the end of the proof of
Theorem 3.2.

End of the Proof of part 2 of Theorem 3.2 In order to obtain the solution (3, u, s, @) to (3.13) we consider the
two cases: N > I'y(84(0),0) and N < T'n5(54(0),0).

-If N > T'x(B4(0),0), we remark that
N(B(N), N) = N(B.(N))7(B:(N)) + N > N.

Therefore, by the intermediary value Theorem there exists o* €]0, N[ such that T (3:(a*),a*) = N. Therefore, we
define

B* = B (a), u* = u(f

"),
-If N < Tn(B.(0),0), we remark that Yy (u.) = n(3.(0),0) > N an
intermediate value Theorem there exists p* € [, +00) such that Xy (p*) =

fr=Bp(p),  w=u(Bpt) ot =0

w*=0.

nd ¥n () — 0 when i — +oo, and by the
N. We define now



In both cases (8*, u*, u*, @*) is a solution of (3.13), and the associated relativistic Bose state is a solution of (3.12).

Proof of part 3 of Theorem 3.2. Using the conditions on the moments, we compute

140
H(b):/ In(I1+b)dp+ | bln + dp:/ In(1+b)dp+ | bv(p)dp
R3 R3 b R3 R3

:/ 1n(1+b)dp—|—/ (9+G—ady,, )v(p)dp
R3 R3

1+0b
:/ 1n(1+b)dp+/ g1ln + dp+/ (G—ad, )v(p)dp
R3 JR3 b JIR3 Mo

= / ((1 +g)In(l14+b)—gln b) dp+/ v(p) dG(p),
R3

R3

from where we deduce (3.10),(3.11). On the other hand, for any y > 0, the function  — h(z|y) defined for any = > 0 by

r+1 x
h = 1)1 —xln~-
@)=+ g~

satisfies b/ (z|y) = 0 if, and only if, z = y, 1(y|ly) = 0 and h(z|y) < 0 for any x # y. Thus, H(g|B) <0and H(g|B) =0
if and only if, g = b. Moreover, from (3.7), we obviously have H (G |B) < 0 and H(G |B) = 0 if, and only if,G = a'd,,

with o =01if p>0and a =m — M(b) if p > 0. |

Proof of Lemma 3.3.

Let us prove point 1 of Lemma 3.3. To this end, consider the function I';(3, a). Notice first that for L = N, E, G, H

the function L(f3) is nothing but L(Pz) where Pz is the distribution

_r
GB (pO—me) _ 1

P =

Moreover, the maps L = N, E, G, H are defined on the set

O={(Bn); B>0, p>pzt={(B,p); peR, B> p,=max(0,—p/mc)}.

Since,
- d _ = OL oL
L = —L = — — —
(5) = 25L09) = 55 — me's.
we immediately obtain that the maps B — L(B) are C*, decreasing, L(3) — 4oco when § — Bu and L(3) — 0 when
B — +00. Moreover for any fixed «

amc

8FE(§,O¢) _ v
v(8)

95 Y+ E(B)+

{

A straightforward computation gives:

3 3 u(pB u(B) ., Gz — mceG,,
B+ Dot = (55 e (1= 2D ¢ (1D Gl
and 3(6)
{’Y(B)},: P2 v~ (B)(Hs — mcH,) < 0.

We deduce that, for any fixed a € [0, N], the map § — I'g(f, ) is C?, decreasing, I'g (8, &) — +oc when 3 — 3, and

= mc 2

T'g(8,a) — am + = when [ — +o0.

On the other hand, for any « € [0, N], the admissibility condition (3.8) on (N, P, E) gives
(a2 Y < (Nmey/1 = (p/p)?)
V(eP/E)) —
2\ 2
< (B2~ P) (1~ (P/E)") = (E - %) .
11



Therefore, we get limg_, | T'z(8,«) < E. Using once more the intermediate value Theorem, there exists a unique
B, = Bi(a) > B, such that E = I'g(B,(a),«). Finally, the function a — B, (a) is continuous (by the implicit function
Theorem, for instance).

Let us prove now part 2. Here the proof is the same as that of Lemma 2.1. The only difference is that the maps L
are only defined on the set

O={(Bn); B>0, p>pzt={B,p); peR, B> p,=max(0,—p/mc)}.

Actually, we are only interested by

O, ={(B,1); 1> pe, B=0u}

We prove without any difficulty that for any p > p, and any function L = E, N, G and H, the functions L(., ) :
(Bus +00) — (0,+00), B +— L(B, ) are C*, decreasing, L(3, 1) — 0 when 3 — 400 and L(j3, 1) — +o0o when § — f3,.
We deduce Sg(., 1) : (B, +00) — (0, +00) is C, decreasing, Zg(f, jt) — 400 when 3 — 3, and (8, 4) — P?/E<E
when § — +o00. As a consequence, for any u > j,, there exists a unique 8 = B(u) such that E = Xg(5. (1), p).

On the other hand, one can also verify that for any 3 > 0 and any L = E, N, G and H, L(B,.) : (jtx, +00) — (0, +00)
is C!, decreasing and L(ﬁ i) — 0 when p — 400 . Therefore, as in Lemma 2.3, (ii), one checks that X (3, ) is C*
and decreasing in both variables. We deduce that the function u +— ((u) is decreasing and B(u) — 0 when 3 — +oc.
Finally, ¥ is continuous and satisfies ¥ (¢) — 0 when p — +oc. O

Nonrelativistic Bose particles. For non relativistic particles the energy is £(p) = |p|?/2m. By Galilean invariance
the problem (1.2) is then equivalent to the following simpler one: given three quantities N > 0, E > 0, P € R3 find F(p)
such that

1

P N
(3.16) / P= N, | Fo)dp= U
R | [P — ¥l E_ 1P
- < 27ﬂN
2m

It is rather simple, using elementary calculus, to prove that for any E, N > 0, P € R? there exists a distribution of the
from

1 _

with a € R, b € R, v € R, bt = max(b,0), b~ = — max(—b,0) which satisfies (3.16).
Once such a solution (3.17) of (3.16) is obtained, the following Bose-Einstein distribution

alP|?
N2 )

2a
(3.18) B(p) = =1 + @yer ¥0) = alp = 5 p+ (0" +

solves (1.2).
This shows that for non relativistic particles Theorem 3.2 remains valid under the unique following change: the points
1 and 2 have to be replaced by

1’. Forevery E,N >0, P € R3, there exists one relativistic Bose Einstein distribution defined by (3.17) corresponding
to these moments, i.e. satisfying (1.2).

Points 3 and 4 of Theorem 3.2 remain unchanged.

It is particularly simple to observe in this case that, for £ > 0 and P € R3 fixed, there is no regular Bose Einstein state
for particle numbers N larger than a critical value N*. This easily follows from the fact that by (3.18),

p|® / lg|* |P|?
E> ———dp = ————dq + ——
= Jos w8 1P T et — 1T Ty
1 2 P2
R L
a R3 ep‘ -1 N
_ 1 pl? 2 3/2 -1
- a5/2/ elp? — dp+ |Pla [ \pl2 ] ’

12



In particular,
1 Ipl?
TFE JpselPl® —1

d d
N = R 4 _ n*
R3 ealp ~l+bt 1 R3 6”‘0|‘I‘ -1

dp)*/® =: ay,

and therefore

4. Fermi-Dirac gas.

In this section we are interested in a Fermi-Dirac gas, which means that we consider the maximum entropy problem
for the Fermi-Dirac entropy

(4.1) Hep(f) = 7/ (1= ) (1~ f) + £ Inf) dp.

R3

In particular, this implies the constraint 0 < f < 1 on the density f of the gas.

From the heuristics argument presented in the introduction, we know that the solution F of (1.2)-(2.3), (4.1) is the
Fermi-Dirac distribution

(42) f(p)zm with  v(p) =3°p" = B-p+ p.

We also introduce the “saturated” Fermi-Dirac (SFD) density

(4.3) X() = xp0.5(p) = Lggo po_pp<1y = le with € = {5°p” — 5-p < 1},
with 8 € R? and 8° > |3].
Our main result is the following.

Theorem 4.1.

1. For any P and E such that |P| < E there exists an unique SFD state x = xp,r such that P(x) = P and
E(x) = E. This one realizes the mazimum of particles number for given energy E and mean momentum P. More
precisely, for any f such that 0 < f <1 one has

(4.4) P(fy=P, E(f)=FE implies N(f)<N(xpEr)-

As a consequence, given (N, P, E) there exists g satisfying the moments equation (1.2) if, and only if, E > |P| and
0 < N < N(xpr)- In this case, we say that (N, P, E) is admissible.

2. For any (N, P, E) admissible there exists a Fermi-Dirac state F (“saturated” or not) which realizes the moments
equation (1.2).

3. Let F be a Fermi-Dirac state. For any f such that 0 < f <1 and

1 1
/ fo) | p dp:/ F) | p | dp,
R3 pO R3 pO
one has
(4.5) Hep(f) — Hep(F) = Hep(f|F) = /R (-pmi—trmLyap

4. As a conclusion, for any admissible (N, P, E) the entropy problem (1.5), (1.2), (4.1), (1.4) has a unique solution,
and this one is the relativistic Fermi-Dirac distribution constructed just above.

The new difficulty with respect to the classic or Bose case is to manage with the constraint 0 < f < 1. Before proving
Theorem 4.1 we present several auxiliary results.

Proposition 4.2.

1. For any P € R? and E > 0 such that |P| < E there exists a unique SFD state x = xp,g such that P(x) = P
and E(x) = E. Moreover, for fived P € R3, the map E — N(xp.) is increasing.

2. For any N > 0 and P € R there exists an unique SFD state X = Yn,p such that N(X) = N and P(x) = P.
Moreover, for fized P € R3, the map N — E(Xn,p) is increasing.

13



Proof of Proposition 4.2. We start with part 1. From (2.8) we know that for any SFD state x of the form (4.3) we
have

P(x)¢/u— B(x) = H(P)
(4.6) E(x) = P(x)u/c=E(p)
N(x) = N(B)-
where L(3) = L(X), X(p) = 1z, £ = {Bp° < 1} and (3, u) is associated to (8, 3) thanks to (2.7).

On the other hand, from the two first equations in (4.6), to find x such that, for given P € R® and E > |P|?, P(x) = P
and E(x) = F is equivalent to find (3,u) such that § satisfies

B B 2
(4.7) E=Z(3,E) = E(3) + %H(m
and we recover u by
= Pc

We have already done the analysis of such a function = in Lemma 2.1. It is easy to verify that E(3), H(3) are smooth,

decreasing for 8 € (0,1/mc), E(B), H(3) — 0 when 3 — 1/me, E(3), H(3) — co when § — 0 and

9= - p? .
5?@@=EW%u444T4ﬂ@<&

(E+ H(p))?
Moreover, Z(83, E) — oo when B — 0 (since Z(3, E) > E(3)) and Z(8, E) — P?/E when B — 1/mec. This implies that
there is a unique 3 € (0,1/mc) such that (4.7) holds (when |P|? < E), we note 3 = 3(E). Finally,

D N(xre) = EN(B(E) = N'(B(E) 92 >0,

(4.8) Ok dE

since N'(f) < 0 and % < 0, and therefore E +— N(xp ) is inceassing (for fixed P € R3).

Let us prove now part 2. We eliminate the energy E(x) in (4.6) to get

,y% P(x) ¢/u=E(B) + H(B)
N(x) =N(3)~.

Therefore, for given N > 0 and P € R3, find x such that N(x) = N and P(x) = P is equivalent to find (3, ) such that
3 satisfies

N = N(B)y(u(B))
where u is defined by

o _cP NB)

(4.9) =N 55)+ 1)

In order to simplify the computations in what follow we introduce the variable a = 1/ and we define L(a) = L(1/f).
We make the elementary computations

We look now for a solution a € (1,00) to
(4.10) N = (a, N) i= §(@) 2(i(a)),

14



where the dependency of Z with respect to N comes from the dependence of 4(a) on N in (4.9). For fixed N > 0, the
function a — N(a) is continuous and the same holds for the functions a — @(a) and a — ~(@(a)). Moreover,

lim N(a)~(@(a)) < ~v(@(2)) lim N(a) =0

a—1 a—1

and
lim N(a)y(@(a)) >~(a(2)) lim N(a) = +oo.

a——+o00 a——+00

Therefore, for any N > 0 the equation (4.10) has a solution a € (0,00). This provides a solution (1/a,u(1/a)) for (4.9)
and thus a SFD distribution x such that N(x) = N and P(x) = P.

In order to show that the map N — E(xn,p) is increasing, we argue as follows. First, we notice that the map
N +— a(N) with a(N) such that N = Z(a(N), N) is continuous and thus the map E(X. p) is also continuous. Moreover,
this map is injective. Indeed, if N, N’ > 0 are such that E(Xn,p) = E(Xn’,p) =: E, then using the uniqueness proved
in part 1 (or also Lemma 4.3 below), we obtain Xy p = Xn’,p = XP,E, and then N = N’. This implies that E(x.p) is
a monotonous function of Ry. Since
E(xnp) >meN — oo when N — oo,

it follows that it may only be increasing. O

Lemma 4.3. For any SFD state x = 1¢, £ = {3°p° — 3-p < 1} and any Borel set B, we have
(4.11) N(1p) = N(x), P(1p) = P(x) implies E(1p)> E(x)

where the inequality is strict if B # £ a.e., and

(4.12) P(1p)=P(x), E(1p) = E(x) implies N(1g) < N(x),

and the inequality is strict if B # £ a.e.

Remark 4.4. As a consequence of Lemma 4.3, we recover that for any given N > 0 and P € R? there exists at most
one SFD state x such that N(x) = N and P(x) = P and that for any given P € R® and E > 0 there exists at most one
SFD state x such that P(x) = P and E(x) = E. Indeed, for example for the first claim, if x = 1¢ and x’' = 1g are
two SFD distributions such that N(x) = N(x') and P(x) = P(x’), we have, using twice Lemma 4.3, E(x) = E(x’) and
therefore £ = &’ a.e., so that x = x'.

Proof of Lemma 4.3. We only prove (4.11) since the proof of (4.12) is exactly the same. Given a SFD y = 1¢ and a
Borel set B satisfying N(15) = N(x), P(15) = P(x) , we just compute

E(IB)*E(X)=/p°dpf/p°dp=/ podp*/ p°dp
B £ B\E &\B
1
2*0[/ (1+ﬂ-p)dp—/ (1+ 8- p)dp]
B2 Y\ &\B
1
> Sl aesmdr— [a+5pa] =0
B89 B &
and the inequality is strict if B # £ a.e. |

Lemma 4.5. Let consider ¢ : R2 — R a radial and increasing (with respect to the radius) function. For any 0 < g €
L'(R?) we define p > 0 and 0 < g* € L' (R?) by

(4.13) mp? = / 9@ dp's g =Ly <p
RQ
and for any 0 < ¢ € LL(R?) = L*(R?; (1 + £(p')) dp’) we also define
(1.14) no)= [ 6wy, o) = [ o)) d.
R2 R2

Then, for any g € L’ there holds

(4.15) n(g") =nlg) and e(g") < e(g).



Proof of Lemma 4.5. It is done is several steps.

Step 1. Assume that g(p') = A1fe<)prj<py With 0 < A < 1, and define g, (p’) = At 1{a<|pr|<b,} With by = b —t and X
defined by the condition n(gy,) = n(g) V¢t > 0. This condition implies that

d d be by
@[n(gxtﬂzﬁ[%/ Tdr]:)\g/ rdr+ A by by = 0,

and thus .
/\; / rdr = )\t bt'

Then, we compute

d d by by
%[e(g,\t)] = %[)\t/ e(r)yrdr] = )\2/ e(r)rdr+ A e(by) by b,
by
——L / (e(r) — (b)) rdr < 0,
[ rdr Ja

and therefore, in particular, the function g1 = 1{,<|p|<c}, uniquely defined by n(g1) = n(g), satisfies e(g1) < e(g).

Step 2. Assume now that g(p') = 1{a<|pr|<p} and let define g*(p) = 1{q,<|pr|<p,} With a; = a — ¢ and b; defined by the
condition n(g*) = n(g) Vt > 0. This condition implies

d d. " 1
G = G rdr = 500 - ava) o,

so that b, b, = —a;. Then, we compute

by
Gl =5 [ e rdr = —ar (e - <(a) <o,

and therefore, for any ¢ > 0, we have n(g") = n(g), e(g*) < e(g).
Step 3. Assume now that g is a step function, of the form

K

(4.16) 9(') =D M Lap<ipri<nn)
k=1

with 0 < A\ < land a; <b; <ag <by <..<ag <bg. Using Step 1 we construct g; of the form

K
91(0) =D Var<ip|<er)s
k=1

with a; < ¢1 <as < e < ... <ag < ¢k, such that n(g1) = n(g) and e(g1) < e(g). By induction on k = 1,..., K, using
Step 2 on each function 144, <|p/|<c,} We obtain that (4.15) holds for any step function g.

Step 4. For a radial function g we argue by density. We consider a sequence (g, ) of step functions of the form (4.16)
and such that g, — ¢ in LL(R?), in particular n(g,) — n(g) and e(g,,) — e(g). This implies that p,, — p, where p and
(pn) are defined by (4.12), and therefore that g5 = Lyj<p.} — 9° = Lipj<p} in LL(R?). By Step 3, we already know
that (4.13) holds for the sequence (g,,) and we can pass to the limit: (4.13) is proved for any radial function.

Step 5. Finally, for a general function g we define the radial function g by

i) = 3= [ ol'le)do.

Since ¢ is radial we get n(g) = n(g) and e(g) = e(g). We then apply Step 4 to conclude. O
Proposition 4.6. For any SFD state x and any f such that 0 < f <1, we have

N(f)=N(x), P(f)=P(x) implies E(f)> E(x).

16



Proof of Proposition 4.6. Let introduce e; € S? such that P = |P|e; and let us write p = (p1,p’) := p1 €1 + p’ with
p' L e;. We have

N(f)= [ n(f(p1,.))dpr, P(f)= [ pin(f(p1,.))dp1,
(4.17) /R ' ' /R

E(f):Ae(f(p17-)7p1)dp17

where for any ¢ > 0 measurable, n(¢) is defined by (4.12) and

o) = [ o) Vi H P+ P .
-
For a.e. p; € R we define p(p1) by
mp(p1)® = /RQ foup)dp's () = 10,0 P) = 15,

where B is the set B := {p € R3, p; € R, p’ € B(0,p(p1))}. Of course, N(f*) = N(f) and P(f*) = P(f). Therefore
thanks to Lemma 4.5, we obtain that 1p satisfies

N(1g)=N(f), PQlp)=P(f) E(1s)<E(f),
and we conclude thanks to Lemma, 4.3. O

Proof of part 1 of Theorem 4.1. From Proposition 4.2 we already know that for any P € R® and E > |P| there
exists a unique SFD state xp g such that P(xp,r) = P and E(xp,g) = E. Consider now f such that 0 < f <1 and
define

N = N(f), P:=P(f) and FE:=E(f),

we have just to prove that
N(f) < N(xpE)-

Thanks to Proposition 4.2 we know that there exists an unique SFD state x p g such that
P(xpe)=P, and E(xpgr)=E,

and there also exists an unique SDF state x, , such that
N(xnp)=N, and P(xnp)=P

Moreover, from Proposition 4.6
E(xpe)=E(f) 2 E(XN.P)-

But since from Proposition 4.2 the map N +— E(Xn,p) is increasing this implies that
N(xp.e) = N(Xn.p) = N(f),
and this conclude the proof. O

Proof of part 2 of Theorem 4.1. We only need to prove that for any P € R® and any E > 0 such that |P| < E and
for any N €]0, N(xp,g)[ there exists F a Fermi-Dirac distribution such that

(4.18) N(F) =N, P(F)=P, E(F)=E.
It is straightforward to check that F realizes the moments equations (4.18) if, and only if

N = N(B, 1) y(u)
(4.19) BT = H@w
EiPlL:E(B?/‘L)v
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where

_ _ 1
L(ﬁvu):L(f)7 f_fﬁOu pﬁp0+,‘/‘—|—1
We then define,
. P
and reduce the system (4.19) to
_ _ P2

(4.21) U T ETHG.W

We conclude thanks to the following result.

Lemma 2.13.

1. For any fized pu the function Sg(.,p) : RL — R is continuous, decreasing, g (B, ) — +oo when 3 — 0 and
Yg(B, 1) — 0 when B — +oo. Therefore, for any p there exists a unique 3 = B(u) > 0 such that (B, ) = E.

2. The function B : R — R is continuous and decreasing, B(u) — +oo and B(u) + p — +oo when p — —oo and
B(1) — 0 when p — +oo.

3. The function £ : R — R, S(u) := Snx(B(n), 1) is continuous, decreasing, N(F) — N(xpr) when y — —oo and
() — 0 when p — 4-o00.

Proof of Lemma 2.13.  The proofs of the two first points are very similar to those of the same points in Lemma 2.3
and Lemma 3.3. We therefore do not repeat them. The only new point is the third, and more precisely the behavior of

Y for 4 — —oo. In order to prove it, let (u,) be a decreasing sequence such that u, — —oo and set 3, = B(pn)-

Step 1.  We write

0

_ p
_pe = — 2  _ap
0<E-P<LEBp) /R3 eB O —1)+B+n 4 ] @

When p — —oo we have § = B(u) — 400, and this implies that 8 + u — —oc. In particular, we have 5+ u < 0 so that

I

(4.22) N

Step 2. Since

|| |2| 2|
- > = > — =:
/R;; elBmetp| (|21-1) 4 1 dz 2 By elBmetp| (121-1) 4 1 dz 2 B, 2 dz Ce >0,

we deduce ¥ E | )
. D me+ )4 z
> L) > — dp = — _
B2 Epu) > /]Rs eBpl+mo+u 4 | @ ( B e elBmetul(21-1) 4 1 @
3 4
> (Iﬁmcjr u\) O
B
Therefore 1/
"If—n §mc+‘mc+& §<—> + mec,
n n CE
and there exists a € R and a subsequence (n’) such that
Hnt
— — —a,
ﬂn’

and by (4.22) a > 1.

Step 3. We remark now that if n is large enough 3, > 1 and |uy,|/0n < 2a, from where we deduce that

1
< <
0S oA 71 =

lpocoa + 10502, € LY(R?).

er’—2a 4 1
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Moreover, for a.e. p € R? we have
1

= B Ol l/Bn) + 1

fn — 1{p"§a}'

We conclude by dominated convergence Lebesgue Theorem that

L(Bn’v/in’) = L(]:—n’) — L(a) = L(l{poga}) for L=N,E,G,H.

Step 4. Passing to the limit in (4.20) and (4.21) we obtain

and
lim S (1) = N(a)y(@(a)).

p——00

By (4.6) this means precisely that the SFD state associated to (3,u) = (1/a, @(1/a)) satisfies

lim Sy(p)=N(x), Pkx)=P E(x)=E.

p——00

Therefore, x = xp,r and Sy (1) = N(F) — N(xp.g)- O

Nonrelativistic Fermi-Dirac particles. Here again, since the energy is £(p) = |p?|/2m the problem (1.2) is equiva-
lent to (3.16): given three quantities N > 0, E > 0, P € R? find f(p) such that 0 < f < 1 and satisfying (3.16).

On the other hand, given N > 0 and P € R?, we have

. 1 / 2
min 5 [ el f(p)dp
{o<f<t, [ fdp=N, [ pf(p)dp=P} 2m Jus

| o
= min o P — ~ | g\p)ap,
{0<9<1, [ gdp=N. [ (p- £)g(p)dp=0} 2M Jrs = N
and this minimum is reached for a distribution of the form ¢(p) = 1{‘1)_%56}, for some ¢ > 0 and for a distribution of
the form f(p) = 1jp|<c}- Since

-
15 o

/Rg L{lpi<cydp =wz2 5 and /R3 IP?[1(ppi<eydp = w2
we deduce that the problem (1.2) has a solution f satisfying 0 < f <1 only if

5/3(47)2/3
(4.23) B> SO Gy

On the other hand, it is simple, using elementary calculus, to prove that for any E,N > 0, P € R? such that (4.21)
holds, there exists a distribution of the from

1 35/3 4 2/3
(4.24) Fp)=4 @7 7Tl
) 35/3(471')2/3 5/3
Lp-gi<y i BE=—7p"N

with a € R, b € R and ¢ € R such that wac?/3 = N satisfying (3.16).
Then, for every E, N > 0 and P € R3 satisfying (4.23), the Fermi Dirac distribution:

1

w1
(4.25) Fp) =
Lp-ti<g i E=

2a alPP? 35/3(4m)?/3
(p) = alp|* — NP~p+(b+ NE )if B> #Nw{

35/3(4ﬂ.)2/3 N5/3
5
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solves (1.2).
This shows that for non relativistic particles Theorem 4.1 remains valid under the unique following change: the points
1 and 2 have to be replaced by

1’. For every E, N > 0, P € R®, satisfying (4.23) there exists a non relativistic fermi Dirac state, saturated or not,
defined by (4.25) corresponding to these moments, i.e. satisfying (1.2).

Points 3 and 4 of Theorem 4.1 remain unchanged.

Appendix. Minkowsky space and Lorentz transform.

For the convenience of the reader, we sumarize some of well known facts on Minkowsky space and Lorentz transform
that we have systematically used in the construction of the equilibrium states with prescribed moments. We refer to [20]
for a more detailed exposition on the subject.

Let us denote P = (P° p) € R* with P° € R, p € R® or indifferently P = (P*). We define the Lorentz metric as
follows:

(A1) <PQ>=P°Q"-p-q VP QEeR".

We also write
4

<PQR>=P'Q, =P nQ=> nuPrQ’, with Q,=rnu.Q"

,v=0

where
1 of
(A.2) n=(w) = ( 0 ,13)
is the Minkowsky matrix. The inner product <, > on R* is symmetric, non degenerated but not positive.

Definition A.1 A Lorentz transform is a linear operator A : R* — R* such that

(A.3) <APAQ>=<PQ> VP,QeR.

Example 1: Rotations. For any rotation R of R? (R € SO(3)),

(A.4) A:( ; 0;)

is a Lorentz transform.

Example 2: Boosts. For any v € R? such that v := |v| < 1,

T 1
- (v Yv _
(AO) A—( Y I-Q—’Y,U;lUUT)’ 7= %1_1}2.

is a Lorentz transform.
Remark A.2. Any Lorentz transform is the composition of a boost and a rotation.

For (8%, 8) € R* with 8° > |3| we define 3 > 0 and u € R? by
~ u
(4.6) D TN

Then, setting
n 1
RV TR

For such a 4-vector (3%, 3) we define the boost transform A = A(guy associated to v := u/c. It satisfies

(-3

20

(A7) ,  we have (5M):(50,5):(75,75%).



Lemma A.3 Any Lorentz transform A satisfies det A = +1.

Proof of Lemma A.3. Define T .
«_(a —c _fa b
A _(—b dT> for A_(c d>

with @ € R, b,c € R® and d € M(R3). We easily verify that
<APQ>=<PANQ> for any P,Q € R*.
In particular, by definition of a Lorentz transform, one has
<AAPQ>=<APAQ>=<PQ> for any P,Q € R?,
so that A* A = Idy. Since det A* = det A, we get (det A)2 =1. O
Definition A.4 For s € R we define the hyperboloid
(A.9) M; ={PeR* <P,P>=s, P'>0}={(\/s+|p]%p), pe R}

We write A € EL, if A is a Lorentz transform such that det A = +1 and (A P)° > 0 for any P € M3, with s > 0.

The boost A associated to (3%, 8) belongs to EL since det A = 1 and

1

(AP)° =75 +yu-p= [ﬂ°p°+ﬁ~p}Z%WO\ZJ\—WIIPI]ZO

sy

for any P € M3 with s > 0.

Lemma A.5 Let f: R — R and (8*) = (6°,8) € R?* such that 5% := 82 — |B]> > 0. We define F : R3 — R by
F(p) = f(B*p*) = f(B°p° — B - p) with p° := /s + |p|2, s > 0. There is some constants A; = A;(f,3) such that

(A.10) Pt F @ _ Ay p*
R3 Y
(A.11) / Pt F %f = Ao + A5 B 8.
R3
In particular, one has
(A.12) N(F):= /3 Fdp= A4,
R
(A.13) P(F):= /3 Fpdp=As3° 3
R
(A.14) E(F):= /3 Fpldp= Ay + As (8°)?
R
d _
(A.15) G(F) = 5/ F p%j =4 Ay + A B2
R3

Before proving this result, let recall and prove the following elementary distributionnal Lemma.

Lemma A.6. For anya,be R, a#b,

1
(A13) 6(30704) (z—b) — F (5z7a + (Sa;fa)-

al

Proof of Lemma A.6. Let (p.) be a sequence of L'(R) such that p. —  in D'(R). Then
< O(z—a) (w—b)s P > = ;1_{1[1) < pe((x—a)(z—0),¢>

= lim [ p.((z —a)(z—b)) ¢pdz = lirrtl)IEqLJE,
E—



with

o0

IEZ/_ pe((z —a) (z — b)) ¢ dz, Jsz/M pe((z — a) (z — b)) pdx.

atb
2

Without loss of generality we may assume that a < b. Set y = (z—a) (x —b) = 22— (a+b) x+ab. The function z — y(z)
is monotonous for any z < (a+b)/2 so that it is an allowed change of variable. We compute 2z = a+b++/4y + (a — b)?

and dy = 22 — (a + b)]dz = £/4y + (a — b)? dzx, and hence

[z a+b a—>b2 dy
]E_/f@ffﬂﬂps(y)(ﬁ( 7 * vt ( 2 ) ) 1y + (a—b)?
1 a+b—la—0bl\,  ¢(a)
*)|b—a|¢( 2 )_|b—a|'
Similarly, we prove J. — |§) (jl'. O

Proof of Lemma A.5. Using Lemma A.6 we have, denoting by H the Heavisde function,

! 0
25+ p|z POVl

5P2:s H(PO) = 6(130)2,5 1P0>0 =

Therefore, we get the fundamental identity

/R4 F(P)dpaes H(p") dP = /Rg{/R F(P) 2 Sl+ D2 5P°*\/s+|p|2 Po}dp

dp
= [ F(p’p) —.
IR

For A € EI,_ we get
d
[ P06 % = [ PP, G P
R3 p R4

Now we choose as A the boost associated to (") and using (A.8) we have, setting P = A Q, we get

v, v @7 3 (AN—1p)0 @
[rmse S = [ e

_ dq 3 A
= [ ara) S = (O
R3 q
with ) p
T 0ra,0y%
1 6 - f(ﬂq ) q07
since i
ipca .02
Z_0
/Rg q'f(Bq") e
for i = 1,2,3 by rotation symmetry. This proves (A.10).
Similarly,
v oa’dp_ v ll/liodq_l‘l/
Lo 16 S5 =iy [ 1B G = ML o
with d p
co= [ @PFEOS  ar—ar=ar= [ @GO,
R3 q R3 q
Just compute
2 2771 29700 O\ 72 v(yufe)’
A= ( 2920 14292007 ) T T2 Gure (ufe) (use)T
v 2 17
=—m" + Eﬂ”ﬂ ;
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and

_( oy B
M= (w/C) A

L7 157 5) 5 = AL+ (a0 — ) AN
= a1 (A*)" + (g — o) AfAG
—“O;O‘l g,
and (A.11) is proved. The points (A.12), (A.13) and (A.14) follow. Finally, we compute, thanks to (A.11),

Therefore

=—a " +

d
/3 muP”P” f p% = Al 77MV Nuv + A2 ﬁ“ BV Ny
R

so that P
[0 =102 £ % = a4+ a7 — (9] = 441+ 257
R
and (A.15) follows, remarking that (p°)? — |p|? = s. 0
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