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Thermal boundaries

Thermal boundaries appear in macroscopic equations for the
evolution of energy or temperatures profiles.
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Thermal boundaries

Thermal boundaries appear in macroscopic equations for the
evolution of energy or temperatures profiles.
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Basic example: heat equation for a material in contact with heat
bath at the boundaries:

deu(t,y) = 9y (D(u)dyu(t,y)),  yel0,L]
u(t,0) = T.,  wu(t,L) = T..

But superdiffusion associated to fractional Laplacian can appear,
and BC are more delicate.
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Thermal boundary

Consider the usual heat equation with temperature fixed at y = 0:

8tU(t,}/)
u(t,0)

DA u(t,y), y e R\ {0}
T.

This is very easy problem, and left side does not exchange energy
with the right side.
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Thermal boundary

Consider the usual heat equation with temperature fixed at y = 0:

8tU(t,}/)
u(t,0)

DA u(t,y), y e R\ {0}
T.

This is very easy problem, and left side does not exchange energy
with the right side.

What about, for v < 1,

8tu(t7y) = —DlAylaU(t,y), yER\{O}
u(t,0) = T ?

There are many different definition of the BC for the fractional
Laplacian. Which one emerges from the microscopic dynamics?
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Microscopic modeling: Langevin stochastic thermostats

p:{vaxez}'q:{quez}

1 1
H(pv q) = 5 Zpi + 5 Z Qx—x"qxx’
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Microscopic modeling: Langevin stochastic thermostats

V@U@ @@ W.VOOOOOO
p:{pX7X€Z}' q:{qX7X€Z}

1 1
H(pv q) = 5 Zpi + 5 Z Qx—x"qxx’

dqx(t) =px(t)dt, xeZ

dp(t) = =(a * (t))xdt + (~ypo(t)dt + /27 Tdw(t))dox,

where {w(t), t >0} is a standard Wiener process.
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Microscopic modeling: Poisson-Maxwell thermostats

dqx(t) =px(t)dt, xeZ
dpa(£) = ~(x a(©))udt +(p()Bucsp) = bo(E)) V(1) e

» {N(t), t >0} is a standard Poisson process,
s {B;} iid. N(0,T),

> p(“):—\/zﬁ_l'
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Microscopic modeling: Poisson-Maxwell thermostats

dqx(t) =px(t)dt, xeZ
N 1 -
de(t) = —(Oé * q(t))xdt + (p(M)pN(th’) - EPO(t )) dN(’%ut)(SO,Xa

» {N(t), t >0} is a standard Poisson process,
s {B;} iid. N(0,T),

_ V2p-1
> op(p) = =
» =1 is the simple Gaussian renewal of the velocity at Poisson
times,
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Microscopic modeling: Poisson-Maxwell thermostats

dqx(t) =px(t)dt, xeZ

dpa(£) = ~(x a(©))udt +(p()Bucsp) = bo(E)) V(1) e

v

{N(t), t >0} is a standard Poisson process,
(B} iid. N(0,T),

v

_ V2p-1
> op(p) = =
» =1 is the simple Gaussian renewal of the velocity at Poisson
times,

» for ;4 — oo it converges to the Langevin thermostat.
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Microscopic modeling: Poisson-Maxwell thermostats

dqx(t) =px(t)dt, xeZ

dpa(£) = ~(x a(©))udt +(p()Bucsp) = bo(E)) V(1) e

v

{N(t), t >0} is a standard Poisson process,
(B} iid. N(0,T),

v

_ V2p-1
> op(p) = =
» =1 is the simple Gaussian renewal of the velocity at Poisson
times,

» for ;4 — oo it converges to the Langevin thermostat.

v

for = 1/2 flip sign of the velocity at Poisson times.
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Coupled Harmonic Oscillators

f(k)=> fie?™  ken~[0,1]

» a(k) e C>(M).
» w(k) =+\/a(k): dispersion relation.
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Coupled Harmonic Oscillators

f(k)=> fie?™  ken~[0,1]

» a(k) e C>(M).
» w(k) =+\/a(k): dispersion relation.

In the n.n. unpinned chain (acoustic chain) :

Qi = 2050 — Ox 41, w(k) =2|sin(mk)|.
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Coupled Harmonic Oscillators

f(k)=> fie?™  ken~[0,1]

» a(k) e C>(M).
» w(k) =+\/a(k): dispersion relation.

In the n.n. unpinned chain (acoustic chain) :

Qi = 2050 — Ox 41, w(k) =2|sin(mk)|.

Bt k) = w0F (6K + B (EK), [ B8RP =H(p,q).
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Coupled Harmonic Oscillators

f(k)=> fie?™  ken~[0,1]

» a(k) eC(N).
» w(k) =+/a(k): dispersion relation.
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Coupled Harmonic Oscillators

f(k)=> fie?™  ken~[0,1]

» a(k) eC(N).
» w(k) =+/a(k): dispersion relation.

In the n.n. unpinned chain (acoustic chain) :

O = 2050 — Ox 21, w(k) =2|sin(mk)|.
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Coupled Harmonic Oscillators

f(k)=> fie?™  ken~[0,1]
» a(k) eC>(M).
» w(k) =+/a(k): dispersion relation.
In the n.n. unpinned chain (acoustic chain) :

O = 2050 — Ox 21, w(k) =2|sin(mk)|.

Bt k) = w0F (6K + B (EK), [ B8RP =H(p,a).
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Coupled Harmonic Oscillators

f(k)=> fie?™  ken~[0,1]
» a(k) eC>(M).
» w(k) =+/a(k): dispersion relation.
In the n.n. unpinned chain (acoustic chain) :
O = 2050 — Ox 21, w(k) =2|sin(mk)]|.

Bt k) = w0F (6K + B (EK), [ B8RP =H(p,a).

dip(t, k) = —iw(k)p(t, k) dt — iypo(t)dt +in/2y Tdw(t)
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Coupled Harmonic Oscillators

f(k)=> fie?™  ken~[0,1]
» a(k) e C=(M).

» w(k) =+/a(k): dispersion relation.

In the n.n. unpinned chain (acoustic chain) :

O = 2050 — Ox 21, w(k) =2|sin(mk)|.
Bt k) = w0F (6K + B (EK), [ B8RP =H(p,a).

dip(t, k) = —iw(k)p(t, k) dt — iypo(t)dt +in/2y Tdw(t)

Bt k) = e OG0 k) — iy fote”’“”)(“s)po(s)dﬂf\/zwfote*"”(”(”s)dw(t)
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Wigner distribution

n eR, € >0 -hyperbolic rescaling of space-time

Wt k) = SE[0° (< Ptk ) o (= ek+ 2]

’V‘Z:(t’na k) = ’MZ:(t7_777 k)*

and the inverse Fourier transform in 7

Wolt,y k)= [ We(tn,k)e®™ dy R, yeR
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Wigner distribution

n eR, € >0 -hyperbolic rescaling of space-time

Wt k) = SE[0° (< Ptk ) o (= ek+ 2]

’V‘Z:(t’na k) = ’MZ:(t7_777 k)*

and the inverse Fourier transform in 7

Wolt,y k)= [ We(tn,k)e®™ dy R, yeR

W.(t,y, k) = W(t,y,k) > 0, as distribution
£—
When ~ =0 it is easy to prove that

w’ (k)
2T
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atW(t7y7k) +

o, W(t,y,k)=0



Easy case: v =0, no thermostat

From waves to particle:

D(t, k) = (0, k)e ™t
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Easy case: v =0, no thermostat

From waves to particle:

D(t, k) = (0, k)e ™t

Wo(t,n, k) = EE [w (5_11', k- %7) D (5_11', k+ %’7)]
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Easy case: v =0, no thermostat

From waves to particle:
D(t, k) = (0, k)e ™t
W.(t,n, k) = ello(k=3) (kS0 (0,0, k)
e ' (MW7 (0, 1, k)

e—0
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Easy case: v =0, no thermostat

From waves to particle:
D(t, k) = (0, k)e

ul

W.(t,n,k) = ellw(k=3)-w(ke Sz 0,1 k)
e~ IMY/(0, 1), k)

e—0

W(t,y, k) =W (O,y - “;(k) t, k)

™

Phonon of wave number k moves freely with velocity %
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v > 0 Explicit solution (microscopic)

J(t) = fT cos (w(k)t) dk,
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v > 0 Explicit solution (microscopic)

J(t) = fT cos (w(k)t) dk,

The Laplace transform of J(t) is given by

= [Teruwar= | mdk.
E) = (1+2J) "= [TeMg(d.  gO)I<1
8(t.K) = [0 g(dr) — B(-iw(K) = (k)

Dt k) = e[ B(0,0) iy [ (e 5, k)5 () ds

+i\/2y T f0t¢>(t—s, k)ew(k)s dw(s)]

pd(i) : moment of particle 0 under the free evolution for = 0.
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Results in presence of the Langevin thermostat in 0 (y > 0)

v(k) = (L+yJ(-iw(k)) ", JO) = /T A2+w2(k)dk'

Re v(k) = (1 N |w7(72)| ) (k)2
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Results in presence of the Langevin thermostat in 0 (y > 0)

v(k) = (L+yJ(-iw(k)) ", JO) = /T A2+w2(k)dk'

Reu(k):(1+ T )Iu(k)l2

jw' (k)|
g(k) = % absorbtion probability
p+(k) = ‘1 - T;T,V(il;‘) 2 transmission probability
p-(k) = T;T/lzil;i 2 reflection probability

a(k) +p. (k) +p-(K) = 1
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Results for Langevin Thermostat

T.Komorowski, L.Ryzhik, S.0., H.Spohn, ARMA (2020)

!
w2(k)8yW(t,y,k) =0, yeR~{0}
T

with boundary conditions:

atW(tvyvk) +

W(t,0%, k) = p_(K)W(t,0,—k) + ps (K)W(t,07, k) + (k) T, 0<k<1/2
W(t, 07, k) = p_(K)W(t,07,—k) + ps (K)W(t,0%, k) + g(k)T, -1/2<k<0
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Results for Langevin Thermostat

T.Komorowski, L.Ryzhik, S.0O., H.Spohn, ARMA (2020)
1A

k
W wity k=0, yeR\{0)
T

with boundary conditions:

atW(tvyvk) +

W(t,0*, k) = p_(k)W(t,0%, k) + ps (k)W (t,07, k) + g(k) T,
W(t,07,k) = p-(k)W(t,07,~k) + p. (k)W(t,0%, k) + (k) T,

Since g(k) + p+(k) + p-(k) =1, we have that

0<k<1/2
-1/2<k<0

W(t,y,k)=T is a stationary solution.

No dispersion in the macroscopic scattering!

S. Olla - CEREMADE thermal-scattering



Results for Poisson Thermostat

T.Komorowski, S.0., arXiv:2101.04360 (2021)

w' (k)
oWty k) + oWty k) =0, yeRN(0)
s
with boundary conditions 0 < k < 1/2:
W(t,0%, k) = p-(k)W(t,07, k) + p. (k)W (t,07, k) + papsg (k) T

walk) [ W0 OpelOdt+a(h) [ W0 - O)pult)dt

po(K) +p-(K) + past () + 0(K) [ puc()dlt =1

Dispersion in the macroscopic scattering!
Pabs = 1 and ps.(£) — 0 as p — oo (converges to the Langevin
scattering).
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When random bulk scattering is present

If we add a (slow) random scattering in the bulk of the system:

random flip of sign of velocities, random exchange of velocity of
n.n. particles, with rates ~ ~'e.

T. Komorowski, S.O. (J. Funct. Analys. 2020)

w' (k)

OW(t,y, k) + ——=0,W(t,y, k) = VLW (t,y, k)
s

LW(k):fSR(k,k’)(W(k’)—W(k))
R(k, k") = R(IK)R(K"),  R(k)~ k], k~0

same boundary conditions:

W(t,0, k) = p-(k)W(t,0%, k) + p. (k)W (£,07, k) + g(K) T,

0<k<1/2
W(t,07, k) = p-(k)W(t,07,-k) + p. (k)W (¢,07, k) + g(K) T,

-1/2<k<0
Without the thermostat: Basile, O., Spohn, ARMA 2009.

S. Olla - CEREMADE thermal-scattering



Diffusive and superdiffusive behavior for 4/ >0, v =0

For random exchange of nearest neighbor velocities

R(k, k") = R(K)R(K"), R(k) ~ |k|?, k ~0
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Diffusive and superdiffusive behavior for 4/ >0, v =0

For random exchange of nearest neighbor velocities
R(k,k") = R(IK)R(K"), R(k) ~[k[*,  k~0

. Without thermal boundary:
» if w'(k) ~ k (optical chain) : D < +o0, diffusive behaviour

W(N\t, Ay, k) — e(ty)

1 W'(k)?
42y R(k)

Ore = DOy e, D dk
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Diffusive and superdiffusive behavior for 4/ >0, v =0

For random exchange of nearest neighbor velocities
R(k,K') = RIK)R(K'), R(k) ~[k[?,  k~0
. Without thermal boundary:
» if w'(k) ~ k (optical chain) : D < +o0, diffusive behaviour
WXt Ay, k) — e(t,y)
1 W'(k)?
42y R(k)

» if w'(k) ~ 1 (acustic chain) : D = +oo, superdiffusive
behaviour (Jara-Komorowski-Olla AAP 2009, Basile-Bovier
MPRF 2010):

Ore = DOy e, D dk

W (N2t My, k) — e(ty)
Ore = —¢|A /e,
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Diffusive behaviour with thermal BC: 4/ >0, v >0

Giada Basile, Tomasz Komorowki, S.O.,
Kinetic and Related Models, AIMS, (2019)
In the cases of bulk diffusive behavior: w’(k) ~ k (optical chain)

W (A%t Ay, k) 2 e(ty)

1 W' (k)2

= dk
472! R(k)

Ote = DOyye, y £0,

e(t,0") =T =¢e(t,07)
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Diffusive behaviour with thermal BC: 4/ >0, v >0

Giada Basile, Tomasz Komorowki, S.O.,
Kinetic and Related Models, AIMS, (2019)
In the cases of bulk diffusive behavior: w’(k) ~ k (optical chain)

W (A%t Ay, k) 2 e(ty)

1 W' (k)2
42y R(k)

Ote = DOyye, y £0, dk
e(t,0") =T =¢e(t,07)

Reflection and transmission of phonons are irrelevant in this time
scale: phonons gets absorbed and created such that energy density
is T aty=0.
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Superdiffusive behaviour with thermal boundary

Tomasz Komorowki, S.0., Lenya Rhyzik, Ann. of Prob. (2020)
Situation is different in the super-diffusive case.

w' (k)

atW(t’yvk) +
2T

ByW(t,y,k):/i)fi(k,k’)(W(k’)—W(k))
R(k, k') = RIK)R(K"), — R(k)~IkP,  W'(K)I~2,  k~0,

W(t,0", k) = p_(K)W(t,0*, k) + ps (K)W(£,07, k) + g(k) T, 0<k<1/2
W(t,0, k) = p_(K)W(t,07, k) + ps (K)W(t,0%, k) + g(k)T, -1/2<k<0
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Superdiffusive behaviour with thermal boundary

Tomasz Komorowki, S.0., Lenya Rhyzik, Ann. of Prob. (2020)
Situation is different in the super-diffusive case.

w’ (k)
2T

R(k.k') = RIK)R(K'),  R(K)~|k?, (k) ~2,  k~0,

atW(t’yvk) +

ByW(t,y,k):/i)f{(k,k’)(W(k’)—W(k))

W(t,0", k) = p_(K)W(t,0*, k) + ps (K)W(£,07, k) + g(k) T, 0<k<1/2
W(t,0, k) = p_(K)W(t,07, k) + ps (K)W(t,0%, k) + g(k)T, -1/2<k<0

R(k,K')~0,  k~0,

the phonon is crossing the thermostat when k ~ 0.
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Superdiffusive behaviour with thermal boundary

Tomasz Komorowki, S.0., Lenya Rhyzik, Ann. of Prob. (2020)
For k >0, g(k) > g0 >0, p-(k)—p-(0)>0.

WXt \y, k) — e(t,y)

dee(t,y) = - &lae(t,y)

+€go f q(y =y (T —e(t,y")dy’

yy'<0
+ep-(0) [ aly-y)(e(t,~y') - e(t,y))dy,
yy'<0
q(y) = ¢ kernel of |A]3/*
e |
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Direct Hydrodynamic Limit

\/°H|°\x\°\x\°

p:{pX7X€Z}'q:{qX7XEZ}

H(pvq) - pr +3 Z Qix—x"xqx’

xx’

dax(t) =px(t)dt, xeZ
dpx(t) = =(a ()« +(~vpo(t)dt + /27 Tdw(t)) do.x,

p)2< + qX(a*q)x

£ =x
2 2
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Direct Hydrodynamic Limit

\/\OHI °\X\°\X\° :yw'}‘\'xyw"ixx"\‘

p={px, xeZ}, q={qx, x € Z}

H(pv q) = pr +3 Z Qix—x"xqx’

xx’

dax(t) =px(t)dt, xeZ
dpx(t) = =(a ()« +(~vpo(t)dt + /27 Tdw(t)) do.x,

p)2< + qX(a*q)x

Ex=x
2 2

-3/2
Eny1(A 12t) o e(t,y) weakly
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Direct Hydrodynamic Limit

2
_ P Gx(axa),
2 2

-3/2
Epy1(A 12t) o e(t,y) weakly yeR.

gx s x €7

0:&(t,y) = L&(t,y), é(t,0) =0,
L~ _(_Ay)3/4
» Without the thermostat:

M.Jara, T.Komoroswki, S.Olla, CMP (2015).
» With the thermostat, still open.
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Two Thermostats

@@ @ @@ @fjo oo oo offje o e e ee
at distance N = [A71].

dax(t) = px(t)dt, x €7
dpx(t) = —(a*aq(t))  +(=7po(t)dt + /29T dwi(t)) o
+(—vpn(e)dt + /2y Todwa(t) ) o

If T, + T_: non-equilibrium stationary state.
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|dea of the proof

» Process Y (t) is generated by the linear Boltzmann equation
(continuous trajectories),
» Process Z(t) is a pure jump Levy process obtained from Y (t),
characterized by a Levy measure r(y) given by the law of
@'(K)
R(K)
where K is a random variable on S with law R(k)dk.

We only need to control the convergence of Z(t)!
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