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Docteur de l’université Paris VI Pierre et Marie Curie
Docteur de l’école polytechnique de Tunisie
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Thierry Gallay Rapporteur
Hiroshi Matano Examinateur
Frank Merle Examinateur
Benoit Perthame Examinatreur
Hatem Zaag Directeur de thèse
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I

I

Z

w s → ±∞
w κ s → −∞

∃s0 ∈ R
w(y, s) = ϕ(s− s0)



Z

C1,α





u′ = f(u), u(0) = a f ∈ C1(R).

T > 0

T = +∞ f
f u′ = u − u2 u(0) = a

u(t) = a/ (a− (a− 1)e−t) t ≥ 0
T < +∞ limt→T |u(t)| = +∞ u T

u T

u′ = u2, t > 0, u(0) = a.

a > 0
0 < t < T = 1/a u(t) = 1/(T−t)



t < T u(t) →∞ t → T−

f ≥ 0

∫ ∞

1

ds/f(s) < ∞,

u′ = up p > 1

{
∂tu = ∆u + F (u) RN × [0, T ),
u(., 0) = u0 RN ,

u : (x, t) ∈ RN × [0, T ) → RM u0 : RN → RM F : RN → RM C1

N, M ∈ N

T > 0



T = +∞
T < +∞ u

lim
t→T

‖u(t)‖L∞ = +∞.

1
u

{
∂2

ttu = ∂2
xxu + |u|p−1u,

u(0) = u0 ∂tu(0) = u1,

u(t) : x ∈ R → u(x, t) ∈ R u0 ∈ H1
loc,u u1 ∈ L2

loc,u

‖v‖2
L2

loc,u
= sup

a∈R

∫

|x−a|<1

|v(x)|2 dx ‖v‖2
H1

loc,u
= ‖v‖2

L2
loc,u

+ ‖∇v‖2
L2

loc,u
.

H1
loc,u × L2

loc,u

H1 × L2

u(x, t) (x, t) ∈ R× [0, +∞)
x *→ T (x) 1− u

T

a ∈ R
= 1

C1,α



∂tu = ∆u + |u|p−1u.
u(., 0) = u0,

u(t) : Ω ⊂ RN → R N ∈ N p

p > 1 p < (N + 2)/(N − 2).

p N ≥ 3 p > (N +2)/(N −2)

p

+

Ω

E(u) =
1

2

∫

Ω

|∇u|2dx− 1

p + 1

∫

Ω

|u|p+1dx,

u0 ∈ H1
0 (Ω) u0 ,= 0 E(u0) ≤ 0 u(t)

Ω = RN

p ≤ 1 + 2
N u0 ∈ C2 ∩W 2,∞(RN) u0 ,= 0

u(x, t) T



u(x, t) u0 ≥ 0

M > 0 u0(x) L∞(RN)

∀|x| ≤ M, u0(x) ≥ κ

2
κ = (p− 1)−

1
p−1

u(x, t) V0

T > 0

∂tu = ∆u + (1 + iδ)|u|p−1u,

∂tu = ∂2
xu−

1

uβ
.



u

(x, t) ∈ RN×(−∞, T ) |u(x, t)| ≤ C(T−t)−
1

p−1

C > 0 u ≡ 0 T0 ≥ T (x, t) ∈ RN × (−∞, T )

u(x, t) = ±κ(T0 − t)−
1

p−1 κ = (p− 1)−
1

p−1

y =
x√

T − t
s = − log(T − t) w(y, s) = (T − t)

1
p−1 u(x, t),

ws = ∆w − 1

2
y · ∇w − 1

p− 1
w + |w|p−1w,

w(y, s)
(y, s) ∈ RN×R w w ≡ 0

w = ±κ s0 ∈ R w = ±ϕ(s− s0) ϕ(s) = κ(1 + es)−
1

p−1

u(x, t)
T > 0 ε > 0 C(ε) x ∈ RN

t ∈ [T/2, T ) ∣∣∂tu(x, t)− |u|p−1u(x, t)
∣∣ ≤ ε |u(x, t)|p + C.

T ≤ T0 ‖u0‖C2(RN ) ≤ C0 u(x, t)
u0 ε > 0

C(ε, C0, T0) x ∈ RN t ∈ [0, T )

∣∣∂tu(x, t)− |u|p−1u(x, t)
∣∣ ≤ ε |u(x, t)|p + C.



E(w) =

∫

RN

(
1

2
|∇w|2 +

|w|2

2(p− 1)
− |w|p+1

p + 1

)
ρdy ρ(y) =

e−
|y|2
4

(4π)N/2
.

κ s → −∞
w → κ s → −∞

w(y, s) = ϕ(s − s0)

s0 ∈ R ϕ(s) = κ (1 + es)−
1

p−1

I(w(s0)) > 0 s0 ∈ R

I(w(s)) = −2E(w(s)) +
p− 1

p + 1

(∫

RN

|w(y, s)|2 ρ(y)dy

) p+1
2

.

w S > s0

κ
s → −∞

∂tu = ∆u + (1 + iδ)|u|p−1u u(0, x) = u0(x),

u(t) : RN → C δ ∈ R

∂tu = (1 + iβ)∆u + (ε + iδ)|u|p−1u− γu (x, t) ∈ RN × (0, T ),



β δ γ p > 1 ε = ±1

δ = 0

δ0 > 0 M : [−δ0, δ0] → (0, +∞] M(0) = +∞ M(δ) → +∞ δ → 0

|δ| ≤ δ0 u u(x, t)(T−t)
1

p−1 ∈ L∞(RN×(−∞, T ), C)

‖u(x, t)(T − t)
1

p−1‖L∞(RN×(−∞,T ),C) ≤ M(δ) u ≡ 0 T0 ≥ T θ0 ∈ R
(x, t) ∈ RN × (−∞, T ) u(x, t) = κ(T0 − t)−

1+iδ
p−1 eiθ0

δ = 0
δ ,= 0 δ = 0

δ ,= 0 δ = 0

I

I u(t)

∀t ∈ [0, T ) ‖u(t)‖L∞ ≤ M(T − t)−
1

p−1 ,

T
u′(t) = (1 + iδ)|u(t)|p−1u(t)



I

I
δ = 0

I p
δ ,= 0

I

I |δ| ≤ δ0 u
T

∀t ∈ [0, T ) ‖u(t)‖L∞ ≤ M(δ)(T − t)−
1

p−1 ,

δ0 M(δ)
L∞

‖u(t)‖L∞(T − t)
1

p−1 → κ ‖∇ku(t)‖L∞(T − t)
1

p−1+ k
2 → 0

t → T k = 1 2 3.

ε > 0 C(ε)
x ∈ RN t ∈ [T

2 , T )
∣∣∂tu(x, t)− (1 + iδ)|u|p−1u(x, t)

∣∣ ≤ ε|u(x, t)|p + C.

{
∂tu = ∂2

xxu−
1

uβ
R× [0, T ),

u(x, 0) = u0(x) > 0 x ∈ R,

β ≥ 3

u0,
1

u0
∈ L∞(R).

u(t) T u t ∈ [0, T )

lim
t→T

inf
x∈R

u(x, t) = 0.



u T
a {(an, tn)} an → a tn → T

u(an, tn) → 0 n →∞

t → T
u

RN

u

(x, t) ∈ R × (−∞, T ) u(x, t) ≥ M(T − t)
1

(β+1)

|∂xu(x, t)| ≤ M (T − t)
1

β+1−
1
2 M > 0 T0 ≥ T

(x, t) ∈ R× (−∞, T ) u(x, T ) = κ(T0 − t)
1

(β+1)

u(t)
T > 0 ε > 0 Cε > 0

t ∈ [
T

2
, T ) x ∈ R

∣∣∣∣
∂u

∂t
− u−β

∣∣∣∣ ≤ ε|u|−β + Cε.



u(t) u(t)
T u

′′
0 − 1

uβ
0

≤ 0

inf
x∈R

|u(x, t)| → UT (t) = (β + 1)
1

β+1 (T − t)
1

β+1 t → T,

(T − t)−
1

β+1+ 1
2‖∂xu(., t)‖L∞(R) + (T − t)−

1
β+1+1‖∂2

xu(., t)‖L∞(R) → 0 t → T.

u x *→ T (x)

T 1−

x0 ∈ R δ0 = δ0(x0) ∈ (0, 1) t0(x0) < T (x0)

u Cx0,T (x0),δ0 ∩ {t ≥ t0}

Cx̄,t̄,δ̄ =
{
(x, t)

∣∣t < t̄− δ̄|x− x̄|
}

.

R R ,= ∅
x *→ T (x) x0 |x| x ∈ R

R T C1 R

x *→ T (x)
C1

u(x, t)



Cx∗,t∗,δ∗ t < T ∗

(T ∗ − t)
2

p−1

‖u(t)‖L2(B(0, T∗−t
δ∗ ))

(T ∗ − t)1/2

+(T ∗ − t)
2

p−1+1

(‖ut(t)‖L2(B(0, T∗−t
δ∗ ))

(T ∗ − t)1/2
+
‖∇u(t)‖L2(B(0, T∗−t

δ∗ ))
(T ∗ − t)1/2

)
≤ C∗,

(x∗, T ∗) ∈ R2 δ∗ ∈ (0, 1) C∗ > 0 u ≡ 0 u
u

{(x, t) | T0 + d0(x− x∗)} ⊃ Cx∗,t∗,δ∗

u(x, t) = θ0κ0
(1− d2

0)
1

p−1

(T0 − t + d0(x− x∗))
2

p−1

,

T0 ≥ T ∗ d0 ∈ [−δ∗, δ∗] θ0 = ±1

κ(d, y) = κ0
(1− d2)

1
p−1

(1 + dy)
2

p−1

κ0 =

(
2(p + 1)

(p− 1)2

) 1
p−1

.

T (x) R

T (x)

u x *→ T (x)
T (x) C1,µ0 R µ0 > 0

µ0 ≤ 1



+



ut

ut−∆u = up

ut =
∆u + u1+α



∆w − 1
2y · ∇w + λw − w−β = 0

Rn

ut = uxx+1/(1−u)

Put = −Au + F (u)



L2



1

C1,α



N









ut = ∆u + |u|p−1u

1

p > 1 (N − 2)p < N + 2.

u (x, t) ∈ RN × (−∞, T )

|u(x, t)| ≤ C(T −t)−
1

p−1 C > 0 u ≡ 0 T0 ≥ T

(x, t) ∈ RN × (−∞, T ) u(x, t) = ±κ(T0 − t)−
1

p−1 κ = (p− 1)−
1

p−1

y =
x√

T − t
s = − log(T − t) w(y, s) = (T − t)

1
p−1 u(x, t),

ws = ∆w − 1

2
y · ∇w − 1

p− 1
w + |w|p−1w,

1′ w(y, s)
(y, s) ∈ RN × R w w ≡ 0

w = ±κ s0 ∈ R w = ±ϕ(s− s0) ϕ(s) = κ(1 + es)−
1

p−1



T ≤ T0 ‖u0‖C2(RN ) ≤ C0 u(x, t)
u0 ε > 0 C(ε, C0, T0)

x ∈ RN t ∈ [0, T )

∣∣∣∣
∂u

∂t
(x, t)− |u|p−1u(x, t)

∣∣∣∣ ≤ ε |u(x, t)|p + C.

E(w) =

∫

RN

(
1

2
|∇w|2 +

|w|2

2(p− 1)
− |w|p+1

p + 1

)
ρdy ρ(y) =

e−
|y|2
4

(4π)N/2
.

w κ s → −∞

w κ s → −∞
w(y, s) = ϕ(s − s0) s0 ∈ R

ϕ(s) = κ (1 + es)−
1

p−1

I(w(s0)) > 0 s0 ∈ R

I(w(s)) = −2E(w(s)) +
p− 1

p + 1

(∫

RN

|w(y, s)|2 ρ(y)dy

) p+1
2

.

w S > s0

κ s → −∞



M > 0
V0(x) L∞(RN)

∀|x| ≤ M, V0(x) ≥ κ

2
,

V (x, t) V0

T > 0

V0(x) V (x, t)
λ > 0 −∆ B(0, M) ψ(x)

λ

{
−∆ψ = λψ B(0, M),
ψ = 0 ∂B(0, M).

ψ(x) ≥ 0 B(0, M) λ = λ1
M2 λ1 > 0

−∆ B(0, 1)
∫

B(0,M) ψ(x)dx = 1

V̂ (t) =
∫

B(0,M) V (x, t)ψ(x)dx ψ(x)

B(0, M)

{
V̂
′
(t) ≥ −λV̂ + V̂ (t)p V ,

V̂ (0) ≥ κ
2 ,

Φ(t)

{
Φ
′
(t) = Φ(t)p − λΦ(t),

Φ(0) = κ
2 .



λ = λ1
M2 M Φ(t)

T0 > 0 V̂ (t) ≥ Φ(t) V̂
supx∈RN V (x, t) ≥ V̂ (t) V (x, t)

T > 0 !

w
w±∞ w s → ±∞

w−∞ = κ s → −∞

w s → ±∞

L∞(RN)

0 = ∆w − 1

2
y · ∇w − w

p− 1
+ |w|p−1w,

w ≡ 0 w ≡ −κ w ≡ κ

w s → ±∞ w
RN lims→∞w(y, s) 0 ±κ

C2(B(0, R)) R > 0
s → −∞

w w±∞ ≡ 0 w±∞ ≡ κ
E w

0 ≤
∫ +∞

−∞
ds

∫

RN

∣∣∣∣
∂w

∂s
(y, s)

∣∣∣∣
2

ρdy = E(w−∞)− E(w+∞).

E(κ) > 0 = E(0)

E(w−∞) = E(w+∞)
∂w

∂s
≡ 0 w

w ≡ 0 w ≡ κ
E(w−∞)− E(w+∞) > 0 w+∞ ≡ 0 w−∞ ≡ κ

w → κ s → −∞

M > 0
s∗

w(y, s∗) ≥ κ

2
|y| < M.



v(x, t)

v(x, t) = (1− t)−
1

p−1 w(y, s + s∗) y =
x√

1− t
s = − log(1− t),

v x ∈ RN t < 1

∀x ∈ RN , v(x, 0) = w(y, s∗).

V (x, t) V (x, 0) = v(x, 0)
V

T > 0

∀(x, t) ∈ RN × [0, 1), V (x, t) = v(x, t),

T ≥ 1 v(x, t) t ≥ 1 T > 1 v(x, t) = V (x, t)
v(x, t) (x, t) ∈ RN × (−∞, T )

T ≥ 1
a ∈ RN v

y′ =
x− a√
T − t

s′ = − log(T − t) wa(y
′, s′) = (T − t)

1
p−1 v(x, t),

∀s′ ∈ R ‖wa(s
′)‖L∞ ≤ C1 C1 > 0,

wa(y
′, s′) → κ s′ → +∞

wa s′ → −∞

wa(y
′, s′) = (1− σ)−

1
p−1 w (y, s) σ = (T − 1)es′ ,

y =
y′ + aes′/2

√
1− σ

and s = s′ − log(1− σ) + s∗.

w(y, s) → κ s → −∞ σ → 0 s′ → −∞

wa(y
′, s′) → κ s′ → −∞

E(wa)

E(wa(s
′)) → E(κ) s′ → ±∞.

wa

∫ +∞

−∞
ds′

∫

RN

∣∣∣∣
∂wa

∂s
(y′, s′)

∣∣∣∣
2

ρdy′ = E(κ)− E(κ) = 0,



wa y′

wa wa ≡ κ

w(y, s) = wa(y
′, s′)

(
1 + (1− T )es′

)1/(p−1)

= κ
(
1 + (1− T )es′

)1/(p−1)

.

es′ =
es−s∗

1 + es−s∗(T − 1)

w(y, s) = κ
(
1 + (T − 1)es−s∗

)−1/(p−1)
,

w(y, s) = κ T = 1 w = κ (1 + es−s0)−1/(p−1) T > 1
s0 = − log(T−1)+s∗





ut−∆u =
up

1







∂tu = ∆u + F (u),

u(t) : x ∈ RN → RM ∆ F : RM → RM

u(t) T u(t) t ∈ [0, T )

lim
t→T

‖u(t)‖L∞ = +∞.

F

F

ut = ∆u + (1 + iδ)|u|p−1u u(0, x) = u0(x),

u(t) : RN → C δ ∈ R

p > 1 (N − 2)p < (N + 2).

∂tu = (1 + iβ)∆u + (ε + iδ)|u|p−1u− γu (x, t) ∈ RN × (0, T ),



β δ γ p > 1 ε = ±1
ε = −1

βδ > 0
ε = 1

δ

δ ∈ (−√p,
√

p)
u(x, t) RN × [0, T ) T > 0

a ∈ RN

lim
t→T

‖(T − t)
1+iδ
p−1 u(a + ((T − t)| log(T − t)|) 1

2 z, t)− fδ(z)‖L∞(RN ) = 0

fδ(z) = (p− 1 +
(p− 1)2

4(p− δ2)
|z|2)−

1+iδ
p−1 ,

u∗ ∈ C(RN\{a}, C) u(x, t) → u∗(x) t → T
RN\{a}

u∗(x) ∼
[

8(p− δ2)| log |x− a||
(p− 1)2|x− a|2

] 1+iδ
p−1

x → a.

u(t) t → T



δ = 0

∂tu = ∆u + vp ∂tv = ∆v + uq,

∂sΦ = ∆Φ− 1
2y · ∇Φ + Ψp −

(
p+1
pq−1

)
Φ,

∂sΨ = ∆Ψ− 1
2y · ∇Ψ + Φq −

(
q+1
pq−1

)
Ψ.

p0 > 1 (N − 2)p0 < N + 2 M > 0 η > 0
|p − p0| + |q − p0| < η (Φ, Ψ)

(y, s) ∈ RN × R Φ(y, s) + Ψ(y, s) ≤ M (Φ, Ψ) = (0, 0)

(Φ, Ψ) = (Γ, γ) (Φ, Ψ) =
(
Γ (1 + es−s0)−

p+1
pq−1 , γ (1 + es−s0)−

q+1
pq−1

)
s0 ∈ R

(Γ, γ)

γp = Γ

(
p + 1

pq − 1

)
Γq = γ

(
q + 1

pq − 1

)
.

s → ±∞

δ ,= 0



β ,= 0

a ∈ RN

wa(y, s) = (T − t)
(1+iδ)

p−1 u(x, t) y =
x− a√
T − t

s = − log(T − t).

u w = wa s ≥ − log T
y ∈ RN

ws = ∆w − 1

2
y · ∇w − (1 + iδ)

(p− 1)
w + (1 + iδ)|w|(p−1)w.

L2
ρ = {g ∈ L2

loc(RN , C)

∫

RN

|g|2e−
|y|2
4 dy < +∞} ρ(y) =

e−
|y|2
4

(4π)N/2
.

g y ∈ RN

‖g‖2
L2

ρ
=

∫

RN

|g(y)|2e−
|y|2
4 dy.

g (y, s) ∈ RN × R

‖g(., s)‖2
L2

ρ
=

∫

RN

|g(y, s)|2e−
|y|2
4 dy.

(y, s) ∈ RN × R

δ0 > 0
M : [−δ0, δ0] → (0, +∞] M(0) = +∞ M(δ) → +∞ δ → 0

|δ| ≤ δ0 w ∈ L∞(RN×R, C) ‖w‖L∞(RN×R,C) ≤ M(δ)
w ≡ 0 w ≡ κeiθ0 w = ϕδ(s− s0)eiθ0 θ0 ∈ R s0 ∈ R

ϕδ(s) = κ(1 + es)−
(1+iδ)
(p−1) κ = (p− 1)−

1
p−1



u(x, t)

δ0 > 0
M : [−δ0, δ0] → (0, +∞] M(0) = +∞ M(δ) → +∞ δ → 0

|δ| ≤ δ0 u u(x, t)(T − t)
1

p−1 ∈ L∞(RN ×
(−∞, T ), C) ‖u(x, t)(T − t)

1
p−1‖L∞(RN×(−∞,T ),C) ≤ M(δ) u ≡ 0

T0 ≥ T θ0 ∈ R (x, t) ∈ RN × (−∞, T ) u(x, t) = κ(T0 − t)−
1+iδ
p−1 eiθ0

δ = 0 M(0) = +∞
L∞

δ ,= 0 L∞ M(δ)
M(δ) = +∞

L∞

w(y, s) = w0(y)eiωs ω
‖w0‖L∞ δ ∼ ±3

δ = 0
δ ,= 0

δ = 0

δ = 0

L2
ρ

I

I

∀t ∈ [0, T ) ‖u(t)‖L∞ ≤ M(T − t)−
1

p−1 ,

T
u′ = (1 + iδ)|u|p−1u



I

I
δ = 0

I p (N −2)p < N +2
δ ,= 0

I

I
|δ| ≤ δ0 u T

∀t ∈ [0, T ) ‖u(t)‖L∞ ≤ M(δ)(T − t)−
1

p−1 ,

δ0 M(δ)
L∞

‖u(t)‖L∞(T − t)
1

p−1 → κ ‖∇ku(t)‖L∞(T − t)
1

p−1+ k
2 → 0

t → T k = 1 2 3.

ε > 0 C(ε) ∀x ∈ RN

∀t ∈ [T
2 , T ) ∣∣∣∣

∂u

∂t
(x, t)− (1 + iδ)|u|p−1u(x, t)

∣∣∣∣ ≤ ε|u(x, t)|p + C.

δ = 0
δ ,= 0

δ ,= 0



δ = 0

δ ,= 0

δ ,= 0 w ≡ κ

u → ueiθ

δ = 0
N = 1 N ≥ 2 p

1 N = 1
N ≥ 2

N = 1

N = 1

M > 0 δ′0(M) > 0 |δ| ≤ δ′0(M) w(y, s)
(y, s) ∈ R× R

‖w(., s)‖L∞ ≤ M,

w s

M > 0 w(y, s)
w δ

w(y, s) s → −∞

w(y, s) s → −∞
δ = 0 w(y, s){

0, κeiθ|θ ∈ R
}

s → −∞ L2
ρ

L∞ δ ,= 0 v ∈ L∞(RN)

0 = ∆v − 1

2
y · ∇v − 1 + iδ

p− 1
v + (1 + iδ)|v|p−1v.

v ≡ 0 θ0 ∈ R v ≡ κeiθ0

δ = 0 p (N−2)p ≤
N + 2

v ∈ L∞(RN)
vρ RN

0 = −
∫
|∇v|2 ρ− (1 + iδ)

p− 1

∫
|v|2ρ + (1 + iδ)

∫
|v|p+1ρ.



δ ,= 0
∫
|∇v|2 ρ = 0

∇v ≡ 0 ∆v ≡ 0 !

δ = 0

E(w) =
1

2

∫
|∇w|2 ρdy +

1

2(p− 1)

∫
|w|2ρdy − 1

p + 1

∫
|w|p+1ρdy.

δ ,= 0

M > 0 δ′0(M) |δ| ≤ δ′0 w
(y, s) ∈ R× R |w(y, s)| ≤ M

‖w(., s)‖L2
ρ
→ 0 s → −∞ infθ∈R ‖w(., s)− κeiθ‖L2

ρ
→ 0 s → −∞

w → 0 s → −∞
w ≡ 0

L2
ρ

h(s) ≡
∫

R |w(y, s)|2 ρ(y)dy

h′(s) ≤ − 2

p− 1
h(s) + 2

∫

R
|w(y, s)|p+1 ρ(y)dy.

∀s ∈ R
∫

R
|w(y, s)|p+1ρ(dy) ≤ C∗

(∫

R
|w(y, s− s∗)|2 ρ(y)dy

) p+1
2

,

s∗ C∗

∀s ∈ R h′(s) ≤ − 2

p− 1
h(s) + C(M)h(s− s∗)

p+1
2 .

h(s) → 0 s → −∞ h(s)
ε0 > 0

∀σ ∈ R ∀s ≥ σ + 1, h(s) ≤ ε0e
− 2(s−σ)

p−1 .

s ∈ R σ → −∞ h(s) ≡ 0 w ≡ 0



infθ∈R ‖w(., s)− κeiθ‖L2
ρ
→ 0 s → −∞

κeiθ0 s → −∞
L2

ρ w s → −∞

u → ueiθ

w(y, s)

w(y, s) = eiθ(s)(v(y, s) + κ) κ = (p− 1)−
1

(p−1) .

θ(s) ‖w(., s)− eiθ(s)κ‖L2
ρ

= infθ∈R ‖w(y, s)−
κeiθ‖L2

ρ
θ(s)

s1 ∈ R θ ∈ C1((−∞, s1], R)
∀s ≤ s1

∫
(6(v)− δ7(v))ρ = 0 v
‖v(., s)‖L2

ρ
→ 0 s → −∞

s ≤ s1

|θ′(s)| ≤ C‖v(., s)‖2
L2

ρ
.

v(y, s) θ(s) s → −∞
v(= v1 + iv2)

∂sv = L̃v − iθs(v + κ) + G,

G = (1 + iδ)

{
|v + κ|p−1(v + κ)− κp − v

p− 1
− v1

}
,

|G| ≤ C|v|2
∣∣∣∣G− (1 + iδ)

1

2κ

{
(p− 2)v2

1 + v2
2 + 2v1v

}∣∣∣∣ ≤ C|v|3.

L̃v = ∆v− 1
2y · ∇v + (1 + iδ)v1

L̃

L̃
L̃ R− L2

ρ

{1− m

2
|m ∈ N}.

{(1 + iδ)hm, ihm|m ∈ N}

hm(y) =

[m
2 ]∑

n=0

m!

n!(m− 2n)!
(−1)nym−2n.



L̃((1 + iδ)hm) = (1− m
2 )(1 + iδ)hm L̃(ihm) = −m

2 ihm.
r ∈ L2

ρ

r(y) = (1 + iδ)r̃1(y) + ir̃2(y) = (1 + iδ)

(
+∞∑

m=0

r̃1mhm(y)

)
+ i

(
+∞∑

m=0

r̃2mhm(y)

)
,

r̃1(y) = 7{r(y)} r̃2(y) = 6{r(y)} − δ7{r(y)}
i = {1, 2} r̃im =

∫
r̃i(y) hm(y)

‖hm‖2
L2

ρ

ρ(y)dy.

1 1/2 0
λ = 1

λ = 1/2 uλ(ξ, τ) → λ
1

p−1 u(ξ
√

λ, τλ) eiθ S1

λ = 0
z

z = z1 + iz2 z = (1 + iδ)z̃1 + iz̃2 zj=1,2 z̃j=1,2 ∈ R

v(y, s) = (1 + iδ)ṽ1(y, s) + iṽ2(y, s),
= (1 + iδ)

∑∞
m=0 ṽ1m(s)hm(y) + i

∑∞
m=0 ṽ2m(s)hm(y).

L̃v =

(
L 0
0 L − I

) (
ṽ1

ṽ2

)
,

Lh = ∆h− 1

2
y · ∇h + h,

L2
ρ(R, R) hm

L̃
L

!
L̃

• λ = 1 (1 + iδ)h0(y) = (1 + iδ)
• λ = 1/2 (1 + iδ)h1(y) = (1 + iδ)y
• λ = 0 (1 + iδ)h2(y) = (1 + iδ)(y2 − 2) ih0(y) = i

v(y, s) ih0

ṽ20(s) =

∫
(6(v(y, s))− δ7(v(y, s)))

h0(y)

‖h0‖2
L2

ρ

ρ(y)

=

∫
(6(v(y, s))− δ7(v(y, s))) ρ(y).

θ(s)

∀s ≤ s1 ṽ20(s) = 0.



L̃
v w s → −∞

s → −∞
s → −∞ v λ ≥ 0

(1 + iδ) λ = 1 (1 + iδ)y λ = 1/2 (1 +
iδ)(y2 − 2) i λ = 0 i

θ(s) λ = 0
v (1 + iδ)(y2− 2)

ẋ ∼ −x2 x ∼ 1
s

θ(s) s → −∞ w

θ0 ∈ R θ(s) → θ0 ‖w(., s)− κeiθ0‖L2
ρ
→ 0

s → −∞ s → −∞
C0 ∈ R C1 ∈ R∗

‖w(., s)− {κ + (1 + iδ)C0es}eiθ0‖L2
ρ

≤ Ce3s/2,
‖w(., s)− {κ + (1 + iδ)C1es/2y}eiθ0‖L2

ρ
≤ Ce(1−ε)s.

‖w(., s)− eiθ0{κ + (1 + iδ) κ
4(p−δ2)s(y

2 − 2)− i (1+δ2)δκ2

4(p−δ2)2
1
s}‖L2

ρ
≤ C log |s|

s2 ,

ϕδ(s− s0) s0

δ = 0

‖w(., s)− {κ + (1 + iδ)C0e
s}eiθ0‖L2

ρ
≤ Ce3s/2.

ϕ̂(s)eiθ0 R × (−∞, ŝ]
ŝ ∈ R w

C0 = 0, ϕ̂ ≡ κ,

C0 < 0, ϕ̂ ≡ ϕδ(s− s0) s0 = − log(−C0(p−1)
κ ),

C0 > 0, ϕ̂ ≡ ϕ∗δ(s− s0) s0 = log(C0(p−1)
κ ),

ϕ∗δ(s) = κ(1− es)−
(1+iδ)
(p−1)

ϕ∗δ(s) s = 0 s ≤ −1

‖w(., s)− ϕ̂(s)eiθ0‖L2
ρ
≤ Ce3s/2.



e3s/2

L̃ 1 < 3
2 w(y, s) = ϕ̂(s)eiθ0

s → −∞

w ≡
κeiθ0 s0 ∈ R (y, s) ∈ R × R w(y, s) = ϕδ(s − s0)eiθ0

θ0 ∈ R

δ = 0

δ = 0

δ = 0 W
δ = 0

E(W (y, s0)) <
p− 1

2(p + 1)

(∫

RN

|W (y, s0)|2ρ(y)dy

) p+1
2

,

s0 ∈ R W S > s0

δ = 0

a0 s0

E(wa0(., s0)) <
p− 1

2(p + 1)

(∫
wa0(y, s0)

2ρ(y)dy

) p+1
2

,

wa0(y, s) = w(y + a0e
s
2 , s),

wa0 s ∈ R

δ ,= 0

θ0 = 0
δ = 0 w → κ s → +∞

−∞



w(y, s) = κ +
κ

2ps
(1− 1

2
|y|2) + o(

1

s
) s →∞.

L2
ρ L∞(|y| < R) R > 0

|y| ≤ K
√

s
K > 0

sup
|y|<K

√
s

∣∣∣∣w(y, s)− f0(
y√
s
)

∣∣∣∣ → 0 s → +∞,

f0 =
(
(p− 1) + (p−1)2

4p
|y|2
s

)− 1
p−1

0 =
1

2
ξ · ∇f0(ξ)−

1

p− 1
f0(ξ) + |f0|p−1f0(ξ) ξ =

y√
s
,

f0 s → ∞

‖∂sf0 −
{

∆f0 +
1

2
ξ · ∇f0 −

1

p− 1
f0 + |f0|p−1f0

}
‖L∞ = ‖∂sf0 −∆f0‖L∞ ≤

C

s
.

y√
−s

yes/2

w(y, s) G
(

y√
−s

)
G(ξ) =

κ
(
1− (p−1)

4(p−δ2)ξ
2
)− (1+iδ)

(p−1)
G

0 = −1

2
ξ · ∇G(ξ)− 1 + iδ

p− 1
G + (1 + iδ)|G|p−1G.

f0 G

|y| < K0

√
−s K0 =

√
4(p−δ2)
(p−1) G |y| = K0

√
−s

|y| < R |y| < ε0

√
−s ε0 < K0

ε0 > 0

lims→−∞ sup|y|≤ε0
√
−s

∣∣∣w(y, s)−G
(

y√
−s

)∣∣∣ = 0,

G(ξ) = κ
(
1− (p−1)

4(p−δ2)ξ
2
)− (1+iδ)

(p−1)
.



ε0 < K0 |G(ξ)| → ∞
ξ → K0 ε0 |G(ε0)| ≥ 3M |s0|

|w(ε0

√
−s0, s0)| ≥ 2M,

s →∞
ξ = 0 f0 ξ = 0

ε0

ε0 w(y, s)

sup
|y− ε0

2

√
−s0|≤4|s0|1/4

∣∣∣w(y, s0)−G(
ε0

2
)
∣∣∣ → 0 s0 → −∞.

ε > 0

sup
s0≤s≤s∗0−η

∣∣∣w(
ε0

2

√
−s0, s)−Wε0(s)

∣∣∣ → 0 s0 → −∞,

s∗0 < +∞ Wε0(s)
Wε0(s0) ≡ G( ε0

2 ) Wε0

Wε0(s) = κ

(
1− es−s0

(p− 1)ε2
0

16(p− δ2)

)− (1+iδ)
p−1

s = s∗0 − log
(

(p−1)ε2
0

16(p−δ2)

)
> s0 ε0

s∗0 = s0 − η0 η0 > 0 |Wε0(s
∗
0 − η0)| ≥ 3M

|w( ε0
2

√
−s0, s∗0 − η0)| ≥ 2M

w ≡ κeiθ0 w ≡ ϕδ(s− s0)eiθ0 s0 θ0 ϕδ



M > 0
w(y, s) (y, s) ∈ R× R

‖w(y, s)‖L∞ ≤ M.

δ′0(M) > 0 |δ| ≤ δ′0(M) w
s

s → −∞ w → 0 w {κeiθ|θ ∈ R}
w ≡ 0

κeiθ(s) θ(s)
w ≡ κeiθ0 w ≡ ϕδ(s− s0)eiθ0 s0 θ0 ϕδ

w(y, s) s → ∞
w → 0 s → −∞

w s → −∞

0 κeiθ θ ∈ R
w s → −∞

M > 0 δ′0(M)
|δ| ≤ δ′0 w (y, s) ∈ R × R

|w(y, s)| ≤ M (‖w(s)‖ ≡ 0)
(
infθ∈R ‖w(s)− κeiθ‖ → 0

)
s → −∞

(Φ, Ψ) (0, 0) (Γ, γ)

(Φ, Ψ) → (Γ, γ) −∞ (Φ, Ψ) → (0, 0) +∞.

w ≡ κeiθ



L0v =
1

ρ
div(ρ∇v) = ∆v − 1

2
y · ∇v,

L0w −
(1 + iδ)

p− 1
w,

C {−m
2 −

(1+iδ)
p−1 |m ∈ N}

p = q = p0

δ = 0

δ = 0 p w ∈ L∞(RN×R, C)

∂w

∂s
= ∆w − 1

2
y · ∇w − w

p− 1
+ |w|p−1w.

w ≡ 0
∃θ ∈ R w(y, s) = κeiθ

s0 ∈ R (y, s) ∈ RN×R w(y, s) = ϕ(s−s0)eiθ0

θ0 ∈ R
ϕ(s) = κ(1 + es)−

1
p−1 .

ϕ

ϕs = − ϕ

p− 1
+ ϕp,

ϕ → κ s → −∞ ϕ → 0 s → ∞

L2
ρ

M > 0 η0 C0 M0

|δ| ≤ 1 v

∀t ∈ [0, 1), ‖v(t)‖L∞ ≤ M(1− t)−
1

p−1 ∀|x0| ≤ 1 ‖wx0(., 0)‖L2
ρ
≤ η,

0 < η ≤ η0

y =
x− x0√

1− t
s = − log(1− t) wx0(y, s) = (1− t)

1+iδ
p−1 v(x, t),



|x0| ≤ 1 s ∈ [0, +∞)

‖wx0(., s)‖L2
ρ
≤ C0ηe−

s
p−1 .

|x| ≤ 1 t ∈ [0, 1) |v(x, t)| ≤ M0

L ψ(y, s)

∀s ∈ [a, b], ∀y ∈ R, ψs ≤ (L+ σ)ψ 0 ≤ ψ(y, s),

a ≤ b σ ∈ R

Lψ = ∆ψ − 1

2
y · ∇ψ + ψ =

1

ρ
div(ρ∇ψ) + ψ.

r > 1 C∗ = C∗(r, σ) > 0 s∗ = s∗(r) > 0

∀s ∈ [a + s∗, b],

(∫

R
|ψ(y, s)|rρ(y)dy

)1/r

≤ C∗‖ψ(., s− s∗)‖L2
ρ
.

!

M > 0 |δ| ≤ 1 v
η > 0 |x0| ≤ 1

w wx0 w
wρ

I
′
(s) ≤ − 2

p− 1
I(s) +

∫
|w(y, s)|p+1ρ(y)dy I(s) =

∫
|w(y, s)|2ρ(y)dy.

w = w1 + iw2 ∆wi · sgn(wi) ≤ ∆|wi|
i = 1, 2 w

∂s(|w1|+ |w2|) ≤ ∆(|w1|+ |w2|)−
y

2
· ∇(|w1|+ |w2|) + C(|w1|+ |w2|),

C = C(M) > 0
C∗(M) > 0 s∗ = s∗(p + 1) > 0

s ≥ s∗

∫
|w(y, s)|p+1ρ(y)dy ≤ C∗‖w(., s− s∗)‖p+1

L2
ρ

0 ≤ s ≤ s∗ w M > 0

I
′
(s) ≤ λI(s) λ = λ(M) > 0,



I(s) ≤ eλsI(0) ≤ eλsη2 ≤ C2
0
2 η2e−

2s
p−1 C2

0 = 2e(λ+ 2
p−1 )s∗

0 ≤ s ≤ s∗

s ≥ s∗ s ≥ s∗

s1 > s∗

I(s) < (C0η)2e−
2s

p−1 s∗ ≤ s < s1

I(s1) = (C0η)2e−
2s1
p−1 .

F (s) = I(s)(C0η)−2e
2s

p−1

s∗ ≤ s ≤ s1

F
′
(s) ≤ C∗(C0η)−2e

2s
p−1 I(s− s∗)

p+1
2

≤ C∗(C0η)p−1e
2s

p−1 e−(s−s∗) p+1
p−1 ≤ C∗(C0η)p−1e

p+1
p−1 s∗e−s.

F (s∗) ≤ 1
2

F (s1) ≤ C∗(Cη)p−1e
p+1
p−1 s∗ (

e−s∗ − e−s1
)

+ F (s∗),

≤ C∗(Cη)p−1e
2s∗
p−1 +

1

2
≤ 3

4
,

η ≤ η0(M)

|x0| ≤ 1 R > 0 |y| < R |wx0(y, s)| ≤ M0e
− s

p−1 t ∈ [0, 1)
|v(x0, t)| ≤ M0 M0 = M0(M) !

infθ∈R ‖w(., s)− κeiθ‖L2
ρ
→ 0 s → −∞

w κeiθ0 s → −∞
L2

ρ w

κeiθ

s → −∞ λ = 1 1/2 0
w

λ = 1
w = κeiθ0 w = ϕδ(s− s0)eiθ0 θ0 ∈ R s0 ∈ R ϕδ

λ = 1/2 λ = 0

w



s1 ∈ R θ ∈ C1((−∞, s1], R)
∀s ≤ s1

∫
(6(v)− δ7(v))ρ = 0 v

w(y, s) = eiθ(s)(v(y, s) + κ) κ = (p− 1)−
1

(p−1) .

‖v(., s)‖L2
ρ
→ 0 s → −∞

s ≤ s1

|θ′(s)| ≤ C‖v(., s)‖2
L2

ρ
.

infθ∈[0,2π] ‖w(., s)− κeiθ‖L2
ρ
→ 0 s → −∞ ‖w(., s)− κeiθ‖L2

ρ

θ w θ̃(s)

‖g‖2
L2

ρ
=

∫

RN

|g|2e−
|y|2
4 dy.

‖w(., s)− κeiθ̃(s)‖L2
ρ

= inf
θ∈[0,2π]

‖w(., s)− κeiθ‖L2
ρ
→ 0 s → −∞.

θ̃(s) v(y, s) θ(s)
θ̃(s)

F : L2
ρ×R → R F (w, θ) =

∫ (
6

(
we−iθ − κ

)
− δ7

(
we−iθ − κ

))
ρ

F
(
κeiθ̃, θ̃

)
= 0 ∂F

∂θ = −
∫ (
7

(
we−iθ

)
+ δ6

(
we−iθ

)
ρ
)

∂F
∂θ

(
κeiθ̃, θ̃

)
= −κ ,= 0

C1 θ(w) F (w, θ(w)) = 0 |eiθ(w) − eiθ̃| ≤ C0‖w(., s)− κeiθ̃‖L2
ρ

‖v(., )‖L2
ρ

= ‖w(., s)− κeiθ(s)‖L2
ρ
≤ ‖w(., s)− κeiθ̃‖L2

ρ
+ κ|eiθ − eiθ̃|

≤ (1 + C0κ)‖w(., s)− κeiθ̃(s)‖L2
ρ
,

‖v(., s)‖L2
ρ
→ 0 s → −∞

v = (1 + iδ)ṽ1 + iṽ2

ṽ1s = Lṽ1 + θ
′
(s)(δṽ1 + ṽ2) + G̃1

ṽ2s = (L − 1)ṽ2 − θ
′
(s)((1 + δ2)ṽ1 + δṽ2 + κ) + G̃2

L

G̃1 =
p− δ2

2κ
ṽ2

1 +
1

2κ
ṽ2

2 + O(|v|3)

G̃2 = (1 + δ2)
ṽ1(δṽ1 + ṽ2)

κ
+ O(|v|3).

(1 + iδ)G̃1 + iG̃2 = G
ρ R

∫
ṽ2sρ =

∫
div(ρ∇ṽ2)−

∫
θ
′
(s)((1 + δ2)ṽ1 + δṽ + κ)ρ +

∫
G̃2ρ.



ṽ2 = 6(v)− δ7(v)
∫

ṽ2sρ = 0∫
div(ρ∇ṽ2) = 0

θ
′
(s)

∫
((1 + δ2)ṽ1 + δṽ2 + κ)ρ =

∫
G̃2ρ.

∣∣∣∣
∫

G̃2ρ

∣∣∣∣ ≤ C

∫
|v|2ρ.

lims→−∞ ‖v‖ = 0

∫
((1 + δ2)ṽ1 + δṽ2 + κ)ρ →

∫
κρ s → −∞.

!

v s → −∞

v(y, s) = (1 + iδ)ṽ1(y, s) + iṽ2(y, s),
= (1 + iδ)

∑∞
m=0 ṽ1m(s)hm(y) + i

∑∞
m=0 ṽ2m(s)hm(y),

v−(y, s) = (1 + iδ)
∞∑

m=3

ṽ1m(s)hm(y) + i
∞∑

m=1

ṽ2m(s)hm(y).

ṽ20(s) = 0

v(y, s) = (1 + iδ)(ṽ10(s)h0(y) + ṽ11(s)h1(y) + ṽ12(s)h2(y)) + v−(y, s)

v(y, s) s → −∞ s → −∞

|ṽ11(s)|+ |ṽ12(s)|+ ‖v−(., s)‖L2
ρ

= o(ṽ10(s))

‖v(., s)− (1 + iδ)C0e
s‖L2

ρ
= O(e3s/2) |θ′(s)| = O(e2s) C0 ∈ R

|ṽ10(s)|+ |ṽ12(s)|+ ‖v−(., s)‖L2
ρ

= o(ṽ11(s))

‖v(., s)− (1+ iδ)C1e
s/2y‖L2

ρ
= O(e(1−ε)s) |θ′(s)| = O(es) C1 ∈ R\0 ε >

0

|ṽ10(s)|+ |ṽ11(s)|+ ‖v−(., s)‖L2
ρ

= o(ṽ12(s))

‖v(., s)+(1+iδ)
κ

4(p− δ2)s
(y2−2)‖L2

ρ
= O(

log |s|
s2

) θ
′
(s) =

(1 + δ2)δκ

4(p− δ2)2

1

s2
+O(

log |s|
s3

)



δ = 0

L2
ρ

!

θ0 ∈ R θ(s) → θ0 ‖w(., s)− κeiθ0‖L2
ρ
→ 0

s → −∞ s → −∞
C0 ∈ R C1 ∈ R∗

‖w(., s)− {κ + (1 + iδ)C0es}eiθ0‖L2
ρ

≤ Ce3s/2,

‖w(., s)− eiθ0{κ + (1 + iδ) κ
4(p−δ2)s(y

2 − 2)− i (1+δ2)δκ2

2(p−δ2)2
1
s}‖L2

ρ
≤ C log |s|

s2 ,

‖w(., s)− {κ + (1 + iδ)C1es/2y}eiθ0‖L2
ρ

≤ Ce(1−ε)s.

‖v(., s)‖L2
ρ

= o (1/|s|)
|θ′(s)| ≤ C/s2 θ0

θ(s) → θ0 s → −∞ w

θ
′

θ(s) = θ0 −
(1 + δ2)δκ

2(p− δ2)2

1

s
+ O(

log |s|
s2

)

eiθ(s) = eiθ0

{
1− i

(1 + δ2)δκ

2(p− δ2)2s
+ O(

log |s|
s2

)

}

w(y, s) = eiθ(s)(κ + v(y, s))
L2

ρ v
!

w ≡ κeiθ0

s0 ∈ R w = ϕδ(s− s0)eiθ0

ϕ̂

∀s ≤ ŝ, ‖w(., s)− ϕ̂(s)eiθ0‖L2
ρ
≤ Ce3s/2.

w ≡ ϕ̂ R× (−∞, s∗] V = w− ϕ̂eiθ0

V

∂sV =
(
L̃+ l(s)

)
V + B,

L̃V = ∆V − 1

2
y · ∇V + (1 + iδ)V |l(s)| ≤ Ces |B| ≤ C|V |2 s ≤ s1.



L̃ (Ṽ1, Ṽ2)
V = (1 + iδ)Ṽ1 + iṼ2 1

‖V ‖! =
√∫

(Ṽ 2
1 + Ṽ 2

2 )ρ ‖V (., s)‖L2
ρ

∂s‖V ‖! ≤ (1 + Ces)‖V ‖! + C‖V 2‖!.

‖V 2‖! V

∂s(|Ṽ1|+ |Ṽ2|) ≤ ∆(|Ṽ1|+ |Ṽ2|)−
y

2
· ∇(|Ṽ1|+ |Ṽ2|) + C(|Ṽ1|+ |Ṽ2|).

|Ṽ1| + |Ṽ2|
C∗ > 0 s∗ ‖V (., s)2‖! ≤ C∗‖V (., s − s∗)‖2

!

∀s ≤ s2, I ′(s) ≤ 5

4
I(s) + CI(s− s∗)2,

I(s) = ‖V (., s)‖! I(s) ≤ Ce3s/2

I(s) C1

0 ≤ I(s) ≤ Ce3s/2 s ≤ s2 s2 s3 ≤ s2 I(s) = 0
s ≤ s3

!

V ≡ 0 R× (−∞, s3]

∀(y, s) ∈ R× (−∞, s3], w(y, s) = ϕ̂(s)eiθ0 .

w
(y, s) ∈ R×R ϕ̂ (y, s) ∈ R×R (y, s) ∈ R×R

(y, s) ∈ R2 w(y, s) = κeiθ0

w(y, s) = ϕδ(s− s0)eiθ0

θ0 = 0,

θ0

ε0 > 0

lims→−∞ sup|y|≤ε0
√
−s

∣∣∣w(y, s)−G
(

y√
−s

)∣∣∣ = 0,

G(ξ) = κ
(
1− (p−1)

4(p−δ2)ξ
2
)− (1+iδ)

(p−1)
.



us0

us0(ξ, τ) = (1− τ)−
1+iδ
p−1 w(y, s) y =

ξ + ε0
2

√
−s0√

1− τ
s = s0 − log(1− τ).

us0 τ ∈ [0, 1) ξ ∈ R us0

τ = 0 us0(ξ, 0) = w(ξ + ε0
2

√
−s0, s0)

∀τ ∈ [0, 1) ‖us0(., τ)‖L∞ ≤ M(1− τ)−
1

p−1 .

sup
|ξ|<4|s0|1/4

∣∣∣us0(ξ, 0)−G(
ε0

2
)
∣∣∣ ≡ g(s0) → 0 s0 → −∞.

v

{
v′ = (1 + iδ)|v|p−1v,
v(0) = G

(
ε0
2

)
,

v(τ) = κ
(
1− (p−1)ε2

0
16(p−δ2) − τ

)− (1+iδ)
p−1

1− (p−1)ε2
0

16(p−δ2) < 1

τ0 < 1 |v(τ0)| = 2M(1 − τ0)
− 1

p−1

z = |7(us0 − v)|+ |6(us0 − v)| τ ∈ [0, τ0]
ξ ∈ R

∂τz ≤ ∆z + C(ε0)z.

z(ξ, τ) |ξ| ≤ 4B1 τ ∈ [0, τ∗]

{
∂τz ≤ ∆z + λz + µ,
z(ξ, 0) ≤ z0 z(ξ, τ) ≤ B2,

τ∗ ≤ 1 |ξ| ≤ B1 τ ∈ [0, τ∗]

z(ξ, τ) ≤ eλτ (z0 + µ + CB2e
−B2

1/4).

z τ ∈ [0, τ0] B2 = B2(ε0 = M(1 − τ0)
− 1

p−1 )
B1 = |s0|1/4 τ∗ = τ0 z0 = g(s0) λ = C(ε0)

µ = 0 τ ∈ [0, τ0]

sup
|ξ|≤|s0|1/4

|z(ξ, τ)| ≤ eC(ε0)τ0(g(s0) + CB2(ε0)e
−|s0|1/2/4) → 0 s0 → −∞



ε0 τ0 = τ0(ε0) s0

|s0| ξ = 0 |z(0, τ0)| ≤
M

2
(1− τ0)

−1/(p−1)

|us0(0, τ0)| ≥ |v(τ0)| − |z(0, τ0)| ≥
3M

2
(1− τ0)

− 1
p−1 ,

f(y, s) = G

(
y√
−s

)
f

−y

2
· ∇f − (1 + iδ)

(p− 1)
f + (1 + iδ)|f |p−1f = 0.

ε0 ∈ (0, R∗) R∗ =

√
4(p− δ2)

(p− 1)
ε0

F (y, s) = f(y, s) + (1 + iδ)
κ

2(p− δ2)

1

s
− i

(1 + δ2)δκ2

(p− δ2)2

1

s
,

‖ (F (., s)− w(., s)) (1− χε0)‖L2
ρ

= O

(
log |s|

s2

)
s → −∞,

χε0(y, s) = 1
|y|√
|s|
≥ 3ε0

F s → −∞
w w F |y| ∼ 1

|y| ≤ ε0

√
−s ε0

γ(y, s) = γ0

(
y√
−s

)
,

γ0 ∈ C∞(R) γ0(ξ) = 1 |ξ| ≤ 3ε0 γ0(ξ) = 0 |ξ| ≥ 4ε0

ν = (w − F ).

ν = (1 + iδ)ν̃1 + iν̃2 Z = γ(|ν̃1| + |ν̃2|)
F (y, s)

y = R∗√−s



L2
ρ ε0 > 0

Z s ≤ s∗ y ∈ R

∂sZ−∆Z+
1

2
y·∇Z−(1+σ)Z ≤ C

(
Z2 +

(y2 + 1)

s2
+ χε0

)
−2div ((|ν̃1|+ |ν̃2|)∇γ) ,

s∗ ∈ R σ = 1/100 χε0

N2

2ε0

√
|s|

(Z(s)) = o(1) s → −∞,

N q
r (ψ) r > 0 1 ≤ q < ∞

N q
r (ψ) = sup

|ξ|≤r

(∫
|ψ(y)|q exp(−(y − ξ)2

4
)dy

)1/q

.

L

Z(y, s) {|y| ≤ ε0

√
−s}

sup
|y|≤ε0

√
−s

Z(y, s) = o(1) s → −∞.

Z |y| < ε0

√
−s |w − F | = ν̄ ≤ CZ(y, s)

s0 < s∗ s0 ≤ s < s∗
e

s−s0
2 ≤

√
−s

Z(y, s) ≤ Sσ(s− s0)Z(., s0)

+

∫ s

s0

Sσ(s− τ)

(
C

{
Z2 +

(y2 + 1)

τ 2
+ χε0

}
− 2div ((|ν̃1|+ |ν̃2|)∇γ)

)
dτ,

Sσ Lσφ = ∆φ − 1
2y · ∇φ + (1 + σ)φ

L2
ρ(R) Sσ(τ)

Sσ(τ, y, z) =
e(1+σ)τ

(4π(1− e−τ ))1/2
exp

[
−|ye−τ/2 − z|2

4(1− e−τ )

]
.

r ≡ r(s, s0) = 2ε0e
s−s0

2 = R1e
s−s0

2



N2
r−

N2
r (Z(., s)) ≤ N2

r (Sσ(s− s0)Z(., s0)) + C

∫ s

s0

N2
r (Sσ(s− τ)Z(., τ)2)dτ

+C

∫ s

s0

N2
r (Sσ(s− τ)

(
(y2 + 1)

τ 2

)
)dτ

+C

∫ s

s0

N2
r (Sσ(s− τ)χε0(y, τ))dτ + C

∫ s

s0

N2
r (Sσ(s− τ)(div((|ν̃1|+ |ν̃2|)∇γ))dτ

≡ J1 + J2 + J3 + J4 + J5.

J5

J1...J4

J5

s → −∞

|J1| ≤ Ce(1+σ)(s−s0) log |s0|
|s2

0|
,

|J2| ≤ C

∫ s0+((s−R0)−s0)+

s0

e(1+σ)(s−τ−R0)

(1− es−τ−R0)1/20

(
N2

r (Z(., τ)2)
)
dτ + C

e(s−s0)(1+σ)

s2
0

,

R0 = 4ε0,

|J3| ≤ C
e(s−s0)(1+σ)

s2
0

(
1 + (s− s0)

)
,

|J4| ≤ Ce(s−s0)(1+σ)eαs α > 0,

|J5| ≤ Ce(s−s0)(1+σ)eβs β > 0.

J1...J4

J5

Sσ(s− τ) (−div((|ν̃1|+ |ν̃2|)∇γ)) ,

= − Ce(s−τ)(1+σ)

(1− es−τ )1/2

∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
div((|ν̃1|+ |ν̃2|)∇γ)dλ,

=
Ce(s−τ)(1+σ)

(1− es−τ )1/2

∫

R
−(ye−(s−τ)/2 − λ)

2(1− e−(s−τ))
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
(|ν̃1|+ |ν̃2|)∇γdλ.

w F |y|√
−τ
≤ R∗/2 supp(∇γ) ⊂ (−4ε0

√
−τ ,−3ε0

√
−τ) ∪

(3ε0

√
−τ , 4ε0

√
−τ)

|(|ν̃1|+ |ν̃2|)∇γ | ≤ C(|ν̃1|+ |ν̃2|)I{3ε0≤ |y|√
−τ
≤4ε0},

≤ C(I
3ε0≤ |y|√

−τ
≤4ε0

) ≤ Cχε0 .



|Sσ(s− τ) (−div((|ν̃1|+ |ν̃2|)∇γ))| ≤ Ce(s−τ)(1+σ)

(1− es−τ )3/2
I1I2,

I1 =

(∫

R
(ye−(s−τ)/2 − λ)2 exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
dλ

)1/2

,

I2 =

(∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
χε0dλ

)1/2

.

I1 = C(1− e−(s−τ))3/4

I2
2 ≤ I3

(∫

R
χε0e

−λ2

4 dλ

)1/2

,

I3 =

(∫
exp

(
−(ye−(s−τ)/2 − λ)2

2(1− e−(s−τ))
+

λ2

4

)
dλ

)1/2

.

θ = ye−(s−τ)/2

λ2

4
− (θ − λ)2

2(1− e−(s−τ))
= − (1 + e−(s−τ))

4(1− e−(s−τ))
(λ− 2θ

(1 + e−(s−τ))
)2 +

θ2

2(1 + e−(s−τ))
,

I2
3 = C

(
(1− e−(s−τ))

(1 + e−(s−τ))

)1/2

exp

(
θ2

2(1− e−(s−τ))

)
.

∣∣N2
r (Sσ(s− τ)div((ν̃1 + ν̃2)∇γ))

∣∣ ≤ C
e(s−τ)(1+σ)

(1 + e−(s−τ))1/8(1− e−(s−τ))5/8
‖χε0‖1/2I4,

I4 = N2
r

(
exp(

y2e−(s−τ)

8((1− e−(s−τ)))
)

)
.

I4

−(y − µ)2

4
+

y2e−(s−τ)

4(1− e−(s−τ))
=

1

4

(
−

(
y(1 + e−(s−τ))−1/2 − µ(1 + e−(s−τ))1/2

)2
+ µ2e−(s−τ)

)
,

∫

R
exp

(
−(y − µ)2

4
+

y2e−(s−τ)

4(1− e(s−τ))

)
dy

≤ C exp

(
µ2e−(s−τ)

4

) ∫

R
exp

(
−1

4

(
y(1 + e−(s−τ))−1/2 − µ(1 + e−(s−τ))1/2

)2
)

dy.



I4 ≤ C(1 + e−(s−τ))1/8

N2
r (Sσ(s− τ))div((|ν̃1|+ |ν̃2|)∇γ)) ≤ C

e(s−τ)(1+σ)

(1− e−(s−τ))5/8

(∫

|λ|≥R1
√
−τ

e−
λ2

4 dλ

)
.

|J5| =

∫ s

s0

N2
r (Sσ(s− τ)(div(|ν̃1|+ |ν̃2|))) dτ ≤ C(η)e(s−s0)(1+σ)eαs0 ,

α > 0 !
Ji=1..5

N2
r (Z(., s)) ≤

e(s−s0)(1+σ)C log |s0|
s2
0

+ C

∫ s0+((s−R0)−s0)+

s0

e(s−τ−R0)(1+σ)

(1− es−τ−R0)1/20

(
N2

r (Z(., τ))
)2

dτ.

ε C R σ α 0 < α < 1
H(s)

H(s) ≤ εes(1+σ) + C

∫ (s−R)+

0

e(s−τ)(1+σ)H(τ)2

(1− e(s−τ−R))α
dτ s > 0.

ξ = ξ(R,C, α) ε ∈ (0, ε1) s
εes(1+σ) ≤ ξ

H(s) ≤ 2εes(1+σ).

σ = 0 σ > 0 !

N2
r(τ,s0)(Z(., s)) ≤ Ce(s−s0)(1+σ) log |s0|

s2
0

s → −∞ s = −e(s−s0)

s ∼ s0 log |s| ∼ log |s0| N2
R1
√
−s

(Z(., s)) ≤ Cs1+σ log |s0|
s2
0
≤ C log |s|

s1−σ → 0

s → −∞ σ =
1

100
N2

R1
√
−s(Z(., s)) = o(1) s → −∞
!

Z(y, s) |y| ≤ R2

√
−s NR1

√
−s′(Z(s′)) R2 = ε0

R1 = 2ε0 s′ < s

Z(., s) ≤
{
eCR0S(R0)Z(., s−R0)

}

+

{
C

∫ s

s−R0

eC(s−τ)S(s− τ)

(
(y2 + 1)

τ 2
+ χε0

)
dτ

}

−
{

2

∫ s

s−R0

eC(s−τ)S(s− τ) (div((|ν̃1|+ |ν̃2|)∇γ)) dτ

}

= M1 +M2 +M3 R0 = 4ε0,



S L M1

M2

s0 s ≤ s0

sup
|y|≤R2

√
−s

|M2| = sup|y|≤R2
√
−s

∫ s

s−R0

( |y|2+1
s2 + χε0

)
≤ C

|s| ,

sup
|y|≤R2

√
−s

|M1| = sup|y|≤R2
√
−s |eCR0S(R0)Z(., s−R0)| = o(1) s → −∞.

!
M3

|S(s− τ) (−div((|ν̃1|+ |ν̃2|)∇γ))|

=

∣∣∣∣
Ces−τ

(1− es−τ )1/2

∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
div((|ν̃1|+ |ν̃2|)∇γ)dλ

∣∣∣∣ ,

=

∣∣∣∣
Ces−τ

(1− es−τ )1/2

∫

R
−(ye−(s−τ)/2 − λ)

2(1− e−(s−τ))
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
(|ν̃1|+ |ν̃2|)∇γdλ

∣∣∣∣ ,

≤ Ces−τ

(1− es−τ )3/2

∫

R
|ye−(s−τ)/2 − λ| exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
χε0dλ,

≤ Ces−τ
√
−τ

(1− es−τ )3/2

∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
χε0dλ.

z = (1− e−(s−τ))−1/2(λ− e−(τ−s)/2y)
∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
χε0dλ ≤ (1− es−τ )1/2

∫

Σ

e−z2/4dz,

Σ =
{
z ∈ R :

∣∣z + e−(τ−s)/2(1− es−τ )−1/2y
∣∣ ≥ 3ε0(1− es−τ )−1/2

√
−τ

}
.

|ye−(τ−s)/2| ≤ ε0

√
−s Σ ⊂

{
z ∈ R : |z| ≥ ε0

√
−s

}

|S(s− τ) (−div((|ν̃1|+ |ν̃2|)∇γ))| ≤ Ces−τ

(1− es−τ )
eβs β > 0,

sup
|y|≤R2

√
−s

|M3| = o(
1

|s|) s → −∞.

Mi=1..3

!

θ0 = 0,

θ0

θ0 = 0



ε0 > 0

lim
s→−∞

sup
|y|≤ε0e−s/2

∣∣w(y, s)−G(yes/2)
∣∣ = 0 G(ξ) = κ(1− C1κ

−pξ)−
(1+iδ)
(p−1) .

us0

us0(ξ, τ) = (1− τ)−
1+iδ
p−1 w(y, s) y =

ξ + ε0
2 e−s0/2

√
1− τ

s = s0 − log(1− τ).

us0 τ ∈ [0, 1) ξ ∈ R us0

τ = 0 us0(ξ, 0) = w(ξ + ε0
2 e−s0/2, s0)

∀τ ∈ [0, 1) ‖us0(., τ)‖L∞ ≤ M(1− τ)−
1

p−1 .

sup
|ξ|<4e−s0/4

|us0(ξ, 0)−G(ε0/2)| ≡ g(s0) → 0 s0 → −∞.

v
{

v′ = (1 + iδ)|v|p−1v,
v(0) = G( ε0

2 ),

v(τ) = κ
(
1− C1κ−p ε0

2 − τ
)− (1+iδ)

p−1 1− C1κ−p ε0
2 < 1

τ0 < 1 |v(τ0)| = 2M(1−τ0)
− 1

p−1

z = |7(us0 − v)|+ |6(us0 − v)| τ ∈ [0, τ0]
ξ ∈ R

∂τz ≤ ∆z + C(ε0)z.

z τ ∈ [0, τ0] B2 = B2(ε0) = M(1− τ0)
− 1

p−1

B1 = e−s0/4 τ∗ = τ0 z0 = g(s0) λ = C(ε0) µ = 0
τ ∈ [0, τ0]

sup
|ξ|≤e−ε0/4

|z(ξ, τ)| ≤ eC(ε0)τ0(g(s0) + CB(ε0)e
−e−|s0|/2/4) → 0 s0 → −∞

ε0 τ0 = τ0(ε0) s0

|s0| ξ = 0 |z(0, τ0)| ≤ M
2 (1− τ0)

− 1
p−1

|us0(0, τ0)| ≥
3

2
M(1− τ0)

− 1
p−1 ,



f(y, s) = G(yes/2) f

−∂sf −
1

2
y · ∇f − (1 + iδ)

f

(p− 1)
+ (1 + iδ)|f |p−1f = 0.

ε0 ∈ (0, R∗

10 ) R∗ =
κp

C1
ε0

γ(y, s) = γ0(yes/2) γ0 ∈ C∞(R) γ0(ξ) = 1
|ξ| ≤ 3ε0 γ0(ξ) = 0 |ξ| ≥ 4ε0 ν = (w − f) Z = γ (|ν̃1|+ |ν̃2|)

‖Z‖ ≤ Ces(1−ε) s → −∞ ε > 0.

L2
ρ ε0 > 0

Z s ≤ s∗ y ∈ R

∂sZ −∆Z +
1

2
y · ∇Z − (1 + σ)Z ≤ C(Z2 + es + χε0)− 2div((|ν̃1|+ |ν̃2|)∇γ),

s∗ ∈ R σ = 1
100

χε0(y, s) = 1 |y|es/2 ≥ 3ε0

N2
2ε0e−s/2(Z(s)) = o(1) s → −∞.

Z(y, s) |y| ≤ ε0e−s/2

sup
|y|≤ε0e−s/2

Z(y, s) = o(1) s → −∞.

N2
r(s,s0) r(s, s0)

s0 < 2s∗ s0 ≤ s ≤ s0
2

N2
r (Z(., s)) ≤ N2

r (Sσ(s− s0)Z(., s0)) + C
∫ s

s0
N2

r (Sσ(s− τ)(Z(., τ)2))dτ

+C

∫ s

s0

N2
r (S(s− τ)(eτ ))dτ + C

∫ s

s0

N2
r (Sσ(s− τ)(χε0(., τ)))dτ

−2

∫ s

s0

N2
r (Sσ(s− τ)(div((ν̃1|+ |ν̃2|)∇γ)))dτ

= J1 + J2 + J3 + J4 + J5.



I

|J1| ≤ Ce(s−s0)(1+σ)es0(1−ε),

|J2| ≤ C

∫ s0+((s−R0)−s0)+

s0

e(s−τ−R0)(1+σ)

(1− es−τ−R0)1/20

(
N2

r (Z(., s)2)
)
dτ + Ce(s−s0)(1+σ)es

R0 = 4ε0,

|J3| ≤ Ce(s−s0)(1+σ)es,

|J4| ≤ Ce(s−s0)(1+σ)e−αe−s
α > 0,

|J5| ≤ Ce(s−s0)(1+σ)e−βe−s
β > 0.

Ji=1..4 J5

!
Ji=1..5

N2
r (Z(., s)) ≤

Ce(s−s0)(1+σ)e(1−ε)s + C
∫ s0+((s−R0)−s0)+

s0

e(s−τ−R0)(1+σ)

(1−es−τ−R0 )1/20

(
N2

r (Z(., s)2)
)
dτ,

N2
r(s,s0)(Z(., s)) ≤ Ce(s−s0)(1+σ)e(1−ε)s s → −∞

s0 ≤ s ≤ s0
2 s = s0/2 N2

r(s,s0)(Z(., s)) ≤ Ces(2(1−ε)−(1+σ)) ≤
Ces(1−(2ε+σ)) → 0 s → −∞ ε σ = 1

100
!

w ≡ κeiθ0 w ≡ ϕδ(s− s0)eiθ0

s0 θ0 ϕδ

I

δ ,= 0
δ = 0

δ = 0

t ∈ [0, T )

‖u(t)‖L∞ ≥ κ(T − t)−
1

p−1 .



v′ = (1 + iδ)|v|p−1v
ε > 0 ρ̃ =

√
ε + |u|2 ρ̃

∂tρ̃ ≤ ∆ρ̃ + ρ̃p.

∂t|u|2 = ū∆u + u∆ū + 2|u|p+1

∂tρ̃ =
∂t|u|2

2(ε + |u|2)1/2
,

∆ρ̃ =
∆|u|2

2(ε + |u|2)1/2
− |∇|u|2|2

4(ε + |u|2)3/2
,

=
ū∆u + u∆ū + 2|∇u|2

2(ε + |u|2)1/2
− |u · ∇ū + ū · ∇u|2

4(ε + |u|2)3/2
.

|u · ∇ū + ū · ∇u|2 ≤ 4|u|2|∇u|2 ≤ 4(ε + |u|2)|∇u|2

∆ρ̃ ≥ ū∆u + u∆ū

2(ε + |u|2)1/2

∂tρ̃ ≤ ∆ρ̃ +
|u|p+1

(ε + |u|2)1/2
≤ ∆ρ̃ + ρ̃p,

‖ρ̃(t)‖L∞ ≥ κ(T − t)−
1

p−1 t ∈ [0, T ).

‖ρ̃(t0)‖L∞ < κ(T − t0)
− 1

p−1 t0 < T T0 > T

‖ρ̃(t0)‖L∞ ≤ κ(T0 − t0)
− 1

p−1 ‖ρ̃(t)‖L∞ ≤
κ(T0 − t)−

1
p−1 t ∈ [t0, T )

lim sup
t→T

‖ρ̃(t)‖L∞ ≤ κ(T0 − T )−
1

p−1 < ∞,

ε → 0
!

|δ| ≤ δ0 u(t)
T > 0

∀t ∈ [0, T ) ‖u(t)‖L∞ ≤ M(δ)(T − t)−
1

p−1 ,

δ0 M(δ)
u(t)

u′ = (1 + iδ)|u|p−1u



I

L2
ρ

ε0 > 0 (xn, tn)n∈N
R× [T

2 , T )

∀n ∈ N |∆u(xn, tn)| ≥ ε0|u(xn, tn)|p + n.

‖∆u‖L∞

[T
2 , T )

T − tn → 0 n →∞.

|u(xn, tn)|(T−tn)
1

p−1

n → +∞

|u(xn, tn)|(T − tn)
1

p−1 → κ0 > 0

‖∆u(tn)‖L∞ ≥ |∆u(xn, tn)| ≥ ε0

(κ0

2

)p
(T − tn)−

p
p−1 ,

tn → T

u(xn, tn)(T − tn)
1

p−1 → 0
n

|u(xn, tn)|(T − tn)
1

p−1 ≤ η0

3
η0 .

t0n → T

(T − t0n)−
p

p−1 =
√

n.

n ≤ |∆u(xn, tn)| ≤ C0(T − tn)−
p

p−1 ,

t0n < tn
t′n ∈ (t0n, tn)

|u(xn, t′n)|(T − t′n)
1

p−1 = 2
3η0

vn(ξ, τ) = (T − t′n)
1

p−1 u(xn + ξ
√

T − t′n, t
′
n + τ(T − t′n)),

|vn(0, 0)| = 2

3
η0 ‖∇vn(0)‖L∞ + ‖∆vn(0)‖L∞ → 0,

∀τ < 1 ‖vn(τ)‖L∞ ≤ M(δ)(1− τ)−
1

p−1 ∂τvn = ∆vn + (1 + iδ)|vn|p−1vn.



tn
vn(ξ, τ) → v̂(ξ, τ) C2,1 R× (−∞, 1)

∂τ v̂ = ∆v̂ + (1 + iδ)|v̂|p−1v̂ |v̂(0, 0)| = 2/3η0 ‖v̂‖L∞ ≤ M(δ)(1− τ)−
1

p−1 .

v̂(ξ, τ) = κ

((
3κ

2η0

)p−1

− τ

)− 1+iδ
p−1

eiθ0 θ0 ∈ R.

vn → v̂ τ ∈ [0, 1)
ξ = 0

vn

|∆vn(0, τn)| = (T − t′n)
p

p−1 |∆u(0, tn)| ≥ ε0

2
|u(0, tn)|p(T − t′n)

p
p−1 ≥ ε0

2
|vn(0, τn)|p,

τn = tn−t
′
n

T−t′n
n →∞

0 ≥ ε0

2
min

τ∈[0,1]
|v̂(τ)|p ≥ ε0

2

(
2

3
η0

)p

,

y =
ξ − ξ0√
1− τ

s = − log(1− τ) wn,ξ0(y, s) = (1− τ)
1

p−1 vn(ξ, τ),

|ξ0| ≤ 1 ‖wn,ξ0(., 0)‖L2
ρ
≤ η0 n

|ξ| ≤ 1 τ ∈ [0, 1) |vn(ξ, τ)| ≤ M0

n0 ∈ N n ≥ n0 t ∈ [t0n, tn]

(T − t)
1

p−1 |u(xn, t)| <
2

3
η0.

t′n = t0n vn

∀|ξ| ≤ 1 τ ∈ [0, 1), |vn(ξ, τ)| ≤ M0, |∆vn(0, τn)| ≤ C0η0 τn =
tn − t0n
T − t0n

.

n ≤ |∆un(xn, tn)| = (T − t0n)−
p

p−1 |∆vn(0, τn)| ≤ C0η0(T − t0n)−
p

p−1 = C0η0

√
n,

n →∞
!



ṽ1s = Lṽ1 + θ
′
(s)(δṽ1 + ṽ2) + G̃1,

ṽ2s = (L − 1)ṽ2 − θ
′
(s)((1 + δ2)ṽ1 + δṽ2 + κ) + G̃2,

L

G̃1 =
p− δ2

2κ
ṽ2

1 +
1

2κ
ṽ2

2 + O(|v|3),

G̃2 = (1 + δ2)
ṽ1(δṽ1 + ṽ2)

κ
+ O(|v|3).

∂s(ṽ1, ṽ2) = (Lṽ1, (L − 1)ṽ2) ṽ12

ṽ20 = 0
ṽ1 ṽ2

L λ = 1 λ = 1/2 λ ≤ −1/2
L − 1 λ ≤ −1/2

ṽ1+(y, s) = ṽ10(s)h0(y) + ṽ11(s)h11(y) z(s) = ‖ṽ1+(., s)‖L2
ρ
,

ṽ1null(y, s) = ṽ12(s)h2(y) x(s) = ‖ṽ1null(., s)‖L2
ρ
,

ṽ1−(y, s) =
∑+∞

3 ṽ1m(s)hm(y) y1(s) = ‖ṽ1−(., s)‖L2
ρ
,

ṽ2⊥(y, s) =
∑+∞

1 ṽ2m(s)hm(y), y2(s) = ‖ṽ2⊥(., s)‖L2
ρ
.

ṽ20(s) = 0

ṽ2⊥(y, s) = ṽ2(y, s) y2(s) = ‖ṽ2(., s)‖L2
ρ
.

N1(s) = ‖θs(δṽ1 + ṽ2) + G̃1‖L2
ρ
,

N2(s) = ‖θs((1 + δ2)ṽ1 + δṽ2 + κ) + G̃2‖L2
ρ
,

z x s → −∞
z

x



‖ṽ1+(., s)‖L2
ρ

‖ṽ1null(., s)‖L2
ρ

s → −∞

L L2
ρ

ṽ1+

ż ≥ 1

2
z −N1.

ṽ10(s) ṽ1−(y, s) ṽ2(y, s)

ż ≥ 1
2z −N1,

|ẋ| ≤ N1,
ẏ1 ≤ −1

2y1 + N1,
ẏ2 ≤ −1

2y2 + N2.

v

N2
1 + N2

2 ≤ C

∫
|v|4ρ,

C

ż ≥ 1
2z − CN

|ẋ| ≤ CN
ẏ ≤ −1

2y + CN,

y ≡ y1 + y2 N2 ≡
∫
|v|4ρ.

|s|

N ≤ ε(x + y + z),

∫
|v|4ρ ≤ ε2

∫
|v|2ρ

L2
ρ−

|v|2 |v|
N ε > 0 α > 0

s∗
∫
|v|4ρ =

∫

|y|>α−1

|v|4ρ +

∫

|y|<α−1

|v|4ρ ≤ αk

∫
|v|4|y|kρ + ε2

∫
|v|2ρ s ≤ s∗.

v(y, s) |y| < α−1

k

J2 ≡
∫
|v|4|y|kρ,



∫
|v|4ρ ≤ αkJ2 + ε2

∫
|v|2ρ s ≤ s∗.

N ≤ αk/2J + ε(x + y + z) s ≤ s∗.

J ṽ1|v|2|y|kρ ṽ2|v|2|y|kρ
R

J̇ ≤ −θJ + ε
′
(x + y + z) + c(x + y + z)2,

θ =
k

4
− c− kα2

2
(k − 1) ε′ =

1

2
εα2−k/2k(k + n− 2).

x, y, z → 0 s → −∞

J̇ ≤ −θJ + 4ε′(x + y + z),

θ c
k k > 4 α∗(k) > 0

0 < α < α∗ θ ≥ 1
2

ż ≥ (1
2 − ε̂)− ε̂(x + ỹ),

|ẋ| ≤ ε̂(x + ỹ + z),
˙̃y ≤ −(1

2 − ε̂)ỹ + ε̂(x + z)

ỹ ≡ y + J ε̂ ≡ C max(ε + εα2−k/2, αk/2).

ε̂ α ε

x(s) y(s) z(s)

(x, y, z)(s) → 0 s → −∞
c0 ∈ R ε > 0 s0 ∈ R s ≤ s0

ż ≥ c0z − ε(x + y)
|ẋ| ≤ ε(x + y + z)
ẏ ≤ −c0y + ε(x + z).

x + y = o(z) y + z = o(x) s → −∞

c0 = 1
ε > 0

∃s2(ε) ∀s ≤ s2 z(s) + y(s) ≤ Cεx(s),



∃s2(ε) ∀s ≤ s2 x(s) + y(s) ≤ Cεz(s).

s ≤ s0(ε) β(s) ≤ 0 β = y−2ε(x+z)
s∗ ≤ s0(ε) β(s∗) > 0 s ≤ s∗ β(s) > 0

β̇ = ẏ − 2ε(ẋ + ż) ≤ 0 s ≤ s∗ β(s) ≥ β(s∗) > 0
β(s) → 0 s → −∞ s ≤ s0(ε)

y ≤ 2ε(x + z).

ż ≥ 1

2
z − 2εx,

|ẋ| ≤ 2ε(x + z).

γ(s) = 8εx(s)− z(s)
s2 ≤ s0(ε) γ(s2) > 0 γ̇ = 8εẋ− ż ≤

16ε2(x + z) − 1
2z + 2εx = γ(s)

(
1
4 + 2ε

)
− z(s)

(
1
4 − 2ε− 16ε2

)

s ≤ s2 γ(s) ≥ γ(s2)e(
1
4−2ε)(s−s2) > 0 8εx(s) > z(s)

s ≤ s0(ε) γ(s) ≤ 0 8εx(s) ≤ z(s)

∀s ≤ s0(ε) ż ≥ 1

4
z ẋ ≤

(
2ε +

1

4

)
z ẋ ≤ (1 + 8ε)ż.

x(s) ≤ (8ε + 1)z(s)
ẋ ≤ 2ε(x+z) ≤ 2εz(2+8ε) ≤ 8ε(2+8ε)ż(s) x(s) ≤ 8ε(2+8ε)z(s)

ε > 0 ε
′
< ε

!

‖ṽ12‖L2
ρ
+ ‖ṽ1−(., s)‖L2

ρ
+ ‖ṽ2(., s)‖L2

ρ
= o(‖ṽ1+(., s)‖L2

ρ
)

‖ṽ1+(., s)‖L2
ρ
+ ‖ṽ1−(., s)‖L2

ρ
+ ‖ṽ2(., s)‖L2

ρ
= o(‖ṽ12‖L2

ρ
).

‖ṽ1+(., s)‖L2
ρ

‖ṽ1null(., s)‖L2
ρ
+‖ṽ1−(., s)‖L2

ρ
+‖ṽ2(., s)‖L2

ρ
= o(‖ṽ1+(., s)‖L2

ρ
)

ṽ10 ṽ11∫
G̃1km(y)ρ(y)dy m = 0, 1

km(y) = hm(y)/‖hm‖2
L2

ρ

G̃1



β0 > 0 k′ > 4 β ∈ (0, β0)
∃s0 ∈ R ∀s ≤ s0

∫
v2|y|k′ρ ≤ c0(k′)β4−k′z(s)2

δ = 0
!

k0(y) k1(y)

ṽ′10(s) = ṽ10(s) +
p− δ2

2κ
(1 + α(s))z2(s),

ṽ′11(s) =
1

2
ṽ11(s) + η(s)z(s)2,

z(s) = ‖ṽ1+(., s)‖L2
ρ

α(s) → 0 s → +∞ η

∀ε > 0 ṽ10(s) = O(e(1−ε)s) ṽ11 = C1e
s
2 + O(e(1−ε)s).

z(s)2 = ‖ṽ1+(., s)‖2
L2

ρ
= ṽ2

10 + 2ṽ2
11

ṽ′10(s) = ṽ10(s) +
p− δ2

κ
|C1|2es(1 + α(s)) + γ(s),

γ(s) = O(e( 3
2−ε)s) α(s) → 0 s → −∞

ṽ10(s) =
p− δ2

κ
|C1|2ses(1 + o(s)) + C0e

s + O(e( 3
2−ε)s), s → −∞.

C1 ,= 0 ṽ11 ≡ C1e
s
2 9 ṽ10 = O(ses)

|v1|+ |v2|
v |s| s < 0

N2 =

∫
|v(y, s)|4ρ(y)dy ≤ C ∗ ‖v(., s− s∗)‖2

L2
ρ
,

s∗ C∗

ẏ ≤ −1
2y + c‖v(., s− s∗)‖2

L2
ρ
≤

−1
2y + ces y = O(es) x = ‖ṽ1null(., s)‖L2

ρ
=

O(es) ‖v(., s)− (1 + iδ)C1e
s/2y‖L2

ρ
= O(es(1−ε)) s → −∞

ε > 0 |θs| ≤ Ces

C1 = 0
v γ(s) = O(e2(1−ε)s)

ṽ10 = C0es + O(e3s/2) ṽ11 = O(e3s/2)



y = ‖ṽ1−(., s)‖L2
ρ

+ ‖ṽ2(., s)‖L2
ρ

x = ‖ṽ1null(., s)‖L2
ρ

ẏ ≤ −1

2
y + c‖v(., s− s∗)‖2

L2
ρ
≤ −1

2
y + ce2s.

y = ‖ṽ1−(., s)‖L2
ρ
+ ‖ṽ2(., s)‖L2

ρ
= O(e3s/2)

x = ‖ṽ1null(., s)‖L2
ρ

= O(e3s/2)

‖v(., s)− (1 + iδ)ṽ10(s)‖L2
ρ

= ‖(1 + iδ) (ṽ11(s) + ṽ1,null(., s) + ṽ1−(., s)) + iṽ2(., s)‖L2
ρ

= O(e3s/2).

|θ′(s)|L2
ρ
≤ Ce2s

‖ṽ1null(., s)‖L2
ρ

‖ṽ1+(., s)‖L2
ρ
+ ‖ṽ1−(., s)‖L2

ρ
+ ‖ṽ2(., s)‖L2

ρ
= o(‖ṽ1null(., s)‖L2

ρ
)

v(y, s) = −(1 + iδ)
κ

4(p− δ2)s
(y2 − 2) + o(

1

s
),

L2
ρ s → −∞

ṽ1null = ṽ12(s)h2(y) ṽ12 =
∫

ṽ1k2ρ
h2(y)

d

ds
(ṽ12) =

p− δ2

2κ

∫
ṽ2

1k2(y)ρ(y)

+θ
′
(s)

∫
(δṽ1 + ṽ2)k2(y)ρ(y) +

∫
1

2κ
ṽ2

2k2(y)ρ(y) + O(

∫
|v|3k2(y)ρ(y)),

=
p− δ2

2κ

∫
ṽ2

1nullk2(y)ρ(y)− p− δ2

2κ

∫
(ṽ2

1null − ṽ2
1)k2(y)ρ(y)

+θ
′
(s)

∫
(δṽ1 + ṽ2)k2(y)ρ(y) +

∫
1

2κ
ṽ2

2k2(y)ρ(y) + O(

∫
|v|3k2(y)ρ(y)),

≡ (p− δ2)

2κ
8ṽ2

12 +
p− δ2

2κ
E1 + E2 + E3 + E4,

∫
ṽnullk2ρ = ṽ2

12

∫
h2

2k2ρ = 8ṽ2
12 E1 E2 E3

E4



α0 > 0 k′ > 4 α ∈ (0, α0)
s0 ∈ R s ≤ s0

∫
|v|2|y|k′ρdy ≤ c0(k

′)α4−k′
∫

ṽ2
1nullρdy.

!

ṽ1 = ṽ1− + ṽ1+ + ṽ1null

|E1| ≤
∫
|ṽ1+ + ṽ1−| × |ṽ1 + ṽ1null||k2(y)|ρ,

≤ c

(∫
|ṽ1+ + ṽ1−|2ρ

)1/2
{(∫

ṽ2
1k

2
2(y)ρ

)1/2

+

(∫
ṽ2

1nullk
2
2(y)ρ

)1/2
}

.

(∫
|ṽ1+ + ṽ1−|2ρ

)1/2
= o(ṽ12)

( ∫
ṽ2

1k
2
2(y)ρ

)1/2
+

( ∫
ṽ2

1nullk
2
2(y)ρ

)1/2 ≤
(∫

|v|2k2
2ρ

)1/2

+ c|ṽ12| ≡ I1 + I2.

E3 =

∫
1

2κ
ṽ2

2k2(y)ρ(y) ≤ c

(∫
ṽ2

2ρ

)1/2 (∫
ṽ2

2k
2
2ρ

)1/2

,

≤ o(ṽ12)

(∫
|v|2k2

2ρ

)1/2

︸ ︷︷ ︸
I1

.

I1

∫
ṽ2

1k
2
2ρ ≤ c

∫
|v|2ρ + c

∫
|v|2|y|k′ρ ≤ c(

∫
|v|2ρ) ≤ cṽ2

12.

E1 = o(ṽ2
12) E3 = o(ṽ2

12) E2 = o(ṽ2
12)

E4 α ∈ (0, α0)
m = 0 m = 2

∫
|v|3|y|mρdy ≤

∫

|y|≤α−1

|v|3|y|mρdy +

∫

|y|≥α−1

|v|3|y|mρdy,

≤ εα−m

∫

|y|≤α−1

|v|2ρdy + CMαk′−m

∫

|y|≥α−1

|v|2|y|k′ρdy,

≤ C(εα−m + Mc0(k
′)α4−m)

∫
ṽ2

nullρdy,

|v| → 0 s → −∞ L∞(B(0, α−1)) |v(y, s)| ≤ M∫
|v|2ρdy ≤

∫
ṽ2

nullρdy ε α



s ≤ s0

∫
|v|3|y|mρ ≤ ε

∫
ṽ2

nullρ E4 = o(ṽ2
12)

d

ds
(ṽ12) =

(p− δ2)

κ
4ṽ2

12 + o(ṽ2
12).

ṽ1null = − κ

4(p− δ2)s
(1 + o(1))

(
y2 − 2

)
.

!

O( log(|s|)
s2 )

y′ ≤ −1

2
y + c‖v(., s− s∗)‖2

L2
ρ
≤ −1

2
y + c

1

s2
.

(yes/2)′ ≤ C
es/2

s2
−∞ s y ≤ C

s2

z = ‖ṽ1+(., s)‖L2
ρ

(ze−s/2)′ ≥ C
es/2

s2
s s0 ≥ s

z ≤ C

s2

d

ds
(ṽ12) =

p− δ2

2κ

∫
ṽ2

1nullk2(y)ρ(y)− p− δ2

2κ

∫
(ṽ2

1null − ṽ2
1)k2(y)ρ(y)

+θ
′
(s)

∫
(δṽ1 + ṽ2)k2(y)ρ(y) +

∫
1

2κ
ṽ2

2k2(y)ρ(y) + O

(∫
|v|3k2(y)ρ(y)

)
,

≡ 4(p− δ2)

κ
ṽ2

12 +
p− δ2

2κ
E1 + E2 + E3 + E4.

|E1| ≤
∫
|ṽ1+ + ṽ1− + ṽ2| × |v + ṽ1null||k2(y)|ρ,

≤
(∫

|ṽ1+ + ṽ1− + ṽ2|2ρ
)1/2

{(∫
v2k2

2(y)ρ

)1/2

+

(∫
ṽ2

1nullk
2
2(y)ρ

)1/2
}

,

≤ ε

(∫
ṽ2

1nullρ

)1/2
{

c

(∫
v4ρ

)1/4

+ c

(∫
ṽ2

1nullρ

)1/2
}

.

‖ṽ1null(., s)‖L2
ρ
∼ C

s
∫

v4ρ ≤ c

(∫
v2(., s− s∗)ρ

)2

≤ c

(s− s∗)2
≤ c

s2
.

E1 ≤
C

s3
E2 ≤

C

|s|3 E3 ≤ y2 ≤ C

s4
E4 ≤

C

|s|3

d

ds
(ṽ12) =

4(p− δ2)

κ
ṽ2

12 + O(
1

s3
) =

4(p− δ2)

κ
ṽ2

12

(
1 + O(

1

s
)

)
.



ṽ12 = − κ

4(p− δ2)s
+ O(

log |s|
s2

).

‖v(., s) − (1 + iδ) κ
4(p−δ2)s(y

2 − 2)‖L2
ρ

= O( log |s|
s2 ) s → −∞

θ
′
(s)

ρdy

θ
′
(s)

∫
((1 + δ2)ṽ1 + δṽ2 + κ)ρ =

∫
G̃2ρ.

((1 + δ2)ṽ1 + δṽ2 + κ) = κ + O(
1

s
)

∫
G̃2ρ =

(1 + δ2)δ

κ

∫
ṽ2

1ρ +
(1 + δ2)

κ

∫
ṽ1ṽ2ρ,

∫
ṽ1ṽ2ρ = O( log |s|

s3 )

∫
ṽ2

1ρ =

∫
ṽ2

12h
2
2ρ +

∫ (
ṽ2

1 − ṽ2
12h

2
2

)
ρ

= 8ṽ2
12 +

∫
((ṽ1 − ṽ12h2)) (ṽ1 + ṽ12) ρ,

ṽ12 = κ
4(p−δ2)s + O( log |s|

s2 )
∫

((ṽ1 − ṽ12h2)) (ṽ1 + ṽ12) ρ ≤ C log |s|
s2 × 1

s = C log |s|
s3

θ
′
(s) =

(1 + δ2)δ

κ

(
κ

2(p− δ2)

)2 1

s2
+ O(

log |s|
s3

).

θ′(s)
!

Z

Z Z
φ : C → C φ(x) = |x|p−1x

ν = (w − F ) F
ν (y, s) ∈ R× R |y| < 4ε0

√
−s

∂sν = (L − 1)ν + l(ν) + B(ν) + R(y, s),

L ν = ν1 + iν2

l(ν) = (1 + iδ)
[
− ν

p−1 + (p− 1)|F |p−3F (F1ν1 + F2ν2) + |F |p−1ν
]
,

B(ν) = (1 + iδ) [φ(F + ν)− φ(F )− (p− 1)|F |p−3F (F1ν1 + F2ν2)− |F |p−1ν] ,
R(y, s) = −∂sF + ∆F − 1

2y · ∇F − (1 + iδ) F
p−1 + (1 + iδ)|F |p−1F.



w F |y| ≤ 4ε0

√
−s

s ≤ s0 |y| < 4ε0

√
−s

|B(ν)| ≤ C|ν|2,
|R(y, s)| ≤ C

(
|y|2+1

s2 + χε0

)
,

χε0 ν = (1 + iδ)ν̃1 + iν̃2 B = (1 + iδ)B̃1 + iB̃2

R = (1 + iδ)R̃1 + iR̃2

∂sν̃1 = Lν̃1 + l1,1ν̃1 + l1,2ν̃2 + B̃1 + R̃1

∂sν̃2 = (L − 1)ν̃2 + l2,2ν̃2 + l2,1ν̃1 + B̃2 + R̃2,






l1,1(y, s) = (1− δ2)(|F |p−1 − 1
p−1) + (p− 1)|F |p−3(F1

2 − δ2F2
2)− 1,

l1,2(y, s) = −δ(|F |p−1 − 1
p−1) + (p− 1)|F |p−3(F1 − δF2)F2,

l2,1(y, s) = (1 + δ2)(|F |p−1 − 1
p−1) + (p− 1)|F |p−3(F1 + δF2)F2,

l2,2(y, s) = (1 + δ2)(|F |p−1 − 1
p−1) + (p− 1)|F |p−3F2

2.

|y| ≤ 4ε0

√
−s

|li,j(y, s)| ≤ C min

[
(1 + |y2|)

|s| , 1

]
i, j ∈ {1, 2}.

|s| |y| ≤ 4ε0

√
−s

|li,j(y, s)| ≤ C

{
(1 + ε2

0|s|)
|s| + χε0

}
≤ C

{
2ε2

0 + χε0

}
.

sgn(ν̃1) sgn(ν̃2)
z = |ν̃1|+ |ν̃2| |s| |y| ≤ 4ε0

√
−s

∂sz −∆z +
1

2
y · ∇z − (1 + σ)z ≤ C

(
z2 +

(y2 + 1)

s2
+ χε0

)
,

ε0 σ = Cε2
0 = 1

100
γ Z = zγ |s|

∂sZ −∆Z +
1

2
y · ∇Z − (1 + σ)Z ≤ C

(
Z2 + (y2+1)

s2 + χε0

)

+z
(
∂sγ −∆γ +

y

2
· ∇γ

)
− 2∇γ · ∇z,

γz2 = Z2 + (γ − γ2)z2 ≤ Z2 + Cχε0

z
(
∂sγ − ∆γ + y

2 · ∇γ
)
− 2∇γ∇z ≤

Cχε0 − 2div(z∇γ) |s|

∂sZ −∆Z +
1

2
y · ∇Z − (1 + σ)Z ≤ C

(
Z2 +

(y2 + 1)

s2
+ χε0

)
− 2div ((|ν̃1|+ |ν̃2|)∇γ) ,



Z
Z ν = w− f ν

(y, s) ∈ R× R |y| < 4ε0e−s/2

∂sν = ∆ν − 1
2y · ∇ν + l(ν) + B(ν) + R(y, s),

l(ν) = −(1 + iδ) ν
p−1 + (1 + iδ) {(p− 1)|f |p−3f(f1ν1 + f2ν2) + |f |p−1ν} ,

B(ν) = (1 + iδ) {|f + ν|p−1(f + ν)− |f |p−1f − (p− 1)|f |p−3f(f1ν1 + f2ν2)− |f |p−1ν} ,
R(y, s) = es∆G(yes/2).

|s| |y| ≤ 4ε0e−s/2

|B(ν)| ≤ C|ν|2, |R(y, s)| ≤ Ces + χε0(y, s),

χε0 ν = (1 + iδ)ν̃1 + iν̃2 B = (1 + iδ)B̃1 + iB̃2

R = (1 + iδ)R̃1 + iR̃2

∂sν̃1 = Lν̃1 + l1,1ν̃1 + l1,2ν̃2 + B̃1 + R̃1

∂s ˜̄ν2 = (L − 1)˜̄ν2 + l2,2ν̃2 + l2,1ν̃1 + B̃2 + R̃2,






l1,1(y, s) = (1− δ2)(|f |p−1 − 1
p−1) + (p− 1)|f |p−3(f1

2 − δ2f2
2)− 1,

l1,2(y, s) = −δ(|f |p−1 − 1
p−1) + (p− 1)|f |p−3(f1 − δf2)f2,

l2,1(y, s) = (1 + δ2)(|f |p−1 − 1
p−1) + (p− 1)|f |p−3(f1 + δf2)f2,

l2,2(y, s) = (1 + δ2)(|f |p−1 − 1
p−1) + (p− 1)|f |p−3f2

2.

|y|es/2 ≤
4ε0 s

|li,j(y, s)| ≤ C min
[
|y|es/2, 1

]
i, j ∈ {1, 2}.

χε0 |s| |y| ≤ 4ε0e−s/2

|li,j| ≤ C
{
|y|es/2 + χε0

}
≤ C {ε0 + χε0} .

sgn(ν̃1) sgn(ν̃2)
z = |ν̃1|+ |ν̃2| |s| |y|es ≤ 4ε0

∂sz −∆z +
1

2
y · ∇z − (1 + σ)z ≤ C

(
z2 + es + χε0

)
,

σ = Cε0 = 1
100 γ Z = zγ

|s|

∂sZ −∆Z +
1

2
y · ∇Z − (1 + σ)Z

≤ C
(
Z2 + es + χε0

)
− z

(
∂sγ −∆γ +

y

2
· ∇γ

)
+ 2∇γ∇z.



z
(
∂sγ−∆γ+ y

2 ·∇γ
)
−2∇γ∇z ≤

Cχε0 + 2div(z∇γ) |s|

∂sZ −∆Z +
1

2
y · ∇Z − (1 + σ)Z ≤ C

(
Z2 + es + χε0

)
− 2div ((|ν̃1|+ |ν̃2|)∇γ) ,



ut−∆u = up

ut =
∆u + u1+α

Put = −Au+F (u)



L2

1





{
∂tu = ∂2

xu−
1

uβ
R× [0, T ),

u(x, 0) = u0(x) > 0 x ∈ R,

β ≥ 3

u0,
1

u0
∈ L∞(R).

β ≥ 3

u(t) T u t ∈ [0, T )

lim
t→T

inf
x∈R

u(x, t) = 0.

u T a
{(an, tn)} an → a tn → T

u(an, tn) → 0 n →∞

t → T u Ω = [−1, 1]



UT (t) = (β + 1)
1

β+1 (T − t)
1

β+1 U ′
T = − 1

Uβ
T

UT (T ) = 0

UT (t) ≥ inf
−1<x<1

u(x, t) ≥ C0UT (t) C0.

a T
u
′′
0 − 1

uβ
0

≤ 0 u0






u(a, t) → 0,
u(x, t) → u∗(x) t → T x ,= a,

u∗ =
[(β + 1)2

8β

] 1
(β+1)

( |x− a|2

| log |x− a||

) 1
(β+1)

(1 + o(1)),

|x− a| → 0

u(t)
t → T a ∈ R

y =
x− a√
T − t

s = − log(T − t) wa(y, s) = (T − t)−
1

β+1 u(x, t).

wa(= w) s ≥ − log T y ∈ R

∂sw = ∂2
yw −

1

2
y · ∂yw +

w

β + 1
− w−β,

u(t) (a, T ) a
wa

v =
1

u
,

v

∂tv = ∂2
xv − 2

(∂xv)2

v
+ v2+β R× [0, T ),

u T v T a
u a v

u v

za(y, s) = (T − t)
1

β+1 v(x, t) y s .



za =
1

wa
za(= z)

s ≥ − log T y ∈ R

∂sz = ∂2
yz −

1

2
y · ∂yz − 2

(∂yz)2

z
− z

β + 1
+ z2+β.

L2
ρ = {g ∈ L2

loc(RN , C)

∫

RN

|g|2e−
|y|2
4 dy < +∞} ρ(y) =

e−
|y|2
4

(4π)N/2
.

g y ∈ RN

‖g‖2
L2

ρ
=

∫

RN

|g(y)|2e−
|y|2
4 dy.

g (y, s) ∈ RN × R

‖g(., s)‖2
L2

ρ
=

∫

RN

|g(y, s)|2e−
|y|2
4 dy.

β ≥ 3
w

|∂yw(y, s)|+ 1

w(y, s)
≤ M, (y, s) ∈ R× R M > 0.

w ≡ κ
s0 ∈ R (y, s) ∈ R× R w(y, s) = ϕ(s− s0)

ϕ(s) = κ(1 + es)
1

β+1 κ = (β + 1)1/(β+1).

ϕ y

ϕ′ =
ϕ

1 + β
− ϕ−β, ϕ(−∞) = κ, ϕ(+∞) = +∞.

∂yw

β > −1
β ≥ 3 −1 < β < 3



u
(x, t) ∈ R × (−∞, T )

M > 0

u(x, t) ≥ 1

M
(T − t)

1
(β+1) |∂xu(x, t)| ≤ M (T − t)

1
β+1−

1
2 (x, t) ∈ R× (−∞, T ).

T0 ≥ T (x, t) ∈ R× (−∞, T ) u(x, t) = κ(T0 − t)
1

(β+1)

u(t)
T > 0 ε > 0 Cε > 0

t ∈ [
T

2
, T ) x ∈ R

∣∣∣∣
∂u

∂t
− u−β

∣∣∣∣ ≤ ε|u|−β + Cε.

u(t) u(t)
T u

′′
0 − 1

uβ
0

≤ 0

inf
x∈R

|u(x, t)| → UT (t) = (β + 1)
1

β+1 (T − t)
1

β+1 t → T,

(T − t)−
1

β+1+ 1
2‖∂xu(., t)‖L∞(R) + (T − t)−

1
β+1+1‖∂2

xu(., t)‖L∞(R) → 0 t → T.

a ∈ R

inf
y∈R

|wa(y, s)| → κ s → +∞ ‖∂yw(., s)‖L∞ + ‖∂2
yw(., s)‖L∞ → 0 s → +∞,

κ = (1 + β)
1

β+1

∂tu = ∆u + |u|p−1u

u : (x, t) ∈ RN × [0, T ) → R p > 1, p <
N + 2

N − 2
N ≥ 3.



ws = ∆w − 1

2
y∂yw −

w

p− 1
+ |w|p−1w.

∫

RN

w(y, s0)ρ(y)dy > (p− 1)−
1

p−1 ,

s0 ∈ R w s > s0

w

E(w(s0)) ≤
(p− 1)

2(p + 1)

( ∫

RN

|w(y, s0)|2ρ(y)dy
) p+1

2
,

s0 ∈ R E

E(w) =

∫

R

(1

2
|∂yw|2 +

|w|2

2(p− 1)
− |w|p+1

p + 1

)
ρ(y)dy ρ(y) =

e−
|y|2
4

(4π)N/2
.

w s > s0

∂tu = ∆u + (1 + iδ)|u|p−1u

u : RN × R → C

{
∂tu = ∆u + vp, ∂tv = ∆v + uq

u(., 0) = u0, v(., 0) = v0,

p − q

z

(
=

1

w

)
z±∞ s → ±∞ z±∞

0 z±∞ ≡ κ−1 z±∞ ≡ 0
z−∞ ≡ 0

z−∞ = κ−1

w κ s → −∞
w
w(y, s) = κ + C0es + o(es) s → −∞ C0 ∈ R
w(y, s) = κ + C1es/2 + o(es/2) s → −∞ C1 ∈ R \ {0}



w(y, s) = κ +
κ

2βs

(
1

2
y2 − 1

)
+ o

(
1

s

)
s → −∞

L∞([−R,R]) R > 0 L2
ρ

w(y, s) = ϕ(s − s0) w(y, s) = κ
s0 ∈ R ϕ

a0 ∈ R s0 ∈ R wa0(y, s) = w(y + a0es0 , s0)
w

s ∈ R

w
|y| 1

M
M

w L∞

lim
s→−∞

sup
|y|≤Re−s/2

∣∣∣w(y, s)− ((β + 1)− C1κ
−βyes/2)

1
β+1

∣∣∣ = 0

0 < R < (β+1)
C1κ−β C1 ,= 0

lim
s→−∞

sup
|y|≤

√
−sR

∣∣∣∣∣w(y, s)−
(

(β + 1) +
(β + 1)2

4β

y2

s

) 1
β+1

∣∣∣∣∣

0 < R <
√

4β
(β+1)

β ≥ 3 w(y, s)
(y, s) ∈ R × R z = 1

w z
R2

w s

w s → ±∞



M0 > 0 (y, s) ∈ R×R

|∂yw(y, s)|+ 1

w(y, s)
≤ M0 w(y, s) ≤ w(0, s) + M0|y|,

|z(y, s)|+ |∂yz(y, s)|+ |∂2
yz(y, s)| ≤ M0 |∂sz| ≤ M0(1 + |y|).

|∂sw(y, s)| ≤ M0(1 + |y|)(w(0, s) + |y|)2.
R > 0 z ∂yz(y, s) ∂2

yz ∂sz C0,α([−R,R]2)
α ∈ (0, 1)

C0,α([−R,R]2) =

{
ψ ∈ L∞[(−R,R)2] | sup

(ξ,τ),(ξ′,τ ′)∈[−R,R]2

|ψ(ξ, τ)− ψ(ξ′, τ ′)|
(|ξ − ξ′|+ |τ − τ ′|1/2)α

< ∞
}

∂sw = ∂sz/z2 = ∂szw2

!

(w(s)) =
1

2

∫

R
∂yw

2ρdy − 1

2(β + 1)

∫

R
w2ρdy − 1

β − 1

∫

R
w−(β−1)ρdy ρ(y) =

e−
y2

4

(4π)
1
2

,

s1 < s2 ∈ R

0 < w(y, s) ≤ c1(s)(1 + |y|) s1 ≤ s ≤ s2 c1(s) > 0

∫ s2

s1

∫

R
(ws)

2ρdy = (w(s1))− (w(s2))

z

E(z(s)) =
1

2

∫

R

∂yz
2

z4
ρdy − 1

2(β + 1)

∫

R

1

z2
ρdy − 1

β − 1

∫

R
zβ−1ρdy,

∫ b

a

∫

R

(zs

z2

)2

ρdy = E(z(a))− E(z(b)) a < b.

∂swρ BR = B(O,R)
R > 0

E(z) = (1
z ) !

z s → ±∞



z s → ±∞ z+∞(y) = lims→+∞ z(y, s)
0 κ−1 R

z−∞(y) = lims→−∞ z(y, s)

sj →
±∞ j →∞

(sj)

z(y, s + sj) → l C2,α([−R,R]) R > 0, l = 0 κ−1

l = 0 E(z(sj)) → −∞ l = κ−1 E(z(sj)) → E(κ−1)

s → +∞ (sj) (sj)
j ∈ N, sj > sj

zj(y, s) = z(y, s + sj) → κ−1 zj(y, s) = z(y, s + sj) → 0 j →∞.

E(zj(s)) → E(κ−1) E(zj(s)) → −∞,

j

sj > sj, E(z(sj)) > E(κ−1)− 1 > E(z(sj)),

E
z(y, s) s →∞

sj → +∞ sj → −∞
(y, s) z(y, s)

∂sz = ∂2
yz −

1

2
y∂yz − 2

(∂yz)2

z
− z

β + 1
+ z2+β.

0 ≤ (∂yz)2

z
=

(∂yw)2

w2
z ≤ Cz 0 ≤ z2+β ≤ Cz

L0z − Cz ≤ ∂sz ≤ L0z + Cz L0z = ∂2
yz −

1

2
y∂yz.

S0(τ) L0

S0(τ)φ(y) =
1

(4π(1− e−τ ))1/2

∫

R
exp

(
− (ye−

τ
2 − λ)

4(1− e−τ )

)
φ(λ)dλ,



s ≥ s′

e−C(s−s′)S0(s− s′)z(., s′) ≤ ‖z(., s)‖L∞ ≤ eC(s−s′)‖z(., s′)‖L∞ .

(sj) +∞ zj(y, s) = z(y, s + sj)
sj zj

z̃+∞ C2,1((−R,R)2) R > 0 z̃+∞

z̃+∞ 0 κ−1

(y0, s0) ∈ R2 z̃+∞(y0, s0) = 0

∀y ∈ R, z̃+∞(y, s0) = 0.

y1 ∈ R z̃+∞(y1, s0) > 0

1

zj(y0, s0)
≤ 1

zj(y1, s0)
+ M |y1 − y0|,

j →∞
z ≡ 0 R2 s ≥ s0 z(., s) ≡ 0 s ≤ s0 S0(s0− s)z(., s) ≡ 0

z(., s) ≡ 0

(y, s) ∈ R2 z̃+∞(y, s) > 0
wj(y, s) = w(y, s + sj)

wj(y, s) = 1/zj(y, s) → w̃+∞ = 1/z̃+∞(y, s) C2((−R,R)2, R > 0.

zj wj z̃+∞
w̃+∞ z̃+∞(y, s) = κ−1

z̃+∞ s

(y, s) ∈ R2

|∂ywj(y, s)|+ |1/wj(., s)| ≤ C1, |wj(y, s)| ≤ C1(|y|+ w̃+∞(0, s))
|∂swj(y, s)| ≤ C1(1 + |y|) (|y|+ w̃+∞(0, s))2 ,

C1 > 0 j w̃+∞

(y, s) ∈ R2

|∂yw̃+∞(y, s)|+ |1/w̃+∞(y, s)| ≤ C1, |w̃+∞(y, s)| ≤ C1(|y|+ w̃+∞(0, s))
|∂sw̃∞(y, s)| ≤ C1(1 + |y|) (|y|+ w̃+∞(0, s))2 .



wj zj w̃+∞ z̃+∞ ∂swj ∂ywj

∂sw̃+∞ ∂yw̃+∞

|∂ywj(y, s)| ≤ M
0 y |wj(y, s)| ≤ M |y| + wj(0, s)

wj(0, s) → w̃+∞(0, s)(= 1/z̃+∞(0, s)) < +∞ j →∞,

∂swj(y, s) = −∂szj(y, s)/zj(y, s)2 = −∂szj(y, s)wj(y, s)2,

!
sj+1 − sj → ∞

w = wj a = m b = m + sj+1 − sj m ∈ Z
∫ si+1−sj+m

m

∫

R
(∂swj)

2ρdy = (wj(m))− (wj(m + sj+1 − sj))

= (wj(m))− (wj+1(m)).

∫

R
∂yw

2
jρdy →

∫

R
∂yw̃

2
+∞ρdy,

∫

R
w2

jρdy →
∫

R
w̃2

+∞ρdy,
∫

R
w−(β−1)

j ρdy →
∫

R
w̃−(β−1)

+∞ ρdy j →∞.

(wj(m)) → (w̃+∞(m)) j → ∞
sj+1 − sj → +∞

m < M

lim
j→∞

∫ M

m

∫

R
|∂swj|2ρdyds = 0,

w̃+∞(0, s)

∀(y, s) ∈ R× (m,M) |∂swj(y, s)| ≤ C(m, M)(1 + |y|)3.

∂swj ∂sw̃+∞

∫ M

m

∫

R
|∂swj|2ρdyds →

∫ M

m

∫

R
|∂sw̃+∞|2ρdyds.

∫ M

m

∫

R
|∂sw̃+∞|2ρdyds = 0.



m M ∂sw̃+∞ = 0 R2

w̃+∞(y, s) = w̃+∞(y) s w̃+∞
w̃+∞

∀y ∈ R, 0 = w′′ − 1

2
yw′ +

1

β + 1
w − w−β.

w̃+∞(s) > 1/C w̃+∞(s) ≤ C(1 + |y|)

w′′ − 1

2
yw′ +

w

β + 1
− εw−β = 0 y ∈ R,

|y| → ∞ w ≡ (ε(β + 1))
1

β+1

w̃+∞ = κ z̃+∞ ≡ κ−1

E(z(s)) =

∫

R

∂yz
2

z4
ρdy − 1

2(β + 1)

∫

R

1

z2
ρdy − 1

β − 1

∫

R
zβ−1ρdy.

zj κ−1

E(zj(s)) = (wj(s)) → E(κ−1) = (κ).

zj 0

E(zj(s)) = (wj(s)) ≤ C − 1

β − 1

∫
w−(β−1)ρdy

j → +∞

E(zj(s)) → −∞.

!

z+∞(y) = lims→+∞ z(y, s) z−∞(y) = lims→−∞ z(y, s) 0 κ−1

z−∞ = 0
z(y, s) → 0 s → −∞

E(z(s)) → −∞ s → −∞.

s1 < 0 s ≤ s1

s < 0 E(z(s)) < E(z(0)).

E z−∞ = 0
w−∞ = κ



w κ s → −∞

w → κ s → −∞

L2
ρ L2

ρ w − κ
s → −∞ v = w − κ v

∀(y, s) ∈ R2 ∂sv = Lv − f(v),

Lv = ∂2
yv − 1

2y∂yv + v
f(v) = (v + κ)−β − κ−β + βκ−(β+1)v.

s1 ∈ R s ≤ s1

0 ≤ f(v) ≤ M1v
2 f(v) ≤ M2|v|.

(v + κ)−β = κ−β − β

(β + 1)
v +

1

2
β(β + 1)(θ + κ)−β−2v2,

θ 0 v

f(v) = c(θ, β)v2, c(θ, β) =
1

2
β(β + 1)(θ + κ)−β−2.

v > 0 0 ≤ c(θ, β) ≤ (β/2)(β + 1)κ−β−2 = β/(2κ)
v < 0 1

M ≤ v + κ ≤ θ + κ 0 ≤ c(θ, β) ≤ (β/2)(β + 1)Mβ+2

v < κ v > κ v

f(v) ≤ β

β + 1
v − 1

β + 1
κ + Mβ ≤ M2v,

M2 > 0 !

L
L2

ρ spec(L) = {1 − m
2 |m ∈ N}

L
1− m

2

hm(y) =

[m
2 ]∑

n=0

m!

n!(m− 2n)!
(−1)nym−2n.



hm

∫
hnhmρdy = 2nn!δnm km = hm

‖hm‖2
L2

ρ

L L2
ρ v

v(y, s) =
2∑

m=0

vm(s) · hm(y) + v−(y, s)

vm v hm v−(y, s) = P−(v) P−
L

s → −∞ v0(s) v1(s) v2(s)
v L2

ρ

v(y, s) s → −∞ s → −∞

|v1(s)| + |v2(., s)| + ‖v−(., s)‖L2
ρ

= o(v0(s)) ‖v(., s) − C0es‖L2
ρ

= O(e3s/2)
C0 ∈ R

|v0(s)|+ |v2(., s)|+‖v−(., s)‖L2
ρ

= o(v1(s)) ‖v(., s)−C1yes/2‖L2
ρ

= O(e(1−ε)s)
C1 ∈ R \ 0 ε > 0

|v0(s)|+ |v1(s)|+‖v−(., s)‖L2
ρ

= o(‖v2(., s)‖L2
ρ
) ‖v(., s)− κ

4βs (y2 − 2) ‖L2
ρ

= O( log(|s|)
s2 )

!

∃s0 ∈ R
w(y, s) = ϕ(s− s0)

s0 ∈ R (y, s) ∈ R2 w(y, s) =
ϕ(s− s0) ϕ(s)

v

‖w(., s)− {κ + C0e
s} ‖L2

ρ
≤ Ce3s/2 s → −∞.

ϕ̂ R× (−∞, s1]
s1 ∈ R w(y, s) s → −∞

C0 = 0, ϕ̂ ≡ κ,

C0 > 0, ϕ̂ ≡ ϕ(s− s0) s0 = − log

(
(β + 1)

κ
C0

)
,

C0 < 0, ϕ̂ ≡ ϕ0(s− s0) s0 = − log

(
−(β + 1)

κ
C0

)

ϕ0(s) = κ(1− es)
1

β+1



s = 0 C > 0 ϕ0 ≥ C
s ≤ −1 V = w − ϕ̂ V

(y, s) ∈ R× (−∞, s1]

∂V

∂s
= (L+ l(s))V − F (V ),

L

F (V ) = |ϕ̂ + V |−β − ϕ̂−β + βϕ̂−(β+1)V

l(s) = 0 ϕ̂ = κ,

l(s) = − βes

(β + 1)(1 + es)
ϕ̂ = ϕ(s− s0),

l(s) =
βes

(β + 1)(1− es)
ϕ̂ = ϕ0(s− s0).

|l(s)| ≤ Ces s ≤ s1 C > 0 Mi=1,2

0 ≤ F (V ) ≤ M1V
2 0 ≤ F (V ) ≤ M2|V |.

I(s) = ‖V (., s)‖L2
ρ

V ρ R
L

I ′(s) ≤ (1 + l(s))I(s) + C

∫
V 4(y, s)ρdy.

L ψ(y, s)

∀s ∈ [a, b], ∀y ∈ R, ∂sψ ≤ (L+ σ)ψ 0 ≤ ψ(y, s),

a ≤ b σ ∈ R

Lψ = ∂2
yψ −

1

2
y · ∂yψ + ψ =

1

ρ
div(ρ∂yψ) + ψ.

r > 1 C∗ = C∗(r, σ) > 0 s∗(r)

∀s ∈ [a + s∗, b],

(∫

R
|ψ(y, s)|rρ(y)dy

)1/r

≤ C∗‖ψ(., s− s∗)‖L2
ρ
.

!
C∗ > 0 s∗ > 0

‖V (., s)2‖L2
ρ
≤ C∗‖V (., s− s∗)‖2

L2
ρ

s2 ≤ s1

∀s ≤ s2 I ′(s) ≤ 5

4
I(s) + CI(s− s∗)2.

I(s) ≤ Ce3s/2



I(s) C1

0 ≤ I(s) ≤ Ce3s/2 s ≤ s2 s2

s3 ≤ s2 I(s) = 0 s ≤ s3

V ≡ 0 R× (−∞, s3]

∀(y, s) ∈ R× (−∞, s3], w(y, s) = ϕ̂(s).

w
(y, s) ∈ R×R ϕ̂ (y, s) ∈ R×R (y, s) ∈ R×R

(y, s) ∈ R2 w(y, s) = κ w(y, s) =
ϕ(s− s0)

ε0 > 0

lim
s→−∞

sup
|y|≤ε0

√
−s

∣∣∣∣w(y, s)−G

(
y√
−s

)∣∣∣∣ = 0,

G(ξ) =
(
(β + 1)− (β+1)2

4β ξ2
) 1

β+1
.

ψ(ξ, τ) |ξ| ≤
4B1 τ ∈ [0, τ∗] {

∂τψ ≤ ∂2
yyψ + λψ + µ,

ψ(ξ, 0) ≤ ψ0 ψ(ξ, τ) ≤ B2,

τ∗ ≤ 1 |ξ| ≤ B1 τ ∈ [0, τ∗]

ψ(ξ, τ) ≤ eλτ (ψ0 + µ + CB2e
−B2

1/4).

us0

us0(ξ, τ) = (1− τ)
1

β+1 w(y, s) y =
ξ + ε0

2

√
−s0√

1− τ
s = s0 − log(1− τ).

us0 τ ∈ [0, 1) ξ ∈ R us0

∀τ ∈ [0, 1) |us0(., τ)| ≥ M(1− τ)
1

β+1 .



τ = 0 us0(ξ, 0) = w(ξ + ε0
2

√
−s0, s0)

sup
|ξ|<4|s0|1/4

∣∣∣us0(ξ, 0)−G
(ε0

2

)∣∣∣ ≡ g(s0) → 0 s0 → −∞.

v

v′ = −v−β v(0) = G
(ε0

2

)
,

v(τ) = κ

(
1− (β + 1)ε2

0

16β
− τ

) 1
β+1

,

1− (β+1)ε2
0

16β < 1 τ0 = τ0(ε0) < 1

v(τ0) =
M

3
(1− τ0)

1
β+1 .

ψ = |us0 − v|,

|s0| τ ∈ [0, τ0] |ξ| ≤ 4|s0|1/4

∂τψ ≤ ∂2
ξ ψ + C(ε0)ψ

ψ(ξ, 0) ≤ g(s0)
ψ(ξ, τ) ≤ C(ε0)|s0|1/2

B1 = |s0|1/4 B2 = C(ε0)|s0|1/2 τ∗ = τ0 ψ0 = g(s0)
λ = C(ε0) µ = 0 τ ∈ [0, τ0]

sup
|ξ|≤|s0|1/4

ψ(ξ, τ) ≤ C(ε0)

(
g(s0) + |s0|1/2e−

|s0|1/2

4

)
→ 0 s0 → −∞.

|s0| ξ = 0 ψ(0, τ0) ≤
M

3
(1− τ0)

1/(β+1)

|us0(0, τ0)| ≤ v(τ0) + ψ(0, τ0) ≤
2

3
M(1− τ0)

1/(β+1),

Ψ = us0 − v

∂sΨ = ∂2
sΨ−

(
u−β

s0
− v−β

)
,

= ∂2
yΨ + βΨθ−β+1 θ us0 v.

τ ∈ [0, τ0] ξ ∈ R

1

θ
≤ max

(
1

u0(ξ, τ)
,

1

v(τ)

)
≤ C(ε0) θ.



ψ = |Ψ|

ψ τ ∈ [0, τ0]
|ξ| ≤ 4|s0|1/4

ψ(ξ, τ) ≤ us0(ξ, τ) + v(τ) ≤ w(y, s) + κ (y, s)

|s0|

|w(y, s)| ≤ |w(0, s)|+ M0|y| ≤ C(1 + |y|)

|y| ≤
|ξ + ε0

2

√
−s0|√

1− τ
≤

4|s0|1/4 + ε0
2

√
−s0√

1− τ0
≤ C(ε0)|s0|1/2,

ψ !

ε0 ∈ (0, R∗)

R∗ =

√
4β

β + 1
.

ε0

f(y, s) = G

(
y√
−s

)
,

F (y, s) = f(y, s)− κ

2βs
,

f

−y

2
· ∂yf +

1

(β + 1)
f − |f |−β = 0.

‖ (F (., s)− w(., s)) (1− χε0)‖L2
ρ

= O

(
log |s|

s2

)
s → −∞,

χε0(y, s) = 1
|y|√
|s|
≥ 3ε0

F s → −∞
w w F |y| ∼ 1

|y| ≤ ε0

√
−s ε0

γ(y, s) = γ0

(
y√
−s

)
,



γ0 ∈ C∞(R) γ0(ξ) = 1 |ξ| ≤ 3ε0 γ0(ξ) = 0 |ξ| ≥ 4ε0

ν = w − F Z = γ|ν|.

F (y, s)
y = R∗√−s

L2
ρ ε0 > 0

Z s ≤ s∗ y ∈ R

∂sZ−∂2
yZ +

1

2
y ·∂yZ− (1+σ)Z ≤ C

(
Z2 +

(y2 + 1)

s2
+ (1 +

√
−s)χε0

)
−2div (|ν| · ∂yγ) ,

s∗ ∈ R σ = 1/100 χε0

N2

2ε0

√
|s|

(Z(s)) = o(1) s → −∞,

N q
r (ψ) r > 0 1 ≤ q < ∞

N q
r (ψ) = sup

|ξ|≤r

(∫
|ψ(y)|q exp(−(y − ξ)2

4
)dy

)1/q

.

L

Z(y, s) {|y| ≤ ε0

√
−s}

sup
|y|≤ε0

√
−s

Z(y, s) = o(1) s → −∞.

s0 < s∗ s0 ≤ s < s∗

e
s−s0

2 ≤
√
−s

Z(y, s) ≤ Sσ(s− s0)Z(., s0)

+

∫ s

s0

Sσ(s− τ)

(
C

{
Z2 +

(y2 + 1)

τ 2
+ (1 +

√
−τ)χε0

}
− 2div (|ν|∂yγ)

)
dτ,



Sσ Lσφ = ∂2
yφ − 1

2y∂yφ + (1 + σ)φ
L2

ρ(R) Sσ(τ)

Sσ(τ, y, z) =
e(1+σ)τ

(4π(1− e−τ ))1/2
exp

[
−|ye−τ/2 − z|2

4(1− e−τ )

]
.

r ≡ r(s, s0) = 2ε0e
s−s0

2 = R1e
s−s0

2

N2
r−

N2
r (Z(., s)) ≤ N2

r (Sσ(s− s0)Z(., s0)) + C

∫ s

s0

N2
r (Sσ(s− τ)Z(., τ)2)dτ

+C

∫ s

s0

N2
r (Sσ(s− τ)

(
(y2 + 1)

τ 2

)
)dτ

+C

∫ s

s0

N2
r (Sσ(s− τ)(1 +

√
−τ)χε0(y, τ))dτ + C

∫ s

s0

N2
r (Sσ(s− τ)(div(|ν|∂yγ))dτ

≡ J1 + J2 + J3 + J4 + J5.

J5

J1...J4

J2 J5

s → −∞

|J1| ≤ Ce(1+σ)(s−s0) log |s0|
|s2

0|
,

|J2| ≤ C

∫ s0+((s−R0)−s0)+

s0

e(1+σ)(s−τ−R0)

(1− es−τ−R0)1/20

(
N2

r (Z(., τ)2)
)
dτ + C

e(s−s0)(1+σ)

s2
0

,

R0 = 4ε0,

|J3| ≤ C
e(s−s0)(1+σ)

s2
0

(1 + (s− s0))
√
−s0,

|J4| ≤ Ce(s−s0)(1+σ)eαs α > 0,

|J5| ≤ Ce(s−s0)(1+σ)eβs β > 0.

J1, J3 J4

J2

∂sZ − ∂2
yZ +

1

2
y∂yZ ≤ C

(
Z +

(y2 + 1)

s2
+ (1 +

√
−s)χε0

)
− 2div (|ν| · ∂yγ) ,

J2



J5

Sσ(s− τ) (−div(|ν∂yγ)) ,

= − Ce(s−τ)(1+σ)

(1− es−τ )1/2

∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
div(|ν|∂yγ)dλ,

=
Ce(s−τ)(1+σ)

(1− es−τ )1/2

∫

R
−(ye−(s−τ)/2 − λ)

2(1− e−(s−τ))
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
|ν|∂yγdλ.

|w(y, s)| ≤ |w(0, s)|+ M0|y| ≤ C(1 + |y|).

F |y|√
−τ

≤ R∗/2 R∗ supp(∂yγ) ⊂
(−4ε0

√
−τ ,−3ε0

√
−τ) ∪ (3ε0

√
−τ , 4ε0

√
−τ)

||ν|∂yγ | ≤ C|ν|I{3ε0≤ |y|√
−τ
≤4ε0},

≤ C(1 +
√
−τ)(I

3ε0≤ |y|√
−τ
≤4ε0

) ≤ C(1 +
√
−τ)χε0 .

|Sσ(s− τ) (−div(|ν|∂yγ))| ≤ Ce(s−τ)(1+σ)(1 +
√
−τ)

(1− es−τ )3/2
I1I2,

I1 =

(∫

R
(ye−(s−τ)/2 − λ)2 exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
dλ

)1/2

,

I2 =

(∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
χε0dλ

)1/2

.

I1 = C(1− e−(s−τ))3/4

I2
2 ≤ I3

(∫

R
χε0e

−λ2

4 dλ

)1/2

,

I3 =

(∫
exp

(
−(ye−(s−τ)/2 − λ)2

2(1− e−(s−τ))
+

λ2

4

)
dλ

)1/2

.

θ = ye−(s−τ)/2

λ2

4
− (θ − λ)2

2(1− e−(s−τ))
= − (1 + e−(s−τ))

4(1− e−(s−τ))
(λ− 2θ

(1 + e−(s−τ))
)2 +

θ2

2(1 + e−(s−τ))
,

I2
3 = C

(
(1− e−(s−τ))

(1 + e−(s−τ))

)1/2

exp

(
θ2

2(1− e−(s−τ))

)
.



∣∣N2
r (Sσ(s− τ)div(|ν|∂yγ))

∣∣ ≤ C
e(s−τ)(1+σ)(1 +

√
−τ)

(1 + e−(s−τ))1/8(1− e−(s−τ))5/8
‖χε0‖

1/2
L2

ρ
I4,

I4 = N2
r

(
exp(

y2e−(s−τ)

8((1− e−(s−τ)))
)

)
.

I4

−(y − µ)2

4
+

y2e−(s−τ)

4(1− e−(s−τ))
=

1

4

(
−

(
y(1 + e−(s−τ))−1/2 − µ(1 + e−(s−τ))1/2

)2
+ µ2e−(s−τ)

)
,

∫

R
exp

(
−(y − µ)2

4
+

y2e−(s−τ)

4(1− e(s−τ))

)
dy

≤ C exp

(
µ2e−(s−τ)

4

) ∫

R
exp

(
−1

4

(
y(1 + e−(s−τ))−1/2 − µ(1 + e−(s−τ))1/2

)2
)

dy.

I4 ≤ C(1 + e−(s−τ))1/8

N2
r (Sσ(s− τ))div(|ν|∂yγ)) ≤ C

e(s−τ)(1+σ)(1 +
√
−τ)

(1− e−(s−τ))5/8

(∫

|λ|≥R1
√
−τ

e−
λ2

4 dλ

)
.

|J5| =

∫ s

s0

N2
r (Sσ(s− τ)(div(|ν|∂yγ)) dτ ≤ C(η)e(s−s0)(1+σ)eαs0 ,

α > 0
!

Ji=1..5

N2
r (Z(., s)) ≤

e(s−s0)(1+σ)C log |s0|
s2
0

+ C

∫ s0+((s−R0)−s0)+

s0

e(s−τ−R0)(1+σ)

(1− es−τ−R0)1/20

(
N2

r (Z(., τ))
)2

dτ.

ε C R σ α 0 < α < 1
H(s)

H(s) ≤ εes(1+σ) + C

∫ (s−R)+

0

e(s−τ)(1+σ)H(τ)2

(1− e(s−τ−R))α
dτ s > 0.

ξ = ξ(R,C, α) ε ∈ (0, ε1) s
εes(1+σ) ≤ ξ

H(s) ≤ 2εes(1+σ).



σ = 0 σ > 0 !

N2
r(τ,s0)(Z(., s)) ≤ Ce(s−s0)(1+σ) log |s0|

s2
0

s → −∞ s = −e(s−s0)

s ∼ s0 log |s| ∼ log |s0| N2
R1
√
−s

(Z(., s)) ≤ Cs1+σ log |s0|
s2
0
≤ C log |s|

s1−σ → 0

s → −∞ σ =
1

100
N2

R1
√
−s(Z(., s)) = o(1) s → −∞
!

Z(y, s) |y| ≤ R2

√
−s NR1

√
−s′(Z(s′)) R2 = ε0

R1 = 2ε0 s′ < s

Z(., s) ≤
{
eCR0S(R0)Z(., s−R0)

}

+

{
C

∫ s

s−R0

eC(s−τ)S(s− τ)

(
(y2 + 1)

τ 2
+ (1 +

√
−τ)χε0

)
dτ

}

−
{

2

∫ s

s−R0

eC(s−τ)S(s− τ) (div(|ν|∂yγ)) dτ

}

= M1 +M2 +M3 R0 = 4ε0,

S L M1

M2

s0 s ≤ s0

sup
|y|≤R2

√
−s

|M1| = sup|y|≤R2
√
−s |eCR0S(R0)Z(., s−R0)| = o(1) s → −∞,

sup
|y|≤R2

√
−s

|M2| = sup|y|≤R2
√
−s

∫ s

s−R0

( |y|2+1
s2 + (1 +

√
−τ)χε0

)
≤ C

|s| .

!
M3 ν(y, s) ≤

C(1 +
√
−s) |y| ≤ C

√
−s

|S(s− τ) (−÷ (|ν|∂yγ))|

=

∣∣∣∣
Ces−τ

(1− es−τ )1/2

∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
div(|ν|∂yγ)dλ

∣∣∣∣ ,

=

∣∣∣∣
Ces−τ

(1− es−τ )1/2

∫

R
−(ye−(s−τ)/2 − λ)

2(1− e−(s−τ))
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
(|ν|∂yγdλ

∣∣∣∣ ,

≤ Ces−τ

(1− es−τ )3/2

∫

R
|ye−(s−τ)/2 − λ| exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
χε0dλ,

≤ Ces−τ
√
−τ(1 +

√
−τ)

(1− es−τ )3/2

∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
χε0dλ.

z = (1− e−(s−τ))−1/2(λ− e−(τ−s)/2y)
∫

R
exp

(
−(ye−(s−τ)/2 − λ)2

4(1− e−(s−τ))

)
χε0dλ ≤ (1− es−τ )1/2

∫

Σ

e−z2/4dz,



Σ =
{
z ∈ R :

∣∣z + e−(τ−s)/2(1− es−τ )−1/2y
∣∣ ≥ 3ε0(1− es−τ )−1/2

√
−τ

}
.

|ye−(τ−s)/2| ≤ ε0

√
−s Σ ⊂

{
z ∈ R : |z| ≥ ε0

√
−s

}

|S(s− τ) (−div(|ν|∂yγ))| ≤ Ces−τ

(1− es−τ )
eβs β > 0,

sup
|y|≤R2

√
−s

|M3| = o(
1

|s|) s → −∞.

Mi=1..3

!

lim
s→−∞

sup
|y|≤ε0e−s/2

∣∣w(y, s)−G(ye−s/2)
∣∣ = 0 G(ξ) = κ

(
1− C1κ

βξ
) 1

β+1 .

us0

us0(ξ, τ) = (1− τ)
1

β+1 w(y, s) y =
ξ + ε0

2 e−s0/2

√
1− τ

s = s0 − log(1− τ).

us0 τ ∈ [0, 1) ξ ∈ R us0

∀τ ∈ [0, 1) |us0(., τ)| ≥ M(1− τ)
1

β+1 .

τ = 0 us0(ξ, 0) = w(ξ + ε0
2 e−s0/2, s0)

sup
|ξ|<4e−s0/4

∣∣∣us0(ξ, 0)−G
(ε0

2

)∣∣∣ ≡ g(s0) → 0 s0 → −∞.

v

v′ = −v−β v(0) = G
(ε0

2

)
,



v(τ) = κ
(
1− C1κ

β ε0

2
− τ

) 1
β+1

,

1−C1κβ ε0
2 < 1 τ0 = τ0(ε0) < 1

v(τ0) =
M

3
(1− τ0)

1
β+1 .

ψ = |us0 − v|,

|s0| τ ∈ [0, τ0] |ξ| ≤ 4e−s0/4

∂τψ ≤ ∂2
ξ ψ + C(ε0)ψ

ψ(ξ, 0) ≤ g(s0)
ψ(ξ, τ) ≤ C(ε0)e−s0/2

B1 = e−s0/4 B2 = C(ε0)e−s0/2 τ∗ = τ0 ψ0 = g(s0)
λ = C(ε0) µ = 0 τ ∈ [0, τ0]

sup
|ξ|≤e−s0/4

ψ(ξ, τ) ≤ C(ε0)

(
g(s0) + e−s0/2e−

e−s0/2

4

)
→ 0 s0 → −∞.

|s0| ξ = 0 ψ(0, τ0) ≤
M

3
(1− τ0)

1/(β+1)

|us0(0, τ0)| ≤ v(τ0) + ψ(0, τ0) ≤
2

3
M(1− τ0)

1/(β+1),

f(y, s) = G(yes/2) f

−∂sf −
1

2
y · ∂yf +

f

β + 1
− f−β = 0.

ε0 ∈ (0, R∗

10 ) R∗ =
κp

C1
ε0

γ(y, s) = γ0(yes/2) γ0 ∈ C∞(R) γ0(ξ) = 1
|ξ| ≤ 3ε0 γ0(ξ) = 0 |ξ| ≥ 4ε0 ν = w − f Z = γ|ν|

‖Z‖L2
ρ
≤ Ces(1−ε) s → −∞ ε > 0.



L2
ρ ε0 > 0

Z s ≤ s∗ y ∈ R

∂sZ − ∂2
yZ +

1

2
y · ∂yZ − (1 + σ)Z ≤ C(Z2 + es + (1 + e−s/2)χε0)− 2div(|ν|∂yγ),

s∗ ∈ R σ = 1
100

χε0(y, s) = 1 |y|es/2 ≥ 3ε0

N2
2ε0e−s/2(Z(s)) = o(1) s → −∞.

Z(y, s) |y| ≤ ε0e−s/2

sup
|y|≤ε0e−s/2

Z(y, s) = o(1) s → −∞.

N2
r(s,s0)

r(s, s0) s0 < 2s∗ s0 ≤ s ≤ s0
2

N2
r (Z(., s)) ≤ N2

r (Sσ(s− s0)Z(., s0)) + C
∫ s

s0
N2

r (Sσ(s− τ)(Z(., τ)2))dτ

+C

∫ s

s0

N2
r (S(s− τ)(eτ ))dτ

+C

∫ s

s0

N2
r (Sσ(s− τ)((1 + e−τ/2)χε0(., τ)))dτ

−2

∫ s

s0

N2
r (Sσ(s− τ)(div(ν|∂yγ)))dτ

= J1 + J2 + J3 + J4 + J5.

|J1| ≤ Ce(s−s0)(1+σ)es0(1−ε),

|J2| ≤ C

∫ s0+((s−R0)−s0)+

s0

e(s−τ−R0)(1+σ)

(1− es−τ−R0)1/20

(
N2

r (Z(., s)2)
)
dτ

+Ce(s−s0)(1+σ)es R0 = 4ε0,

|J3| ≤ Ce(s−s0)(1+σ)es(1 + e−s/2),

|J4| ≤ Ce(s−s0)(1+σ)e−αe−s
α > 0,

|J5| ≤ Ce(s−s0)(1+σ)e−βe−s
β > 0.



Ji=1,3,4 J2 J5

!
Ji=1..5

N2
r (Z(., s)) ≤

Ce(s−s0)(1+σ)e(1−ε)s + C
∫ s0+((s−R0)−s0)+

s0

e(s−τ−R0)(1+σ)

(1−es−τ−R0 )1/20

(
N2

r (Z(., s)2)
)
dτ,

N2
r(s,s0)(Z(., s)) ≤ Ce(s−s0)(1+σ)e(1−ε)s s → −∞

s0 ≤ s ≤ s0
2 s = s0/2 N2

r(s,s0)(Z(., s)) ≤ Ces(2(1−ε)−(1+σ)) ≤
Ces(1−(2ε+σ)) → 0 s → −∞ ε σ = 1

100
!

w ≡ κ w ≡ ϕ(s− s0) s0 ϕ

w

v+(y, s) = v0(s)h0(y) + v1(s)h1(y), vnull(y, s) = v2(s)h2(y).

vnull v+

L2
ρ s → −∞ v+

v0(s) v1(s)

v+ vnull v−

∀(y, s) ∈ R2 ∂sv = Lv − f(v).

z(s) = ‖v+(., s)‖L2
ρ

, x(s) = ‖vnull(., s)‖L2
ρ

y(s) = ‖v−(., s)‖L2
ρ
.

L L2
ρ v+

ż ≥ 1

2
z −N N = ‖v2‖L2

ρ
.



vnull v−

ż ≥ 1
2z −N

|ẋ| ≤ N,
ẏ ≤ −1

2y + N.

|s|

N ≤ ε(x + y + z),

N
v(y, s)

|f(v)| ≤ c|v|

ż ≥
(

1
2 − ε

)
z − ε(x + y)

|ẋ| ≤ ε(x + y + z),
ẏ ≤ −

(
1
2 + ε

)
y + ε(x + z).

x(s) y(s) z(s)

(x, y, z)(s) → 0 s →∞ ∀s ≤ s1 x(s) + y(s) + z(s) ,= 0
∀ε > 0 ∃s0 ∈ R ∀s ≤ s0






ż ≥ c0z − ε(x + y)
|ẋ| ≤ ε(x + y + z)
ẏ ≤ −c0y + ε(x + y)

x + y = o(z) y + z = o(x) s → −∞

‖v−(., s)‖L2
ρ
+ ‖v+(., s)‖L2

ρ
= o(‖vnull(., s)‖L2

ρ
),

‖v−(s)‖L2
ρ
+ ‖vnull(., s)‖L2

ρ
= o(‖v+(., s)‖L2

ρ
).

v0 v1

‖v−(., s)‖L2
ρ
+ ‖vnull(., s)‖L2

ρ
= o(‖v+(., s)‖L2

ρ
)

v0 v1∫
f(v)km(y)ρ(y)dy m = 0, 1

km(y) = hm(y)/‖hm(y)‖2
L2

ρ
.



δ0 > 0 k′ > 4 δ ∈ (0, δ0) ∃s0 ∈ R
∀s ≤ s0

∫
v2|y|k′ρdy ≤ c0(k′)δ4−k′z(s)2

v(y, s)
f(v) < Cv

!

k0(y) k1(y)

v′0(s) = v0(s)−
β

2κ
z(s)2(1 + α(s)).

∫
v3ρdy∫

v2k1(y)ρdy = O(z(s)2)

v′1(s) =
1

2
v1(s) + γ(s)z(s)2,

γ

∀ε > 0 v0(s) = O(e(1−ε)s) v1(s) = C1e
s
2 + O(e(1−ε)s)

∀ε > 0 v0(s) = −β

κ
|C1|2ses(1 + o(1)) + C0e

s + O(e2(1−ε)) s → −∞

C1 ,= 0 v1(s) ≡ C1es/2 9 v0(s))O(ses)
|v| s s < 0

N2 =

∫
|v(y, s)|4ρ(y)dy ≤ C∗‖v(., s− s∗)‖2

L2
ρ
,

s∗ C∗

ẏ ≤ −1
2y+c∗‖v(., s−s∗)‖2

L2
ρ
≤ −1

2y+ces

x = ‖vnull(., s)‖L2
ρ

= O(es) ‖v(., s)−C1es/2y‖L2
ρ

=

O(es(1−ε)) s → −∞ ε > 0
C1 = 0

v v0 = C0es + O(e3s/2)
v1 = O(e3s/2)

ẏ ≤ −1
2y + c∗‖v(., s− s∗)‖2

L2
ρ
≤ −1

2y +

ce2s y = O(e3s/2) x = O(e3s/2)

‖v(., s)− v0(s)‖L2
ρ

= O(e3s/2).



vnull

‖v+(., s)‖L2
ρ
+ ‖v−(., s)‖L2

ρ
= o(‖vnull(., s)‖L2

ρ
)

v(y, s) =
κ

4βs

(
y2 − 2

)
+ o(

1

s
),

L2
ρ s → −∞

vnull(y, s) = v2(s)h2(y) v2(s) =
∫

vk2(y)ρ

vs = Lv − β

2κ
v2 + g(v),

g(v) = O(v3) h2(y)

∂sv2 = − β

2κ

∫
v2k2(y)ρ(y) +

∫
g(v)k2(y)ρ(y)

= − β

2κ

∫
v2

nullk2(y)ρ(y) +
β

2κ

∫ (
v2

null − v2
)
k2(y)ρ(y) +

∫
g(v)k2(y)ρ(y)

= − β

2κ
8v2

2 +
β

2κ
E1 + E2,

∫
vnullk2ρ = v2

2

∫
h2

2k2ρ = 8v2
2 E1 E2

α0 > 0 k′ > 4 α ∈ (0, α0)
s0 ∈ R s ≤ s0

∫
|v|2|y|k′ρdy ≤ c0(k

′)α4−k′
∫

v2
nullρdy.

!
v = v+ + vnull + v−

|E1| ≤
∫
|v+ + v−| × |v + vnull||k2(y)|ρ,

≤ c

(∫
|v+ + v−|2ρ

)1/2
{

(
v2k2

2(y)ρ
)1/2

+

(∫
v2

nullk
2
2ρ

)1/2
}

.



(∫
|v+ + v−|2ρ

)1/2
= o(v2)

(
v2k2

2(y)ρ
)1/2

+

(∫
v2

nullk
2
2ρ

)1/2

≤
(
v2k2

2(y)ρ
)1/2

︸ ︷︷ ︸
I

+c|v2|.

I
∫

v2k2
2ρ ≤ c

∫
|v|2ρ +

∫
|v|2|y|k′ρ ≤ c ∈ v2ρ ≤ cv2

2,

E1 = o(v2
2) E1 α ∈ (0, α0)

m = 0 m = 2

∫
|v|3|y|mρdy ≤

∫

|y|≤α−1

|v|3|y|mρdy +

∫

|y|≥α−1

|v|3|y|mρ,

≤ εα−m

∫

|y|≤α−1

|v|2ρdy + CMαk′−m−1(1 + α)

∫

|y|≥α−1

|v|2|y|k′ρ,

≤ C
(
εα−m + Mc0(k

′)α4−m
) ∫

v2
nullρdy,

|v| → 0 s → −∞ L∞ (B(0, α−1)) |v(y, s)| ≤ M(1+ |y|)∫
|v|2ρdy ≤

∫
v2

nullρdy ε α s ≤ s0∫
|v|3|y|mρ ≤ ε

∫
v2

null E2 = o(v2
2)

∂sv2 = −β

κ
4v2

2 + o(v2
2).

vnull =
κ

4βs
(1 + o(1))(y2 − 2).

!

O(log(|s|)/s2)

ẏ ≤ −1

2
y + c‖v(., s− s∗)‖L2

ρ
≤ −1

2
y + c

1

s2
.

(yes/2)′ ≤ C
es

s2
−∞ s y ≤ C

s2

z = ‖v+(., s)‖L2
ρ

(ze−s/2)′ ≥ C
es

s2
s s0 ≥ s

z ≤ C

s2

∂sv2 = − β

2κ

∫
v2

nullk2(y)ρ(y) +
β

2κ

∫ (
v2

null − v2
)
k2(y)ρ(y) +

∫
g(v)k2(y)ρ(y),

= − β

2κ
8v2

2 +
β

2κ
E1 + E2.



|E1| ≤
∫
|v+ + v−| × |v + vnull||k2(y)|ρ,

≤ c

(∫
|v+ + v−|2ρ

)1/2
{

(
v2k2

2(y)ρ
)1/2

+

(∫
v2

nullk
2
2ρ

)1/2
}

,

≤ ε

(∫
v2

nullρ

)1/2
{

c

(∫
v4ρ

)1/4

+ c

(∫
v2

nullρ

)1/2
}

.

‖vnull(., s)‖L2
ρ
∼ C

s

∫
v4ρ ≤ c

(
v2(., s− s∗)ρ

)2 ≤ c

(s− s∗)2
≤ c

s2
.

E1 ≤ C
s3 E2 ≤ C

s3

∂sv2 = −4β

κ
v2

2 + O(
1

s3
) = −4β

κ
v2

2

(
1 + O(

1

s
)

)
.

v2(s) =
κ

4βs
+ O(log(|s|)/s2).

!

Z

Z
Z
ν = w−F F ν

(y, s) ∈ R× R |y| < 4ε0

√
−s

∂sν = Lν + l(y, s)ν −B(ν) + R(y, s),

L

l(y, s) =
(
− β

β+1 + βF−(β+1)
)

,

B(ν) = (F + ν)−β − F−β + βF−(β+1)ν,
R(y, s) = −∂sF + ∂2

yF − 1
2y · ∂yF + F

β+1 − F−β.

F |y| ≤ 4ε0

√
−s

s ≤ s0 |y| < 4ε0

√
−s

|B(ν)| ≤ C|ν|2, |R(y, s)| ≤ C

(
|y|2 + 1

s2
+ χε0

)
, |l(y, s)| ≤ C min

[
(1 + |y2|)

|s| , 1

]



χε0 |s| |y| ≤ 4ε0

√
−s

|l(y, s)| ≤ C

{
(1 + ε2

0|s|)
|s| + χε0

}
≤ C

{
2ε2

0 + χε0

}
.

z = |ν| |s| |y| ≤ 4ε0

√
−s

∂sz − ∂2
yz +

1

2
y · ∂yz − (1 + σ)z ≤ C

(
z2 +

(y2 + 1)

s2
+ χε0

)
,

ε0 σ = Cε2
0 ≤ 1

100 χε0γ ≤ γ2 + χε0

γ
Z = zγ |s|

∂sZ − ∂2
yZ +

1

2
y · ∂yZ − (1 + σ)Z ≤ C

(
Z2 + (y2+1)

s2 + χε0

)

+z
(
∂sγ − ∂2

yγ +
y

2
· ∂yγ

)
− 2∂yγ · ∂yz,

γz2 = Z2 + (γ − γ2)z2 ≤ Z2 + Cχε0

z(y, s) ≤ C(1 +
√
−s) |y| ≤ 4ε0

√
−s,

z
(
∂sγ−∂2

yγ+ y
2 ·∂yγ

)
−2∂yγ∂yz ≤ C(1+

√
−s)χε0−

2div(z∂yγ) |s|

∂sZ − ∂2
yZ +

1

2
y · ∂yZ − (1 + σ)Z ≤ C

(
Z2 +

(y2 + 1)

s2
+ (1 +

√
−s)χε0

)
− 2div (|ν|∂yγ) ,

∂sν =
(
L − β

β+1

)
ν −B1(ν) + R(y, s),

B1(ν) = (F + ν)−β − F−β R
|B(ν)| ≤ C|ν|

Z
Z ν = w− f ν

(y, s) ∈ R× R |y| < 4ε0e−s/2

∂sν = Lν + l(ν)−B(ν) + R(y, s),

l(ν) =
(
− β

β+1 + βf−(β+1)
)

ν = l(y, s)ν,

B(ν) =
(
(f + ν)−(β) − f−β + βf−(β+1)

)
ν,

R(y, s) = es∂2
yG(yes/2).



f |y| ≤ 4ε0es/2

|s| |y| ≤ 4ε0e−s/2

|B(ν)| ≤ C|ν|2, |R(y, s)| ≤ Ces + χε0(y, s),

χε0 |y|es/2 ≤ 4ε0 s

|l(y, s)| ≤ C min
[
|y|es/2, 1

]
.

χε0 |s| |y| ≤ 4ε0e−s/2

|l| ≤ C
{
|y|es/2 + χε0

}
≤ C {ε0 + χε0} .

z = |ν| |s| |y|es ≤ 4ε0

∂sz − ∂2
yz +

1

2
y · ∂yz − (1 + σ)z ≤ C

(
z2 + es + χε0

)
,

σ = Cε0 = 1
100 γ Z = zγ

|s|

∂sZ − ∂2
yZ +

1

2
y · ∂yZ − (1 + σ)Z

≤ C
(
Z2 + es + χε0

)
− z

(
∂sγ − ∂2

yγ +
y

2
· ∂yγ

)
+ 2∂yγ∂yz.

|ν| ≤ C(1 + e−s/2) z
(
∂sγ − ∂2

yγ + y
2 · ∂yγ

)
− 2∂yγ∂yz ≤ Cχε0 + 2div(z∂yγ)

|s|

∂sZ − ∂2
yZ +

1

2
y · ∂yZ − (1 + σ)Z ≤ C

(
Z2 + es + (1 + e−s/2)χε0

)
− 2div ((|ν|∂yγ) ,



ut

ut−∆u = up

∆w − 1
2y · ∇w + λw − w−β = 0

Rn



ut = uxx+1/(1−u)

1







C1,α



C1,α

C1,α

u(x, t) ∂2
ttu = ∂2

xxu + |u|p−1u
x →

T (x) R T (x)
C1,µ0 R

{
∂2

ttu = ∂2
xxu + |u|p−1u,

u(0) = u0 ut(0) = u1,

u(t) : x ∈ R → u(x, t) ∈ R u0 ∈ H1
loc,u u1 ∈ L2

loc,u

‖v‖2
L2

loc,u
= sup

a∈R

∫

|x−a|<1

|v(x)|2 dx ‖v‖2
H1

loc,u
= ‖v‖2

L2
loc,u

+ ‖∇v‖2
L2

loc,u
.

H1
loc,u × L2

loc,u

H1 × L2

u Γ
x → T (x) u

Du =
{
(x, t)

∣∣t < T (x)
}

.

Du u
T 1−

T̄ T (x) x ∈ R T̄
Γ

u x0 ∈ R

∃δ0 = δ0(x0) ∈ (0, 1) t0(x0) < T (x0) u Cx0,T (x0),δ0 ∩ {t ≥ t0}



Cx̄,t̄,δ̄ =
{
(x, t)

∣∣t < t̄− δ̄|x− x̄|
}

.

R
x0 ∈ R

wx0(y, s) = (T (x0)− t)
2

p−1 u(x, t) y =
x− x0

T (x0)− t
s = − log(T (x0)− t).

(x0, T (x0))
(y, s) ∈ B × [− log(T (x0)), +∞) B = B(0, 1)

wx0 w y ∈ B s ≥
− log(T (x0))

∂2
ssw = Lw − 2(p + 1)

(p− 1)2
w + |w|p−1w − p + 3

p− 1
∂sw − 2y∂2

y,sw

Lw =
1

ρ
∂y

(
ρ(1− y2)∂yw

)
ρ(y) = (1− y2)

2
p−1 .

E(w(s)) =

∫ 1

−1

(
1

2
(∂sw)2 +

1

2
(∂yw)2(1− y2) +

(p + 1)

(p− 1)2
w2 − 1

p + 1
|w|p+1

)
ρdy

H =

{
q ∈ H1

loc × L2
loc(−1, 1)

∣∣‖q‖2
H ≡

∫ 1

−1

(
q2
1 + (q

′

1)
2(1− y2) + q2

2

)
ρdy < +∞

}
.

wx0(y, s) s →∞
x0 C1

R

R T C1 R
µ0 = µ0(p) C0 = C0(p) x0 ∈ R

d(x0) ∈ (−1, 1) |θ(x0)| = 1 s0(x0) ≥ − log(T (x0)) s ≥ s0(x0)
∥∥∥∥

(
wx0(s)
∂swx0(s)

)
− θ

(
κ(d(x0), .)
0

)∥∥∥∥
H
≤ C0e

−µ0(s−s0(x0)),

d(x0) = T
′
(x0) |d| < 1 |y| ≤ 1

κ(d, y) = κ0
(1− d2)

1
p−1

(1 + dy)
2

p−1

κ0 =

(
2(p + 1)

(p− 1)2

) 1
p−1

.

x0



C1,α

T (x) C1 N ≤ 3
x ∈ RN t ≥ 0 u ≥ 0

∂tu ≥ (1 + δ0)|∇u| δ0 > 0
p ≥ 3 C4 × C3(R)

µ0

C1 T (x) R
T (x) R

∂tu = ∆u + |u|p−1u,

u(x, t) ∈ RN × [0, T ) → R p > 1 (N − 2)p < N + 2

Su RN

Su Su

T (x)

u x → T (x) C1

T (x) C1,µ0 R

µ0 ≤ 1
−

(κ(d, 0), 0) −1
− µ0 > 1
R

∂2
ttu = ∆u + eu,

x0



X ∈ R δ > 0 sup|x0−X|<δ s0(x0)

w(y, s) (y, s) ∈
(− 1

δ∗ ,
1
δ∗ )× R s ∈ R

‖w(s)‖H1(− 1
δ∗ , 1

δ∗ ) + ‖∂sw(s)‖L2(− 1
δ∗ , 1

δ∗ ) ≤ C∗,

δ∗ ∈ (0, 1) C∗ > 0 w ≡ 0 T0 ≥ 0
d0 ∈ [−δ∗, δ∗] θ0 = ±1 w

(y, s) ∈ {(y, s)| − 1− T0es < d0y} ⊃ (− 1
δ∗ ,

1
δ∗ )× R

w(y, s) = θ0κ0
(1− d2

0)
1

p−1

(1 + T0es + d0y)
2

p−1

,

κ0

(wX , ∂swX)
H1×L2(− 1

δ0
, 1

δ0
) δ0 > 0

X ∈ R
δ0 > 0
∥∥∥∥

(
wX(s)
∂swX(s)

)
− θ(X)

(
κ(d(X), .)
0

)∥∥∥∥
H1×L2(− 1

δ0
, 1
δ0

)

→ 0 s →∞.

ε0 µ0 C0

w ∈ C([s∗,∞),H) s∗ ∈ R

∀s ≥ s∗ E(w(s)) ≥ E(κ0),

∥∥∥∥

(
w(s∗)
∂sw(s∗)

)
− θ

(
κ(d∗, .)
0

)∥∥∥∥
H
≤ ε∗,

d∗ ∈ (−1, 1) θ = ±1 ε∗ ∈ (0, ε0] H
κ(d, y) d∞ ∈ (−1, 1)

|d∞ − d∗| ≤ C0ε
∗(1− d∗2)

s ≥ s∗

∥∥∥∥

(
w(s)
∂sw(s)

)
− θ

(
κ(d∞, .)
0

)∥∥∥∥
H
≤ C0ε

∗e−µ0(s−s∗).



C1,α

x0

µ0 = µ0(p) C0 = C0(p) x0 ∈ R δ > 0 s∗ ∈ R
X ∈ (x0 − δ, x0 + δ) s ≥ s∗

∥∥∥∥

(
wX(s)
∂swX(s)

)
− θ(x0)

(
κ(T ′(X), .)
0

)∥∥∥∥
H
≤ C0e

−µ0(s−s∗),

x0

∀s ≥ s1 ‖(wx0(s), ∂swx0(s))‖H1×L2(− 1

δ
′
0

, 1

δ
′
0

) ≤ K

K s1 ∈ R δ
′
0 ∈ (δ0, 1) x0

(wx0(s), ∂swx0(s))
θ(x0)(κ(d(x0), .), 0) s →∞ H

s ≥ s1 (wX(y, s), ∂swX(y, s)) → (wx0(y, s), ∂swx0(y, s)) H
X → x0

ε > 0 s2(ε) ≥ s1 δ(ε)
X ∈ (x0 − δ, x0 + δ)

∥∥∥∥

(
wX(s2)
∂swX(s2)

)
− θ(x0)

(
κ(d(x0), .)
0

)∥∥∥∥
H
≤ ε.

X

∀s ≥ s2(ε) E(wX(s)) ≥ E(κ(T ′(X), .)).

d ∈ (−1, 1) E(κ(d, .)) = E(κ0)
X ∈ (x0 − δ, x0 + δ) s ≥ s2

∥∥∥∥

(
wX(s)
∂swX(s)

)
− θ(x0)

(
κ(T ′(X), .)
0

)∥∥∥∥
H
≤ C0e

−µ0(s−s2).

!

u(x, t)

µ0 C0

x0 ∈ R δ > 0 0 < t∗(x0) < inf |X−x0|≤δ T (X) X ∈
(x0 − δ, x0 + δ) t ∈ [t∗(x0), T (X))

sup
|ξ−X|≤ 3

4 (T (X)−t)

∣∣∣∣∣u(ξ, t)− θ(x0)κ0
(1− T ′(X)2)

1
p−1

(T (X)− t + T ′(X)(ξ −X))
2

p−1

∣∣∣∣∣ ≤ C(T (X)− t)µ0− 2
p−1 .



x0 ∈ R σ ≥ 4
3

x ∈ (x0 − δ, x0 + δ) δ > 0 t = t(x, σ)

|x0 − x|
T (x0)− t

=
1

σ
.

(x, t) (x0, T (x0)) σ

t → T (x0) x → x0.

u(x, t)
X ξ
T (x) T ′(x)

t = t(x, δ) ≥ t∗(x0) x
x0 X = ξ = x X = x0

ξ = x
X = ξ = x

∣∣∣∣∣u(x, t)− θκ0
(1− T ′(x)2)

1
p−1

(T (x)− t)
2

p−1

∣∣∣∣∣ ≤ C (T (x)− t)µ0− 2
p−1 .

X = x0 ξ = x

∣∣∣∣∣u(x, t)− θκ0
(1− T ′(x0)2)

1
p−1

(T (x0)− t + T ′(x0)(x− x0))
2

p−1

∣∣∣∣∣ ≤ C (T (x0)− t)µ0− 2
p−1 .

t = T (x0)− σ|x0 − x|

T (x0)− t = σ|x− x0| (σ − 1)|x− x0| ≤ T (x)− t ≤ (σ + 1)|x− x0|,

∣∣∣∣∣∣∣

(1− T ′(x0)2)
1

p−1

(T ′(x0)sign(x− x0) + σ)
2

p−1

− (1− T ′(x)2)
1

p−1

(
T (x)−T (x0)

|x−x0| + σ
) 2

p−1

∣∣∣∣∣∣∣
≤ C|x0 − x|µ0 ,

∣∣∣∣∣∣∣

1− T ′(x0)2

(T ′(x0)sign(x− x0) + σ)2 −
1− T ′(x)2

(
T (x)−T (x0)

|x−x0| + σ
)2

∣∣∣∣∣∣∣
≤ C|x0 − x|µ0 ,

sign(X) = X
|X| X ,= 0

f(ξ) = T (ξ + x0)− T (x0)− ξT ′(x0) λ = T ′(x0)



C1,α

f(0) = f ′(0) = 0

∣∣∣∣∣∣∣

1− λ2

(λsign(ξ) + σ)2 −
1− (f ′(ξ)+λ)2

(
f(ξ)
|ξ| + λsign(ξ) + σ

)2

∣∣∣∣∣∣∣
≤ C|ξ|µ0 .

∣∣∣∣∣(1− λ2)

(
f(ξ)

|ξ| + λsign(ξ) + σ

)2

− (1− (f ′(ξ) + λ)2)(λsign(ξ) + σ)2

∣∣∣∣∣ ≤ C|ξ|µ0 ,

∣∣∣∣∣

(
f(ξ)

ξ

)2 1− λ2

2(λsign(ξ) + σ)2
+

f(ξ)

ξ

1− λ2

λsign(ξ) + σ
+ f ′(ξ)2/2 + f ′(ξ)λ

∣∣∣∣∣ ≤ C|ξ|µ0 . σ

σ σ1 σ2

σ σ = σ1 σ σ = σ2

∣∣∣∣

(
f(ξ)

ξ

)2 [
1− λ2

2(λsign(ξ) + σ1)2
− 1− λ2

2(λsign(ξ) + σ2)2

]

+
f(ξ)

ξ

[
1− λ2

λsign(ξ) + σ1
− 1− λ2

λsign(ξ) + σ2

] ∣∣∣∣ ≤ C|ξ|µ0 .

f(ξ)
ξ → f ′(0) = 0 ξ → 0

∣∣∣∣
f(ξ)

ξ

∣∣∣∣ ≤ C|ξ|µ0 .

σ

∣∣f ′(ξ)2 + f ′(ξ)2λ
∣∣ ≤ C|ξ|µ0 .

λ ,= 0 f ′(ξ) → f ′(0) = 0 ξ → 0
|f ′(ξ)| ≤ C|ξ|µ0 T C1,µ0 x0

λ = 0

|f ′(ξ)| ≤ C|ξ|µ0/2.

x x0

∣∣∣∣∣∣∣

1− T ′(x)2

(T ′(x)sign(x0 − x) + σ)2 −
1− T ′(x0)2

(
T (x0)−T (x)

|x−x0| + σ
)2

∣∣∣∣∣∣∣
≤ C|x0 − x|µ0 .



σ

∣∣∣∣∣(1− f ′(ξ)2)

(
σ − f(ξ)

|ξ|

)2

− (σ − f ′(ξ)sign(ξ))2

∣∣∣∣∣ ≤ C|ξ|µ0 .

|f ′(ξ)| ≤ C|ξ|µ0

T (x) C1,µ0 x0 !
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Putt = −Au+F(u)

1

N








