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In this additional file, the intensity λ(.) should be understood as a function on the whole real line which

is null outside [0, Tmax]. In particular, the Poisson process Na,n, with intensity nλ(.), exists now on R, but

there is no points outside [0, Tmax] and N
a,n(R) = Na,n([0, Tmax]). The proof is inspired by Proposition 2

of [2]. We set:

χ = (1 + η)(1 + ‖K‖1)‖K‖2.

Therefore, we have:

A(h) = sup
h′∈H

{

‖λ̂h,h′

n − λ̂Kh′

n ‖2 −
χ
√
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n
√
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}

+

and
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{

A(h) +
χ
√

Na,n(R)

n
√
h

}

.

For any h ∈ H,

‖λ̂GL
n − λ‖2 ≤ A1 +A2 +A3,

with
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and

A3 := ‖λ̂Kh
n − λ‖2.

By definition of ĥ, we have:

A1 +A2 ≤ 2A(h) +
2χ
√

Na,n(R)

n
√
h

.

Therefore, by setting

ζn(h) := sup
h′∈H

{

‖(λ̂h,h′
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′

n ])− (λ̂Kh′
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}

+

we have:

A1 +A2 ≤ 2ζn(h) + 2 sup
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‖E[λ̂h,h′

n ]− E[λ̂Kh′
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≤ 2ζn(h) + 2 sup
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‖Kh ⋆ Kh′ ⋆ λ−Kh′ ⋆ λ‖2 +
2χ
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n
√
h

≤ 2ζn(h) + 2‖K‖1‖Kh ⋆ λ− λ‖2 +
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Na,n(R)
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.

Finally, since (a+ b+ c)2 ≤ 3a2 + 3b2 + 3c2,

E[(A1 +A2)
2] ≤ 12E[ζ2n(h)] + 12‖K‖21‖Kh ⋆ λ− λ‖22 +

12χ2
E[Na,n(R)]

n2h

≤ 12E[ζ2n(h)] + 12‖K‖21‖Kh ⋆ λ− λ‖22 +
12χ2‖λ‖1

nh
.

For the last term, we obtain:

E[A2
3] =

∫

Var(λ̂Kh
n (x))dx + ‖Kh ⋆ λ− λ‖22

=
1

n2

∫∫

K2
h(x− u)nλ(u)dudx+ ‖Kh ⋆ λ− λ‖22

=
‖λ‖1
nh

‖K‖22 + ‖Kh ⋆ λ− λ‖22.

Finally, replacing χ with its definition, we obtain: for any h ∈ H,

E ‖λ̂GL
n − λ‖22 ≤ 2E[(A1 +A2)

2] + 2E[A2
3]

≤ 2(1 + 12‖K‖21)‖Kh ⋆ λ− λ‖22 + 2(1 + 12(1 + η)2(1 + ‖K‖1)2)
‖λ‖1
nh

‖K‖22 + 24E[ζ2n(h)].

The result follows by using the next lemma.

Lemma 1. If H ⊂ {D−1 : D = 1, ..., Dmax} with Dmax = δn for some δ > 0, and if ‖λ‖∞ <∞, then there

exists a constant C depending on δ, η, ‖K‖2, ‖K‖1, ‖λ‖1 and ‖λ‖∞ such that for any h ∈ H

E[ζ2n(h)] ≤ Cn−1.
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Proof. First, we notice that for any h ∈ H

ζn(h) ≤ sup
h′∈H

{

‖λ̂h,h′

n − E[λ̂h,h
′

n ]‖2 + ‖λ̂Kh′
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+
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+
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with

Sn := sup
h∈H

{

‖λ̂Kh
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n ]‖2 −
‖K‖2(1 + η)

√

Na,n(R)

n
√
h

}

+

.

We then have:

E[ζ2n(h)] ≤ (‖K‖1 + 1)2(A+B)

with

A := E[S2
n1{Na,n(R)≤(1−α)2n‖λ‖1}],

B := E[S2
n1{Na,n(R)>(1−α)2n‖λ‖1}]

for all α ∈ (0, 1). We have:

S2
n ≤ 2 sup

h∈H
‖λ̂Kh

n ‖22 + 2 sup
h∈H

‖E[λ̂Kh
n ]‖22

≤ 2n−2 sup
h∈H

∫

dx

(∫

Kh(x− u)dNa,n(u)

)2

+ 2 sup
h∈H

‖Kh ⋆ λ‖22

≤ 2n−2 sup
h∈H

∫∫

K2
h(x− u)dNa,n(u))dx ×Na,n(R) + 2 sup

h∈H
‖Kh ⋆ λ‖22

≤ 2n−2 sup
h∈H

‖K‖22
h

×Na,n(R)2 + 2 sup
h∈H

‖K‖22
h

‖λ‖21

≤ 2δn‖K‖22
(

Na,n(R)2

n2
+ ‖λ‖21

)

.

Therefore,

A ≤ 4δn‖K‖22‖λ‖21 × P(Na,n(R) ≤ (1− α)2n‖λ‖1).

To bound the last term, we use, for instance, Inequality (5.2) of [3] (with ξ = (2α− α2)n‖λ‖1 and with the

function f ≡ −1), which shows that there exists α′ > 0 only depending on α such that

P(Na,n(R) ≤ (1− α)2n‖λ‖1) ≤ exp(−α′‖λ‖1 × n).

This shows that

A ≤ CAn
−1,
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where CA depends on α, δ, ‖K‖2 and ‖λ‖1. Now, we deal with the term B by fixing the previous value α:

we set α = min(η/2, 1/4). This implies

(1 + η)(1 − α) ≥ 1 +
η

4

and

B = E[S2
n1{Na,n(R)>(1−α)2n‖λ‖1}]

≤ E



sup
h∈H

{

‖λ̂Kh
n − E[λ̂Kh

n ]‖2 −
(1 + η

4 )‖K‖2
√

‖λ‖1√
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}2

+





=

∫ +∞

0

P



sup
h∈H

{

‖λ̂Kh
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n ]‖2 −
(1 + η

4 )‖K‖2
√

‖λ‖1√
nh

}2

+

≥ x



 dx

≤
∑

h∈H

∫ +∞

0

P





{

‖λ̂Kh
n − E[λ̂Kh

n ]‖2 −
(1 + η

4 )‖K‖2
√

‖λ‖1√
nh

}2

+

≥ x



 dx.

To conclude, it remains to control for any x ≥ 0, the probability inside the integral. For this purpose, we

apply Corollary 2 of [3] and we set

U(x) = λ̂Kh
n (x)− E[λ̂Kh

n (x)] =
1

n

∫

Kh(x − u)dNa,n(u)− (Kh ⋆ λ)(x).

If A is a countable dense subset of the unit ball of L2(R), we have:

‖U‖2 = sup
a∈A

∫

a(t)U(t)dt

= sup
a∈A

∫

a(t)

(

1

n

∫

Kh(t− u)dNa,n(u)−
∫

Kh(t− u)λ(u)du

)

dt

= sup
a∈A

∫

ψa(u)(dN
a,n(u)− nλ(u))du,

with for any a ∈ A and any u ∈ R,

ψa(u) =
1

n

∫

a(t)Kh(t− u)dt.

We have for any u,

ψ2
a(u) ≤

1

n2

∫

a2(t)dt

∫

K2
h(t− u)dt =

‖K‖22
n2h

.

So, if b = ‖K‖2

n
√
h
, ‖ψa‖∞ ≤ b. We have

E[‖U‖22] =
∫

E[U2(t)]dt =

∫

var(λ̂Kh
n (t))dt =

‖λ‖1
nh

‖K‖22,
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which implies

E[‖U‖2] ≤
√

‖λ‖1√
nh

‖K‖2.

Finally,

v := sup
a∈A

∫

ψ2
a(x)nλ(x)dx

= sup
a∈A

∫ (∫

a(t)

n
Kh(t− x)dt

)2

nλ(x)dx

≤ 1

n

∫

λ(x)dx

∫

a2(t)|Kh(t− x)|dt
∫

|Kh(t− x)|dt

≤ ‖K‖21‖λ‖∞
n

.

Corollary 2 of [3] gives: for any ǫ > 0, for any u > 0,

P

(

‖λ̂Kh
n − E[λ̂Kh

n ]‖2 ≥ (1 + ǫ)

√

‖λ‖1√
nh

‖K‖2 +
√

12

n
‖K‖21‖λ‖∞u+

(

5

4
+

32

ǫ

) ‖K‖2
n
√
h
u

)

≤ exp(−u).

Then, we conclude by using exactly the same computation as in the proof of Lemma 1 of [4, p 32-34] that

gives:

B ≤ CBn
−1,

where CB is a constant depending on δ, η, ‖K‖2, ‖K‖1 and ‖λ‖∞.

The lemma leads to the result.
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