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Thermal boundaries

Thermal boundaries appear in macroscopic equations for the
evolution of energy or temperatures profiles.Heat transport in low dimensions 3

T+ T−

Fig. 2 A one-dimensional chain of coupled oscillators interacting with two thermal reservoirs ad
different temperatures T+ and T−.

qn, described by the Hamiltonian

H =
N

∑
n=1

[
p2n
2m

+U(qn)+V(qn+1− qn)
]

. (1)

The potential V (x) accounts for the nearest-neighbour interactions between con-
secutive particles, while the on-site potential U(qn) takes into account the pos-
sible interaction with an external environment (either a substrate, or some three-
dimensional matrix). The corresponding evolution equations are

mq̈n = −U ′(qn)−F(rn)+F(rn−1) , n= 1, . . . ,N , (2)

where rn = qn+1− qn, F(x) = −V ′(x), and the prime denotes a derivative with re-
spect to the argument. Usually qn denotes the longitudinal position along the chain,
so that

L=
N

∑
n=1

rn , (3)

represents the total length of the chain (which, in the case of fixed b.c., is a constant
of motion). Different kinds of boundary conditions may and will be indeed used in
the various cases. For instance, if the particles are confined in a simulation “box” of
length L with periodic boundary conditions,

qn+N = qn + L . (4)

Alternatively one can adopt a lattice interpretation, in which case, the (discrete) po-
sition is zn = an (where a is lattice spacing), while qn is a transversal displacement.
Thus, the chain length is obviously equal to Na.
The Hamiltonian (1) is generally a constant of motion. In the absence of an on-

site potential (U = 0), the total momentum is conserved, as well,

P=
N

∑
n=1

pn ≡ ∑
N=1

mq̇n . (5)

Basic example: heat equation for a material in contact with heat
bath at the boundaries:

∂tu(t, y) = ∂y (D(u)∂yu(t, y)) , y ∈ [0,L]

u(t,0) = T+, u(t,L) = T−.

But superdiffusion associated to fractional Laplacian can appear,
and BC are more delicate.
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Thermal boundary

Consider the usual heat equation with temperature fixed at y = 0:

∂tu(t, y) = D∆yu(t, y), y ∈ R ∖ {0}

u(t,0) = T .

This is very easy problem, and left side does not exchange energy
with the right side.

What about, for α < 1,

∂tu(t, y) = −D ∣∆y ∣
αu(t, y), y ∈ R ∖ {0}

u(t,0) = T ?

There are many different definition of the BC for the fractional
Laplacian. Which one emerges from the microscopic dynamics?
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Microscopic modeling: Langevin stochastic thermostats
Heat transport in low dimensions 3
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p = {px , x ∈ Z}, q = {qx , x ∈ Z}

H(p, q) ∶=
1

2
∑
x

p2x +
1

2
∑
x ,x ′

αx−x ′qxqx ′

dqx(t) = px(t)dt, x ∈ Z

dpx(t) = −(α ∗ q(t))xdt + (−γp0(t)dt +
√

2γTdw(t)) δ0,x ,

where {w(t), t ≥ 0} is a standard Wiener process.
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Microscopic modeling: Poisson-Maxwell thermostats

dqx(t) = px(t)dt, x ∈ Z

dpx(t) = −(α ∗ q(t))xdt + (ρ(µ)p̃N(γµt−) −
1

µ
p0(t

−
))dN(γµt)δ0,x ,

▸ {N(t), t ≥ 0} is a standard Poisson process,

▸ {p̃j} i.i.d. N (0,T ),

▸ ρ(µ) =
√

2µ−1
µ .

▸ µ = 1 is the simple Gaussian renewal of the velocity at Poisson
times,

▸ for µ→∞ it converges to the Langevin thermostat.

▸ for µ = 1/2 flip sign of the velocity at Poisson times.
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Coupled Harmonic Oscillators

f̂ (k) =∑
x

fxe
−i2πkx k ∈ Π ∼ [0,1]

▸ α̂(k) ∈ C∞(Π).
▸ ω(k) =

√
α̂(k): dispersion relation.

In the n.n. unpinned chain (acoustic chain) :

αx = 2δx ,0 − δx ,±1, ω(k) = 2∣ sin(πk)∣.

ψ̂(t, k) ∶= ω(k)q̂ (t, k) + i p̂ (t, k) , ∫ ∣ψ̂(t, k)∣2 =H(p, q).
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Wigner distribution

η ∈ R, ε > 0 -hyperbolic rescaling of space–time

Ŵε(t, η, k) ∶=
ε

2
E [ψ̂∗ (ε−1t, k −

εη

2
) ψ̂ (ε−1t, k +

εη

2
)]

Ŵε(t, η, k) ∶= Ŵε(t,−η, k)
∗

and the inverse Fourier transform in η

Wε(t, y , k) = ∫ Ŵε(t, η, k)e
i2πηy dη ∈ R, y ∈ R,

Wε(t, y , k) ⇀
ε→0

W (t, y , k) ≥ 0, as distribution

When γ = 0 it is easy to prove that

∂tW (t, y , k) +
ω′(k)

2π
∂yW (t, y , k) = 0
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Easy case: γ = 0, no thermostat

From waves to particle:

ψ̂(t, k) = ψ̂(0, k)e−iω(k)t

Ŵε(t, η, k) ∶= e i[ω(k−
εη
2
)−ω(k+ εη

2
)]ε−1tŴε(0, η, k)

∼
ε→0

e−iω
′
(k)ηtŴ (0, η, k)

W (t, y , k) =W (0, y −
ω′(k)

2π
t, k)

Phonon of wave number k moves freely with velocity ω′(k)
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γ > 0 Explicit solution (microscopic)

J(t) = ∫
T

cos (ω(k)t) dk,

The Laplace transform of J(t) is given by

J̃(λ) = ∫
∞

0
e−λtJ(t)dt = ∫

T

λ

λ2 + ω2(k)
dk.

g̃(λ) = (1 + γJ̃(λ))
−1

= ∫

∞

0
e−λtg(dt). ∣g̃(λ)∣ < 1

φ(t, k) = ∫
t

0
e iω(k)τg(dτ)Ð→

t→∞
g̃(−iω(k)) ∶= ν(k)

ψ̂(t, k) = e−iω(k)t[ψ̂(0, k) − iγ ∫
t

0
φ(t − s, k)e iω(k)sp00(s) ds

+i
√

2γT ∫
t

0
φ(t − s, k)e iω(k)s dw(s)]

p00(i) : moment of particle 0 under the free evolution for γ = 0.
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Results in presence of the Langevin thermostat in 0 (γ > 0)

ν(k) = (1 + γJ̃(−iω(k)))
−1
, J̃(λ) = ∫

T

λ

λ2 + ω2(k)
dk.

Re ν(k) = (1 +
γπ

∣ω′(k)∣
) ∣ν(k)∣2

g(k) =
2πγ∣ν(k)∣2

∣ω′(k)∣
absorbtion probability

p+(k) = ∣1 −
γπν(k)

∣ω′(k)∣
∣

2

transmission probability

p−(k) = ∣
γπν(k)

∣ω′(k)∣
∣

2

reflection probability

g(k) + p+(k) + p−(k) = 1
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Results for Langevin Thermostat

T.Komorowski, L.Ryzhik, S.O., H.Spohn, ARMA (2020)

∂tW (t, y , k) +
ω′(k)

2π
∂yW (t, y , k) = 0, y ∈ R ∖ {0}

with boundary conditions:

W (t,0+, k) = p−(k)W (t,0+,−k) + p+(k)W (t,0−, k) + g(k)T , 0 < k < 1/2

W (t,0−, k) = p−(k)W (t,0−,−k) + p+(k)W (t,0+, k) + g(k)T , −1/2 < k < 0

Since g(k) + p+(k) + p−(k) = 1, we have that

W (t, y , k) = T is a stationary solution.

No dispersion in the macroscopic scattering!
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Results for Poisson Thermostat

T.Komorowski, S.O., arXiv:2101.04360 (2021)

∂tW (t, y , k) +
ω′(k)

2π
∂yW (t, y , k) = 0, y ∈ R ∖ {0}

with boundary conditions 0 < k < 1/2:

W (t,0+, k) = p−(k)W (t,0+,−k) + p+(k)W (t,0−, k) + pabsg(k)T

+g(k)∫
1/2

0
W (t,0−, `)psc(`)d` + g(k)∫

1/2

0
W (t,0+,−`)psc(`)d`

p+(k) + p−(k) + pabsg(k) + g(k)∫
1

0
psc(`)d` = 1

Dispersion in the macroscopic scattering!

pabs → 1 and psc(`)→ 0 as µ→∞ (converges to the Langevin

scattering).
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When random bulk scattering is present

If we add a (slow) random scattering in the bulk of the system:
random flip of sign of velocities, random exchange of velocity of
n.n. particles, with rates ∼ γ′ε.
T. Komorowski, S.O. (J. Funct. Analys. 2020)

∂tW (t, y , k) +
ω′(k)

2π
∂yW (t, y , k) = γ′LW (t, y , k)

LW (k) = ∫ R(k, k ′) (W (k ′) −W (k))

R(k, k ′) = R(K)R(k ′), R(k) ∼ ∣k ∣2, k ∼ 0

same boundary conditions:

W (t,0+, k) = p−(k)W (t,0+,−k) + p+(k)W (t,0−, k) + g(k)T , 0 < k < 1/2

W (t,0−, k) = p−(k)W (t,0−,−k) + p+(k)W (t,0+, k) + g(k)T , −1/2 < k < 0

Without the thermostat: Basile, O., Spohn, ARMA 2009.
S. Olla - CEREMADE thermal-scattering



Diffusive and superdiffusive behavior for γ′ > 0, γ = 0

For random exchange of nearest neighbor velocities

R(k, k ′) = R(K)R(k ′), R(k) ∼ ∣k ∣2, k ∼ 0

.

Without thermal boundary:

▸ if ω′(k) ∼ k (optical chain) : D < +∞, diffusive behaviour

W (λ2t, λy , k) Ð→
λ→0

e(t, y)

∂te = D∂yye, D =
1

4π2γ′ ∫
ω′(k)2

R(k)
dk

▸ if ω′(k) ∼ 1 (acustic chain) : D = +∞, superdiffusive
behaviour (Jara-Komorowski-Olla AAP 2009, Basile-Bovier
MPRF 2010):

W (λ3/2t, λy , k) Ð→
λ→0

e(t, y)

∂te = −ĉ ∣∆∣
3/4e,
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Diffusive behaviour with thermal BC: γ′ > 0, γ > 0

Giada Basile, Tomasz Komorowki, S.O.,
Kinetic and Related Models, AIMS, (2019)
In the cases of bulk diffusive behavior: ω′(k) ∼ k (optical chain)

W (λ2t, λy , k) Ð→
λ→0

e(t, y)

∂te = D∂yye, y ≠ 0, D =
1

4π2γ′ ∫
ω′(k)2

R(k)
dk

e(t,0+) = T = e(t,0−)

Reflection and transmission of phonons are irrelevant in this time
scale: phonons gets absorbed and created such that energy density
is T at y = 0.
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Superdiffusive behaviour with thermal boundary

Tomasz Komorowki, S.O., Lenya Rhyzik, Ann. of Prob. (2020)
Situation is different in the super-diffusive case.

∂tW (t, y , k) +
ω′(k)

2π
∂yW (t, y , k) = ∫ R(k , k ′) (W (k ′) −W (k))

R(k , k ′) = R(K)R(k ′), R(k) ∼ ∣k ∣2, ∣ω′(k)∣ ∼ 2, k ∼ 0,

W (t,0+, k) = p−(k)W (t,0+,−k) + p+(k)W (t,0−, k) + g(k)T , 0 < k < 1/2

W (t,0−, k) = p−(k)W (t,0−,−k) + p+(k)W (t,0+, k) + g(k)T , −1/2 < k < 0

R(k , k ′) ∼ 0, k ∼ 0,

the phonon is crossing the thermostat when k ∼ 0.
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Superdiffusive behaviour with thermal boundary

Tomasz Komorowki, S.O., Lenya Rhyzik, Ann. of Prob. (2020)
For k → 0, g(k)→ g0 > 0, p−(k)→ p−(0) > 0.

W (λ3/2t, λy , k) Ð→
λ→0

e(t, y)

∂te(t, y) = − ĉ ∣∆∣
3/4e(t, y)

+ ĉg0 ∫
yy ′<0

q(y − y ′)(T − e(t, y ′))dy ′

+ ĉp−(0) ∫
yy ′<0

q(y − y ′)(e(t,−y ′) − e(t, y))dy ′.

q(y) =
c

∣y ∣5/4
kernel of ∣∆∣

3/4.
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Direct Hydrodynamic Limit

Heat transport in low dimensions 3

T+ T−

Fig. 2 A one-dimensional chain of coupled oscillators interacting with two thermal reservoirs ad
different temperatures T+ and T−.

qn, described by the Hamiltonian

H =
N

∑
n=1

[
p2n
2m

+U(qn)+V(qn+1− qn)
]

. (1)

The potential V (x) accounts for the nearest-neighbour interactions between con-
secutive particles, while the on-site potential U(qn) takes into account the pos-
sible interaction with an external environment (either a substrate, or some three-
dimensional matrix). The corresponding evolution equations are

mq̈n = −U ′(qn)−F(rn)+F(rn−1) , n= 1, . . . ,N , (2)

where rn = qn+1− qn, F(x) = −V ′(x), and the prime denotes a derivative with re-
spect to the argument. Usually qn denotes the longitudinal position along the chain,
so that

L=
N

∑
n=1

rn , (3)

represents the total length of the chain (which, in the case of fixed b.c., is a constant
of motion). Different kinds of boundary conditions may and will be indeed used in
the various cases. For instance, if the particles are confined in a simulation “box” of
length L with periodic boundary conditions,

qn+N = qn + L . (4)

Alternatively one can adopt a lattice interpretation, in which case, the (discrete) po-
sition is zn = an (where a is lattice spacing), while qn is a transversal displacement.
Thus, the chain length is obviously equal to Na.
The Hamiltonian (1) is generally a constant of motion. In the absence of an on-

site potential (U = 0), the total momentum is conserved, as well,

P=
N

∑
n=1

pn ≡ ∑
N=1

mq̇n . (5)
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The Hamiltonian (1) is generally a constant of motion. In the absence of an on-

site potential (U = 0), the total momentum is conserved, as well,

P=
N

∑
n=1

pn ≡ ∑
N=1

mq̇n . (5)

p = {px , x ∈ Z}, q = {qx , x ∈ Z}

H(p, q) ∶=
1

2
∑
x

p2x +
1

2
∑
x ,x ′

αx−x ′qxqx ′

dqx(t) = px(t)dt, x ∈ Z

dpx(t) = −(α ∗ q(t))x + (−γp0(t)dt +
√

2γTdw(t)) δ0,x ,

Ex =
p2x
2
+
qx (α ⋆ q)x

2

E[λy](λ
−3/2t) ⇀

λ→0
e(t, y) weakly
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Direct Hydrodynamic Limit

Ex =
p2x
2
+
qx (α ⋆ q)x

2
, x ∈ Z

E[λy](λ
−3/2t) ⇀

λ→0
e(t, y) weakly y ∈ R.

∂t ẽ(t, y) = Lẽ(t, y), ẽ(t,0) = 0,

L ∼ −(−∆y)
3/4

▸ Without the thermostat:
M.Jara,T.Komoroswki, S.Olla, CMP (2015).

▸ With the thermostat, still open.
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Two Thermostats

Heat transport in low dimensions 3

T+ T−

Fig. 2 A one-dimensional chain of coupled oscillators interacting with two thermal reservoirs ad
different temperatures T+ and T−.
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secutive particles, while the on-site potential U(qn) takes into account the pos-
sible interaction with an external environment (either a substrate, or some three-
dimensional matrix). The corresponding evolution equations are

mq̈n = −U ′(qn)−F(rn)+F(rn−1) , n= 1, . . . ,N , (2)

where rn = qn+1− qn, F(x) = −V ′(x), and the prime denotes a derivative with re-
spect to the argument. Usually qn denotes the longitudinal position along the chain,
so that

L=
N

∑
n=1

rn , (3)

represents the total length of the chain (which, in the case of fixed b.c., is a constant
of motion). Different kinds of boundary conditions may and will be indeed used in
the various cases. For instance, if the particles are confined in a simulation “box” of
length L with periodic boundary conditions,

qn+N = qn + L . (4)

Alternatively one can adopt a lattice interpretation, in which case, the (discrete) po-
sition is zn = an (where a is lattice spacing), while qn is a transversal displacement.
Thus, the chain length is obviously equal to Na.
The Hamiltonian (1) is generally a constant of motion. In the absence of an on-

site potential (U = 0), the total momentum is conserved, as well,

P=
N

∑
n=1

pn ≡ ∑
N=1

mq̇n . (5)
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at distance N = [λ−1].

dqx(t) = px(t)dt, x ∈ Z

dpx(t) = −(α ∗ q(t))x + (−γp0(t)dt +
√

2γT−dw1(t)) δ0,x

+ (−γpN(t)dt +
√

2γT+dw2(t)) δN,x

If T+ ≠ T−: non-equilibrium stationary state.
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Idea of the proof

▸ Process Y (t) is generated by the linear Boltzmann equation
(continuous trajectories),

▸ Process Z(t) is a pure jump Levy process obtained from Y (t),
characterized by a Levy measure r(y) given by the law of

ω̄′(K)

R(K)

where K is a random variable on S1 with law R(k)dk.

We only need to control the convergence of Z(t)!
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