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Abstract

We expose different methods of regularizations of subsolutions in the context of discrete weak
KAM theory. They allow to prove the existence and the density of C'! subsolutions. Moreover,
these subsolutions can be made strict and smooth outside of the Aubry set.

1 Introduction

We consider a smooth connected Riemannian manifold M endowed with the distance d(.,.) coming
from the Riemannian metric. Fixing a cost function ¢ : M x M — R we study the functions u : M — R
which satisfy

V(z,y) € M x M, u(y) —u(x) < c(z,y),

we call them subsolutions, by analogy with those appearing in Weak KAM theory (see | , ]
for example). Defining, as usual, the discrete Lax—Oleinik operators

T, u(z) = yiQAZ u(y) +c(y,z), T, u(z) = sup u(y) — c(z,y),
Yy

we see that a function u is a subsolution if and only if one of the equivalent relations is verified:

u<T, u or Tjugu.

Our goal is to extend and simplify the results of | ]. Our first result uses the following
hypothesis on ¢. We will give later more concrete hypotheses which imply this one.

Hypothesis 1. For each subsolution u, the functions T, u and —T. u are locally semiconcave .
Under this hypothesis, we have:

Theorem 1. The set of locally CY subsolutions is dense in the set of continuous subsolutions for the
strong topology.

We recall that the strong (or Whitney) topology on C°(M,R) is induced by the basis of open sets:
Ocy={9€C*(M,R), Vze M, |f(x)-g(z)| <e)}

where f € CY(M,R) and e is a continuous positive valued function on M. For further precisions on

this topology, see [ , Chapter 2]. The existence of C1'! subsolutions was proved in [ ], but
the density is new. In | ], the existence of C! subsolutions is deduced from the following result
of Ilmanen (see [ , ) , D):

Theorem 2. Let f and g be locally semiconcave functions on M such that f + g > 0. Then there
exists a locally OB function u such that —g < u < f.

! Throughout the paper, we call semiconcave what is sometimes called semiconcave with a linear modulus.



We will offer a direct proof of Theorem 1, which is inspired from the proof of Ilmanen’s Lemma given
in [ ]. Note that Theorem 1 implies Theorem 2. This follows immediately from the equivalence,
for a given function u, between the following properties:

e the function g + u is bounded from below and —¢ < u — inf(g + u) < f;

e the function u is a subsolution for the cost c¢(x,y) = g(z) + f(y).

Our next result uses either of the following stronger hypotheses on ¢, closer to the setting of | |:
Hypothesis 2. The function c satisfies the following properties:

e uniform super-linearity: for every k > 0, there exists C'(k) € R such that

V(z,y) € M x M, c(x,y) > kd(x,y) — C(k);

e uniform boundedness: for every R € R, there exists A(R) € R such that

V(z,y) e M x M, d(z,y) < R= c(z,y) < A(R);

e local semiconcavity: for each point (xg,yo) there is a domain of chart containing (zo, yp) and
a smooth function f(x,y) such that ¢ — f is concave in the chart.

Hypothesis 3. The function c is locally bi-semiconcave:
for all (z,y) € M x M we can find the following:

e neighborhoods U and V of respectively z and v,
e diffeomorphisms ¢ and 9 from B, to respectively U and V (B, is the unit ball in R"),
e smooth functions f and g from B, to R,

such that for each & € M, the function z — ¢(x, 2(2)) — g(2) is concave and for all y € M, the
function z — ¢(p1(2),y) — f(2) is concave.

It is proved in [ , Proposition 4.6] that Hypothesis 2 implies Hypothesis 1. It is easy to prove
in a similar way that Hypothesis 3 also implies Hypothesis 1.

We need to introduce more definitions before we state our second result. The subsolution u is
called strict at (z,y) if u(y) — u(z) < c(x,y). We denote by A, the set of pairs (z,y) at which v is
not strict,

Ay = {(z,y) € M*, u(y) —u(z) = c(z,y)} C M x M.

We define the Aubry set as

A=(Y(z,y) € M?, uly) —u(z) = clx,y)} C M x M,

where the intersection is taken on the set of continuous subsolutions. A pair (z,y) belongs to the
Aubry set if and only if no continuous subsolution is strict at (z,y). The Aubry set is a closed,
possibly empty, subset of M x M. We will also use the projection A of A on the first factor (which, as
we will see later, is equal to its projection on the second factor under hypothesis 2). We also introduce

A" = ﬂ{az eM, T u(x)=u(z)}.

Notice that A* D A. Moreover, as proved in [ |, these two sets are equal if Hypothesis 2 is
verified, see Appendix A.



Theorem 3. Assume that ¢ verifies either hypothesis 2 or 3. If there exists a continuous subsolution,
then there exists a locally CY' subsolution strict in the complement of A. Moreover, this subsolution
may be taken C° in the complement of A*.

Strict C+! subsolutions were obtained in [ | under an additional twist assumption. We will
use a simple trick of | | to obtain easily the general result from Theorem 1. That the subsolutions
can be made smooth outside of A* is well-known. It will certainly not be a surprise to specialists
that this can be done without destroying the global C'! regularity, although we do not know any
reference for this statement. We prove it using a regularization procedure due to De Rham | ]
This proof also applies to the “classical” (as opposed to discrete) weak KAM theory. We will often
use the following criterion for subsolutions, taken from [ |:

Lemma 1.1. Let u be a subsolution and let us consider a function v such that
u<v< T, u,
then v itself is a subsolution.

PROOF. The statement follows from the inequalities u < v < T, u < T v. 0O

C C

2 The uniform case on R" and the Jensen transforms

In this section we work on M = R™. A function u : R” — R is called k-semiconcave if u(z) — kx|
is concave. We make the following assumption on the cost c:

There exists a constant K such that the function x — ¢(z,y) is K—semiconcave for each y and
the function y — c¢(z,y) is K—semiconcave for each x.

We will use the Jensen transforms. If u : R" — R is a function and ¢ € R, then

1
n t : 2
Vo € R"”, J u(x) = ylenfn (u(y) + 7 |y — || ),

n 1
Vz € R", JTtu(z) = sup (u(y) - ;Hy - 37H2>
yGRn

Theorem 4. Let u be a uniformly continuous subsolution. The function J~to Jt2 o J=tu is finite
and, fort small enough, it is a CY' subsolution. Moreover, it converges uniformly tou ast — 0. More
precisely, if u is a uniformly continuous subsolution then fort,s < K~ the functions J toJ!tSo J 5y
and Jtt o J=t+5) o Jtsy are C11 subsolutions which converge uniformly to u as t,s — 0.

We recall a few properties of the Jensen transforms, most of which are proved in | | or | .
Both families of operators J~ and JT are semigroups. They are monotonous in the following way:

Vs >t >0, infu<J%u<J u<<u<J My <J™u <supu
and in the following one:
u<v={Vt >0, J < J W and JMu < JHU}.

We call modulus of continuity a continuous function p : [0,00) — [0,00) such that p(0) = 0. A
function f is said p—continuous if |f(y) — f(x)| < p(|ly — z||) for all = and y. Given a modulus of
continuity p, there exists a modulus of continuity e such that, for each p—continuous function u, the
following properties hold:

e the functions J*u and Ju are finite-valued and p—continuous for each t > 0,

o Jtuis t~'-semiconcave and J 1w is t~!-semiconvex,



[T = ufloe + [T 0 — ullos < €(t),
o JloJ My >wuand J™ o Ju < u,

the equality J =t o J™'u = u (resp. J™ o J~tu = ) holds if and only if u is ¢t~!-semiconcave
(resp. t~!-semiconvex),

e if u is semiconvex (resp. semiconcave) then J~! o J™u (resp. J** o J~tu) is C*! (and finite
valued).

Using these properties, we now prove Theorem 4. Let u be a uniformly continuous subsolution, with
modulus p. Since the function w is a subsolution, we have v < T, u hence T, u is finite-valued. Our
hypothesis on the cost ¢ implies that the function 7, v is K-semiconcave, being a finite infimum of
K -semiconcave functions. For s < K~1, we have

u< J PoJ P u < I P o (T u) =T, u,

where the last inequality follows from the K—semiconcavity of T« and the properties of J~ o J¥ listed
above. We conclude that the function J~% o J*%u is a p-continuous, s~'-semiconcave subsolution.
Similarly, if u is p—continuous and ¢t < K~!, then the function J*! o J =t is a p—continuous, ¢~
semiconvex subsolution. Applying this observation to the function J % o J™5u, we conclude that
Jtto J o J %o JT%u is a p—continuous subsolution. This subsolution is Cb! since J=% o J*u is
semiconcave. Finally, we observe that

uw—et) < JT o J ) o Ty < u+ e(s),

where € is the modulus associated to p in the list of properties of J, which ends the proof. 0

3 The general case

In this section, we come back to the general setting and prove Theorem 1. We derive it from the
uniform version using partitions of unity, as was done in [ | for Ilmanen’s Lemma. We fix a
locally finite atlas (¢;)ier constituted of smooth maps ¢; : B, — M, where B, is the open unit ball.
We assume that all the images ¢;(B,,), for i € I, are relatively compact in M. Moreover, we consider
a smooth partition of unity (g;);c; subordinated to the locally finite open covering (@(Bn))Z ;- Given
positive numbers a;, b;, ¢ € I, we define the operators

Voe M,  Su(x)=)  [J %o J " (guog)]o¢; (), (1)
el

Vo e M, Su(z) = [Tt o T (giuo )]0 ¢ (2). (2)
i€l

Theorem 1 follows from:

Theorem 5. Let u be a continuous subsolution and € : M — R% be a continuous function. For
suitably chosen positive constants (a;)ier and (b;)icr, the function SoS(u) is a locally CH! subsolution
such that |u — S o Su| < e.

PROOF. Since the image ¢;(B,) is relatively compact and since the atlas is locally finite the set
Ai={jel, ¢;(Bn)N¢i(Bn)# @} is finite, let us denote by e; its cardinal. Setting

~ min inf e(i())

€
2maxe;
JEA;



we observe that 1
WEI,E:qgiiﬁe@M@) (3)

. zeB
JEA; "

For each i, we choose a positive constant a; such that

| (giu) 0 i — J~% o T ((giu) 0 ¢i) ||, < ei- (4)

Such a constant exists because the function (g;u) o ¢; is uniformly continuous. Since the functions
(Supg,(B,) w)gi © ¢ and (infy, (p,)u)gi o ¢; (extended by 0 outside of B,,) are C? and compactly sup-
ported, they are semiconcave, hence we can choose the positive constants a; such that, in addition,

J_“ioJ+“i<( inf u)gioqbi) =< inf U)giO%

¢i(Bn) ¢i(Bn)
J7 o Jhe <<¢2-S892>u>gi ° dn) = (¢?(11312L)u)9i o @i

Then,

<¢3§13fn> w)gi 0 ¢ =)~ 0 JT ((@i(ann) u)gio qm-)

<J 7% o JT%(giu o ¢;)

<J %o g ((;&P)U)Qi ° </5i> = (;&P)Uﬁi o @i,

hence the function J =% o JT%(g;u o ¢;) is supported in B,,.
Finally, since T u is locally semiconcave, the function (¢;7. u) o ¢; is semiconcave (see [ D,
and we can assume by taking a; > 0 small enough that it is a;lfsemiconcave. Then, we have

(giu) 0 ¢y < J ™" 0 JT (g o ¢;) < T~ 0 ST ([giT, ul 0 @) = [9iT, u o i,

hence

u= (gu)ogiod; <Su< Y [9T u] ooy =T,
i€l el
which, by Lemma 1.1, implies that Su is a subsolution. It is locally semiconcave, as a locally finite

sum of locally semiconcave functions, and |u— Su| < €/2 everywhere. Similarly, we can choose positive
constants b; such that:

o [[(g:Su) o di = J*0 0 T ((giSu) 0 61) |, < €
o Jthio J7bi((g;Su) o ¢;) is C1! and supported in B,
o (9:TFSu) o ¢; is b; 'semiconvex.

Then, SSu is a locally C! subsolution such that |u — SSu| < e. 0

4 Existence of strict subsolutions

In this section, we make the additional assumption that there exists a continuous subsolution.

Lemma 4.1. There exists a continuous subsolution wqg such that ./leo = A.



PROOF. Since M is separable, the set of continuous subsolutions is also separable (for the compact—
open topology), and we consider a dense subsequence (uy)nen. Set

wp = Z G Uy, (5)

neN

where the a,, are positive real numbers such that ) a,, = 1 and the sum (5) is uniformly convergent on
each compact subset. The function wy is a subsolution since it is a convex combination of subsolutions.
If now (z,y) € Ay, summing the inequalities

vneN, a, (un(y) — un(x)) < apc(x,y),
gives an equality, therefore all inequalities are equalities and
VneN, (z,y) € Ay,-

By density of the sequence u,, we deduce that (z,y) € A, for each continuous solution u and therefore
Ay, C A. The reverse inequality follows from the definition of A. 0

We now prove the main result of this section.

Theorem 6. Assume the cost ¢ verifies one of the Hypotheses 2 or 3. If u is a continuous subsolution,
then there exists a locally CY' subsolution u' such that w and u' coincide on A, and u' is strict outside
of A,. There exists a Cb! subsolution which is strict outside of A.

PROOF. Let u be a continuous subsolution. The function

F:(z,y)— c(z,y) + u(z) — u(y)

is therefore continuous, non-negative on M and positive on the complement of A,. Let now ¢ :
M x M — R be a C* function which is bounded, non-negative, positive on the complement of A,
and verifies ¢ < F'. In the case where ¢ verifies hypothesis 3, we require in addition that ¢ be locally
bi-semiconcave (see lemma C.1 in the appendix for the construction of such a function).

We introduce the modified cost c, = ¢ — ¢. It verifies the same hypothesis as c. By definition, u
is a c,—subsolution. Using Theorem 5, applied with the cost c,, we can choose the constants a; and
b; such that w = SSwy is a Cb! subsolution for the cost cyp, hence a subsolution for the cost ¢ which
is strict outside of A,,.

Finally, to prove the second part of the theorem, we apply the preceding construction to the func-
tion wg obtained in Lemma 4.1. 0O

The proof also yields:

Corollary 4.2. The set of locally C*1 subsolutions strict outside A is dense for the open compact
topology in the set of continuous subsolutions.

5 Smoothness

We regularize strict subsolutions outside of the Aubry set and prove Theorem 3. We start with:

Definition 5.1. The leverage function A\, : M — [0, 00) of the subsolution u is defined by:
1
Ay() = 3 min (T, w(z) — u(z), u(z) — T, u(z)).

The following lemma justifies the denomination of leverage function:



Lemma 5.2. Let u be a continuous subsolution and let v be another function such that
Vo e M, lu(z) —v(z)] < Au(x),
then v is itself a subsolution. Moreover, if u is strict at (x,y) then so is v.
PROOF. By definition, we have
3max{Au(2), Au(y)} < max{u(e) — T u(z), Ty uly) —u(y)} < c(z,y) —uy) + u(z).

Therefore, the following inequalities hold:

2
v(y) —v(@) < uly) —ul@) + da(@) + dly) < uly) —ul@) + 3 (c(z,y) - uly) +u@))
2 1
which proves that v is a subsolution and that it is strict at (x,y) whenever u is. 0

The previous proposition shows that it is possible to regularize subsolutions where their leverage
function does not vanish. We will prove in Proposition 5.6 that there exists a subsolution whose
leverage function is positive outside of A*. We need some preparation.

Definition 5.3. Let u be a subsolution. Define A} C M as
Al ={z e M, T, u(z)=ux)}.
We then obtain A* = NA;, where the intersection is taken over continuous subsolution.

Lemma 5.4. There exists a continuous subsolution wy such that A5, = A* and A, = A.

Proor. If u is a continuous subsolution, then A7 is closed, hence so is A*. Let us consider a
point = ¢ A*. By definition, there exists a subsolution wu, such that T, u,(z) > u,(x). Moreover, by
continuity of u, and 7T u,, we may consider a positive number €, and an open neighborhood of z,
Oy, on which the following holds:

Vy € O,  T. uz(y) > ug(y) + €.

The set M \ A* satisfies the Lindelof property (it is a separable metric space). We can thus extract a
countable cover Oy, for n € N of the cover O,, where x € M \ A*. We will denote by u,, and €, the
continuous subsolution and positive real number associated to O,. As in Lemma 4.1, we consider a
convex combination

w = Z Gy Uy -

neN

The function w is then a continuous subsolution. For each x ¢ A*, there exists ng € N such that
x € Oy, and we have

T w(x) =T, ( Z anun) (x) > Z anT; up(x) > Z Any + Qg €ng = W(T) + ApgEng-
neN neN neN

This proves that A C A* and then that in fact A = A* (the reverse inequality falls from the
definition of A*). Finally, setting w; = (w4 wp)/2, where wy is given by Lemma 4.1 proves the result.

O

Lemma 5.5. If zg € A*, then for any continuous subsolution u, we have u(zg) = T u(xo).



PRrOOF. We will use the following general fact: if f is any function, then T 7. f > f. Indeed,

Vee M, T,T f(z)= inf sup f(z) - c(y,2) + c(y,x) > f(=),
yeM zeMm
the inequality being found by taking z = x. Since u is a subsolution, we have T, T.fu > u > T, u.

C
Evaluating at xq gives
T u(zo) = T, T, u(zo) = ulzo) = T u(wo),

where the first equality comes from the definition of A*, since T:"u is a subsolution. 0

Proposition 5.6. The set A* verifies
A* ={x € M, for any continuous subsolution u, u(z) =T, u(r) = T, u(x)}.
Moreover, there exists a locally CH' subsolution w such that TXw < w < T w, on M \ A*.

PrOOF. The first statement follows immediately from Lemma 5.5. We define, similarly to A*, the set

At = m{x eM, Tru(z)=u(z)},

where the intersection is once again taken on all continuous subsolutions. By Lemma 5.5, we have
A* € AT. A symetric version of Lemma 5.5 implies that A* = AT. A variant of Lemma 5.4 gives
the existence of a continuous subsolution w;™ such that T-Fw;” > w; on the complement of At = A*.
The continuous subsolution ws := (w; + w1)/2 then satisfies the inequalities T;fwy < we < T, w3 or
equivalentely A, > 0 on the complement of A*.

Let ¢ be a smooth bounded function such that 0 < ¢ < Ay, with strict inequalities outside of
A*. The function wy is a subsolution for the cost é(z,y) = c(z,y) — ¥ (y), since

Tz wa(x) = T, wa(x) — y(x) = wa(z).

By applying Theorem 5 to the cost & we obtain the existence of a C'! subsolution w™ for the cost é.
This implies that
w(2) < Ty w (2) = T o (x) — (o) < Tr o (2),

with a strict inequality outside of .4*. Similarly, by considering the cost ¢(x,y) — 1(z), we obtain the
existence of a C1! subsolution w* which satisfies

wh(z) > Trw" (z) +¥(x) = Tt ().
The locally C1! subsolution w = (w™ + w™) /2 then satisfies T.fw < w < T, w outside of A*. 0O

PROOF OF THEOREM 3. Let us consider the C! subsolution u = (v + w)/2, where v is given by
Theorem 6 and w is given by Proposition 5.6. This subsolution is C!, it is strict outside of A, and
its leverage function A, is positive outside of A*. We can apply Theorem 7 below to the function u
with €(z) = Ay(x). By lemma 5.2, the function we obtain is a subsolution which is strict outside of
A. Tt is not hard to prove in addition that its leverage function is positive outside of A*. 0

The key regularization result in the proof is the following theorem (used with k = 1), which will
be proved in the Appendix using a procedure due to De Rham.

Theorem 7. Let f be a locally C*' function on M and let € : M — [0,00) be a continuous function.
Then, there exists a locally C*' function g : M — R which is smooth on the open set  := e¢~1(0, +00)
and satisfies, for all x € M,

[f(x) = g(@)| + [|dof — dog|l +- - + [ldz f — dzgl| < e(2).



A More on the Aubry set

In this section, we assume c verifies hypothesis 2. We prove the sets A and A* introduced in the
introduction are actually the usual Aubry set and projected Aubry set introduced in the framework of
discrete weak KAM theory in | ] (see also | ]). In particular, in this case, the projection of A
on either the first or the second component is A*. As explained in | |, hypothesis 2 ensures that,
if u is a continuous subsolution and x € M then there exists y € M such that T, u(z) = u(y) +c(y, x).

Proposition A.1. There exists a set A c MZ invariant by both left and right shifts and whose
projection on M x M by m : (2;)icz — (x0,21) is A.

In other terms, if (v;)icz € A then for any i € Z, (vi,zi11) € A and conversely, if (zg, 1) € A,
there exists a sequence (x;)icz € A extending (xo,x1).

PRrROOF. We will prove that if (zg,71) € A then there are x_1 and x5 such that (z_1,z0) and (21, 22)
are in A. Iterating this process then gives the bi-infinite chain in A.

Let wy be given by lemma 5.4 and z_y verify T, wi(zg) = wi(z_1) + c(x_1,20). Existence of
such a point can be proved using the continuity of wp and the superlinearity of ¢ (see [ ). The
following inequalities now hold:

T, wy(x1) = T, wi(xo) + c(xo, 21) = wi(xo) + c(0,21) = T, wi(21),

where the first equality comes from (zg,71) € A, the rest comes from the definition of T and the
fact that w; is a subsolution.

This chain of inequalities tells us two things. First, T, wi(xg) = wi(xo) and also wi(xg) +
c(xop,x1) = T, wi(x1). But this yields that

wy(zo) = T, wi(zo) = wi(z-1) + c(x-1,0),

hence (z_1,x0) € Zuu = A. The construction of the point x5 is similar using T 0O

The following proposition implies that the set A is the Aubry set introduced in | ].
Proposition A.2. Let u be a (not necessarily continuous) subsolution, then A C A,,.
PROOF. Let (z;)icz € A. Recall that T w is continuous. From the inequalities

VieZ, T, u(xiyr) =T, u(x;) + (i, xiv1) = w(x;) + (@i, zig1) = T, w(Tipr),
we infer that for each i, T, u(z;) = u(z;). Since T, u is continuous, we conclude that
VieZ, w(wit1) —uw(z;) =T, w(xiyr) — T, u(x;) = c(zi, xiy1).

Hence (x;,7;41) € A, and A C A,. o 0
We can now prove that A* is the projection of A on the first factor, as well as its projection on the
second factor.

Proposition A.3. Let y € A*, then there exist x and z such that (x,y) and (y,z) are in A.

PROOF. Let w; be the subsolution given by lemma 5.4. Let 2 be such that T, wi(y) = wi(z)+c(z, y).
Since y € A* we obtain that wi(y) — wi(x) = ¢(x,y). Hence (z,y) € Ay, = A. The existence of z is
proved in the same way, using T.". 0O



B Proof of Theorem 7

We prove Theorem 7 using a regularization procedure due to De Rham, see | ]. The idea of De
Rham is to construct an action t of R™ on R™ by smooth diffeomorphisms supported on the unit sphere
B, in such a way that the induced action on B, is conjugated to the standard action of R™ on itself
by translations. More precisely, there exists a diffeomorphism b : B, — R" and diffeomorphisms t,,
y € R, of R", equal to the identity outside of the open unit ball B,,, such that the map (z,y) — t,(z)
is smooth and such that
ho ty =y+bh
on Bj,. This implies that t is an action of the group R" on R", which means that t, oty = t,,
for each y,y’. Since t is smooth, ty = Id, and t, = Id outside of the unit ball, the maps t, converge
uniformly to the identity as y — 0, and all their derivatives converge uniformly to the derivatives of
the identity.
Let us give some details on the construction of fh and t. We set

h(ll))

]

h(z) =

)

where h : [0,1] = R, is a smooth, strictly increasing (k' > 0) function such that

h(r) =r, 0<r<1/3,
{ h(r) =exp ((r—1)7%), 2/3<r<1.

We then define t,, for each y € R" by

{ ty(x) =b1(b(z) +y)  if 2 € By,
ty(z) =2 if zeR"\ B,.

It is clear from these formula that t,,,» = t,ot,,. The only issue is the smoothness of t. Differentiating
the previous group property with respect to 3y’ and taking v’ = 0 yields the following relation:
0 0

—t, = —tyot,.
oy Y Gyooy

This implies that

ty(z) =z + /01 %tty(x)dt =z -+ /0 (aaytty(x)>ydt =z + /01 <§;t0 (tty(x))>ydt.

In other words, the map t, is the time-one flow of the vectorfield X,(z) := M (x)y, where M(z) =
Oyty(z)y—o- In order to prove that the map t is smooth, it is enough to observe that the matrix
M (x) depends smoothly on x. This matrix can be computed, recalling that the gradient of the norm
x = ||z|| is 7y = x/||z]]:

1

1

t k4l t
— I, — .
W) ey

h(|lzl[)
Since 1/h, 1/h’, as well as all their derivatives go to 0 when |z|| — 1, we conclude that M (x) is
smooth.

We have exposed the construction of h and t. They allow to define a local regularization procedure
with the help of a smooth kernel K; : R™ — [0,00). We assume that K is supported in the unit ball
By, and that [ Ky = 1. For n > 0, we set K,(z) =n""Ki(n 'z).

M(z) = dy(h ™"

Lemma B.1. Let O C R™ be an open set containing B,,. Given a locally integrable function f : O —
R and n €0, 1[, we define

fo(x) = /n f(ty($>)Kn<—y>dy-

The following assertions hold:

10



1. The function f; is C* in B,, and equal to f outside of B,
2. If f is C* on O, then so are the functions fn, and f, — f in C* asn — 0.
8. If f is C™1 on O, then so are the functions f,, and lim sup, o Lip(d*f,) < Lip(d*f).

4. If, in some open set O' C O, f is C' in O, then so is fy.
n

PrROOF. On B, we have
fn © b_l = (f © b_l) *Kna

where x is the convolution. Since the functions K, are smooth, this implies the first claim. Writing

fy—f= / (f oty — Ny (—y)dy
B(0,n)

and observing that fot, — f — 0in C¥(R",R") asy — 0 (because t, — Id in C*(R", R")) yields
the second claim. We will now prove that

lim sup Lip(dk(f o ty)) < Lip(d¥ f), (6)

y—0

which yields the third claim in view of the relation
d];fn :/ dlmg(f o ty) Ky(—y)dy.
B(0,n)

Let us consider a component 92(f o t,) of the differential d*(f o t,), where a = (ay,..., ) is a
multi-index such that |a| = > «a; = k. By the Faa di Bruno formula, expressed in terms of partial
differentials (see | | for example), we have

(foty)= D 0wl Baaldaty, ..., dlt),
1AL o

where the B, ) are universal multi-variable polynomials with no constant terms. These polynomials
satisfy the equalities

Boo(Id,0,---,0)=1 and Ba(Id,0,---,0) =0

for all A # a. Since t;, — Id in C*°, the first of these equalities implies that the function x ——

Boo(dgty, . .. ,d‘f'ty) is converging to 1 in C'°°. Concerning the other factor in this term, we have

Lip((9°) o t,) < Lip(9” f)Lip(t,) — Lip(d° ).

We deduce that the upper limit of the Lipschitz constants of the term corresponding to A = « is not
greater than Lip(0“f).

On the other hand, for each of the terms with A # a, the function x — By x(dzty, . .. ,chalty) is
converging to 0 in C'* hence the Lipschitz constant of the function

xr —— 8{2(50)f . Ba7)\(dxty, e ,d'a:a‘ty)
is converging to 0. We conclude that
limsup Lip(0°(f o t,)) < Lip(8*f),

which implies (6) hence the third point of the statement.

Regarding the last claim of the statement, we observe that the function f, is smooth inside B,
and that it is C! in O’\ B,,. Moreover, it is C' on the set ﬂy€§(0m)t;1(0’). By a standard compactness
argument, this set is open, and it contains O’ \ B,. We have covered O’ by two open sets such that
the function f;, is C' on each of them, we conclude that this function is C* on O'. 0

11



Lemma B.2. Let O be open subsets of R™ and let f : O — R be a C*' function. Given a continuous
function € : O — [0,00), there exists a function f. such that:

1. the function fe is C* in the open set {x € O,e(x) >0} C O,
2. | fe(@) = f@)| + dafe = dofll + - + |di fe = dEfI] < () for each z € O,
3. the function f. is C™! on O, and Lip(d*f.) < 1+ Lip(d*f).

PROOF. Let us denote by F' the closed set {¢ = 0}. The complement of F' in O is open, and we
consider a locally finite covering (O;);en+ of O \ F' by open balls compactly included in O \ F. Since
inf{e(z), z € O;} > 0. we can construct inductively, using Lemma B.1 a sequence of functions,
(fi)ien such that

i f0:f7

for each ¢ € N, the function f;+1 is C* in O3 U --- U O;41,

for each ¢ € N, the functions f; and fij+1 are equal in O \ O;41,

for each i € N, the function f;;; is C*! in O, and Lip(dkfi+1) <27y Lip(dkfi),

| fira(2) = fil)| + e fisr — dafill + -+ |d5 fis — dbfill < 27" "e(x) for each z € O, i € N,

Each point of O has a neighborhood on which the sequence f; is eventually constant, hence the limit
fe :=lim f; is well-defined and smooth on U;O; = O \ F. The desired estimates on f. follow immedi-
ately from the inductive estimates by summation. 0O

PROOF OF THEOREM 7. We fix a locally finite atlas (¢;);en+ constituted of smooth maps ¢; :
2B, — M, where B, is the open unit ball. We assume that all the images ¢;(2B,), ¢ € N* are
relatively compact in M and that the ¢;(By,), i € N* still cover M. By Lemma B.2, it is possible to
construct inductively a sequence of functions f;, by iteratively modifying f; o ¢;41 on B, such that

i fO = f7
for each i € N, the function fiy1 is C° in U, ; 41 ¢j(Bn) N,

for each i € N, in M \ ¢;+1(By), the functions f; and f;+1 are equal,

for each i € N, the function f;;; is C*! on M,

for each 7 € N, T € M, |f2(l') — fH.l(ZL')’ + -+ ||d];:fz — d];fz_HH < 271’716(%).

Each point x € M has a neighborhood on which the sequence f; is eventually constant, hence the
limit ¢ = lim f; is well defined, locally C*!, and smooth on . The inequality on the differentials
follows by summation from the iterative assumptions. 0O

C Existence of small smooth bi—semiconcave functions

This last section is devoted to finish the proof of theorem 6 by giving explicit ways to construct the
function ¢ used to correct the cost.

Lemma C.1. Let F': M x M — R, be a continuous function. There exists a smooth bi-semiconcave
function ¢ : M x M — R, such that =1{0} = F~1{0} and ¢ < F.
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PrROOF. Let (¢; : B, — M, i€ N) be an atlas of M such that the images ¢;(B,,) are relatively
compact in M, and the diffeomorphisms qﬁj_l o ¢; are C%-bounded.

We will construct a smooth function ¢ : M x M — R, such that ¢~ 1{0} = F71{0}, ¢ < F, and
such that the following holds:

V(i,j,2,y) € Nx N X B, X By, HD(Qx,y) (fo (¢i7¢j))Hoo <1,

which implies that ¢ is locally bi-semiconcave. Let us consider a locally finite cover of M x M \
F_l{O} = O by open sets of the form O; = A; x B;, i € N*. Assume moreover that each O; is
relatively compact in O and that each A; and B; are included in a chart of the atlas.

For each i € N we consider a smooth function f; on M x M such that f; > 0 and f; {0} = M\ O;.
We will construct the function ¢ of the form ) ¢, f; with carefully chosen ¢; > 0.

First, since O; is compactly included in O, we will assume that ¢; is small enough for

0<e <2 inf F(z,y) (7)
(z,y)€0;
to hold.

Let us fix here i € N* and set j; and k; such that O; C ¢, (By,) X ¢k, (By). The function f;o(¢j,, ¢x,)
is then smooth and bounded along with all its derivatives up to order two. By the hypothesis made
on the changes of coordinates, this remains true for all f; o (¢, ¢r), (j, k) € N* x N*. Since the atlas
is locally finite and O; is relatively compact, only a finite number of these functions f; o (¢;, ¢x) are
actually non everywhere vanishing. Up to taking ¢; smaller, we may therefore also assume

Y(i,j,k,2,9) € Nx Nx N x B, x By, HeiD(Zw’y) (fio(dj,0n)|,, <27

Finally, by a standard Cantor diagonal argument, up to taking the ¢; smaller, we will assume that
the sum Y ¢;f; is locally uniformly convergent for the open—compact topology on C*°(M,R). The

function
v = Z € fi

1EN*
is then a smooth bi-semiconcave function taking nonnegative values and such that ¢ =1{0} = F~1{0}.
Moreover, by (7), we have ¢ < F' which concludes the proof.
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