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This supplementary material contains all proofs of theorems and propositions of the main
article PCA for Point Processes.

S.1. Proofs of Section 3.

S.1.1. Proof of Proposition 3.1.  Let j > 1. We observe that, since \; > 0,

1
(S.1.1.1) nj(t)zAjl/O Ka(t,s)n;(s)ds,  te][0,1].

We prove that 7); is of finite variation on [0, 1]. We recall that a function f is a function of
finite variation on an interval [a, b] if, for any grid (%o, ...,t,) of [0, 1], the quantity

P
Vi= a§t0<tslli1.)..<tp§b {; 17(te) - f(tf—l)’}

is finite. For any grid (¢, .. .,t,) of [0, 1], we have:

P

D Ini(te) = milte—)| =271
/=1

/=1
p
_\—1
=31
/=1

1
/0 (Ka(s,t0) — Ka(s,t));(s)ds

1
/0 (E{Fa(s)Fa(te)] — ELFa(s)Fa(tr—1)]) 7;(s)ds

| EFs @ Fat) = Pa(tea)n (s

1
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LT
g)\jl/[) E [|Fa(s |Z‘FA te) — Fa(te— 1)|] n;(s)| ds
=1

1 p
gAj—l/O E ||Fa(s)] ) 1A(te-1,te])
(=1

[ [m;(s)] ds

1 p
<! / E ||Fa(s) > (T ter,te]) + W (Jteo1,te))) | Inj(s)] ds
0 =1

SAII/O E[|Fa(s)[ (T([0,1]) + W ([0, 1]))] [n;(s)| ds,

which is independent of the grid. We observe that

E[|Fa (5)] (T1([0,1]) + W ([0,1]))] < \/E [1Fa()P] < B [0, 13) + W ([0, 11))?]

<2\/& [1Fs(9)] BME(0, 1)

and

/0 E[|Fa(s)] (TL([0, 1]) + W([0, 1]))] [n;(s) | ds

< 2|, l2/E [P ([0, 1)) ( /0 B[] ds>

< 4|52 [I%([0, 1])] < o0

1/2

Then, 7); is a function of finite variation. Since K A is continuous, 7; is also continuous (and
then right-continuous). We also have that 7;(0) = 0. Then, applying Proposition 4.4.3 of [2],
we obtain that there exists a signed measure f; such that

nj(t):”j([ovt])v tG[O,l].

From Fubini’s Theorem we have that for any function ¢ € ”Hé

/Olso’(t)nj(t)dtz/olcp’(t)(/Otduj(s)>dt=/ol (/slgo'(t)dt) dp;(s)

1
(S.1.1.2) = —/0 o(s)dp;(s),
since (1) = 0.

S.1.2. Proof of Theorem 3.2. By the Karhunen-Loeve theorem (see e.g. [3], Theorem
7.3.5) applied to the stochastic process Fij,

2

J
(S.1.2.3) lim sup E | | Fu(t) — Fw(t) — Y _/Agmit) | | =0.

=400 10,1

Furthermore, similarly to (S.1.1.2), we have, for all ¢ € ’H(l),
(p. L= W) = —(Fi1 — Fw,¢').
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Then, using Equation (5) of the main file,

J
2
E|m-w-Y vihgu,
j=1

sup (cp,H W) — Z\Ffﬂ go,u])]

| perd N <t

<E| sw (Fn-Fv- Z VA&, cp’>2]
j=1

| perdligr <t

J

2

<E| sup II@'Ilz)‘FH—FW_Z\/Yj@WH ]
=1

| pEHs,[le'lI<1

- p )
<E /O (FH(t)_FW(t)_Z\/)ijjnj(t)) dt]
j=1

and the result comes from Equation (S.1.2.3).

S.1.3. Proof of Theorem 3.4. A direct consequence of Mercer’s theorem is that

wa, 22N S Ay @ Do =S N (e O Z)\ ® 1)
A’@tas = = Yk maatas —j>1 15 %ata SO’MJ Hj) -

Indeed, Fubini’s theorem and the definition of x; implies
<77j ®77j7;2§9> = /[0,1]2773‘(8)77 (t )g:a (s, t)dsdt
= [0 ([ o) s
= [ o) (o v Y
== [ o) (526 s
[ ) [ St ras

= (@, 11j @ pj),
using Fubini’s theorem and the definition of 1; a second time. Hence we can write
2
<%f;§, <p> = ; N, 115 ® ).
Now remark also that,
%K
Otds

Ca =

Indeed, for a function ¢ € H, we get

/01 dt_/ Zqugo dt_Z/

TeN TeN

= > (p(1) —¢(T)) = —(IL,¢).

TeN
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In particular

[/ 1 Filt)¢/ ()0t = ~B{IL )] =~ ).

This implies

82g0 8%
K = E[FA(s)F.
| Kl O g (sstdsds /[O BB G)PA0)] 5 o t

_E / Fru(s) Fa () 22 (5. tydsdt
- [0,1]2 )£ 8tas 5 5

2

0%p
— Fyw (s)Fw s, t)dsdt
0,12 (5) (t )(‘%a (5,%)

—JE[/ Fr(s </ Fu(t S:g(s t)dt)d]
/FW U FH()gfg’ (s, t)dt]d
/D Fn<s>T;V§j<s,T>ds

1 1 690
+/ Fy(s) | —==(s,t)W(t)dtds
0 o Os

=—-E

=E| Y oI 1) —(p,WaW)
T,T'eN

= (Ca, ).
Then, for all ¢ € ’H%, from Cauchy-Schwarz’s inequality we deduce

J J J
0%
<Z)\juj®uj—CA,90> = <Z)‘j77j®77j_KAaasat> <||Ka—=>_ Amj@n

0s0t

which implies

J J
D Ajnj® pj— Ca <D Amj@n— Kall,
Jj=1 H-2 Jj=1

and Mercer theorem implies the expected result.
S.2. Proofs of Section 4.

S.2.1. Proof of Theorem 4.1.  First, assume that F},; is an eigenfunction of the operator
I' A associated to the eigenvalue ;. We have:

1
(S2.1.4) ME (1) = / Ka(t,)F,, (s)ds, t€0,1].
0
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We have for any (¢,¢') € [0, 1]2, since \; > 0,
1/2

1
|y (8) = Fpuy ()] < (| Fpyll2 x A (/0 (Ka(t,s) - KA(t'78))2d3>

And since K is continuous, |F}, (t) — F),,(t')| goes to 0 when ¢’ — t. So F),, is continuous.
Equation (S.2.1.4) gives

NiFy, (t) = /01 </Omin{8;t} w(u)du) F,, (s)ds

1

(S.2.1.5) —/OtF#j(s)</08 (u )du)ds+/t F#](s)(/otw(u)du)ds.

Now, consider

1
H;(t)= / F,,(s)ds, tel0,1].
t
Since F#J is continuous, H; is a differentiable function and
Hi(t) = —F,,(t).

Actually, previous computations show that F), is an infinitely-differentiable function and
differentiating Equation (S.2.1.5) gives

1
(5.2.1.6) AFL () = w(t) / F, (uw)du
t
and then H; is solution of a second-order differential equation,
(S.2.1.7) =N\ Hj (t) = Hj(t)w(t),

with boundary conditions:
H;(1)=0, H;(0)=—F,(0)=0.
Therefore, (\;, H;) is solution of the system (15) of the main file.

Conversely, assume that (\;, H;) is a solution of (15) of the main file. Then, setting

Fuj(S):—H}(S), 86[071]7
we obtain, by using integration by part, for any ¢ € [0, 1],

/KMS )dS—/tFm()</OS (>du)ds+/IFM?(s)(/tw(u)du)ds
/ H(s / w(u)du)ds — ( / u)du) / HY(s
=—Hj<t>/ du+/H ds—(/0 <>du)( (1)~ Hj(1))
_ / CH (s)w(s)ds

since H;(1) = 0. Then, since H}(0) =0, for any ¢ € [0, 1],

/KAts ds——)\/H”

= =N H(t) = N F, ().

Then, (\;, F},,) are eigenelements of the operator of kernel Ka.



S.2.2. Proofs of Theorem 4.8 and of the result of Remark 4.9.  In the sequel, we set

B3wq ~woaB(28 — oz)‘

T B

We observe

] o gy a(W00B2E ) Fw
(0= B) *@Calar— §) = Co) = (= ) 2 (M TE ) - )

=woB(8 —a)~*(a(28 —a) - §7)

— WP _ ~C1 877

(8—a)?

and
(S5.2.2.8) 2050 + C1 = C1572602.
Using Equation (20) of the main file, we have, by symmetry of the bivariate kernel

Ka(s,t) =Cymin{s;t} — C’g( —1—e sl om0t 6_93>, s,t€10,1].

Furthermore, using definitions of Cy and Cy, (A}, H;) is solution of (21) of the main file if
and only if we have:

1
CNH () = 1A 20%H, (5) — Cab? / s (1)t s € (0, 1),
0
Hy(1)=0, H/(0)=0

Then, let us express I'a F),,. For any s € [0, 1],
1
LAFy,(s) :/ KAa(s,t)F,,(t)dt
0
1
= / (Cl min{s,t} — Co (—1 — e ltmsl om0t 6_98)) F, (t)dt
0
s 1 1
e / (F, (t)dt + Cis / F, (t)dt + Co(1 — &%) / E, (t)dt
0 s 0

1 1 S
—Cy / e O, (t)dt + Cae’ / e O, (t)dt + Cae™" / " F, (t)dt.
0 s 0

We have

Hj(s):/lFM(t)dt, s €[0,1].

Since K a is continuous, the eigenfunctions are continuous as well (eigenvalues are positive).
Since Fy,; is continuous, we have

F,,(s)=—Hj(s), sc[0,1]
with boundary conditions
H;(1)=0, HJ’(O) =0.
Then, we can write

TAF, (s) = (I)+ (IT) — (IIT) + (IV) + (V)
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with

(I):Cl/os ()dt+C1S/1 Mj(t)dt

=] /St(—H]/-(t))dt + ClsHj(s)
0

_q / H, ()t
0

1
(IT) = Cy(1 — e %) /0 F, (t)dt
= Cy(1 — e %) H;(0),
1
_ e—et
(IIT) = Cy /0 E, (t)dt
1
:02/ 0 () (1)) d

= CoH;(0) — O30 / 0t (t
and
1
—(III)= —CQ.H]'(O) + 029/ efetHj(t)dt.
0

Now,

1
(IV) = Coe?® / e U F, (t)dt
1
Oyt / e~ (—HY (1)) dt

=02e9 e " H;i(s)—0 / e H;(t dt
and, finally,

= Che /0 e (—HJ(t))dt
— Coe " (H,(0) — ** H, (s)) + Che™ / O H (1) dt
0

s
= 026—65Hj(0) — C2Hj($) + 0296_95/(; €6tHj (t)dt.
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Therefore

CaFy,(s)={I)+UT)—III)+IV)+ (V)

_c /0 " H, (4)dt + Co(1— e~ H, (0)

1 1
— CQHJ' (0) + 029/ e_etHj (t)dt + CQHJ'(S) — 029695/ e_etHj (t)dt
0

S

+ Coe % H;(0) — CoHj(s) + Cofe™ /0 P H (t)dt

s 1 1
=0 / H;(t)dt + C20 / e P H;(t)dt — Cyfeb® / e H; (t)dt
0 0

+ Cyfe / P H; (t)dt.
0
Setting

s 1
U(s) = 695/0 P H; () dt — 695/ e H;(t)dt, se]0,1],

S

we finally obtain that for any s € [0, 1],

s 1
(5.2.2.9) TAF, (s) = Cy / H,(1)dt + Co / e H (1)t + Co8U (s).
0 0
We then obtain that
(8.2.2.10) FAFMj(S) =\Fy, (s), se€l0,1]

if and only if
ME, ()= C /0 " H, (t)dt + Caf /0 LI ()t + Co0U(s), s € [0,1].
In the sequel, we use the following lemma.
LEMMA S.2.1. Setting
(S.2.2.11) Z(s) = /0 1 e Ol () dt,
we have for any s € [0,1],
U(s) = U(0) + 2/08Hj(t)dt - 9/05 Z(t)dt.

PROOF OF THE LEMMA. We have for any s € [0, 1],

s 1
U'(s) = —06_98/0 U H (t)dt 4 Hj(s) —0698/ e O H;(t)dt + H;(s)

S

= 2Hj(8) — HZ(S)

This provides the result of the lemma.
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Now, we assume that (S.2.2.10) is true. We have
)‘jFAItj (s)=C1H;(s)+ CQQU/(S)

= C1H,(s) + Caf (2Hj(s) - 92(3))

C16?
=~ Hi(s) = Ca0*Z(s),
by using (S.2.2.8) and the lemma. This gives
C16?
(5.2.2.12) — N\ HY (s) = 512 Hj(s) — Co0?Z(s), sel0,1],

meaning that (\;, H;) is solution of Equation (21) of the main file.

Conversely, assume that (\;, H;) is solution of Equation (21) of the main file. We prove
that (S.2.2.10) is satisfied. Indeed, using (S.2.2.9), the result of the lemma and

U(0)=— /0 16’9tHj(t)dt,

we have for any s € [0, 1],

TAF, (s)=Cy / H,(t)dt + Caf / ~OUH (1)dt + Co0U (s)

_01/1{ dt—i—029/ 9tH()dt+029 +2/H dt—e/

2
_Cl‘)/H dt—0292/ Z(t)dt.
0

by using (S.2.2.8). Since (\;, H;) is solution of Equation (21) of the main file, we finally
obtain for any s € [0, 1],

FAFMJ(S)z—Aj/ H (t)dt
0

o\ (H(0) — H(5)
= )‘jFMj (s)

and the result is proved.

Now, we prove the result of Remark 4.9 of the main file. Using Equation (S.2.2.12), we
obtain

H!(s) — C20?7"(s), s€]0,1].

By definition of Z given in (S.2.2.11), we have for any s € [0, 1],

s 1
Z’(s):—06_68/0 eequ(u)du—l—Gees/ e " H; (u)du
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and

s 1
Z"(s) = 0%% / e H  (u)du + 6% / e 0 H (u)du — 20H; (s)
0 s

= 027Z(s) — 20H,(5s).
Now, we obtain, still using Equations (S.2.2.12) and (S.2.2.8),

162
~NHY(s) = 612 H'(5) — C20"Z(s) + 2C26°H, (s)
C,62 C,6*
_ ;2 HY(s) — A0 H//(s) + (20293 - Blg )Hj(s)
C162
— 612 HY(s) — X\;0H] (s) — C16%H;(s).
Finally, we obtain for any s € [0, 1],
4) Qi N C16? 1" 2
(S.2.2.13) = H )+ A0 H (5) = =5 (Hj (s)— B Hj(s)).

In particular, if A\; = 0, then
Hj(s)= 1€ + e P se(0,1],

for ¢1 and ¢y two constants. The boundary condition H}(0) = 0 gives c1 = c2 and H;(1) =0
gives ¢; = co = 0. Then A; = 0 entails H; = 0 and then F),, = 0. We have assumed that F},,
is continuous, which allows to use previous computations.

S.2.3. Proof of Theorem 4.10.  We set

_ Bwo C_wooéﬁ(zﬁ—a)
S B-a’ T 2(B-a)?

0=p5—«

w1

and
1
1)) == [y, e o

In the sequel, we assume that Assumption (22) of the main file is satisfied, which is equivalent
to

) —9 —-0/2 _ -0
(S.2.3.14) —C<2 L 372% ¢ ) <1.
w1 0

Now (21) of the main file writes

{ N () = wiy() + wi L (y(1)), € (0,1),
y(1)=0, y'(0)=0.

Let H; be a solution of this ODE as expressed in Theorem 4.8. We have
HY (t) + pfH;(t) = —p; I(H;)(1), £ € (0,1),
H;(1)=0, HJ’(O) =0

with

w1
S.2.3.15 = — .
( ) Pi )\j j—>—+)oo +oo
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We write H; and H as
{Hj@) = a(t)cos(pjt) + b(t)sin(p;1),
Hi(t) = —pja(t) sin(p;t) + p;b(t) cos(p;t),
with a and b C2-functions that must satisfy

{ a'(t) cos(pjt) + ' (t) sin(p;t) =0
—d'(t)p;sin(pst) + V' (t)pj cos(pst) = —pi I(H;)(¢).
This means that

<fzisr(1/<)2§3t> 522((2?3) (Z:<(3 ) - (—pﬂ&a)(t)) ’
or equivalently
() = (o) e (i)

Therefore
{ a(t) =a+ p; ft sin(pjs)I(H;)(s)ds
b(t) =b—pj [, cos(p;s)I(H;)(s)ds,
with a and b two constants. Finally, for any ¢ € [0, 1],
t

Hj(t):acos(pjt)—i—bsin(pjt)+pjcos(pjt)/0 sin(pjs)I(Hj)(s)ds—pjsin(pjt)/0 cos(pjs)I(H;)(s)ds,

and
t

HJ’-(t):—apjsin(pjt)+bpjcos(pjt)—pjzsin(pjt)/o Sin(pjs)I(Hj)(s)ds—p?cos(pjt)/0 cos(pjs)I(H;)(s)ds,

with @ and b two constants. The boundary conditions H ]’ (0) = 0 implies that b= 0. We then
obtain that H; must write
(5.2.3.16)

() = acos(p,0)+pycos(pst) | sinlps) () (s)ds—pysinlpt) [ cos(ps) () (s)s.

and

HJ’-(t):—apjsin(pjt)—p?sin(pjt)/o sin(pjs)I(Hj)(s)ds—p?cos(pjt)/0 cos(pjs)I(Hj)(s)ds.

In particular, we have

,(6) = acos(pyt) = py [ sin(p; (¢ = 5)) () s}

= acos(p;t) — /Opjt sin(u)I (H;) (t - ;Lj)du

We denote J; : Loo[0,1] — L[0, 1] the linear operator defined for f € L[0,1], for ¢ €
[0,1], by
t

IO = pycos(pt) [ sinlpys) T (s)s = pysinost) [ cos(oy)T(1)(s)ds
= =py [ sinloy(t = NI s
pjt U
= —/0 sin(u)I(f) <t - —)du.

Pj
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Finally, if H; satisfies Equation (21) of the main file, H; satisfies
(5.2.3.17) H;(t) =acos(pjt) + J;(H;)(t), te]0,1].
Conversely, if H; satisfies Equation (S.2.3.17), for t € [0, 1],

HY (t) = —ap; cos(p;t) + J7 (H;)(¢)

= —ap? cos(pt) — pl cos(p;t) / sin(py)1(Hy)(s)ds — p? sin® (p;)I(H, (1)

+ fsinpst) [ cos(o )T (s)ds = 7 cos? ()1 () ()

— —ap? cos(p;t) — p2J; (H,) (1) — p21(H) (1)
= —pi Hj(t) — p3 I(H;)(1).
It means that if H; satisfies Equation (S.2.3.17), then it satisfies (21) of the main file. We

have proved:
(8.2.3.18)
H; satisfies Equation (21) of the main file <= H; satisfies Equation (S.2.3.17).

Now, let us deal with F/, (t) = —H(t), for ¢ € [0, 1]. We have:

F,, (t) = —H;(t)
= apysin(pyt) + psinpst) | sinlps) ) (s)ds+ o cos(ot) [ cos(pys) (1) (5)ds

= ap;sin(p;t) + p?/o cos(pj(t —s))I(H;)(s)ds
pit m
= ap;sin(p;t) + p; /0 cos(u)l (H;) (t - pj)du

. rpst 1 .
=ap;j sin(pjt)—l—cpj/ cos(u)(/ e=0lt=r; “75|Hj(s)d8>du.
0

w1 0
It gives
(S.2.3.19) F,, (t) = ap;sin(p;t) + p; K;(H;)(t), tel0,1],
with for any bounded function f,
c p]t 1 _1
Ki(f)(t) == / cos(u)( / e~0lt=p7 us| f(s)ds) du.
w1 Jo 0

LEMMA S.2.2. We set
I Jilllsc == sup  [[J;(f)lloo-
follflle=1
If (S.2.3.14) is satisfied, we have
1
3
Furthermore, there exist c1, co and cs three positive constants only depending on c, 0 and w,

such that
175(cos(pj)lloe < c1p5 ", (1K (cos(pj ) oo < c2p; ' and || Kjllloo < c3.

Il jllloo <
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PROOF OF LEMMA S.2.2. We have
pjt u
~Ti(f)(0) :/ sin(u)I (f) (¢ = =) du
0 Pj
C

- [ el e (s)ds

w1

—:Im (J“) () +TD(F)(t) + IO (f)(t)> ,
with

JOA) () = S Opjtei“</0t_pj ue_a(t_ﬂj_lu—s)f(s)ds)du

t

pit=s) |
S e_e(t_s)f(8)</ e+, )“du)ds
0

w1 Jo

t
_ c/ e=00=5) () (eip_j(t—8)+9(t—s) — 1) ds
wi(i+0p; 1)

_ —1 4+ Hpj / f zp7 (t—s) _ e—@(t—s))ds’

W

2w == | e / tpllue“t—ﬂf ) 1 (s)ds ) du

w1

t

Pt ) .
_ ¢ [ e f(s)< / o(i~00; )“du>ds

w1 Jo p;(t—s)

t
_ . c _1) / ee(tfs)f(s) <€ipjt79t N eipj(tfs)fe(tfs))ds

w1 (z—@pj

—1— ep] / f prjtf@s o eipj (t*s))ds

1/1+92 -2

and

13
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This yields

(S.2.3.20)
209,0]

1
50 = ——Tm| [ fls)en >+ v :
! 1+92 72 m</ w1y 1—1—02,0]-2/0
i—0p
+ 7 J f 7,p7t Gsd)
m<w1\/1+92 / ’

We obtain for any ¢ € [0, 1],

s)e =5l ds

2c c
J(F)(t <(— e Olt=slg / ‘95d
‘J(f)()’— w1+w1 o s+ S Hf”oo
—ot ot
g(§+ce / bsgs + < _95d5+c/ e‘esds)HfHoo
w1 w1 0 w1 Jt w1 Jo
‘ 3 0t _ Bt=1) _ o0
< (2+ LE
w1 0
c 3—2e9/2 0
< (s sl
<o(2+ ; 11
and
c 3—2e 92 _ ¢t
J; OO<7(2 )
L

This yields the first result.
For the second result, observe that with f = cos(p;-), we obtain from (S.2.3.20),

2ct et —0)t—s| ! ip;s —0s
|J;(cos(pj))()] < ‘ Pise ds’ +— ‘ e'fise ds‘.
wi'tJo

wlpj

But

1 t 1
/ eipjse—G\t—s|dS — bt / e(ipj+0)3ds + et / e(ipj —G)Sds
0 0 t

_ 69t<€(i'[?j+9)t —_ ]_) n 60t<eipj_0i —_ e(ipj_e)t)
ipj +0 ipj — 0

and there exists ¢; only depending on ¢,  and w; such that

175 (cos(pj+)) oo < c1p; "
For the third result, observe that

c [P L . t=p; u=s| £(\ds ) du
Kj(f)(t):Re<w1/0 e (/0 e~ | £(s)d )d )

=TRe (J(l)( @)+ IJD)) + J<3)<f)(t)>

209,0;1 ( ¢ . cp;t 1
=———-  TRe / f(s)ei (t=5)gs . E— / f(s)ef(;'t*S'ds
w1\/1+92p]72 0 wiy/1+6%p;
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( Z—Gp] / f ijt 95d8>
wyy/1+6%p _2
Therefore, as previously, there exists ¢s only depending on ¢, # and w; such that
1 (cos(pj+))llo < c2p;
and there exists c3 only depending on ¢, € and w; such that
15Kl < 3.
O

Now, we end the proof of the theorem and use Equivalence (S.2.3.18). Since J; is a linear

operator, for any integer IV, we have, for ¢ € [0, 1],
Hjj(t) = acos(pjt) + J;(H;)(t)
= acos(pjt) + aJj(cos(p;-))(t) + (Jj o J;) (H;)(t)
—1

2

ay  Ji(cos(pr))() + () (H;)(D),
k=0

with for any bounded function f,

JE(f) = (Jjo--- o Jj)(f).

|

k times

Since H; is bounded and ||| J;]||cc < 1/2 (see Lemma S.2.2), we have
tlimsup || (1)) (Hj) oo < limsup |J; |51 Hjll oo = 0.

Therefore
+0o0

(S.2.3.221) Hy(t)=a) _ J{°(cos(p;-))(t), te(0,1].
k=0

This implies that, up to renormalization, we have at most one solution to the problem. Now,
we obtain a solution of the system (21) of the main file if and only if the boundary condition
H;(1) = 0 is satisfied. Using (S.2.3.21), this is equivalent to

+o0
cos(py) = — 3 T (cos(p;)) (1.
k=1
We can write p; = (kj — 1/2)7 + u;m, with k; € N* and —1/2 < wu; <1/2 (k; and u; are
uniquely defined). Then, H;(1) = 0 writes

+o0
(5.2.3.22) (D)% sin(uym) + Y JF(cos(((kj — 1/2)m +ujm)-))(1) =0.

k=1
Since |[|J;]llc < 1/2 (see Lemma S.2.2), for k; fixed, the left hand side is a continu-
ous fonction of u; taking positive and negative values when u; describes the interval
(—1/2;1/2]. Therefore, for any positive integer k;, there exists u; € (—1/2;1/2] such that
Equation (S.2.3.22) is satisfied. Now, let us give a control of u;. We have:

—+00

—+00
. _ 1\ k-1 C1 201
20| < [sin(uym)] < 30 IIET < 15 (os(p Dl <D0 (5) x o=
1 1 Pj Pj
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leading to
c
Juj] < =
j
These computations hold for any integer k; and in particular, we can consider k; = j. In this
case, we obtain

pi=(j—1/2)m +um
and, using (S.2.3.15),

:ﬂ: w1 _ w1 uj —2
"h ((G = 1/2)7 + uym)) (jﬂ_ﬂ/2)2(1+(]’_1/2)> '

We have finally proved that for any j > 1, System (21) of the main file has a solution (\;, H;)
and there exists a constant C; depending only on ¢, 6 and w; such that for any j > 1,

w1
N — — =
’ ! (j7r — 7T/2)2
Now, it remains to determine F),,. Using (S.2.3.19), we have for any ¢ € [0,1],
Fy, (t) = apjsin(p;t) + p; K (Hj)(t)

<0yt

=ap;sin(p;t) + ap; Kj(cos(pj-))(t) + ap; ZK (cos(p;-))) (t).

and we have to determine the value of a by using the property || F),, [|2 = 1. Setting

v;(t) := p; Kj(cos(p;-) +,0]ZK (cos(p;))) (), te€0,1],

so that
(5.2.3.23) F,,(t) = apjsin(p;t) + av;(t), te[0,1],

we have, using Lemma S.2.2,

+00
lvlloo < 2+ c3p; Y 2" ¥ (| Tj(cos(pjo)) lloo < c2 + 2c1c3
k=1

and, since pj_1 =0(;7Y),
1
_ 2 _ 2.2 - vi(tN\2 ., 99 1 1
1—/Fuj(t)dt—a pj/ (sm(p]t)—i— o ) dt = a”p; x <2+O(] ))

This implies ap; =2+ O(j 1) and a = ‘[ + O(j~2). Using again Equation (S.2.3.23)
yields the result stated in Equation (24) of the main file. Equation (S.2.3.21) shows that the
eigenvalues (\;);>1 are simple.

S.3. Proofs of Section 5.
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S.3.1. Proof of Lemma 5.1. We first prove some intermediate results. First remark that
given i =1,...,n, if T € Nj, there exists k € {0,...,|7|} such that T' = T}, then for all
ce{l,...,|Tl}

Tg TZ
/ 1p<idt = / 1, <idt = (T — To1)1r.<7,, = (To = Tp—1)17<T,, -

Tefl TE—l
This implies
Ty
| P / S tradt= Y / Lyt
Tes Ter e, TeEN,

= > (To—To)lr<r,, = (Tr — To1) P, (To-),
TeN;

and consequently

Te
/ ()dt— Ty —Ty_ 1 ZFH Ty 1 TE_TK I)FA(TE 1)
Tea

and also

T,
(S.3.1.24) /T Fx (t)dt = (T — Ty—1) Fx (Ti-1).

We turn now to the proof of the first point. Let £ € {1,...,|T|},

~

PAEg( ) /
A VI — TE 14T,

72 > lrcilpc — Fp(s)Fp(t) | dt

i=1T/T'eN,

Kx(
! 1§n: S 1 / Vpreydt — F (s)/TZ P (t)dt
- T T<s T'<t — 'y W
\/ TZ TZ ln -1 T,T'EN, To—1q h W Toes W

Tg 1)1T’<T/ 1 Fw(S)Fw(Tg_l)(Tg — Tg_1)> .

\/Tg Tf l/Te 1

n
Te Te 1 T,eN

— @ > (Fi, () Fn, (To-1) — Figp(s) Fip(Ti-)) -
=1

Following the same lines, for all ¢/ € {1,...,|T|},
Ty

<f ep,ep) = T'x eg
A \/Te' Tzf 1T,

VI =T zn: Te

n\/Tg/ —Tg/_l i—1 Tyr_q

_ V(T =Ty 1) (T —Tp1) zn: (Fit, (Ty—1)Fir,(Ty_1) — Fe(To 1) P (Ty1)) -

n N
=1

(i1, (8) Fin, (Te—1) — Fp(s) Fyp (Ti—1)) ds
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In particular, if for all ¢, there exists a unique ¢ such that Ty € N;, we have FW(T —1) =
({—1)/n and

T (-1
F(t)dt = T(Tg —Ty1),
To—1

which concludes the proof of the first point.
Now, we start the proof of the second point by proving that

~

(S.3.1.25) Im(T'3) Cspan{es, ... e}

Since fﬁ is a finite rank operator, both spaces Im(fg) and span{ey, ..., e} are finite-
dimensional vector spaces and it is sufficient to prove

span{eq, ..., em}L C Im(fﬁ)L.

Moroever, since I A Is a self-adjoint operator,
Im(T'5)* = Ker(T'3).
Then, to prove (S.3.1.25), it is sufficient to prove that
span{ey, ..., em}L C Ker(fﬁ).
Let f € span{ei,..., e}, we have forany £ € {1,...,|T|},
(feq) =0,

then, by definition of ey,

Ty
f(t)dt =0.
To—1
This implies that, for all ¢ =1,...,n, for all T' € NV, since, by construction of the grid 7,
there exists £ such that T'=T,_1,

1 7l .7,
/Tf(t)dt:;:; TZ,_lf(t)dt:O'
Hence
1 1 1 1 1
F=. )= [ W(o, dt = = 1 dt == dt=0
)= [ T 50y Y JREEC ) | s
and

~ n 1 —
Faf =33 3 [ rcucn s = W(0.0)(F ).

i=1 T,T'EN;

n 1 L
=3 Y ey /T f(s)ds — W([0,1])(Fyp, f) = .

i=1 T,T'€N;

This concludes the proof of (S.3.1.25).
Now we identify the eigenfunctions of I'5 with the eigenvectors of the matrix G3.
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» Letj > 1. We consider \; a non-zero eigenvalue of r x- Let ; an associated eigenfunction
such that ||7;]| = 1. We set

~

Uj ((77]v€€>)g 1.7

We have
Gﬁﬁjz Z<F3€be£’><ﬁjae€’>
=1 ¢=1,...,|T]
o m
(S.3.1.26) = <F3€£,Z<ﬁj76£/>ef’>
=1 0=1,...|T]

Now remark that Z v—1(Njee)ep is the orthogonal pI‘O]eCtIOIl of the function 7); on the

space span{er, ...,e7|}. Then, since FAn] = )\]7]] and )\ > 0, from (S.3.1.25), we de-
duce

n; € Im(T'3) Cspan{ey, ... e},
meaning that

7]

> (. eo)er =1

=1

and ||v;]| = 1. Then, since r 3 is a self-adjoint operator, (S.3.1.26) can be written

This means that )\ € Sp(G ) and, consequently

Sp(T'z)\{0} € Sp(GR).

* Conversely, let v; = (@1, . ,ﬁyl)t a unit-norm eigenvector of G'3 associated with the

eigenvalue Xj and let

|71

~ ~
=) _Tjer
(=1

We have:
7] [T] 71
~ ~ JIPS ~
NN Z<F£T}j,65/>€@ = Z vj<1“£eg,egl>eg, = Z [Gﬁv]} , ep
=1 0,0'=1 =1
[T]
7/\ /\é’ 7/\‘/\
=Aj € = Ajhj
=1

Then, 7); is a unit-norm eigenfunction of the operator r ; associated with the eigenvalue
Aj and

Sp(Gz) € Sp(T'3).
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To end the proof of the third point, it remains to remark that, since the functions e;’s are
right continuous functions, then 7); also is a right-continuous function. Moreover, following
the same lines than the proof of Proposition 3.1, 7); is a function with bounded variations
and 7);(t) = 0 for ¢ < 0. Then, applying Proposition 4.4.3 of [2], we obtain the expected
result: there exists a unique measure fi; such that i3 = 7);.

S.3.2. Proof of Theorem 5.6. We first prove the first point. From [1], Lemma 4.2, p. 103,
we can deduce that

(S.3.2.27) s1>113|Xj — Nl <Ita =Tkl
J=Z

where, for an operator S on IL2([0, 1]),
[1S]]

zelL2([0,1]) |||

ISl =

denotes the usual operator norm. Let Tp= % Yo Fa, ® Fa, we get
(5.3.2.28) ITA =TI <ITa =Tall+ Tz = Tall
First, we deal with the first term on the right-hand side of (S.3.2.28). We get classically,

~ 1
TA—Th=—- FA, ® FA, —E|[FA ® Fa.
a-Ta=— ; A, @ Fpn, —E[Fa @ Fal
We remark that FA, ® Fa, — E[FA ® Fal, ¢ =1,...,n is an i.i.d. sequence of centered

random variables taking values in the space of Hilbert-Schmidt operators equipped with its
usual norm || - || gs defined by [|S||%¢ = doi>1 |Se;||? for (e;);>1 an orthonormal (hilber-

tian) basis of IL2([0, 1]) (recall that the definition of the norm does not depend on the basis).
Furthermore, we have

ITA —Tall < ITa —Tallms

and

~ 1 —
ITa = Tallfg = 2 Z (Fa, ® FA, —E[FA ® FAl, FA, @ FA, —E[FA ® FA))Hs,
ij=1
where, for two Hilbert-Schmidt operators S and 7, the Hilbert-Schmidt scalar product is
defined by (51, 52)ms = >_;>1(51€j, 52¢;) and does not depend on the considered basis.
Then, taking (e;); = (7;);, we remark that

E[(Fa, ® Fa, = E[FA ® FA], Fa, ® FA, = E[FA ® FA])us]

=Y E[((Fa, ® Fa, — E[FA ® Fal)ne, (Fa, ® Fa, — E[FA @ Fa])ne)]
>1

1
:Z/ Cov (FAi ®FAi77g(t),FA]. ®FA].774(t)) dt
>170

1
~15,% /O Var (Fa ® Fang(t)) dt

>1

1
:1i:jz/0 Var ((Fa,n¢)Fa(t)) dt

£>1
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1
<1l ZE [(FA,W>2/ Fi(t)dt| =1,—,E [”FAHﬂ _
>1 0
Then, finally, we get
~ E FA 4
(S.3.2.29) E [H\FA _ FA’HQ} < [HnH]

Then for the second term on the right-hand side of (S.3.2.28),
ITa =Tzl = l(Fz - Fw) © (F — Fw)ll = || F — Fw|*.
Then, since Fa(t) = Fri(t) — E[Fu(t)],

E[|ITa - T3l = E[l Fy — Fw|l”)

—E [/01 (Fe(t) — FW(t))2dt}

1
:/ Var (FVAV(t)) dt
0

/ Var < ZFH )

1 1! ) 1 )
(5.3.2.30) == Var (Fr(t))dt = — | E[Fa(t)]dt = =E[||Fal"].

n Jo n Jo n
Finally, combining eq. (S.3.2.28), (S.3.2.29) and (S.3.2.30), we get

~ E [||Fall*

(S.3.2.31) E[|Ta —TxI1%] §4[”n”],

and Inequality (26) of the main file follows from Bosq inequality (S.3.2.27).
From [1], Lemma 4.3, p.104, we have the upper-bound

75 = 51l <2v/287 HITa = T3,
and Inequality (27) of the main file follows from (S.3.2.31). Now, we also have, by Cauchy-
Schwarz’s inequality, for all ¢ € HJ,

2 i~ o~
(5 = o)1 = [ = 75, )" < Ny = 1P|
Then
~ ~ 12 —~ ~
175 = sl < N — 51

and Inequality (28) of the main file follows.
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