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This paper studies nonparametric estimation of parameters of
multivariate Hawkes processes. We consider the Bayesian setting and
derive posterior concentration rates. First rates are derived for ;-
metrics for stochastic intensities of the Hawkes process. We then de-
duce rates for the Li-norm of interactions functions of the process.
Our results are exemplified by using priors based on piecewise con-
stant functions, with regular or random partitions and priors based on
mixtures of Betas distributions. We also present a simulation study
to illustrate our results and to study empirically the inference on
functional connectivity graphs of neurons

1. Introduction. In this paper we study the properties of Bayesian
nonparametric procedures in the context of multivariate Hawkes processes.
The aim of this paper is to give some general results on posterior concen-
tration rates for such models and to study some families of nonparametric
priors.

1.1. Hawkes processes. Hawkes processes, introduced by Hawkes [27] and
Hawkes and Oakes [28], are specific point processes which are extensively
used to model data whose occurrences depend on previous occurrences of
the same process. First introduced in the univariate setting, they can be
easily extended to model marked or multivariate point processes [18].

To describe multivariate Hawkes processes, we consider a multivariate
point process (Ny); := (N}, ..., N/);, each component N} recording the
time of occurrences of events of the kth component of a system or equiva-
lently the number of events of the kth component until time ¢. Under mild
general assumptions, a multivariate counting process is characterized by its
intensity process (A}, ..., \X), informally given by

AFdt = P(N! has a jump in [t,t + dt] | G- ),
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where G, denotes the sigma-field generated by N = (N',..., N%) up to
time ¢ (excluding ¢). In this paper we concentrate on linear Hawkes processes.
The intensities associated with the class of linear mutually exciting Hawkes
processes are of the form

t—Vk+Z/ hgkt—udNﬁ,

where hyj, is non-negative, supported by Ry and is called the interaction
function of N® on N* and v, > 0 is the spontaneous rate associated with
the process N*. We recall that the previous integral means

-
/ heg(t—wdNS = > hes(t=T)),

TfENL:TE<t

where the T}’s are the random points of N* (see [2]).

Hawkes processes have been extensively used in a wide range of applica-
tions. They are used to model earthquakes [45, 33, 48], interactions in social
networks [44, 47, 30, 5, 17, 31, 46], financial data [20, 7, 6, 4, 1], violence
rates [32, 37|, genomes [25, 12, 42] or neuronal activities [11, 16, 34, 35, 36,
26, 39, 40], to name but a few.

Parametric inference for Hawkes models based on the likelihood is the
most common in the literature and we refer the reader to [33, 12] for in-
stance. Non-parametric estimation has first been considered by Reynaud-
Bouret and Schbath [42] who proposed a procedure based on minimiza-
tion of an fo-criterion penalized by an {y-penalty for univariate Hawkes
processes. Their results have been extended to the multivariate setting by
Hansen, Reynaud-Bouret and Rivoirard [26] where the {p-penalty is re-
placed with an ¢;-penalty. The resulting Lasso-type estimate leads to an
easily implementable procedure providing sparse estimation of the structure
of the underlying connectivity graph. To generalize this procedure to the
high-dimensional setting, Chen, Witten and Shojaie [15] proposed a simple
and computationally inexpensive edge screening approach, whereas Bacry,
Gaiffas and Muzy [5] combine ¢; and trace norm penalizations to take into
account the low rank property of their self-excitement matrix. Very recently,
to deal with non-positive interaction functions, Chen, Shojaie, Shea-Brown
and Witten [14] combine the thinning process representation and a coupling
construction to bound the dependence coefficient of the Hawkes process.
Other alternatives based on spectral methods [3] or estimation through the
resolution of a Wiener-Hopf system [8] can also been found in the litera-
ture. These are all frequentist methods; Bayesian approaches for Hawkes



NONPARAMETRIC BAYESIAN ESTIMATION FOR HAWKES PROCESSES 3

models have received much less attention. To the best of our knowledge, the
only contributions for the Bayesian inference are due to Rasmussen [38] and
Blundell, Beck and Heller [9] who explored parametric approaches and used
MCMC to approximate the posterior distribution of the parameters.

1.2. Our contribution. In this paper, we study nonparametric posterior
concentration rates when T — —+oo, for estimating the parameter f =
((Vk)k=1,... K+ (he g )ke=1,.. k) by using realizations of the multivariate process
(Ntk)k:l,__’;( for t € [0,T]. Analyzing asymptotic properties in the setting
where T' — 400 means that the observation time becomes very large hence
providing a large number of observations. Note that along the paper, K,
the number of observed processes, is assumed to be fixed and can be viewed
as a constant. Considering K — +o00 is a very challenging problem beyond
the scope of this paper. Using the general theory of Ghosal and van der
Vaart [22], we express the posterior concentration rates in terms of simple
and usual quantities associated to the prior on f and under mild conditions
on the true parameter. Two types of posterior concentration rates are pro-
vided: the first one is in terms of the IL;-distance on the stochastic intensity
functions ()\k)kzl,...,K and the second one is in terms of the IL;-distance on
the parameter f (see precise notations below). To the best of our knowledge,
these are the first theoretical results on Bayesian nonparametric inference in
Hawkes models. Moreover, these are the first results on LLi-convergence rates
for the interaction functions hy . In the frequentist literature, theoretical re-
sults are given in terms of either the LLs-error of the stochastic intensity, as
in [5] and [8], or in terms of the Lg-error on the interaction functions them-
selves, the latter being much more involved, as in [42] and [26]. In [42], the
estimator is constructed using a frequentist model selection procedure with
a specific family of models based on piecewise constant functions. In the
multivariate setting of [26], more generic families of approximation models
are considered (wavelets of Fourier dictionaries) and then combined with a
Lasso procedure, but under a somewhat restrictive assumption on the type
and size of the models that can be used to construct their estimators (see
Section 5.2 of [26]). Our general results do not involve such strong conditions
and therefore allow us to work with approximating families of models that
are quite general. Our conditions are very similar to the conditions proposed
in the context of density estimation in [21] so that most of the priors which
have been studied in the context of density estimation can now be easily
adapted to the context of the interaction functions of multivariate Hawkes
processes. In particular we have applied these conditions to two families
of prior models on the interaction functions hyj: priors based on piecewise
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constant functions, with regular or random partitions and priors based on
mixtures of Betas distributions. From the posterior concentration rates, we
also deduce a frequentist convergence rate for the posterior mean, seen as a
point estimator. We finally propose an MCMC algorithm to simulate from
the posterior distribution for the priors constructed from piecewise constant
functions and a simulation study is conducted to illustrate our results.

1.3. Formal definitions, notations and assumptions. We first recall the
formal definition of multivariate Hawkes processes and we define our setup.
In the sequel, for any R-valued function h, we denote by | A||, its Ly-norm.
Consider the probability space (X, G,P). For any k and any set A, we denote
by N*¥(A) the number of occurrences of N*¥ in A. We can define linear
multivariate Hawkes processes as follows.

DEFINITION 1. LetT > 0. We consider f = (Vk)k=1,... K (R k)ke=1,. K)
such that for all k,£, vy, > 0 and hyy is non-negative and integrable. Let
(Ny)i = (N}, ..., NI and assume that Gr C G with Gy = GoV o (Ns,s < t),
for some Gy C G. Then the process (Ny); adapted to (Gy): is a linear multi-
variate Hawkes process with parameter f if

- almost surely, for all k # £, (NF); and (Nf); never jump simultane-
ously
- for all k, the intensity process (AF(f)): of (NF); is given by

(1.1) _yk+2/ hog(t — u)dNE.

Conditions of Definition 1 on f ensure existence and uniqueness of a
pathwise Hawkes process (N;); = (N}, ..., Nf); such that NF < oo almost
surely for any k and any ¢. Furthermore, Theorem 7 of [10] shows that if the
K x K matrix p, with

+oo
(1.2) Pk = / ]’L&k(t)dt, Lk=1,..., K,
0

has a spectral radius strictly smaller than 1, then there exists a unique
stationary distribution for the multivariate process N = (N k)k:l,..., K with
intensities given by (1.1) and finite average intensity.

Given a parameter f = ((vg)k=1,.. K, (her)ke=1,.. k), we denote by |p]|
the spectral norm of the matrix p associated with f and defined in (1.2).
We recall that ||p|| provides an upper bound of the spectral radius of p.
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Let A > 0 be a given known constant, set

H = {(hep)ki=1,..k; heg is integrable, hyp > 0, ||hgkllco < 00,
support(hg ) C [0, A], VE, £ < K}

and

F=A{f=()k=1,..k: (heg)ke=1,.K); 0 <vp <oo, Vk <K, (hep)ke=1,.. Kk €H}

In the sequel, for T' > 0, we assume that we observe N, a linear Hawkes
process with true parameter fo = ((I/]g)kzl’m,[(,(hgk)k’g:l’m’[() € F until
time T. Denote by p® the matrix such that P?,k = fOA hg’k(t)dt and assume
that ||p°| < 1. For the sake of simplicity we assume o(Ng,s < 0) C Gy so
Go = Go V 0(Ns, s < 0) and we denote by Py the stationary distribution of
N (associated to fy) and by Py(-|Go) the conditional distribution of N given
Go. Finally, Ej is the expectation associated with Py.

Now, let f = ((Vk)k=1,.. k> (heg)ke=1.. k) € F and we define \(f) =

(AF())k=1,... i for all t > 0 where

K _
() = Vk"‘Z/ he i (t — u)dN.
(=17t=A

From Chapter II of [2], if

(13 fj [ / log ()} - [ ' A,'f<f>dt} ,

and
dP;(-1Go) = elr(N=Lr{fo) gpy(-1Go),

then Pf(-|Go) is a conditional probability distribution on (X,G) and under
Py, N is a multivariate Hawkes process with intensity process (A¢(f))o<t<7-
Note that if the spectral radius of p is less than 1, then under Py, N is
a stationary multivariate Hawkes process. With a slight abuse of notation,
we also denote, at times, L7 (A) in place of L7(f). In the sequel, E; is the
expectation with respect to Py.
For f = ((Vk)k=1,...1; (heg) k=1, 1) and f" = (v )k=1,.. ks (A )k e=1,... K)

belonging to F, we set

(1.4) If = f'lh —Z|Vk—Vk|+ZZ||hzk—hek||1,

k=1 (=1
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and
/ _l - T k kgl
dir(f ) =5 [ M) = At
k=170

Note that dir is a data-dependent pseudo-distance on F. We denote by
N (u,Hop,d) the covering number of a set Hg by balls with respect to a
metric d with radius u. We set for any ¢, ) the mean of A{(fo) under Py:

1 = Bo[A{(fo)].
We also write up < vp if |up/vp| is bounded when T — +oco and simi-
larly up 2 vp if |vp/up| is bounded. Finally if Q is a set Q¢ denotes its

complement.

1.4. Overview of the paper. In Section 2, Theorem 1 first states the pos-
terior convergence rates obtained for stochastic intensities. Theorem 2 con-
stitutes a variation of this first result. From these results, we derive LLi-rates
for the parameter f (see Theorem 3) and for the posterior mean (see Corol-
lary 1). Examples of prior models satisfying conditions of these theorems are
given in Section 2.3. In Section 3, numerical results are provided. Finally,
Section 4 provides the proof of Theorem 3 (Section 4.3). Before that, to
deal with the posterior distributions, we construct specific tests (Lemma 1
in Section 4.1) and provide a general control of the Kullback-Leibler diver-
gence between two given functions (Section 4.2). Proofs of other results are
given in the supplementary material [19].

2. Main results. This section contains the main results of the paper.
We first provide an expression for the posterior distribution.

2.1. Posterior distribution. Recall that we restrict ourselves to the setup
where for all ¢,k, hyj, has support included in [0, A] for some fixed known
A > 0. This hypothesis is very common in the context of Hawkes processes,
see [26].

Hence, in the following, we assume that we observe the process (IV k) k=1,...K
on [—A, T], but we base our inference on the log-likelihood (1.3), which is as-
sociated to the observation of (Nk)k:Lm’K on [0,T]. We consider a Bayesian
nonparametric approach and denote by II the prior distribution on the pa-
rameter f = ((Vg)k=1,...K, ("o k)ke=1,. i) The posterior distribution is then
formally equal to

[ exp(Lr(f))dII(f]Go)

I1 (B[N, Gy) = [ exp(Lr(f)dIi(fGo)”
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We approximate it by the following pseudo-posterior distribution, which we
write IT (+| V)

_ Jsesp(La(£)dIT(f)
[ exp(La(f))dri( )

which thus corresponds to choosing dII(f) = dII( f|Go).

(2.1) 11 (B|N)

2.2. Posterior convergence rates for di  and LLi-metrics. In this section
we give two results of posterior concentration rates, one in terms of the
stochastic distance d; 7 and another one in terms of the L;-distance, which
constitutes the main result of this paper. We define
< 5T}

with o7 = do(log T)3/2/ﬁ and dg > 0 and C, two positive constants not
depending on T'. From Lemmas 2 and 3 in Section 2.5 in the supplementary
material [19], we have that for all & > 0 there exist C;, > 0 and ¢y > 0 only
depending on « and fjy such that

K
N-A,T
Qp = { max  sup N[t — A, t) < CalogT}m{Z [T’] —

Ce{1,....K} tefo,1) !

(2.2) Po () <T77,

when T is large enough. In the sequel, we take o« > 1 and C, accordingly.
Note in particular that, on Qp, Zle NY—AT) < NoT, with Ny = 1 +
Zf: 1 ug, when T is large enough. We then have the following theorem.

THEOREM 1. Consider the multivariate Hawkes process (Nk)kzlw,K
observed on [—A,T|, with likelihood given by (1.3). Let II be a prior dis-
tribution on F. Let er be a positive sequence such that ep = o(1) and
loglog(T) log®(T)/(Te%) = o(1). For B > 0, we consider

Bler, B) = {(Vk, (hes)e)k; m]?X|Vk — | <er,
ma e — Wyl < er, ma s < B

and assume the following conditions are satisfied for T large enough.

(i) There exists c; > 0 and B > 0 such that

1 (B(er, B)) > e~ 7%
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(ii) There exists a subset Hr C H, such that

H(H’%) < e*(?li’r#*?))TG%’
IL(B(er, B)) —

where K = mlog(r;l) = loglog T, with rr defined in (4.4) and k
defined in (4.2).
(i1i) There exist (o > 0 and xo > 0 such that

log N (Goer, Hr, ||.|h) < moTep.

Then, there exist M > 0 and C > 0 such that

E, [n (dLT(fo,f) > M\/loglogTeT|N)} o Cloglog

(T
Te

2) log?(7) FPo(25)+0(1) = o(1).

Assumptions (i), (ii) and (iii) are very common in the literature about
posterior convergence rates. As expressed by Assumption (ii), some condi-
tions are required on the prior on Hr but not on the parameters v;. Except
the usual concentration property of v around ° expressed in the definition
of B(ep, B), which is in particular satisfied if v has a positive continuous
density with respect to Lebesgue measure, we have no further condition on
the tails of the distribution of v.

REMARK 1. As appears in the proof of Theorem 1, the term +/loglogT
appearing in the posterior concentration rate can be dropped if B(ep, B) is
replaced by

Buo(er, B) = {(Vk, (heg)ews  max |y — V| < er, max ||, — e klloo < ET} ,

in Assumption (i). In this case, rp = 1/2 in Assumption (ii) and kp does
not depend on T'. This is used for instance in Section 2.3.1 to study random
histograms priors whereas mixtures of Beta priors are controlled using the
Lo-norm.

Similarly to other general theorems on posterior concentration rates, we
can consider some variants. Since the metric dy 7 is stochastic, we cannot
use slices in the form dy 7(fo, f) € (jer, (j+1)er) as in Theorem 1 of Ghosal
and van der Vaart [22], however we can consider other forms of slices, using
a similar idea as in Theorem 5 of Ghosal and van der Vaart [23]. This is
presented in the following theorem.
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THEOREM 2. Consider the setting and assumptions of Theorem 1 except
that assumption (iii) is replaced by the following one. There exists a sequence
of sets (Hri)i>1 C H with UiH7; = Hr and (o > 0 such that

(2.3) S N(er, Hra, || 1h) /T (Hri)e T = o(1),
=1

for some positive constant xg > 0. Then, there exists M > 0 such that

E, [n (dl,T(fO,f) > M+/log log TeT\N)] — o(1).

The posterior concentration rates of Theorems 1 and 2 are in terms of
the metric dy 7 on the intensity functions, which are data-dependent and
therefore not completely satisfying to understand concentration around the
objects of interest namely fy. We now use Theorem 1 to provide a general
result to derive a posterior concentration rate in terms of the ILi-norm.

THEOREM 3. Assume that the prior Il satisfies the following assump-
tions.

(i) There exists e = o(1) such that ep > dr (see the definition of Qr)
and c1 > 0 such that

(24)  Eo [l (AL |N)] =o0(1) and P (DT < e’clT€%> — o(1),

where Dy = [ elTD=Lr(0)dII(f) and A, = {f;dvr(fo, f) < er}.
(i) The prior on p satisfies the following property: for all ug > 0, when T
is large enough,

(2.5) (]l pll > 1 — up(log T)/0e}/?) < =27,
Then, for any wr — 400,
(2.6) Eo [IL([f = foll > wrer|N)] = o(1).

REMARK 2. Condition (i) of Theorem 3 is in particular verified under
the assumptions of Theorem 1, with e = Mep~/loglogT for M a constant.

REMARK 3. Compared to Theorem 1, we also assume (ii), i.e. that the
prior distribution puts very little mass near the boundary of space {f;||p| <
1}. In particular, if under 11, ||p|| has its support included in [0,1 — €] for a
fized small € > 0 then (2.5) is verified.
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REMARK 4. A close inspection of the proofs shows that all convergence
results of Theorems 1, 2 and 3 are uniform over the class of parameters
satisfying the following condition: there exist co > 0, Cy > 0 and eg € (0,1)
such that

(2.7) ¢ < mkinz/,g < m]?xu,g < Cy, I%aZX\|h2k|\oo <Co, and |p°| <1 — eo.

A consequence of previous theorems is that the posterior mean f =
E™[f|N] is converging to fy at the rate e, which is described by the following
corollary.

COROLLARY 1. Under the assumptions of Theorem 1 or Theorem 2,

together with (2.5) with ep = \/loglogTer and if [ | fl1dII(f) < +oo,
then for any wpr — +00

Po (Hf— folli > wTé‘T) =o(1).

The proof of Corollary 1 is given in Section 2.3 in the supplementary
material [19].

The results of Theorem 3 and Corollary 1 lead to L1 convergence results,
which are weaker than the Lo convergence results of [26]. But our results
allow for a much wider range of possible dictionaries (prior models in the
Bayesian formulation) since, contrarywise to [26], we do not require the
stringent (lower bound) condition on the Gram matrix G made of the scalar
products between Ar(p;) and Ar(gpj) with (¢;) <y denoting the dictionary
used to construct the estimator (see Inequality (2.4) of Theorem 1 of [26]). It
is assumed in particular in [26] (see Proposition 5) that this dictionary has to
be an orthonormal basis and some stringent conditions on J are considered.
We see in the following section that no such a condition is required to apply
Theorems 1 to 3, and priors based on overcomplete continuous dictionaries
are easily allowed. Indeed our assumptions resemble the type of assumptions
considered for density estimation for i.i.d. models, for which a large literature
already exists.

2.3. Examples of prior models. The advantage of Theorems 1 and 3 is
that the conditions required on the priors on the functions hj, are quite
standard, in particular if the functions hy, ¢ are parameterized in the following
way

A
hie = prehi.e, / hie(uw)du = 1.
0
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We thus consider priors on § = (v, pi ¢, Ek,g, k,¢ < K) following the scheme

(2.8) v X, p=(prkeck ~ T hig I,

with IT,,, II, and II;, independent. We consider II,, absolutely continuous with
respect to the Lebesgue measure on R with positive and continuous density
7y, 1, a probability distribution on the set of matrices with positive entries
and spectral norm ||p|| < 1, with positive density with respect to Lebesgue
measures and satisfying (2.5). We now concentrate on the nonparametric
part, namely the prior distribution II;. Then, from Theorems 1 and 3 it is
enough that II; satisfies for all 1 < k,¢ < K,

IT; (HFL - B%g”z <er, |h]leo < B) > e—cTe%’

for some B > 0 and ¢ > 0 such that there exists Hp with

A
Tr {h 10, 4] Rt/ h(z)dz = 1}
0
satisfying
(2.9) I, (Hr') < e=CTerloglosT Yoo N (Ceps Hrs ||-|11) < moTe,

for ( > 0, zg > 0 and C' > 0 large enough. Note that from Remark 1, if we
have that for all £, k

Hf_z (HE - B%,ZHOO < €T, ||B||oo < B) > G*CTE%
then condition (2.9) can be replaced by

(2.10) 0 (Hr') < e %, log N (Cer; Hr; |-|1) < woTé%.

These conditions have been checked for a large selection of types of priors
on the set of densities. We discuss here two cases: one based on random
histograms, these priors make sense in particular in the context of modeling
neuronal interactions and the second based on mixtures of Betas, because
it leads to adaptive posterior concentration rates over a large collection of
functional classes. To simplify the presentation we assume that A = 1 but
generalization to any A > 0 is straightforward. Following Remark 4, we also
assume in the sequel that there exist ¢y > 0, Cp > 0 and ¢y € (0,1) such
that Condition (2.7) is satisfied.
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2.3.1. Random histogram prior. These priors are motivated by the neu-
ronal application, where one is interested in characterizing time zones when
neurons are or are not interacting (see Section 3). Random histograms have
been studied quite a lot recently for density estimation, both in semi and non
parametric problems. We consider two types of random histograms: regular
partitions and random partitions histograms. Random histogram priors are
defined as follows. For J > 1,

(2.11)
) T s J
hw,t,J =0 #]llj’ IJ = (tjflatj)a ij = 1a o~ Bern(p)
j=1 3 -l =1
and

tr=0<t1 < ---<ty=1.

In both cases, the prior is constructed in the following hierarchical manner.

(2.12)
J Iy, e arh@ <q1(J=2), I;(J>z) < e e2oh@)
Li(z) =1or Li(z) =logx
(wi,...,wy)|J ~ 1,

where ¢; and ¢y are two positive constants. Denoting S the J-dimensional
simplex, we assume that the prior on (wi,- - ,wy) satisfies the following
property. For all M > 0, for all wg € Sy with for any j, wo; < M/J and all
u > 0 small enough, there exists ¢ > 0 such that

(2.13)

I, ((wor — w/J?, wor + u/J?) x -+ x (woy — u/J* woy +u/J?)) > e /108,

Many probability distributions on Sy satisfy (2.13). For instance, if II,, is
the Dirichlet distribution D(oy s, -,y 7) with e3J 7% < ;5 < ¢4, for a, c3
and ¢4 three positive constants, then (2.13) holds, see for instance Castillo
and Rousseau [13]. Also, consider the following hierarchical prior allowing
some of the w;’s to be equal to 0. Set Z; i Bern(p), j < J, s, = ijl Zj
and (j1,--- ,Js,) the indices corresponding to Z; = 1. Then,

(wjy, - wj,. ) ~D(ar,g, - ,0s,5), c3J “<a;7< ¢y
wj =0 if Zj =0.

Regular partition histograms correspond to ¢; = j /J for j < J,in which case
we write h,,, s instead of hy, ¢ 7; while in random partition histograms we put
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a prior on (t1,- -+ ,ts). We now consider Holder balls of smoothness 5 € (0, 1]
and radius Lo > 0, denoted H(3, Lo) := {g; |g9(z) — g(y)| < Lo|lz — y|°},
and prove that the posterior concentration rate associated with both types
of histogram priors is bounded by e = €o(log T/T)/8+1) for 0 < B < 1,
where €g is a constant large enough. From Remark 1, we use the version of
assumption (i) based on

Bucler B) = { (s gl — 1 < e, e — Wl < e}

and need to verify (2.10). Then, applying Lemma 4 of the supplementary
material of Castillo and Rousseau [13], we obtain that for each 1 <k, ¢ < K
such that h%e # 0 and hg}e € H(B, Lo),

11 (Hilfw,J - B?,k”oo < 2L0J_5|J> 2 pe—CJlogT

for some ¢ > 0 and I (J = Jo|(T/log T) |/ (28+1)) > ¢=c1Jo(T/log 1)/ 5D Ly(T)
if Jy is a constant. If Bg,k = 0 then II <||7Lw,J - Bgkaoo = O) = 1—p, so that

T (Boo(e7, B)) 2 € x [(1 — p)p]&” x e K et Jo(T/1og T)/EFHDLN(T) > —c'Tef

for some ¢ > 0. This result holds both for the regular grid and ran-
dom grid histograms with a prior on the grid points (t1,---,ts) given by
(w1, -+ ,uy) ~ D(a,---,a) with u; = t; — t;_1. Then condition (2.5) is
verified if TI(||p]| > 1 —u) < e %% " with @ > 3/8 and o’ > 0, for u small
enough. This condition holds for any 3 € (0, 1] if there exist a/,7 > 0 such
that when u is small enough

Iefl/u‘r

(2.14) (el >1-u) Se™®
Moreover, set Hp = {Bw”}, J < Ji(T/ log T)l/(%“)} for J; a constant, then

for all ¢ > 0, log N (Cer, Hr, ||.]l1) < J1(T/logT)/ 5+ 1og T. Therefore,
(2.10) is checked. We finally obtain the following corollary.

COROLLARY 2 (regular partition). Under the random histogram prior
(2.11) based on a regular partition and verifying (2.12) and (2.13) and if
(2.14) is satisfied, then if for any k, 0 =1,..., K, h%,e belongs to H(B, L) for
0 < p <1, for any wpr — 400,

Eo [n (Hf — folli > wr(T/ 1ogT)*5/<25+1>|N)} — o(1).
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To extend this result to the case of random partition histogram priors
we consider the same prior on (J, w1, -+ ,wy) as in (2.12) and the following
condition on the prior on t = (t1,--- ,tx). Writing u1 = t1, uj = t;—t;_1, we
have that uw = (u1,- - ,uy) belongs to the J-dimensional simplex S; and we
consider a Dirichlet distribution on (u1,---,uy), D(a, -+, ) with a > 6.
The arguments used to the regular partition apply also to the case of the
random partition apart from the computation of the entropy, which is more
involved here.

COROLLARY 3. Consider the random histogram prior (2.11) based on
random partition with a prior on w = (wi,...,wy) satisfying (2.12) and
(2.13) and with a Dirichlet prior on uw = (t; — tj_1,j < J), with parameter
a > 6. If (2.14) is satisfied, then if for any k,0 =1,...,K, kY, belongs to
H(B, L) for 0 < p <1, for any wr — +00, 7

E, [H (Hf — follh > wr(T/ logT)_B/(25+1)|N>} — o(1).

The proof of this corollary is given in Section 2.6 in the supplementary
material [19]. In the following section, we consider another family of priors
suited for smooth functions hy ¢ and based on mixtures of Beta distributions.

2.3.2. Mixztures of Betas. The following family of prior distributions is
inspired by Rousseau [43]. Consider functions

1 — € a a
hie = pre </o gak_z,ede,€(€>>+7 Joe(T) = F(z(/ogl(“e(g/(l )_))6))IH_1(1$)51

where M}, o are bounded signed measures on [0, 1] such that [Mj | = 1. In
other words the above functions are the positive parts of mixtures of Betas
distributions with parameterization (a/e,a/(1 — €)) so that € is the mean
parameter. The mixing random measures Mj, , are allowed to be negative.
The reason for allowing M}, ; to be negative is that hy ¢ is then allowed to be
null on sets with positive Lebesgue measure. The prior is then constructed
in the following way. Writing hy, = puﬁk,g we define a prior on Bk! via

. . id
a prior on My, and on ayy. In particular we assume that Mj, , ~ Uy

and oy g d Ta. As in Rousseau [43] we consider a prior on « absolutely
continuous with respect to Lebesgue measure and with density such that
there exists by, ¢1, ¢, c3, A, C > 0 such that for all u large enough,

(2.15) Tolciu < a < cyu) > Ce 1
. ol < e_Au) + ma(a > c3u) < Ce—b1u1/2.
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For instance if /o follows a Gamma distribution then (2.15) is verified.
There are many ways to construct discrete signed measures on [0, 1], for
instance, writing

J
(216) M = erpjéejv
j=1

the prior on M is then defined by J ~ II; and conditionally on J,

ri “Ra(1/2), %G, (p1,---,ps) ~Dlas,- -, az),
where Ra denotes the Rademacher distribution taking values {—1,1} each
with probability 1/2. Assume that G, has positive continuous density on
[0,1] and that there exists Ag > 0 such that ijl a; < Ap. Recall that
when § > 1, the Holder ball ‘H (8, Lg) is defined as the set of functions g
such that

18]
lgLBD () — hLBD (y)]
Iglloe + > 19 oo + sup < Lo
et ary |z -yl

where the last term disappears if § is an integer. We have the following
corollary.

COROLLARY 4. Consider a prior as described above. Assume that for all
kit < K h%e = (g27é)+ for some functions 912,@ € H(B, Log) with > 0. If
condition (2.14) holds and if G¢ has density with respect to Lebesgue measure
verifying

M1 — )M < g(x) S —x)3,  for some Ay >3,

then, for any wp — 400,
Eo [T1(1f = follv > wrT =%/ @) (10g T)3/4542) floglog TIN) | = o(1).

Note that in the context of density estimation, 75/(2f+1 is the minimax
rate and we expect that it is the same for Hawkes processes. Indeed, since
Py (25.) goes to 0, the number of observations is of order 7T'.

3. Numerical illustration in the neuroscience context. It is now
well-known that neurons receive and transmit signals as electrical impulses
called action potentials. Although action potentials can vary somewhat in
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duration, amplitude and shape, they are typically treated as identical stereo-
typed events in neural coding studies. Therefore, an action potentials se-
quence, or spike train, can be characterized simply by a series of all-or-none
point events in time. Multivariate Hawkes processes have been used in neu-
roscience to model spike trains of several neurons and in particular to model
functional connectivity between them through mutual excitation or inhi-
bition [29]. In this section, we conduct a simulation study mimicking the
neural context, through appropriate choices of parameters. The protocol is
similar to the setting proposed in Section 6 of [26].

3.1. Simulation scenarios. We consider three simulation scenarios in-
volving respectively K = 2 and K = 8 neurons. The scenarios are roughly
similar to the one tested in [26]. Following the notations introduced in the
previous sections, for any (k,¢) € {1,..., K}?, h, denotes the interaction
function of neuron k over neuron £. We now describe the three scenarios. The
upper bound of each hy, ¢’s support, denoted [0, A], is set equal to A = 0.04
seconds.

e Scenario 1. We first consider K = 2 neurons and piecewise constant
interactions: ]’L171 = 30-]1(070.02], h271 = 30-]1(070.01], h172 = 30-]1(0'0170.02],
h272 =0.

e Scenario 2. In this scenario, we mimic K = 8 neurons belonging to
three independent groups. The non-null interactions are the piecewise
constant functions defined as : ho1 = h31 = hoa = h13 = ha3 =

We plot the subsequent interac- ~
tions directed graph between the 8
neurons: the vertices represent the I

K neurons and an oriented edge is ‘@
plotted from vertex k to vertex ¢ - )
if the interaction function hy g is f\

non-null.

e Scenario 3. Setting K = 2, we consider non-piecewise constant inter-
actions functions defined as

hia(t) = 100‘6_100t]1(0,0.04](2t)7 ho1(t) = 30-T0.02(t)
(t—0.02)

hia(t) = m&wwo@ “Lo00q(t),  ho2(t) = 0.
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For any scenario, we consider v, = 20, ¢ = 1,..., K. For each scenario,
we simulate 25 datasets on the time interval [0,22] seconds. The Bayesian
inference is performed considering recordings on three possible periods of
length T = 5 seconds, T' = 10 seconds and T = 20 seconds. For any dataset,
we remove the initial period of 2 seconds corresponding to 50 times the
length of the support of the hj -functions, assuming that, after this period,
the Hawkes processes have reached their stationary distribution. Note that
the chosen parameters induce that the mean number of events per neuron
and per period of five seconds is approximatively 321 for Scenario 1, 472 for
Scenario 2 and 317 for Scenario 3. More details on the simulated dataset
are supplied in the supplementary material [19].

3.2. Prior distribution on f = (v, hge)keqn,.. . ky-  We use the prior dis-
tribution described in Section 2.3 setting a log-normal prior distribution on
the vy’s of parameter 4, s2. About the interaction functions (hkvf)k,ee{l,...,l(}’
the prior distribution is defined on the set of piecewise constant functions,
hi.¢ being written as follows:

J(k:0) o
(81)  hue(t) =" 3 8L 0y (8)s pre = /0 he(t)dt
j=1

j—1>

with ték’e) =0 and tf]]if)@ = A. Using the notations in Section 2.3, we have if
(k,0)
sk £, B](.k’e) = pk,gw. Here, 69 is a global parameter of nullity
J i1

for hy o and model the graph of interactions: for all (k, ) € {1,..., K}?,
(3.2) 850~ ;.4 Bern(p).

For all (k,f) € {1,...,K}?, the number of steps (J*%) follows a translated
Poisson prior distribution:

(3.3) JEOUEHED =1}~y 14+ P(n).

To minimize the influence of 1 on the posterior distribution, we consider a
hyperprior distribution on the hyperparameter 7:

(3.4) n ~ I'(ay,by).

Given J*4) we consider a spike and slab prior distribution on (ﬁj(-k’f)) =1, g0

Let us introduce Z](-k’e) € {0,1} such that Vj € {1,...,J®0},

k.t
IP’(Z](. )zz!(s(“):l) = m, Vze{0,1}

(3.5)
BEOs*0 = 1} ~ 2" < log N (g, 52).
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We consider two prior distributions on (t;k’g)) j=1,.gkn- The first one (re-
ferred as the regular histogram prior) is a regular partition of [0, A]:

(kt) _ _J - (k,0)
(3.6) (0 = g A Vi=0, T,

The second prior distribution is referred as the random histogram prior and

ULy ooy Uk, ~ D(af,...,d ,
¢ = AY  _juy, Vi=1,...,J%Y 7 =0
Equations (3.2)-(3.6) (or (3.7)) define a prior distribution P on (hy )k,
without any constraint on ||p||. The prior is defined by truncating this dis-
tribution to the set {||p|| < 1 — €} for an arbitrarily small e. In practice
we have chosen € = 10716, which is the precision of the machine. In the
simulation studies, we set the following hyperparameters:

g =395, sg=1, pn, =35, s,=1
(k0 _ 1y — L 1)y = — 1/9- o — .
Pz =1)=1/2, PEWY =1)=p=1/2; ofj=2, Vj
3.3. Posterior sampling. The posterior distribution is sampled using a
standard reversible-jump Markov chain Monte Carlo (RJ-MCMC). Consid-

ering the current parameter (v,h), v(© is proposed using a Metropolis-

adjusted Langevin proposal. For a fixed J* %) the heights Bj(-k’e) are proposed
using a random walk proposing null or non-null candidates. Changes in the
number of steps J*) are generated by standard birth and death moves
[24]. In this simulation study, we generate chains of length 30000 removing
the first 10000 burn-in iterations. The algorithm is implemented in R on an
Intel(R) Xeon(R) CPU E5-1650 v3 @ 3.50GHz.

REMARK 5. Note that, in order to get a better mixzing Markov Chain,
we first sample the posterior distribution of f on the unconstraint parameter
set, i.e. not taking into account the constraint ||p|| < 1 — ¢, and we discard
all iterations where ||p|| > 1 — €.

The computation times (mean over the 25 datasets) are given in Table 1.
First note that the computation time increases roughly as a linear function
of T'. This is due to the fact that the heavier task in the algorithm is the
integration of the conditional likelihood and the computation time of this
operation is roughly a linear function of the length of the integration (ob-
servation) time interval. Besides, because we implemented a reversible-jump
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MCMC algorithm, the computation time is a stochastic quantity: the algo-
rithm can explore parts of the domain where the number of bins J*-9 is
large, thus increasing the computation time. Moreover, we remark that the
computation time explodes as K increases (due to the fact that K? inter-
action functions have to be estimated), reaching computation times greater
than a day.

K=2 K=28 K = 2 with smooth Ay ¢
Prioront Regular Random  Regular Random
T=5 1508.44  1002.45 823.84
T =10 1383.72  1459.55  37225.19 1284.93
T=20 2529.19  2602.48  49580.18 1897.17
TABLE 1

Mean computation time (in seconds) for the reversible-jump MCMC algorithms as a
function of the scenario, the observation time interval and the prior distribution (random
or regular histogram). The mean is computed over the 25 simulated datasets

3.4. Results. We describe here the results for each scenario. We con-
sider the previous scenarios, three observation durations 7' and two prior
distributions. In Table 2, we supply the estimated LL;-distances on the A\*’s
and the hy’s. More precisely, we evaluate the estimated average posterior
expectation of the Li-distances on the hy, ¢’s:

T T 4
(3.8) Dy = 25 Z E K2 Z Hhk,e o hg,fnl (Ntsm)te[o,T] )
sim=1 k=1

and the estimated average posterior expectation of the renormalized pseudo-
distance dy 7 on the parameters:

25

(3.9 Dy= g5 3 B|diahi o

stm=1

<Nf"m>te[o,ﬂ} .

where E refers to the Monte Carlo estimator obtained as a by product of the
RJ-MCMC algorithm. To compute the Monte Carlo posterior expectations
given in Equations (3.8) and (3.9), we consider the outputs of the reversible
jumps MCMC algorithm, then evaluate the functions Ay, and M\¥ on a fine
grid and finally compute the mean. Observe that the distances have been
normalized by the number of estimated functions (K? for the hie's and K
for the A*’s). As a consequence, we can compare results obtained in the three
scenarios and reported in Table 2.



20 S. DONNET ET AL.

As expected, Table 2 illustrates the fact that the error decreases as T
increases. As we will detail later, the random histogram prior gives better
results than the regular prior. Finally, performances are better when the
true interaction function hy, are step functions (due to the form of the
prior distribution).

K=2 K=8 K=2 with smooth hg ¢
Prior Regular Random Regular Random
T=5 5.79 4.79 5.87
Dy T=10 3.74 3.16 0.70 4.74
T=20 2.70 2.05 0.39 3.95
T=5 0.1423 0.0996 0.1431
D, T=10 0.0844 0.0578 0.1199 0.1131
T=20 0.0564 0.0336 0.0616 0.0945
TABLE 2

Posterior expectations of the distances Dy and Dp,

3.4.1. Results for scenario 1: K = 2 with step functions. When K = 2,
we estimate the parameters using both regular and random prior distribu-
tions on (tg-k’g)) (equations (3.6) and (3.7)). One typical posterior distribution
of vy is given in Figure la (left), for a randomly chosen dataset and the reg-
ular histogram, clearly showing a smaller variance when the length of the
observation interval increases. We also present the global estimation results,
over the 25 simulated datasets for the regular prior. The regularized dis-
tribution of the posterior mean estimators for (v, r2) computed for the 25

simulated datasets (IE (el (NF™) 4o Tﬂ) is given in Figure la on
! sim=1...25
the right panel, showing an expected decreasing variance for the estimator

as T increases. We only supply the plots for the regular histogram prior.
The plots corresponding to the random histogram prior are supplied in the
supplementary material [19] and are similar to the one presented her.

Regarding the estimate of the interaction functions, for the same given
dataset, the estimation of the hy’s is plotted in Figure 1b (left panel) for
the regular prior, with its credible interval. Its corresponding estimation
with the random prior is given in Figure 1b (right panel). For both prior
distributions, the functions are globally well estimated, showing a clear con-
centration when 7T increases. The regions where the interaction functions are
null are also well identified. The estimation associated with the random his-
togram prior is in general better than the one supplied by the regular prior.
This may be due to several factors. First, the random histogram prior leads
to a sparser estimation than the regular one. Secondly, it is easier to design
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a proposal move in the reversible-jump MCMC algorithm in the former case
than in the latter context.

Moreover, the interaction graph is perfectly inferred since the posterior
probability for 822 to be 0 is almost 1. For the 25 datasets, we esti-
mate the posterior probabilities @(5(’“’@ = 1|(NF"™)seq0.17) for k, £ = 1,2 and
stm =1,...,25. In Table 3, we display the mean of these posterior quanti-
ties. Even for the shorter observation time interval (T' = 5) these quantities
—defining completely the connexion graph— are well recovered. These results
are improved when 7' increases. Once again, the random histogram prior
(3.7) gives slightly better results.

Finally, we also have a look at the conditional intensities A\¥. On Figure 2,
we plot 50 realizations of the conditional intensity from the posterior dis-
tributions. More precisely, for one given dataset, for 50 parameters (") =

( (h,(;)e) k0 (V,ii)) h=1... K) sampled from the posterior distribution (issued from

the RJ-MCMC chain), we compute the corresponding ()\f (i)) and plot them.
For the sake of clarity, only the conditional intensity of the first process
(k = 1) is plotted and we restrict the graph to a short time interval [3.2, 3.6].
As noticed before, the conditional intensity is well reconstructed, with a
clear improvement of the precision as the length of the observation time T
increases.

£ over k loverl 1lover2 2overl 2 over?2

True value of 69 1 1 1 0
Prior

T—5 Regular 1.0000 0.8970 1.0000 0.0071

Random 1.0000 0.9812 1.0000 0.0196
Regular 1.0000 0.9954 1.0000 0.0047
Random 1.0000 1.0000 1.0000 0.0102
Regular 1.0000 1.0000 1.0000 0.0099
Random 1.0000 1.0000 1.0000 0.0102
TABLE 3
Results of Scenario 1. Mean of the posterior estimations:
=32 P(*0 = 1[(N£"™)iep0,1)), for the three observation time intervals and the
two prior distributions.

3.4.2. Results for scenario 2: K = 8. In this scenario, we perform the
Bayesian inference using only the regular prior distribution on (t(k’e))(w)e{l,_”, K}?
and two lengths of observation interval (7' = 10 and 7' = 20). Here we set
ap = 3 and b, = 1.
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(a) On the left, posterior distribution of v; (top) and vy (bottom) with T' = 5,
T = 10 and T = 20 for one dataset. On the right, regularized distribution of the

posterior mean of (vq,vs) (IE [1/4|(Ntsim)t6[oj]]> 1 s OVET the 25 simulated

datasets.

Tine ) e

(b) Estimation of the (hx ¢)k ¢=1,2 using the regular prior (left panel) and the ran-
dom histogram prior (right panel). The gray region indicates the credible region
for hy¢(t) (delimited by the 5% and 95% percentiles of the posterior distribution).
The true hy is in plain line, the posterior expectation and posterior median for
hi.¢(t) are in dotted and dashed lines respectively.

Fig 1: Results of scenario 1: estimation of (hy )k =12 and (vg)k=12
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Fig 2: Results for scenario 1. Conditional intensity A}: 50 realizations of \}
from the posterior distribution for one particular dataset and 3 lengths of
observation interval (7" =5 on the first row, T'= 10 on the second row, and
T = 20 on the third row). True conditional intensity in black plain line.

The posterior distribution of the v’s for a randomly chosen dataset is plot-
ted in Figure 3a. The prior distribution is in dotted line and is flat. The
posterior distribution concentrates around the true value (here 20) with a
smaller variance when T increases.

In Figure 3b, we plot the posterior means (with credible regions) of the non-
null interaction functions for the same randomly chosen dataset. The time
intervals where the interaction functions are null are again perfectly recov-
ered. The posterior uncertainty around the non-null functions hy, o decreases
when 7' increases.

In the context of neurosciences, we are especially interested in recovering
the interaction graph of the K = 8 neurons. In Figure 4a, we consider the
same dataset as the one used in Figures 3a and 3b and plot the posterior
estimation of the interaction graph, for respectively T = 10 on the left and
T = 20 on the right. The width and the gray level of the edges are propor-
tional to the estimated posterior probability P(6(*0) = 1(Nt)sejo,r))- The
global structure of the graph is recovered (to be compared to the true graph
plotted before). We observe that the false positive edges appearing when
T = 10 disappear when T' = 20. In Figure 4b, we consider the mean of the
estimates of the graph over the 25 datasets. The resulting graph for T' = 10
is on the left and for T'= 20 on the right.

Note that, in this example, for any (k, ) such that the true 60 = 1, the
estimated posterior probability P(§(*4) = 1/(NF™)ep0,m7) is equal to 1, for
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(a) Results on (v¢)k=1..x
for a particular dataset.
Prior distribution (dot-
ted line), Posterior dis-
tributions for T = 10
(dashed line) and T = 20
(plain line).
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(b) Estimation of the non null interaction functions
(hk,e)k,e=1,.. s using the regular prior for T'= 10 (upper
panel) and T = 20 (bottom). The gray region indicates
the credible region for hy ¢(t) (delimited by the 5% and
95% percentiles of the posterior distribution). The true
hi,e is in plain line, the posterior expectation and pos-
terior median for hy ¢(t) are in dotted and dashed lines
respectively (often indistinguishable).

Fig 3: Results of Scenario 2 for one given dataset



NONPARAMETRIC BAYESIAN ESTIMATION FOR HAWKES PROCESSES 25

(a) For one given dataset. Posterior es-
timation of the interaction graph for
T = 10 on the left and T = 20
on the right, for one randomly cho-
sen dataset. Level of grey and width
of the edges proportional to P(5(*) =
H(N{"™)iepo,m)), sim = 1.

(b) For the 25 simulated datasets. Poste-
rior estimation of the interaction graph
for T'= 10 on the left and T = 20 on
the right, averaged over all the datasets.
Level of grey and width of the edges
proportional to % ifmzl P(5*0 =
L(NE™)eeo,1))-

Fig 4: Results of Scenario 2: interaction graphs

any dataset and any length of observation interval. In other words, the non-
null interactions are perfectly recovered. In a simulation scenario with other
interaction functions, the results could have been different.

3.4.3. Results for scenario 3: K = 2 with smooth functions. In this con-
text, we perform the inference using the random histogram prior distribution
(3.7). In this case, we set a,, = 10 and b, = 1, thus encouraging a larger
number of steps in the interactions functions. The behavior of the posterior
distribution of vy, is the same as in the other examples. In Figure 5a, we plot
the distribution of (E [Vk|(Ntszm)t€[OvTﬂ)simzl...25 for T'= 5,10, 20 seconds
and clearly observe a decrease of the bias and the variance as the length of
the observation period increases. Some estimation of the interaction func-
tions is given in Figure 5b. Due to the choice of the prior distribution of
these quantities, we get a sparse posterior inference. Note that, like in the
other scenarios, the null interaction is clearly identified, making possible to
recover to true posterior graph of interactions.

4. Proofs of Theorems. In the sequel, specific tests to deal with the
numerator of posterior distributions are first built in Section 4.1. The de-
nominator is controlled by using upper bounds of Section 4.2. We finally
provide the proof of Theorem 3 in Section 4.3. Other technical proofs are
provided in the supplementary material [19], which contains in particular
the proofs of Theorems 1 and 2, the proof of Corollary 1 and the proofs of
results of Section 2.3.
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T Ry

T

(a) On the left, posterior distribution
of v (top) and vy (bottom) with T =
5 T = 10 and T = 20 for one
dataset. On the right, regularized distri-
bution of the posterior mean of (vq, )

(E [V€|(Nt5im)te[0,T]])%
25 simulated datasets.

over the
m=1...25

Tovert 1over2 20ver1 202

s=1

(b) Estimation of the interaction func-
tions (hk,e)k,e=1,2 using the random his-
togram prior for T' = 5 (upper panel),
T =10 (middle) and T = 20 (bottom).
The gray region indicates the credible
region for hy ¢(t) (delimited by the 5%
and 95% percentiles of the posterior dis-
tribution). The true hy ¢ is in plain line,
the posterior expectation and posterior
median for hy(t) are in dotted and
dashed lines respectively (often undis-
tinguishable).

Fig 5: Results of Scenario 3
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4.1. Construction of tests. As usual, the control of the posterior distri-
butions is based on specific tests. We build them in the following lemma
whose proof is given in the supplementary material [19]. Our tests are based
on ideas similar to Li-tests for density estimation, but adapted to the more
complex framework of Hawkes processes. To build them, we use specific
Bernstein-type concentration inequalities for martingales established in [26],
which leads to the natural use of the IL;-loss. Moreover, the subsequent tests
also take into account the fact that the metric is random, which makes their
construction slightly more involved.

LEMMA 1. Let j > 1, fi € F; and define the test
Pfj = Z:l,?fi{K (]l{Ne(Al,é)*AZ(ALe;fo)ZJTGT/S} v ]l{NZ(Af,g)*AZ(Aig;fo)Z]'TGT/S}> ’

with for all ¢ < K, A1y = {t € [0, T} X(f1) > X(fo)}, A(Ave fo) =
Jo Tar (DX (fo)dt and AY(AS s fo) = [§ Lac , (DM (fo)dt. Then

Eo (Lo, ép 4] + sup Eo [Ef [La,1ses, (1= é5.5)1G0] ]
lf=filli<jer/(6No)

< (2K + 1) max e_zl"TﬁT(\/’T?/\jET),
¢
with Ny is defined in Section 2 and x1 ¢ = min (36, 1/(40969),1/ (1024K1 /u?)) .
4.2. Control of the denominator.

LEMMA 2. Let

KL(fo, f) = EolLr(fo) — L7(f)]-
(7n<B(eT,Eﬂ,
(4.1) 0< KL(fo, f) < klog(rp")Te7,

for T larger than Ty, with Ty some constant depending on fy, with

K K
43 k=130 (3 4y (ARG + Eouéuon))
k=1 =1

and r7 is defined in (4.4). Then,

(4.3) Po (LT(fO) — Ly(f) > (nlog(r;l) + 1)Te%) < Clog logjgj;) IOgg(T)7
€T

for C' a constant only depending on fo and B.
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PROOF. We consider the set Q7 defined in Lemma 2 in the supplementary
material [19] and we set Np = C, log T. We have

KL(f%.f) — kflnzo [ ton (D) ai - [ (s - at0) ]

i [ 1o (M) 4
e / log(wﬁ)%ﬂfo)dt— | (ke =ak) dt}

- L[ v () wova

where for u > 0, ¥(u) := —log(u) — 1+ u > 0. First, observe that on
Qr N B(ET, B),
(4.4)
)‘f(f) Vi ming l/]g —er
k > 0 K t— 0 > 0 0 =:Trr.
A(fo) — 0+ [ h i (t — w)dN¢(u) — maxy vy +maxgy ||hy [l KNT

Furthermore, observe that for u € [rr,1/2), ¥(u) < log(r;'), since rp =
o(1). And for all u > 1/2, ¥(u) < (u — 1)2. Finally, for any u > rr,

U (u) < 4log(ryt)(u—1)2

Therefore, on B(er, B), we have

K T (\k k 2
! _ (o) = M)
<KL < dlontry) Y B [/0 o nQTdt]+RT
K T
< atog(ry) 300 B | [ ()~ MRat] +
k=1 0
where

e iEO o /oT (~tos <:g((£))> o j(%) g

We first deal with the first term. Using stationarity of the process and Propo-
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sition 2 of [26]

(
—A

T K t= 2
< 2Té +4K/0 Eo [Z} (/ (he — Q) (t — u)Aﬁ(fo)du> ] dt
2
+4K/ Eo { (/ (hes — hY) (¢ —u) (dNﬁAf;(fo)du)) ] dt

<2TeT+4KZuhM B 12 / / Eo[(\L (o)) dudt

T T K t— 2
Eo [/O (Af<fo>—Af<f>>2dt]ng<u2—uk>2 2 /0 Eo[(; / he,khakxtwdfvf(w)]dt

/=1
4K / (hes — hY)*(t — w)Eq [A‘ (fo)] dudt
0 =1
K
< 2T+ AKT Y ek = hl13 (AB[N6(fo))) + EolAG (o))
/=1

K
<Té (2 +4K Y (ARG [(AG(f0))?] + Eo[Af;(fo)J)) :

(=1

We now deal with Rp. We have, on B(er, B),

k K
;\\g(f) < ()™ (Vk‘l‘Z”thHoo sup]Nz([t—A t)))

(45) (o) = . tefo
< ()t (Vg +er+ BZ sup NE([t — A,t))) .
1—1 t€[0,T]
Conversely,
() B
t 0 l
4O s = A —en) <k + ez Il sup N'(l— 4 t>>> .

So, using Lemma 2 in the supplementary material [19], if « is an abso-
lute constant large enough, Ry = o(1) and Ry = o(Te2). Choosing r =

AN (W)~ (3 +AK S (AEo[(A§(f0))?] + Eo[)\f)(fo)])) terminates the
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proof of (4.1). Note that if B(ep, B) is replaced with By (er, B) (see Re-
mark 1) then

e — v+ 3 1o — hepllooNT
M (fo) — Y

and

A (fo) — e
so that we can take rp = 1/2 and Ry = o(T'€%).
We now study

Lr = Lr(fo) — Lr(f) — Eo[Lz(fo) — Lr(f)].

We have for any integer Qp such that x :=T/(2Qr) > A,

L -t = 3 [ 10w (G aw— [ (ot - ) )

ME(S) 1 vk = vl + 20 hek = PagllooNT

k=1
- [ B e () - ) )
LS (o (it — (ot t00) )

Qr-1 Qr—1

= > F,+ Y F,.

q=0 q=0

Note that Fy is a measurable function of the points of N appearing in [2¢z —
A;2qz +z) denoted by F(N|(2gz— 4;2g0+2))- Using Proposition 3.1 of [41], we
consider an i.i.d. sequence (M(}”)q:07.,,7QT_1 of Hawkes processes with the
same distribution as N but restricted to [2qx — A;2qz + =) and such that
for all g, the variation distance between My and N|j240— A;2qz+2) 1S less than
2Py(T. > = — A), where T, is the extinction time of the process. We then
set for any ¢, G, = F(M;). We have built an i.i.d. sequence (G¢)4=0,..Qr—1
with the same distributions as the F’s. Furthermore, for any g,

Po(Fy # Gy) < 2Po(T, > x — A).
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We now have, by stationarity

Po(Lr > Tez) = Py (Lr(fo) — Lr(f) — EolLr(fo) — Lr(f)] = Ter)

Qr—1 Qr—1
= P ( Z (Fy —Eo[Fy]) + Z (F, — Bo[Fy]) > T€2T>

q=0 q=0

IN

Qr—1
2P | > (Fy—Eo[Fy]) > TeQT/Q)
q=0

Qr—1

2Py | D (Gq—Eo[Gy)) > Te?p/2> + 2Py (3¢; F, # Gy)
q=0

IN

Qr-1
2Py (Gq —Eg [Gq]) > TG%/2> + ZJ:QT]P)()(T6 > — A)
q=0

IN

We first deal with the first term of the previous expression:

Qr-1 4 Qr—1
Po [ Y (Gq—EolGy)) = Ter/2 | < TT%FVarO > G,
q=0

q=0
Qr—1
4 4Qr 4Qr
< T2k Z Varg (Gg) < 7T2€4Tvaro (Go) = TT“TVMO (Fo).
q=0

Now, by setting d./\/l,gk) = dNF — X (fo)dt,

Vhro(fb) S EO[Fg]

IN
=
(=]
1
VRS
=
S
3
S
o
)
N
2=
?‘A
—~
—
=
N———
=
*
|
S
5
—
>
3
~~
ey
>
&+
KN
=
S,
~
v
LN

AN

=" </ " GQ(JQ)) e (fa)de + /Q log @((J;?))) dMik)ﬂ
h=1 </02QTT Y <%> Af(f@dt)j + [(/OQQTT log (ﬁf(?;) dMya)Q]
f

/0 02 ( ;é“((ﬁ)))) O (o))t /O log? (i\:’:}((]})))) A dt] |

LA
M) =
&

A
M=
G
=

+ Eo
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Note that on €, for any t € [0;T/(2Q7)],

A
0<u ( 3 é{o ))) Ni(fo) < Ca(B, fo)NZ,

where C1(B, fy) only depends on B and fy. Then,

C[mr o (M)

[0 ]

and using same arguments as for the bound of KL(fY, f), the previous
term is bounded by log(r')ANZ x (T/Qr)e% up to a constant. Since for any
u > 1/2, we have |log(u)| < 2|u — 1|, we have for any u > rr,

< C1(B, fo)N3xEg

|log(u)| < 2log(r7:)[u — 1]

E, [nQT mlog2<ﬁ(f°))Af(fo)dt] < Alog(r ) (W) Es
t

< log?(rp' ) (T/Qr)er

o, [ 0 - Af(f»%zt]

By taking o > 2 and using Lemma 2 in the supplementary material [19], we
obtain

Eo [ﬂ@% [ (S120) e

A (fo) o

% k
Lge /0 T Jog? <§tf((=’;f))> Af(fo)dt] = o(TQ'e%).

Finally,
Varg (Fy) < Ca(B, fo) log(r7 )NF x (T/Qr)?e.

for Cy(B, fo) a constant only depending on B and fj, and
Po(Ly > Tep) < 8Ca(B, fo)log(ry INT X (T/Qr)x (1) (Ter)+4QrPo(T. > z—A).

It remains to deal with the last term of the previous expression. The proof of
Proposition 3 of [26] shows that there exists a constant D only depending on
fo such that if we take x = Dlog T, which is larger than A for T large enough,
then 4Q7Py(T. > x — A) = o(T~'). We now have log(r;")NZ x (T/Qr) =
O(loglog(T)log?(T)), which ends the proof of the lemma. O
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4.3. Proof of Theorem 3. Define

Ap (wrer) ={f € F; |If — fol1 < wrer},

then IT (Az, (wrer)¢|N) < H(AL|N)+TT (AL, (wrer)® N Acp|N) . Using As-
sumption (i), we just need to prove that

(4.7) Eo (1o, 1L (AL, (wrer)® N Az IN)] = o(1)
for some well chosen set €2 7 C Q7 such that
(4.8) IP’O(QiT NQr) =o(l).

Using (2.2) in the supplementary material [19], there exists Cj such that for
all feA.,,on Qp, >, v+ Zf,k pex < Co. Therefore, on Qr,

Ap, (wrer)° N Aep, C{f € F5 |If = folly > wrer, > (ve+ > pex) < Co}.
’ p

We set ur := up(log T)l/GelT/3 with up a large constant to be chosen later.
Let Fr ={f € F;|lpll <1 —ur}. From Assumption (ii),

H(f%) S e—chTs%

for T large enough. Following the same lines as in the proof of Theorem 1,
we then have

(4.9)
Eo []IQLTH (A, (wrer)N AeT|N)] < Po(Dy < efClT&QT)

+ e Teh / Eo [Py (1,7 N {dvr(f, fo) < er}|Go)] dIL(f) + e TeT,
AL1 (’LUTET)cﬂ]'—T

where Py denotes the stationary distribution when the true parameter is f.
We will now prove that

sup Py (7 N {d17(f, fo) < eT}Go) = o(e~aTer).
feAr, (wrer)°NFr

Let Z,, ¢ be defined by

(2m~+1)T/(2J1)
Zm,f = /
2

.~
ve— vl + Z/ (hiye — hil o) (t — s)dNE | dt
mT/(2Jr) t—A
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with Jr such that Jr = |ko(logT)"'Tu%| and ko a constant chosen later.

Note that Jp — 400 and T/ Jp — +oo when T — +o0. Since T'dy 7 (f, fo) >
mMaxy <¢<i Z;{f:_ll Zm e we have that

Jr—1
Pr (1,7 N {d1,7(f, fo) < er}lGo) < ér}iSHK Py <Q1,T N { 2—31 L < €TT} |g0>

Jr—1
< 12}1<HK]P)f <Ql,T N { Z (Zm,e — Ef[Zm’g]) <erT — (Jr— I)Ef[ZLg]}

)

From Lemma 4 in the supplementary material [19], we have that there exists
¢ (depending on f and f°) such that E¢[Z; ¢ > CT||f — foll1/Jr for some
C > 0 so that if f € Ar, (wper)€ then, since wp — 400,

m=1

Jr—1

Py (1,0 N {d1,r(f, fo) < er}Go) < max Py (Ql,T N { D [ Zme = Ef[Zm] < —CTfo()”lH Qo) :
m=1
The problem in dealing with the right hand side of the above inequality is
that the Z,, ¢’s are not independent. We therefore show that we can con-
struct independent random variables Zm .« such that, conditionally on Gy,
ST N Znt — B [ Zim ) is close to Y2777 1(Zm ¢ —E4[Zmy]) on Qi 7. For all
1 <m < Jr—1, define N%™ the sub-counting measure of N generated from
the ancestors of any type born on [(2m — 1)T/(2Jr), (2m + 1)T/(2J7)] and

the K-multivariate point process N defined by
N™ =N — NO™.
Denote

/(2m+1)T/(2JT)

Ty = yg—l/g—l—Z/ (hie — b o) (t — s)ANO™F) dt,

2mT/(2Jr)

where N if the kth coordinate of N®™. Observe that if I,,, = [2mT/(2Jr)—
A, (2m + 1)T/(2J7)], then N™(I,,) is the number of points of N™ lying in
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I,,,. We have
(4.10)
- (2m+1)T/(2J7)
| Zime = Zimyg| = / (W‘W"’Z/ hkf_hké )(t — 5)dN{
2mT/(2J7)

-
ve — V) + Z / A(hw — Y )(t — s)dNOm™k
k=171—

>dt

|(ie = h ) (t = )|dNJ

K r@m+0)T/@2Jr) pt~
I

< Agm,, /
Um )70 ; omT/(2.J7)

K
< Lgm(r,)£0 Z 1hke = PR A N"* (L) < [If = fol AN (Im).-
k=1
Let Q17 =QrN {Z;]nT:_ll N™(I,,) < CT/8}. In Lemma 6 in the supplemen-
tary material [19], we prove that there exists ¢y such that Py (QET N QT) <
e~C¢%T and (4.8) is satisfied. Using (4.10), we have on Q;

(4.11) |Zine = Zingl < |1f = fol1CT/8.

Lemma 6 in the supplementary material [19] proves that there exists a con-
stant k9 > 0 (see the definition of Jr) such that ZJT 1IEf[Nm([ )] <
CT/8, so that

! Jr—1 Jr—1
D [BrlZum e ~BslZumall € D Byl Zme=Zmel < | =folls 3 BsN"(Im)] < Ol =folhT/8
m=1 m=1 m=1
and
S CTIf = fol
Pr (e 0{dir(f, fo) < er}|Go) < maxPy (91,T N { S Zime = BflZing] < —201}| g0>
m=1

i)

Jp—1
<Py ( Z (—Zmye +Ef(Zmyg)) > CT||f = foll1/4

m=1

Since by construction the Zm,g are positive, independent, identically dis-
tributed and independent of Gy, the Bernstein inequality gives

= _ sl
P ( Z (=Zme+E¢(Zmye)) > CT| f = foll1/4 g0> < ®0r- DEF(ZE,)

m=1
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We have to bound Ef(Z%,e)' Observe that

_ (2m+1)T/(2J7) @em4+1)T/(2J7) K - pt—
Zmt < / [ve — vg| dt + / > / | (ke = B3 ) (= 5)] ANt
t—A

2mT/(2J7) 2mT/(2J7) k=1
K
0,m,k
<37 \ue—wH;IIhu—h welltNOE (1)
and
K
By 22 <5 J2 = 4 2K [ — B B N (1)
k=1

Hf B2 2Kmaxk Ef[NOLE (1) T2
= J2 0ll1 T2 :

We then have to bound T~2JZmaxy E;[N%1*(11)?]. Using notations of
Lemma 6 in the supplementary material [19], we have

2
K

Bp,g
Ef NV (0)2 <Ep || D > > Wi

¢=1T/(2J7)<p<3T/(2J7) k=1

KT & On
A
< > > Er || D2 Wiy
(=1 T/(207) <p<3T/(27) k=1

2

r 2

K K
ng‘ > E; |E; ; Wi, | 1B
=1

Jr T/(ZJT)§p§3T/(2JT)

< S (02 + B
T y=1

We now bound E f[(WK)Q} by using Lemma 5 in the supplementary material
[19]. Without loss of generality, we can assume that |[p|| > 1/2. We take

Lol (Ltlel
1= vog (54! and

Ef[(W)?) < 2t 2Eglexp(tW*)] S ¢72 < (1—|lol) ™

and
T—2JF m,ngf[NO’l’k(h)Z] S@—Ipln*
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Therefore, since f € Fr, there exists a constant C only depending on K
such that

Jr—1
Pr | N (~Zing +Ef(Zing)) = CT|f — foll1/4] Go | < e Ciclr@=lel)!

m=1

< efC}(JTué < e*C}(no(logT)_lTu% < efC}(nougTe%
—_ ~J ~Y

where the last inequality follows from the definition of up and Jp. We obtain
the desired bound as soon as ug is large enough, namely

sup Py (7 N {di7r(f, fo) < er}lGo) = o(e~aTer).
feAL, (wrer)°NFr

Using (4.9) and Assumption (i), we then have that (4.7) is true, which proves
the theorem.
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