POISSON PROCESSES. FINAL EXAM (2H).
2026, MAY 20.

Exercise. Let Z = (Zy)r>0 be a discrete-time Markov chain on {0, 1}, with transition
matrix A such that A(0,1) = 1 — A(0,0) = « and A(1,0) = 1 — A(1,1) = 3, where
a,p € (0,1). Let N = (Ny)s>0 be a Poisson process with intensity parameter A > 0. We
assume that Z and N are defined on a common probability space (£2,.4,P) and that they
are independent (as processes). This means that for every m,n > 1,0 < k; < ... < ky,, and
0 <t; <...<ty,the random vectors (Zx,)1<i<m and (N¢;)1<j<n are independent. Finally,
we define the (continuous-time) process X; = Zy, € {0, 1} for every ¢ > 0.

(1)

Recall one of the two definitions of a Poisson process with intensity parameter A > 0.
A Poisson process with intensity parameter A > 0 is a counting process such that the
inter-arrival times (7; — 7;j—1)i>1 are independent and identically distributed (i.i.d)
with the exponential law of parameter A > 0 as common distribution. [Additional
remarks| Many imprecise (if not wrong) answers. For 0 < s < t, the fact that N; — Nj
is independent of N is not the same as N;— Ny being independent of o(N,,0 < u < s).
One definifion was enough! Giving one correct definition and one incorrect definition
count as a mistake.

Show that X has (almost-surely) piecewise constant (constant par morceauz in French)
and cadlag (right-continuous with left-limits) paths. We have N; = k, therefore X; =
Zy, for every t € [T, Tp+1) and k € N = {0,1,2,...}, with [0,00) = Ugen|[Tk, Tr+1)
(disjoint union). This shows that X is (a.s.) piecewise constant. Also, the process
is (a.s.) cadlag because the intervals [T, Tr+1) are open to the right and closed to
the left. [Additional remarks] Many argued that NV is itself piecewise constant and
cadlag, but that was (often) not enough to conclude convincingly. Some (more or less
loosely) argued that X is the “composition” of Z and N without properly explain-
ing the topology under consideration for the discrete-time process Z. The quality of
writing and argumentation was particularly important for this question. Finally, it is
not true in general that a function taking values in a finite set is piecewise constant.
Counter-example: ¢ € R — 1gcqy.

For every t > 0 and z,y € {0,1} we define Pi(x,y) = P,(X; = y), where the subscript

in P,

(3)

means that Xy = Zy = z.

Prove that P; = exp(At(A — I)), where [ is the identity matrix and for every matrix
M: {0,1}? — R, we define exp(M) := > >0 L M". We also recall that exp(M; +
Ms) = exp(M;) exp(Mz) when the two matrices M; and My commute. On the one
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side, we have

k>0
k>0
= Z Pu(Zr = y)Pu(Nt = k)
k>0
k
= Y Ay x G
E>0 ’
e (AA) (2, y)
Z k!
k>0

= e_>‘t [e;(p()\tA)] (l’, y)

We have used the independence between Z and N from the second to third line,
and the fact that NV; has a Poisson distribution (with parameter At) from the third
to fourth line. Since I and A commute, we have on the other side exp(At(A —
I)) = exp(AtA) exp(—=AtI) = e M exp(AtA), which concludes the proof. [Additional
remarks] Too many students replaced A*(z,y) by A(z,y)*, which is of course not the
same! In the same flavor, in general [exp(M)](z,y) is not exp(M (z,y)).

Show that for every n > 1, every (z;)o<i<n € {0,1}"" and 0 =ty < t; < ... < ty,
we have
P.’E() (th = Ty, V1 S { S n) = H Pti—ti_l(wi—17xi)'
1<i<n
Let us prove it by iteration on n > 1. The assertion is true for n = 1 (see previous
question). Assume it is true for n > 1 and let us prove it for n+1. Let (z;)o<i<n+1 €

{0,1}""2 and 0 = tg < t; < ... < t,+1. Then, using independence of Z and N at the
second line,

Py (Xy, =25, V1 <i<n+1)

= Z PCE()(Z]ﬂ :l‘la"'uzkn—‘rl :xn-‘rl)]P)(Nh :klv"‘yNtn+1 :kn—i-l)
0< k1 ... hon <11

= Y Pu(Zy =1, Tk, = 20)P(Ny = ka, o, Ny, = )
0<k1<...<kn
=0
X ]Pxn (Zj = xn+1)P(Ntn+17tn = j)

= Pﬂﬁo(Xti = L, Vi<i< n) Z]P)xn(zj = xn+1)P(Ntn+1_tn = ])
Jj=0

We have also used that N has independent and stationary increments at the third
line. From what we saw in the previous question, the sum over j > 0 in the last
line equals Py, (Xt,,1—t, = Tnt1) = Pryi1—t,(ns Trny1), which completes the proof.

[Additional remarks| Very few students managed to correctly answer this question.
It was not possible to use that X is Markov (circular argument, in view of the next
question). I also noticed abusive uses of the Markov property for Z.



(5) We have just proved that X is a (continuous-time) Markov process on {0, 1} (no need
to elaborate more on that point). Recall the (forward and backward) Chapman-
Kolmogorov equations and show that the generator of X, further denoted by Q,
equals \(A — I).The Chapman-Kolmogorov equations write ;P = QP; = P;Q, with
Po = I. We deduce from (3) that Q = [0/Pili—o = [MA — I)Pi=o = AM(A — I).

[Additional remarks] Many students correctly stated the Chapman-Kolmogorov
equations but failed to prove that @ = A(A — I), using some “identification” step.
Under the (abusive) term “identification” actually hides an injective map. However,
the exponential map for matrices is not injective. In the same way, the equality
Q1 P, = Q2P alone does not imply that Q1 = ()2, unless you explicitly add that P; is
invertible. Other students argued that the Chapman-Kolmogorov equations (which
bear on the semi-group) have a unique solution. That is irrelevant to the question.
For instance, 0 is the unique real solution to the equations x = 0 and x> = 0, even
though the polynomials x and x? are not the same.

(6) From the expression of the generator, deduce the probability distribution of the hold-
ing (or waiting) time 77 := inf{t > 0: X; # Xo}, when Xg = = € {0,1}. When
Xy = z, we know from the course that 77 is exponentially distributed with param-
eter —Q(z,7) = AN(I — A)(v,x) = Maly—y + Bl—1y). [Additional remarks] No

particular remark here.

(7) Determine the embedded Markov chain associated to X. Since there are only two
states, the embedded Markov chain Y is the trivial Markov chain with transition
matrix I1(0,1) = 1 —I1(0,0) = 1 and II(1,0) = 1 — TI(1,1) = 1. [Additional remarks]
Recalling the definition of the embedded Markov chain was not enough here.

(8) Show that X is irreducible and recurrent. The embedded chain Y, which alternates
deterministically between 0 and 1, is clearly irreducible (it takes one step to move
from one state to the other one) and recurrent (return times are equal to two) so
we know from the course that the same holds for X. [Additional remarks|] Quite
often, answers were ill-written, with awkward or unnecessary long arguments. Some
confusion between irreducibility and strong irreducibility. It was also possible to
answer to the question without resorting to Y. Note that the exponential of a matriz
does not necessarily have positive entries.

(9) Show that X has a unique invariant probability measure, which you have to determine
explicitly. A (non-negative) measure p = (g, 1) is invariant for X if and only if
1@ = 0. The solutions are the measures p such that apg = Buy. Therefore, the only
invariant probability measure is (o%ﬁ’ a375). [Additional remarks| The “if and only
if” is important here. The fact that X is irreducible and recurrent does not imply

existence of an invariant probability measure.

(10) Is X positive recurrent or null recurrent? Justify your answer. Since X is irreducible
with an invariant probability measure, we know from the course that X is positive
recurrent. [Additional remarks| Specifying that X is irreducible is important for
the justification, as there exist reducible Markov processes that possess invariant
probability measures without being positive recurrent. Another possibility is showing
that the embedded Markov chain Y is positive recurrent and arguing that X has
jumping /holding rates bounded from above and below by positive constants.

(11) Find an explicit value of P(z,y) and determine its limit as ¢ — oco. What do you
notice? What is the speed of convergence? Hint: diagonalize the matrix A — I. Let



(12)

P = ( 1 _aﬁ ) The columns of P are (right) eigenvectors of A — I, with respective
eigenvalues 0 and —(a + ). Therefore, for every n > 0, we have (A — I)"P =
Pdiag(0, [—(a + B)]"). Consequently, P;P = exp(M(A — I))P = Pdiag(1, e~ +5)),

from which we deduce

P = Pdiag(l,e_’\t(a+ﬁ))P_1 =

1 ﬁ -+ ae_)‘t(a+5) o — Oée_)‘t(a‘i‘ﬁ)
o+ 5( B — BeAMath) o 4 Be=At(ath) )

As a conclusion, we see that lim;_,o Pi(z,y) = m“’*{_gl{y:” We remark that the
limit coincides with the unique invariant probability measure and does not depend
on the starting point x. Moreover, the rate of convergence is exponential with rate
AMa+p). [Additional remarks] In that question we use (in some way or another) that
for every n x n diagonal matrix, exp(diag(pi, ..., pn)) = diag(exp(p1),...,exp(pn)).
A common mistake was to replace exp(0) by 0 instead of 1. A good way to check
your result is recalling that P, must be a stochastic matrix.

Same question as the previous one in the special case « = 0 or § = 0. Let us treat
the case a = 0 (the case 8 = 0 follows by interchanging the roles of the states 0 and
1). In that case, clearly P:(0,0) =1 —P;(0,1) =1 for every ¢t > 0. Moreover, also in
that special case,

1—P(1,0) =P(1,1) =P (X, =1,0< s < t)
=Y Py (X, =1,0<5<t, N, =k)

k>0

= ZIPH(ZZ- =1,1<i<k/N, =k)
k>0

= (1= B)FP(N; = k)
k>0

= (...) = exp(—pAt).
We have used that 0 is an absorbing state for Z at the third line, and the independence
of Z and N at the fourth line. Therefore, P(1,1) is identically equal to 1 if 5 = 0
and converges to 0 (exponentially fast) if 5 > 0. [Additional remarks| Some students
considered instead the case o = 0 and § = 0, which is not the aim of this question.
It is possible to skip the calculation above by using the result in Q.6.



