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Abstract. This paper addresses the problem of model selection in the sequence model Y = 6 + £, when £ is sub-Gaussian, for non-
Euclidean loss functions. In this model, the Penalized Comparison to Overfitting procedure is studied for the ¢,-loss, p > 1. Several
oracle inequalities are derived from concentration inequalities for sub-Weibull variables. Using judicious collections of models and
penalty terms, minimax rates of convergence are established for Besov bodies B;. ... These results are applied to the functional model
of nonparametric regression.

Résumé. Cet article traite du probléme de la sélection de modeles dans le modele de suite Y = 6 + &, lorsque £ est sous-gaussien,
pour des fonctions de perte non euclidiennes. Dans ce modele, on étudie la procédure PCO (comparaison pénalisée a 1’estimateur
surajusté) pour la perte £,, p > 1. Plusieurs inégalités oracles sont déduites d’inégalités de concentration pour des variables sous-
Weibull. En choisissant judicieusement les collections de modeles et les termes de pénalité, on établit des vitesses de convergence
minimax pour les espaces de Besov B;. ... Ces résultats sont appliqués au modele fonctionnel de régression non paramétrique.
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1. Introduction

The problem of selecting a model from among several candidates is essential in statistics and machine learning, as well
as in many application fields. In the most general sense, the aim of model selection is to construct data-driven criteria for
selecting a model m from a given collection M. In other words, if one observes some random variable £(™ (which can
typically be a random vector of size n) with unknown distribution depending on some quantity f (the target) belonging to
aset S, a flexible approach to estimate f is to consider some collection of preliminary estimators (fm)m M and then try
to design some genuine data-driven procedure m € M to produce a new estimator fm Considering some loss function
¢, we measure the quality of each estimator ﬁn, through the quantity K( 1, fm) and mathematical results on estimator
selection are formulated in terms of upper bounds on /¢ ( 7 fﬁ,) that allow us to measure how far this quantity is from what
is usually called the oracle risk inf,,ep E£[(f, fm)} . These comparison inequalities are called oracle inequalities. The

quadratic loss ¢ ( f, fm) = || f— fm ||2 is a standard choice, but of course other losses are considered in the literature.

Actually, in the classical model selection framework, developed and popularized by Birgé and Massart [5], [6], [41], the
list of estimators and the loss function are intimately related in the sense that they derive from the same contrast function
(also called empirical risk in the machine learning literature). More precisely, a contrast function L,, is a function on the
set S depending on the observation £ in such a way that

g€S—E[Ln(9)]

achieves a minimum at point f. Given some collection of subsets (.S, )mear 0f S, called models in the sequel, for every
m € M, some estimator f,,, of f is obtained by minimizing L,, over S,,; f,, is then called minimum contrast estimator or
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empirical risk minimizer. In the case where £(") = (&1,...,&,), an empirical criterion L,, can be defined as an empirical
mean
1 n
Ln (9) = Pu[L(g,)] =~ > L(g.&).
i=1

which justifies the terminology of empirical risk. Empirical risk minimization includes maximum likelihood and least
squares estimation. The penalized empirical risk selection procedure consists of considering some proper penalty function
pen: M — R and taking /m minimizing

(1) Ly (fn) + pen(m)

over M. We can then define the selected model S5 and the corresponding selected estimator fm Penalized criteria have
been proposed in the early seventies by Akaike or Schwarz (see [2] and [44]) for penalized maximum log-likelihood
in the density estimation framework and Mallows for penalized least squares regression (see [40]). In both cases the
penalty functions are proportional to the number of parameters D,,, of the corresponding model S,,,. In such settings, the
performance of model selection estimators can be studied for the “natural” (nonnegative) loss function ¢ attached to L,,
through the simple definition

2 t(f,9) =E[Ln(9)] = E[L.(f)], g€S.

This approach has been successfully applied in many settings: density estimation or Poisson intensity estimation where ¢
is the Kullback-Leibler divergence or the L-loss, nonparametric regression for the Lo-loss, binary classification for the
0-1 loss or the Gaussian white noise model still for the Lo-loss. See [41] and references therein. Although it is not derived
from an empirical contrast, we mention the model selection work associated with the Hellinger distance [4], [3]. This
explains why, although successfully applied in many settings, model selection procedures have only been defined and
analyzed for very specific loss functions. In particular, non-Euclidean loss functions, such as LL,,-losses, have rarely been
considered for model selection procedures. It is not the case for other classical nonparametric estimation procedures.

Although the use of L, -loss in nonparametric statistics goes back at least to [7, 27, 45], an important advance was
made by A. Nemirovsky [42] who established optimal rates of convergence in the problem of multivariate nonparametric
regression for LL,,-loss and functions belonging to LL,-Sobolev classes with possibly p # ¢. Some years later, fundamental
work was carried out by O. Lepski, who proposed the well-known Lepski method for selecting a bandwidth of a kernel
estimator. In [38], he studied adaptive estimation under L,,-loss, 1 < p < oo over the collection of Holder classes. Then
[39] introduced a local bandwidth selection scheme to give kernel estimates which achieve optimal rates of convergence
over Besov classes in the Gaussian white noise model, the anisotropic multivariate case being examined in [31]. Then
Goldenshluger and Lepski [20] developed a powerful methodology for selecting a bandwidth of a kernel estimate, which
works in a multitude of contexts and allows to establish oracle inequalities and to derive optimal rates of convergence:
see [21-23]. In the same line [37] addressed the problem of adaptive minimax estimation in white Gaussian noise models
on the anisotropic Nikol’skii classes. Note that the estimation under the IL; -loss for bandwidth-selected kernel estimators
has been investigated in [11], and the L,-aggregation of estimators has been studied in [19]. These works, whose list is
not exhaustive, show that, unlike penalization methods, the use of non-Hilbertian norms for the class of methods based
on the comparison of estimators has been widely studied.

In a very different spirit, another very popular method for adaptive estimation of functions is wavelet thresholding.
In a series of papers, Donoho, Johnstone, Kerkyacharian and Picard have shown the power of wavelet thresholding for
IL,-estimation over the scale of Besov classes: see [14], [15], [16], [12]. Refinements have been proposed in [30], [33],
[24], [29], to name but a few. It must be noted that these thresholding methods generally suffer from logarithmic losses
in the rates of convergence. We refer the reader to the book [25] which details the construction of wavelet bases, their
use in statistical estimation, LL,,-minimax results as well as computational aspects. Johnstone’s recent book [28] addresses
nonparametric function estimation by carefully studying the infinite Gaussian sequence model, with many results and
thoughts about wavelet thresholding and adaptive minimaxity over ellipsoids.

We finally mention the forthcoming manuscript [1] which considers Bayesian nonparametric concentration rates of
procedures based on Heavy-tailed and Horseshoe priors for £,-norms in the Gaussian white noise model.

The main goal of this paper is then to answer the following natural question: Is it possible to design a model selection
procedure in the same spirit as in (1), and in particular resulting from one minimization step, so that it achieves optimal
theoretical performance for non-Euclidean losses? In particular, we have in mind that classical model selection procedures
are able to achieve optimal oracle properties and sharp minimax rates of convergence on classical functional spaces for
Euclidean losses. We tackle this issue by considering the classical infinite sequence model and studying a specific model
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selection procedure, called PCO, for £,,-loss functions, with 1 < p < oc. As explained in [28] (see his Preface and Section
1.5), the Gaussian sequence model "captures many of the conceptual issues associated with non-parametric estimation".

1.1. The PCO estimation procedure for the sub-Gaussian sequence model

For A a countable set, we consider the following classical sequence model:
(3) Y\ =0y + €&, A€A.

In this model, the noise level ¢ is assumed to be smaller than a constant, say 1, and € — 0 defines the asymptotic setting
of our study. The £,’s are i.i.d. centered variables, satisfying the sub-Gaussian property, i.e.

4) E(exp(uéy)) < exp(u?/2), Yu€R.
The property (4) entails the following concentration inequality
P(|6x] > t) < 2exp(—t%/2), Vt>0,

as well as bounds on E|{[?, see Lemma 5.1. This corresponds to the standard Gaussian tail decay, which justifies our
choice of scaling parameter.

We aim at estimating the sequence 8 = (6 )ea by using a finite number of observations, say (Y)),cav) Where A
denotes the first IV elements of A. The integer N may increase as € decreases, so we actually face a nonparametric
problem. To connect our setting with nonparametric regression, we may have in mind that N o< =2 (see [14, 30, 32] and
Sections 3.2 and 4) but, unless specified, our results hold for any V.

In Model (3), for 1 < p < oo, we consider the risk associated with the standard £,-norm on RA. We assume in the
sequel that |||, < oco. For each subset m of A(Y), called model in the sequel, we set

(N)

0" = (Va1 (xem)) yen-

In particular, é\f\m) =0 for A ¢ A(N). Given a collection of models M C P(AN)), we wish to select 7 € M in the
best possible way. For this purpose, as explained previously, we rely on the PCO criterion introduced in [35, 46]. The
heuristic of this approach is to build the goodness of fit criterion by using the estimator which has the smallest bias among

the collection (§(m))me M. In our setting, it means that we have to consider e (see (9)). Then, as is standard in the
nonparametric setting, we introduce a penalty term and define

M = arg min {||§(m) — ™) 1z, + pen(m)}

meM

and estimate 6 by

~ o~

0=0",
The idea of this methodology is to use ||§(m) — g ”Z, as a preliminary estimator of the bias of #(™). The role of

pen(m) is then twofold: adjusting this preliminary step and taking into account the variance of 6(™). The estimator 6 will
be called the Penalized Comparison to Overfitting (abbreviated as PCO) in the sequel. This terminology is justified by

the overfitting properties of oA of course, setting for m € M,

) Crit(m) = — Z [YA|P 4 pen(m),

AEM
we obtain

m = arg min Crit(m).
meM
The heuristic of this approach thus differs from the classical approach based on the contrast function. However, note that
for p = 2, the criterion function Crit corresponds to the one used in regression for well-known criteria such as Mallows’s
C) [40], AIC [2] or BIC [44] for instance. Two remarks are in order: Unlike Lepski-type procedures, the derivation of the
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PCO estimate § involves only a single minimization step, so its implementation is more straightforward. Furthermore, if
we take pen(m) in the form

(6) pen(m) = card(m)t?,

for some ¢t > 0, we have:
m={Ae AN |yy|>t}

and the PCO estimator reduces to the thresholding estimator with threshold ¢:

é’ _ YA]1{|YA\>t} if e A(N),
g 0 if A g AV),

The results of Sections 2, 3.2, and 4 show that the definition of pen(m) in (6) must be refined to achieve optimal perfor-
mance. This refinement is described in the next subsection.

1.2. Contributions

The main contribution of this paper is to show that, under a suitable choice of pen(m), the PCO estimate, which is based
on the simple £,-criterion Crit and whose computational cost is reasonable, is able to achieve optimal results in oracle
and minimax settings for any value of p € [1,+00).

We first prove in Proposition 2.1 that 0 satisfies a very general oracle inequality for £,-losses, regardless of the specific
form of the penalty term pen(m). To this end, we analyse the behavior of bias and variance terms of any estimator plm).
This first result guides the choice of pen(m), leading to a more specific oracle inequality established in Theorem 2.5. As
usual, these results depend on sharp concentration inequalities. In our case, the argument is based on Theorem 2.3, which
establishes sharp concentration for quantities of the form ), .7 [£x|P around their expectation. The resulting tail bound
consists of two terms: a classical quadratic term, proportional to 1/, and a second term proportional to xP/2. The second
term is linear for p = 2 but it raises many technical difficulties otherwise, in particular for p > 2. This result highlights
an "elbow phenomenon", depending on whether p exceeds 2 or not. We take into account this elbow to propose a refined
penalty function pen(m) for the case p > 2 in Theorem 2.8. This result allows us to deal with very large collections of
models M when p > 2, which is crucial for the minimax setting. In Section 2.4, we extend these results to the case of
weighted £,-norms, where the loss function is defined by

) 112 0y = S waldal?, 0 € R,
AeA

with w = (w) ) xea denoting a sequence of positive weights.

Minimax rates of convergence for the estimate 0 are first derived when the tails of sequences 6 decay polynomially.
We then consider the classical class of Besov bodies B; (1) and study the rates for any r > 1, under minimax smooth-
ness assumptions on s, for a suitable weighted ¢,,-risk. We prove in Theorem 3.2 that for p < 2, 6 is optimal under an
appropriate choice of the penalty function. For p > 2, g is also optimal if » > p or if r < p/(2s + 1). In the case p > 2
and p/(2s + 1) < r < p, the upper bound differs from the lower bound by a logarithmic factor. To deal with the case
r < p, we need to consider a very large collection of models, in particular if » < p/(2s + 1). The last contribution of our
paper consists in extending these last results to the functional framework. In Section 4, we consider the nonparametric
regression model

(see Model (29)) and propose a PCO estimate of the function f based on wavelet representations. The generalization of
Theorem 3.2 yields Theorem 4.1, which provides rates for our procedure on functional Besov spaces under the standard
functional L,-loss and makes it possible to discuss optimality. The conclusions are similar to those obtained in the
sequential setting. We also present the main steps of the methodology used to derive functional minimax rates, which are
of independent interest.
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1.3. Plan of the paper and notation

The paper is organized as follows. Section 2 is devoted to oracle results and the statement of concentration inequalities
used in this paper. Section 3 presents the minimax rates of convergence achieved by the PCO estimator. Section 4 is
devoted to the nonparametric regression model. Finally, Section 5 presents the proofs of the results.

For any set A we denote by | A| the cardinality of A, and P(A) the set of its subsets. The notation N stands for the set
of nonnegative integers: N = {07 1,2,---}. We write u. < v, if there exists a constant 0 < A < oo such that u. < Av,
for all € > 0. When ue < ve and ve < ue we write u. &~ v.. Remember that, for 1 < p < oo, £,(w) denotes the weighted

¢,-norm, defined in (7). When all weights w) are equal to 1, we use the classical notation ¢, instead of ¢, (w) and for
short, we set || - ||, = || - [|¢, . Finally, the norm on the Banach space L,,(R) will be denoted by || - ||, .

2. Oracle approach and concentration inequalities

Given any p > 1, the goal of this section is to provide some optimality results in the oracle setting in Model (3). In
particular, in the sequel, except in Theorem 2.3 (for the first point), we assume that the £)’s are i.i.d. centered sub-
Gaussian variables. From Corollary 2.4, we will also assume that the distribution of the variables ) is not the Dirac mass
at 0. Throughout this section, we denote

oq = (El6]) ", 1<q<oo.

Note that combining Assumption (4) and Lemma 5.1(ii), we have:

®) 0, <542

For the £,-risk, we first establish, in Proposition 2.1, a general result that holds for an arbitrary penalty function. By
emphasizing the central role played by sums of the form ) 0, . |£x|7, Proposition 2.1 identifies the appropriate choice of
the penalty term pen(m). The concentration properties of these sums around their expectation are analyzed in detail in
Theorem 2.3 and Corollary 2.4. Building on these results, we refine Proposition 2.1 and derive sharp oracle inequalities
in Theorems 2.5 and 2.8. Extensions of these results for the ¢, (w)-risk are established in Section 2.4.

Before stating these results, we first observe that for any model m, we can easily compute the £,,-distance between the
estimator (™) and 6. Indeed, we have for m ¢ A(Y):

167 =012 =S |¥Va = 0aP + 3 10— 0" =V, (m) + By (m),

Aem Ag¢m

with

©) By(m):= Y [0x° and Vy(m):=e" > [&[7.
AEA\M AEM

In the last decomposition, B, (m) (resp. V,,(m)) can be viewed as an ¢,,-bias term (resp. an £,,-variance term). We now
study 6 = ™) in the oracle setting.

2.1. A general oracle inequality

Recall that § = 0™ with

0™ = (V3 remy)ren, M=argmin < — Y [V|”+pen(m) ¢ .
meM xem

We obtain the following general oracle inequality.

Proposition 2.1. If p > 1, for any o € (0,2), we have for any arbitrary m € M:

16— 0112 < My |0 — 0112+ 2 [(1+ )V () — pen()] — = [(1+ @)V (m) ~ pen(m)].
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where My, , depends only on p and «. In particular, with o = 1, we obtain:

(10) 10— 6112 < My [0 — 615+ 22V, () — pen(in)| — 22, (m) — pen(m)),

where My, = M, 1 is given in Equation (36) in Section 5.2.2. If p =1, the previous inequalities remain provided that the
factor % is replaced by ﬁ in the right hand side of the first inequality.

The proof of Proposition 2.1 is provided in Section 5.2.2.

Remark 2.2. The expression of M), , is rather intricate (see the proof of Proposition 2.1) and the optimal choice of «
depends on p. Nevertheless, numerical investigations indicate that M), ; is close to the minimum of the function o —>
M, , and is in fact optimal when p = 1 and p = 2. For this reason, we focus on the case oo = 1 and state Inequality (10).

In light of the first result of Proposition 2.1, the optimality of the estimator ] among the collection (5 (M) e will
be achieved if we can construct a penalty term pen(m) such that, for some constant « € (0,2), pen(m) is close to
(1 + a)V,(m) for all m € M. However, V,,(m) is not observable. Consequently, concentration inequalities are required
to derive a suitable expression for pen(m) within our procedure. Since

Vp(m) =y [al7,

AEmM

this amounts to analyzing sums of the form ), [£x|?, where the £, s are independent sub-Gaussian random variables.
2.2. Concentration inequalities

Let Z C A. We denote D = card(Z) and

Z:=)_lal.

AET

Using, for r > 0, the Orlicz norm of a random variable X, defined by

1y, =it {n>0: E[exp ((1X]/9)7)] <2},

we set by = H [P —E[€5|P o We have the following result.

2/p

Theorem 2.3. Let p > 1. Assume that the £)’s are centered independent sub-Gaussian variables. There exist positive
constants dy , and dy ;, only depending on p such that, for any x > 0,

P(1Z ~E(2)| = diplblles Vo + daplblle oy, 27/2) <267,
Moreover, if the random variables £ are identically distributed, then for every x > 0,
IP(|Z —E[Z]| > e1,,V Dz + cz’pD(l—Pﬂ)mP/?) <277,
where the constants ¢y, and ¢z p, depend only on p and on ||€||y,. More precisely,
cip=dipKapplléall,, i=1,2,
with
Kyjp=14p(log2) "I (p/2), dip=2eC(p), dap=2e2" (C(p)lps2+4elpco)
and
Clp) = \/§63(27r)1/461/24(62/617)1’/2] Tpon + [21’/2 (4e +2(log 2)1’/2)} 1,<o.

This result follows from concentration inequalities for sub-Weibull variables. Indeed, setting X = |£,|P — E|€)
sub-Gaussianity property of £, implies that X exhibits Weibull-type tail behavior:

P the

P(|Xx| > t) < Cexp(—ct?/?),
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for some positive constant C'. Random variables whose Orlicz norm || - ||, is finite are referred to as sub-Weibull variables.
In the present setting, the Weibull parameter is r = 2/p < 2. Theorem 2.3 is then a direct consequence of Theorem 1 in
[48] or Theorem 3.1 in [34] (see also Equation (3.6) therein), which provide explicit expressions for the constants d; ;, and
da - In the i.i.d. case, the quantities by are identical and can be bounded by ||[£x[P[|y,,, = [I€x]l%, » up to the multiplicative
constant K/, (see Lemma 5.3 and its proof).

In the Gaussian i.i.d. case, sharper constants are available for specific values of p. When p = 1, the Cirelson-Ibragimov-
Sudakov inequality yields the bound with ¢; ;1 = V2 and c2,1 = 0 (see Theorem 3.4 in [41]). For p = 2, one recovers the
classical concentration inequality for chi-square variables, for which ¢ 2 = c2 2 = 2 is valid (see Lemma 1 in [36]). This
is also consistent with the Hanson-Wright inequality in the case of the identity matrix, or with Bernstein-type inequalities
for sub-exponential variables (see, e.g., [47]).

Observe that Theorem 2.3 can also be derived from earlier results, such as the moment inequalities established in [18]
for the case r > 1. In particular, their corollary shows that our bound cannot be improved when p < 2. For r < 1, Theorem
6.2 of [26] provides a two-sided moment inequality that yields our tail estimate. Their bound cannot be improved: when
the £,’s are Gaussian, the upper bound is achieved up to a multiplicative constant. Similar optimality considerations are
discussed in [34].

From Theorem 2.3, we obtain the following corollary.

Corollary 2.4. Let p > 1. Assume that the £ ’s are i.i.d. centered sub-Gaussian variables. For any x > 1, with probability
larger than 1 — 2 exp(—x),
1—

2) »
2 +.'L'§7

1 1—2 P 3
(11) §0$D—KPD( ).t SZIEAV’%USDMPD(
ANET

where Ky, = ca , + c1 pmax(1,c1,,/(200)) is a positive constant only depending on p and o, and ||€x ||,

Proof. We obviously have E[Z] = Dob. If p > 2, we use 2v Dz < 6D + 01z with 0 = O'g/cl,p, and the inequality

x < aP/2 If p<2and z < D, we use the same bound for v/ Dx with the same choice of 6, and use instead the inequality
@ < D'=P/24P/2 Finally, if p < 2 and 2 > D, we directly write v/ Dz < D'~ %z%. O

Using (4) together with Lemma 5.1, we obtain

GP/2
Kp = Kg/p6p/2 <d27p + dl,p max (1, dl,pK2/p 20_113 >) :

The constants d; , d2,, and K/, are specified in Theorem 2.3 and depend only on p. Note that Corollary 2.4 remains
valid if the constants 1/2 and 3/2 in (11) are replaced by 1 — € and 1 + ¢, respectively, for any arbitrarily small € > 0. In
this case, k,, depends also on € > 0.

Using (8), the proof of Corollary 2.4 shows that for any = > 1, with probability larger than 1 — 2exp(—z),

1 - .y » 3 - 2 P
(12) 5(5Vp/2)PD ~ mpD U E it < S < 5(5VP/2PD + 708t
AET
with
p/2
(13) Ry = Koy (doy + dyyma [ 1,ds pKy—0 ) ).
2(6\/p/2)

Using the explicit expressions of the constants dy ;, d2 ;, and K5/, given in Theorem 2.3, we deduce that %, only depends
on p. In particular, it is independent of both o, and ||{, ||y, and therefore does not depend on the distribution of the
variables £).

2.3. Refined oracle inequalities

In this section, we apply the general oracle inequality for losses of Proposition 2.1 with o = 1 (see Remark 2.2) and use
sharp concentration inequalities of Corollary 2.4 to derive suitable penalties. In view of Inequality (10) and Corollary 2.4,
we take, for any m € M,

(14) pen(m) = 2e"p(m),
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with, for some z,, > 1,

3 , (p—2) _p P
(15) p(m):fag|m|+mp2 z +\m\(1 g)+x3n.

Observe that:

3 _» B
p( ): 2 5|m|+’€p‘77:‘1 Q;Crzn ifp<2,
%05|m|—|—f<;p2§_1an'ﬁ1 if p>2.

The factor z,,, depending on m, will be specified later. But note that, mimicking the computations of Section 1.1, the
thresholding rule corresponds to the case where p(m) is proportional to |m|, which is obtained for instance by taking .,
proportional to |m| when p < 2 and in this case the threshold is proportional to the noise level ¢ as expected. However,
subsequent results show that the resulting estimate is suboptimal in some situations by at least a logarithmic factor. When
p =2, pen(m) corresponds to the penalty extensively used to derive oracle inequalities for model selection procedures
on Hilbert spaces. See, for instance, oracle inequalities established in Theorems 4.2 and 4.18 of [41]. The extension of
these results to the case p # 2 is provided by the following theorem.

Theorem 2.5. Let p > 1 and let (., ) mem be a sequence of factors such that x,, > 1 for all m € M. We then consider
the estimate 0 = 6\™) associated with the penalty defined in (14) and (15). We have:

g_ P A plm) _ gyp Y P
(16) B[ - 0l5] <, nf {E[16 —012] + pen(m) } + My, RIM),
with
(17) RM)= Y |18+ g
meM

and Mp and J\pr are two constants only depending on p.
The proof of Theorem 2.5 is provided in Section 5.2.3.

Remark 2.6. Regarding the sub-Gaussian error distribution assumption. The statement of the concentration inequality
we use (namely Corollary 2.4) might suggest that it is possible, if not to dispense with it entirely, then at least to relax
it. That said, even in the case of the quadratic criterion, this assumption is minimal if one wishes to obtain general
oracle inequalities without loss compared to the Gaussian case. One could obviously consider improvements in certain
specific configurations within the family of models (as in [17]). However, it is proven in the same article that relaxing
the integrability assumption on the errors can lead to results that are significantly worse than in the Gaussian case. Here,
we have chosen to give priority to obtaining a general result valid for all possible model configurations without any
degradation compared to the Gaussian case. This is what led us to formulate this sub-Gaussianity assumption on the
errors.

Remark 2.7. Theorem 2.5 remains true if we replace the equality in (14) by the inequality:
pen(m) > 2ePp(m).

Furthermore, using (12) and (13), it is possible to choose an alternative penalty pen(m) so that it does not depend on the
distribution of the variables & .

We now analyze the result of Theorem 2.5 in the asymptotic setting where ¢ — 0 and /N — +4-00. The parameter o,
which is bounded (see (8)) is assumed to be positive and viewed as a constant.

First, let us discuss the choice of the factors z,,,. We choose them so that ] performs well in the oracle setting, meaning
that

18 E{é—wkce ‘f]E{(ﬁm)—aP},
(8) 18- 0lz] <C(6) inf E[j6 - o]

with C(#) remaining suitably controlled uniformly over 6 by a quantity that is not too large. Now, observe that for any
model m,

E[ 107 = 0]15] = By(m) +E[Vo(m)] = 3 1027 +"olm]
Agm
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and pen(m) can be compared to the second term of the right-hand side. In particular, Theorem 2.5 shows that ] performs
well as soon as we have, for some constant ()1,

(19) im0 B2k <Quiml = 2 < (Quml)? ™), forall me M
and
(20) R(M) <Qs,

for ()5 a constant not depending on € and N. More precisely, under (19) and (20), we have
E[I7-0l15] < Gy (__inf B[IF —0]12] +p”).

where C), depends only on p (in particular, it does not depend on the distribution of the £)’s) and on @1, Q2. Hence,
the bound coincides with (18) up to the additional term r,eP, which is negligible when the infimum in (16) is achieved
for large models. Therefore, we aim to choose the factors x,,, so that Conditions (19) and (20) are satisfied. On the one
hand, Condition (19) means that the factors cannot be too large. On the other hand, the bound R(M) < @5 can only hold
if either M is not too large or the factors are sufficiently large (see (17)). For instance, consider a setting in which the
number of models m € M of size d is exponential in d, say exp(cd) for some constant ¢ > 0 and for all d > 1. When
p < 2, itis possible to choose the factors z,,, so that Condition (19) is satisfied and (20) holds, for instance by taking

Tm=¢lm| or x,=Cclog(|m|)

with ¢ large enough. However, when p > 2, if Condition (19) holds, we have z,, < (Q1|m|)?/? and

D
R(M) = Z |m|(17g)+e_xm = Z e~ m > Zexp (cd - Qf/de/p),
m€¢./61 me;é/é/l d=1

with D = max,,e o |m| (assumed to be positive). The right-hand side becomes arbitrarily large as D increases, which

occurs when the collection of models is large. Therefore, to obtain good performance for 6 in the case p > 2, we need to
modify the penalty to deal with large collections of models. Since the elbow occurs at p = 2, we use p(m) with the value
p =2 and we introduce

3
@n p?(m) = S03|m| + Ko,

We obtain the following theorem.

Theorem 2.8. Letp > 2 and g > 1. Let (24, ) mem be a sequence of factors such that x.,, > 1 for all m € M. We consider
the estimate 0 = 0'™) associated with the penalty defined for m € M by

22) pen(m) i= 2" min (p(m), (2qlog N) ¥ ~'p* (m)),

where p(m) and p* (m) are defined in (15) and (21) respectively. Then

(23) E[Hé— 9||g} <M, inf {E[Hﬁ(m) - 9||§} + pen(m)} + M, <N1‘q|\9||£ + spR#(M)),
where Mp (resp. Mp ) is a constant only depending on p (resp. p, op, 02, 02,) and

R#¥(M)=N"7" + (qlog N) 5 ' R(M),

where R(M) is defined in (17).

The proof of Theorem 2.8 is provided in Section 5.2.4. Unfortunately, the use of p? (m) requires to add the multi-
plicative logarithmic term (2¢log N) 2=1 which vanishes only if p = 2.

If log NV is of the same order as |log ()|, then, by choosing g sufficiently large, the second term on the right-hand side
of (23) coincides with that in (16), up to the logarithmic factor |log(£)|2 . Two scenarios are then of interest.



1. If we can take x,, satisfying (19) and (20), we use
pen(m) < 2ePp(m)
and Theorem 2.8 gives:
E[I0 - 6lz] < inf E[I8) ~ollz] + e 1og(e) F .
2. If we can take, for all m € M, x,,, = ¢|m)|, for ¢ a constant, such that (20) is satisfied, we use
pen(m) < 2¢P(2qlog N) 2 ~'p# (m) < 3(0F + 2k2¢) P (2qlog N) 2~ |m|

and Theorem 2.8 gives, by taking log N of the same order as |log(¢)| and ¢ large enough:
E[1I6 - 6ll5] <110g(2)5~* inf E[|6) - ]l2] + £ 1og(e) 5",
P~ meM p

In the first scenario, 0 is optimal up to the term €”|log(¢)| 51 1In the second scenario, the additional logarithmic factor
|log(e)|2 " is required in front of the leading term. In both cases, the condition R(M) < Q which depends on the
chosen model collection M, is crucial. In Section 3, devoted to the minimax framework, the collection M will be
specified in order to investigate the optimality of # under various regularity assumptions on 6.

2.4. Extensions to weighted {,,-norms

In this section, we extend the previous results to the case where the loss function is the weighted £,-norm:

Hﬁllip(w) = Z wy|9x|P, V€ ]RA,
AEA

where w = (wy)xea is a sequence of positive weights. In Model (3), we consider the risk associated with this weighted
{,-norm. We assume in the sequel that |||, (.,) < c0. We modify the criterion defined in (5) and we set

Crity,(m) = — Z wx|Yx|? + pen,, (m),
AEM

where pen,,: M — R is a penalty function depending on w. We estimate 6 by

6=0"" with = argmin Crit,, (m).
meM

As exemplified in Section 3.2.1, weights can be constant on some slices. Therefore, we consider the following partition
of A(N):

(24) AN = ] A,
JjeT

so that w) is constant for any A € A; with wy = w;. For ease of notation, we omit the dependence of the A;’s and J
on V. We also assume that w; # wj if j # j. Therefore, up to some permutation of elements of 7, the partition (24) is
unique. Then, given (24), we consider for any model m € M

mj:mﬂAj, jeJd,
so that m = J; ; m; and we set

Mij={mj: meM}, jeJ.

Theorem 2.5 can be extended as follows.
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Corollary 2.9. Let p > 1 and let (xy,,)m, be a sequence of factors such that x,,; > 1 for all mj € M; and j € J. We
then consider the estimate § = 0'™) associated with the penalty defined for any m = | J icgmj € M by

pen,, (m) :=2eP Z w;p(m;),
JjeET
where p is defined in (15). Then
E[18-017 )] <M, inf {B[I8) =012 )] +pen,,(m) } + My Ron(M),
with

(25) Ru(M)=Y"w; Y |mj|(1f%)+e_xmj’
jedJ mjeM;
mj;é@

and Mp and Mp are two constants only depending on p.

Corollary 2.9 can be viewed as a generalization of Theorem 4.5 of [41] for p # 2. Theorem 2.8 can be extended as
follows.

Corollary 2.10. Let p > 2 and q > 1. Let (2o, )m, be a sequence of factors such that ,,,; > 1 for all m; € M; and
j € J. We then consider the estimate @ = 0'™) associated with the penalty defined for any m = Ujej m; € M by

pen,, () i= 26 3wy min (p(m;), (2qlog N)E~'p#(m;) ),
jeT
where p and p? are defined in (15) and (21) respectively. Then

B0 =017 ()] <My inf {E[I8) — 0] (| +pen,,(m) } + 21, (N0, + " RE(M)),

where Mp (resp. ]\Z/p ) is a constant only depending on p (resp. p, op, 02, 02) and
RE(M) = N Z w + (qlog N)2 'Ry (M),
AEAW)
where R,,(M) is defined in (25).

Corollaries 2.9 and 2.10 are proved in Section 5.2.5.

3. Minimax approach

The goal of this section is to prove the optimality of our procedure. For this purpose, we consider the minimax setting.
Two cases are considered. In Section 3.1, we illustrate our results on a simple situation, namely the case of sequences 6
whose tails decay polynomially. Then, in Section 3.2, we investigate the minimax rates of convergence of our procedure
on Besov bodies.

3.1. Minimax rates for polynomially decaying tails of 6
In this section, we study minimax rates of convergence of our procedure when tails of # decay polynomially. Therefore,

assuming without loss of generality that A is the set of positive integers denoted N*, we introduce for s > 0 and R > 0,
the set By (R) defined by

1/p
s = = * s p < .
B, (R) {19 (92) rens, ,f’;§’k ( § |92 ) _R}

A>k
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This functional class, allowing for an easy control of the bias term, is natural in our setting. In the sequel, 6 is assumed to
belong to B, (R?). Now, we take:

Mz{{l,...,k}, 1§k§N}

and we apply Theorem 2.5 by plugging the value z,,, = alog(|m|) (and zy = 0) in pen(m) with a > 1 + (1 — §)+. In
this case, since for each value d € N* there is only one model m € M with cardinality d, we obtain:

+o00
RM) = 3 |08 < 37l 8) malostd) < o,
me;ﬁo/l d=1

Theorem 2.5 gives
~ ol <77 Sm) , y v
IE[HQ—HHI)} M, Helfw {E{H@ *9”1)} +pen(m)}+Mpnp€ R(M).

Since
E[ 19 = 8l15] = By(m) +E[Vy(m)]
we have
pen(m) S e”lm| SE[V,(m)]
and we finally obtain:
E[19-o1z) <M, it B[]0 - 6l),
for MI’) a constant only depending on p and k,,. For amodel m = {1,...,k},
E[V,(m)] =obke? and By(m)=> [0
i>k

We obtain:

p p2s

sup E[Hé—&”g] S inf {R”k—SP—i—spk} S RTps g T4ps
0€Bs (R) 1<k<N

as soon as N > RP<~P. In particular, when p = 2, we obtain the bound

sup E[Heﬁ 9||§] < R et
0€B5(R)

In particular, the rate in the right hand side is the optimal minimax rate on the class B5(R), see [43].
3.2. Minimax rates on Besov bodies

3.2.1. Setting

In this section, we wish to consider minimax rates on the very general class of Besov bodies. The latter is naturally
associated with the wavelet framework. Therefore, we naturally adapt previous notations to this framework and, without
loss of generality, we can rewrite the setting of Section 1.1 by assuming that

A= U {Ur <K} Kj={ren:o<k<a}.

j=z-1

Such adaptations are also justified by the extensions of subsequent results to the regression framework studied in Sec-
tion 4. For any j > 0, we have |K;| =27 and |[K_;| =1 since K_; = {0}. Now, our statistical model can be written as
follows:

(26) Yie=0;x +e&i, J=-1, keKj.



Model selection for £p-loss 13

In the sequel, we shall assume that the sequence = (6;1)(;,x)ea belongs to a Besov ball with smoothness s defined, as
usual, by

1/r
B;ioo(R) = ¥= (79jk)(j,k)eA € RA - sup 2j(s+%_% Z ‘ﬁjk‘r <R
jz-1 KEK;

for0<s<oo,1<r<oo, 0<R<ooand

HS(R):B;;OO(R):{ﬂeRA: sup 2j<s+%>|ﬁjk|§3}.
’ j>—1,keK;

The sequence 6 will be estimated by using the first N observations Y}, with N = 27+1 for some J > 0. It means that

AM= A Aj:{{j}XKj}'

—1<5<T
We assume that the weights satisfy
27) wir =w; =257 (j k) €A,
and we still denote for any sequence ¥ in R*,
400 400
(28) 191} oy = D D winldul? =Y w; Y [0l
j=—1keK; j=—1 keK,

Such weights are naturally justified by the subsequent regression framework and strong relationships between the se-
quence norm || - ||, () and the classical functional L,,-norm. See Section 4.

3.2.2. Lower bounds

In this section, we still consider Model (26) but we assume that the {;’s are i.i.d. standard Gaussian variables. The
lower bound for the ¢, (w)-risk is known for s > 1/r, see Theorems 7 and 9 of [14] (by taking, using their notation,
(0,p,q) = (s,7,00), (¢',0',¢") = (0,p,p) and C = R), and Theorem 10 in [13]. Note that [37] obtained the same lower
bounds in the Gaussian white noise model (except in the frontier case) under weaker assumption s > 1/r — 1/p.

Theorem 3.1. Assume that s > 1/r and =2 < N. Then, for & small enough, we have:

R ifr> 5
S
~ _p_ 2ps_ _ps :
inf  sup IE[HG -0l (w)} > ) RFH1e251 [log(e)| 74T +1 ifr =325
0 6eBs . (R) 4 b2 p<s¢+2%>
R*=+177 (%|log(e)]) >°F  ifr< T

where the infimum is taken over all estimators, i.e. measurable functions of (Y;i)(jx)ea and c is a positive constant
depending on p, r and s.

The lower bounds reveal several zones according to the sign of r — p/(2s + 1). The case r < p/(2s + 1) will be
called the sparse case. The dense case r > p/(2s + 1) can be decomposed into two cases: the case r > p and the case
p/(2s 4+ 1) < r < p referred to respectively as the homogeneous and intermediate cases. Finally the case r =p/(2s + 1)
will be called the frontier case. We refer to the zones for the upper bounds.

3.2.3. Upper bounds

We aim to derive the rate of convergence of our estimator over the class B; , (R) by considering a suitably chosen
collection of models and applying Corollaries 2.9 and 2.10. Our collection of models is the union of three sub-collections
MHE  MT and M, each of them being the most suitable for homogeneous (H ), intermediate (I) and sparse and frontier

cases (.5). For each sub-collection, we use a penalty with corresponding factor xﬁj, x,ﬂlj and 37?3” (see below). The

selection of the sub-collection and associated penalty is performed by our procedure automatically. We denote

m=J M x{a}

ac{H,I,S}
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with M defined as follows (recall that m = U_;<;<ym;):

* strategy a = H: m € M*™ if there exists L € {0,...,J} such that
A; if —1<j<L,
0 ifj>L
and xﬁj = Llog|my| (log0 = 0);
e strategy a = I: m € M if there exists L € {0,...,J} such that
A, if —1<j<L-—1
mry CApy  ifl=7— L>0with |mpy| = 2827214 1)73],

forall -1<j<J, m;=

forall -1 <5< J, m]-—{
and a:fnj = K|m;| <1 + log (ISL]]I)) with K a constant only depending on p (see the proof);

* strategy a = S: m € M* (full collection) if
forall -1<j<J, m;={j} xE, FEeP(K;),
and z, = (p+ 1)|m;j.

For (m, a) € 9, having in mind Corollaries 2.9 and 2.10, denote

pen(m, a) = pen® (m) = 267 3 wibs (my,0) ifp<2
| 2! Z(j]:_l j min (pj(mj’ a), (2qlog N)%lp?(mj, a)> ifp>2

withg=p+1and

3 (r-2)4 1_» »
by (my.a) = p(my) = ol -+ 25y 075 (a8,

. 3
p7(mj,a) =p?(m;) = §U§|mg‘| + Koy,

We consider (7, a) which minimizes over all (m,a) € 91 the criterion

— Z wx|Ya|P + pen(m, a).

AEmM

It can also be defined by minimizing over a the quantity — >, . . w|Yx|P 4 pen®(m®) where m® minimizes over M*®
the quantity — . wx|Yx[P + pen®(m). Finally our PCO estimator is 6 = 6lma)

Theorem 3.2. Assume that s > max(1/r — 1/p,0) and R the radius of the Besov ball belongs to the interval [e,e71].
We take the number of observations N such that (g) 2 <NKL (g)ﬂ/, with v > 2. Then

P 2ps
RE=TT 21T ifr>p
5 s(p—2)4
R¥¥7e25 [log(e)| 21 if 52y <r<p
2ps S
R =7 |log (2)| 70 )ifr = 52 and s> 1/r
p(s—1+d)

p—2
R -7 (2|log(e)]) * 7 ifr < ghgands>1/r

sw  E[|6-0]f ] <cC
0EB: . (R)

for C a constant depending on p, o, s, r and .

The proof of Theorem 3.2 is provided in Section 5.3. We remark that the radius R may either decrease to 0 or increase
to +o0o as € — 0. The lower bound R > ¢ allows to have N > 1. The upper bound R < £~ can be replaced by any upper
bound R < e, with u > 0, so we have log(N) = |log(e)|. Note that if R € [Ro, R1] with known constants Ry and R
with 0 < Ry < Ry < oo then we can choose N not depending on R. Assumption s > 1/ in the sparse and frontier cases
can be removed by imposing N > (R/¢)?/(1=2/P) when p > 2; see Remark 5.9.

Theorem 3.2 shows that our procedure achieves the optimal rate in the homogeneous case r > p, in the sparse case
7 < p/(2s+1) and in the frontier case r = p/(2s + 1). In the intermediate case ;57 < < p, we have a logarithmic loss

2s+1

Many other adaptive procedures suffer from a logarithmic loss in at least one case. In particular, the estimators in [14]

have a logarithmic loss, both in homogeneous and intermediate cases, with power 5. It is also the case in [39] (for

with exponent 5=~ (1 — %)Jr which is non-zero if and only if p > 2. When p < 2, the rate is optimal.
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the study of the white noise model) or [31] (for the study of the multivariate white noise model) or [22] (for the study of
the density model). The estimator proposed in [30], based on an involved combination of thresholding and Lepski-type
procedures, reaches optimal rates in dense and sparse cases but not in the frontier case. Note that the adaptive procedure
proposed in [37] for the Gaussian white noise model, using kernel estimators with varying bandwidths, achieves the
optimal rate in all cases.

4. Nonparametric regression

In this section, we consider the following nonparametric regression model

with 7; some i.i.d. centered sub-Gaussian variables modeling the noise and ¢ > 0 assumed to be known. In the previous
expression, f is supported in [0, 1] and the ¢;’s are deterministic and equidistant : ¢; =i/n, i = 1,...,n. We assume in
the sequel that log,(n) is an integer. Our goal is to estimate the function f by using observations (X;);=1,... . The risk
of any estimate will be evaluated by using the IL,,-norm for some 1 < p < co. For this purpose, we shall use results of
Section 3.2.3 and in particular the weights (27) introduced in Section 3.2.1.

In this setting, we consider a decomposition of the signal f, assumed to be square-integrable, on a wavelet basis. The
expansion of f is then of the form:

+oo
(30) F=Y ok + D> (Frbie)tin,
k

j=0 k

where ¢y, is the translation of a father wavelet ¢ and 1);y, is the dilation and translation of a mother wavelet 1): for any =z,
we have:

or() =d(x — k), Yj(r) =222z — k).
The expansion (30) can of course be rewritten as
+oo
31) F=30> (feim)ein
j=—1keK;
with for any (j, k), @i = 1k if 7 > 0 and @, = ¢y, if j = —1. Considering the specific construction of Section 4 of [8]
to obtain an orthonormal basis of I.2[0, 1], we can assume that the wavelets that generate the basis have a compact support

which is then included into the interval [A4, B] for some 0 < A < B < oo and is M + 1 times weakly differentiable, where
M can be chosen by the practitioner. Finally, the construction of [8] shows that we can take

K;={0,1,2,...,27 =1}, j>0

and K_, = {0}.
Now, as in Section 3.2, we consider AXY) of size N = 27+ for some J >0, with

AN =] Ay Aj:{{j}ij}

—-1<5<J

and we set for any (j, k) € A(N),

1« 1« IR
Yik = > Xigjk(ti), Ok = - S t)eskt),  &x= 7n > miej(ti)-
i=1 i=1 i=1

Setting

we have:

Ekzejk+€€jk7 (]7k) EA(N))
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where the £;;’s are centered. We obtain the model of Section 3.2.1, except that the ;1 s are not independent and not
identically distributed. Furthermore, our target is f and not § = (6; k)(% kyean . However, we consider the PCO estimator

6 introduced in Section 3.2.3 except that we modify the strategy I by taking Imp| = [28T127W/2(1 +1)73P/2 | when
p > 2 and we slightly modify the value of «,, (see equation (41) in Lemma 5.13 and equation (42)). We then define

f= Z Oikpik

(4,k)EAN)

as an estimator of f. We study the upper bound of the LL,-risk of f on the class of Besov spaces. We refer the reader to
Section 9.2 of [25] for the definition of Besov spaces in terms of modulus of continuity. In the sequel, we use the charac-
terization of Besov spaces through wavelet coefficients (see Corollary 9.1 of [25]): Under additional mild conditions on
the wavelet functions ¢ and ¢, for 1 <r,q < oo and 0 < s < M + 1, a function g € L, belongs to B; , if and only if

> 20i(s+3—+ (Z (g, %)) ) < 00.

j>—1 kEK;
When ¢ = o0, this condition becomes
1
sup 2j(s+%_%)( > |<ga¢jk>|r)r < oo.
i>—1 reR,

We shall use this sequential characterization to define the radius of a Besov ball, which allows us to use the setting and
notations of Section 3.2. We obtain the following result.
Theorem 4.1. Let 1 < p,r < 0o and s > 0 such that 1/r < s < M + 1. We recall that ¢ = ﬁ Assume that R, the radius

of the Besov ball, belongs to an interval [Ro, R1], with 0 < Ry < Ry < +00. We take the resolution level N = 27+ such
that e=2 < N < 77,y > 2. Then, we have:

El+éa‘ l:f’l” Zp
st s(p—2)4 »
sip E[IF- 7] <04 S oot gy
< 2 z e _ D
FeBs (R Lo e | log(e 1:::1) Ifr=s71

(£2| log(5)|) 7 28+1
for C a constant depending on p, s, r, 7y, Ro, R1 and the wavelet functions ¢ and .

Similarly to Theorem 3.2, Theorem 4.1 shows the optimality of our estimation procedure in the Gaussian case for the
homogeneous case r > p, the frontier case 7 = 5.5 + , the sparse case r < 5 +1 and the intermediate case ﬁ <r<p
when p < 2. We refer the reader to [42] for the correspondlng lower bounds; see also [12] and Theorem 4 of [14] devoted
to the Gaussaan case. When p > 2, for the intermediate case 52+ —1 <7 <p, we obtain the additional logarithmic term

|log(e)] =) similarly to Theorem 3.2.

To end this section, we give the main arguments of the proof of Theorem 4.1. The L, -risk of fis deduced from the
following control:

() E[IF- 72, ] <2 H X twen |

(4,k)eAN)

= 0ik) @ik H

l (] k GA(N)

and the application of Theorem 3.2 to bound the first term. However, several additional technical arguments are needed
and we have to tackle several problems:

1. Concentration inequalities on the &;;’s, which are now noti.i.d., were essential in previous sections. So, the question
is the following: Do the noise variables &, have sufficiently nice concentration properties to apply Theorem 3.27

2. How can we control the second term of the right hand side, which corresponds to an approximation term?

3. Can we connect the first term of the right hand side of (32) to the £, (w)-risk of 62

To address the first issue, we establish in the next proposition, proved in Section 5.4.1, that the £; ;’s satisfy a result
similar to that of Corollary 2.4. We use that the 7);’s are i.i.d. centered sub-Gaussian random variables.
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Proposition 4.2. For any j and for any T; C K, we set

Zi=Y |l

ke,

There exist positive constants ¢, o, and /i; only depending on p and on the compactly supported father and mother
wavelets ¢ and 1) such that for any x > 1,

B(2,> Sopi,| + vz, U Hat) <.

Regarding the approximation term, we can prove the following result (see Section 5.4.2 for the proof).

Lemma 4.3. Assume that f belongs to the Besov set B;. . (R) with 1/r <s < M + 1. Let 03, = LS f(t)eie(ts).
Then, if N> ey

2ps
P RPeTV2s ifr>
> 9jk<pjk_fH]L <C ps—t+d)

25-‘,—1 ’
p
(k) €A ’ RP(?|log(e)]) 7 ifr < 5,
for C a constant depending on ¢, 1, s, r and p.

Finally, to address the third issue, we wish to compare the IL,-risk of f(or rather the first terms of its decomposition)

with the £, (w)-risk of 6 when weights are those of Section 3.2.1 (see (27)). We first state the following lemma whose
proof can be found in Section 5.4.3.

Lemma 4.4. Let 1 < p < co. For any function g, we have:

lglle, < Clgllso ..

for C' a constant and with

PA2
lgligs® | i= D2 PGP (Y [(gop]”) T
j>—1 kEK;

Now, we naturally distinguish two cases.

- If 1 < p <2, using Lemma 4.4, we have:
~ p ~ p
E H > Ok — 1) | SE > Ok — i) .
(4,k) €A (4,k)eAN) PP

(33) [Z 2D S (55— 0 } <E[6 07 ).

j=—1 kEK;

where the || - ||, ()-norm is defined in (28) with weights defined in (27). Therefore, results of Section 3.2.3 can be
applied.

- If 2 < p < o0, still using Lemma 4.4, we have:

H > (5jk—9jk)s0ijip

(4:k)EAD)

E

A
=

H > @k—%k)@jk‘g

p ]
. .2
(4,k) €A

J
SE ( S 20D (X (0] )
j=—1 kEK;

[SS]

ST

S o
vl

J
(34) S (E[W’(?‘” ) |5jk—9jk\p]> :

j=-—1 kEK;



by using the generalized Minkowski inequality. Since we cannot insert the sum in j before taking the power 2/p,
the control of the LL,,-risk by the £, (w)-one is not immediate. This last issue is addressed in Section 5.4.

These arguments and technical complements of Section 5.4 allow us to prove Theorem 4.1.

5. Proofs
5.1. Inequalities for sub-Gaussian variables
In this subsection, we collect several results concerning sub-Gaussian random variables. Although some of these results

are classical, we provide the details for completeness.

Lemma 5.1. Let A > 0. Let € be a real-valued centered random variable such that for all real u, we have:
E(exp(ug)) < exp(A%u?).

Then, we obtain:
(i) Foranyt>0,  P(|¢] >t) < 2exp(—t?/(44?)).

(ii) Foranyp>1,  o,:=(E[¢]")"" <24(3p)V/7\/p]2 <5A/p.

(iii) [|€]ly, < 2AV3.
Proof. (i) Foranyt¢ >0,

P& >1) < e “E(exp(ug)) < exp(—ut + A%u?) < exp(—t?/(44%)),
by taking u =t /(2A2).
(i) Using the previous inequality, we have:

oo

(35) El¢[P = /0 h P(|¢] > t)ptP~tdt < 2p /0 exp(—t*/(4A%))tP~ dt = (2A)PpI (p/2),

by using the change of variable v = 2 /(4A?). The bound comes from I'(x) < 32% for x > 1/2.
(iii) We recall that ||£||, = inf {t >0: Elexp((|¢]/t)?)] < 2}. For any ¢ > 0, we have the Taylor expansion:

& 2t2k OO]E 2k
E<Z(£ = )ZH; E

k=0

Elexp(([¢]/1)*)]

Using Inequality (35) for p = 2k gives:

M8

Elexp((lg]/6))] <1+

)

(2A4)%k2kT (k) =L (24)2k
12k | :1+QZ 2k
k=1

x>~
Il
—

which is finite if ¢ > 2A. Then Elexp((|¢|/)?)] <1+ 2(2A/t)2m and this quantity is bounded by 2 if

@1 S1et? >3 x 447,

O

The following lemma provides an alternative upper bound of moments of sub-Gaussian random variables in terms of
the Orlicz norm.

Lemma 5.2. Let  be a sub-Gaussian random variable. Then, we have: (E|§\p)1/p <20/Pl|€ ]|, -
Proof of Lemma 5.2. The definition of the Orlicz norm and the Markov inequality give P(|¢| > t) < 9"/ I€l%,  Then
Bl = [ B(el 2 0 e <2p [ exp(-2/glR, )0 de = €], 0/2),
0 0

using the change of variable v =¢ . € bound comes Irom u < z.0(u 2 < u u, OI"Z,LE .
by using the change of variabl 2/||€]|2,. The bound from I'(u/2) < 2.6(u/2)% < (2y/0)"/u, fi 1. O
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Lemma 5.3. For any v > 0 and any random variable Y such that ||Y ||, < 0o, we have:

2(log2)~Y/T(1
¥~ By, KAV, with K, =14 20082 TTA),

Proof. Itis sufficient to prove the result for Y such that ||Y[|,, = 1. Note that such a variable satisfies E [ exp(|Y|")] < 2.
The triangle inequality gives

1Y —=EY) [y, <Y [lg, + IEX)p, =1+ [EX)]y, .
If Y = a, for a a deterministic constant, we have:
[V ||y, = inf {t >0: E[exp ((|a|/t)’")] < 2} = |a|(log2)~1/".

Thus |V —E(Y)|ly, <1+ |E(Y)|(log2)~'/" and it remains to bound |E(Y")|. We can write
B <EY = [ B(Y|>udu= [ Blesp(¥]) > explu’))du
0 0

o0 o0 2
< / Elexp(|Y]")] exp(—u")du < 2/ exp(—u")du = ;F(l/r).
0 0
Thus [|Y — E(Y)]ly, <1+ (log2)~Y/7(2/r)T(1/r). O
5.2. Proofs of oracle results of Section 2

5.2.1. Technical lemmas
Lemma 5.4. Let p > 1. Let K > 0 and let a,b be two real numbers such that |a| > K|b|. Then, for any o > 0,

lla+b[" —[a” — a|b|”| < C1p(a, K)|al”
and  |la+0b" — alal” — [b]| < Cop(a, K)lal?
where C1,, (o, K) and Cap (v, K) are positive constants depending on p, o, K such that limg _, o, C1p(a, K) = 0.

Proof. The case a = 0 is obvious, so we assume a # 0. Denoting « = b/a, it is sufficient to study the function g, (z) =
|1+ 2P — 1 —alz|P on [-K ', K~!]. Since it is a continuous function on a compact set, it is bounded and we denote
by C1p(cv, K) the maximum of |g,| on [-K 1, K~1]. Moreover g, (0) = 0 so that lim g o0 C1,(cv, K) = 0. In the same
way, the continuous function |1+ z|? — a — |z|? is bounded on [— K ~!, K~!] and we denote by Cs, (v, K) its bound. [

Lemma 5.5. For any p > 1, for any a > 0, there exists C(«, p) such that for any x > 0 and y > 0,

(z+y)P <(1+a)z” + Cla,p)y”.

1-p
We have, when oo — 0, C'(at,p) ~ (ﬁ) — 4+00.

Proof. We prove that
—1 —(p—1)
Cla,p) = (1- (1+a)7)
by studying the function t — C(a,p) + (1 + a)t? — (t + 1)?. O

5.2.2. Proof of Proposition 2.1
Let us denote

Jm)= Y 1P+ Y (aPlal” — [alP).

AEA\M AeAN)\m
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Setting

Ci=e? Y |&fF and Co= > M,

AEAWN) AEAN)

we can write

J(m) = By(m) + a(Cy = Vy(m)) — (C2 = Y [Val?)

AEM

= [0 = 0]p — (1+ @)V (m) + > [ValP + aCy — Co.

rem
But the definition of m gives

- Z [Y\|P + pen(m) < — Z [YA|? 4 pen(m).

rem AEmM

Then, since C and C5 do not depend on m,
[0 —6]17 — (1 + @)V, () — T () + pen(im) < 6 — 0|7 — (1 + a)Vy(m) — J (m) + pen(m).
Thus
101 = 0ll5 < 19 = 0]15 + [ (1 + @)V, () = pen(i) | — (1 +)Vy(m) — pen(m)| + (@) — T (m)
and it is sufficient to control J(m) — J(m). Let us denote
Sx =07 + ae?|Ex [P — [YAlP,

so that, with m® = AY) \ m and m® = AY) \ m,

J(m)—J(m):ZSA—ZSA:< Y oS+ > Sx>—< Yo S+ > SA>

Aeme AEMe Aemenm Aemenme Aemenme AEMeNM
= E Sy — E Shx.
remenm AeEmenm

5.2.2.1. Casep>1.. We first deal with the second term. We have:

= > si= Y P —1ar—aial] = >0 [I0a el - i - aclnl]

AEmenm AeEmenm AEmenm
«
< 3 [(1+5) 10 +Cla/2 )0 — 0: —aclanl? ]
AeEmenNm

by using notations of Lemma 5.5. Finally,

-y Sks(lj)gﬁmu(aa/&p)l) > 10l

AeEmenm AeEme
< (1 - %)vp(m) + (0(a/2,p) . 1)Bp(m).

We now deal with the first term, namely )y, Sx- Let K > 0.

1. We assume that |0| > K|, |. Then, applying Lemma 5.4, we have
o
2l = |02 + ac|a = [Val?| < Cupla K)IOAP < (1= 5 ) I0a)7,

choosing K = K, , large enough.
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2. We assume that |0y | < K¢|€,|. Then
IS [ 1027 +ae”|a]? = [ValP| < Caplar, K[l

using again Lemma 5.4 with [e£,| > K 1|0, ].

Finally,
Sy<(1-2 AP + Cap(cr, K P
Y os< 5 D10 + Copla, K 0) Y el
remenm reme AEM
(0% —~ _
< (1= 5) By) + Caplar, K 1)V (m).
‘We obtain

6% ~ —~
m) — <(1=2=) 6™ _g|P / (m) _ g|p
J() = I(m) < (1= 5) 187 = 0]}5 +C" (e p) [ — 015
with C'(a, p) = max (C' ($,p) — 1, Cop(a, K, L)). Thus
S8 =07 < (14 C' () |8 = 815 + [(1+ @)V, () — pen(i)] = [(1 + @)V (m) — pen(m)
and
G _gp < 2 / Sm) e L 2 _ 2
1 = 0I5 < — (1 + C'(a, p) 6™ = Ol + — [(1 + @)V () — pen(m)] — — [(1 + @)V (m) — pen(m)].
Thus the result is proved with
2 o 1
(36) Myo ==~ (1 + max (c (§,p> - 1,c2p(a,Kp7a)))
where K, ,, is such that Cy,(a, K o) <1 — /2 and where C1,,, Cap, C(., p) are defined in Lemmas 5.4 and 5.5.
5.2.2.2. Case p=1.. In this case
Sx = 10x] + ael&x] = YA = (o = 1)eéa]-
Note also that

Sy = [0x] + aeléa] = 10x +&i] < (a+ D)efér]-

Then, if a > 1,
J@)—J(m)= > Sx—= > SH< Y H— Y SHi=> 5
Aeme AeEme AeAN) Aeme Aem
<D (a+1)el6] < (a+ 160 -6y
AEM
and then

10 =0l < 2+ a) [0 = 0]l5 + [ (14 )y () = pen(i)| — [(1+ )y (m) = pen(m)] .
Now, if 0 < a < 1,

Jm)—Jm)= > Si— > i< > (a+Debl+ DY (1-a)elé

Aemenm AEMENM Aemenm AeEmenm
< (ot DJE =0l + (1 = ) [0 — 6],
and then
allf =0l < 2+ a) |87 = Bl12 + [(1 + @)V, () — pen() | — |(1+ )V, (m) = pen(m) .

Here M, o = M1 o =max(2+ a,1+2/a).
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5.2.3. Proof of Theorem 2.5
We only consider the case p > 1, the case p =1 is similar.
Let m be an arbitrary model in M. Starting from Proposition 2.1, we have:

10— 0115 < M, |8« — 8] +2[ 2V, () — pen(i)| — 2[2V;,(m) — pen(m)]
< M, |0 — 9|2+ 2pen(m) + 2 [2Vp(m) - pen(rﬁ)}

< My [0 — 0[5 + 2pen(m) +4” 3= | Z(m) ~p(m)| .
meM

where Z(m) =), ., [&x|P and

3 (p—2) _p P
p(m) = Sotim] + 1,275 | 0752

Note that [Z(0) — p(0)]+ = [-p(0)]+ = 0, so we have:

18— 0115 < My |0 —6]17 + 2pen(m) + 4= >~ [Z(m) —p(m)]

meM
m#0D

+.

Taking the expectation yields
E||6 — 0l < M,E0"™ — 6]|% + 2pen(m) + 4” R,

with

R= Z ]E[Z(m)—p(m)Lr: Z /OOOIP’(Z(m)—p(m)>u)du.

meM meM
m#() m#()

It remains to control the term R. For the next computation, we denote a,,, , = £,|m/| A-p/2); Using the change of variable
(P—=2)4
U= Oy p2~ 2 vp/z, we have:

P

o0 o0 3 (p—2) P
/0 P(Z(m) —p(m) > u)du:/o P(Z(m) - 505‘”1‘ — Uy p2 2 T2 > u)du

(»—2 (r-2)4

> 3 ) 4 P
:/0 ]P’(Z(m)—éag\m\—ampZ 2+x;‘;l>am,p2 2 vf)

(r—2)
X [am7p2 ot gvgl] dv

o 3 P =2+ p p_y
S/ ]P’(Z(m) > éag\m\ + tpp(Tm —|—v)2) U p2~ 2 Jv* dv
0

(P=2)4
Pl

since 272 (aP/? + bP/2) > (a 4 b)P/2. Corollary 2.4 gives

~ ~ — (@) e2+ep g —x
]P’(Z(m) —p(m) > u) du <2 e~ \om U p2 7 2 Fv* dv < C(p)ay, e ™,
0 0
for C(p) a constant only depending on p. Finally,

R < C(p)kyp Z || =P/2) s g=%m |

meM
m#£Q
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5.2.4. Proof of Theorem 2.8
We denote for ¢ > 1,

oV, = () {16 < V2qlog N}

AeAN)
Recall that our sub-Gaussian assumption implies P(|¢,| > t) < 2¢¢°/2 so we have P(Q(N, q)) > 1 — 2N'~7. Now,
E[I0 - 01] =E[16 - 05 Law.g] +E[I0 -0 Lae.:]

First,

IE[||5— 9|\Z]19(N,q)c] = E[ > ‘9A|p]lQ(N,q)C} + ng[ > |§>\|p]IQ(N,q)“}
A )

< 2N 9B + ePVIN T oF .
Then, starting from Proposition 2.1, we first have on Q(N, q), for any m € M,
10— 0115 < M, |8 — 0][5 +2( 2V, () — pen(in) | - 2[2V;,(m) — pen(m)]
< M, |8 — )17 + 2pen(m) +2[2V}, () — pen(i)|

< M, |8 — 0]17 + 2pen(m) + =7 3 [Z(m) - P(m)]
meM +
where Z(m) =3, [§A|P and
P(m) =min (p'(m), p*(m)),
with
p'(m)=p(m), p*(m)=(2qlogN)%~'p¥(m).
Then, taking the expectation

E 116 - 615 1acv.g | < MyE[[60) = 02Laxq)| +2pen(m) + 47 R,

with

R=Y E[(Z(m) - P(m))+]19(N,q)]
meM
20

It remains to control the term R. We have:

R=3 /0 P(Z(m)Laxg) — min (b (m):p2(m)) Lagy.g > v )du
meM
m#£()

< Z l/OOO]P’(Z(m)—pl(m)>u)du+/0wIP({Z(m)_pQ(m)>u}ﬁQ(N,q))du].

meM
m#Q

With the same computation as in the proof of Theorem 2.5, we have
/ P(Z(m) —pt (m) > u) du SC(p)ﬂp|m|(1_p/2)+e*wm )
0
On Q(N, q), forp > 2,

Z(m) —p*(m) =Y _ [&]" - (2qlog N) 2~ 'p#(m)

AEm

23
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3
< (v/2qlogN) p 225/\ (2qlog N)%~ (205|m|+m2xm)

AEmM

< (2qlog N)* (fo ( 02|m|+ﬁ2mm))

AeEm

Therefore,
/ P({Z(m) —p*(m) >u} NQN, q)) du <(2qlog N)3~1C(2)kpe="m.
0

We obtain, for p > 2,

R < max (C(p)ip; C(2)52) Z {1 + (2qlog N)g_l} e m.
meM
m#D

Finally, for Mp a constant only depending on p, 0,02, 02,, we have:
E[116 - 0ll5] < M,E |6 — 0]12] + 2pen(m) + 8, (N'=1]l]ls + " R# (M) ),

with
R#(M)zNSE + (qlog N)% Z e~ m,

meM
m#£D

5.2.5. Proof of Corollaries 2.9 and 2.10
We prove Corollary 2.9. We have:

Crity,(m) = — Z wx|Yx[" + pen,, (m)

AEM
= Z w; ( — Z [Y[P + 26ppj(mj)).
JjET AEm;

Since the M ’s are disjoint and the weights w;’s are positive, we have:
0 — (m) m U my,
JjET
with

iy = argmin { — Y7 WP +2:7p;(m))}.
m;jEM; Aem;

We can then apply Theorem 2.5 to each M, j € J and we obtain:

81701, )] = Yo wE[ 3 1057 ~0al]
JjET

Aem;

<Y w (Mpmig% {E[ D 1B 0P +pen<mj>} + waeprj))

JET Aem;
~ . ~my) o
— M , i) _ g, P , P . ,
pmlgjfw { Z Wy (E[ Z 10 0;| } + pen(m]))} + Mpripe Zw]R(MJ)a
JjET Aem; JjET

which gives the result of Corollary 2.9. The proof of Corollary 2.10 is similar.
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5.3. Proof of Theorem 3.2

We first prove that [|0]|, () < oc.

1

T

Lemma 5.6. Assume that 0 € B5 ,(R) with s > max (
such that

%70). Then, there exists C, only depending on s, v and p,

1917 . < CRP.

P
Ly (w) =
Proof. Let j > —1 be fixed. Assume first that p > r. Then
1 1
( Z |9jk|p> < ( Z |0jk|7l> §R2_j(5+%_%)~
keK; keK;

Therefore,

9i(5-1) Z 105" < RPoi(5—1-ps—8+1) < ppo—ip(s—i+3)
keK;

Now, assume that p < r. Holder’s inequality implies that

Z 16,7 < ( Z |9jk|r> T2j(1*%)

k}GKj keKj
and
/(571 37 |9 < Rroi(—1opa-bHEai-8) < pro-isw,
kGKJ‘
Finally, in both cases, since s > max (% — ]1;, 0),
+00 .
1612 (= > 277 3 jo <ORP,
j=—1 kGKj
with C' only depending on s, 7 and p. O

We distinguish the cases p < 2 and p > 2. When p < 2, we apply Corollary 2.9 to the collection 9t and penalty pen
and we obtain

(37) E|§™") — OlIF (y <M, in {E||§<m> =0l () +pen(m, a)} + Mpe? Ry, ().

f
(m,a)em

When p > 2, we apply Corollary 2.10 to the collection 2t and penalty pen. This gives
£y (w) w

EN07) ~ 0|7, <M, nf {Ene(m) — 0|17 ) + pen(m, a)} + M, (N1*'J||9||P + epR#(sm)),
with R (9) = NO—0/25 vy wy + (log N)E7LR,, ().
Let us first analyse the remaining term N'—¢ HGHZ,(M + &P R (9M). In both cases observe that

J
RoM =3 w3 mylT e = Ry (M) 4 Ru(MT) + R (M)

j=—1  (mj,a)eM;x{H,I,S}
m;#)
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We will prove in the following Sections 5.3.1, 5.3.2, 5.3.3 that foreach a € {H, I, S}, R,,(M*%) is bounded by a constant,
except in the intermediate case for p < 2 where the bound is log N up to a constant. Note that

J

dowy= " w2 S22 NP2
A j=-1

and, using Lemma 5.6, the remaining term is bounded as follows (for ¢ > p + 1):

1+p—gqg

N0 () + P REG) SN'IRP + N7 5 eP 2P (log N) 27 Ry ()

R\ 2(1-9) R\ tr-a ,
< (5) RP + (E) e? +eP(log N)2 'R, (M)

R 2—2q+p R 1+p—q »
< (a) P+ (s) e? +eP(log N) 2~ Ry, (M)

Since R > ¢, taking ¢ = p 4 1 allows to show that this term is negligible. Indeed, we have that

I3 P 2ps P 251«)+1
eP(logN)2 S RZ=+1e2+ < (logN)2 < | — ,
€

which is true. Thus the remaining term is negligible compared to the faster rate given in Theorem 3.2, and a fortiori to
the other rates.
Now, we consider the main term, i.e.

B BIP —O0F y +pen(m )} = i ind (I 01 )+ pent m) .

In the following Sections 5.3.1 (homogeneous case), 5.3.2 (intermediate case), 5.3.3 (sparse and frontier cases), we bound
foreach a € {H, I, S} the quantities R(M®) and we prove that

vg(e)ifa=Handr > p
nf B 0], + pen®(m) | <

vi(e)ifa=TIand 325 <r<p
vs(e)ifa=Sandr < 3h5

where the v, (¢)’s are the rates given in Theorem 3.2. This completes the proof. As each subsection deals with a different
case, from now on, we drop the upperscript a for ease of notation. We also adapt the definitions of B,, and V), to the
weighted ¢, (w)-norm:

By(m):= Y wila? and V,(m):=e" > wxl&i[
AEA\M AEM

5.3.1. Proof of Theorem 3.2: homogeneous case
In this section we assume that 7 > p and s > 1/r — 1/p. Let us recall our sub-collection of models. A model m =
szflmj eM=MH"ifforsome 0 < L<.J
VJSL, mj:Aj:{j}ij,
Vj> L, m; = 0.
Note that for any m € M,

L
E[V,(m)] =<Po? 3 wjlmy| =Pol 3 w;2 < C(p,a,)eP2™?/?,

i>-1 j=—1

with C(p,0,) a constant only depending on p and o,,. If 6 belongs to B:  (R) we can prove that B, (m) < RP27P5,
Indeed the bias verifies

Bym)= > wilgulr= 3 2/E- g,

(4,k)¢m j>L,kEK;
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Since r > p, Holder’s inequality gives for any set F,

p/T
S loale <1100 (Sioar )
keE

When 0 € B; (R), that yields 3", _; [0;xP < |E|(\=7/") Rpo=Pils+3=%) Then, if E = K; with cardinal 27, it gives
ZkeKj 10,7 < RP2I(=ps+1=%) and

=250 N7 g7 < Clp, s)RP2 P,

Ji>L keK;

with C(p, s) a constant only depending on p and s. For our PCO procedure we have chosen x,,; = K log|m;| (with
log0 =0 and K = p/2) so that

J .
2P 5 wipj(my) ifp<2

penc (m) = pen(m) = {QEP 327y w;min (pj(mj) (2qlog N)5~ #(ma)) ifp>2

with

P
2

1078). (& tog m, )

3 (p—
p](m.]) 2 p|m]|+K/p
and
3
p] (m.]) 2U2|m]| +I€2K10g|m3‘

Thus, p;(m;)=01if 7 > L ; and for j < L:

7 @2) 078 (1 10g )

IN

3 ( .
pj(m;) = 5032’ + Ky C(p,op)2’,

with C(p, o) a constant only depending on p and o,,. Then

L
E[[60™) — 6] .+ pen(m) < E[Vy(m)] + By(m) + " 3" w,C(p,0,)2

j=—1

L
< gpolp/2 | ppo—Lps 4 .p Z 915 < gpolp/2 | RPo—Lps
j=—1
which provides

inf {E0" ~ 0]} (,,, +pen(m) } < CR7FTFH,

for C' a constant, choosing L such that 27 ~ (R/£)?/(25+1) (possible since 2/ = N/2 > (R/<)?). Moreover, we compute

Ry(M) = Z wj Z |mj|(1—P/2)+e—Klog\mj\

j=—1 ijMj,mj;é@

J
S i) Y g0 g
Jj=—1 MjGM‘
< Z i (8-1)9il(1-%), —K] _ Z Ql(3-1), K] _
j>—1 j>—1

assoonas K > (£ —1),.
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5.3.2. Proof of Theorem 3.2: intermediate case
In this section, we assume that 27+1 <r<pands>1/r—1/p.Letus now consider the following model, inspired by
[41]: m belongs to M(L) if

A, if —1<j<L-1
m; =
mr4; C AL+[ ifl=7 — L > 0 with |mL+l| = |_2L+lA(l)J

with A(l) :=27/2(1 + 1)=3. At the end M = J] _, M(L).
Note that the cardinality |25+ A(1)] is equal to 0 when 2/P/2=1 (] 4 1)3 > 2L. Then if p > 2, m; = ) as soon as
j > L+ lyax, with [, such that

2L2*lmax(p/271) (lmaX —+ 1)73 ~1.

Therefore, liyax is of order L/(p/2 — 1) when p > 2 and of order 2%/3 if p = 2. When p < 2, we only have [ < J — L.
To apply our model selection strategy, we set

27
(38) , —K|m3|(1+log(| |))
]

with K large enough (see later). Observe that at each level j, we consider two types of models. Either the model m; is
the whole slice {j} x K j» oritis a strict subset of this slice and in this case, it means that there exists L < j such that

mj| = [27A( - L)] = (2727 VPP (i — L+ 1)7%).
Our choice of the factor x,,,; automatically adapts to both types of models:

Ty, = K |m| for the first type,

(39 T, = K |m| (1 —log A(j — L)) for the second type.

In particular, for the first type @,,,, = K27 and for the second type 2., is of the same order as K'|m| x (j — L).

P
. As explained in Section 5.3, we have to t')oun'd Bw (M), that is to show that the term Z}L_l wj ij M £0 Im,; |(1 £), e~ Tm;
is bounded. In the sequel, for the sake of simplicity, we set

p
b:==—-1.
2
Considering the two types of models, we have, with M ;( {mj' me M(L )}
J S Lyp/2 s
Ry(M) < Z (2])( b o= K2 4 Z Z wj| M (L)||m; |( b)+6*K|mj|(1+log (20 ot /2(]*L+1)3))]ljZL
j=—1 L=0j=—1
=T, +Ts.

Since w; = 2/(5 1) = 27,

+00 )
Ty < Y 200(20) (e K <o,
j=—1

for K > 0. Furthermore,

J J
T < Z Z 2jb|Mj (L)|(2j)(—b)+e—K\mj\ (1+10g (2“’”’”/2(]'—“.1)3))
L=0j=L

< i JiLQ(LH)bﬂM Le— K227 )7 (14108 (27/2(141)%) )
< r+i(L)le '

L=0 1=0
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For j > L, the complexity of the collection at level j = L + [ is

2L+l 62L+l
log | M, (L) < log (mw> < Impsillog ()

Imr4]
where we have used the bound log () < dlog (). Then
log |M;(L)| < 2827 (1 4 1) 3 log (e2= T |25 A(1) | 1)

Lo—Ib -3 €
<2727°(1+1)""log (2lp/2(l +1)-3 — 2(L+l))

<2k (14 1)72

with C' a constant only depending on p. Then we have

J
Ty < Z
L=0

Here we distinguish two cases.

J—L
3 2400 o ((O — Kplog(2)/2)227"% (1 + 1)—2).
=

Case p > 2: Recall that, if I > 0 and p > 2, mp,; = 0 if | > l,.x. Then we have, for K large enough such that C' —

Kplog(2)/2 <0,
J lnax
T < Z Z 2(E+Db exp ((C — Kplog(2)/2)2F27(1 + 1)_2)
L=01=0
T linax
<30 2l exp ((c — Kplog(2)/2)2L2tmad(1, . + 1)—2)
L=01=0
J Lo
<30 atHbexp ((c — Kplog(2)/2)(lmax + 1)).
L=01=0
We have used that

2k tmaxb (] + 1) B L.

For p > 2, l;yax &~ L /b, and for K constant large enough

J
T, < Z 2" oxp(—KL)
L=0

with K as large as desired and T5 < 0.
For p =2, lmax ~ 2F/3, and for K constant large enough T5 < oc.
Case p < 2: The function [ — 27!(P/2=1) (] 4-1)=2 is increasing except on a compact interval. Therefore, for K constant

large enough,

J J—L
<> Y exp ((C — Kplog(2)/2)2k27(1 + 1)—2)
L=0 [=0
J J—L
<Y exp(—K'2%) £ J =log,(N/2),
L=0 =0

with K’ a positive constant. Finally, we have proved that 2, (M) is bounded by log N up to a constant. It means that in
(37), the last term Mp,eP R,,(9) is bounded by €”|log(¢)|, which is negligible when compared to the rate.
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It remains to bound inf,,¢c A {E||§(m) -0l w T pen(m)} , with pen(m) = 2¢? 3 w;p;(m;) and, with a slight
abuse of notation,

p
pi(m;) = %a£|mj|+fﬁp|mj|1_§x%j ifp<2
2 .
(2qlog N) 27! (303 |my| + koam,) ifp>2
where ¢ =p + 1. Since M = Ui:o M(L), we can write

(40) inf {E[0" —0|7 +pen(m)t<infl sup E[V,(m)|+ inf B,(m)+ su en(m) ;.
nf {E] If,y + pen(m)} <inf sup EWp(m)]+ int By(m)+ sup pen(m)

Let us study the three terms in the right hand side. Since w; = 27 (»/2=1) we have for any m € M(L),

E[V,(m)] < ePo? Z 9i(p/2=1)9J 4 Z2(L+l)(%—1)2L2—l(1)/2—1)(l +1)73
j<L >0

SePol (QLp/z + 2L<p/2—1+1)> < ePahalr/?

Therefore

sup E[V,(m)] S ePob2lr/2,
meM(L)

Moreover we can prove the following lemma (see Section 5.3.4)

Lemma 5.7. If 6 € B} (R) and 355 <r

inf  B,(m) < RP27°PL,
e L) p(m) S

For the last term sup,,,c ¢(z) Pen(m), we distinguish two cases.

case p > 2: We have

»_ 1,3
pj(m;) < (2qlogN)?2 1(§U§|mj| + Ko, )

and 23'121 w;p;(m;) is bounded by (up to a constant):
(log N)2 =1 |y " 29%my| + ) 2702040k (j — L+ 1)73((j — L+1) +log(j — L+ 1))
j<L J>L
< (log N)5~12kv/2,
Finally equation (40) provides in the case p > 2

inf {]E||§<m> —6]I7 0+ pen(m)} Sinf {5192“’/2 + RP27PL 4 cP(log N)%*12LP/2}
me P

Using that log(N) < |log(¢)|, and considering an L such that 2% ~ (R2€’2| 10g(5)|%_1) e (possible since

27 > R%¢72), we obtain

i Am < —_ S
it (B8 07 () +pen(m) | < R (7 [log(e)"2) 57,
case p < 2: We have

3 1—2 %
s (my) = SoBlmy| + gl | 1 8) ok,
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We just have to deal with the following term:

B 2
ij|m3| xm] S szbhn |+ ij|mj ((J —L+1)+log(j— L+ 1))p/
j<L j>L
S2te/2 4 N bl =ib (5 — [ 4 1)73((j — L+ 1) +log(j — L + 1)"?
j>L
< 2Lp/27

since 3 — p/2 > 1. Finally equation(40) provides in the case p < 2

in/fvl {]E||§(m) s (w) T pen(m)} < i%f {5”2LP/2 + RP2—sPL +5p2LP/2} < RTFieit,
me P

~

5.3.3. Proof of Theorem 3.2: sparse and frontier case
In this section we assume that 7 < 55 and s > 1/r. Observe that ;- > 2214 and hence 2* < | — 1 < s so that necessarily
p>2.

Recall that our model collection is defined by M; = {{j} x E, E € P(Kj)} for any j > —1. For this collection
we choose z,,, = K|m;||j| with K =p+1>2+ (7 — 1)log(2). As required in Section 5.3 let us bound R(M) =

J . .
dim W) ijeMj7mj¢(D e~ "™i. We can write

J 27 J o
= Z Wy Z Z e M Z anrd{mj e M;,|m;| = d}e’de,
j=-1 d=1

j=—1 d=1m;eM;,|m;|=d

tog () < (14108 (2 d
< — <2dj
i) 2o (1ers(5)) <20

J

Z Ze2dje de< Z 26(2 K)dj

Now we use that

to state

j=-1 d=1 Jj=-1 d=1
(2-K)j o ,
Z Wil e@ Ky - 7S > e((5=D10a2)+2-K)j < o

j=—1 j=—1
The following remark will be useful in Section 5.4.4.

Remark 5.8. We also have:

2 . 2
5 /p J o /P
2 — E —Kdj
RYP = > | w > et => |w> e
Jj=-1 m; EM;,m;7#0 Jj=-1 d=1m;eM;,|m;|=d

J
S Y (@) o

It remains to control the term inf,, ¢ ¢ {EHé\( -0l ) T pen(m)} . Taking inspiration from the various works of
Donoho, Johnstone, Kerkyacharian and Picard, we now define

{j} x K; if j <
iy = G x {k e Ky 0] > evT} it <5 <o
1) if 7 > jo
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where j; = ji1(¢) and jo = jo(e) are defined by
21 & (R™'e|loge|2)*~2, 290 ~ (R 1e|loge|2) 20/

with

so that

28 1 »p
- — - —— | =2pp.
poret s’r(8+2 27") ro

Observe that since p > 2 and s > 1/r — 1/p, the quantities s’ and 3 are positive and 5 < 1/2. Moreover one can see that
—28/s <43 — 2. Thus, since Re~* > 1,

1< 971 < 9Jo
In addition, inequality s > 1/r gives 8 < s’ and
2Jo & (R71€)72ﬁ/8' _ (R€—1)25/s' < (R€71)2 <N/2= 97

Remark 5.9. In this proof, the assumption s > 1/r is used only in the previous line. If, instead, we assume only that
s> 1/r —1/p, the inequality 27 < N/2 = 2 remains valid, provided that (R/c)?/(1=2/P) < N

Then, the model m = U, belongs to M (even if /2 depends on 6). It satisfies the following property, proved in
Section 5.3.5.

Proposition 5.10. Assume that r < p/(2s + 1). There exists a positive constant C' (depending on s,r,p) such that

sup E||§(m)—9||e( )<C’R”(1 20)|log e|PP £2P

0eB: (R)
Moreover, if r =p/(2s + 1),
sup  E[§U™) — Ol7 (y < CRPI2P) loge PP H1 200,
0eB;: . (R)

The following remark will be useful in Section 5.4.4.

Remark 5.11. We also have, for r <p/(2s + 1),

2
P
sup Z <2J(p1 Z]E\ R ]k|p> < CR2(=28) | 1oge|?P 4P,

0eB: . (R)

and for r = p/(2s + 1), the right hand side is replaced by C R>(1=27) | log ¢|?6+1 48,
Let us now bound, for m = 7n, the term

J

pen(m) =2¢" 37 w;min (p;(m). (2glog N)E~'p¥ (m,))

with

P
2

p=2) .
p;(m;) = % Blmy| "”% 7 (Kj|my)
b} (my) = §o3|my| + Ko jlmy).

Note that forj > jo, |m;| = 0 so that pen(m) < 2e”(2qlog N)%~! ;f’,_lep] (mj). For j < ji, |m;| =27 so that,
since |log(R™e)| < 2|loge],

Ji—1 Jji—1 izl A

&P Z wjp;#(mj) <P Z wjlm;lj < eP Z j2IPI2 < gPoip/25 < Rp(1*25)52ﬂp|10g5|pﬂfp/2+1.
j=—1 j=—1 j=—1
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Then, since log(N) < |log(e)],

ji—1
(logN)%*lsp Z wjpf(mj) §R”(1*2ﬂ)6261’|log6|pﬁ.
j=—1

For ji < j < jo, we write [m;[ =3 c e g, 5 /5 thus

Jo Jjo
e Y wilmli=e" Y wii D L, pseys

J=j1 J=Jj1 ICEKJ'
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To control this term we use the same method and bounds as used for term A3 in the proof of Proposition 5.10. This gives

Jo
1 26— ,_i
P § :wjlmj|j < RTeP™ 7“ ”‘/ ]07"(‘?"1‘ 3
J=i

S RTePTT| loge\l_r/2(R_1e| logeﬁ)?r(”%_%)

< RP2B|loge|lmE (st —4) 28,

Then, with log(N) < |log(e)],

Jo
(log N)E~1e? 3™ wjp# (1) S RP2P0c200|loge| E—5+377(s+5—£) < Rr(1=29) 20| 1og ¢,
J=J1

(In the frontier case r = p/(2s + 1), we obtain the bound

(log N)% gpzwjp <Rp(1 20) 2287 |og |/ 2~ 1+27/2,
J=i

) Finally, recalling Proposition 5.10, we obtain

meM

(In the frontier case 7 = p/(2s + 1), we obtain the bound RP(1=28)26P|1og e|1+PF )

5.3.4. Proof of Lemma 5.7
We sort the ;s in the following way: for any j we denote

105,01 2 105,21 2
Then

inf B = inf 19 1P =N " 9L+D(5-1) 0 P
mEI/I\I/I(L) b(m) mel/r\l/l(L) Z w;|0jkl Z ? Z 10L+1,(h) |

(4,k)¢gm >0 k> [2L+HLA(D))
To bound the last term we use the following lemma.

Lemma 5.12. Ifa(l) > Zap 20, then for any 0 <r <pand any 0 <n < N — 1, we have

N N p/T
> oy < <Za§> (n+1)77/r,
i=1

k=n+1

Proof. Let a = A(nt1)- Then a < agy) forany j <n+ 1 andthen (n+ 1)a” < ZZ a; . Therefore,

N ZN o p/r=1 N
> A Z () k) < " Z Ay < < ,Z;llz> 2 ai

k=n-+1 k=n-+1 k=n-+1

inf {EHH HHZ(w) —|—pen(m)} <E|§0™ — 0|7 T (w) + pen(in) < RPA=29) (e /Tloge|) 27
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Using Lemma 5.12, we can write

inf < Q(L'H)(B_l) 2] % 2L+lA Dl+1 1-2
mEl.}\l/l(L g Z| L+, k| ( )J )
< ZQ(L+Z)(3_1) Z|9L+lk| V¥ 2L+12—zp/2(l+1>_3)1—§
1>0

< 2SS 1)

>0

Since 0 € B} (R), for all [

1/r p/r
(Z |9L+l,k|r> <R+ o (Z |0L+l,k|r> < RP2=(optE = AD,
k

k
Finally
inf  B,(m) < RP27PL Y 2(F -390 (1 4 1)3% 3 < CRP2PL,
Lt By(m) < > (+1)% <
1>0
The series converges because 2~ — 5 — s <0< 525 +1 <r.Lemma 5.7 is proved.

5.3.5. Proof of Proposition 5.10
We denote by 6 the estimator (™) First observe that

16— 017 () = DTN wilfin — OnlP = Ar+ Ay + A3,
J kEK;

with
Jo
R 1., — 0., |P — 1., —A.,|P - 1Q., —A.,|P
A= E E wjlbir — OjilP, Az = § E w;jlOjk — Ojl”  As:= E: E:wﬂwﬂﬂ Ojk|".
j>jo k€K j<ji1 keK; j=j1 k€K,
We bound each sum.

Since @-k =0 for j > jo,

A= Z Z wj|§jk—0jk|p: ij Z 165"

j>jo keEK; J>Jo keK;
Since r < p, we have 3, 0,57 < (32, |6;%7)"/" . Then, if 6 € B; (R)
A; < RP Z 2i(5-Do=ir(s+3-3) < RP Z 9—Ip(st5 %) < gpo—iops’
3>jo 3>jo
With the value of jj this gives
A1 < RO (el loge] 2.
Let us compute
=3 Y Wil — Ol =Y wi Y Vi — 0P = Y 2ETN e,
j<j1 k€EK; j<j1  keK; J<ji k
Then E[AQ] =¢P Zj<j1 2j1’/205 < £P2717/2 'With the value of j; this gives, since § < 1/2,

E[AQ] 5RP(1725)€2Pﬂ|10g€|pﬂfp/2 SRP(1725)€2pﬂ'
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We can split the last term in the following way:

Jo Jo jo
Ag= 0 > wilbie —OnlP = D0 D wilVik = 0P L, ez + Y Y wilbinl" Ly, 1<eys-

Jj=j1 k€K; Jj=j k j=j1 k

A31 A32

Let us bound the expectation of the term Asy:

Jjo Jo
E[As1] =Y > wiBYjk — 0L, ses= D> D> wigobly o /5
j=h & j=h &

Jjo
<Pl > > wilen/d) 10kl
Jj=j1 k

using that 1) |~ < (|0;x]/ev/7)". Now recall that 6 belongs to B;,  (R). Then

Jo Jo
E[A;ﬂ] < Uggp—r Z wjj—’r'/Q Z |9jk|7. < RTJng_T Z 2j(1)/2—1)j—7‘/22—j7'(s+%—%
J=i k J=i1

Jo
< RTEP_Tj;r/Q Z 2—jr(s+%—2% .
J=j1

In the sparse case, we have s + % — % < 0. Thus, with the definition of jg:
B Ag] S Rreb—rr 2o 4
28 1_p
< R'eP"|loge| /2 (R e log5|%) sreta=an),
Note that in the frontier case s + % — % = (, we obtain
E[Asn] S ReP"j; "% jo S R'eP " |log(e)| T2,
It remains to control the term Aso, which is deterministic. Since p —r > 0
Jo Jo
Azp = > wil0inlPlg, <es < DD wilbkl”(ev/7/163:)P "
Jj=j1 k Jj=jn k

Now recall that 6 belongs to B; . (R). Then

Jo Jo
Ay S Y S, Sl S R Y et

J=j1 k J=J1
In the sparse case, we have s + % — % < 0. Thus, with the definition of jg:

Az S Rrspfrj(()p_%)m?*j”r(ﬁ%7%) < R"eP|loge| T (R e log€|%)%3r(s+%7%).

But remember that

Then
E[As1 + Asz] S RV (e loge|?)277,
which concludes the proof for r < p/(2s + 1).
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In the frontier case s + % — % =0, we obtain
Az 5 Rrgp—rj(gp*r)ﬂjo 5 RTEp_rl log(&_)‘l-‘r(p—r)ﬂ
and then, using p — r = 2pg,
E [Agl + A32:| g Rp72p,8525p‘ 10g6|1+ﬁp.
5.4. Proofs of results of Section 4

This section is devoted to the proofs of results of Section 4 and in particular to the proof of Theorem 4.1. We first prove
the intermediate technical results stated in Section 4.

5.4.1. Proof of Proposition 4.2
In Section 4, we are faced with non-identically distributed variables. In this case, we use the following result, derived
from Theorem 2.3.

Lemma 5.13. Let p > 1. Assume that the £)’s are centered independent sub-Gaussian variables. We assume that there

exists a positive constant T such that for any X\ € L, ||&x||p, < 7. Then, for all A € T, (E|§>\|p)1/p < 2,/pt. Moreover,
denoting

Z = Z 6P, and oy :=2./pT

AET

we have
E(Z) < oD,
with D = card(T). Furthermore, for any x > 1, with probability larger than 1 — 2exp(—zx),
3 2 P
Sl < gopp+mpl Pt
AET

' s . ;
where k,, is a positive constant only depending on p and 7.

Proof of Lemma 5.13. Using Lemma 5.2 and our assumption on uniform subgaussianity, we have:

E(Z)=) E(l&") <Y 2vlélls,)” < (2ypr)’IZ] = oD,

AT el

Now we apply Theorem 2.3. Recall that by = || Xx [y, ,, With X\ = [§A]P — E[§)[P. Lemma 5.3 gives:

b1, =D IXANY,,, < D (Kapplléall,)? < (Ko 7?)|Z]
AET AET

so that [|b|,, < K/, 7P D/9. Theorem 2.3 gives that with probability larger than 1 — 2e~,
1Z = E(Z)| < dplblles VE+ dap Ve oy, 272
<dy Ky, ™"V Dz + d27pK2/p7'pD(1_p/2)+xp/2
< Cll,p’ /Da + Cé’pD(l—P/QHxP/?

with ¢; , = d; , K/, 7P. Recalling that E(Z) < o} D, we can obtain with probability larger than 1 — 2 exp(—z),
3 -z P
ZS§O’£D+H;D(1 2)+x57

with the same proof as the one of Corollary 2.4 replacing c; , by c;’p =d;pKo/pTP. Here

dy K
41) ki = Ch o, 4 €1 pmax(1,¢) ,/(200)) = Kyyp” {dg,p + d; , max (1, 2(21)\/;)/5)] .

The constants dy 5, d2 , and K/, are specified in Theorem 2.3 and depend only on p. O
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‘We now prove Proposition 4.2. Let us fix j > —1 and k£ € K;. Remember that

1 n
Eik = 7n ;m@jk(ti)

The ¢;1’s are centered sub-Gaussian random variables. Indeed, since the n;’s are i.i.d. centered sub-Gaussian random
variables, there exists a constant ¢ such that for any ¢ € R,

Elexp(tn;)] <exp(ct?), i=1,...,n

(see Proposition 2.5.2 of [47]) and

n 2 ]
Elexp(t&;1)] < exp (cth:i_lgpjk(m), teR.

n

n 2 .
It remains to prove that M is bounded by a constant independent of n and (7, k).
In the sequel, we assume that j > 0 so that ¢, = 1), Remember that the father and mother wavelets ¢ and 1) are
assumed to be supported by the compact interval [A, B]. Therefore, if 1,1 (t;) # 0 then

A< _p<B
n

and the size of the set of i’s such that ;5 (¢;) # 0 is not larger than n2~7 up to a constant only depending on 1. This
yields that

n 2 . . n .
3 Yi(ti) _ 27 3 g2 (23‘1 _ k)
- " "= "

is bounded by a constant only depending on ). The proof for the case j = —1 is similar. This shows that the £;;’s are
sub-Gaussian variables. Moreover, using property 4 of Proposition 2.5.2 of [47], this ensures the existence of a positive

constant 7 only depending on ¢, ¢ and ||7; ||, such that for all j > —1 and for all k € K, ||€;k]|y, < T.
We wish to apply Theorem 2.3. However, the &;;,’s are not independent. But, still assuming that j > 0, we have:

1 & 1 . )
§ik = N ;m%‘,k(h) =7 > w2220t — k),

iGMjk
where
Mj,={i: A<2t;—k<B}={i: 2t, - B<k<2t;— A}.

Finally, if £, ;, depends on (t;,7;), it means that ¢ € M. Now, we take k' > k + B — A. If i € Mjj, then k > 27t, — B,
which yields that &’ > 27¢; — A meaning that i & M. Therefore &, ;- does not depend on (¢;,7;). We conclude that if
k' >k+ B — Athen &, and ; i are independent. Now, we build a deterministic partition of Z;

Ij :IleJ"'UIjK,

where the sets Z;, are built so that if for some given ¢, if we take two distinct elements k and &’ of Zj,, then |k — k'| >
B — A. Therefore &; ;, and &; ;v are independent. In particular, we can take K, the size of the partition, of order B — A
and the size of Z;, is smaller than |Z;]|.

Now, we apply Lemma 5.13, with 7 = sup, |||y, Let z > 1. Forany 1 </ < K

3 1-Z P —z
P Sl > Sotim + miz (8 at | <20
kGIJ(
Then, with probability larger than 1 — 2Ke™"

K 3 K K (1 p)
S IERP=>" > 1l < §U§Z\Iﬂ|+%2\zje| T2 eat
=1 =1

kET; (=1keT,,
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5 ,,) K (1*
<zﬁu;+@K1“2+<Z}w> "
=1

. . 1-2 L
using the concavity of x +— x( 2 )+. This gives

3 _(1_2 _p
(42) Pl Y I&kl" > SoplT] + K < 2)+|Ij|(1 Dot | <ake.
keZ;
The proof for the case j = —1 is similar.

5.4.2. Proof of Lemma 4.3

Observe that, since ¢ and v are assumed to be C™*1 and compactly supported, then Corollary 5.5.2 of [9] ensures that
1) is orthogonal to polynomials of degree less than or equal to M. Therefore Assumption 1 of [10] is satisfied. We then
use the following result.

Proposition 5.14 (Proposition 2 of [10]). We assume that ¢ and ¢ are CM*' and that f € Bf ., (R), with 1/r < s <
M + 1. Then, ifp >,

H Z Oikpik — fH S RN H/rt/e),
(k) €AY b
where N is the cardinality of A(N).
Now we consider the three cases:

SIfr< 28’%, since s > 1/r,

P s_1.1
| > e | SRINTIETER S RP(log(e)le?) T
GR)EA® b

;1,1
s r+p

< R (Jlog(<)[%)
- If 5% <7 <p, the inequalities 577 <7 and s > 1/r imply s —1/r +1/p>s/(1 + 2s), so that
3 s—r+y 2ps
w | X buwen 1| SR (log(e)e?)" T s Rret
(j,k)eAN) Ly

- If » > p, we have, since functions are compactly supported, and using (43)

H > Ok — f‘ L S H > Ok — fH]L,,, S Remses.

(5,k) €A (4,k)EAN)

5.4.3. Proof of Lemma 4.4

In the sequel, we assume that ||g||Z>

< 0. Section 9.2 of [9] shows that for 1 < p < 0o

Bg,p/@
1
(44) gel, «— { >y \<g7@jk>|2¢?k(')] TeL,
jZ—lkeKj
(45) — [Z > |<g,<pjk>|22j1[2fjk,2*f(k+1>](')]5 €L,
J>—1keK,;

Case 1 < p < 2. We use (44). Since || - ||¢, < | - |

Cpo

[ X Hown[*eh] = 32 3 lgwan) el

i>—1keK; i>—1keK;

P
2
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and

P
2

LPN/ > o e[ e@)]

g dr< 303 Jgonl” [ lente)ds
j>—1keK; j>—1keK;
S D PEN Y g o] =gl <o
j>—1 keK,

This shows that ||g||L, < [lgllge . < oo

p,PA2
Case p > 2. We use (45). We recall the generalized Minkowski inequality: Let (X, A, 1) and (Y, B, ) be two o-finite
measure spaces, and F' a measurable function. Then, for any ¢ € [1, +00),

(/ ([ 1Faalavw) ds ) < [ (] 1P yrau) o)

We apply this inequality with p the Lebesgue measure and v the counting measure. We take ¢ = p/2 and F =
2 .
Ykex, 14905k | 2 1 2=512-5 (k1)) We have

wls
3

\|9||H%p S (/( Z Z |<ga@jk>|22j1[2*1k,2*j(k+1)]($)> d:c)
j>—1keK;

3

( > \<9’<ij>\22j1[2fkyzj(km](”f))?dx)
j> 1

keK;

2

Z </ Z (- 5m)] 2j21[2 ik2-3 (k1)) ) Z (Z ’<97¢jk>‘p2j(§_l)>
7= i>—

keEK; keK;

RS

< Y 226y (Z (g, k) ) =gl , < oo
i>-1

keEK;

This shows that ||g||L, < ||g||30 , <00
Case p = 1. Finally, we deal w1th the case p = 1. We have HngAZ

9= ZjZ—l ZkeKj (9, pjk) @ik

ol = [| X 3 wonten@lass 33 o] [ lon@las

= ZjZ—l 279/2 ZkeKj ‘<g,90jk>| and, with

J>_1keK; j>—1k€EK;
S Z 2—j/2 Z ‘<g,§0jk>| = ||g||B(1)71 < 00.
i1 keK;

This shows that ||g[|r, < [lglso , < oo.

5.4.4. End of the proof of Theorem 4.1
The proof of Theorem 4.1 uses the following lemma which is a consequence of Proposition 2 of [10] and the assumption
[ € B} (R). Tt uses that logy(n) is an integer.

Lemma 5.15. If f belongs to the Besov set B}, . (R), then we have

(46) Z |9jk|r < CRTZ_jT(S+1/2_1/T),
k’EKj

for C a constant only depending on ¢, 1, s and r.
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Now, when p < 2, the proof of Theorem 4.1 follows from (32) combined with Proposition 4.2, Theorem 3.2, Lem-
mas 5.15 and 4.3 and Inequality (33).
When p > 2, Inequality (33) does not hold, but Inequality (34) shows that we only have to bound

P
2

ST

J
(47) Z (E[2j(§—1) Z |é\;?)_ajk’p}>

j=-—1 kEK;

to conclude. Remember that m = arg min,,, ¢ v Crit,, (m) with

Crit,, (m) = — Z wx|Yx|P + pen(m)
AEM

and pen(m) has the form pen(m) = 2¢? Z;}:_l w;Pj(m;) (see (22)). This can be rewritten
Crit,, Z 27(5_1){ Z [Yji|? — 2eP P;(m;) |,
j=—1 keK;

so that 7 is the union of disjoint sets 7 obtained by maximizing

m; — Crit;(m;) : Z |Yji|P — 2eP Pj(m;).
keEK;

Let m; be some model in M ;. We obtain directly from Proposition 2.1, for any model m;,
185, = 05115 < M, |87 = 0,15 + 2|2V, ;) — pen(ii;) | - 2[2V; (m;) — pen(m;)|.

which means

Do 10k —0n]" <M, D @7nj)—9jk|p+45p[ D l&l” = Pi(iy }—48 [ > ll” = Pi( ma)}

kEK; kEK; ke kem;
With Z(m;)=>" kem, |€;%|P, mimicking the proof of Theorem 2.8, by taking ¢ large enough,

J

2 2
> <2ﬂ§7U > EUQM‘*%kV])p > (Zﬂgfn > E [/Tm” @kf]*“gQﬂg*UIEORﬂ)p
j=—1 keK; j>—1 keK;

2 J 2
+ (log N)' v g2 Z (23(371 Z e Ima‘)p +0(e?).
Jj= m; EM;
m;#0
We have

21(5-1) Z |§,(€mj)—9jk|p=2j 5D Z Vi — Jk|p+2j - Z 0 — 6k |”

keK; kem; k¢m;

=:Vp(m;) + By(my),
with
(48) By(m;):=2/G"D N " 10, P and  V,(my):=e” »_ 2BV [g, P,
k¢m; kem;

This gives E[V,(m;)] < Ep0'52j(g71)|mj| and

J

A(m) = Z (27( -1 Z [A(mj) ejk’p} +€p2j(%_1)Pj(mJ’)>

=1 kEK;

LN
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3

J
<3 (Bp(mj) +ePr29(3 D m,| + ep2ﬂ'<%—1>Pj(mj))

J J

J 2
DI ACHEDS (spang%*l)\mﬂ)i + 3 (r2EVP(my))

j=-1 j=—1 j=-1

SN

=: By(m) + V,(m) + P,(m).
Then we have to control for each collection M (Homogeneous, Intermediate, Sparse) the terms Ep(m), X~/p(m), ﬁp(m)
for m € M, as well as
J
RM) = (log )52 3 (2570 30 o)

j=-1 mjEM;
m;#0

SN

Thus, the proof is similar to that of Theorem 3.2, but with the sum in j in a different position, i.e. terms of type > j %j are
replaced by (3~ z?/p)p/2.
¢ In the Homogeneous case, recall that a model m = U;-szlmj belongs to M if for some L < J

Vj<L,m;={j}xKj, Vi > L, mj=0.

Then we can prove that V,(m) < e22%, B,(m) < R2272L5 for 0 e B; . (R) and P,(m) < £22E. Moreover R(M) <

(log N')'~ &2, This allows us to conclude.
e We now deal with the Intermediate case (257% < r < p). For this case, we slightly modify the previous collection of

models: we still have M = Ui:o M(L) and m belongs to M(L) if

oA if —1<j<L-1
P Y mpp ALy ifl=j—L>0with |mg| = [2FTEA(D)

but this time A (1) := 2~%/2(1 +1)~3P/2. We follow Section 5.3.2 step by step, keeping ign mind that p >2and b= £ — 1.
We have R(M) = (logN)17%62(T1 +T5) with Th = Z;-I:q [ij|mj\(_b)+e_K‘mj|} " < oo and

J J 2
<) {wbwj(L)eij(Hlog (2<"L“’/2<J'L+1>“’”))} !
L=0j=L
J J—-L 2
<> [2<L+l>b|ML+l(L)|e—K2L2“(l+1>‘”"’”(Hleg (2’”2<l+1>3"/2))] ’
L=0 =0

with log | M (L)| < C2E27(] 4 1)~P for j > L. Then, for K large enough

l

3
%

a

2
P

M&

T [2(L+l)bexp ((c — Kplog(2)/2)2F2 (1 + 1)—1’)}
L=0 =0
J  lmax 9
<3N 220 p exp (7(0 — Kplog(2)/2)2Latmaxb (.. + 1)—P)
L=01=0 p
J  lmax 9 J _
<30 220 o (7(0 — Kplog(2)/2)(lmax + 1)p/2) <Y 22 exp(~K L) < o0
p
L=01=0 L=0
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where we have used that 222~ tmaxb (1, .+ 1)73P/2 ~ 1 and Lyax ~ L/b. Thus R(M) < (log N)'~#£2. We now deal
with V,(m): for any m € M(L),

J

V,(m) = Z (5p052j(%’1)|mj\>

ST

j=—1
2 2
S €2O_z Z (2](}7/2—1)2_7) P Z ( L+l) 1)2L2—l(p/2—1)(l + 1)—31)/2) P S 522[/.
j<L 1>0
For the study of B, (m), we follow the proof of Lemma 5.7 mutatis mutandis:
2
inf B — (Q(LH)(ﬂ*l) 0 p)”
i) o) =2 ’ > 1wl
120 k> |25+ A(D) ]
2
<3 (2EED (Y 10l F (12 AW) + 1)1 F)
1>0 k
2
<Z( (L+1)( Z|9L+lk| )%( 1(771)(l+1)73p/2)17§)p
1>0 k
2 1 P p %
< (256-B)7 3 (2 0E @4 1) FED( (S loraalry )"
>0

Since 6 € BS (R), forall I: (3, 0r11.x|" )P/T < Rpo—(sp+E-)(L+D)  Finally

inf  B,(m) < R22L0-H $T 9l =12 (4 )33 1= (2s+1-2)(L+)
mel/r\l/l(L) () < ; ( )

< R22—23L222l(%—%—s)(l+ 1)3($—1) 5R22—23L
>0

since the series converges because 2~ — 5 — s <0 < <r.

25+1

2/p
It remains to control Pp(m) = Z}]:_1 (51’2] P; (m])) with P; given through (22). We have

»_ 1,3
Pj(m;) < (2qlog N)2 1(§o§|mj| + KoTm,)

so that, for any m € M(L),

3

ﬁp(m)§€2(logN)1§[Z (2ﬂ>|mj|> +> (21b2(1+b)L2 G —L+1)" ((]—L+1)+log(g—L+1))>’%]
j<L j>L

2
e2(log N)'~% [2L +283 1+ 1) (1+ 14 log(1+ 1)) ] <e(log N) w2l
>0

‘We conclude

inf A(m) <inf inf B,(m)+ sup V,(m) + sup P,(m
it A(m) <in {mem) S+ swp T+ sup Py

< inf R22*28L+52(1ogN)1—%2L}

< 2 4s 2s(p—2)
< RT+3s e T+2s 10g€\ p(1+2s) ,
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by taking L such that

2l x (e7'R) T 1og5\7%.

e In the Sparse case, Remark 5.8 gives R(M) < (log N )1_%52 and Remark 5.11 provides

sup (Bp(m) + \Zj(m)) < R?1720)|10g g2 4P,
0B (R)

Finally, following the outlines of the end of Section 5.3.3, we can prove

ﬁp(m) < (Rp(1—26)€25p| log6|p6) 2/p )

In the frontier case, » = p/(2s + 1), we obtain

sup (Ep(m) + Vp(m)) + ]Sp(m) < R21=28)|1oge?AH1 4P,
0€B: . (R)

This ends the proof.
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