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Abstract

We focus on the estimation of the intensity of a Poisson process in the presence of a uniform
noise. We propose a kernel-based procedure fully calibrated in theory and practice. We
show that our adaptive estimator is optimal from the oracle and minimax points of view,
and provide new lower bounds when the intensity belongs to a Sobolev ball. By developing
the Goldenshluger-Lepski methodology in the case of deconvolution for Poisson processes,
we propose an optimal data-driven selection of the kernel bandwidth. Our method is
illustrated on the spatial distribution of replication origins and sequence motifs along the
human genome.
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1. Introduction

Inverse problems for Poisson point processes have focused much attention in the statistical
literature over the last years, mainly because the estimation of a Poisson process intensity
in the presence of additive noise is encountered in many practical situations like tomog-
raphy, microscopy, high energy physics. Our work is motivated by an original application
field in high throughput biology, that has been revolutionized by the development of high
throughput sequencing. The applications of such technologies are many, and we focus on
the particular cases where sequencing allows the fine mapping of genomic features along the
genome, like transcription factors. The spatial distribution of these features can be modeled
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by a Poisson process with unknown intensity. Unfortunately, detections are prone to some
errors, which produces data in the form of genomic intervals whose width is linked to the
precision of detection. Since the exact position of the peak is unknown within the interval
(and not necessarily positioned at the center on average), the appropriate error distribution
is uniform, the level of noise being given by the width of the intervals. Another example
is provided when studying the spatial distribution of sequence motifs along the genome.
A sequence motif is a pattern of nucleotides that is widespread along the genome, with
potentially unknown function, but whose frequent occurrence suggests some implication in
biological pathways. G-quadruplexes motifs for instance are made of guanine (G) repeats
in tetrads that form particular 3D structures whose biologically function is currently un-
known (Chambers et al., 2015). However their implication in replication initiation has now
been demonstrated (Picard et al., 2014) among other biological functions. These motifs are
~ 25 — 30 nucleotide long, and when studying their spatial distribution, their occurrence
can be modelled by a Poisson process, and the uniform error model recalls that the data are
in the form of intervals, without any reference occurrence point within the interval. Hence
the spatial distribution of these motifs should be deconvoluted from this uniform error.

In the 2000s, several wavelet methods have been proposed for Poisson intensity estima-
tion from indirect data (Antoniadis and Bigot, 2006), as well as B-splines and empirical
Bayes estimation (Kuusela et al., 2015). Other authors turned to variational regularization:
see the survey of Hohage and Werner (2016), which also contains examples of applications
and reconstruction algorithms. From a more theoretical perspective, Kroll (2019) studied
the estimation of the intensity function of a Poisson process from noisy observations in a
circular model. His estimator is based on Fourier series and is not appropriate for uniform
noise (whose Fourier coefficients are zero except the first).

The specificity of uniform noise has rather been studied in the context of density de-
convolution. In this case also, classical methods based on the Fourier transform do not
work either in the case of a noise with vanishing characteristic function (Meister, 2009).
Nevertheless several corrected Fourier approaches were introduced (Hall et al., 2001, 2007;
Meister, 2008; Feuerverger et al., 2008). In this line, the work of Delaigle and Meister
(2011) is particularly interesting, even if it is limited to a density to estimate with finite
left endpoint. In a recent work, Belomestny and Goldenshluger (2019) have shown that the
Laplace transform can perform deconvolution for general measurement errors. Another ap-
proach consists in using Tikhonov regularization for the convolution operator (Carrasco and
Florens, 2011; Trong et al., 2014). In the specific case of uniform noise (also called boxcar
deconvolution), it is possible to use ad hoc kernel methods (Groeneboom and Jongbloed,
2003; van Es, 2011). In this context of non-parametric estimation, each method depends
on a regularization parameter (such as a resolution level, a regularization parameter or a
bandwidth), and only a good choice of this parameter allows to achieve an optimal recon-
struction. This parameter selection is often named adaptation since the point is to adapt
the parameter to the features of the target density. The above cited works (except Delaigle
and Meister (2011)) do not address this adaptation issue or only from a practical point of
view, although this is central both from the practical and theoretical points of views.

We propose a kernel estimator to estimate the intensity of a Poisson process in the pres-
ence of a uniform noise. We provide theoretical guarantees of its performance by deriving
the minimax rates of convergence of the integrated squared risk for an intensity belonging
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to a Sobolev ball. To ensure the optimality of our procedure, we establish new lower bounds
on this smoothness space. Then we provide an adaptive procedure for bandwidth selection
using the Goldenshluger-Lepski methodology, and we show its optimality in the oracle and
minimax frameworks. From the practical point of view we tune the method based on simu-
lations to determine a consensus value for the hyperparameter. The empirical performance
of our estimator is then studied by simulations and competed with a deconvolution method
based on Gaussian errors. Finally we provide an illustration of our procedure on experimen-
tal data in Genomics, where the purpose is to study the spatial repartition of replication
starting points and sequence motifs along chromosomes in humans (Picard et al., 2014).
The code is available at https://github.com/AnnaBonnet/PoissonDeconvolution.

2. Uniform deconvolution model

We consider (X;);, the realization of a Poisson Process on R, denoted by NX, with N, :=
NX(R) the number of occurrences. The uniform convolution model consists in observing
(Y;)i, occurrences of a Poisson process N Y a noisy version of NX corrupted by a uniform
noise, such that:

Vie{l,...,Nr}, Yi=X,+4+¢, e ~Ul—a;a], (2.1)

where a, assumed to be known, is fixed. The errors (g;); are supposed mutually independent,
and independent of (X;);. Then, we denote by Ay the intensity function of NX, and ux
its mean measure assumed to satisfy px(R) < oo, so that

dux(z) = Ax(x)dz, =z eR.

Note that N; ~ P(ux(R)), where P(0) denotes the Poisson distribution with parameter 6.
Then we further consider that observing NX with intensity Ax is equivalent to observing
n i.i.d. Poisson processes with common intensity fx, with Ax = n x fx. This specification
will be convenient to adopt an asymptotic perspective. As for Ay, the intensity of NY, it
can easily be shown that

n~t X)\y:’n_l X (Ax*fg):fX*fa =: fv,

where f. stands for the density of the uniform distribution. The goal of the deconvolution
method is to estimate fy, based on the observation of N¥ on a compact interval [0, 7] for
some fixed positive real number T'. In the following, we provide an optimal estimator of
fx in the oracle and minimax settings. Minimax rates of convergence will be studied in
the asymptotic perspective n — +oo and parameters a and 1" will be viewed as constants.
Furthermore, ||fx||1, the Lij-norm will be assumed to be larger than an absolute constant,
denoted by r.

Notations. We denote by |- |[2,7, || - ||1,7 and | - [|so,7 the Lo, L; and sup-norm on [0; 77,
and || - [|2, || - |l1, and || - || their analog on R. Notation < means that the inequality is
satisfied up to a constant and a,, = o(b,,) means that the ratio a, /b, goes to 0 when n goes
to +oo. Finally, [a;b] denotes the set of integers larger or equal to a and smaller or equal
to b.
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3. Estimation procedure
3.1 Deconvolution with kernel estimator

To estimate fx based on observations of N, we introduce a kernel estimator which is based
on the following heuristic arguments inspired from van Es (2011) who considered the setting
of uniform deconvolution for density estimation. We observe that fy can be expressed by
using the cumulative distribution of the X;’s:

Fe(@)i= [ fx(du<|fxls cek
Indeed, for z € R,
fy(z) = /fo(x —u) fe(u)du
1 a

= fx(z —u)du

2a ),

1

= 2CL<FX(m+a)—FX(x—a)>, (3.1)

from which we deduce:

Fx(z) = 2a+§fy<:c — (2k+ 1)a>, zeR.

k=0

Then, from heuristic arguments, we get
“+o0o
fx(@)=2a)_fy (x — (2k + 1)a> : (3.2)
k=0

which provides a natural form of our kernel estimate fy. Note that differentiability of fy
is not assumed in the following. Indeed, we consider the kernel estimator of fy such that

fy(x)—T;LAK<x;“)de,

with dNY the point measure associated to NY, and K a kernel with bandwidth kA > 0.
Setting

1 x
B = — B —_
h(x) h (h) )
we can write
Ny

Then, if K is differentiable, we propose the following kernel-based estimator of fx

+oo Ny :

k=0 i=1
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The proof of subsequent Lemma 1 in Appendix shows that the expectation of ]’;1 is a
regularization of fx, as typically desired for kernel estimates since we have

E[fn] = Kp * fx. (3.3)

Then, our objective is to provide an optimal selection procedure for the parameter h.

3.2 Symmetrization of the estimator

Our estimator is based on the inversion and differentiation of Equation (3.1), which can
also be performed as follows:

g

+00 +
Qany(x + (2k+1)a) = (FX(:C +2(k+1)a) — Fx(x + 2ka)> =|fx|1 — Fx(z)
k=0

e
Il
o

and differentiated to obtain:
+o0
xte) = =23 fy (24 @k + 1)a)
k=0
which leads to another estimator

fh(x):_zamil{,(w(zkﬂ) Y>.

nh? h
k=0 1=1

In the framework of uniform deconvolution for densities, van Es (2011) proposes to use
afp(x)+(1—a) fu(z), a convex combination of f; and fj, as a combined estimator, to benefit
from the small variance of fy,(z) and fh(x) for large and small values of = respectively.
Unfortunately the combination that minimizes the asymptotic variance of the combined
estimator is achieved for a = 1 — Fx (), and thus depends on an unknown quantity. van
Es (2011) suggested to use a plug-in estimator, but to avoid supplementary technicalities,
we finally consider the following symmetric kernel-based estimator:

fale) =5 (Fue) + (o)) = hzzssz«( SN e

k=—o00

with s, =1if k> 0and s = —1 if £ < 0. Then it is shown in Lemma 1 that
E[fn] = (Kn* fx)-

3.3 Risk of the kernel-based estimator

Our objective is to provide a selection procedure to select a bandwidth ﬁ, that only depends
on the data, so that the Lo-risk of f; is smaller than the risk of the best kernel estimate
(up to a constant), namely

E[If— fxIBr] S inf E[Ifi— fx 1Bz
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Our procedure is based on the bias-variance trade-off of the risk of any estimate J?h

E(ll7n — fx):r] = IELf] = fx I3+ E[ 10 — B3
=: B} + vy (3.5)

Then we use the following mild assumption:

Assumption 1 The kernel K is supported on the compact interval [—A, A], with A € R*.
and K is differentiable on [—A, A].

Then the variance of the estimator is such that:

Lemma 1 For any h € H and any = € [0,T], we have

E[fn(x)] = (Kn* fx)(x).
Under Assumption 1 and if h is small enough so that Ah < a, then

112

o = E[|fu ~ B[R I3 = TUX I

The expectation of fh has the expected expression (derived from (3.3)), but Lemma 1 also
provides the exact expression of the variance term vy, of our very specific estimate. Since our
framework is an inverse problem, this variance does not reach the classical (nh)~! bound.
Moreover, vy, depends linearly on || fx || but also on T, which means that the estimation of
[x has to be performed on the compact interval [0, T, for vy to be finite. This requirement
is due to Expression (3.4) of our estimate that shows that for any « € R, fi(x) is different
from 0 almost surely. This dependence of v, on T is a direct consequence of our strategy
not to make any assumption on the support of fx, that can be unknown or non-compact.
Of course, if the support of fy was known to be compact, like [0, 1], then we would force
/1 to be null outside [0, 1] (for instance by removing large values of |k| in the sum of (3.4)),
and estimation would be performed on the set [0, 1]. Actually, estimating a non-compactly
supported Poisson intensity on the whole real line leads to deterioration of classical non-
parametric rates in general (Reynaud-Bouret and Rivoirard, 2010).

3.4 Bandwidth selection

The objective of our procedure is to choose the bandwidth h, based on the Goldenshluger-
Lepski methodology (Goldenshluger and Lepski, 2013). First, we introduce a finite set H
of bandwidths such that for any h € H, h < a/A, which is in line with assumptions of
Lemma 1. Then, for two bandwidths ¢ and h, we also define

ﬁl,t = Kh * ﬁ’

a twice regularized estimator, that satisfies the following property (see Lemma 7 in Ap-
pendix):
fnt = ftn
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Now we select the bandwidth as follows:

h := argmin {A(h) + cm} : (3.6)

heH nh3/2

where

o= (1+m)(+ KK /% (37)

for some n > —1 and

A = e { o = Fillr - 25}

nt3/2

Finally, we estimate fx with o
f=7r (3.8)
Note that A(h) is an estimation of the bias term By, of the estimator ﬁb Indeed,

By, = |E[fa] = fxllor = | Kn * fx — fxlor

. . . rs VNt o
and we replace the unknown function fx with the kernel estimate f;. The term &_F in
nt3/2

A(h) controls the fluctuations of Hfht - ﬁHQ,T. Finally, since E[N4] = n||fx]1, (3.6) mimics
the bias-variance trade-off (3.5) (up to the squares). In order to fully define the estimation
procedure, it remains to choose the set of bandwidths H. This is specified in Section 4.

4. Theoretical results
4.1 Oracle approach

The oracle setting allows us to prove that the bandwidth selection procedure described in
Section 3.4 is (nearly) optimal among all kernel estimates. Indeed, we obtain the following
result.

Theorem 2 Suppose that Assumption 1 is verified. We take n > 0 and we consider the
estimate f such that the finite set of bandwidths H satisfies

min#H = 1/((571%) and maxH = o(1)

for some constant § > 0. Then, for n large enough,

~ . ~ C
E[If; - fxl3r] < G inf B[ - fxIBr] + 2 (4.1)

where C1 = 2 + 24(1 4+ n)%(1 + || K||1)? and Cs is a constant depending on || fx||1, T, a, 0,
n and K.

The proof of this result can be found in Section 7.3, where the expression of Cs is provided
(see Equation (7.3)).

Remark 3 Note that condition h > 6 n=1/3 is equivalent to Sup,, SUPpey Vh < 00
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Remark 4 FEquation (7.3) provides the explicit dependence of Co on a, 6, n, T and K,
showing that the kernel K has to be chosen such that ||K|1, [|K'||c, K2, [|K'|1 and
|K'||2 are as small as possible. Nevertheless, in the minimaz approach of Section 4.2, the
kernel has to satisfy some constraints (see Assumption 2). The parameter a is present in
the remainder term of the risk bound in the following way Co/n = (ko + kia + kea?)/n.
Thus the larger a the worse the bound, this is expected since a measures the noise level.

Theorem 2 shows that our procedure achieves nice performance: Up to the constant
(4 and the negligible term C3/n that goes to 0 quickly, our estimate has the smallest risk
among all kernel rules under mild conditions on the set of bandwidths .

4.2 Minimax approach

The minimax approach is a framework that shows the optimality of an estimate among all
possible estimates. For this purpose, we consider a class of functional spaces for fx, then we
derive the minimax risk associated with each functional space and show that our estimator
achieves this rate. Here, we consider the class of Sobolev balls that can be defined, for
instance, through the Fourier transform of Lo-functions: Given 8 > 0, L > 0, b > 0 and
r > 0, consider the following subset of the Sobolev ball of smoothness 5 and radius L

SP(L,r b) = {g €ly: /

—0o0

+o0
7 ()€ + 1)Pde < L%, v < |lglh < bL} ,

where g*(£) := [ e™g(x)dx is the Fourier transform of g. Observe that the classical
Sobolev space corresponds to the case ¥ = 0 and b = +oo; r and b will be viewed as
constants in the sequel. In the Poisson setting, the IL;-norm of the Poisson intensity is not
fixed but it of course plays a key role in rates. Given L, the radius of the Sobolev ball
containing g, the L;-norm of ¢ scales in L. We finally introduce the lower bound ||g||; > r
with r > 0 to avoid the asymptotic setting where the Poisson intensity goes to 0.

From a statistical perspective, the minimax rate associated with the space S (L,mb) is

Ra(B,L):=inf sup E[|Z, - fx

27]
7 2,T]>»
n fxeSB(L,rb)

where the infimum is taken over all estimators Z,, of fx based on the observations (Y;)i—1,... v, -
In the notation, we drop the dependence of the risk on r and b since we are only interested
in the dependence on n, 8 and L. We first derive a lower bound for the minimax risk.

Theorem 5 We assume that rL™1 < 7/(2cg) < b, where ¢z is defined in (7.4). There
erists a positive constant Cs only depending on B, a and T such that, if n is larger than
some ng only depending on r and T,

2646 _ 28 _ .
Ru(B,L) > Cs [L2ﬁ+3n 2+ 4 Ln~1] . (4.2)

Theorem 5 is proved in Section 7.4. To the best of our knowledge, because of the second term
Ln~!, the rate established in (4.2) is new. Of course, if L is bounded then the second term

__28
is negligible with respect to the first one when n — 4-o00. The rate n 28+3 is slower than
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__258 . . .
the classical non-parametric rate n= 28+1. It is the expected rate since our deconvolution
problem corresponds to an inverse problem of order 1, meaning that f, the characteristic

function of the noise, satisfies

IF2(E) =07 as € — oo,

Note that the analog of the previous lower bound has been established in the density
deconvolution context, first by Fan (1993), but with supplementary assumption |f*'(¢£)| =
O(£72) which is not satisfied in our case of uniform noise (see Equation (7.8)). Our proof is
rather inspired by the work of Meister (2009), but we face here a Poisson inverse problem,
and we have to control the Lo-norm on [0,7] instead of R. Furthermore, Theorem 2.14
of Meister (2009) only holds for § > 1/2. Consequently, we use different techniques to
establish Theorem 5, which are based on wavelet decompositions of the signal. Specifically,
we use the Meyer wavelets of order 2.
We now show that the rate achieved by our estimate fcorresponds to the lower bound (4.2),

up to a constant. We have the following corollary, easily derived from Theorem 2, and based
on the following assumption.

Assumption 2 The kernel K is of order £ = | 3], meaning that the functions x — 7 K (x),
7=0,1,...,¢ are integrable and satisfy

/K(x)daczl, /ach(a:)dac:O, j=1,...,¢

Remark 6 See Proposition 1.3 of Tsybakov (2008) or Section 3.2 of Goldenshluger and
Lepski (2014) for the construction of kernels satisfying Assumptions 1 and 2.

Corollary 1 Suppose that Assumptions 1 and 2 are satisfied. We take n > 0 and we
consider the estimate f such that the set of bandwidths H is

H= {Dil : D e [logn; 5n%}]} ,
for some constant § > 0. Then, for n large enough,

rs 2 2846 28 1
Sup E [Hf - fXHz T} < Cy [L2B+3n 28+3 4 Ln } :
fx€SP(L,rb) ’

where Cy only depends on d, n, K, B, r,b, a and T.

Corollary 1, proved in Section 7.5, shows that our estimator is adaptive minimax, i.e.
it achieves the best possible rate (up to a constant) and the bandwidth selection does not
depend on the spaces parameters (3, L) on the whole range {0 < < £+ 1, L > 0}, where
¢ is the order of the chosen kernel. We have established the optimality of our procedure.
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5. Simulation study and numerical tuning

In the following we use numerical simulations to tune the hyperparameters of our estimator
and to assess the performance of our deconvolution procedure. We consider different shapes
for the Poisson process intensity to challenge our estimator in different scenarii, by first
generating Poisson processes on [0, 1] based on the Beta probability distribution function,
with funisym = Beta(2,2) (unimodal symmetric), fuisym = 0.5 x Beta(2,6) + 0.5 x Beta(6,2)
(bimodal symmetric), fuiasym = 0.5 x Beta(2,20) 4 0.5 x Beta(2,2) (bimodal assymmetric).
We also generate Poisson processes with Laplace distribution intensity (location 5, scale
0.5) to consider a sharp form and a different support. In this case, we consider that 7' = 10.
We consider a uniform convolution model with increasing noise (a € {0.05,0.1} for Beta,
a € {0.5,1,2,3} for Laplace) and Poisson processes with increasing number of occurrences
(n € {500,1000}). For each set (fx,m,a), we present the median performance over 30
replicates. In order to keep a bounded variance of our estimators, we explore different values
of h using a grid denoted by H, with minimum value Ay, = (aT/ n)l/ 3 (see Lemma 1 and
Corollary 1). For Beta intensity we consider a grid H from h,,;, to 0.5 with steps of 0.025
and for Laplace intensities from h,,;, to 10 with steps of 0.5. Finally, our procedure is
computed with an Epanechnikov kernel, that is K (u) = 0.75(1 — u®)1j,/<;. Our estimator

-~

is challenged by the oracle estimator, that is the estimator fre, with h* minimizing (with
respect to h) the mean squared error El fx — th%T, with fx the true intensity.

To assess the interest of designing a deconvolution method dedicated to uniform noise,
our method is also competed with a deconvolution procedure for Gaussian noise (Delaigle
and Gijbels, 2004), available in the £DKDE R-package. All methods are compared to a density
estimator without deconvolution calibrated by cross-validation.

5.1 Hyperparameter tuning

Our selection procedure for parameter h is based on the two-step method described in
Section 3. Using this procedure in practice requires to tune the value of the hyper-parameter
7 that is part of the penalty c¢(n):

c(n) = (L +n)(+ HKHl)\/?HK’Hz,

with K the Epanechnikov kernel in our simulations. This penalty is at the core of the
two-step method that consists in computing:

-~ - /N,
An(h) :%%-)[{{||ftfh7t||2’Tc(n)nt3/2 +, (51)
followed by
n . \/N+
h = arhgg{m {An(h) + c(n) a7 [ (5.2)

We propose to investigate if we could find a ”universal” value of parameter n that would
be appropriate whatever the form of the intensity function. For a grid of n in [—1;1], we
compare the mean squared errors (MSE) of estimators calibrated with different values of
n to the MSE achieved by the oracle estimator that achieves the smallest MSE over the

10
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15-
w — estim
g 10 - oracle
§ — beta
laplace

-1.0 -0.5 0.0 0.5 1.0

Figure 1: Mean squared error (square root) obtained on 30 simulations with our estimator
for different values of 7 and with an oracle estimator (dotted line). The mean
squared errors are computed as mean values on 30 simulations and over all dif-
ferent Beta scenarii (blue line) and Laplace scenarii (orange line)

grid ‘H. Figure 1 shows that the optimal choice of n depends on the shape of the true
intensity (~ —0.15 for Beta,~ —0.9 for Laplace). For Beta intensities, the MSE curve is
minimal and almost flat for n € [-0.4,0]. Since in this range the MSE remains close to its
oracle for Laplace intensities, we propose to choose n = —0.3 as a reasonable trade-off to
obtain good performance in most settings.

5.2 Results and comparison with other methods

Figure 2 highlights two different behaviours depending on the size of the noise and the
shape on the true intensity: when the noise is small (¢ < 0.1 for beta intensities and
a < 1 for Laplace intensities), the estimator proposed by Delaigle and Gijbels (2004) is very
efficient. This was quite expected that the distribution of the noise would not matter when
its variance is small: we see indeed that the density estimator without deconvolution also
performs well in such context. However, when the noise increases and the true intensity is
sharp (a > 2 for Laplace intensities), we observe major differences and our method designed
for uniform noises is the only one that can provide an accurate intensity estimation. These
results are confirmed with the mean-squared errors computed for each method and displayed
in Figure 3.

These results motivate the application on genomic data proposed in Section 6, where
the measurement errors can be large compared to the average distance between points.

11
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Beta intensities

a=0.1
c
=3
3
o
o
lU)
<
3
— no_deconv
€ — normal_deconv
3 —true_int
2 = unif_deconv
(%]
<
3 --n=500
— n=1000
=)
3
o
lD_
QD
%]
<
3
Laplace intensities
a=1
1.00-
0.75
0.50-
0.25-
— no_deconv
0.00+ — normal_deconv
— true_int
— unif_deconv
1.00-
-- n=500
0.75. — n=1000
0.50-
0.25-
0.00-

00 25 50 75 1000 25 50 7.5 10.0

Figure 2: Estimated intensity obtained with our estimator (unif_deconv), with the true in-
tensity (true_int) and the £DKDE estimator (normal_deconv) and with a density
estimator without deconvolution (no_deconv) with Epanechnikov kernel. Each
reconstruction is obtained with a generated dataset that verifies the median MSE
over 30 simulations.

12
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Beta intensities
a=0.05 a=0.1
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Figure 3: Mean squared errors (square root) obtained with our estimator unif deconv),
with the oracle estimator unif_oracle) for uniform deconvolution, with the £DKDE
estimator normal deconv) and with a density estimator without deconvolution
no_deconv) with Epanechnikov kernel. The estimations are provided for 30 sim-
ulations in each scenario.

13



BONNET, LACOUR, PICARD, RIVOIRARD

(a) Beta intensities (b) Laplace intensities
a=0.05 | a=0.1 a=0.5 | a=1 | a=2 | a=3
n=500 1123 241 n=500 2.79 1071 10.31 ] 0.29
n=1000 | 4931 1144 n=1000 | 9.76 | 2.08 | 0.78 | 0.76

Table 1: Computational times (in seconds) associated with one estimation for different val-
ues of a and n considered in the numerical study. The computations were run on
16 cores of a server Intel Xeon E5-4620 2.20GHz .

5.3 Computational times

The calibration procedure for the bandwidth selection requires multiple integral computa-
tions, in particular if we use a thin grid H. However, the computational times remains
reasonable for one estimation especially when the size of the noise is not too small, as sum-
marized in Table 1. The value of a determines indeed the number of non-zero terms in the
double sum that appears in the definition of the estimator (3.4) (the smaller a, the larger
number of terms), which explains that the longest computational times is obtained for the
smaller value of a and the larger number of observations n. The code, implemented in R, is
parallelized and uses the Rcpp package in order to reduce the computational cost.

6. Deconvolution of Genomic data

Next generation sequencing technologies (NGS) have allowed the fine mapping of eukary-
otes replication origins that constitute the starting points of chromosomes duplication. To
maintain the stability and integrity of genomes, replication origins are under a very strict
spatio-temporal control, and part of their positioning has been shown to be associated with
cell differentiation (Picard et al., 2014). The spatial organization has become central to
better understand genomes architecture and regulation. However, the positioning of repli-
cation origins is subject to errors, since any NGS-based high-throughput mapping consists
of peak-calling based on the detection of an exceptional enrichment of short reads Picard
et al. (2014). Consequently, the true positions of the replication starting points are un-
known, but rather inferred from genomic intervals. The spatial control of replication being
very strict, the precise quantification of the density of origins along chromosomes is central,
but should account for this imprecision of the mapping step. The interval shape of the data
makes the uniform assumption of the noise particularly appropriate. However, other types
of distributions could be considered. We compare our results to those obtained by the esti-
mator proposed by Delaigle and Gijbels (2004) and implemented in the R package fDKDE,
which was developed to handle errors with Gaussian distribution. Both deconvolution esti-
mators provide an intensity estimation that is less smooth than the one obtained without
accounting for the error positioning. However, the estimator of Delaigle and Gijbels (2004)
identifies three regions with a high density of origins while ours shows several sharp peaks
which suggests the existence of clusters of origins, the location of which can be precisely
identified.

The comparison shows that the Gaussian-based estimator is overly smooth regarding
the underlying biological process. Indeed, replication origins are known to be organized
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3e-07
2e-07
1e-077 ! ihj ‘E .
0e+00 WA

0.0 2.5 5.0 7.5 10.0

position on the chromosome 16 (MB)

Figure 4: Estimation of the intensity of human replication origins along chromosome 16
(NT = 874), for 3 procedures: our procedure (Epanechnikov kernel calibrated
by our data-driven procedure, black plain line), the two procedures implemented
in the £DKDE package (red dashed line) and the procedure implemented in the R
density function (Epanechnikov kernel) with the bandwidth calibrated by cross-
validation (green dashed line).

according to the so-called replication domains that are < 1Mb on average (Pope et al.,
2014). The deconvoluted estimator based on uniform errors provides an intensity that
shows peaks that are approximatively < 1Mb wide, whereas the Gaussian-based estimator
shows clusters of size ~ 3Mb.

In a second step we focused on the spatial distribution of G-quadruplex motifs that
were shown to be associated with replication initiation in vertebrates (Picard et al., 2014).
Their precise role in replication remains unknown, and their effect may be associated with
some epigenetic response (Hansel-Hertsch et al., 2016) which makes their positional infor-
mation very valuable regarding the biophysics constraints characterizing the DNA molecule.
Thus we considered the spatial distribution of G-quadruplexes (Zheng et al., 2020) along
all replication origins (Picard et al., 2014), by considering the initiation peak as the refer-
ence position (Figure 5). When estimating the spatial distribution of G-quadruplex motifs
around replication origins, the estimator without deconvolution provides an almost flat es-
timated density with one small central peak. The £DKDE estimator highlights one central
peak and several smaller peaks. Finally, our estimator reveals a periodic clustering pattern
of G-quadruplexes occurrences along replication origins, which is completely masked when

15
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Figure 5: Estimation of the intensity of G-quadruplexes around human replication origins
along chromosome 1 (a = 25.9 the average length of motifs, N, = 2559) for 3
procedures: our procedure (Epanechnikov kernel calibrated by our data-driven
procedure, black plain line), the two procedures implemented in the £DKDE pack-
age (red dashed line) and the procedure implemented in the R density function
(Epanechnikov kernel) with the bandwidth calibrated by cross-validation (green
dashed line). The reference position 0 indicates the position of the replication ini-
tiation peak, and we compute the spatial distribution of Gquadruplexes upstream
or downstream (negative position values) of origins.

computing a standard density estimator and only slightly suggested with the £DKDE estima-
tor. This clustering pattern could be related to the periodic organization of nucleosomes and
chromatin around replication origins as suggested by experimental evidence Prorok et al.
(2019). Hence, our estimator provides a finer-scale resolution for the accumulation pattern
of G-quadruplexes in the vicinity of replication initiation sites that could be biologically
relevant.
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7. Proofs

If 0 is a vector of constants (for instance 6 = (T, a, K)), we denote by [y a positive constant
that only depends on # and that may change from line to line.

In the sequel, we use at several places the following property: Setting

Ny
Sk : x%ZKﬁ(m(2k+l)aYi>,

=1

since Ah < a, Sy and Sy have disjoint supports if k # &'.

7.1 Proof of Lemma 1

Proof. Considering first fh, we have:

E[fu(z)] = 2a+§/ % (x — (2k ;Lr 1)a — u) n iy ()

k=0"R
:;:Z:/RK <x‘(2kzl>a_“> [Fx(u+a) — Fx(u— a)ldu
_;ZOZAK/ <”5_2’;’L“_7’> FX(v)dv—/RK’ <”7_2(k21)“_“) Fy (v)do
—% K <””h”> Fy(v)do

:lll/RK(x;vwX(U)dvz (K * fx)(x).

The first point is then straightforward by using the definition of fh For the second point,
observe that

+o00o
O -ER@) =5 > [ K (t‘ W;”“‘“) (AN — nfy (u)du]

-4 Ly(t —u) [dNBf — nfy(u)du} ,
T'Lh R
with .
1 <X z— 2k + 1)a
Lh($) = E Z SkK/ <(h)> .
k=—o00

Using the support [—A, A] of K, for each z

1 [ = ,(x—(2k+1)a ’
= (5 e (2200

k=—o00

“+oo
1 o (r—2k+1)a
=z 2 K <h

k=—o00
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as soon as Ah < a. We have:

/OTE[(ﬁ(t) — E[fn(t)])?)dt = n‘;;/oT Var </R Lh(t—u)ng) dt
2 T
ZnZhQ/o /RL%;(t—u)nfy(u)dudt
:7;224/0T/Rk§m (K’ <t_u_22k+1)a>>2fY(U)dudt
:n“;/OT/R<K’ (th”»:g Fyr(v — (2K + Da)dvdt

a T t—v 2
= K| — lim F'y — lim F
sy (5 (7)) o i

which yields

r 7oz ] — ATl
E|Ifu(t) = B (@)1 7] = 0 =2
7.2 Auxiliary lemma
Our procedure needs the following result.
Lemma 7 For any h,t € H, B B
Jnt = fen
Proof. Since Kj (z) = (1/h?)K'(z/h), we can write
2a oo Iy
Kp* [y = Kp ZZKt )Y (z — (2k +1)a — ;)
k=0 i=1
+oo N4

ZZKh* (Ky) (z — (2k + 1)a — ;)

=0 1:=1

Using that Kp, x (K;)' = (K, x K¢)' = (Kh) * K¢, we obtain K}, *ft K; *fh
In the same way, we can prove Kj, « f; = K; * fj, and then Kj, ft K * fh

7.3 Proof of Theorem 2

Remember that

. _ /Ny
= A(h )
arhgg{m{ (h) + peYe }

with

N.
A(h) —maX{Hft fh,t”2,T_C7;{3/72+}
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For any h € H, _
Ifi — fxller < A1+ Ay + Ag,
with N
— | — F vVt
Al = Hfh fh’h||2,T < A(h) + ’njlg/Z ’
- - < o/Ny
Az = |fi = fpllr < AlR) + 57
and N
Az = || fn — fxll27-
By definition of h, we have:
26\/N+
< Y
A1 =+ A2 < QA(h) + ETTR
Therefore, by setting
. - - /N
Culh) = sup {n(ft,h —Elfial) — (F — B ar — 0 } |
teH nt
we have:
~ ~ 2¢y/N.
Av+ Az < 2Gu(h) +2sup [E[fon) = E[f o + = 5"
teH nh
2¢cy/N.
< 2<n(h) + 2sup HKh * K % fX — K % fXHQ,T + 73/;—
teH nh
2¢cy/N.
< 2Ga(h) + 2| K1 [[Kn * fx — fxll20 + W/;
Finally, since (o + 8 + )2 < 30?2 + 352 + 342,
12¢%E[N.
EI(Ay + A7) < B[] + 12IKIF Ky fx — Fxlr + gt
12¢2
< LB + 120K IR * fx — I + el

For the last term, we obtain:

E[43] = E[|l fa — fxII3z]
= ||a — BUIG L] + 150 fx = FxIBr

ol || fx || K']3 9
T + [ Kn* fx — fxllar-

Finally, replacing ¢ with its definition, namely

al
c=(1+n) 1+ [IK])[IK |2/ 5
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we obtain: for any h € H,

E(lIf;, — fxI3.7] < 2E[(A1 + A2)*] + 2E[ 4]

al K'|3
<201+ 120K R)IKn * fx — Fxl3p + TV o ez

< CiE[|| fa — fx|I3.7] + 24E[G ()], (7.1)

by using Lemma 1 and by denoting C; = 2 + 24(1 + 7)%(1 + || K||1)?. It remains to prove
that E[¢2(h)] is bounded by 1 up to a constant. We have:

Gu(1) <500 { o~ BLFleir + 17 ~ Bl - S0
nt

< sup { (151 + DI - Bl - 57 }
teH nt

< (1K} + 1)Sn,

with

5, = s {nft A

(L+ )|l [[2v/aT Ny }
ﬁnt3/2 N ’

For a € (0, 1) chosen later, we compute:

An = E[ST1(n, <-apnipx i)
Recall that (see the proof of Lemma 1)

Ty a B v ) 1 > ,(x—(2k+ 1a
fi(x) = - /RLt(x u)dN, , with Li(z) = ; kz_:oo spK <t .
Since At < a,
(2k + 1 R (2 + a— Y\
£ (o) (5 £ o (25
R k=—oo i=1 k=—o0

S ()

=1 k=—o0

< NE|IK'|3,
which yields

52 < 2§up I fell57 + 2 Sup IELAN5.7

2
—(2k+1
< sup 24/ / Z spK’ Ja = dNZ d:):—l—QSupHKt*fXH%T
t R, t teH

teH N
2a2||K'||2. TN? K 2
c oup ZEMCITNE ) VKB
teH n“t teH 13
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Therefore, since t € H = ¢t~ < dnl/3,
A < (2082 K |20 + 20| K 3022 )| £ |2 % PV < (1= a)nl fx)-
and since n > 1
Ay < (26%?|| K3 T + 20| K|3)n? (| Fx IIFP(N5 < (1= a)*n]lfx ).

To bound the last term, we use, for instance, Inequality (5.2) of Reynaud-Bouret (2003)
(with € = (2a — o®)n||fx||1 and with the function f = —1), which shows that there exists
o’ > 0 only depending on « such that

P(Ny < (1= a)*n| fx|h) < exp(=a'n| fx|[1)-
This shows that there exists a positive constant C, such that

Co

A, < (20%?| K| AT + 26| K||3) ——— AT

We now deal with
By = E[S31 (N, > (1-a)nlfx})-
We take @ = min(n/2,1/4). This implies

(+mi-a)z1+"
and
B,—E _iélp {\ﬁ —E[f oy - LT n)\"/;{,;!;gm }+ 1{N*>(1_a)2"”fX'1}]
=B _§£p {Hﬁ —Elflor - & ”/4)@L§;‘|2m}i
< [T s {!ft Bl - O ML "
<;/ {\ﬁ—E[ﬁ] B (1+n/4)x/\2%|§’2|| ML dz.

To conclude, it remains to control for any > 0 the probability inside the integral. For this
purpose, we use the following lemma.

Lemma 8 Let ¢ > 0 and h € H be fized. For any x > 0, with probability larger than
1- GXp(_l'),

- . /

4nh? nh3/2 2
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Proof. We set:

-y sk/K’ <t_(2kj;1)“_“> [dNY — nfy (u)du]

-2 /R Ln(t — u) [ANY — nfy (u)du]

with

Ln(x) = f sp K’ (W)

k=—o00

Let D a countable dense subset of the unit ball of L2[0,7]. We have:

T
|Ull2r = sup / g(OU(t)dt
geD JO

= sup/ Uy(u) [dN,) — nfy(u)du]
g€D JR

with

a

Uy(u) = e

T a ~
|ttt =g = 5 Enr g
0

and Ly(z) = Ly(—x), where the convolution product is computed on [0,7]. We use Corol-
lary 2 of Reynaud-Bouret (2003). So, we need to bound E[||U||2,r] and

vo 1= sup/ \Ilg(u)nfy(u)du
geD JR

We also have to determine b, a deterministic upper bound for all the ¥,’s. We have already
proved in the proof of Lemma 1 that

s 1 aTlfx b3
E[HUHZT] =T ok
which implies
al|| fx|lx
E[|U ] < 1Ky 5 5 (72)
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If we denote I(h,u) :={k€Z:—u— Ah —a <2ka < Ah+T —u — a}, then

= ([ "Lt Walo)ir)
nC?LZ? /T L3 (t — u)dt x /OT g*(t)dt

2
/ t—u—(2k+1)a it
n2 1, h
kel(hyu)

IIK’Hz x card(I(h,u))

2

IN

| /\

| N

2h3

IN

K % (T/(20) + Ah/a+1)

and we can set, under the condition on H,

b:=

nh3/2 15712 2a '

which is negligible with respect to the upper bound of E[||U||2,r]| given in (7.2). We now
deal with

v :=mn X sup/R\Ilg(u)fy(u)du

geD

We have:

. soup [ (/ TLh<t—u>g<t>dt)2fy<u>du

<t sup / ( / Lt )t / T|Lh<t—u>|92<t>dt) fy (w)du

Since

/ |Lp(t —u)|dt < — / ’K’ <t_u_ 22k+1)a>‘dt
O kel(h

< (1)
T + 4a
<),
a
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we obtain
T+4a T +°° t—u—(2k+1a
K/
w < e ) ;2%3//0 e (P
1 t—wv RS
S 2HK’H (T + 4a) sup/ / ’K < ) Z fy(v— (2k + 1)a)dv | g*(t)dt
g€D h h k=—00

a T 1 t—w 1 fx
< K'||l{(T + 4 K’ dv | 2 g2 (B dt

< Ifxlh
— 4nh?

Inequality (5.7) of Reynaud-Bouret (2003) yields, for any = > 0,

1]+ V12v00z + (1.25 + 32 )bx) < exp(—).

gZ(t)dtfy (u)du

I (T + 4a).

P(||Ull2r > (1 +)E]

Setting
RHS = (1 + &)E[||U||2,7] + vV12v0x + (1.25 + 32¢~1)bu,
we obtain
ne oLl x Nl n x| (T + 4a) —1y 1K |2 [a(T + 4a)
RHS < (14 )[|K 24/ —5, 7 +V12z| K| r T (125432 )xnh3/2 SR
O

The previous lemma states that for any sequence of weights (wp)nen, setting z = wy, + u,
with u > 0, with probability larger than 1 — exp(—u) >,y exp(—wp), for all h € H,

|K"[l2 [a(T + 4a)
nh3/2 2

(T+4
1fn = Elfalllor < My + V12u| K|y \/W+(1.25+3251)u

with

IK'||2 [a(T + 4a)

T (T'+4
My o= (1 Koy [T g JIT A A0) (s ety

Conh3 4Anh? nh3/2 2
T K1 VT +4 1.25 + 32¢71 IT + 4
:||Kl||2 a ”f)éul 1+6+m” ,”1 + a+( + € )wh + 4a
2nh HK Hz \V2aT \/n||fo1 T
(1+n/4)vaT||K’|| Vx| |1
V2nh3/2

for ¢ = /8 and for n large enough, by taking wj, = h~'/2|logh|~! for instance, since in
this case,

wph =0(1) and h™' = O(n[ fx|h)

Therefore,

By < Z/ ( Hfh_E[ﬁl]H%T_Mh}i Zx) dz.

heH
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By setting w such that

, 2
= (g(u)* = (ﬁyu{'” \/W+(1_25+326_1)U\KHQ a(T—i—4a)) |

4dnh? nh3/2 2

SO

_ Ix I (T +da) 1 1Kz fa(T + 4a)
dx = 2g(u) X (2\/ "1 \/ nh? +(1.2543277) 32 5 du

and using that [ e™*(Dv/u+ Eu)?u"'du < 2D* 4+ 2E?, we obtain

oo (T + 4a) 1K'z [a(T +4a)
< —(wp+u) / \/‘fXH -1 2
B, < Z/ ‘ 2l <2f”K Is 2 (LB e )™

hen 0

<2 Z e e %(g(u))*utdu
heH 0
_ T + 4a) 1w llK' 3 a(T + 4a)
<4 wh (12||K’ QM 1.2 2e1)2 2 .
<i% e (12 B30 1 (15 4 sl o

Since ) ;e e~ nh~2 and Y ohen e~nh~3 are bounded by an absolute constant, say C, we
can write, still for ¢ = /8,

2 [ fx (T + 4a)
4n
fol|1

+ (125 + 320y /8) 1 MK T2 o7+ 4a)>

By, < 4C (12||K/| 5

L
< 12C||K'[}(T + 4a) ==~ + 2C(1.25 + 256 /n)*|| K" ||3a(T + da)—

Finally, we obtain

E[Cﬁ(h)]s(||K|!1+1)2E[SEL]§(||Kul+1)2< gl +62||fxl|1+cS)7

nllfx |l n n?
with ¢ = Cu(20%a?||K’||2.T + 26| K||2), co = 12C| K'|?(T + 4a) and c3 = 2C(1.25 +
256/0)%|| K'||3a(T + 4a). This concludes the proof of the theorem, with

Oy = (Kl +1)* (erll £x T + eall fxlla + es) - (7.3)

7.4 Proof of Theorem 5

To prove Theorem 5, without loss of generality, we assume that 1" is a positive integer. We
denote a A b = min(a, b) and a V b = max(a,b). The cardinal of a finite set m is denoted by

As usual in the proofs of lower bounds, we build a set of intensities (fy,)mear quite
distant from each other in terms of the LLo-norm, but whose distance between the resulting
models is small. This set of intensities is based on wavelet expansions. More precisely,
let ¢ be the Meyer wavelet built with with C2-conjugate mirror filters (see for instance
Section 7.7.2 of Mallat (2009)). We shall use in particular that ¢ is C°° and there exists a
positive constant ¢, such that
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L. |(x)] < cp(l+ |z])~2 for any x € R,
2. ¢* is C? and ¢* has support included into [-87/3, —27/3] U [27/3, 87 /3],

where ¢*(¢) = [ ¢€)(x)dx is the Fourier transform of 1. Observe that this implies that
the functions

(), €= O, (O o (0)(6) and £ (¥7) (O

are bounded by a constant. Without loss of generality, we assume that this constant is cy,.
Let
1

o=

where ¢y is a positive constant small enough, which is chosen such that f; belongs to
SP(L/2), where we denote

+oo
SP(L) == SP(L,0,400) = {g €ly: / lg" ()2 (€2 4+ 1)Pde < LQ} :
Indeed, note that
o= [l FHOPE +1° = [ en(-2eh(€ + 1 < o0 (7.4)

so that it is sufficient to choose ¢; = CEIL/Q. With this choice we also have r < || fi|l1 =
c1m < bL since we have assumed rL~! < 7/(2c5) < b; then f1 € SP(L/2,r,b).

We recall a combinatorial lemma due to Birgé and Massart (see Lemma 8 in Reynaud-
Bouret (2003), see also Lemma 2.9 in Tsybakov (2008)).

Lemma 9 Let D an integer and I' be a finite set with cardinal D. There exist absolute
constants T and o such that there exists Mp C P(I), satisfying log |[Mp| > oD and such
that for all distinct sets m and m' belonging to Mp the symmetric difference of m and m/,
denoted mAm/, satisfies [mAm/| > 7D.

Here we choose I' := {0,..., D — 1} with D := T2/~! where j is an integer to be chosen
later (so, we take 727~ > 1), and we denote M := M given in the previous lemma. Thus
log M| > ¢T2/~! and for all m,m’ € M : 77271 < |mAm/| < T271.

Now, for a; > 0 to be chosen, for m € M, for x € R, we set

fm(@) = fi(@) +a; > (),

kem
where we have denoted, as usual, ¥ () := 27/2(2x — k).
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We compute 9% (§) = 271/2¢1€k277 > (¢277) | which gives

[1m = @R+ = |

2
a 2 j/Q 62 ] Zelfk‘Q J

kem
2

(1 + t22%)Pdt

(1+&2)Pde

1/}* (t) Z eikt
kem
Z ezk’t

< Oy ga’2%” /
kem

< Oy 525 |maj < Oy gT2 a3,

3

using Parseval’s theorem and |m| < D = T2/~!. We assume from now on that
T2j(26+1)a? < C(y,B)L? (7.5)

for C'(v, 8) a constant only depending on § and L small enough, so that (f,, — f1) belongs
to S#(L/2) and then f,, € SP(L).

Let us verify that f,, is non-negative, and then is an intensity of a Poisson process.
Since || fmll1 = [ fm(z)dz = || fi]l1 € [r;bL], this will also ensure that f,,, € S?(L,r,b). For
any real x,

fm(@) = f1(x)

@) = (1 + 2?)a; 22 Z V(2x — k).

kem
Recall that ¢(z) < ¢y (1 + |z])72. Let us now study 3 cases.

1. If 0 < |z| < T + 1, we have:

—+00
(142%) | Y b(@a — k)| < (T*+2T+2)ey Y (142 z—k[) > < 20y(T°+2T42) Y 72,
kem kem /=1

and the last upper bound is smaller than a finite constant only depending on 7" and
Cy-
2. If x > T + 1, since |m| < D = T2~! we have:

Z¢ Vr—k

kem

. . ) 1 2
(1+2?) < ey T2 1427 (2—T)) 2 (142?) < ¢,T27771 sup te

x>T+1 (CL‘ - T)27

and the last expression is smaller than a finite constant only depending on T" and c.

3. Ifa<-T-1,

Zw 2933—

kem

(142%) < TP (142 (—2)) 2 (142?) < ¢y T27971 sup
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Finally we obtain that there exists C(T, cy) a constant only depending on T and ¢, such
that

[fm(x) = f1(2)]

) < ¢;ta;202C(T, ¢y).

We take a; such that
o = 1
T ra;27/2C(T, ¢y) < 5 (7.6)

This ensures that f,, > %f 1 > 0. Another consequence is that f. x f, > % fe * f1. This
provides

C1

1 /1 c1 1
> — = dt> =
fex fula) / Wt T (a| + a)?

=2/ 21+ (z—1)2
>1 c1 Co
T 214242 +222 7 1422’

denoting ¢y = c2(a, 8, L) = max(4,2 + 4a?) /c1.

Finally, we evaluate the distance between the distributions of the observations NY when
NX has intensity nf,, and nf,,. We denote by PP, the probability measure associated with
NY, which has intensity g, := f-*nfmn, and we denote by K (P,,,P,,/) the Kullback-Leibler
divergence between P, and P,,,. Using Cavalier and Koo (2002), we have

K(Pp,Poy) = /gm(x)qs <log @’;ég)) dw

where for any = € R, ¢(x) = exp(z) —z — 1. Since for any = > —1, log(1 +z) > z/(1 + z),
we have

((2) = g @)? (e ) (@) = (e 5 f) @)
WWP’"’)S/ (@) 0= / o ) @) I

X.

For m and m/ in M, denote

e(x):agl(fa*(fm_fm’))(x): Z bk(f€*¢jk)(x)

kemAm/

with by = 1 if K € m and by = —1 if k € m’. Denote also 6*(¢) = [ €®*0(x)dx its Fourier
transform, and (0*)(¢) = [ize®®®0(x)dz the derivative of 6*. Parseval’s theorem gives

613 = 51, and [le0(@)3 = 563
Thus
((fa * fm)(x) - (fa * fm’)(x))Q
(o x Fu)(@)

2 * *
< o [(1+a)8()dn < 523 (10713 + 167 3)

n

lK(IP’m,IP’m/) < / dr < ¢ /(1 +2?)(fo* (fn — frr)(2))?da
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We recall that 9%, (£) = 271/2¢1€k277 4 (¢277) which gives

ST ObfOURE) = D befr (€272 (g2

kemAm/ kemAm/
= 2792 X (&)ep* (£279) E by.eick2™
kemAm/

Thus, remembering that for £ € R,

N sin(a . _
1201 =™ < win(fagl . &
we have
13 = [ |2 @er e Y n e
kemAm/’
2
:/ fr(u2i)y Z bre™| du
kEmAm
/mln (1, |a2u|"?)|¢* (u Z bre®| du
kemAm/
8m/3
S/ min(1, [a2/]|7?) Z bret| du
—8m/3 kemAm/

using the properties of 1. Parseval’s theorem gives

Z bk.e

kemAm/

> b =|mAm/| < T2
kemAm/

—T

Then
16%]15 < 3mci,T27 (a™?27% A 1).

Let us now bound [|(6*)’||3. First
(653)/(€) = 27812 (€27 7)ik + (07)'(6277))
then

> o [ ©Ui(©) + 2 W) (€)]

kemAm/
= 3 () (€272 (€27T) + by f(€)27 2R (g (€27 ik + (47) (627))
kemAm/
= a1 () + as(€) + a3(€)
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where

a1(§) = 2792(f2Y (€ )wr(€277) Y breth,

kemAm/

an(€) = 272 fr () (e277) DT ikbe’™hT
kemAm/

a3(€) = 2792 fX (&) () (€277) Y et
kemAm’

Reasoning as before, and using that

cos(a) 1 sin(af) 2
') = — =X < =, 7.8
() = | - g T < (78)
we can write
ol = @) 3 et
kemAm/
A 2
§/u222j|1/) (u)|? Z bre*| du
kemAm/
< 40%2_% X 6m|mAm/’|
< 127c)T27.
In the same way, using (7.7),
2
ool =272 [ | f2(u2))y*(u) Y ikbre™| du
kemAm/
2
<27 / QA2 u ) (w)?| Y ikbee™| du
kemAm/
- 2
< 3012—21'@—22—2]'/\1)/ Z ikbre*| du
T lkemAm/
<6rep2 V(a2 AL Y K
kemAm/

and we obtain that

a3 < cciT32j(a*22*2j A1),
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for ¢ an absolute constant. Similarly,

laslls =272 [ | f2u2?) (") (w) > bpe™| du
kemAm/
2
<27 /(1 A a?27%472)| (4 Z bre*| du
kemAm/

- 2
< 3612/,2_2j(a_22_2j A 1)/ Z bre®| du

T kemAm/

<3mepT277(a™?277 A1),

Finally, since a is smaller than an absolute constant and T is larger than an absolute
constant, we have that

K(Pp,Ppy) < Cczczzpna?T32j(a_22_2j A1),

for C' an absolute constant.
Now, let us give the following version of Fano’s lemma, derived from Birgé (2001).

Lemma 10 Let (P;)icqo,.. 1y be a finite family of probability measures defined on the same
measurable space 2. One sets

I
1
=5 > K (P, Py).
=1

Then, there exists an absolute constant B (B = 0.71 works) such that if Z is a random
variable on @ with values in {0,...,I}, one has

. K
inf P;(Z =1) < B,———|.
0<i<i il i) < max ( "log (I + 1))

We apply this lemma with M instead of {0, ..., I}, whose log-cardinal is larger than 7271
up to an absolute constant. We take a; such that
C’china?T32j(a_22_2j A1) -5
log [ M| -

which is satisfied if

2 < 90 2piy g, (7.9)

with C(%) a constant only depending on 1 small enough. Thus if Z is a random variable
with values in m, in/f\/t P (Z =m) < B. Now,
me

inf  sup By [IIZn — fx|37] = inf sup By, [ Z0 — finll3 7]
Zn fx€SP(L,R) Zn meM

1
> 1] 1nf sup By, [|lfu — fm||§’T} ) (7.10)
meM
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For the last inequality, we have used that if Z,, is an estimate, we define
m’ € arg min E Ly — 2
gmGM fm |:H n fm||2,T]
and for m € M,

Hfm’ - fm’

2,7 < ”fm’ - ZRHZT + Hfm - Zn”Q,T < 2||fm - ZnHQ,T'
Since fr— fm' = @5 D pemam bk¥jk and (1)) is an orthonormal family, we have for m # m’,
I fm = frr 13 = a2 lmAm’| > Ta3T271, (7.11)

for 7 the absolute constant defined in Lemma 9. Furthermore,

0< ||fm - fm’H% - ||fm — [

%77‘ = /(fm(x) - fm’(x))Ql{\be}dm

:a?/( Z bkwjk(fz))zl{lsz}dx

kemAm/

< a? by x Z /¢?k($)1{x|>T}d$

kemAm/ kemAm/

< ajlmAm/| x Y /%Z‘k(fﬂ)l{xpndfv-

kemAm/

Then, since 0 < k < 72771,

/w?k(m)l{be}dl‘ = /wQ(u)l{gj(wka}du

< /(1 + [ul) " L2 () sy A

+o0 —20T—k

gc%p/ (1+|uy)—4du+ci/ (1+ Jul)*du
21T —k —00

“+o00

sm%/ (1+u)"*du

21T
202 . _
< %(T?J_l) 3.

We finally obtain

2¢2 o
0 < [lfin = Furll3 = I in = Fa B < SE(T27) 7 ]

and using (7.11), for j larger than a constant depending on T" and ¢y, and for m # m/,
I fm = fa 3.0 > C'(4)a3T2,
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for C’(1)) a constant only depending on 1. Finally, applying (7.10) and Lemma 10, we
obtain:

1
inf sup E Z—JCX2 > = inf sup E¢ ||| fowr — f 2
Zn fXESﬁ(L7R) |:H n HQ,T} 4 m'emM mem f |:H m m Q,T}
C'(W)aj T C'(4)a2T2
> COGTY b aup Bl £ m) > STy
4 meM mem 4

Now, we choose a; > 0 as large as possible such that (7.5), (7.6) and (7.9) are satisfied,
meaning that

alT2 = (C(w,ﬁ)[ﬂg—?jﬁ) A <C%TC(T7 Cw)_2> N <C(¢)23

262
29v1)).
4 nT'cy (a )>

Since ¢z = max(4,2 + 4a?)/c; and ¢; = cglL/Q, it simplifies in

. . 127 )
a3T2 =Orypa <L22—23ﬂ NLPA==—(2% v 1)) :
n

We can take j such that 72~ > 1 and
91 < (L) < 2i+1

for n larger than a constant depending on r and T (since L is larger than 2rcg/m), which
yields

. 9 2646 _ 25
inf sup E[|Z, - fX||27T] > U7y oL 2P+3n" 2853,
Zn fxeSA(L,rb)

Similarly, we can also take j a constant depending on 7" so that

inf sup  E[|Zn— fx|37] = Orypaln .
Zn fxeSP(L,rb)

This yields
. 9 2646 _ 28 .
inf  sup  E[[|Z,— fxl37] > Orypa [L2B+3n 33 4+ Ln
Zn fxeSB(Lyrb)

and Theorem 5 is proved.

7.5 Proof of Corollary 1

To prove Corollary 1, we combine the upper bound (4.1) and the decomposition (3.5) to
obtain for any fx and any h € H,

~ ~ Cg 02
E|If - fxIBz| < CE [IFa = xl32] + =2 = C1(BE + o)+ 2,
where C] depends only on n and K and
By = [|[Kp * fx — fxll21,
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_ aT|fx[lIE"]3
2nh3 ’
and
Co = (K + 1)? (el fx T+ eall fxllh + e3)

where ¢1, ¢o and ¢3 only depend on 8, a, K, T and 7. Assuming fx € S?(L,r,b), we have
Cy < Usa,k,1rmbL.
Under Assumption 2, we have for any fx € S?(L,r,b)
By = ||[Kn * fx — fxllor < MLK?

for M a positive constant depending on K and f. Indeed, the space S? (L,r,b) is included

into the Nikol’ski ball H(3, L") with L' equal to L up to a constant. We refer the reader to

Proposition 1.5 of Tsybakov (2008) and Kerkyacharian et al. (2001) for more details. Now,
1

we plug h € H of order (Ln) ™ 26+3 in the previous upper bound to obtain the desired bound
of Corollary 1 thanks to Lemma 1.

Acknowledgements

The authors would like to thank the anonymous referee for constructive comments and
suggestions leading to improvements of the paper. This work was supported by a grant
from the Agence Nationale de la Recherche ANR-18-CE45-0023 SingleStatOmics.

References

Anestis Antoniadis and Jéremie Bigot. Poisson inverse problems. Ann. Statist., 34(5):
2132-2158, 2006.

Denis Belomestny and Alexander Goldenshluger. Density deconvolution under general as-
sumptions on the distribution of measurement errors. arXiv preprint arXiv:1907.11024,
2019.

Lucien Birgé. A new look at an old result: Fano’s lemma. Technical report, Université
Pierre et Marie Curie, 2001.

Marine Carrasco and Jean-Pierre Florens. A spectral method for deconvolving a density.
FEconometric Theory, pages 546-581, 2011.

Laurent Cavalier and Ja-Yong Koo. Poisson intensity estimation for tomographic data
using a wavelet shrinkage approach. IEEE Transactions on Information Theory, 48(10):
2794-2802, 2002.

V. S. Chambers, G. Marsico, J. M. Boutell, M. Di Antonio, G. P. Smith, and S. Balasub-
ramanian. High-throughput sequencing of DNA G-quadruplex structures in the human
genome. Nat Biotechnol, 33(8):877-881, Aug 2015.

A. Delaigle and I. Gijbels. Practical bandwidth selection in deconvolution kernel density
estimation. Computational Statistics & Data Analysis, 45(2):249-267, 2004.

34



UNIFORM DECONVOLUTION FOR P0OISSON POINT PROCESSES

Aurore Delaigle and Alexander Meister. Nonparametric function estimation under fourier-
oscillating noise. Statistica Sinica, pages 1065-1092, 2011.

Jianqing Fan. Adaptively local one-dimensional subproblems with application to a decon-
volution problem. The Annals of Statistics, pages 600—-610, 1993.

Andrey Feuerverger, Peter T Kim, and Jiayang Sun. On optimal uniform deconvolution.
Journal of Statistical Theory and Practice, 2(3):433-451, 2008.

A. V. Goldenshluger and O. V. Lepski. General selection rule from a family of linear esti-
mators. Theory Probab. Appl., 57(2):209-226, 2013. doi: 10.1137/S0040585X97985923.

Alexander Goldenshluger and Oleg Lepski. On adaptive minimax density estimation on R.
Probability Theory and Related Fields, 159(3-4):479-543, 2014.

P. Groeneboom and G. Jongbloed. Density estimation in the uniform deconvolution model.
Statistica Neerlandica, 57(1):136-157, 2003.

Peter Hall, Frits Ruymgaart, Onno van Gaans, and Arnoud van Rooij. Inverting noisy
integral equations using wavelet expansions: a class of irregular convolutions. In State
of the art in probability and statistics (Leiden, 1999), volume 36 of IMS Lecture Notes
Monogr. Ser., pages 533-546. Inst. Math. Statist., Beachwood, OH, 2001.

Peter Hall, Alexander Meister, et al. A ridge-parameter approach to deconvolution. The
Annals of Statistics, 35(4):1535-1558, 2007.

Thorsten Hohage and Frank Werner. Inverse problems with Poisson data: statistical regu-
larization theory, applications and algorithms. Inverse Problems, 32(9):093001, 2016.

R. Héansel-Hertsch, D. Beraldi, S. V. Lensing, G. Marsico, K. Zyner, A. Parry, M. Di Anto-
nio, J. Pike, H. Kimura, M. Narita, D. Tannahill, and S. Balasubramanian. G-quadruplex
structures mark human regulatory chromatin. Nat Genet, 48(10):1267-1272, 10 2016.

Gérard Kerkyacharian, Oleg Lepski, and Dominique Picard. Nonlinear estimation in
anisotropic multi-index denoising. Probab. Theory Related Fields, 121(2):137-170, 2001.

Martin Kroll. Nonparametric intensity estimation from noisy observations of a Poisson
process under unknown error distribution. Metrika, 82(8):961-990, 2019.

Mikael Kuusela, Victor M Panaretos, et al. Statistical unfolding of elementary particle
spectra: Empirical bayes estimation and bias-corrected uncertainty quantification. The
Annals of Applied Statistics, 9(3):1671-1705, 2015.

Stéphane Mallat. A wavelet tour of signal processing. Elsevier /Academic Press, Amsterdam,
third edition, 2009.

Alexander Meister. Deconvolution from Fourier-oscillating error densities under decay and
smoothness restrictions. Inverse Problems, 24(1):015003, 14, 2008.

Alexander Meister. Density deconvolution. In Deconvolution Problems in Nonparametric
Statistics, pages 5—105. Springer, 2009.

35



BONNET, LACOUR, PICARD, RIVOIRARD

Franck Picard, Jean-Charles Cadoret, Benjamin Audit, Alain Arneodo, Adriana Alberti,
Christophe Battail, Laurent Duret, and Marie-Noelle Prioleau. The spatiotemporal pro-

gram of DNA replication is associated with specific combinations of chromatin marks in
human cells. PLoS Genet, 10(5):e1004282, 2014.

B. D. Pope, T. Ryba, V. Dileep, F. Yue, W. Wu, O. Denas, D. L. Vera, Y. Wang, R. S.
Hansen, T. K. Canfield, R. E. Thurman, Y. Cheng, G. Giilsoy, J. H. Dennis, M. P.
Snyder, J. A. Stamatoyannopoulos, J. Taylor, R. C. Hardison, T. Kahveci, B. Ren, and
D. M. Gilbert. Topologically associating domains are stable units of replication-timing
regulation. Nature, 515(7527):402-405, Nov 2014.

P. Prorok, M. Artufel, A. Aze, P. Coulombe, I. Peiffer, L. Lacroix, A. Guédin, J. L.
Mergny, J. Damaschke, A. Schepers, C. Cayrou, M. P. Teulade-Fichou, B. Ballester,
and M. Méchali. Involvement of G-quadruplex regions in mammalian replication origin
activity. Nat Commun, 10(1):3274, 07 2019.

Patricia Reynaud-Bouret. Adaptive estimation of the intensity of inhomogeneous Poisson
processes via concentration inequalities. Probab. Theory Related Fields, 126(1):103-153,
2003.

Patricia Reynaud-Bouret and Vincent Rivoirard. Near optimal thresholding estimation of
a Poisson intensity on the real line. Electron. J. Stat., 4:172-238, 2010.

Dang Duc Trong, Cao Xuan Phuong, Truong Trung Tuyen, and Dinh Ngoc Thanh.
Tikhonov’s regularization to the deconvolution problem. Communications in Statistics-
Theory and Methods, 43(20):4384-4400, 2014.

Alexandre B Tsybakov. Introduction to nomparametric estimation. Springer Science &
Business Media, 2008.

Bert van Es. Combining kernel estimators in the uniform deconvolution problem. Stat.
Neerl., 65(3):275-296, 2011.

K. W. Zheng, J. Y. Zhang, Y. D. He, J. Y. Gong, C. J. Wen, J. N. Chen, Y. H. Hao,
Y. Zhao, and Z. Tan. Detection of genomic G-quadruplexes in living cells using a small
artificial protein. Nucleic Acids Res, 48(20):11706-11720, 11 2020.

36



	Introduction
	Uniform deconvolution model
	Estimation procedure
	Deconvolution with kernel estimator
	Symmetrization of the estimator
	Risk of the kernel-based estimator
	Bandwidth selection

	Theoretical results
	Oracle approach
	Minimax approach

	Simulation study and numerical tuning
	Hyperparameter tuning
	Results and comparison with other methods
	Computational times

	Deconvolution of Genomic data
	Proofs
	Proof of Lemma 1
	Auxiliary lemma
	Proof of Theorem 2
	Proof of Theorem 5
	Proof of Corollary 1


