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1 Convex sets

In this course, the setting will always be a vector space or a normed vector space X,
equipped with a norm ||-||, endowing X with a topology. We will denote by B(x,r) and
Bz, r] respectively the open and closed ball of center x and radius r, and by X* the
dual space of X, the space of continuous linear forms x* equipped with the dual norm
[z*[I* = supgex:|z<1 f(z). We mimic the notation of the scalar product in a Hilbert
space by writing (z*,z) = z*(z). The bilinear map (-,-) : X* x X — R is called the
duality pairing between X* and X.

Many statements still hold in the more general setting of locally convex topological
vector spaces.

1.1 Affine sets, convex sets and cones
Given two points x,y € X, consider the point
zo = (1—0)x+ 0y

with parameter § € R. When 6 runs through R, zy describes the line passing through
x and y. Notice that xp = x and x1 = y: more generally when 6 € [0, 1] the point xy
describes the line segment between = and y, denoted by [z, y]. When 6 > 1, x4 is “after”
y, and when 6 < 0 it is “before” . When z = 0 and 6 > 0, x¢ describes the ray (or half-
line) based at 0 and passing by y. Similary, we define [z,y) = {(1—6)z+0y :0 € [0,1)}
and (z,y), (z,y].

Definitions and examples

Definition 1.1 (Convex sets, affine sets and cones). A subset E of a vector space X is

 an affine set if for every =,y € E the line L(z,y) = {(1 —0)x + 0y : 0 € R} is
included in F,

o a convex set if for every x,y € E the line segment [z, y] = {(1—0)z+0y : 0 € [0,1]}
is included in FE,

o a cone if for every y € E the ray Ryy = {0y : 0 € R} is included in F,

e a convex cone if it is both a convex set and a cone, or equivalently if Ax + uy € £
for every A\, u > 0 and z,y € E.

It is clear that an affine set is a convex set.



1 Convex sets

Ezample 1.2. o Open and closed balls B(z,r) and Blz,r] in a normed space are
convex sets.

o Hyperplanes, i.e. subsets of the form {z € X : f(x) = a} where f : X - Risa
linear form and o € R are affine sets.

o The sets SI (resp. S77T) of nonnegative semidefinite (resp. definite) symmetric
matrices of size d X d are convex cones.

o The subset {f : a < f(z) < bfor every z € R} of the vector space F(R,R) of
functions from R to R, where a < b, is a convex set.
Combinations and hulls

Given n points (x1,...,2,) and n reals (61,...,60,), a combination of the form

n
Db
i=1
is called
o an affine combination of the z;’s if > i | a; = 1,
e a conic combination of the z;’s if o; > 0 for every i,

o a convexr combination of the z;’s if > ;" ; a; = 1 and «; > 0 for every i.

The notions of affine sets, convex sets and convex cones can be re-phrased with these
combinations.

Lemma 1.3. A subset E C X is (an affine set/a convex set/a convex cone) if and only
if every (affine/convex/conic) combination of points in E is also in E.

Proposition 1.4. 1. The image or pre-image of an (affine set/convex set) by an
affine map is an (affine set/convex set).

2. The image or pre-image of a convex cone by a linear map is a convex cone.

3. An intersection of (affine sets/convex sets/convexr cones) is still (an affine set/a
convex set/a conver cone).

The stability by intersection allows us to define (affine/convex/conic) hulls.

Definition-Proposition 1.5. For every E C X, there exists a smallest (affine set/convex
set/convex cone) containing E, which is called the (affine hull/convex hull/conic hull)

of E, denoted by (aff(E)/ conv(E)/cone(E)). Moreover:
aff(E) = ﬂ{C’ : C D E,Caffine} = {affine combinations of points of E},
conv(FE) = ﬂ{C’ : C D E, Cconver} = {convex combinations of points of E},
cone(E) = ﬂ{(] : C D E,Cconver cone} = {conic combinations of points of E}.
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Operations on (convex) sets
We will need to dilate (convex) sets by setting
M ={ z:x € A}

for every A C X and A € R. We will also need to “sum” convex sets, in the sense of
Minkowski:

Definition 1.6 (Minkowski sum). If A, B C X we define the Minkowski sum of A and
B as

A+B={z+y:z€ A ye B}
and the Minkowski difference
A-B={r—-y:z€Aye B} =A+ (-B)
If x € X we will write for short t + B={z}+ Band A+ z = A+ {z}.
Proposition 1.7. Let A, B C X be two convez sets, and s,t € R. Then:
1. sA+tB is convex,
2. sA+tA=(s+1)A ifs,t > 0.

Remark 1.8. The second item is not true if A is not convex: for example taking A =
[2,—1]U[1,2] and s =t = 1 we have A + A = [-4,—2] U [-1,1] U [2,4] while 24 =
[—4,—2] U [2,4]. It is also not true if A, B are convex but s, ¢ are not nonnegative: take
for example A = [0,1] and s =t = —1, si that A+ (—A) = [-1,1] # {0} = 0A. However,
it is clear that we always have

(s+1)AC sA+tA,
A being any subset and s,t any reals.

Proof. For the first item, it is clear that sA is convex, thus it suffices to show that A+ B
is convex. Take 2,2’ € A+ B, thus z = v +y,2’ = 2’ + 4 where z,2’ € A and y,3y’ € B,
and take 6 € [0,1]. We have

(1=0)z+02"=(1-0)(xz+y)+6("+y)

[(1-0)z+02"1+[(1-0)y+0y)ec A+ B

because A and B are convex.

For the second item, we already remarked that (s +¢)A C sA + tA, we only have to
show the converse inclusion. Let sx € sA and ty € tA. If s =t = 0 it is clear that
st+ty =0 € (s+t)A, thus we assume that ¢ + s > 0. We have:

t
st+ty=(s+t) (Sj_tx + my) € (s+t)conv(A) = (s+t)A

because A is convex. O
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1.2 Geometric and topological properties of convex sets

Lemma 1.9. Let C be a nonempty convex subset of X.
1. The closure of C is conve.

2. If 9 € intC and x € C then [xg,x) C int C. In particular if C' has nonempty
interior, it is the closure of its interior.

Proof. Let C be a nonempty convex set. Let z,y € C and 6 € [0,1]. There exists
sequences (x,) and (y,) in C such that z,, — = and y,, — y. Since C' is convex,

Vn, (1 — 0)x, + 0y, € C,
and by passing to the limit in n we get
(1—0)x+06yeC,

which shows that C is convex.

Let x € C' and ¢ € int C, so that B(xg,r) C int C' for a small > 0. By convexity of
C, for every 6 € [0,1) the set

(1 —6)B(xo,r) + bz

is a subset of C, but it is also the ball of center xg = (1 — 0)z + 02 and radius (1 —0)r,
thus ¢ € int C.

Let C of non-empty interior. To show that int C = C, it suffices to show that C' C
int C. Fix x¢ € int C and let x € C. Considering g as above for § € [0,1), 19 — x as
6 — 1 and we get x € int C. O

Definition 1.10 (Closed convex hull). If A is a set, we denote by conv A the smallest
closed and convex set containing A, which is called the called convez hulll of A.

Proposition 1.11. For every subset A, conv(A) = conv A.
Proof. Left as exercise. O

In the 3-dimensional euclidean space R3, the disk D = {(z,y,0) : 22 +¢%> < 1} is a
convex set with empty interior. Nonetheless, we are tempted to say that “relative to D”,
the set {(z,,0) : 22 + y* < 1} is the interior of D, and {(z,y,0) : 2% + y? = 1} is its
boundary. This is formalized by the notion of relative interior and relative boundary.

Definition 1.12. Let C is a convex subset of X.

o The relative interior of C' is the interior of C as a subset of the affine set aff(C),
namely:

riC = {x:3r>0,B(z,r) Naff(C) C C}.

o The relative boundary of C'is the boundary of C' as a subset of the affine set aff(C),
namely:
thdC = C \riC.
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Proposition 1.13. Let C' be a nonempty convex set. If xg € riC,x € C and § € [0,1),
then (1 — 0)zg + 0z € riC. In particular 1iC = C.

Proof. It is a variation of the proof of the fact that int C = C' whenever int C' # (), left

as an exercise. O

Basics on affine space If ¥ C X is a nonempty affine set, then for any zo € F,
E - Z0

is a vector space, which does not depend on the choice of x, it is called the direction of
FE and denoted by E.

As a real vector space, it has a dimension dim E, equal to +o0o of E is not finite-
dimensional, and to the usual dimension in linear algebra when E is a finite-dimensional
vector space. We thus set

dim E = dim E

If (xo,...,z4) are d + 1 points such that

(Zei:1 and Zei$i:0> — Vi,&izo
i i
we say that they are affinely independant. If moreover A = aff{xq,...,z4} we say that

(zo,...,xq) is an affine basis of A.

Definition 1.14 (Dimension of a convex set). If C' is a nonempty convex set we define
dim C' = dim(aff ).
A convex set of dimension 0 is a point.

Proposition 1.15. Let A be an affine subspace with affine basis (xg, ..., x,). Then the
relative interior of conv({xo,...,z,}) is not empty and equal to:

riconv({zg,...,xn}) = {Z 0;; : ZGZ- =1 and Vi, 0; > O} )

Proof. Since (xg,...,xz,) is an affine basis of A, (x1 —xq,...,2T, — ) is a vector basis of
A. Consider its dual base (e, ..., e*) (basis of A* such that e* (xj —x0) = 0i;). Consider
a point x € A, which can thus be written as > 1, 6;z; with > ,6; = 1. We have
x—xo = Y iy Oi(zi—x0) so that 0; = e} (x—xp) for 1 <7 <mandfy =1-> 7, el (z—x0).

As a consequence

conv{zg,...,xn} = {xeA:ViE {1,...,n},ej(x —xp) > 0 and Zef(a:—:co) < 1},
i=1
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and one can easily deduce its relative interior (i.e. interior in A)
riconv{zg,...,x,}

—{xeA:We{1,...,n},e;‘(x—xo)>0and Zef(ax—xo)<l}.
i=1

O

Definition 1.16 (Extreme points). A point v € C' which cannot be written as convex
combination u = (1 — 0)x + Oy with =,y € C and 6 € (0,1) is called an extreme point.

Definition 1.17 (Face). Let C' be a nonempty convex subset of X. A convex subset
F C C if called a face of C' if

Ve,y € C, (z,y)NF #0 = [z,y] € F.
It is called a proper face if F # C.

Remark 1.18. o O-dimensional faces are exactly the singletons {u} where u is an
extreme point of C'.

e Faces of codimension 1, i.e. faces F' such that aff F' is a hyperplane, are called
facets of C.

Lemma 1.19. Let C' C X* be convex set and F be a face of C. A subset G C F is a
face of F if and only if it is a face of C. In particular

ext ' = FnNnextC.

Proof. Left as exercise. O

1.3 The Hahn-Banach theorems and external representation
theorems

A fundamental result in convex analysis is the identification of closed convex sets with
intersections of closed half-spaces, the proof of which will rely on the Hahn-Banach
extension theorems.
The Hahn-Banach extension theorem
Definition 1.20 (Sublinear functions). A function p: X — R is called sublinear if it is
o positively 1-homogeneous: p(Azx) = Ap(x) for every z € X and X\ > 0,
o subadditive: p(x +y) < p(x) + p(y) for every z,y € X.

Lemma 1.21. Let p : X — R be a sublinear function. The following assertions are
equivalent:
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(i) p is continuous,

(7i) p is continuous at 0,

(i13) SUPgex:||a|<1 P(T) = SUPzex\ {0} % < oo

Proof. (i) = (ii) is clear. Assume that p is continuous at 0. By definition, there exists
d > 0 such that ||z|| < ¢ implies |p(z)| < 1. By homogeneity, for every z € X’ such that
el <1,

pla) = 5p(60) <

and (iii) follows. Assume now that M := sup,cy,|,<1 P(¥) < +o0. Take z9 € X. By
subadditivity we have

p(z) < p(z — z0) + p(zo) and p(xo) < p(xo — ) + p(T)

thus
[p(x) = plao)| < max{|p(z — z0)|, Ip(x0 — 2)[} < M|z — 20| == 0,

which proves (i). O

Norms or semi-norms (which satisfy all axioms of norms except for the separation
axiom) are sublinear functions. Other examples arise as gauges of some convex sets,
that we shall see later.

Theorem 1.22 (Hahn-Banach). Let X be a normed vector space and p : X — R a
continuous sublinear function on X. If E is a linear subspace of X and if f is a linear
form on E satisfying f < p, then f can be extended into a continuous linear form f e xX*
which still satisfies f <p.

Remark 1.23. We shall prove this under the extra assumption that X is separable,
although it holds in genenral thanks to Zorn’s lemma, and in an even more general
setting (X being just a vector space, without continuity assumption on p).

Proof (continuous and separable case). Let (u;);eny a countable dense subset of X and
set By = E, E; = span E U {vg, : k < i} for i > 1. We have Fy C E; C .... We shall
extend f by induction to the E;’s, starting from Ej.

From E; ; to E;. We assume to have constructed a linear extension f; 1 : F;_1 — R
such that f; < p and wish to extend it to some f; : E; — R. If u; € E;_1 then E; = E;_
and there is nothing to do. If not, we shall define f; by setting:

Vo € B;_1,Vt € R, fz(.%' + tui) = fi_1<l’) + ta,
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for some well-chosen o € R. We want f; < p, that is:

Ve e E;_1,Vt € R, fz-_l(x) +ta < p(x + tui)

t t
—=Vre E_1,VteR", fi_i(z/|t]) + 7‘04 <p (Z + Mm)

—Vre FE;,_1,Vte R*, fi,1($) +a< p($ + ’LLl)

< sup fi-1(z) —p@z —u) <a< inf ply—w)— fi-1(y)
zeFE;_1 yeE; 1

=m :M
where we have used the homogeneity for the first equivalence. Thus, such a real « exists
if and only if m < M (since m > —oo and M < +00), i.e.
V(z,y) € Eic1,  fi1(2) —pl@ —w) < p(y +w) — fi-a(y)
—=V(z,y) € Eir,  fisr(z+y) <ply+w) + plz — w)
—V(z,y) € Ei1, fii(z+y) <ply+2),

where we have used the subadditivity of p in the last implication. Since f;—1 < p by
assumption, we deduce the existence of a real a such that f; < p.

Extension to X. Since the f; is an extension of f; for ¢ < j we can extend f to
E =, E; by setting (without ambiguity) f(z) = fi(z) if x € E;. We still have f < p.
We now wish to extend it to X by density of E (since it contains the dense family
(u;)ien). Notice that for every z € E,

f(z) <plz) and f(z) = —f(-z) > —p(~2)
thus )
|f(@)| < max{[p(z)|, [p(=2)]}.
By Lemma 1.21 and by continuity of p,

sup |f(z)] < sup  p(x) < +oo.
zeEx|z| <1 zeX:|z|<1

This shows that f is a continuous linear form on E, thus it can be extended by continuity
to a linear form f on its closure X. By continuity of p, we still have f < p. O

Corollary 1.24. If f is a continuous linear form on a subset Y C X, then it can
be extended into a contiuous linear form xz* on the whole space X with same norm

11l = =]l
The Hahn-Banach separation theorems

Definition 1.25 (Linear separation). Two sets A, B C X are (linearly) separated if
there exists z* € X* \ {0} such that

* < : f *
igg(ﬂc ,2) < inf %, 2)

and they are strictly separated if the inequality is strict.

10
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We shall prove that a disjoint pair (convex - open convex) is separated, and a pair
(closed convex - compact convex) is strictly separated. We start with a fundamental
lemma on the gauge of a convex neighborhood of the origin.

Definition 1.26 (Gauge of a convex set). The gauge of a convex set C' C X is the
fonction go : X = RU {+o0} defined by

go(x) =inf{r >0:2 € rC}.
Lemma 1.27. Let C' be a non-empty convex set such that 0 € C. We have:
(i) gc is sublinear,
(i) {9c <1} € C C {gc < 1},
(7ii) if 0 € int C' then g¢ is Lipschitz.

Proof. We start with the sublinearity. Clearly go(0) = 0 because 0 € C. Let x,y € X,
A > 0. One has

gc(Azx) =inf{r >0: Az € rC}
=inf{Ar > 0: Az € A\rC} = Xinf{r > 0: 2 € rC} = Ago(x).

Besides, for every s > go(x) and t > go(y) we have x € sC and y € tC thus by
Proposition 1.7,

(x+y)esC+itC=(s+1)C = golx+y) <s+t.

Sending s — go(z) and t — go(y) yields go(x 4+ y) < go(z) + 9o (y).
Now let us show continuity of g¢. Since C' is a neighborhood of 0, it contains a small
ball B[0, ] with § > 0, thus for every x such that |z| <1,

1 1

which concludes by Lemma 1.21.
If go(x) < 1, we can find r < 1 such that x € rC thus x is a convex combination of 0,
which belongs to C, and an element of C', thus z € C. O

Theorem 1.28 (Hahn-Banach separation theorem). Let A, B be two nonempty and
disjoint convex subsets of X, one of which is open. Then A and B can be separated

Proof. The proof relies on the Hahn-Banach extension theorem. The first step is to
establish the following: if C' is a nonempty open convex set and x ¢ C then C' and
{x} can be separated. Notice that C' and {z} can be separated if and only if C' — z
and {z — 2} can be separated, for any given zo € X. Taking any z¢ € C, the set
C — x¢ contains 0. Up to renaming, we may thus assume that C' contains 0, thus it is

11



1 Convex sets

a neighborhood of 0. By Lemma 1.27, g¢ is a continuous sublinear function on X. We
define a linear form ¢ on Rz by setting

VteR, (l(tz)=t,

so that ¢(x) = 1. Since x ¢ C, by Lemma 1.27 we know that go(z) > 1 = ¢(x). As a
consequence ¢ < go of Rz and ¢ is continuous (as a linear form on a finite-dimensional
space). We may apply the Hahn-Banach extension theorem Theorem 1.22 to extend ¢ to
some x* € X* which satisfies (x*,y) < go(y) for every y € X. By Lemma 1.27, g0 <1
on C' thus

sup(z*,y) <supge(y) <1 =4L(z) = (2, ),
yeC yeC

which implies that C' and = are separated.
We now tackle the separation of A and B, assuming for example that A is open. We

consider the set
C=A-B
which by Proposition 1.7 is a convex set. Notice that C' is open, because
C=JA-b)
beB

and all the A — b are open. Moreover 0 ¢ C' for otherwise we would have some (a,b) €
A x B such that 0 = a — b, i.e. a =b € AN B, which cannot happen because A and B
are disjoint. By what we have seen above, C' and 0 are separated by some z* € X*\ {0}:
Ve e C,(z*,z) < (2",0) =0
<=Va € A, Vb e B, (z",a) < (z*,b)
— *, ) < inf (z*, O]
igg@ z) < Inf{a”, z)

As a corollary, we may state the strict separation theorem of Hahn-Banach.

Corollary 1.29 (Hahn-Banach strict separation theorem). Let C, D be two nonempty
conver subsets of X .

1. If dist(C, D) > 0 then C and D are strictly separated.

2. In particular, if C is closed, D is compact and C N D = (), then they are strictly
separated.

Proof. Let C,D as in the first item and set ¢ = d(C,D) > 0. By definition of the
distance,

(C+ B(0,e))ND = .
By the Hahn-Banach separation theorem (Theorem 1.28), C'+ B(0,¢) and D are sepa-
rated by some x* € A*. Notice that

sup (z",2)= sup (2", c+w)
z€C+B(0,¢) ceCueB(0,)

=sup(z*,c) + sup (z*,u) =sup(z*,c)+e|lz*|",
ceC u€B(0,e) ceC

12
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and thus
sup(z*,c) < sup (z*,x) < inf (z¥,d),
ceC xz€C+B(0,e) deD

so that C' and D are strictly separated.

For the second item, it suffices to show that a closed set C' and a compact set D which
are disjoint are at positive distance. If on the contrary d(A, B) = 0, then one can find
sequences (ay) € A, (by) € B such that d(ay,b,) — 0. Since A is compact, (a,) admits a
converging subsequence (ay, )i, of limit a € A. By the triangle inequality, d(by,,a) — 0
so that by, converges to a as well. Since B is closed, a = lim,,, b,, € B thusa € AN B:
a contradiction. O

Remark 1.30 (Separation of weak topology). As a corollary, we deduce that the weak
topology on X (the coarsest topology which makes all element z* € X™* continuous) is
separated. Indeed take z # y in X'. Since singletons are compact and convex, they are
strictly separated, i.e. there exists * € X* such that

(2%, 2) < (z%y),

thus we have found two disjoint neighborhoods of x and x* for the weak-* topology:

respectively {(z*,-) < a} and {(z*,-) > a} where o = 1((2*,z) + (z*,9)).

External representation of closed convex sets

We shall characterize a closed convex set by the half-spaces that contain it. We start
by a characterization of a closed half-space. Recall that a half space is by definition a
subset of the form

{z l(z) < a}
where o € R and ¢ a linear form (not necessarily continuous) on X'

Lemma 1.31 (Closed half-spaces). We consider a linear form ¢ : X — R and o € R.
The following assertions are equivalent:

(i) the half-space {x : ¢(x) < a} is closed,
(7i) the hyperplane {z : {(x) = a} is closed,
(iii) the linear form ¢ is continuous.

Proof. 1t is clear that the third item implies the two first ones since the half-space is the
reciprocal image by the continuous map ¢ of the closed set (—oo, ] and the hyperplane
of the closed set {a}.
Now, if the half-space is closed, its complement is open, and in particular there exists
a ball B(xg,e) C {¢ > a}. Thus for y € B(0,1),
o — L(zo)

T =1x9+ey € B(xg,e) = L(xo+ey) >a = ((y) > —

13
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and by changing y into —y yields
a—0(x
sup Je(y)] < 12—l
B(0,1) €

thus £ is continuous. If the hyperplane is closed, its complement is open and there also
exists a ball B(xg,e) C {¢ > a}: we conclude in the same way. O

To give a precise description of a closed convex set in terms of half-space, we will use
its support function.

Definition 1.32 (Support function). The support function o4 : X* — R U {+o0}
associated with a subset A C X is defined by

oa(z™) =sup{{z*,x) : z € A}.
Proposition 1.33. The support function associated with a set A is sublinear.
Proof. Left as an exercise. O
Definition 1.34. Let C be a convex set. If x € C and z* € X* are such that
oc(e”) = (2", z)
then the hyperplane {(z*,-) = o¢(z*)} is called a support hyperplane of C at x.
Remark 1.35. Notice that such a hyperplane intersects C' “tangentially” at x, in the

sense that
C C{(@",) <oc(a)} and w € CN{(a*,") = oc(a™)},

Corollary 1.36 (External representation of closed convex sets). Any nonempty closed
conver set C' C X is the intersection of all closed half-spaces that contain C, more

precisely:
C= ﬂ {z: (%, 2) < oc(z¥)}.
T*EX*
Consequently, the closed convex hull of a nonempty subset A can be written as:
conv A = ﬂ {z: (%, z) <oa(z")}.
TreX*
Proof. By definition of o¢, the intersection of all closed half-spaces that contain C' is
precisely

L= ﬂ {z: (x",x) <oc(z™)}.

T*EX*
Obviously C' C L, so it suffices to show the inclusion L C C, or equivalently X\C C X'\ L.
Let x ¢ C. Since C is closed, we may apply the Hahn-Banach strict separation theorem
(Corollary 1.29) to find some z* € X* such that

oc(z™) = sup(z®,y) < (=¥, x).
yeC

Thus x € X'\ {y: (z*,y) < oc(z*)} C X\ L.

14
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Definition 1.37 (Normal cone). Let C' be a convex set. We define the (outer) normal
cone of C' at x € C' by

N, C={z" € X" :Vy e C,(z*,y — z) < 0}.
It is a closed convex cone. By definition, we set N,C =0 if z ¢ C.

Remark 1.38 (Closedness). Notice that
N,C = ﬂ {z¥ e X*: (%, y — z) <0},
yeC

thus it is an intersection of pre-images of closed sets (—oo, 0] by evaluation maps (-, y—z),
so that the normal cone is closed (even weakly-* closed).

Proposition 1.39. Let C' be a convex set and x € C. One has

1. z* € N,(C) if and only if {(z*, ) = oc(z*)} is a support hyperplane of C' at x,
i.e.
¥ € NC <= o¢(z") = (a%, 2).

2. The intersection of C' with a support hyperplane at x is a face of C, i.e.

¥ e N,C = Cn{(z",:) =0c(z)} is a face of C.

Proof. For the first item, it follows from the following chain of equivalence:

e N,C <= VyeC, (z"y) <(z"x)
<~ O-C(:Z:*) = sup(x*,y} < <‘T*a$>
yeC
<~ oc(x™) = (", x).
The last equivalence is due to the fact that z € C' and thus o¢(z*) > (z*, z).
For the second item, suppose z* € N,C. Let u,v € C such that there exists 6 € (0, 1)
satisfying (1 — @)u + Ov € {(z*, ) = (z*,z)}. By definition of the normal cone at x, we

have
(% u) < (z%,z) and (z*,v) < (27, 2)

thus

(a7, 2) = (", (1 — O)u + 00} = (1 - O) (2", u

~
+
>
o~
8
*
<
~

Therefore, the inequalities above are actually equalities:
(x*,u) = (¥, z) and (x*,v) = (z*, x).

It means that u,v € C'N {(z*,-) = (z*, )}, and thus C N {(z*, ) = (z*,x)} is a face of
C. O
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1 Convex sets

The existence of a nonzero element in the normal cone at a (relative) boundary point of
a non-empty convex set C, and the existence of a proper face, are not always guaranteed,
but we may provide some sufficient conditions.

Proposition 1.40. Let C be a closed conver set. If riC # () and x € thd C then
N.C # {0}.

Proof. Assume that there exists some zy € riC, and take x € rbd C. We know that
x € aff(C) \ riC, and that riC is an open subset of aff(C'). By the Hahn-Banach
separation theorem, there exists a continuous linear form ¢ : aff(C') — R which separates
riC' and x in the ambient space aff(C'). By the Hahn-Banach extension theorem, ¢ may
be extension to an element x* € X*, which separates ri C' and z in the whole space X*:

sup(z”,y) = sup £(y) < L(z) = (z", ),
yel yelC

which implies that x* € N, C. O

Proposition 1.41. If C is a nonempty compact convex set and x* € X*\ {0}, there is
x € bdC such that x* € N,C, thus N;C # {0} and Fyp- = C N {{a*,-) = oc(z*)} is a

face of C containing x.

*

Proof. Consider any x* € X*. Since z* is continuous and C is compact, x* attains its

maximum at some x € C:

oc(a”) = sup(z”,y) = (2", 2).
yel

By Proposition 1.39, we get the result. O
Proposition 1.42. If C is a closed convez set in R?, then for every x € C,

N,C ={0} ifzecintC
N,C # {0} ifxebdC.

Proof. Seen as an exercise. O

1.4 The internal representation theorems of Minkowski and
Krein-Milman

The aim of this section is to give a description of compact convex sets which is not
external but rather internal, using their extreme points.

16



1 Convex sets

The finite-dimensional case

We have seen that the convex hull of a set E is obtained by forming every convex
combination > 1, ;z; of points x; € E, where n is a priori arbitrary. However, it is not
difficult to see that in R?, the convex hull of E can be obtained by considering at most
n = 3 points: every point y € conv(E) lies in some (perhaps flat) triangle with vertices
belonging to E. This is a general fact that holds in R?, where d + 1 points suffice.

Theorem 1.43 (Caratheodory’s Theorem). Let E C R? be nonempty.

1. Any nonzero element of cone(FE) can be written as a conic combination of at most
d (linearly independent) vectors of E.

2. Any element of conv(E) can be written as a conver combination of at most d + 1
(affinely independent) points of E.

Proof. We start with the first item. Take x € cone(E) such that x # 0 and consider
n € N* the smallest integer such that x can be written as a conic combination of n points
of E, as x = >1* | 6;z;. Necessarily, 6; > 0 for every i. Let us show that the z;’s are
linearly independent (thus there are at most d). Arguing by contradiction, we assume
that they are not: ), \;x; = 0 for some \;’s which are not all zero. Up to changing all
Ai’s by —\; we may assume that for some j, A\; > 0. Then we have

x = 2:(0Z —eAi)x;, where e =min{6;/\;:\; > 0}.
i=1

By construction, 8; — e\; > 0 for every 4, and moreover for an index j which attains the
minimum, that is € = 0;/);, \; > 0, we have §; —e\; = 0. We can thus remove z; in the
conic combination, to find x as a conic combination of n — 1 vectors: a contradiction.
We move the the second item. We consider F = {(z,1) : € E} C R and notice
the equivalence:
x € conv(E) < (x,1) € cone(F).
Taking x € conv(E) and applying the previous item to (x,1) € cone(F') allows us to

write (z,1) as a conic combination

n

(l‘, 1) = Z@Z(.’L'Z, 1)

=1

where n < d + 1. Extracting the last coordinate in the previous equality yields 1 =

1 0;, thus the d first coordinates give x = >I*, 0;z; as a convex combination of
at most d 4+ 1 elements. Moreover, it is not difficult to see that the (x;) are affinely
independent in R? since the vectors (x4,1) are linearly independent in RA+1, ]

Theorem 1.44 (Minkowski Theorem). If C' a compact convex subset of a finite-dimensional
space, then it is equal to the convex hull of its extreme points.

Proof. The proof is the object of an (nontrivial) exercise. O

17



1 Convex sets

Corollary 1.45 (Minkowski-Carathéodory). Let C' be a compact convex subet of R
Any point x € C' is a convex combination of at most d+1 (affinely independent) extreme
points of C.

The infinite-dimensional case

Theorem 1.46 (Krein-Milman Theorem). If C be a nonempty compact convez set, then
C is the closed convex hull of its extreme points.

Proof. First of all, let us show that ext C' is not empty. We shall use Zorn’s Lemma. We
know by Proposition 1.41 that C' admits at least a compact face. Moreover, if (F;); is an
ordered (for the order D) family of compact faces of C, it admits a minorant: F' =, F;,
which is non-empty face. Thus the family of compact faces of C equipped with D is
an inductive set and by Zorn’s lemma its admits a minimal element G. If G is not a
singleton, it admits two distinct points = # y. By the Hahn-Banach separation theorem
there exists * € A* which separates them, for example

(x*,x)y < (%, y) < og(z").

By Proposition 1.41, there exists z € bd G such that G’ = G N {(z*,-) = og(z*)} is a
compact face of G, thus a face of C by Lemma 1.19, such that « ¢ G: a contradiction
to the minimality of G. Thus G is a singleton, consisting of an extreme point as noticed
in Remark 1.18.

We set A = conv (ext C'). Let us show that A = C. It is clear that conv (ext C') C C
so it suffices to establish the inclusion C' C A. By contradiction, assume that there
exists x € C'\ A. By the Hahn-Banach separation theorem we can (strictly) separate
the compact set {z} and the closed set A by a linear form z* € X'*:

oa(z™) = sup(z*,y) < (z¥,z) <sup(z*,y) = oc(x). (1.4.1)
yeA yeC

By Proposition 1.41, the set F' = C'N{(z*, ) = oc(x*)} is a compact face of C. By what
we have proved before, it admits an extreme point z, and by Lemma 1.19 z € ext C. But
by (1.4.1), FN A ={ thus z ¢ A = conv (ext C): a contradiction with z € ext C. O
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2 Convex functions

2.1 Definition and elementary properties

Let X be a real vector space. We shall define the notion of convex function for functions
that may take a real or +o00 value, and are defined on the whole space X'. The connection
with the usual definition of real-valued convex functions on convex sets is clarified later.

Recall that by convention 0 x (4+00) = 0, and by definition a < 400 for every a € R.

Definition 2.1 (Domain and epigraph). If f : X — RU {400} we define its domain
and epigraph as
dom f={x e X: f(r) < +oo}.

and
epif ={(z,t) € X xR: f(x) < t}.

We say that f is proper whenever dom f # ().
Remark 2.2. Notice that epi f C dom f x R and 7y (epi f) = dom f.
Definition 2.3. A function f: X — RU {+o0o} is said

e convez if

Va,y e X,v0 € [0,1],  f((1—0)z+0y) < (1-0)f(x)+0f(y),

o strictly convezx if

Ve £ye X,V0 e (0,1), f(1—-60)x+0y) <(1-0)f(x)+6f(y),

e A-strongly convex for some A > 0 if
Va,y € X,V € [0,1],  f((1—0)z+0y) < (1) f(x)+60f(y)—A0(1—0)]ly—=|.

Remark 2.4 (Concave function). One can provide analogous definitions for concavity,
which will correspond to convexity of —f. Namely: f is concave (resp strictly concave,
A-strongly concave) if —f is convex (resp. strictly convex, A-strongly convex).

Remark 2.5. By a direct induction argument, f is convex if and only if for every
(z1,...,on5) € XN and all (61,...,0y) € RY such that 3,0, = 1,

N N
f ( eil’z‘) <> 0if(xi).
i=1 i=1
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2 Convex functions

Remark 2.6 (Extension and restriction of a convex function). The domain C' = dom f
of a convex function f is necessarily a convex set, and if we restrict f to its domain, it
becomes a real-valued function g = fgom s : C — R that satisfies

Vo,ye Ot e (0,1, f((1— ) +ty) < (1—t)f(z) + tf(y). (2.1.1)

This corresponds probably to the definition of convex function the reader already knows.
Conversely, if f: C' — R is a real-valued function such that C' is convex and (2.1.1) is
satisfied, then its extension f: X — R U {+oo} defined by

s Jf@) ifzeC
@) = {—i—oo if not

is a convex function in the sense of Definition 2.3.

Remark 2.7 (Modulus of convexity). Let w : R — RU{+00} be a nondecreasing function
such that! w(0) = 0 and lim;_,ow(t) =0 and f: X — RU {+o0}.

o We say that f is w-convex (or has convezity modulus w) if

Vo,y € X,v0 € [0,1],  f((1=0)x+0y)+0(1—0)w([ly—=|)) < (1-0)f(x)+0/(y)-
o We say that f is w-semi convex if

Yo,y € X,v0 € [0,1],  f((1-0)z+0y) < (1-0)f(x)+0f(y)+0(1—0)w(lly—=|).
o If f is convex, we say that it is w-smooth if

Vo,y € X,¥0 € [0,1],  f((1-0)z+0y)+0(1-0)w([ly—=l)) = (1-0)f(x)+0/(y).

Notice that w-convexity for w = 0 corresponds to usual convexity, and w-convexity for
w(t) = %tQ corresponds to A-strong convexity. The notion of w-smoothness will be
clarified later, but we can already say that if f is convex and w-smooth (for some nice
enough w), w will induce some modulus of continuity for V f.

Finally, these notions can be transposed to concavity: f is w-concave/semi concave if
— f is w-convex/semi convex, and a concave function f is o-smooth if the convex function
—f is o-smooth.

Definition 2.8 (Indicator function). If A C X, we define its indicator function as

0 fzed

+o00  otherwise.

xa(z) = {

Lemma 2.9. If A C X then:

XA s a convex function <= A is a convex set.

'We call such a function a modulus
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2 Convex functions

Proof. Assume that y 4 is convex. If z,y € A and 0 € [0, 1], then
xa((l = 0)z +0y) < (1 —0)xa(x) +Oxaly) = (1 —0)0+00=0,

thus x4((1 —0)x +0y) =0 and (1 —0)x + 0y € A.
Conversely, assume that A is a convex set. Let z,y € X and 0 € [0,1]. We want to
show that

xa((1=0)x +0y) < (1 —0)xa(z) + Oxa(y).

If & € {0,1} it holds trivially, and if 6 € (0,1) and either z ¢ A or y ¢ A then the
right-hand side is +o00 and the inequality holds. If § € (0,1), x € A and y € A, then
(1 —0)x + 0y € A and both sides are 0: the inequality holds in any case. O

Proposition 2.10 (Epigraph characterization of convexity). Let f : X — 4o00. The
following equivalence holds:

f is a convex function <=  epif is a convex set.

Proof. Assume that f is convex and take two point (z,t), (y,s) € epi f. Let 6 € [0,1].
We have:
F((1 = )+ 0y) < (1—0)f(2) + 01 (y) < (1 O)t + 0.

This implies that
(1—=0)(z,t)+0(y,s) = ((1 —0)x + Oy, (1 — 0)t + 0s) € epi f.

Conversely, assume that epi f is convex. Take z,y € X and 0 € [0,1]. We want to
show that

F(L=0)x+0y) < (1—-0)f(z)+0f(y). (2.1.2)

We assume that x # y and 6 € (0,1), otherwise it holds trivially. If either f(x) = 400
or f(y) = +oo then the right-hand side of (2.1.2) is equal to +oo thus (2.1.2) holds.
Otherwise, z,y € dom f and (z, f(z)), (y, f(y)) € epi f. Consequently, by convexity of
epi f we get

(1 - 8)a + 6y, (1 — 0) f(x) + 0 () € epi £,

which is equivalent to (1 —0)f(z) + 6f(y) € R and
f(A=0)z+0y) < (1-0)f(z)+0f(y),
which is what we wanted to prove. O

Remark 2.11. If f is convex, then its sublevel sets {z : f(x) < ¢} (and {x : f(z) < £}) for
every ¢ € R are convex. However, the converse is not true: take for example f(x) = /|z|
on R.

Proposition 2.12 (Stability properties of convex functions). (i) If (fi)ier is a fam-
ily of convex functions then sup; f; : © — sup;c fi(x) is also convex.
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2 Convex functions

(i) If A: X — Y is affine and f is convex on Y then f o A is convex on X.
(iii) Any conic combination of convex functions is convex”.

(iv) A pointwise limit f = lim, o fn of convex functions is also convex.

Proof. For the first item, one proof consists in writing the epigraph of f = sup, f; as

epi f = (") epi fi

el

and use the fact that a general intersection of convex sets is convex. A direct proof is
also possible: taking x,y € X and 6 € [0, 1], we have for every j € I

[il(t=0)z +0y) < (1= 0)fj(x) +0f;(y) < (1= 0)f(x) +0f(y),

and taking the supremum in j yields the result.

The second item is straightforward since A((1—60)z+60y) = (1—6)Az+60Ay. The third
item is also straightforward, looking for instance at the stability by positive multiples
and by sum.

For the final item, simply pass to the limit n — 400 in the inequality

fn((l - a)x + Hy) < (1 - 9>fn(x) + an(y)a

for fixed z,y € X and 6 € [0, 1].

Ezxample 2.13. 1. The indicator functions x¢c where C' is convex, are convex.
2. Linear forms are convex.
3. Sublinear functions (in particular norms, gauges and support functions) are convex.

4. If f is convex and C' is convex then so is the restriction fic of f to C' defined as
f+xc.

5. If A is a positive semidefinite square matrix then z — (Ax, z) is convex.

6. The composition of convex functions is not necessarily convex, e.g. f(z) = x? and
g(z) = —x are convex but g o f is not convex.

7. However if f : X — RU {+o0} is convex and g : RU {+o0} - RU {400} is a
nondecreasing function such that g(4+00) = +oo and g is convex on R, then go f
is convex.

2Tt means that the set of convex functions on X is a convex cone.
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2 Convex functions

2.2 Regularity

Continuity properties

We recall that a function f valued in R = R U {= + oo} is continuous at a point zq if

fxo) = lim f(z),

T—TQ
no matter if f(zg) € R, f(x¢) = +o00 or f(zg) = —o0.

Theorem 2.14. Let f : X — RU{+o00} be a convex function and x¢g € X. The following
assertions are equivalent:

(i) f is bounded from above on a neighborhood of xy,

(ii) xo € dom f and f is Lipschitz on a neighborhood of x,
(iii) xo € dom f and f is continuous at x.
In such a case xg € int(dom f).

Proof. Tt suffices to show that (i) implies (ii), the rest being trivial. Assume that f < M
with M > 0 on a ball B[xg,7]. In particular f is finite on this ball and xy € int dom f.
Let x € Blxg, 1] and set
T — X0
Yy=zro+roy—-
[l = o]
Notice that = € [z, y], more precisely

[l = ol

x=(1-0)zo+0y where 0= € [0,1].

To

By convexity of f,

f(@) = fwo) < (1= 0)f(x0) +0F(y) — f(xo) = 0(f(y) — f(zo)) < O(M — f(fb‘o())- )
221

We do the same for the symmetric points of x and y w.r.t. g, namely ' = z¢ — (x — )
and y' = xg — (y — x0), noticing that 2’ = (1 — 0)xg + 0y’, so as to obtain

f(@') = f(zo) < O(M — f(z0))- (2.2.2)
Since xg = %(m + ') by convexity of f we know that
floo) < S(f@) + F&)) = ~(f(2) = (o)) < ) o).
Putting this together with (2.2.2) and (2.2.1) yields

[l — o]

|f(x) = f(z0)] < O(M — f(x0)) = (M — f(z0))-

To
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2 Convex functions

This show that f is continuous at xzy. Let us show that it is Lipschitz on every ball
B(xzg,r) for r < rg. If x € B(x,r) then Blz,r9 — 1] C Blxo, 0], thus f is bounded from
above by M on B[z, ry —r| and we can apply the above computation: if y € B[z, ¢ — 7]

then Y
) — @) < ly — o) 2=

ro — T
But we know that f(z) > —(M — f(xy)), thus

£~ £@) < fy - 2 LT
ro—7Tr
which holds for every z,y € B(zo,r) satisfying ||z — y|| < ro — r. To obtain it without
the latter condition, we use the convexity of the ball B(xg,r): if z,y € B(xo,r) we may
divide the segment [z, y| in consecutive segments [x;, ;11| (of the form z; = 2+ 6;(y — x)
with (6;) positive and increasing) of length smaller than ro — r. Thus:

n—1 n—1
[f (W) = f@)] < D[ fwipr — f(x)] < LY llwips — a5 = Ly — =]
i=1 i=1
where L = 2%_(7?0). This concludes the proof. ]

We say that a function f : A — R is locally Lipschtz on A for every zg € A, f is
Lipschitz on a neigborhood of xg in A.

Corollary 2.15. Let f: X — RU{+oc}. The following assertions are equivalent:
(i) there exists xo such that f is bounded from above on a neighborhood of xg,
(ii) int(dom f) # 0 and f is locally Lipschitz on int(dom f).

Proof. Let show the implication (i) = (ii), the converse being trivial. We assume the
first item holds. By the previous proposition, z¢ € intdom f (thus the latter is not
empty), and f is Lipschitz on a ball B(zg,r). In particular |f| < M for some M > 0 on
AB(xo,T)

Take yp € intdom f and assume that gy # xg. There is a small € > 0 such that
20 = Yo +€(yo — xo) € dom f, so that yg € (x0, 20), thus there exists § € (0, 1) such that
yo = (1 — 0)xg + 0z9. We know that

B(yo, (1 —0)r) = (1 — 6)B(xg,7) 4+ 029 C dom f,

thus for every y € B(yo, (1 — 0)r), y can be written as y = (1 — )z + 0z for some
x € B(zo, ), and by convexity of f

fly) <A =0)f(z) +0f(20) < (1 = 0)M +0f(20).

We have proved that f is bounded from above on a ball around yg, and by the previous
proposition it is Lipschitz on a neighborhood of . O
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2 Convex functions

Proposition 2.16. If X is a finite-dimensional vector space and f : X — R U {+o0} is
a convex function, then f is locally Lipschitz on ri(dom f).

Proof. First of all, let us replace X by aff(dom f), so that ri(dom f) = int(dom f). Let
us consider points (g, ..., x,) in dom f which form an affine basis of X'. Since dom f
is convex, we know that conv{zo,...,z,} C dom f. By Proposition 1.15 we know that
the interior of conv{xg,...,x,} is not empty, and moreover f is bounded from above
on it. Indeed if z = >°1"  0;x; then f(x) < Yito0if(x;) < nmaxo<i<n{f(zi)}. By the
previous corollary, f is locally Lipschitz on ri(dom f). O

Differentiability properties

In this section we shall define and study increasingly stronger notions of differentiability:
directional, Gateaux- and Fréchet-differentiability.

Definition 2.17. Let f: X — RU {+o0}, 29 € dom f and v € X. When the following
limits exist (in R U {—o0, +00}),

)

o) = 1 L) @)

t—0— t ’ t—0+ t

we say that f is respectively left- and right-differentiable at xo in the direction v and we
call them respectively the left and right directional derivatives of f at xg in the direction
.

Remark 2.18. Notice that for every  and v, f) (z,v) exists if and only if f’ (x, —v) does,
in which case f!(z,v) = —f’(x,—v). This is why we shall concentrate on the right
derivative f’ in the following.

Proposition 2.19 (Directional derivatives of convex functions). Any convex function
f X = RU{+o0} is left- and right-differentiable at every point of its domain (with
possibly infinite derivative), and moreover,

(i) for every x € dom f, f\(x,-) is positively homogeneous, and it is sublinear (or
equivalently, convex) if it is real-valued,

(it) for every x € dom f, f(x,-) andv € X

f—/l—(xav) = %gg f(x ki tq;) - f(x) and f’_(ac,v) = igg f(x + tvt) — f(m)’

(iii) f'(x,v) < fi(x,v) for every x € dom f and v € X,
(iv) fi(x,y—z) < fly) — f(x) for every x € dom f and y € X,

(v) fi(2,y— =) < fl(y.y — ) for every z,y € dom f.
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2 Convex functions

Remark 2.20 (Convex functions are above tangents). Notice that as a consequence, we
recover the fact that f is “above its tangents”:

Vo € dom f,Vv e XVt € R, f(z+tv) > f(z)+tf (z,v).

Proof. Let x € dom f and v € X. The map ¢(t) = f(z+tv) — f(x) is convex on Ry and
$(0) =0 thusif 0 < s < t, s/t € ]0,1) and

B(s) = p((s/t) x t+ (1 — (s/t)) x 0) < (s/1)p(t) + (1 — (s/1))$(0) = 8@7

so that t — ¢(t)/t is nondecreasing on (0, +00). We deduce the existence of the limit
ast — 01, ie. of fi(x,v), and the second item holds true. For the third item, we can
assume that —oo < f! (z,v), i.e. f\(x, —v) < +o0, and that f (z,v) < +oo, otherwise
there is nothing to prove. By convexity of f, we check that for every ¢ > 0

fla+0)—flz) 1 (f(l”rtv)—f(iv)+f($—tv)—f(iﬂ)>7

0= <=
t -2 t t

and since both terms on the right have a limit in (—o0,+00) we may pass to the limit
and get 0 < f (z,v) + f.(z,—v). Thus both f) (z,v) and f! (x, —v) are finite and we
get fi(xz,v) > —f) (x,—v) = f.(z,v), hence (iii) holds true.

Besides, taking v = (y — x), we get

! .
r,y—x)= lim —=
f+( Y ) t—0t+ t

thus (iv) holds true. Then interchanging the roles of x,y yields

fly) = fl@) < =filye —y) = fLly,y — o)
which together with (iii) and (iv) yields (v). O
Remark 2.21. « Notice that since f! (x,v) is written as an infimum, it is +o0 if and
only if f(z 4 tv) = 400 for every ¢ > 0, i.e. if the open half line of direction v

and based at x does not intersect dom f. This may happen: consider for example
J=Xpa,z=1and v=1.

o It is possible that f (z,v) = —oo. Consider for example f(t) = tlogt for t > 0,
f(0)=0and f(t) = —oc for t < 0, with x = 0 and v = 1.

o It is possible that f/ (z,v) < f)(z,v). Consider for example f(t) = |t| at ¢ =0
and v =1: f/ (z,v) = —fl(z,-1) = -1 < 1= fl(z,v).

We know introduce a stronger notion of differentiability, that requires f, (xo,-) to be
linear.

Definition 2.22 (Gateaux differentiability). Let f : X — RU—o00, +00 and xy € dom f.
We say that f is Gateaux-differentiable at xg if
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2 Convex functions

o for every v € X, the following limit exists in R U {—o0, +00},

f(zo + tv) — f(z0)

f'(zo,v) = lim ,

230

e there exists a continuous linear form p* € X* such that

Yo e X, fl(xg,v) = (p*,v).

This linear form p* is then unique, called the Gateaux differential of f at x¢, and denoted
by D f(xy) (or sometimes f’(zg) or V f(xg)).

Remark 2.23. The notion of Gateaux-differentiability is stronger than directional dif-
ferentiability, but is still generally quite weak. For example the function f : R> — R
defined by

1 ifz#0andy=a?

0 otherwise,

f(z,y) :{

is Gateaux-differentiable but not even continuous at 0!

Proposition 2.24 (Characterization of Gateaux differentiability). A convez function
[+ X = RU{+oo} is Gateauz-differentiable at x € dom f if and only f (z,-) is a
continuous and odd real-valued function, or equivalently, if and only if it is a continuous
linear form, in which case Df(x) = f/ (z,-).

Proof. As a convex function, f is directionally differentiable at every point x € dom f.
Notice that

f(zo + tv) — f(x0)

f'(z,v) = lim .

230

exists

thus f/(x,v) exists for every v if and only if f/ (x,-) is odd. In such a case, f'(z,-) is sub-
linear and homogeneous, thus linear: indeed for every v, w, f\ (z,v+w) = —f} (z, —v —
w) > —(fi(z,—v)+ fi(x,—w)) = fi(z,v)+ fi(z,w) and f! is not only subadditive but
also superadditive. We deduce that f is Gateaux-differentiable at x if and only if f/ (x,-)
is odd (or equivalently, linear), continuous and real-valued. Moreover Df(z) = f' (x,")
in that case. O

Remark 2.25. Gateaux differentiability implies directional differentiability, but the con-
verse is not true. Take for example the function f(x) = |z| at = = 0: it is di-
rectionnally differentiable (because it is convex) but not Gateaux-differentiable since

fi(z,1)=1#—-1= f (z,-1).
Proposition 2.26. Let f: X — RU{+o0} be a convex function.
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2 Convex functions

1. If x € int(dom f) then f (x,-) is a real-valued sublinear function.
2. If moreover f is continuous at x then f' (x,-) is a continuous sublinear function.
3. If moreover f' (x,-) is odd, then f is Gdteaux-differentiable at x.

Proof. Assume that = € int(dom f). Then for any fixed v € X and for small ¢ > 0,
x +tv € dom f, therefore by the characterization of f/ (z,v) as an infimum, it cannot
take the value +oo, which implies also that f’ (z,v) > f’ (z,v) = —f (z,—v) > —oo for
every v. Thus f! (z,-) is a real-valued sublinear function by Proposition 2.19.

Assume moreover that f is continuous at x. Thus |f(y) — f(z)| < M on B(z,r) for
some M > 0 and r > 0. Therefore if v € B(0, ), we have

/ . 3 B
i) = g L =1

<flx+v)—flx) <M

and

fi(z,v) > = f(z,—v) > =M.
Thus f’ (z,-) is continuous as a sublinear function which is bounded on a neighborhood
of 0.

If moreover f’, (z,-) is odd, then by Proposition 2.26, f is Gateaux-differentiable at
x. O

Finally, we recall the stronger (and most usual) notion of differentiability, Fréchet
differentiability.

Definition 2.27. A function f : X — R U {+oo} is Fréchet-differentiable at a point
x € dom f if there exists a continuous linear form p* € X* such that

flx+h) = f(x) + (% k) + onso([[A]])-

Such p* is then unique, called the Fréchet differential of f at x and denoted by D f(x)
(or sometimes f'(z) or Vf(z)).

Remark 2.28. Of course
Fréchet-differentiable — Gateaux-differentiable — directional differentiable,

and if f is Fréchet-differentiable then the Fréchet and Gateau-differentials coincide. The

converse implications are not true. We have already seen the example of f(z) = ||

which is not Gateaux-differentiable but convex thus directionally differentiable. The
function g : R? — R defined by

m ify==x

g(z,y) = § 2

0 otherwise,

2
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is Gateaux-differentiable with f ’+ (0) = 0 and continuous at 0 but not Fréchet-differentiable,
since g(x, %) ~ |z|/2 while [[(z,2?)] ~ |z| thus g(z,y) — (9(0) + (f'(0), (x,y))) #
o([[(z,y)Il) as (x,y) — 0.

For convex functions neither, Gateaux-differentiability does not imply Fréchet differ-

entiability in general, but it is true in finite-dimensional vector spaces.

Proposition 2.29. We assume that X has finite dimension. If f: X — RU {400} is
convex and Gateauz-differentiable at x € dom f then it is Fréchet-differentiable at x.

The proof is the object of an exercise.

Proof. First of all, the Gateaux differentiability at = implies that f’(x,-) is finite, thus
x € core(dom f) = {y € dom f : Vv, 3t > 0, [z — tv,x + tv] C dom [},

which in finite dimension means that x € int(dom f).

Since f is convex in finite dimension, it is locally Lipschitz, thus there exists a closed
ball B[xg,r] where f is L-Lipschitz. Notice that f is Fréchet-differentiable at z¢ if and
only if the family of maps f; : B[0,1] — R, ¢t < r defined by

[z +tv) - f(z)
t

fi(v) =

converges uniformly to f/(z) as ¢ — 07. Let us show by a sequential criterion that
Ift = f'(z)]|lc — 0 as t — 0. Consider a sequence (t;) going to 0F. Since B0, 1] is
compact, there exits vy € B[0, 1] such that

fl@ +tyog) — f(2)
ty,

Hftk - f/(x)”oo = - <f/(l'),Uk> )

and by compactness, up to subsequence vy, — v for some v € B[0, 1]. We estimate:

I for = F/ (@)oo
= ’f(x +7fk::) — f(z) —(F(), o)

fl@+tpog) — f(z)  flo+tpo) — f(2) / Fo+t) — F(@)
< ’ tr - 0 + ‘(f (), v) — .
< Ll = ol + (@), ) - L= I)
LEALNY

Since the sequence (t;) was arbitrary, it shows that f; converges to f’(z) uniformly, thus
that f is Fréchet-differentiable at x. O

Proposition 2.30 (Characterizations of smooth convex functions). Let f : X — R U
{400} be a proper function with open domain. Assume that f is Gdteauz-differentiable
on its domain. The following assertions are equivalent:

29
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(i) f is convex,
(ii) Yo,y € dom f,  f(y) = f(z) + (f'(x),y — x),
(iii) Vr,y € dom f, (f'(y) — f'(z),y —x) > 0.
If moreover f is twice differentiable on its domain, it is equivalent to

(iv) for every x € dom f, D?f(x) is positive semi-definite, i.e. (D?f(z)v,v) > 0 for
every v.

The proof is the object of an exercise.

Proof. We already know from Proposition 2.19 that (i) implies (ii). If (ii) holds, for
every z,y € dom f we have

f) > flx) + (f(x),y —x) and f(z) > f(y) + (f'(y), 2 —y)

and by summing the two we get (iii). Now assume that (iii) holds. For fixed z,y € dom f,
the function g : t — f(z + t(y — z)) is (Gateaux-)differentiable at every t € [0, 1] and
g t) = (f'(x+t(y—=x)),y—=z). By (iii) applied to z; = z+t(y—x) and x5 = x+s(y —x)
we see that ¢/(t) — ¢'(s) > 0 for 0 < s <t <1 thus ¢’ is nondecreasing and thus convex
on [0,1]. We get g(t) <tg(l)+(1—1t)g(0),ie. f((1—t)x+ty) < (1—t)f(x)+tf(y). O

We may deduce similar characterizations for A-strongly convex functions thanks to
the following lemma.

Lemma 2.31. A function f : X — RU{+o0} is A\-strongly convex for A > 0 if and only

12
if f— )\% 18 convetr.
Proof. Left as exercise. O

Corollary 2.32. Let f : X — RU{+o00} be a proper function with open domain. Assume
that f is Gateaux-differentiable on its domain, and let A > 0. The following assertions
are equivalent:

(i) [ is \-strongly convez,
.. —x 2
(i) Va,y € dom f, f(y) = f(x) + (f'(x),y — =) + AL
(iii) Yo,y € dom £, (f'(y) — F'(x),y — 2) = Ally — .
If moreover f is twice differentiable on dom f, it is equivalent to

(iv) for every x € dom f, D?f(x) = M, i.e. (D?f(x)v,v) > \||v||? for every v.
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2.3 Subdifferential

Definition 2.33 (Subderivative and subdifferential). Let f : & — (—o0,+0o0] be a
function and = € dom f. We say that 2* € X* is a subderivative (or subgradient) of f at
x if,

Yye X, f(y) > flo)+ (@ y—a),
and we denote by df(z) the set of all subderivatives of f at x. By definition we set
Of(x) =0 of x ¢ dom f. If Of(x) # 0 we say that f is subdifferentiable at z.

Notice that a function f which is subdifferentiable at some point z € dom f never
takes the value —oo.

Remark 2.34 (Geometric interpretation). A linear form z{ is a subderivative of f at z¢ if
and only if in the space X’ xR the affine closed hyperplane {(z,t) : f(xo)+{(z*, z—x0) = t}
is a support hyperplane of epi f at (z, f(z0)).

Proposition 2.35 (Elementary properties). Let f : X — (—o0,+00]. The following
properties hold:

(i) for every x, Of(x) is convex and closed’,

(i) Of is monotone, in the sense that

Va* € 0f(x),Vy" € 0f(y), (y* —x",y—x)>0,

(iii) if xp — x, Of (xn) D ) — ¥ and f is continuous at x then x* € Of(z)./
Moreover, assuming that f is conver,

(iv) if f is continuous at x then Of(x) is bounded,

(v) Of(x) = {z” : fi(w,) = (&%)}
Proof. Left as exercise. O

Proposition 2.36 (Subdifferentiability implies convexity). Let f: X — RU {4+oc0}. If
dom f is convexr and f is subdifferentiable at every point of its domain, then f coincides
on dom f with the supremum of its continuous affine minorants, and is as such convez
(and lower semi-continuous) function.

Proof. We set

f=sup{g: g < f and g is continuous and affine}.

By definition, f < f. Let us take # € dom f and pick some x* € df(z). By definition,
f = g where g(y) = f(y) + (z*,y — ), and thus f(z) > g(z) = f(x), so that f = f on

dom f. Since f is convex (and lower semi-continuous), then so is ﬁdom r=f. O

3Even weakly- closed, as we shall see.
4The result holds true also when f is lower semicontinuous and z7, converges weakly-* to .
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2 Convex functions

To study the subdifferentiability properties of convex functions, we shall rely on a
functional separation theorem in the spirit of (and resulting from) the Hahn-Banach
theorems.

Theorem 2.37 (Functional separation theorem). Let f : X — R U {400} be a convex
function and g : X — RU{—o0} be a concave function such that f < g. We assume
that f and g are both finite at xo and that f is continuous at xg. Then there exists a
continuous and affine function a : E — R U {+oco} such that g <a < f on .

Proof. Since f is continuous at g, intepi f # () and z( € int dom f. Moreover, intepi f
is included in the strict epigraph of f, that is S = {(x,t) € X x R; f(x) < t}, and
since f > g, the latter is disjoint from the hypograph of g, defined by H = {(x,t) €
dom g xR; g(x) > t}. Therefore, int epi f and H are disjoint non-empty convex subsets of
X xR, the first one being open, and we may apply the Hahn-Banach separation theorem
to find a non-trivial linear form on X x R which separates them. Since epi f = intepi f
(because the interior is not empty), we can say that there exists (z*, \) € X* xR\ {(0,0)}
such that

inf (z*,x) + At > sup (z¥,y)+ As, (2.3.1)

(z,t)€epi f (y,s)eH

and in particular
V(l’ﬂf) Geplfv <CC*,.%‘>+>\tZ <l‘*7l‘0>+>‘g($0)

Letting t — 400 for x = z¢ yields A > 0. If A\ = 0, we would have (z*,x — xo) > 0 for
every x € dom f, and since dom f contain some ball B(xg,r) centered at xg it would
imply «* = 0, a contradiction with the fact that (z*, A) # (0,0). Consequently A > 0,
and renaming z* to replace z* by —Az* in (2.3.1) yields

Vo € dom f,Vy € dom(—g), (=2, 2)+ f(z) >b>—(z"y) +g(y)
where b = infycdom f(—2*,2) + f(x) € R. The above inequality is also trivially true
when x € dom f or y ¢ dom(—g). Taking 2 = y in this inequality yields:
F(2) = b+ (a,b) > glx).

We obtain the following theorem as a corollary.

Theorem 2.38 (Non-emptiness of the subdifferential). Let f : X — R U {+o0} be a
convex function. If f is continuous at a point of its domain then it is continuous and
sub-differentiable at every point xo € intdom f. Moreover, for every such xg and every
v € X, there exists p* € 0f(xo) such that f' (zo,v) = (p*,v).

Remark 2.39. As a consequence of this theorem, if f is continuous at zg, then for every
,07

/ *
xo,V) = Mmax , VY,
f+( ) p*EBf(aco)<p )
thus doing the identification X C X** we may write in particular:

f—lf—(l‘ov v) = Uaf(aco)(v)v

32
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Proof. We have already seen that since f is convex and continuous at some point of its
domain, then int dom f is not empty and f is continuous at every point zg € int dom f.
Consider such a point. By Proposition 2.26, f! (xo,) is a real-valued sublinear function.
Let v € X and define the concave function g : X — R U {—o00} by g(z¢ + tv) = f(z¢) +
tf! (zo,v) on the affine line L = ¢ +Rv, and g(x) = —co on X'\ L. By Proposition 2.19
we know that f > g¢: indeed for ¢ > 0 we have f(z + tv) > f(x) + tf (z,v) while for
t <0, flx+tv) > f(z) —tfl(z,—v) > f(x) +tf}(x,v). We are in position to apply
Theorem 2.37, so as to obtain an affine form a : © — (z*,z) + b such that g < a < f. In
particular at zo we get equality g(xg) = f(xo) = (z*,x0) + b, thus and f > a rewrites as

Vo e X, f(z) 2 alwo) + (alx) — alzs)) = f(zo) + (", 7 — z0),
which shows that z* € 0f(z¢). Besides, taking z = xg + tv gives
VteR, g(xo+tv) — g(zo0) < ax) — alxo),
=  tf (w0, v) < t{x*,v).
Taking t = £1 gives (z*,v) = f (z,v). O
Corollary 2.40 (Characterization of Gateaux-differentiability). Let f : X — RU{+o0}
be a convez function and xg € dom f.

1. If f is Gateauz-differentiable at xo then Of(xo) is the singleton {f'(x0)}.

2. The converse is true when f is continuous at xqo: f is Gateaux-differentiable at xq
if and only if Of(xo) is a singleton.

Proof. We have seen that when f is Gateaux-differentiable at a point xo, f) (zo,-) =
1’ (x0) and by Proposition 2.19 it holds

f(x) = f(xo) + f'(x0,x — x0) = f(x0) + (f'(w0), z — w0),

which means that f'(x¢) € 0f(xg). Conversely, take p* € df(xp). For every v € X and
every t € R, we have

f(@o + tv) = f(zo) = t{p", v),
Taking ¢t > 0 then ¢ < 0, dividing by ¢ and taking the limit ¢ — 0% yields f'(z0) = p*,
thus df (o) = {f"(z0)}.
Assume now that f is continuous at z(, and suppose that df(xz¢) = {p*}. By The-
orem 2.38 we know that for every v € X, there exists a point * € Jdf(xg) such that

fi(xo,v) = (2*,v), but necessarily * = p* and thus f/ (zo,:) = p*: f is Gateaux-

differentiable at xq. O

Definition 2.41 (Adjoint operator). The adjoint of a continuous operator A : X — )
is the operator A* : Y* — X™* defined by

A'(y") = (X 32— (Y, Ax)) € A7,
and is characterized by the property:
Yye Y . Vee X, (A" z)=(y", Ax).
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Proposition 2.42 (Inclusion properties of subdifferentials). The following properties
hold:

(i) O(f +g)(x) D 0f(x)+dg(x) for every functions f,g: X — [—00, 400 and z € X,

(it) O(f o A)(z) D A*0f(Ax) for every function f :Y — [—o00,+00] and continuous
linear map A : X — Y,

(ii) O(sup; fi)(x) 2 €ONV Unrgmax, f,(x) Ofi(z) for every family (f;)ier of functions from
X — [—00,+00] and every x € X.

Remark 2.43. In the previous proposition, recall that () + Q = () by definition.

The proof can be given as an exercise.

Proof. Let p € 0f(x) and ¢ € dg(z). Summing the two inequalities
fy) = f(@) + (p,y — =) and g(y) = g(x) + (¢, y — x)

yields (f +¢)(y) = (f + 9)(z) + (p + ¢,y — x) for every thus p + ¢ € I(f + g)(z).
Let p € 0f(Ax). For every y we have

f(y) = f(Ax) + (p,y — Ax).
and taking y = AZ yields
f(AZ) > f(Az) + (p, AT — Az) = f(Az) + (A"p, % — ),

which exactly means that A*p € 9f(Az). Thus A*0f(Az) C I(f o g)(x).
Finally, we set f = sup, f;. Assume that j is such that f;(x) = sup, fi(z), and
p € 0fj(x). For every y we have

f) = fiy) = fi(@) + (p.y — =) = f(z) + (p,y — )
which implies that 9 f;(x) C df(x). By convexity and closedness of 0f (x) we get (iii). [
We shall now give conditions to ensure that these inclusions are actually equalities.

Theorem 2.44 (Qualification conditions — Moreau-Rockafellar). Let f,g : X — R U
{400} be convex functions and A : Y — X be a continuous linear operator. Then the
following holds.

(i) If there exists a point zo € dom fNdom g such that g is continuous at xq, then for
every x € X,

Of (x) + 9g(x) = 0(f + g)(x).

(ii) If there exists a point yy € ) such that f is continuous at Ayg then for everyy € Y,

O(f o A)(y) = A*0f(Ay).
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Proof. We start with the first item. We assume that f + g is subdifferentible at x and
let p € O(f + g)(z). We have

Yy, f(y)+9(y) > f(z) +g(x) + (p,y — ).

In particular f(z),g(z) € R because f,g are both finite at y = x¢. Thus the previous
inequality may be rewritten as

Yy, fly) = fly) — f(x) = (p,y —x) > g(x) —g(y) = 3(y).

We have § < f with f convex and § concave, and by assumption there exists a point
where both f, g take real value and g is continuous. Thus by the functional separation
theorem Theorem 2.37 there exists a continuous affine form a : x — (g, ) + « such that
g<a< f , 1.e.

Yy, 9(@) —g(y) <(¢y) +a< fly) - f(@) = (p,y —x).
Taking y = z gives (q,z) + a = 0 thus
Vy, g(@)—g(y) <(gy—=x) < fly) = flz) = (py — ).
It implies that —q € dg(z) and p+q € df(z). Thus p = (p+q) + (—q) € df(z) + dg(x).
Let y € Y and assume that p € 9(f o A)(y). We have
Vze Y, [f(Az) > f(Ay)+ (p,z —y).

Thus, if w € ker A then f(Ay) = f(A(y £ w)) > f(Ay) + (p,w — y), i.e. +{p,w) <0
and w € kerp. It means that (p,-) is actually a function of A: there exists a linear
form ¢ : Img A — R such that (p,-) = £ o A. We define a concave function g : X —
R U {—o0} by setting g(z) = £(z) if z € Img A and g(z) = —oo otherwise. We have
9(Ay) = ((Ay) = (p,y) and
Vo e X, f(z) = f(z) - f(Ay) > g(z) — 9(Ay) = §(x).

We know that f is convex, § is concave, Ay is a point belonging to both their domains
and where f is continuous. The functional separation theorem Theorem 2.37 then garan-

tees the existence of a continuous affine form a : z — (¢,z) + a such that f > a > §.
Since f = g =0 at Ay we get that a = x — (g, — Ay), and

Vee X, f(x)— f(Ay) > (¢,2 — Ay) > g(x) — g(Ay).

By the first inequality, ¢ € 0f(Ay). By the second equality, taking z = Aw yields
(A*q,w — y) > (p,w) for any w, thus A*q = p and p € A*0f(Ay), which is what we
wanted to prove. O

Proposition 2.45 (Subdifferential of envelope — Dubovitskii-Milyutin). Let fi,..., fu
be n convex functions defined on X and x € X. If all functions f; are continuous at x
then

O(sup fi)() = con\f( U 8f¢(x)> :

i€argmax; f;(x)

Proof. Admitted. O
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2.4 First order optimality conditions

Proposition 2.46 (Fermat’s rule — fundamental). Let f : X — (—o0,+o0]. The func-
tion f has a minimum at a point x if and only if 0 € df(x).

Proof. The function f has a minimum at x if and only if

Yyex, fly)=f(z)
—=Wed, fly)=[flz)+0,y—2)
which exactly means that 0 € 0f(z). O

Ezample 2.47 (Fermat’s problem). We consider the minimization problem
n
inf Aillz — ;|| = F(x
Nl = P

where aq,...,a, >0, 21,...,2, € R? are distinct points and ||-|| denotes the Euclidean
norm. Minimizers are called Fermat points.
The subdifferential of the norm is given by

x

— if x #0,
A|I-ll(z) = { lll
B[0,1] ifz=0,
and we can see in general that O(f(- — u))(x) = 0f(x — u) thus setting f; = ||- — x;|| we
have
BT # x;,

B0, 1] if v = a;.

We can check that the qualification conditions are satisfied and we may apply Theo-
rem 2.44 to get

Zalﬂ ifed{xy,...,zn},
" i=1 ||x_1:2"
=Y aidfix) = -
i=1 B[O’O‘j]—kzo‘inxme if z =z
i#] ¢

As a consequence x is a Fermat point if and only if

& {x1,...,zy} and Zaz ||55 — ” =0, (2.4.1)
(2
or
for some j, = =2x; and ZO‘Z ” | < aj. (2.4.2)
-
i#£] !
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Ezample 2.48 (LASSO problem). We consider the minimization problem
. 2 .
inf 24z b3 +3Jall = G(),

where A € M, 4(R) is a m x d matrix, b € R™ and v > 0. It is a linear least-square

problem with ¢! penalization. Setting f(z) = ||Az — b[j3 and g(z) = |z, a(z) = |z|,

we have

0f(x) = {Vf(x)} = {AT(Az — 1)}, (2.4.3)
dg(x) = da(x1) X ... x da(xy). 2.4.4

Since f and g are continuous and convex, qualification constraints are satisfied and we
may apply Theorem 2.44 to get 0G = 0f + v0g. As a consequence x is a minimizer of
G if and only if

=sign(z;) if x; #0,

AT(Az — b) = —yv  where v satisfies v; .
S [—1,1] if x; =0,

or equivalently, denoting A; the ith column of A,

(Ai, Az — b) = ysign(z;) ifx; #0
[(Ai, Az — b)| < ~v it z; =0.

Now, we are interested in the first order optimality conditions of convex problems with
contraints, i.e.

inf f(x)

zeC

where C' is a convex set and f a convex function. It may be re-phrased as an apparently
unconstrained problem:

inf f(x) +xc(z).

Theorem 2.49 (Optimality condition for constrained convex problems). Let C C X a
convez subset and f: X — RU{+oo} a convez function. If

(intCNdom f #0) or f is continuous at a point of C,

then the following assertions are equivalent:
(i) x is a minimizer of f on C,

(i) N.C N (=0f(x)) # 0,
(1i7) there exists x* € Of(x) such that

YyeC, (z*,y—x)>0.

For the proof, we shall use the following remark, which is easy to check.

37



2 Convex functions

Remark 2.50. Let C be a convex subset of X. For every x € X,
Oxc(z) = N,C.
Moreover dom x¢ = C and intdom C' = {z € dom f : x¢ is continuous at x}.

Proof of Theorem 2./9. We have seen that x minimizes f on C' if and only if it minimizes
F = f+xc¢, which is equivalent by Fermat’s rule to 0 € 9(f+x¢)(z). Since dom x¢ = C
and the set of continuity points of xc is int C, the two hypotheses correspond to the
existence of a point o € dom fNdom x ¢ where either y ¢ is continuous or f is continuous.
The qualification conditions of Theorem 2.44 are thus satisfied hence OF (z) = 0f(x) +
Oxc(x) = 0f(x) + NyC. We thus get the equivalence of (i) and (ii), and (iii) is simply
a rephrasing of (ii) recalling the definition of the normal cone. O

Remark 2.51. From this theorem we may establish quite easily the Karush-Kuhn-Tucker
(KKT) theorem.

2.5 Lower semicontinuous convex functions

A class of functions is particularly suited to minimization problems, and is fundamental
in convex analysis: the class of lower semicontinuous (lsc) functions. It is a wider class
than continuous functions, that allows jumps but only “downwards”.

Definition 2.52 (Lower semicontinuous functions). A function f : X — (—o0, +o0] is
lower semicontinuous (Isc) if one of the following equivalent assertions is satisfied:

(i) the epigraph of f is closed,
(ii) the large sublevel sets {x : f(x) < £} are closed for every ¢ € R,

Remark 2.53 (Upper semicontinuity). An uper semi-continuous function is a function f
such that —f is Isc, or equivalently

(i) the large superlevel sets {z : f(x) > ¢} are closed for every ¢ € R,
(ii) the hypograph of f is closed,

Proof of the equivalence. Notice that for a given ¢, epi f N (X x {¢}) = {z : f(x) <
¢} x {£}, the latter being homeomorphic to {z : f(x) < ¢}. Thus (i) implies (ii).
Assume that (ii) holds true. If epi f was not closed, there would exist (x,t) & epi f,
i.e. f(x) > t such that for every neighborhood V' of z and every neighborhood W of
t, (VxW)Nnepif #0. Fix W = (t —e,t + ) where € > 0 is small enough to ensure
t+¢e < f(z) and consider the sub-level set L = {f < ¢+ ¢}. For any neighborhood V' of
x, we know that (V x (t —e,t+¢)) Nepi f # 0 thus there exists y € V,s € (t —¢e,t + ¢)
such that f(y) < s <t+e hence VN L#D. We have z € L but every neighborhood of
x intersects L: L is not closed. We have shown (i). O

Example 2.54. 1. A subset A C X is closed if and only if x4 is Isc.
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2. A function f valued in R is continuous if and only if f and —f are lsc.

3. The cumulative distribution function F' of a probability measure on R is upper
semicontinuous but not lower semicontinuous in general.

Proposition 2.55 (Sequential characterization of lsc). In a metric space X, a function
f:X = [—00,400] is lsc if and only if for every x and every sequence x,, — x,

Remark 2.56. The property above is called sequential lower semicontinuity. In general
topological spaces it is not equivalent to lower semicontinuity, but it will often be more
useful for the purpose of Calculus of Variations.

Proof. Let us assume that f is Isc as in Definition 2.52, and take a sequence x,, — x. For
every real value ¢ < f(z), since {f > ¢} is an open set containing z, for n large enough
we have f(x,) > £. Taking the liminf,, then ¢ — f(z) yields liminf,, f(x) > f(x).

We proceed by contraposition to prove the remaining implication. Assume that f is
not lIsc, thus there exists a level ¢ such that {f > ¢} is not open, i.e. there exists an x
such that f(z) > t and for every neighborhood V of z, V'\ {f > ¢} # 0. In particular
for every n € N*, there exists a point z,, € B(z,1/n)N{f < t}. By construction x,, — x
and f(zy) <t for every n, which implies that lim inf,, f(z,) <t < f(x). O

Proposition 2.57 (Stability properties of Isc functions). 1. A supremum of lsc func-
tions is Isc.

2. A conic combination of lsc functions is Isc.

Proof. 1f (fi)ier is a family of Isc functions and f = sup; f;, epi f = ), epi fi, and since
an intersection of closed sets is closed then f is lsc.
If (fi)ier is a finite family of Isc functions and «; > 0 for every i then defining f =
> o fi, the set
{f>0= U {fi > b},

(K’L)Zz a;ili>l iel

is open as a union of finite intersection of open sets. This shows that f is Isc. O

Remark 2.58 (Lsc envelope). By the previous proposition, given f : X — R U {+o0},
the function

A

f(z) =sup{g(z) :g: X > RU{+o0} islsc and g < f}

is lower semicontinuous and is by definition the largest Isc function that is smaller than
f. It is called the lower semicontinuous envelope of f.

Definition 2.59 (Convex lsc functions). We denote by I'(X) the set of convex lsc
functions f: X - R U {400} and I'o(X) the subset of proper lsc convex functions.
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Proposition 2.60 (Characterization of convex lsc functions). The following assertions
are equivalent:

(i) fel(X),
(ii) f is the supremum of its continuous and affine minorants, i.e.

f(z) =sup{{z*,x) + a: 2" € X* a € R satisfy f > (z*,-) + a},

(iii) f is a supremum of continuous affine functions.

Proof. We have seen that convexity and lower semicontinuity are stable by supremum,
thus (ili) == (i), and obviously (ii) == (iii). It remains to show that (i) = (ii).
We define

f(z) = sup{(z*,z) + o : 2" € X*, o € R satisty f > (z*,-) + a}.

If f is identically +oo there is nothing to prove. If dom f # () let us consider zy €
dom f. For every real ¢t < f(x¢), since f is lsc, the superlevel set L(t) = {f > t} is
an open set which contains x, thus it contains some ball B(xg,r) for r > 0. We see
that f > g = t — XB(ao,r), Where [ is convex, g is concave. Since o € dom f we
have dom f N B(zg,r) contains some point z(: both functions are finite at xj, and g is
locally constant thus continuous at xf;. We may apply the functional separation theorem
Theorem 2.37 to find a continuous affine function a such that ¢ < a < f, and we have
f(z0) > a(xg) > g(xo) = t. Since this is true for every t < f(z) we get f(zo) < f(xo).

We have shown that f admits at least one continuous affine minorant ag, and that
f=fondom f. Nowlet zg € X \dom f. We may use the Hahn-Banach strict separation
theorem Corollary 1.29 to separate strictly the closed convex set dom f from the compact
convex set {xo}. There exists a nontrivial z* € X* such that

a:= sup (z*,z) < (z", o).
z€dom f

The affine function a : = — (2*,) — « satisfies @ < 0 on dom f and a(xp) > 0. Take
t € R. For A > 0 large enough, b(xg) = ag(zg) + Aa(zg) > t where b = ag + Ab. In such
a way, b(zg) >t but b < ag < f on dom f, thus b < f. Consequently f(zo) > b(zq) > t,
and since ¢ was arbitrary we obtain f(xg) = 400 = f(xg).

O

We have seen that convexity and lower semicontinuity are preserved by supremum,
justifying the following definition.

Definition 2.61 (Convex lsc envelope). The convex Isc envelope of f: X — RU{+o0}
is defined by
conv f =sup{g:¢g < fand g € T'(X)}.

By definition it is the largest convex lsc function which is smaller than f.

Remark 2.62. By the previous proposition, it may be equivalently characterized as:

conv f =sup{(z",z) +a:z* € X", € Rs.t. f>(z%,)+a}.

40



2 Convex functions

2.6 Fenchel-Legendre conjugate
The Fenchel-Legendre conjugate (or Fenchel/Legendre/Legendre-Fenchel conjugate/transform,
or convex conjugate) is to convex functions what the support function is to convex sets.

Definition 2.63 (Fenchel-Legendre conjugate). The Fenchel-Legendre conjugate of a
function f: X — [—o00, +0o0] is the function f*: X* — [—o0, +00] defined by

fr(&") = sup(a®, z) — f(x).
TEX

Remark 2.64. If f is valued in R U {+oc} and is proper (dom f # () then f* does not
take the value —oo. Indeed, there exists € dom f, implying f* > (-, x) — f(z) > —oc0.

Ezample 2.65. 1. If Ais a set then x% = 04, the support function of A. In particular
if f=Xpo,1) then f* = ||-[.
2. If f = ||| then f* = xp~ where B* is the closed unit ball for ||-||.. In particular if
f=1lonR then f*=x/_y
3. If f = (p*,-) then f* = xqp).
4. If f(x) = %mp on R with p € (1,400) and R is identified with its dual, then
F*(y) = §lyl* where J 4+ ¢ =1.

5. If f(z) = ¢(||z||) where ¢ : R = R U {400} is even and convex then f*(z*) =
¢ (|2~ ]))-

These examples may be treated as exercise.

Proposition 2.66 (Basic properties of the conjugate). Let f : X — R U {+oo} be
proper. We have

(i) (Fenchel-Young inequality) f(x) + f*(z*) > (x*,z) for every x € X, x* € X*,
(ii) £%(0) = —inf f,
(iii) f* is convex and lsc,

(iv) if f €To(X), then f* € Lo(X™)

Proof. The first two items are direct consequence of the definition of the conjugate.
The third item comes from the fact that f* is defined as a supremum of continuous
affine functions, thus it is convex and lsc. Now if f € I'o(X), by Remark 2.64 f* is
valued in (—oo,4o00]. Moreover, by Proposition 2.60 it is equal to the supremum of
its affine minorants, in particular it admits an affine minorant f > (z*,-) + «, thus
f*(@*) = supyep(z®, ) — f(z) < —a < 400 so that f* is indeed proper. O

Ezample 2.67 (Holder inequality). On R%, Hélder inequality

(z,y) < llzlpllylly
where 1% + % =1, p € (1,400), may be deduced from Fenchel-Young inequality with

flx) = %, making use of the homogeneity of Holder inequality (Exercise).
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Proposition 2.68 (Stability properties of the conjugate). 1. f <g = f* > g¢*,
2. A> 0, ()" = Af(-/N),

3. if AF 0, (f(A)" = f"(-/N),
4. iffaeR, (f+a)*=f"—a,
5. ifve X, f(-—v)" = f*+ (,v),
6. (infier fi)* = supies [
7. (supser fi)* < infieq f7
Proof. Left as exercise. 0

We shall want to compute the biconjugate, i.e. the conjugate of the conjugate, of a
function f. Since f* is a function defined on X*, f** would normally be defined on X**,
but we will not make this choice. We rather see X', X* as being related through the
duality pairing (X x X*) 5 (x,z*) — (2%, z), and with a slight abuse when ¢g : A* —
[—00, +00] we denote by ¢g* the function from X — [—o0, +00] defined by

g*(z) = sup (z%,x) — g(z").
r*EX*

Remark 2.69. The basic properties and the stability properties seen above hold also for
this (pre-)conjugate. In particular Fenchel-Young inequality is also true.

Notice that when X is a Hilbert space, X* can be identified with X and the two
transforms are the same.’

Theorem 2.70 (Fenchel-Moreau). Let f: X — R U {+oo} be a proper function. Then
f** is the lower semicontinuous envelope of f, namely

[ = conv f.

In particular f** < f and
f=1" <= feToX).

Proof. Let us show first that f** < f. By Fenchel-Young’s inequality, for every z € X
and z* € X* we have f(z)+ f*(z*) > (2%, x), i.e. (z*,2)— f*(z*) < f(x), thus
[(@) = sup (2", 2) — f*(2") < f(2).
T*EX*
If f* is identically +o0o then f** is identically —oco. If not, then by definition of f** as
a supremum, f** never takes the value —oo, and it is convex and lower semicontinuous

as a supremum of continuous affine functions, thus f** < conv f. In any case we have
f* < conv f.

5More generally, when X is reflexive, i.e. we can canonically identify X ~ X** then the pre-conjugate
transform and the conjugate on the dual may be identified as well.
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We shall prove the converse inequality now, using the fact that conv f is equal to the
supremum of its continuous affine minorants. Let a = (p*,-) + a be a continuous affine
minorant of f. We have a < f = a* > f* = a™ < f**. Let us compute a**

at = ((p") + )" = xpr —

and

Vee X, a™(z)= sup (z%,2) — xp(z") + a = (p*,z) + a = a(z).
T*reX*

We have shown that f** > a for every affine minorant of f, thus f** > conv f, and we
actually have equality. O

In line with the previous comments when we introduced the conjugate of a function
defined on the dual space, as a function defined on the primal space, we define the
subdifferential of a function g : X* — [—00,+0o0] as a subset of X', namely for every
xt e Xx*,

9g(a") ={z e X :Vy" € V", g(y") = g(z") + (y* — 2", 2)}.
Theorem 2.71 (Subdifferential and conjugation). Let f : X — R U {+oc} be a proper
function, x € X and x* € X*. The following conditions are equivalent,

(i) =* € 0f (x),
(ii) f(x)+ (") = (2%, z).
If moreover f € T'g(X) then they are also equivalent with
(iii) © € of*(z*).
Proof. We know that
x* € df(x)
= Vyed fly) > fz)+(x
= VyeX (@%y) - fly) < @ z) - fz)
— [1@") < (@%2) — f(z)
— flo) + f(z") < (2", z).

Since the converse inequality is Fenchel-Young’s inequality, we get the equivalence be-
tween the two first items.

Now let us prove the equivalence with the third item when f € I'o(X). We know from
Fenchel-Moreau Theorem 2.70 that f** = f. Therefore

at € 0f(x) = [flz)+ [*(a") = (z" )
= [T@) + f(2") = (@7, 2),

,y—.’I)>

and re-doing the same computations as above, this is equivalent to x € 9 f*(z*). O
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2.7 Convex duality
Let us start with a very general problem in the form of a sum:
minimize {f(z)+ g(Az): 2z € X}, (S)

where f: X - RU {400}, g : Y — U{+o0o} and A : X — ) is a continuous linear
operator.

How can we guess a dual problem for (S)? We use the fact that g > g**:

Inf  f(z) +g(Az) > inf f()+ yfggjy ,Az) = 9" (y")

= inf sup f(z)+ (y*, Ax) — g"(y")
TEX yreEX*

then we use the general fact that infy supy, > supy infy
> sup inf f(z) + (", Az) — g"(y")

yrex* T

= swp (A o)+ @) — g 0)
yrEX* reX

= sup — (Sup<A*(—y*),w> - f(w)> -9 (y")
y*ex* reX
y*eX*

Thus a candidate dual problem for (S) is:
maximize {f*(—A%y") — g°(s") : v" € V). (5")

The computations above show that weak duality holds, in the sense that
inf (S) > sup (S¥).

We shall establish this and also provide very general conditions to have equality above,
i.e. strong duality.

Fenchel-Rockafellar duality theorem and applications

We consider again the problem in sum form
minimize {f(z) + g(Az) : z € X'}, (S)
and its candidate dual

maximize {—f*(—A*y") — g"(y") 1 " € V'), (5%
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Proposition 2.72 (Weak duality). If f € To(X), g € To()) and A: X — Y a contin-
uous linear operator then

inf (S) > sup (7).
Moreover, if equality holds, then the following assertions are equivalent:
(i) x is a minimizer of (S) and y* a mazimizer of (S*) ;
(ii) A*y* € Of(x) and —y* € 0g(Ax) ;
(iii) x € Of*(A*y) and Az € dg*(—y*).

Proof. The inequality inf (S) > (S*) follows from the computations done at the very
beginning of this chapter. Let us write it more efficiently, now that we know what is the
candidate dual problem. By Fenchel-Young inequality, for every x € X,z* € X*,y €
Y,y ey

f(x) + fr(A%y")
9(Az) + g*(—y")

(A", x)
<_y*7 ACL‘>

A\VARAYS

Since (A*y*, x) = (y*, Ax), by summing the two and taking the infima in z,y* we get
inf{f(z) + g(Az) : x € X} +inf{f*(=A*y*) + ¢*(y*) : y* € Y*} >0, (2.7.1)

which exactly means that inf (S) > sup (S*).
Assume that we have equality inf (S) = sup (S*). If x is a minimizer of (S) and y* a
maximizer of (S*), then we have equality in (2.7.1):

F(@) + 7 (A"Y") + g(An) + g*(—y") = 0
= [@) + S AY) — (A 2) +g(An) + 9" () — (¢ Ax) =0
>0 >0

= f(z)+ fF(A%") = (A" z) and g(Ax) +g"(—y") = (—y", Az).

By Theorem 2.71, the latter equalities are equivalent to A*y* € Jdf(x) and —y* €
0g(Az), or equivalently x € 9f*(A*y*) and Az € 9g*(—y*). Thanks to the qualification
condition, we can apply O

Theorem 2.73 (Fenchel-Rockafellar). If the following qualification condition holds,
Jxg € dom f s. t. g is finite and continuous at Axg,
then strong duality holds, and the dual problem admits a solution, i.e.
inf (S) = max (S").

Due to time constraints, we shall only give a proof in the case where the infimum of
the primal problem is attained.
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Proof assuming inf (S) is attained. In this case, we can give a proof using subdifferential
calculus. Let us take z a minimizer of (S), i.e. & € argmin f + g, which is equivalent,
by Fermat’s rule, to 0 € O(f + g o A)(x). The qualification assumption matches the
qualification condition of Theorem 2.44, so that

0€d(f +goA)(z) = df(z) + A*dg(Ax),

thus there exists y* € dg(Ax) such that —A*y* € df(x). Using Fenchel-Young’s equality
case stated in Theorem 2.71 we have

fla) + fF(=A"") = (=A%"2) and g(Az)+g"(y") = (y", Az)
and summing the two yields

f@)+9(Az) + [ (=A"y") + 4" (y*) = 0,
or equivalently

f(x) +9(Az) = —f*(=A"y") — 9" (y").

Since by weak duality (Proposition 2.72) we have inf (S) > sup (S*), it implies that we
have equality and y* is a maximizer of (S*). O]

Ezample 2.74 (Dual LASSO). We consider again the LASSO problem
o Lo e , d
minimize | 3 |Az —bl|5 + M|z|1 : z € R ;.

It is a problem of the form (S) with f(z) = A||z|\ and g(y) = 3|ly—b||3. By Example 2.65
and Proposition 2.68 we obtain the Fenchel-Legendre transofrms of f and g:

@) = Mxeaa (@A) = xoana (@)

and

I ly* + 015 116*13
= — b = — .

Thus the dual problem reads:
1
maximize {—2”93* FbJ2 4 [[b]2 : A" € [—)\,)\]d} .

Since both functions f, g are continuous on X and ) respectively, we may apply then
Fenchel-Rockafellar Theorem so that strong duality holds and we have existence to the
dual problem:

1
inf {2||Ax B+ Al w e Rd}

1
— max {—2HA*9@* B2+ [b]2 : 2* € RE, A*a* € [—A, )\]d} . (27.2)
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Ezample 2.75 (Optimal Transport). The optimal transport problem consists in the fol-
lowing. We are given two probability measures y, v € P(K) on a compact subset K C RY,
w representing for example a density of sand (or people, particules, data points...) that
we want to move to a target density v representing the shape of the hole (or destina-
tion of people or particules, or other data points...). We are also given a cost function
c: K x K — R, where ¢(x,y) represents the cost for moving a unit mass from position x
to position y. Typically, ¢(z,y) = ||y — z||” for some power p > 1. The optimal transport
problem is the following,

minimize {/XXX c(z,y)dy(z,y) : v € U(u, 1/)} , (2.7.3)

where II(u, v) is the set of probability measures v on the product space X x X having
w, v as first and second marginals, i.e. (A x X) = p(A) and v(X x A) = v(A) for every
Borel set A. In probabilistic terms, it means that if a random variable (X,Y") has law ~
then X ~pand Y ~ v.

Can we cast the minimization problem (2.7.3) in the context of convex analysis, and
derive a “dual” problem? To to this, we have to better understand the space of proba-
bility measures, and embed them in a normed vector space.

We already know that a positive finite measure p € M™T(K) on a compact subset
K C R" induces a continuous linear form I, on C°(K), by integration:

Vo € COK), (o) = /K bdp.

Since two positive measures j, v are equal if and only if I, = I, we can identify a measure
and its induced linear form on continuous functions: p~ I, € C°(Z)*.

A (finite) signed measure w is defined as the difference of two finite positive measures,
i.e. it can be written as w = wy —w_ where wy € M1 (X). According to the identification
w1 ~ I, made above, signed measures can also be seen as belonging to CO(X)*. Actually,
it is possible to show that the set of finite signed measures, denoted by M(X), can be
exactly identified with the dual of continuous functions®:

M(X) ~CO(X)*.

Hence the minimization problem (2.7.3) take has unknown a measure v € M(X x X)
i.e. a dual object, and should be viewed as the dual problem of something: we want to
find a primal (or “pre-dual”) problem”. We shall use Fenchel-Rockafellar Theorem, but
first let us try to guess the pre-dual problem, in the spirit of the formal computations
done at the beginning of the section (doing an inf — sup exchange). We have:

inf {/Xxx c(z,y) dy(z,y) : v € (g, V)}

= WGMELI%E(XX) ~/X><X cdy + X~ has marginals (u,v)"

5This is due a so-called Riesz reprensetation theorem, stating that a continuous linear form on CO(K )
is of the form I, — I,_.
"In Optimal Transport Theory, (2.7.3) is nonetheless called the primal problem.
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Let us write the indicator function in the last term as a supremum of linear functions.
Notice that for v € M(X x X),

X~ has marginals (u,v) = sup / d’dﬂ + / 1/} dv — / ((;5(56) + ¢(y)) df)/(xa y)
babeCo(X) /X b'e XxX

Indeed, if v has marginals (i, v) then [y, v (d(x)+¢(y)) dy(z,y) = [y x ¢(z) dy(z,y)+
Jxxx ¥(w) dy(z,y) = [x ¢du+ [y ¥ dv and the right-hand site is zero. If on the contrary,
the first marginal 1 of «y is not p, it means that [y, v ¢(z) dy(z,y) = [ ¢(x) dni(x) #
Jx ¢(x) dp(z), then replacing ¢ by A¢ and making A tend to +o0o or —oo yields that the
supremum on the right-hand side is +oo.

Now we can pursue or formal computations, denoting ¢ @ ¥ (z,y) = ¢(x) + ¥ (y):

wt{ [ clo)droy) v e M)}

= WEMELI%E(XX) /X><X cdy + X~ has marginals (u,v)-

= inf sup /XXX(c—quBz/))dfy—F/ngd,u—}—ibdu

YEM (X XX) ¢ 1heCO(X)

> su inf / C_@d-F/d—i-dV
¢>,7,Z)€C‘I))(X)’Y€M+(X><X) Xxx( ¢ ©¢)dy X¢ w+

= sup </X¢du+¢du+ inf /)(XX(C—QSEB@b)dy).

PpECO(X) YEM (XX X)
One can then check that the infimum in the last term is either 0 or —oo:

0 ifody <con X x X,
in / — DY) dy =
'yeMir%XxX) Xxx(c & y)dy {—oo otherwise.

Indeed if ¢ @1 < ¢ then the best one can do is take v = 0, while if ¢(x) = (y) > ¢(x,y)

at a point (z,y), taking v = md(, ) for m — +oo as competitor in the infimum yields
—00. As a consequence,

inf {/Xxx c(z,y) dy(z,y) : v € (p, V)}

o, eCO(X) YEM4 (X XX)

= sup (/X¢dl~b+¢dV+ inf /){XX(C—quBw)dy)

= sup {/Qﬁdu—i—wdl/:qﬁ@wgc}.
ppeCo(X) (VX

The latter is the so-called “dual” problem of optimal transport, which is actually the
primal or pre-dual problem.
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To prove strong duality, we just have to apply Fenchel-Rockafellar to suitable functions
f, g and operator A, namely:

A:CO(X)xCUX) 3 (p,0) » o@yY=E€€C(X x X), (2.7.4)
g:CO(X) x CO(X) 3 (¢, ) —/qﬁdu - /d;du (2.7.5)
fiC%X x X)2 €& xe<e (2.7.6)

We just have to compute A*, the Fenchel-Legendre conjugates f*, g* and check that the
qualification conditions are valid to apply Fenchel-Rockafellar’s Theorem (Exercise).
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