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1 Proof of Proposition 1 of [1]

Let us introduce

Zy = Vpsup|Fy(w) = Fla)| and W, = Vpsup|Fy(z) ~ Fla)

so that W, —— K. But, with U, := Z, — W,, [U,| < \/p sup, |F'(x) — F(z)] —— 0. Therefore, by using
p—00 p—00
the Slutsky Lemma,
. L

2 Proof that Test 1 is asymptotically of level «.
To prove that Test 1 is of level o, it is sufficient to prove Equation (2) of [1] with F(z) = (1 — e_;\”“')ll.>0

and to apply Proposition 1 of [1]. But for all z > 0,

- (A 5 . O A=A
|F(.T) _ F($)| _ efmm(/\,)\)x (1 _ 67\/\7/\|x) < |)\ . )\|$67m1n()\,/\):c < | _ | e~ L
min(A, \)

Therefore

VRmIA = Al

MngF(fﬂ) - Fa)| < min(\, \)



It is well known that X is the maximum likelihood estimate of A and that \/ﬁ(j\ — ) is asymptotically normal.
Therefore \/p(n)|A — A| tends in probability to 0 whereas min(\, A) tends to A. Therefore Equation (2) of [1]

is satisfied.

3 Proof of Proposition 2 of [1]

When we are dealing with Poisson processes, or more general counting processes, the previous asymptotic
approach should be taken with care because the total number of points is random. Indeed if one observes
a Poisson process N*P  aggregated over p trials, with constant intensity, then conditionnally to the event

{N*P([0, Tynaz]) = niot ), the repartition of the points is uniform. So the following test is exactly of level a.

1. Compute Fya.p([0,7,..,]) @ in Equation (3) of [1].

2. Compute Supte[oyl] |FN“’p([O,Tmaz] (t) — t|

3. Reject when this last quantity exceeds the random quantity kya.»(0,7,,0.]),1—a> Where ky, , 1« is the

exact and non asymptotic quantile of KS, on the event {N*?([0, Trnaz]) = Ntot }-

Therefore, one can easily state that under Hy: ” The process is a homogeneous Poisson process”, the following

upper bounds holds,

+oo
P(the previous test rejects Hy) = Z P(the test rejects Ho| NP ([0, Tinaz]) = ntot) P(NP([0, Trnaz]) = Ntot)

Ntot =0

—+00
a > P(N“P([0, Tiaa]) = niot) = o

Ntot =0

IN

Now to turn this argument into an asymptotic argument and use /N®P([0, Tyaz] ki_o instead of
kEnap([0.Timas),1—as We need a random version of the convergence of KSy,,. Actually one can prove the

following lemma, which shows that the previous replacement leads indeed to a test of asymptotic level a.

Lemma 1. If the p processes are homogeneous Poisson processes, then

L
NW([O, Tmam]) sup |FNa,p([07TmaI])(t) — t| — K.

t€[0,1] P00

Proof. Let W be a variable whose distribution is L. We set

Z

p = VN([0, Trnaz]) sup |FN”’P([O,TmaI])(t) — .

te[o,1]



Let f be a bounded continuous function and let us consider for any positive integer n,,in,

+oo
Z (E[f(Zp”Na’p([Oa Trmaz)) = Niot] — E[f (W)])) P(NP([0, Tmaz)) = Ntot)
Niot =0
+oo
Z }E[f(Zp”N“’p([O, Tinaz]) = ntot] — E[f(W)]|P(N"P([0, Thnaz]) = ntot)

+ 2||f||OO]P(Na’p([Oa Tmaz]) < nmzn)

|E[f(Zp)] = E[f(W)]|

IN

On the one hand, for any € > 0, there exists n,,;, such that for any nior > Nmin,
E[f(Zp)IN“P([0, Timaa]) = niot] — E[f(W)]| <e.

On the other hand, N*P([0,Tmas]) = Yt i Ni([0, Thnaz]) is a sum of p i.id. variables and therefore
tends almost surely and in probability to infinity. Therefore there exists p,in such that for all p > pmin,

P(NP([0, Trmaz]) < Nmin) < €, which implies that
|E[f(Zp)] = E[f(W)]] < (1 +2[[fllo)e,
which proves the convergence in distribution. O

As already stated, if N is an inhomogeneous Poisson process with compensator A, N'={A(T): T € N}
is a homogeneous Poisson process with intensity 1 by the time-rescaling theorem [2,3]. Assume now that we
observe p i.i.d. Poisson processes IN; with compensator A. The previous transformation on each of the INV;
leads to N, the N;’s being p homogeneous Poisson processes of intensity 1 on [0, A(T},4)]. One can therefore
consider the aggregated process NP, to which we associate the c.d.f. Fpra.(0,A(Tynas)]) 38 in Equation (3)

of [1]. We can apply the previous lemma and we have:

VN[0, NTmaz)]) sup |Fnen (o aT ) () — H —— K. (1)

te[0,1] p—>00
But, using the original aggregated process NP, one can also write

1
Everaant ) = R AT ] 2, LA TS0
eNa.p

1
= Sanlin T LoA(X) /A (Tan) <t}
N[0, Trnaz)) Xe;w {A(X)/A( )<t}
The function A(.)/A(Tinaz) is a continuous c.d.f. from [0, Thaz] to [0, 1]. Therefore we obtain:

1 A(z) C
N2 ([0, Trae])  SUp  |————— Tixen — ——t | 2 5 K. 2)
([ ]) 2€[0,Trmax) Na,p([o, Tmaz]) XezN:a,p s A(Tmaz) P00 (

The end of the proof of Proposition 2 of [1] is then similar to the proof of Proposition 1 of [1].



3.0.1 Proof that Test 2 is asymptotically of level o

Here [ = Fnan (o, )~ Hence, since

VN[0, Tonae]) SUD | Fiver 0,700 () = F ()] £k,

p—00

mam]

by the Slutsky’s lemma, it is sufficient to prove that

]Va,p(n)([o7 Tm(m])/]Va.,n([o7 Tmax]) L 0, (3)

p—o0

and use Proposition 2 of [1] to conclude the proof. But since the numerator is equivalent to p(n)A(Tpax)

and the denominator to nA (T ), by the law of large number, (3) is obvious.

4 Proof that Test 3 is asymptotically of level o

Here R
B(t) = 7TIJA wdu_
Jo ™ Au)du
Then for all ¢ one can write that
Py - Pty = fo (u)du B jfot AMu)du
f “ Muwdu [y Auw)du
B fo (u)du fot AMu)du N fot AMu)du fot

y>

Jo My [ Muydu 7 Au)du fomA >du
JoMw) —A@de | JoMwdu Jy M) — Aw)ldu

Sl Nuydu [T Nuyde [T Aw)du

Therefore
T’VTLG/‘T N
Jo 7 M) = Mu)|du
fOT"“” Au)du

sgp|ﬁ(t) —F(t)] <2

Therefore /p(n)sup, | F(t) — F(t)| —" 5 0 which ensures Equation (4) of [1]. Applying Proposition 2 of [1]
p—00

concludes the proof.

5 Explicit construction of the cumulated process and its asymptotical properties

If N, as a general point process, has compensator A and conditional intensity A, the time-rescaling theorem in
its general form [2-4] states that N' = {X = A(T) : T' € N} is an homogeneous Poisson process with intensity
1 until the time A(T},q,) which is a random predictable time and therefore a stopping time. Here we observe
p ii.d. point processes N; with intensity A\; and compensator A;. In particular, for all ¢, the A;(Tpq.) are

i.i.d. We apply the previous transformation to all the N;’s, hence generating the N;’s, p homogeneous Poisson



processes on [0, X/"**] with the random stopping time X% = A;(Tyaz)- Let (Niz)z>0 = (Ni([0,2]))z>0
be the corresponding counting process. We cumulate the counting processes in the following way: for any

z <Y XM we set:
k

NG = ZN;'XZ"” + Naﬁ%’?ﬁl Xmas? W

i=1
where k,, is the only index in {0, ..., (p — 1)}, such that

ke ke+1

SOXP <p< 30 X

i=1 i=1
Because each X"** is a stopping time, due to the strong Markov property of Poisson processes, the cumu-
lation still guarantees that the jumps of A'“?, that are identified with the points of the point process NP,
form an homogeneous Poisson process of intensity 1 on [0,> 5 _; X**]. Let us fix some 6 > 0 such that

E[A;(Tiaz)] > 0. One can prove the following result.

Lemma 2. For all 0 > 0 such that E(A;(Tmaz)) > 0,

L L
Ner([0,p0]) sup | Lixsomens —ul —E K
u€l0,1] Ner([0, pf)) XEN;X<p0 {X/(p0)<u} o

Proof. Using the cumulation described in (4), let us complete NP with another independent homogeneous
Poisson process with intensity 1 and infinite support beyond Zle X hence obtaining N’ an homoge-

neous Poisson process of intensity 1 on R;. Let us denote

1
Zp = NP ([0, pb]) Sup] Ner ([0, p0]) Z 1ix/(poy<uy — ul-

u€l0.1 XeNer, X<ph
We define ZI’, with the same expression except that NP is replaced by N’. The point process defined by
{X/(pf)/X € N'N[0, ph]} is a Poisson process with intensity pf on [0, 1]. It can therefore also be viewed as an
aggregated process of p i.i.d Poisson processes with intensity 6. Therefore ZI’J can be viewed as the quantity
appearing in Lemma 1 showing that Z]’D tends in distribution to /. So following the same proof, it remains
to show that for any bounded continuous function f, |E(f(Z,)) —E(f(Z,))| tends to 0. But N> N[0, pf] =
N'0[0,pf] on the event {Y-F | X7 > pf}. Therefore |E(f(Z,))—E(f(Z,))| < 2| flloP(>h_y X < ph).
But by the law of large numbers,
! zpjxgm — 5 E(Ai(Tinaa)) > 0.

— 00
P P

Hence P(}"7_, X"** < pf) tends to 0, which concludes the proof. O



One can go back to the classical time t by introducing the cumulated point process
Jt
¥t >0, NfP=> Nim., + NjotojiTonrs
i=1
where j; = |t/Timaz|. One can also introduce
Jt ]
Vit > 0, Ac’p(t) = Z Az(Tmaz) + A(Jt)(t - jtTmam)-
i=1

The function A®P(.) is a continuous non decreasing function and therefore, one can consider its generalized

inverse function (A“P)~!. Therefore one can rewrite Lemma 2 as follows:

1 AP (t) c
VNer([0, (AP) =L (ph)]) sup - — Lir<iy — —
te[0,(AcP)=1(ph))] N aP([O, (A 71‘7) 1(p9)]) TENCvP,TS;\C,p)l(pB) {T<t} pe p—00

6 Proof of Theorem 1 of [1]
Now we want to replace AP by an estimate of the type

Tmaz

. Jt Trmax t—7je o
Vit >0, AP(t) = Z/ Nidu +/ A0 qu,
1=1 0 0

Since A®P is also continuous and non-decreasing, one has the following equality:

1 AP (t)
sup - o — Z l{TSt} — =
tefo.(her)-10)] | NP(AP)THPO) 1 e 7 C )1 oo) ph

u P Z
- 1 X/ (p0)<u ul,
€[0,1] NC, ([0,1)9]) {X/(po)<u}

XeNer, X<ph
with A¢? the cumulated process obtained with N; = {X = fOT Ai(u)du : T € N;} instead of Aj in (4).
Since AP (pTnaz)/p = >_; X" /p tends in probability to E(A;(Tinas)) > 0, with probability tending to
1, pf belongs to [0, AP (pTinaz)]. Moreover,

Ac’p(meaz) - Ac’p(meaz)
p

Ai(u) — N (u)] du,

1Py (Tmas |,
<>

where the right hand side tends to 0 in probability. Therefore /A\Cvp(meM) /p also tends in probability

to E(Ai(Tjaz)) > 6 and with probability tending to 1, pf belongs to [0, A“P(pTinaz)]. Therefore both

(A“P)=1(ph) and (A“P)~1(ph) are strictly smaller than pTy,q, with probability tending to 1. Furthermore,



if (A“P)=1(pf) < pTimaz and (ASP) "1 (pf) < pTmae,

ASP((R) 7 p0)) = AP (A7) p0))| =

A“P((A7) 71 (ph)) — po)|

ASP((R) 1 (p0)) — ACP((A%P)~ (ph))

IN

Ai(u) — )\i(u)‘ du.

p /Tm,am N
0

i=1

Hence, by assumption, for § > 0, if

-

for any € > 0, there exists pg, such that for any p > pg, P(25) > 1 —e. On s, one has therefore that

ASP((AS) 7 (p0)) = AZT((A7) " (p8)] < 6P}

P — 8/p < A“P((A°P) 71 (ph)) < pb + 6\/p

and

NeR([0, (A62) L p0)]) — NoP([0, (A°%) " (p0)])| = [ A2 (0, A°P (A=)~ (ph))) — M= [0, )
< max [\ (0,90 + 5F)) — N°7(0,p8]) . N°2(0,p6]) ~ (0,0 — 5/F)].

In the previous expression, we consider the maximum of two independent Poisson variables (denoted U and

V') with parameter 6,/p. For any u > 0,

P [|Ner (0, (A) 1 0)) — NP(0, (A9) L @O))] = (6 +u)Bor ] < e+ Plmax{U,V} > (5 +u)yp)

pu®
< 6+26X —_——— .
- p( 2ﬁ5+ﬁm)

By taking u = §, the last expression shows that

p2INEP([0, (A7) (pO)]) — NOP([0, (A“P) ! (pO)])] ——> 0. (5)

p—o0

If we are able to show that

1 L
/\/'Cvp([O,pe]) sup |————— ]-{X/( 0)y<u} — U] —— K,
u€l0,1] Nc,p([o,pe]) X€N§X<p9 s p=reo

since NeP([0, (A“P)~1(p#)]) /NP ([0, (A“P)~(ph)]) tends to 1 in probability, this will imply the result by
using Slustky’s Lemma. Now, we clip AP and AP and we set for any t,

A°P(t) = min(A®P(t),pf) and A°P(t) = min(A°P(t), ph).



Therefore, A“P(-)/(pf) and /?\C*p(~)/(p9) are continuous c.d.f. and

1

1
Sup e Z L(x/(po)<uy — u| = sup = Z lir<yy —

uEOl] Ner([0, ph]) >0 | Ne2 ([0, (Aewr)—1

XeNer X<pd () TeNer,T<(A>P)=1(pb)

But since p# belongs to [0, Acp (pTmaz)] with probability tending to 1, the right hand side is equal to

1 Aerr)
Ay = sup : 2, lrso-
0 | Nea (o, Ren) T (pa)) oS ”
with probability tending to 1. So it is sufficient to prove that Zp = /Ner([0,p0])A, tends in distribution
to K. Note that
: Acr(t)
2, = /N0, () )] sup ; R
>0 | NP ([0, (A“P)~1 (pd)]) TENC’P,TS%C’ZJ)I(I)G) v
We denote:
. 1 Ay
Z, = +/Neo([0, (A%P)~1(pf)]) sup Hrso s
p >0 | NoP([0, (A“P)~1(pd)]) TENe? T%“‘"’)l(pe) o "
1 Acr(t)
Z, = +/Neo([0, (A%P)~1(pf)]) sup Hrso s
p >0 | NeP([0, (A“P)~1(pd)]) TeENe» T%“‘"’)l(pe) o "

But Z, is also equal with probability tending to 1 to

1 Rew(r)
VNer([0, (Ae?) =1 (pf)]) sup - Lir<y — =
P Voo o, ey TGO, T%p)lw) - =g

1
VINer([0, (AeP)~1(ph)]) sup New ([0, p]) Y o< —u

u€0,1] XENP.X<ph
because p# belongs to [0, AP (pTina.)] with probability tending to 1. Using Lemma 2 as before, we have that
Z, tends in distribution to K. It is consequently sufficient to prove that Zp - Zp and Zp — Zp, tend both in

probability to 0. We have:

1
< /NP0, (AeP) 1 (pB)]) sup 1
V. >0 | NeP([0, (Ac’p)_l(pe)])TeNCvP,Tg;\c,p)1(p9) {T<t}

1
— = Lip<s
Ner([0, (Ae?) 1 (ph)]) 2 =t

TeNer, T<(A%r)=1(p6)
[ver((o, (Ae2) 1 p0)]) = NP0, (A7)~ (b))

< 2y Ner((0, po]) - ,
P o (Ncﬁp([(), (AeP)=t(pd))), Ne» ([0, (Acﬁp)*l(pe)]))

Aer()
po |




which tends to 0 in probability by (5). Furthermore, if (A“?)~1(pf) < pTimax and (A?)~1(p0) < pTimac,

Aer(t)  Rer(r)

]Zp—Zp < \/Nc,p([o,(AC’P)—l(pH)])igg 0 o
. VIO | [Ae7() — Ao (o)
b t<pTimas

Ai(u) — )\i(u)‘ du.

Ner([0,p0]) 5~ [
o ;/0

Since N“P([0,pd]) is also the sum of p i.i.d. Poisson variables, it behaves like a multiple of p by the law of

large numbers. Therefore, by using Equation (7) of [1], Z, — Z, 250

p— o0

7 Proof that Test 4 is of level o« asymptotically

We apply Theorem 1 of [1] with \; = ((Ai) 7)+- Since the A;’s are positive, one has that for all u,

which gives exactly Equation (7) of [1].
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