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Abstract

This paper addresses the problem of model selection in the sequence model Y = 6+
€& when £ is sub-Gaussian for non-euclidian loss-functions. In this model, the Penalized
Comparison to Overfitting procedure is studied for the weighted £,,-loss, p > 1. Several
oracle inequalities are derived from concentration inequalities for sub-Weibull variables.
Using judicious collections of models and penalty terms, minimax rates of convergence
are stated for Besov bodies B} .. These results are applied to the functional model of
nonparametric regression.
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1 Introduction

The problem of selecting a model from among several candidates is essential in statistics
and machine learning, as well as in many application fields. In the most general sense, the



aim of model selection is to construct data-driven criteria for selecting a model m from
a given collection M. In other words, if one observes some random variable & (which
can be typically a random vector of size n) with unknown distribution depending on some
quantity f (the target) belonging to a set S, a flexible approach to estimate f is to consider

some collection of preliminary estimators ( fm)m e and then try to design some genuine

data-driven procedure m € M to produce a new estimator fm. Considering some loss
function ¢, we measure the quality of each estimator f,,, through the quantity ¢ ( 1, fm) and
mathematical results on estimator selection are formulated in terms of upper bounds on
l ( 1, fm) that allow to measure how far this quantity is from what is usually called the oracle

risk inf,,cp E £ [( 1, fm)] These comparison inequalities are called oracle inequalities. The

quadratic loss ¢ ( 1, fm) = H - fm}|2 is a standard choice, but of course other losses are
considered in the literature.

Actually, in the classical model selection framework, developed and popularized by
Birgé and Massart [BMO1], [BMO07], [Mas07], the list of estimators and the loss function are
intimately related in the sense that they derive from the same contrast function (also called
empirical Tisk in the machine learning literature). More precisely, a contrast function L,
is a function on the set S depending on the observation £ in such a way that

g€S—EI[Ly,(g)]

achieves a minimum at point f. Given some collection of subsets (Sm)mem of S, called
models in the sequel, for every m € M, some estimator f,,, of f is obtained by minimizing
L, over S,, (]?m is called minimum contrast estimator or empirical risk minimizer). In
the case where £ = (&,...,&,), an empirical criterion L,, can be defined as an empirical
mean

Lu(g) = PalL (9] =~ " L(g.6).
=1

which justifies the terminology of empirical risk. Empirical risk minimization includes
maximum likelihood and least squares estimation. The penalized empirical risk selection
procedure consists in considering some proper penalty function pen: M — R and taking
m minimizing

Lo () + pen(m) (1)

over M. We can then define the selected model Sz and the corresponding selected estimator
J?m. Penalized criteria have been proposed in the early seventies by Akaike or Schwarz
(see |[Aka73] and [Sch78]) for penalized maximum log-likelihood in the density estimation
framework and Mallows for penalized least squares regression (see [Mal73]). In both cases
the penalty functions are proportional to the number of parameters D,, of the corresponding
model Sy,. In such settings, the performance of model selection estimators can be studied



for the “natural” (non negative) loss function ¢ attached to L,, through the simple definition

t(f,9) = ElLn(9)] - E[Ln(f)], g€S. (2)

This approach has been successfully applied in many settings: density estimation or Poisson
intensity estimation where ¢ is the Kullback-Leibler divergence or the ILo-loss, nonparamet-
ric regression for the Lo-loss, binary classification for the 0-1 loss or the Gaussian white
noise model still for the La-loss. See [Mas07] and references therein. Although it is not
derived from an empirical contrast, we mention the model selection work associated with
the Hellinger distance [Bir86], [Bar1l]. This explains why, although successfully applied in
many settings, model selection procedures have only been defined and analyzed for very
specific loss functions. In particular, non-Euclidian loss functions, as L,-losses, have rarely
been considered for model selection procedures. It is not the case for other classical non-
parametric estimation procedures.

Although the use of Ly-loss in nonparametric statistics goes back at least to [BHT79,
THS0, [Sto82], an important advance was made by [Nem85|] who established optimal rates of
convergence in the problem of multivariate nonparametric regression for LL,-loss and func-
tions belonging to L,-Sobolev classes with possibly p # ¢. Some years later, fundamental
works have been made by Oleg Lepski, who proposed the so-called famous Lepski-method
for selecting a bandwidth of a kernel estimator. In [Lep91], he studied adaptive estimation
under L,-loss, 1 < p < oo over the collection of Hélder classes. Then [LMS97] introduced
a local bandwidth selection scheme to give kernel estimates which achieve optimal rates of
convergence over Besov classes in the Gaussian white noise model, the anisotropic multi-
variate case being examined by [KLP0I]. Then [GLOS8] developed a powerful methodology
for selecting a bandwidth of a kernel estimate, which works in a multitude of contexts
and allows to establish oracle inequalities and to derive optimal rates of convergence: see
[GL11], [GL13], [GL14]. Nevertheless, the implementation of this method needs two steps
of minimization, each requiring a thorough calibration. Note that the estimation under the
L;-loss for bandwidth-selected kernel estimators has been investigated in [DL96], and the
L,-aggregation of estimators has been studied by [Gol09].

In a very different spirit, another very popular method for adaptive estimation of func-
tions is wavelet thresholding. In a series of papers, Donoho, Johnstone, Kerkyacharian
and Picard have shown the power of wavelet thresholding for L,-estimation over the scale
of Besov classes: see [DJKP95], [DJKP96],[DJKPI7|, [DJ98]. Refinements have been pro-
posed in [Jud97], [KPT96], [HKP99], [JS05], to name but a few. It must be noted that these
thresholding methods generally suffer from logarithmic losses in the rates of convergence.
We refer the reader to the book by [HKPT98] which details the construction of wavelet
bases, their use in statistical estimation, LL,-minimax results as well as computational as-
pects. Johnstone’s recent book [Johl9] addresses nonparametric function estimation by
carefully studying the infinite Gaussian sequence model, with many results and thoughts
about wavelet thresholding and adaptive minimaxity over ellipsoids.



We finally mention the forthcoming manuscript [ACE25] which considers Bayesian non-
parametric concentration rates of procedures based on Heavy-tailed and Horseshoe priors
for /,-norms in the Gaussian white noise model.

The main goal of this paper is then to answer the following natural question: Is it
possible to design a model selection procedure in the same spirit as in , and in particular
resulting from one minimization step, so that it achieves optimal theoretical performances
for non-Euclidian losses? In particular, we have in mind that classical model selection proce-
dures are able to achieve optimal oracle properties and sharp minimax rates of convergence
on classical functional spaces for Euclidian losses. We tackle this issue by considering the
classical infinite sequence model and study a specific model selection procedure, called PCO,
for weighted ¢)-loss functions, with 1 < p < oco. As explained by [Joh19] (see his Preface
and Section 1.5), the Gaussian sequence model ”captures many of the conceptual issues
associated with non-parametric estimation”.

1.1 The PCO estimation procedure for the sub-Gaussian sequence model

For A a countable set, we consider the following classical sequence model:
Y, =0, + €&, A €A (3)

In this model, the noise level ¢ is assumed to be smaller than a constant, say 1, and € — 0
defines the asymptotic setting of our study. The £)’s are i.i.d. centered variables, satisfying
the sub-Gaussian property, i.e.

P&y > 1) <2772 t>0. (4)

The previous definition refers, for instance, to Proposition 2.5.2 of [Verl§| with scale pa-
rameter K, = \/i; note that fixing K; = V2 is not a restriction since, in our setting, we
can replace the noise level € with Kje without loss of generality.

We aim at estimating the sequence § = (6))xca by using a finite number of observations,
say (Y\)yeav) where AN denotes the first N elements of A. The integer N may increase as
€ decreases, so we actually face with a nonparametric problem. To connect our setting with
nonparametric regression, we may have in mind that N oc e=2 (see [DJKP95], [Jud97, [KP00]
and Sections and [4]) but, unless specified, our results hold for any N.

For each m a subset of AY)| called model in the sequel, we set

0" = (Klprem)) sen-

In particular, gf\m) =0 for A ¢ AN). For 1 < p < 0o, and w = (w))rep a sequence of non
negative weights, we denote £,(w) the weighted ¢,-norm on RA:

1917, () = ZUJ,\WAI”, ¥ € RA. (5)
AEA



In Model , we consider the risk associated with this weighted £,-norm. We assume in
the sequel that [|€]]s, ) < oo.

Given a collection of models M C P(AN)), we wish to select 712 € M in the best possible
way. For this purpose, as explained previously, we rely on the PCO criterion introduced by
[LMRI17, VLMR23]. The heuristic of this approach is to build the goodness of fit criterion
by using the estimator which has the smallest bias among the collection (™),,c . In our
setting, it means that we have to consider e (see ) Then, adding as usual in the

nonparametric setting a penalty term, we set

~ . alm) _ a(AM)yp
m aizgen;/lln {H@ 0 ng(w) + pen(m)}

and estimate 6 by

=0,
The idea of this methodology is to use \|§<m> — g™ H?p(w) as a preliminary estimator of the

bias of 8™). The role of pen(Am) is then twofold: adjusting this preliminary step and taking
into account the variance of ™). The estimator 6 will be called the Penalized Comparison
to Qverfitting (abbreviated as PCO) in the sequel. This terminology is justified by the
overfitting properties of oA - of course, setting for m € M,

Crit(m) = — > wx|Ya|” + pen(m),
AeEm

we obtain
m = arg min Crit(m).
meM

The heuristic of this approach is then different from the classical approach based on the
contrast function. However, observe that if we take p = 2, the criterion function Crit
corresponds to the one used in regression for various famous criteria such as Mallows’s C),
[Mal73], AIC [Aka73] or BIC [Sch78] for instance. Two remarks are in order: Unlike Lepski
type procedures, the derivation of the PCO estimate 0 involves only one minimization step,
so its computational cost is much lower. Furthermore, if we take pen(m) of the form

pen(m) = Z wyt?, (6)
AeEm

for some t > 0, we have:
m={Ae AN vy >t}

and the PCO estimate corresponds to the thresholding estimate with threshold ¢:

T Yy x 1{|y |>t} A€ A(N),
%_{ 0 AgAM,



Results of Sections and 4] show that we have to refine the definition of pen(m) given
in @ to obtain optimal results. This is described in the next subsection.

1.2 Contributions

As observed before, Lespki-type procedures achieve optimal properties in many settings
but their computational cost is prohibitive. The main contributions of this paper consist
in showing that under a convenient choice of pen(m), the PCO estimate, which is based
on the simple ¢,(w)-criterion Crit and whose computational cost is reasonable, is able to
achieve optimal results in oracle and minimax settings for any value of p € [1, +00).

We first prove in Theorem that 0 satisfies a very general oracle inequality whatever
the expression of the penalty term pen(m). For this purpose, we analyse the behavior
of bias and variance terms of any estimate 9(m). This first result shows how to choose
pen(m), so that we obtain a more specific oracle inequality established in Theorem [2.5
As usual, these results depend on sharp concentration inequalities and our results rely on
Theorem involving sharp concentration of terms of the form »,_7 |{x|P around their
mean. The sharp tail bound involves the sum of two terms: a quadratic one, proportional
to y/x, which is classical, and a second one proportional to 2P/2. This last term is linear
for p = 2 but it raises many technical difficulties otherwise in particular for p > 2. This
result then reveals an elbow phenomenon depending on whether p is larger than 2 or not.
We take into account this elbow to propose a more refined function pen(m) for the case
p > 2 in Theorem This result allows to deal with very large collections of models M
when p > 2, which is crucial for the minimax setting.

Minimax rates of convergence for the estimate 6 are first derived when weights are
constant and sequences 6 have tails with a polynomial decreasing. We then consider the
classical class of Besov bodies B ,,(R) and study rates for any r > 1 and any s > 1/r for
the £,(w)-risk. We prove in Theoremthat for p < 2, 0 is optimal under a suitable choice
of the penalty function. For p > 2, 6 is also optimal if » > p and if » < p/(2s + 1). For
the case p > 2 and p/(2s + 1) < r < p, the upper bound differs from the lower bound by
a logarithmic term. To deal with the case r < p, we need to consider very large collection
of models, in particular if » < p/(2s + 1). The last contribution of our paper consists in
extending these last results to the functional framework. In Section [d] we consider the
nonparametric regression model

XiZf(L)-FJ% 1<i<n,

(see Model ) and propose a PCO estimate of the function f based on wavelet rep-
resentations. The generalization of results of Theorem [3.2] allows to obtain Theorem
that provides rates of our procedure on functional Besov spaces for the standard functional



L,-loss and to discuss optimality. The conclusions are similar to those of the sequential
case. We also present the main steps of the methodology to derive functional minimax
rates, which represents an interest per se.

1.3 Plan of the paper and notation

The paper is organized as follows. Section [2]is devoted to oracle results and the statement
of concentration inequalities used in this paper. Section [3| presents the minimax rates of
convergence achieved by the PCO estimator. Section [] is devoted to the nonparametric
regression model. Finally, Section [5] presents the proofs of the results.

For any set A we denote by |A| the cardinal of A, and P(A) the set of its subsets. The
notation N is the set of non-negative integers: N = {O, 1,2,---}. We denote by u. < v
when there exists 0 < A < oo such that u. < Av, for all ¢ > 0. When u. < v. and ve < ue
we write u. &~ v.. Remember that, for 1 < p < oo, ¢,(w) denotes the weighted ¢,-norm,
defined in . When weights w) are all equal to 1, we use the classical notation ¢, instead
of £p(w). In the sequel, for short, we set || - ||, = || - ||l¢,(w)- The functional norm on the
Banach space L, (R) will be denoted by || - ||,

2 Oracle approach and concentration inequalities

Given any p > 1, the goal of this section is to provide some optimality results in the oracle
setting for the £, (w)-risk in Model . In particular, in the sequel, except in Theorem
(for the first point), we assume that the £\’s are i.i.d. centered sub-Gaussian variables.
Along this section, we denote

oq = (E[&I7)", 1<g< o

We first derive in subsequent Theorem [2.1|a very general result which holds for any penalty
function. Actually, by highlighting the key role of sums of the form ), .7 [\[P, Theorem
allows to determine the ideal choice for the penalty pen(m). Concentrations of such sums
around their mean are precisely studied in Theorem and Corollary This allows to
refine Theorem and sharp oracle inequalities are established in Theorems and

Before stating these results, we first observe that for any model m, we can easily compute
the distance of the estimator #™ with respect to 6 for the norm ¢,(w). Indeed, we have
for m ¢ AN):

100 — 0]|p = > " waYa — 0P+ > wy |0 — 0,7
rem A¢m

= ‘/P(m) + Bp(m)?



with
By(m):= > wxl0al? and Vj(m):=e" ) wylél”. (7)
AEA\m Aem
In the last decomposition, By(m) (resp. Vp(m)) can be viewed as an £,(w)-bias term (resp.
an £,(w)-variance term). We now study 6 = 0™ in the oracle setting.

2.1 A general oracle inequality

Recall that § = (™) with

glm) _ M\ ILpaem})rea, M= arglz\l/iln {— Z wy|YaP + pen(m)} .
me AEM

We obtain the following general oracle inequality for any p € [1, +00).
Theorem 2.1. If p > 1, for any arbitrary m € M, we have for any o € (0,2):

16— 61 < My 8™ — 0112 + 2 [(1+ @)Wy () — pen(@)] — = [(1+ )Vy(m) ~ pen(m)],

where My, o depends only on p and «. In particular, with o = 1, we obtain:
10— 0l < M, 6 — o112 + 2[2V, () — pen()| - 2[2V; (m) — pen(m)|,  (8)

where M, = M, is given in Equation (see the proof).
If p =1, the previous inequalities are true by replacing % by ﬁ in the right hand side of
the first inequality.

The proof of Theorem is provided in Section [5.1.2

Remark 2.2. The value of My, is rather intricate (see the proof of Theorem and the
best choice for a depends on p. Nevertheless, we numerically observe that M, 1 is not far
from the minimum of the function o — M, o, and is even optimal for p =1 and p = 2.
This is why we focus on the case o = 1 and state Inequality .

In view of the first result of Theorem optimality of the estimate 6 will be achieved
among all estimates (é\(m))me m if we are able to find pen(m) such that for a constant
a € (0,2), pen(m) is close to (1 + a)V,(m) for all m € M. Note that V,(m) is not
observable. Therefore, we need concentration inequalities to find the suitable expression
of pen(m) that is involved in our procedure. Since Vj(m) = P ., wx|{xr[P, we need to
study sums of |£,|P where the £,’s are independent sub-Gaussian variables.



2.2 Concentration inequalities

Let Z C A. We denote D = card(Z) and

z:=3 lal.

AeT

Using, for r > 0, the Orlicz norm of a random variable X, defined by
| X|ly, = inf {n>0: Elexp((|X|/n)")] < 2},

we set by = [ [6a” ~ Eleal?]

. We have the following result.

2/p

Theorem 2.3. Let p > 1. Assume that the £)’s are centered independent sub-Gaussian
variables. There exist positive constants di, and daj, only depending on p such that, for
any x > 0,

P(|Z2 —E(Z)| > dip

be\/E + d27p||b‘|el/(l—p/2)+ xp/Z) <27
Moreover, if the £)’s are also identically distributed, then, for any x > 0,
P(1Z ~ E[Z)| = e1,,V D + 2, D7/ 7/?) < 267,

where c1,, and cap only depend on p and ||€x ||y, -

Note that for the Gaussian i.i.d. case, when p = 1, the Cirelson-Ibragimov-Sudakov
inequality gives c11 = V2 and c21 = 0 (see Theorem 3.4 in [Mas07]). When p = 2, we
retrieve the well-known inequality for chi-squared variables and c12 = c22 = 2 works: see
Lemma 1 of [LMO0Q]. This also matches with the Hanson-Wright inequality with identity
matrix or Bernstein inequality for sub-exponential variables, see e.g. [Verl§].

In the general case p > 1, the result ensues from concentration theorems for sub-Weibull
variables. Indeed, if we denote X = |£;|P — E|£)\|P, we observe that the sub-Gaussianity
property of &y entails that X has a Weibull behavior:

P(Xy| = ) < Cexp(—ct?/?),

for C' a constant. Such a variable, with bounded Orlicz norm with function e*” —1, is called
a sub-Weibull variable. Note that the Weibull parameter here is r = 2/p < 2. Now our
theorem directly follows from recent Theorem 1 of [ZW22], or Theorem 3.1 of [KC22| (see
also their Equation (3.6)), both giving explicit formulas for d; ), and dg . In the i.i.d case,
all by’s are equal and bounded by [[|{x[P[[y,,, = [[€x |y, up to a universal constant.
Observe that Theorem [2.3] can also be deduced from older results, like moment bounds
of [GK95] for the case » > 1. In particular, their corollary shows that our bound cannot



be improved when p < 2. For r < 1, Theorem 6.2 of [HMSO97] gives a two-sided moments
inequality that leads to our tail result. Their bound cannot be improved meaning that
if the &)\’s are Gaussian, the upper bound is achieved up to a constant. Same optimality
considerations are raised by [KC22].

From Theorem we obtain the following corollary.

Corollary 2.4. Let p > 1. Assume that the £)’s are i.i.d. centered sub-Gaussian variables.
For any x > 1, with probability larger than 1 — 2 exp(—x),

_p
2

1 3 _p
totD — DB eat < S < Sopp 4w, 07 E et 9)
AET
where K, = cap + c1pmax(1,c1,/(205)) is a positive constant only depending on p and o,
and [|Ex ]|, -
Proof. We obviously have E[Z] = Dob. If p > 2, we use 2V Dz < 0D + 6~ 'z with
0 = ob /c1p, and the inequality z < P2 If p < 2 and = < D, we use the same bound for

vV Dz with the same 6, and this time z < DYP/22P/2_ Finally, if p < 2 and 2 > D, we
directly write v Dz < D55, O

Note that Corollary [2.4/holds by replacing 1/2 (resp. 3/2) in (9) by (1—¢) (resp. (1+¢€))
for € arbitrary small (with , depending on €).

2.3 Refined oracle inequalities

In this section, we apply the general oracle inequality of Theorem with @ = 1 (see
Remark and use sharp concentration inequalities of Corollary to derive suitable
penalties.

Typically, weights wy may not depend on A or may be constant on some slices (see

subsequent sections). Therefore, we consider the following partition of A(V):
AN = A, (10)
JjedJ

so that wy is constant for any A € A; with wy = w;. For ease of notation, we omit the
dependence of the Aj’s and J on N. We also assume that w; # w; if j # j'. Therefore,
up to some permutation of elements of 7, the partition is unique. Then, given ,
we consider for any model m € M

mj:mﬂAj, 1€ J,

and we set

Mj={mj: meM}, jeJ.

10



In view of Inequality and Corollary we take

pen(m) := 2eP Z w;p;(m;), (11)
JjeT

with, for some xp,; > 1,

3 (r—2)4
pj(m;) = fﬁ!mj\ + kp27 2

g () 2f, (12)

Observe that: )

pi(m;) = { Sop|my| + fiplmjll_f:v%j if p <2,

Y Sobim;| + ﬁp2g71x?nj if p>2.

The factor z,,;, depending on my;, will be specified later. But note that, mimicking the
computations of Section the thresholding rule corresponds to the case where p;(m;) is
proportional to [m;|, which is obtained for instance by taking x,,; proportional to |m;| when
p < 2 and in this case the threshold is proportional to the noise level € as expected. However,
subsequent results show that the resulting estimate is suboptimal in some situations by at
least a logarithmic factor. When p = 2, pen(m) corresponds to the penalty extensively
used to derive oracle inequalities for model selection procedures on Hilbert spaces. See,
for instance, oracle inequalities established in Theorems 4.2, 4.5 and 4.18 of [Mas07]. The
extension of these results to the case p # 2 is provided by the following theorem.

Theorem 2.5. Let p > 1. We consider the estimate 9 = 0™ gssociated with the penalty
defined in and p;(mj) given in (12)). Then

E[Hé— eug} <M, inf {E[H?ﬂm - 9||g;} n pen(m)} + MyePR(M) (13)

with

RM=%w 3 | =8 emms (14)

JjeET ijMj,mJ'7é®
and Mp and Mp are two constants only depending on p and op.
The proof of Theorem is provided in Section [5.1.3

Remark 2.6. Theorem remains true if we replace the equality in by the inequality:

pen(m) > 2e? Z w;p;j(my).
JET

11



Now let us discuss the choice of the factors z;,;. We fix them in order 0 to be optimal
in the oracle setting, meaning that

E{g—Hi”}< inf E{g(m)—Gp] 15
NOW, observe that for alny model m,

E[67 — 0]l5] = By(m) + Y E[Vp(my)] = 3 walbal? +Pok > wylm,|
jeg Ag¢m jeg

and pen(nﬁcan be compared to the second term of the right hand side. In particular,

Theorem [2.5shows that 6 is optimal as soon as we have
(-5, .2 < 2/ max(2,p) ;
|m| Ty S Myl = 1wy S myl P forall jeJ (16)
and
R(M) < 0. (17)

More precisely, under and , we obtain:
E[W - Hllﬁ] S migAE[HaW) . gug] +er,

which corresponds to up to the residual term eP. Therefore, we wish to fix the factors
T SO that Conditions and are satisfied. Condition means that the factors
cannot be too large. But the condition R(M) < oo holds only if M is not too large or
factors are large enough. In particular, to have , we need:

S e < oo (18)

m]'EMj,mj'iw

(see (14)). Given d > 1, consider situations where the number of models of size d is
exponential in d, say exp(cd) for ¢ > 0. When p < 2, we can choose T, satisfying
and such that holds by taking

Ty, = Clmy|  or  xp,,; = clog(|m;l)
with ¢ large enough. But, when p > 2, if is verified, we have, for ¢, a positive constant,

D;
S gl e > S expled — ead??),

12



with D; = max, e, (|m;]) (assumed to be larger than 1). The right hand side becomes
very large when D; is large, which occurs when the model collection is large. Therefore,
the optimality of 0 for the case p > 2 requires a modification of the penalty to deal with
large collections of models. Since the elbow occurs at the value p = 2, we use p;(m;) with
the value p = 2 and we introduce

3
p7 (m;) = 5031”%'\ + 2T, - (19)

We obtain the following theorem.

Theorem 2.7. Let ¢ > 1 andp > 2. Let m € M. For j € J and m; € M;, we take
T, 21 and we consider the estimate 6 = 0™ associated with the penalty

pen(m) := 2eP Z w; min (pj (mj), (2qlog N)g_lp;#(mj)), (20)
JjeT
where p;j(m;) and p}#(mj) are defined in and respectively. Then
E[1I0-0l) < M, int {E[I0" = 0l15] + pen(m) }+ 1, (N'=70ll5+e"R¥ (M), (21)
with Mp (resp. Mp,q) a constant only depending on p (resp. p, o, and q) and
R#(M) = NO9/23 " ) + (log N) 5T R(M),
AEA

where R(M) is defined in ([14).

The proof of Theorem is provided in Section Unfortunately, the use of pj# (mj)

p_
2

requires to add the multiplicative logarithmic term (2¢log N)2~! which vanishes only if

p=2.

If log N is of order of |log(e)|, by taking ¢ large enough, the residuable term of the oracle
inequality is the same as in up to the logarithmic term |log(¢)|2 . Two scenarios are
then of interest.

1. If we can take x,, satisfying such that R(M) < oo, we use

pen(m) < 2e” " w;p;(m;)
JjeJ

and Theorem [2.7] gives:

E[10 - 015] < inf B[00l ] + <l tos(e) £

13



2. If we can take &,,; ~ |m;| such that R(M) < oo, we use

b__ p__
pen(m) < [log(e)|2 1P > " w;p? (m;) < |log(e)|2 e? Y~ wylmy|
JjeJ jeJ

and Theorem [2.7] gives:

B[17 - 015] < Nlog(@)5~" it E[17 —0]] + < log(2))5

The first scenario provides optimality of ] up to the residual term £P| log(a)\%_l. An addi-
tional logarithmic factor |log(e)|2 " is required for the main term for the second scenario.
In each case, the condition R(M) < oo, depending on the chosen collection M is crucial.
In the next section devoted to the minimax setting, M will be specified in order to study
optimality of 6 under different regularity conditions for 6.

3 Minimax approach

The goal of this section is to prove the optimality of our procedure. For this purpose, we
consider the minimax setting. Two cases are considered. In next Section we illustrate
our results on a simple situation, namely the case of constant weights and sequences 6
whose tails have a polynomial decreasing. Then, in Section[3.2] we investigate the minimax
rates of convergence of our procedure on Besov bodies.

3.1 Case of constant weights

In this section, we assume that weights w) do not depend on A and without loss of generality,
we assume:

wy=1, MN€A.

We study minimax rates of convergence of our procedure when tails of § have a polynomial
decreasing. Therefore, assuming without loss of generality that A is the set of positive
integers denoted N*, we introduce for s > 0 and R > 0, the set B;(R) defined by

1/p
s ,_ _ . S p
By (R) := {19 = (V) renv, sup k ( E U] ) < R}.

A>k

This functional class, allowing for an easy control of the bias term, is natural in our setting.
In the sequel, 0 is assumed to belong to Bj(R). Now, we take:

M:{{l,...,k}, 1§k§N}
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and we apply Theorem [2.5| by plugging the value z,,, = alog(|m|) (and zy = 0) in pen(m)
with @ > 1+ (1 — %) e In this case, since for each value d € N* there is only one model
m € M with cardinal d, we obtain:

J
RM) =3 w Dyl Heemm
1

Jj= ijMj,mj;ﬁ@

+oo »
< Zd(175)+e*“1°g(d) < 0.
d=1

In the previous inequality, we have used that J = {1} and A; = AW therefore, m; =m
for any j and any m € M. Theorem [2.5] gives

E[|6 - 0l15] < 0, it {E[18) — 6]15] + pen(m) } + e R(M).
Since
E| 19 = 8l15] = By(m) +E[V,(m)

we have
pen(m) < ef[m| S E[V,(m)]

and we finally obtain:

E|I9 - ollp] < M, it E[[6 o).

p m
for ]f\\/[/; a constant only depending on p. For a model m = {1,..., k},
E[Vp(m)] = obke? and By(m)=>_|6;".
>k
We obtain:

~ 25
sup E{HG - 9\\2} < inf {Rpk_Sp + spkz} < RTtps ¢ Thps
0€BS (R) 1<k<N

as soon as N > RPe™P. In particular, when p = 2, we obtain the bound

~ 2 4s
sup E[He - 9||§} < RTINS,
0EBS(R)

In particular, the rate in the right hand side is the optimal minimax rate on the class B5(R),
see [Riv04].
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3.2 Case of non-constant weights and minimax rates on Besov bodies
3.2.1 Setting

In this section, we wish to consider minimax rates on the very general class of Besov bodies.
The latter is naturally associated with the wavelet framework. Therefore, we naturally
adapt previous notations to this framework and, without loss of generality, we can rewrite
the setting of Section by assuming that

A= {ihx K}, Kj={keN: 0<k<2}.

Such adaptations are also justified by the extensions of subsequent results to the regression
framework studied in Section 4| For any j > 0, we have |K;| = 2/ and |K_;| = 1 since
K_; = {0}. Now, our statistical model writes:

In the sequel, we shall assume that the sequence 6 = (0;%)(jx)ea belongs to a Besov ball
with smoothness s defined, as usual, by

1/r
B (R) =<9 = (Jk)(jken € R* bUP 27(s ( Z |19;k|r> <R
jz= kEK;
for0<s<oo,1<r<oo 0<R<ooand
H(R) = B3 oo (R) = {19 eR: sup 2j(s+%)|19jk| < R} .
j>—1,keK;

The sequence 6 will be estimated by using the first N observations Yj;, with N = 27+ for
some J > 0. It means that

AN =[] A, Aj:{{j}XKj}'

—1<5<J

We still denote for any sequence ¢ in R,

“+oo +oo
195 = > D winldswl” = D>~ wi > 1l (23)
j=—1keK; j=-1 keK;
but we assume that the weights satisfy
Wik = Wj = Qj(%il), (], k) € A. (24)
Such weights are naturally justified by the subsequent regression framework and strong
relationships between the sequence norm || - ||, and the classical functional L,-norm. See
Section [l
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3.2.2 Lower bounds

In this section, we still consider Model but we assume that the §;;’s are i.i.d. standard
Gaussian variables. The lower bound for the £, (w)-risk is known for s > 1/r, see Theorems 7
and 9 of [DJKP95] (by taking, using their notation, (o, p, q) = (s,r,00), (¢’,p',¢") = (0,p,p)
and C = R).

Theorem 3.1. Assume that s > 1/r and e=2 < N. Then, for € small enough, we have:

2ps
RTH1 g2:41 ifr> ofs
—~ P _2ps_ _Ps_ 1 q . p
inf  sup IE{HG _ 9”2} > ¢ d R¥¥1 241 |log(e)| 24T if r =55
9 0eBs o (R) p2 p(s—F+3)
12 1 2 .
R¥+1-% (2| log(e)]) 2+1-7  ifr< 5

where the infimum is taken over all estimators, i.e. measurable functions of (ij)(j,k)el\
and c is a positive constant depending on p, v and s.

The lower bounds reveal several zones according to the sign of » — p/(2s + 1). The
case r < p/(2s + 1) will be called the sparse case. The dense case r > p/(2s + 1) can
be decomposed into two cases: the case r > p and the case p/(2s + 1) < r < p referred
respectively as the homogeneous and intermediate cases. Finally the case r = p/(2s + 1)
will be called the frontier case. We refer to the zones for the upper bounds.

3.2.3 Upper bounds

Our aim is to obtain the rate of convergence on the class B; . (R) of our estimator for
some well-chosen collection of models. Our collection of models is the union of three sub-
collections M, M! and M?, each of them being the most suitable for homogenous (H),
intermediate (I) and sparse and frontier cases (5). For each sub-collection, we use a penalty
(see and (20)) with corresponding factor $TH,LJ,, a:;’nj and a:%j (see below). The selection
of the sub-collection and associated penalty is performed by our procedure automatically.
We denote
m=J M°x{a}
ac{H,I,S}

with M® defined as follows (recall that m = U_i<j<ym;):

e strategy a = H: m € M if there exists L € {0,...,J} such that
| A i —1<5 <,
forall -1<j<J, mj= '
0 if j>1L
and xﬁj = Blog|m;| (log0 = 0);
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e strategy a = I: m € M if there exists L € {0,...,J} such that
A, if —1<j<L-1

forall =1 < j <J, m; =
e {mLHCALH if1=j— L>0with [mpy| = [25+2#/2(1 4 1)73],

and xﬂlj = K|m;| (1 + log (QJ)> with K a constant only depending on p (see the

Im;|
proof);
e strategy a = S: m € M5 (full collection) if

forall =1 <5 < J, mj:{j}xE, EGP(KJ‘),

and 27, = (p + 1)|m;lj.
For (m,a) € M, having in mind Theorems and denote
pen(m,a) = pen”(m) = 20 g by ) Lp=?

’ P 2eP Z}‘szl w; min (pj(mj, a), (2qlog N)g_lp}#(mj, a)) ifp>2

with ¢ =p+ 1 and

3 (p—2) 4 1-2 P
pj(mj,a) = p?(mj)ziaﬁfijﬁpQ 2 |mj’( 2)+<$?nj)2’
3
i (mj.a) = pfa(mj)ziaglmj!%fzx?nj-

We consider (m,a) which minimizes over all (m,a) € 9 the criterion

= 5" wn Yol + pen(m,a).
Aem
It can also be defined by minimizing over a the quantity — 3, . wx|Y)|[P + pen®(m®)
where m® minimizes over M the quantity — >, ., wx|YA|P + pen®(m). Finally our PCO
estimator is 6 = (70
Theorem 3.2. Assume that s > 1/r and R the radius of the Besov ball belongs to the

interval [e,671]. We take the number of observations N such that (%)2 <N (%)7, with
v > 2. Then

P 2ps
R2stig2s+1 if r>p
_p_ 2ps s(p=2)4 .
~ R7s+1 2541 | log(e)| 251 if obg <r<p

sup IE[HH - 9||p} <C b 2ps ps oy

0eB: (R) D R2s+1g2s+1 ’ 10g(€)|25+1 Zf r = %EH
o b2 pebtp)

R>+1=7 (e2[log(e)]) #+=7  if r <3y

for C a constant depending on p, op, s, v and 7.
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We remark that the radius R may decrease to 0 or increase to +oc when € — 0. The
lower bound R > ¢ allows to have N > 1. The upper bound R < 7! can be replaced
by any upper bound R < &%, with u > 0, so we have log(N) =~ |log(¢)|. Note that if
R € [Ro, R;] with known constants Ry and R; with 0 < Ry < R; < oo then we can choose
N not depending on R.

The proof of Theorem [3.2] is provided in Section [5.2] Theorem [3.2] shows that our
procedure achieves the optimal rate in the homogeneous case r > p, in the sparse case
7 < p/(2s+1) and in the frontier case r = p/(2s+1). In the intermediate case ;55 < r < p,
we have a logarithmic loss with exponent 5% (1— %)Jr which is non-zero if and only if p > 2.
When p < 2, the rate is optimal. To the best of our knowledge, all other adaptive methods
suffer from a logarithmic loss in at least one case, except the adaptive procedure proposed
in [Jud97] based on an involved combination of thresholding and Lepski-type procedures.
In particular, [DJKP95] have a logarithmic loss, both in homegeneous and intermediate
cases, with power 5.%. It is also the case in [LMS97] (for the study of the white noise
model) or [KLPO1] (for the study of the multivariate white noise model) or [GL14] (for the
study of the density model).

4 Nonparametric regression
In this section, we consider the following nonparametric regression model
X, = f(tz) + on;, 1<1<n, (25)

with 7; some i.i.d. centered sub-Gaussian variables modelling the noise and ¢ > 0 assumed
to be known. In the previous expression, f has support included into [0, 1] and the ¢;’s are
deterministic and equidistant : ¢; =i/n,i = 1,...,n. We assume in the sequel that log,(n)
is an integer. Our goal is to estimate the function f by using observations (X;)i=1,...n. The
risk of any estimate will be evaluated by using the L,-norm for some 1 < p < co. For this
purpose, we shall use results of Section and in particular the weights introduced
in Section [3.2.1]

In this setting, we consider a decomposition of the signal f, assumed to be squared-
integrable, on a wavelet basis. The expansion of f is then of the form:

+oo
=) ek + ) (i, (26)
P i=0 &

where ¢y, is the translation of a father wavelet ¢ and )i is the dilation and translation a
mother wavelet ¢: for any x, we have:

Sr(x) = gz — k), Wj(x) = 2722z — k).
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The expansion (26| can be of course rewritten as

+oo
f = Z Z <f’ Sojk>§0jkv (27)

j=—1 kJEKj

with for any (4,k), pjr = ;i if j > 0 and pj, = ¢y, if j = —1. Considering the specific
construction of Section 4 of [CDV93] to obtain an orthonormal basis of L.2[0, 1], we can
assume that the wavelets that generate the basis have a compact support which is then
included into the interval [A, B] for some 0 < A < B < oo and is M + 1 times weakly
differentiable, where M can be chosen by the practitioner. Finally, the construction of
[CDV93] shows that we can take

K;={0,1,2,...,27 =1}, j>0

and K_; = {0}.
Now, as in Section we consider AN of size N = 2711, for some J > 0, with

AN = | Ay Ajz{{j}ij}

—1<5<J

and we set for any (j,k) € AN,

1 ¢ 1o 1 ¢
Vi = > Xipjr(ti), O = - D Ft)eints), e = NG > nipju(ts).
=1 =1 =1

Setting

we have:
Y}k = 0]]{: + gé-jkv (]7 k) € A(N)a

where the {;;,’s are centered. We obtain the model of Section except that the ji’s
are not independent and not identically distributed. Furthermore, our target is f and not
0= (ejk)(j,k)eA(N>' However, we consider 6 the PCO estimate of Section (except that

me modify the strategy I by taking |mp| = [2LT27P/2(1 +1)73P/2] when p > 2) and we
set _ _
F= > O
(4,k)eA)
to estimate f. We study the upper bound of the L,-risk of fon the class of Besov spaces.
We refer the reader to Section 9.2 of [HKPT98| for the definition of Besov spaces in terms
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of modulus of continuity. In the sequel, we use the characterization of Besov spaces through
wavelet coefficients (see Corollary 9.1 of [HKPT98]): Under additional mild conditions on
the wavelet functions ¢ and ¢, for 1 < r,q < 0o and 0 < s < M + 1, a function g € L,
belongs to B; , if and only if

S guileti— (Z (g, )| ) < 0.

j>—1 kEK;

RS

When ¢ = oo, this condition becomes

SUP238+2;<Z| i) | ) < oo.

jz- kEK;

We shall use this sequential characterization to define the radius of a Besov ball, which
allows us to use the setting and notations of Section We obtain the following result.

Theorem 4.1. Let 1 < p,r < oo and s > 0 such that 1/r < s < M + 1. We recall that
€= ﬁ Assume that R, the radius of the Besov ball, belongs to an interval [Ry, R1], with

0 < Ry < R1 < +00. We take the resolution level N = 2711 such that e 2 < N < e,y >
2. Then, we have:

2ps

el+2s if r>p
s(p—2)4

T i gy <r<p
i =
p(@—*+ )

(€2|log(a)]) 25“‘% if r< 25’%

for C a constant depending on p, s, r, v, Ry, R1 and the wavelet functions ¢ and 1.

2ps
e1+2s | log

(e
sup E p C 2ps_
ol 17 = 112,] < 22 log(e >

Similarly to Theorem[3.2] Theorem shows the optimality of our estimation procedure
for the homogeneous case r > p, the frontier case r = 251-7%1’ the sparse case 1 < 505 +1 and
the intermediate case 555 < 7 < p when p < 2. We refer the reader to [Nem85] for
corresponding lower bounds, see also [DJ98] and Theorem 4 of [DJKP95]. When p > 2, for

the intermediate case 57 < 7 < p, we obtain the additional logarithmic term | log(5)|%
similarly to Theorem

To end this section, we give main arguments of the proof of Theorem @ The L,-risk
of fis deduced from the following control:

E[If - s, <2 |E||

Z (ajk ejk)SOJka

p
+ H Oikojk — fHL (28)
(j,k)EAN) ’

(,k)eAd)
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and the application of Theorem to bound the first term. However, several additional
technical arguments are needed and we have to tackle several problems:

1. Concentration inequalities on the {;;’s, which are now not i.i.d., were essential in
previous sections. So, the question is the following: Do the noise variables {;; have
sufficiently nice concentration properties to apply Theorem

2. How can we control the second term of the right hand side, which corresponds to an
approximation term?

3. Can we connect the first term of the right hand side of to the £,(w)-risk of 6?

To address the first issue, we establish in the next proposition, proved in Section that
the &; 1’s satisfy a result similar to the result of Corollary We use that the ;’s are i.i.d.
centered sub-Gaussian random variables.

Proposition 4.2. For any j and for any 1; C K;, we set
Zi= Y Il
kGIj

There exist positive constants c,, o, and K,;) only depending on p and the compactly father
and mother wavelets ¢ and v such that for any x > 1,

3 _p
P<ZJ 2 50p\ Ll + "”v§a|Ij|(1 2)+$§) < cpe” "
Regarding the approximation term, we can prove the following result (see Section
for the proof).
Lemma 4.3. Assume that f belongs to the Besov set By (R) with 1/r < s < M + 1. Let

Ojx = £ o1y F(t)ps(ts). Then, if N > qEe,

p RPeti if r>5h,
S e i <c deteh

Tost1-_2 .
Gk)EA™™) ’ RP(e*|log(e)]) >+ =7 if r<gh,

for C' a constant depending on ¢, ¥, s, r and p.

Finally, to address the third issue, we wish to compare the IL,-risk of f (or rather the first

terms of its decomposition) with the £, (w)-risk of 6 when weights are those of Section
(see (24)). We first state the following lemma whose proof can be found in Section
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Lemma 4.4. Let 1 < p < oco. For any function g, we have:

lgllr, < Cligllsg -

for C' a constant and with

pA2

loligg? = > POPED (Y [tg o) 7

j>—1 kEK;
Now, we naturally distinguish two cases.

- If 1 < p <2, using Lemma [£.4] we have:

H > (gjk*%)%‘k‘p ]
(jk)eA(Y) Be
J

< B[ 2G0T [0 — 0] <EIT- 01 (29)

j=—1 keK,;

JE[H > (gjk‘gjk)SDij;] S E
(4:k

JeA)

with the || - ||,-norm is defined in with weights defined in (24). Therefore, results
of Section can be applied.

- If 2 < p < o0, still using Lemma [£.4] we have:

E[H > @k—‘%k)@ijp] S E H

. ]LP
(J.k)EAM)

> (O - ejk)SOjk‘

: ]
BO
(j,k)eA)

J 5\ 5
S E < > 2j(17%)( > \ajk—9jk|p>p>
j=—1 keK;
2 2
J _ 212
o> <E[2j(51) S Jon —ejkv’}) SEY
j=—1 keK;

by using the generalized Minkowski inequality. Since we cannot insert the sum in
J before taking the power 2/p, the control of the Ly-risk by the ¢,(w)-one is not
immediate. This last issue is addressed in Section [5.3]

These arguments and technical complements of Section 5.3 allow to prove Theorem
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5 Proofs

5.1 Proofs of oracle results of Section [2|
5.1.1 Technical lemmas

Lemma 5.1. Let p > 1. Let K > 0 and a,b two reals such that |a| > K|b|. Then, for any
a >0,
lla + b — [a” — alb|’| < Cip(a, K)|al”

and
lla + bP — alal? —[bP| < Cop(a, K)lal?

where Cip(a, K) and Cop(a, K) are positive constants depending on p, o, K such that
limg 00 Crp(er, K) = 0.

Proof. : The case a = 0 is obvious, so we assume a # 0. Denoting x = b/a, it is sufficient
to study the function g, (z) = [1+ 2P — 1 —a|z|P on [-K !, K~1]. Since it is a continuous
function on a compact set, it is bounded and we denote by Cip(a, K) the maximum of |g,|
on [-K~1, K™1]. Moreover g,(0) = 0 so that limg_,o C1p(a, K) = 0. In the same way,
the continuous function |1 + z|? — a — |z|P is bounded on [-K !, K~1] and we denote by
Cop(a, K) its bound. O

Lemma 5.2. For any p > 1, for any a > 0, there exists C(a,p) such that for any x > 0
and y > 0,

(z+y)" < (1 +a)2” + Cla,p)y”.
We have, when o — 0,

C(a,p) ~ (p%l) o — +00.

Proof. We prove that

1
Cla,p) = L ~p1
(1 1+ a)*ﬁ)
by studying the function t — C'(a, p) + (1 + a)tP — (t + 1)P. O

5.1.2 Proof of Theorem [2.1]

Let us denote

Jm)= > wlblP+ D wa(alLf - YaP).

AeA\m AEAMN)N\m
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Setting

C1=¢€P Z wylér|P and Cy = Z wyx|YAlP,
AEAN) AeA(N)
we can write

J(m) = By(m) + a(C1 = Vy(m)) = (C2 = Y _ wrlYal?)

AEM

= (16" = 0]lp = (1 + a)Vy(m) + Y wa|YaP +aCy = Co.

AEM

But the definition of m gives

— > wy|YalP + pen(i) < — Y wy|YA[P + pen(m).
AEM Aem

Then, since C7 and Cy do not depend on m,
167 = 6][5 — (1+ )V, (i) — J () +pen() < [0 =012 — (14 ) Vp(m) — J (m) + pen(m).
Thus
1817 =611z < 181 —6llz-+ | (1) Vp () —pen(ii) | - | (1+a) Vp(m)—pen(m) |+ (i) T (m)
and it is sufficient to control J(m) — J(m). Let us denote

Sx = wx(|0A]P + agP[62]P — [YAIP)

so that, with m¢ = A\ m and m¢ = AN\ @,

J() = J(m)= > Syi— Y Si

Aeme AEmE
=< Z Sy + Z S)\>—< Z Sy + Z S)\>
Aemenm Aemenme AEMENME AEMENM
= > S- > S
AEMENM AEmeNm

Case p > 1. We first deal with the second term. We have:

- > Sv= ) w(nP- |9A|p—a5p|5A\p]
AEmeNm AEmeNm )
= Y wlor+eal - 16 - a6y
AeEmenNm )
[ (0%
< Y w|(1+3) RSP+ Ca/2 )0 — 163 - acleal]
Aemenm
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by using notations of Lemma [5.2} Finally,

- Y s< (1 - %) )é;%w,\|6§>\\p+ (C’(a/Q,p) - 1) 3" walfxfP

)\Gmcﬂﬁz AEmS
« ~
< (1= 5) V(@) + (Cla/2,p) = 1) By(m).
We now deal with the first term, namely >, e, Sx. Let K > 0.
1. We assume that |5| > Ke|¢,|. Then, applying Lemma [5.1] we have
13 = w027 + as?la]? = VAP
< Cipla, K)wy |05
< (1 - %)wﬂ@x\p,
choosing K = K, , large enough.
2. We assume that |y < K¢|€y|. Then
1S3l < wn|02° + acPlgal” — YAl
< Copla, K™ Hwy |e€n [P

using again Lemma with |e€y] > K10,

Finally,
Sy<(1-2 0,1P + C. K1 P
Z A= 2 Z w)\‘ )\| + 2p(aa p,a) Z ’U))\‘Ef/\’
Aemenm AEMC em
@ = -1
< (1 - g)Bp(m) + Copla, K1)V (m).
We obtain

J() = J(m) < (1= 5 )10 = 0]15 + (@, )10 — 0]
with C’(a, p) = max (C (§,p) — 1,Cgp(a,K];é)). Thus
ST =018 < (14" (0, ) [B—0][5+(1 + @) Vy () — pen(i)]—[(1 + a)Vy(m) — pen(m)]

and
2

o _gp < 2
6% -l < =

26
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Thus the result is proved with

M, = % (1 + max (C (%,p) - 1,02];(0(,[(1)_7&))) (31)

where K, o is such that Ci,(a, K, o) < 1 — /2 and where Cp, Cap, C(.,p) are defined in
Lemmas [5.1] and

Case p =1. In this case
Sx = wx(|0r] + aelér] — [Yal) > (a — 1)ewx|€)].
Note also that

Sx = wx (|05 + aelén] = |0x + €&1]) < wala+ 1)eléy].

Then, if a > 1,
J(m)—J(m) = Z S\ — Z Sy < Z S\ — Z S)\ZZS)\
reme AEMSC AeAY) AEME AEM
<Y (a+ Dwielén] < (a+ 10" — o[l
AEM
and then

10— 01 < 2+ )IA"™ — 8ll5 + (1 + @)V () — pen()| — [(1+ a)Vy(m) ~ pen(m)] .
Now, if 0 < a < 1,

J(m)—Jm)= > Si— > S,

AeEmenm AEMENM
< Y (et Dwelal+ Y. (1 - a)waelél
remenm Aemenm

< (a+ 1) = 01 + (1 - )0 — 0],
and then
allf = 015 < 2+ )| = 03 + [ (1 + ) V() — pen(i)| = |(1+a)Vp(m) — pen(m)].

Here My o = M o = max(2 + o, 1+ 2/a).
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5.1.3 Proof of Theorem 2.5

We only consider the case p > 1, the case p = 1 is similar.
Starting from Theorem 2.1 we have:

18— 0l < M, 60 — 0112 + 2|2V, () — pen(ii)| — 2[2V;(m) — pen(m)|
< M| — ] + 2pen(m) + 2[2V; () — pen(i) |

< M| — 0]+ 2pen(m) +4” 3wy Y- [ Z(my) — ps(my)]
Jj€ET ij./Vlj

where Z(m;) = Z)\emj |€x[P, and

. (l_g)+x177n/2.
J

3
pj(my) = glmjloy + ky
Note that [Z(0) — p;(0)]+ = [-p;(0)]+ = 0, so we have:

16— 6]|5 < M,||0™ — O||p + 2pen(m) + 4P Y "w; > [Z(mj) —p;(mj)| -

JET  myEM;m;#D
Taking the expectation yields
E[|§ — 0|2 < M,E[§"™ — 6|2 + 2pen(m) + 4¢P R,
with
R= ij Z E{Z(m]) p;(m; } ij Z / — pj(m;) > u)du.
JET  mjeM, JET  mjeM,

m; 70 m;#0

It remains to control the term R. For the next computation, we denote C; = ﬂp\mj|(1*p/ D,

(r—2)
Using the change of variable u = C;2 = vP/2| we have:

/OOOIP’(Z(mj) = pj(m;) > U>du
= [ 2(20m) - G| -
= [P (2m,) - Jopim;1 -

o0 -2)
§/ P(Z(mj) > ga;’!mﬂ + Cj(wm, +v)§> [C 2 +gvg_ } dv
0

(r—2)4 2
:Ufnj > u)du

(»-2) »-2)
xm >02p - %) [Cj2p +Zv§_1} dv
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2),

( —
since 273 (aP/? + bP/2) > (a + b)P/2. Corollary [2.4| gives

- o =)
/ IF’(Z(mj) —pj(m;) > u)du SQ/ o~ (@m+v) [CJQ P2y ]29”;27_1] "
0 0

<Cp)Cje ™ = Clp)glmy| 1P/,

for C(p) a constant only depending on p. Finally,

R < C(p)kyp Z w; Z | (1=P/2) s e ~%m
J€T  mieM;m;#D

5.1.4 Proof of Theorem 2.7

We only consider the case p > 1, the case p = 1 is similar.

We denote for ¢ > 1,
QN = [ {l&l< v2qlogN}.

AEAN)

Recall that we assume P(|¢y| > ) < 2e7%°/2 so we have P(Q(N, q)) > 1 — 2N'~4. Now,
E[I6 - 6l15] = E[10 — 0o g | + E[I8 - 65100v,0)¢]
First,

E [||§_ HH;?]IQ(N,q)C} = ]E[ > w>\|0>\|p]lQ(N,q)C} + ng[ > w/\|£>\|p]IQ(N,q)C}

A AR
<INV 4+ PVINUD208 S s,
AEA

Then, starting from Theorem we first have on Q(N, q), for any m € M,
16— 01 < M6 — 0]17 + 2|2V, () — pen(i@) | - 2(2V;(m) — pen(m)]
< M,||8"™ — 6|2 + 2pen(m) + 2 [2v,,(m) - pen<m)]

< M) — 0]+ 2pen(m) +4eP 3wy Y- [ Z(my) — Py(my)| .
JjeT m]-EM]-

where Z(m;) = Z)\emj |€x[P, and

P;(m;) = min (pjl- (m;); Pi(mj))
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with
D_
pi(m;) = pj(m;), pi(m;) = (2qlog N)5~'p¥ (m;).
Then, taking the expectation

E 116 - 051w .g | < ME| [0 — 0|20 | + 2pen(m) + 4" R

with

R=>"w; > E{(Z(mg‘)—Pj(mj))ﬂﬂ(N,q)]-

VISVA m;jEM;
m;#0

It remains to control the term R. We have:

R = Zw] Z / Z(m; ]lQ(Nq) min(pjl-(mj);p?(mj))]lg(]vvq)>u)du

JjET  mjeM;
m;#0D

<> W)

JjeT ijMj
m;#0

/OOO]P(Z(mj) - p}(mj) > u)du

+ /OOOIP’({Z(mj) —p3(my) > u} NQ(N, q))du] :
With the same computation as in the proof of Theorem we have
/ooo P<Z(mj) — pj(m;) > “)d“ <C(p)|my| 7P/ e,
On Q(N,q), for p > 2,

Z(my) —p2(my) = > &P — (2qlog N) &~ 'p¥ (m;)

)\Em]‘
_ v 1/3
< (V24108 N)"* 3 & - (2q108 N3~ (S0 my| + ram, )
AeEm;
< (2qlog N)® ( > 8- ( a3 |mj| +H2wm]))
Aem;

Therefore,

/OOO P<{Z(mj) —p2(m;) > u} NQ(N, q))du <(2qlog N)E-10(2)e i
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We obtain, for p > 2,

R < max (C(p); C(2)) Z wj Z [1 + (2qlog N)gfl} oMy
Jje€J  mjieM;
m;#0D
Finally, for Mpyq a constant only depending on p and ¢, we have:

E[116 - 0ll5] < ME[|6% — 8]l2] + 2pen(m) + M, (N9 6]l5 + " R(M)),

with
R(M) = NU-9/2 Z wy + (log N)2~! Z wj Z e M.
AEA JjeEJ  mieM;
m;#0

5.2 Proof of Theorem [3.2]
We first prove that ||6]|, < oo.

Lemma 5.3. Assume that 0 € B (R) with s > 1. Then, there exists C, only depending
on s, v and p, such that

lol, < CR?.

Proof. Let j > —1 be fixed. Assume first that p > r. Then

< > ij|p>l ( 3 |0jkr> < Ro-ilsts—1),

kEK; kEK;

Therefore,

9i(5-1) Z 101]P < RPoI(5—1-ps—5+3) < Rroi(=1-pst+3) < RP27I
kEKj

since s > % Now, assume that p < r. Holder’s inequality implies that

D10l < ( > |0jk‘r> 2i(1-%)

k'EKj k‘EK

and

5-1) Z 10,,|P < RP2I(E—1-Ps=5+7+1=%) < Rro—isp,
keK;

31



Finally, in both cases,

+oo
logz = S 2910 3" jg,pr < CR,

j=—1 kEK;
with C only depending on s, r and p. O

We distinguish the cases p < 2 and p > 2. When p < 2, we apply Theorem to the
collection 9t and penalty pen and we obtain

E[§™) — g|]p < M},( int {E||§<m> — 02+ pen(m, a)} +MEPR(ON). (32)
€

)

When p > 2, we apply Theorem to the collection 2 and penalty pen. This gives

NG AT . 2m - 1—
R[5 )—9||§§Mp(m1n)fem{]EH0( )—9H§+pen(m,a)}+Mp7q(N qH@Hg-ﬁ-apR#(fm)),

with R#(9) = N-0/257 _ wy + (log N) 5L R(9N).

Let us first analyse the remaining term N'~9||0||) 4+ P R#(90). In both cases observe
that

J
RO = w3 |yl Eee = RMY) + ROMY) + R(M).
j=-1 (mj7a)6/\/lj><{H,I,S}
m;7#0

We will prove in the following Sections |5.2.1} [5.2.2 , [5.2.3| that for each a € {H,I,S},
R(M?®) is bounded by a constant, except in the intermediate case for p < 2 where the
bound is log N up to a constant. Note that

J
Zw/\ = Z wjgj < 9Jp/2 < NP/2
) j=—1

and, using Lemma the remaining term is bounded as follows (for ¢ > p + 1):
N'g|p + P R#(9M) S N'ORP + N75eP + £P(log N) 5~ R(IM)

R 2(1-q) R 1+p—q
< <6> RP + <€> ? +eP(log N)2 ' R(IM)

R 2—2q+p R 1+p—q »
S <e) < <s) e? + eP(log N)z ' R(9M).
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Since R > ¢, taking ¢ = p + 1 allows to show that this term is negligible. Indeed, we have
that

P
2

_P
2ps R\ 2s+1
eP(logN)2 < RBTeHHT = (log N)& < (> )
€
which is true. Thus the remaining term is negligible compared to the faster rate given in
Theorem and a fortiori to the other rates.
Now, we consider the main term, i.e.

B VIO O penim, )} = min ) int, {BAD" 01+ pent ()}

In the following Sections (homogeneous case), |5.2.2| (intermediate case), [5.2.3| (sparse
and frontier cases), we bound for each a € {H,I,S} the quantities R(M?*) and we prove
that

vg(e)ifa=H and r > p
inf {IE||9 m _g|p+ pena(m)} <{ve)ifa=1Iand ;2 <7 <p

memMa 2s+1

vs(e) ifa= S and r < 555

where the v,(g)’s are the rates given in Theorem . This completes the proof. As each
subsection deals with a different case, from now we drop the upperscript a for ease of
notation.

5.2.1 Proof of Theorem homogeneous case
In this section we assume that » > p. Let us recall our sub-collection of models. A model
m:U}]:_lmjeM:MH if forsome 0< L <J

VJSL, m; = Aj:{j}XKj,

Vi>L, m; = 0.

Note that for any m € M,
L .
E[Vp(m)] = Pl Z wjlm;| = ePab Z w;2! < C(p,op)eP2lr/?,
i>—1 j=—1

with C(p, o)) a constant only depending on p and o, If 6 belongs to B; ,,(R) we can prove
that By(m) < RP271P5. Indeed the bias verifies

By(m)= Y wiltult= > 2/(5-1))g,, P.

(k) ¢gm J>LkeK;
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Since r > p, Holder’s inequality gives for any set F,

p/r
S 16417 < 1202/ (Z rw) .
keE k

When 6 € B; . (R), that yields 3, |07 < |E|0~P/DRr277i(+573) Then, if E = K;
with cardinal 27, it gives ZkeKj 10k ? < Rp2i(=ps+1-5) " and

By(m) =Y 27370 3" g fP < O(p, s)RP27P,
J>L keK;

with C(p, s) a constant only depending on p and s. For our PCO procedure we have chosen
Ty, = Klog |m;| (with log0 = 0 and K = p/2) so that

2eP Zj:_l w;p;j(m;) if p<2

H
pen (m) = pen(m) = ‘ . .
2¢P 37/ _j wjmin (pj(mj)7 (2qlog N)% 1pj*(mj)> ifp>2
with

3 (p—2) 4 1—P P
pi(my) = Sotlmyl + 25 ) U8 (5 hog )

and

3
pl (m;) = §0§|ij + koK log [mj|.

Thus, pj(m;) =01if j > L ; and for j < L:

(P—2)4 % P
2

3 . - (1—
pj(mj):§0£2]+/{p2 2 (23)(1 )+(Kjlog2)

< C(p, Up)2ja

with C(p,0p) a constant only depending on p and o,. Then

E[0" — 6|[p + pen(m) < E[Vy(m)] + By(m) + ¥ > w;C(p, )2

< gpolp/2 4 pro—Lps | .p Z 97 %
j=—1
< gpolv/2 4 ppo—Lps
which provides

2sp

régjfvt {E||§(m) =07+ pen(m)} < CR%¥1e2iT,
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for C' a constant, choosing L such that 2 ~ (R/e)?(5t1) (possible since 2/ = N/2 >
(R/£)?). Moreover, we compute

J
RM) = 3w > [yl Prem st

j=—1 ijMj,mﬁé@

J

SOECRI YRt
j=— m;eEM;

< 30 2i(30)il-8) ~K _ § oil(E) R o
j>—1 j>—1

as soon as K > (£ —1),.

5.2.2 Proof of Theorem 3.2 intermediate case

In this section, we assume that 23 7 < r < p. Let us now consider the following model,
inspired from [Mas07]: m belongs to M(L) if

A; if —1<j<L-1
m; =
/ mr4; C AL+l if { :j — L > 0 with ‘mL+l‘ = L2L+lA(l)J

with A(l) := 27%/2(1 4 1)73. At the end M = J7_, M(L).
Note that the cardinal |20 A(1)] is equal to 0 when 2/?/2-1 (1 4+ 1)3 > 2L Then if
p>2, mj =10 assoon as j > L + lyax, with lyax such that

oo ~lmax®/2=1) (1 4+ 1) & 1.

Therefore, Ly is of order L/(p/2 —1) when p > 2 and of order 25/3 if p = 2. When p < 2,
we only have [ < J — L.
To apply our model selection strategy, we set

o, = Kymjy< +log (‘ 2;)) (33)

with K large enough (see later). Observe that at each level j, we consider two types of
models. Either the model m; is the whole slice {j} x K}, or it is a strict subset of this slice
and in this case, it means that there exists L < j such that

my| = PG — L)) = (2270972 — L+ 1)72).
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Our choice of the factor z;,; automatically adapts to both types of models:

T, = K|my| for the first type,

T, ~ K |m| (1 —log A(j — L)) for the second type. (34)

In particular, for the first type @, = K 27 and for the second type T, is of the same order
as K'|mj| x (j — L).
As explained in Section we have to bound R(M), that is to show that the term

-2 — . .
Z;‘]:—1 wj ijeMj,mﬂé@ |m;| ! 2)+e “mj is bounded. In the sequel, for the sake of sim-

plicity, we set
p

b:.= 5~ 1.
Considering the two types of models, we have, with M;(L) = {mj :meE ./\/l(L)},
J J J
ROM) < 37 i) 0w 137 3 o M (L) ] el (s (20700 2G1010) ) g
j=—1 L=0j=—1
=11 +1T5

Since w; = 21(5-1) — 24b,

+o0 )
Ty < > 2920 KY <o,
j=—1

for K > 0. Furthermore,

J J
Ty < 3057 0y (L) (27) D Kl (1108 (20722 L41))
L=0j=L
J Ik Lo—1Ib 3( (1/2 3))
S Z Z 2(L+l)b+’ML+l(L)’e—K2 270 (141) 72 (1+log (2°P/2(1+1) )
L=0 1=0
For j > L, the complexity of the collection at level j = L + [ is
2L+l 62L+l
log |[M;(L)] < log< ) < |mpy|log ()
Imp ] Imp]
where we have used the bound log (;) < dlog (%) Then

log |M;(L)] < 2527%(1 4+ 1) log (62L+l [ 2L+ A(D) j‘l)

Lo—1b -3 ‘
27277(1+ 1) " log <2—lp/2(l +1)3 — 2—<L+”)

IN

A

c2k27 (1 +1)72,
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with C' a constant only depending on p. Then we have

J

J—L
Z Z 9(L+Db+ oxpy ((C — Kplog(2)/2)2k27(1 + 1)—2>.

L=0 =0
Here we distinguish two cases.

Case p > 2: Recall that, if ] > 0 and p > 2, mpy; = 0 if I > ljyax. Then we have, for K
large enough such that C' — Kplog(2)/2 < 0,

l

B

ax

T3

Mk.

9(LADb oxy ((c — Kplog(2)/2)2"27%(1 + 1)—2)
0

T

01

?

ax

M~

2040 exp (€ — Kplog(2)/2)2"27 % (e +1)72)
0

h
Il
<)
Il

?

ax

R

2L+ exp ((C — Kplog(2)/2)(lmax + 1))

“
I
o
o~
Il
o

We have used that
2botmadb((  + 1) P & 1

For p > 2, lyax = L/b, and for K constant large enough
J ~
Ty <) 2" exp(-KL)
L=0

with K as large as desired and T5 < .
For p =2, lihax =~ 2L/3, and for K constant large enough Th < co.

Case p < 2: The function [ — 27/P/2=1)(14-1)=2 is increasing except on a compact interval.
Therefore, for K constant large enough,

J J-L
<Y Y exp ((o ~ Kplog(2)/2)227%(1 + 1)—2)
L=0 =0
J J-L
<Y ) exp(—K'2") < J = logy(N/2),
L=0 =0

with K’ a positive constant. Finally, we have proved that that R(M) is bounded by log N
up to a constant. It means that in ([32)), the last term M,eP R(9) is bounded by £”|log(e)],
which is negligible when compared to the rate.
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It remains to bound inf,,,c pq {E||§(m) — 0|5+ pen(m)} , with pen(m) = 2e? 3 w;p;(m;)
and, with a slight abuse of notation,

3 5P m. -z 5 o<
p;(m;) = 20p|my\+p’€_pl|”?\2 2Tm; Tfp_2
(2qlog N)2~" (305|m;| + Kawm;) ifp>2

where ¢ = p + 1. Since M = |J7_, M(L), we can write

inf {E|6™ -0 Pipen(m) ¢ < inf sup E[V,(m)]+ inf B,(m)+ sup pen(m
Jnt {BIP bl +penm)} <int§ sup EW(m))+ inf By(m)+ sup pen(m)

(35)
Let us study the three terms in the right hand side. Since w; = 21(P/2-1) " we have for any

m € M(L),

E[V,(m)] < ePob Z 2i(p/2-1)97 | Z o(L+)(5—1)9Lo— /2= 4 1)73
j<L >0
< 5”05 <2Lp/2 + QL(p/2*1+1)> < 5PU£2LP/2
Therefore

sup E[V,(m)] S Epa£2Lp/2.
meM(L)

Moreover we can prove the following lemma (see Section [5.2.4)

Lemma 5.4. If 0 € B} (R) and <r

23+1

inf B < RpPo—spL,
meljl\lA(L) p(m) S

For the last term sup,,¢caq(z) pen(m), we distinguish two cases.
case p > 2: We have
p_q1,3
p;(m;) < (2qlog N)2 ™" (So3lm;| + Katm,)

and Z;.le w;p;j(m;) is bounded by (up to a constant):

(log N)E1 | D" 29 my| + Y 2002040 Eo=ib(j — [+ 1)73((j — L+ 1) +log(j — L + 1))
Jj<L j>L

< (log N)z~12le/2,
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Finally equation provides in the case p > 2

: gm) _ gyp < poLp/2 po—spL | _p E—19Lp/2
ngg/f\4 {EHG 0Hp+pen(m)} S 11£f {5 2 + RP2 +eP(log N)2772 }

1

N
Using that log(N) < |log(e)|, and considering an L such that 2% ~ <R25*2\ log(e)] 571) .

(possible since 27 > R2c72), we obtain

inf {Ellé(m) - 0|15 + pen(m)} < R (2| log(e) ’pr)T‘fH'

meM

case p < 2: We have

I

pj(m;) =5

We just have to deal with the following term:

1-2
o2lmy |+ rplmy| (8 h

J
P
S wjtms) (8 wh < 37 0 myl + 3wyl (G — L+ 1) +log(j — L+ 1))”?
Jj=1 j<L j>L

< 2b0/2 4 Y ooy _ [ 1) ((j— L+ 1) +log(j — L+ 1)
j>L
< 2Lp/2’

since 3 — p/2 > 1. Finally equation provides in the case p < 2

inf 8" — g|P + pen(m)} < inf {cPale/2 - gro—spL 4 cpolw/2) < pafimcaift,
meM p ~ L ~

5.2.3 Proof of Theorem sparse and frontier case

In this section we assume that r < 555
p>r(2s+1)=p>2+r>2).
Recall that our model collection is defined by M; = {{j} x E, E € P(Kj)} for any
j = —1. For this collection we choose x,,;, = K|m;|j with K =p+1> 2+ (§ —1)log(2).
As required in Section let us bound R(M) = S27_ wj ijeM]?mﬂé@ e “™mi. We can

j=—1
write

5. Since s > 1/r, it only occurs when p > 2 (since

J 27
LI S D M
j=—1 d:lijMj,|mj|=d
2]

= Z wj anrd{m] € M;,|m;| = dye 59U,

Jj=—1 d=1
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Now we use that

og (2) < d log (2 d
< — < ]
i) <aren(3)) <20

RM) < Z w]ZeZdJe Kdj < Z 2] ie(Qde
d=1

to state

]_—1 d=1 j=—1
2 K)] J 2+ 1)1 ) )
og( J
< Z wﬂl o2—K)j ~ Z € < .
j=—1 j=—1

The following remark will be useful in Section [5.3.4

Remark 5.5. We also have:

5 2/p J oi 2/p
D Sl P S e Ol ) S Sl
j=—1 m;EM ,m;#0 Jj=-1 d=1m;eM;,Im;|=d
J » N 2/p
< Z(e(2+(§—1)log(2)—K)j> < 00
j=—1

It remains to control the term inf,,e {EH@\(m) — 0|5+ pen(m)}. Taking inspiration
from the various works of Donoho, Johnstone, Kerkyacharian and Picard, we now define

{j} x K; if j <1
iy = {3} % {k € Ky 100] > /i) i <5 <o
0 if 5 > jo

where j; = ji1(g) and jo = jo(e) are defined by

21 (R_15|log5|%)4ﬂ_2, 200 (R_15|loge\%)_25/5/

with L ,
sf=s5—=+-, i
r P s 2s+1— =
so that )
b
J— - = :2
p—r+ ,r<s+2 2r) ]
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Observe that, since p > 2 and s > 1/r,
. (1,
0 < B < min (5,5).
Moreover, since Re~1 > 1,
270 & (R—lg)—25/s’ _ (R€—1)2ﬁ/s’ < (Rg_1)2 < NJ2 = 97

Then, the model i = Ujm; belongs to M (even if m depends on ). It satisfies the
following property, proved in Section [5.2.5

Proposition 5.6. Assume that r < p/(2s + 1). There exists a positive constant C (de-
pending on s,r,p) such that

sup E\\@W — 0[P < CRPU=28)|1og e|PP 2B
0eB; o (R)

Moreover, if r = p/(2s + 1),

sup  E[|0") — g||p < CRPI=29)|log [P+ 205,
0eB; o (R)

The following remark will be useful in Section [5.3.4

Remark 5.7. We also have, for r < p/(2s+ 1),

sup Z(?J’(Q‘I)ZEM@(W%)MW) < CRY 7| log e £,
0eBs o (R) 3

and for r = p/(2s + 1), the right hand side is replaced by CR>(1=20)|1og ¢|26+1 48,

Let us now bound, for m = m, the term

J
pen(m) = 25" Y w;min (p;(m,). (2g1og N)§~'p¥ (m;))

j=—1
with
{pj(mj) = 3oblm| + rp2" 7 (Kjlm;)%
p! (m;) = 303|m;| + KoK jlml.

Note that for j > jo, |m;| = 0 so that pen(m) < 2eP(2qlog N)5 ;:O:_lepf(mj). For

J < j1, |mj| =27 so that, since |log(R™e)| < 2|loge],

-1 -1 -1
P Z wj‘pf(m]-) < e Z wj|mlj < e? Z j2IP/2 < gponp/25 < RP(1=28) 20p| |og g [PA—P/241
j=—1 j=—1 j=—1
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Then, since log(N) < |log(e)|,

(log N)5~'e? 3 wyp () < RPI-292297| log < PP,

For ji < j < jo, we write || = > pc i, Ljg, 5ey0 thus

Jo Jo
N T wilmgli =Y wid > Mg sevs

=i j=h  kek,

To control this term we use the same method and bounds as used for term Ag; in the proof
of Proposition This gives

P

— . 1
oS il R e

J=j1
< RTEIH"\loge|1*"/2(R*15|loga]%)if%(”%*%)
< RP- 2p6|log6| /7‘(8+*—27) 2ppB
Then, with log(N) < |log(e)],
logN —l.p Z w]p ) < RP%P 2ﬂp‘1og5|2 t+Er(s+3-£) < Rp(1—25)52ﬂp|10g5|p5_

J=ij

(In the frontier case r = p/(2s + 1), we obtain the bound

(logN —lep ijp] () < RP(1=20) 226D |og g|P/2-142-7/2,
J=i

) Finally, reminding Proposition we obtain
in/fvz {EH@KW) = 0P + pen(m)} < E||§™ — 0P + pen(m) S RPUI=2) (21 /]loge])2PP.
me
(In the frontier case r = p/(2s + 1), we obtain the bound RP(1=28)£20P|1og ¢|1+P5))

5.2.4 Proof of Lemma [5.4]

We sort the 6;;’s in the following way: for any j we denote

105, = 105,21 =+ >
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Then

i - i 0GP — L+ (2-1
melj\l/{(L) Bp(m) = mel,/r\l/{(L) Z w]|0_]k‘p — Z 2( )(2 ) Z |0L+l,(k) ’p'
(4,k)¢m >0 E>[2LHAQ)]

To bound the last term we use the following lemma.

Lemma 5.8. Ifaq) > -+ > a(y) =0, then for any 0 <r <p and any 0 <n < N — 1, we

have
N N p/r
> = (L) iy

k=n+1

Proof. Let a = a(u41). Then a < a;) for any j < n+ 1 and then (n + 1)a” < >, af
Therefore,

N N N ZN p/r=1 N
Z a](o Z a 0 a(k < aP " Z afyy < <n"+111> Za?.
i=1

k=n+1 k=n+1 k=n+1

Using Lemma we can write

inf  By( 2(E+D(5 NE(2FTAD)] + )T
iy o) < 0)+1)
< Zz (L+1)( Z 0p0]7) % (2027 /2(1 + 1)—3)1*2
>0
< LB Y oS B (202 (g 4 1) 3y F
>0 k

Since 0 € B} (R), for all |

1/7” p/T‘
(Z ’9L+l,k|r) < R~ (s+3 =)L+ (Z\Gmlkl ) < RPo—(sp+E-2)(L+D)
!

k

Finally

inf  By(m) < RP2-PLN T 9lp(zi—3-9)(1 4 1373 < CRP2SPL,
nt Byl > @+1)

i p _1_ _P i
The series converges because 5. — 5 — s <0< 577 <. Lemma is proved.
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5.2.5 Proof of Proposition
We denote by 0 the estimator #™). First observe that

16 =01 =">" > wilbk — Ol” = A1 + Az + As,

j keK;
with
R R Jo
A1 = Z Z wj|0jk — ij|”, AQ = Z Z ijjk — ij\p Ag = Z Z w]'|(9jk — ij|p.
j>j() kEKj j<j1 kJEKJ‘ ]:jl k‘eKj

We bound each sum.

Since 61 = 0 for j > jo,

Ar=3" will = 0l = > wi D (05l

Jj>jo k€K J>jo  kEK;
Since r < p, we have >, |0;1|P < (O, ]6jk|r)p/r. Then, if 0 € B . (R)

<RP Z 9i(5—1)g=ip(s+3-7) < Rp Z o—ip(st+3—7) < Rp—iops’
J>Jo J>jo

With the value of jy this gives
A1 < RO (el log e|2)7,

Let us compute

SN Wil — 0l =D w D Ve — P =2 Y 2002 Z|§k|p

J<j1 keK; i<j1 keK; i<Jj1

Then E[Ag] =P E 231”/2 b < eP271P/2 With the value of j; this gives, since § < 1/2,
E[A4;] < RPU=28) 208 og ¢ |PA—P/2 < RP(1=25) 295

We can split the last term in the following way:

Jo
Ay = 3wyl — 0l

j=j1 kEK;
Jo Jo

— V., —f..|P g, |P

= DD wilVik = Ol Lgseys T D D wilbinl g, <ev
Jj=ih k Jj=n k

Azl Asz
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Let us bound the expectation of the term Agy:

E|[As]

using that ]1|9 wl>evG S (|‘9sz|/5\[)

Jo
D 2 Bk = 0l ig,, 5eis

Jj=j1 k

Jjo
PP ,
> D wiEt ol e s

Jj=j1 k

elob Z Zw] 5\[ )" 105k]"

Now recall that 6 belongs to B}

J=i1

(R). Then

E[As] < obeP” Tij r/2 Zw k|
J=i
< R'olel Z 2j(1)/2—1)j—r/22—j7’(5+%—%)
J=Jj1
Jo
5 Rr€p_rj;r/2 Z 2—jr(s+%—% .
J=i
In the sparse case, we have s + 5 — 5, < 0. Thus, with the definition of jo:
E[Az] S R&j ”/22 Jor(s+3—2)
i _p
< R |loge| (R el logel? ) raiCas a2l

Note that in the frontier case s + s —

E[Agl] S RTEP_le_

27“

£ =0, we obtain

"jo S BT |log(e) .

It remains to control the term Aso, which is deterministic. Since p —r > 0

Z Z%I@k\ Lig,1<evs

Aszo

IN

J=i1

Z Z%!@m\p 5\[/|09k’

J=j1
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Now recall that 6 belongs to B ,,(R). Then

Jo
Agg S PGP0 0l

J=i k
Jo
< Rrgpfrjép_r)/Q Z ijr(er%*%)'
J=i1
In the sparse case, we have s + % — 2% < 0. Thus, with the definition of jy:

Aso RTEP*Tjép—T)/Qijor(er%—2%)

S
S

But remember that

Then )
E[As; + Asp] S RP?PP(e]loge|2)*7,

which concludes the proof for r < p/(2s + 1).

In the frontier case s + % — & =0, we obtain

Asg f, Rrgpfrjép—r)ﬂjo S Rrgpfr‘log(€)|l+(pfr)/2

and then, using p — r = 2p03,

E[Agl + Agg] g Rp*2p,3€2ﬁp‘ log5|1+ﬁp.

5.3 Proofs of results of Section 4

This section is devoted to the proofs of results of Section [ and in particular to the proof of
Theorem [£.I] We first give the proof of intermediary technical results stated in Section [4]

5.3.1 Proof of Proposition

The proof of Proposition 4.2 needs following lemmas. The first one recalls classical facts
about Orlicz norms.

Lemma 5.9. Let £ be a sub-Gaussian random variable.

1. (BIEPYYP < 2./B)€]| -
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2 € Pl = 115,

3. Let X = |£|P — E|{|P. There exists Cy a positive constant only depending on p such
that [|X|ly,,, < C1li€]ly,-

Proof of Lemmal[5.9. 1. See [Ver18] Proposition 2.5.2 (sub-Gaussian properties) and its
proof, as well as Definition 2.5.5.

2. This comes directly from the definitions of the Orlicz norms.

3. We can prove that for any variable Y we have ||V — EY ||y, < Ci[[Y|y,,, similarly
as Lemma 2.6.6 in [Verl8| (it uses the triangular inequality and the fact that E|Y| <
C(P)[IY [l¢,,,)- Then we take Y = |{|P and we use the previous point.

O

In Section {4} we are faced with non identically distributed variables. In this case, we
use the following result, derived from Theorem

Lemma 5.10. Letp > 1. Assume that the £)’s are centered independent sub-Gaussian vari-
ables. We assume that there exists a positive constant T such that for any X € I, ||Ex |y, <

7. Then, for all A € I, (]E|§,\|p)1/p < 2,/pt. Moreover, denoting

Z = Z |£)\|p7

AET
we have
E(Z) <abD,
with o, := 2,/pT and D = card(Z). Furthermore, for any x > 1, with probability larger
than 1 — 2exp(—x),
3 _p
Sl < dopps Dt
AT

where Ky is a positive constant only depending on p and op.

Proof of Lemma[5.10, Using the first point of Lemma and our assumption on uniform
subgaussianity, we have:

E(Z) =) E(&P) <Y 2voléllw)” < (2ypr)?IZ] = ohD.
ANET kel

Now we apply Theorem Recall that by = || Xi|ly,,, with X\ = 6P —E[§[P. The third
point of Lemma [5.9| gives:

bl =>" X5, < D (CllalE,)" < (CrrP)|z]
AET AT
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so that ||b][s, < Cy17P D4, Theorem [2.3| gives that with probability larger than 1 — 2e~%,

1Z-E(Z)] < diplbleve +daplblle ., 2
< dl,pclTp\/m + d27p017-PD(1*p/2)+xp/2

< dy 00V Dz + dé,pUé’D(l_p/Z)*xp/Q

with dj, = dipC1/(2\/p)P. Recalling that E(Z) < opD, we can obtain with probability
larger than 1 — 2exp(—z),
3 _p
Z<SotD+ ﬁpD(l 8,08,
with the same proof as the one of Corollary 2.4. O

We now prove Proposition [f.2} Let us fix j > —1 and k € K. Remember that

1 n
Eik = 7 ; nipjk(ti)-

The &j;’s are centered sub-Gaussian random variables. Indeed, since the 7;’s are i.i.d.
centered sub-Gaussian random variables, there exists a constant ¢ such that for any t € R,

Elexp(tn;)] < exp(ct?), i=1,...,n

(see Proposition 2.5.2 of [Ver1§], actually ¢ = 2||n1]|y,) and

n 2 (4
B, o

Elexp(t&;x)] < exp <6t2 -

It remains to prove that M is bounded by a constant independent of n and (j, k).

In the sequel, we assume that j > 0 so that ¢;; = ;. Remember that the father
and mother wavelets ¢ and 1 are assumed to be supported by the compact interval [A, B].
Therefore, if ¥;(t;) # 0 then

A<2l_p<B
n
and the size of the set of i’s such that ;5 (;) # 0 is not larger than n2~J up to a contant
only depending on . This yields that

n

Qk(tz) 2j n g
D ni;wz(”n ~k)

=1
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is bounded by a constant only depending on 1. The proof for the case j = —1 is similar.
This shows that the {;;’s are sub-Gaussian variables. Moreover, using property 4 of Propo-
sition 2.5.2 of [Verl8], this ensures the existence of a positive constant 7 only depending on
¢, ¥ and ||n1 ||y, such that for all j > —1 and for all k € K, ||§kllp, < 7.

We wish to apply Theorem However, the §;i’s are not independent. But, still
assuming that j > 0, we have:

U IR SRR 2012204,
gj,k—\/ﬁgnﬂpj,k(tz)—\/ﬁ Z 7]12] d}(2jtz k)?

i€Mj
where
Mj,={i: A<2t;—k<B}={i: 27t;, - B<k<2t;— A}.
Finally, if &; depends on (t;,7;), it means that ¢ € M. Now, we take k¥’ > k+ B — A.
If i € Mj, then k > 27t; — B, which yields that ¥’ > 27¢;, — A meaning that ¢ ¢ M
Therefore §; ;s does not depend on (t;,7;). We conclude that if &' > k + B — A then ¢,
and & ;s are independent. Now, we build a deterministic partition of Z;

Ij :IﬂU”'UZjK,

where the set (Z;¢),’s are built so that if for some given ¢, if we take two distinct elements k
and k' of Zjy, then |k — k| > B — A. Therefore {;j, and ;s are independent. In particular,
we can take K, the size of the partition, of order B — A and the size of Z;, is smaller
than |Z;|.

Now, we apply Lemma [5.10} with 7 = sup;, [[€x]ly,. Let © > 1. For any 1 </ < K

3 1-£ 3 —
B St = onizl 4 iz Pt | <20
k:teg

Then, with probability larger that 1 — 2Ke™"

K 3 K K (1_2) ,
Dol =D > gl < Sob Y (Tiel +rp Y [Tiel 2 wa
(=1 /=1

ke, (=1 k€T,
< §O-P|I.|_|_K; Kl—(1—§)+ §:|I»| o8, g
o ()
using the concavity of x — m(l_g) +. This gives
B3 e 2 Sotil + kOB 0Bt ) <ome
keZ;

The proof for the case j = —1 is similar.
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5.3.2 Proof of Lemma [4.3

Observe that, since ¢ and 1) are assumed to be CM*! and compactly supported, then
Corollary 5.5.2 of [Dau92|] ensures that v is orthogonal to polynomials of degree less or

equal to M. Therefore Assumption 1 of [DJ97] is satisfied. We then use the following
result.

Proposition 5.11 (Proposition 2 of [DJ97]). We assume that ¢ and ¢ are CM*! and that
[ € B} o(R), with 1/r <s < M +1. Then, ifp >,

H > Oinein — fHL S RN-GTHrp),
AeA(N) P

where N is the cardinal of AUV,

Now we consider the three cases:
p .
- If r < 5B, since s > 1/r,

P o
H Z ejk@jk_fH SRPN_p(S_?"';)
AEADN) Ly
1,1

< RP(|log(e)[e2)P7 )
p;
< RP(|log(e)[e?) 21

s5—

S
ShBI-

- If 23111 < r < p, observe that

r> p
—2s+1

— p<r(l+2s) < —1/p<-1/(r(1+2s))
— 1/r=1/p<1/r(1-1/(1+ 2s))
<~ 1/r—1/p<1/r x2s/(1+ 2s).
Therefore, using s > 1/r, we have:
1/r—1/p < 2s?/(1+2s),
which means that
s—1/r+1/p>s/(1+2s)
and
p s_1y1
| > e — 1| < R (1og(e)l?)
AEAN) Y

_2ps_
< RPei+es, (36)
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- If r > p, we have, since functions are compactly supported,

H Z Oioje — f <H Z QJk%k—fH < Retim,

AEAN) AEA(N)

using .

5.3.3 Proof of Lemma [4.4]

In the sequel, we assume that ||g||p/\2 < 0.

Section 9.2 of Daubechies (1992) shows that for 1 < p < 0o

gel, «— [Z > ‘<97¢jk>‘2@§k(')}5 €L,

j>—1keK,

1
2, 2
— [ > g o] 2]1[2*jk,2*j(k+1)}(')}2 €L,
j>—1keK;
Case 1 < p <2. We use (37). Since || - [[¢, < |- [|e,

{Z Z ‘<9790jk>‘2‘9?k} < Z Z (g, 0} |” |k |”

D
2

j>—1kek; j>—1keK;
and
P
9, 5 [ [ 3 ltoeanl @) "da
j>— lkEK
Z Z ‘ 9, ik } /“P]k ‘pd$
j=2—1keK;
<Y 2GTI N g 0] = llgll < oo
j>—1 keK; wr

This shows that [|g|L, < ||gHB27pA2 < 00.

Case p > 2. We use We recall the generalized Minkowski inequality: Let (X, A, )
and (Y,B,v) two o-finite measure spaces and F a measurable function. Then, for any

q € [1,+00),

(/ / |F (2, y)|dv( )) ) / / |F (2, y)|%dpu( ));dy(y).
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We apply this inequality with u the Lebesgue measure and v the counting measure. We
take ¢ = p/2 and F = ZkeK ’ 9, Qijk ‘ 231[2 k23 (k+1)]- We have

HQHH%,, ~ </ Z Z ’ (9, k) ‘ 2 1[2 ik,2-7 k+1)]( )) dm)
J>—1keK;

[N4S]
hSEIN)

SAIN

P
( > g0 )27 ik o-igin) (@ ))de)
]> 1

keK;

SIS

=> (/ > g e P25 L ig i (s (2)dar )
i

kEK;

2
9,9 ) ‘pQJ( 1))
keK;

<2 (
j>—
2
P
DI (Z!g,m ) = oy, < oo
j=-1

keK;

This shows that ||g|L, < ||g||82’pA2 < 00

Case p = 1. Finally, we deal with the case p = 1. We have

||9||pA2 = Z 27723 " (g, 1)

keEK;

and, with g =32, 1 > ek, (95 %‘k)@jm

lalles = [ | X 3 tg osndon(a)|da

j>— lk‘EK
<> g ein |/Mk )| da
j>— 1]€EK
< Z 9i/2 Z (g, o)| = gl , < o0
j>—1 kGK]'

This shows that [|g[lL, < [lgllgo, < oo

5.3.4 End of the proof of Theorem

The proof of Theorem [£.1] uses the following lemma which is a consequence of Proposition 2
of [DJI7] and the assumption f € B} (R). It uses that logy(n) is an integer.
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Lemma 5.12. If f belongs to the Besov set B; . (R), then we have

Z wjkr" < CRT273‘7‘(s+1/271/r)7 (39)
keK;

for C' a constant only depending on ¢, 1, s and r.

Now, when p < 2, the proof of Theorem follows from combined with Proposi-

tion Theorem Lemmas and and Inequality ([29).
When p > 2, Inequality does not hold, but Inequality shows that we only have

to bound

2

J » 3
D (E 2 35D _WD (40)

j=—1 kGKj

to conclude.
Remember that m = argmin,,, .y Crit(m) with

Crit(m) = — Z wx| Y|P + pen(m)

AeEm

and pen(m) has the form pen(m) = 2¢? Z;jjzl w;jPj(m;) (see (20)). This can be rewritten

Crit(m) = — Z 2]‘(5—1)[ Z Yl — QEPPJ(mJ')}v

j>—1 keK;

so that m is the union of disjoint sets m; obtained by maximizing

mj — Crity(m;) == > |[YjglP — 2e"P;(my).
kIEKj

Let m; be some model in M;. Replacing for j* # j, wj by 0 we obtain directly from
Theorem for any model m;,

185 = 03 < M0 = 05,15 +2[2V, (1) — pen(iy)| — 2|2V, (m;) = pen(my) .

which means

S B0l < My 30 (B 0 4 [ 3 feal — Bymg)] —4en[ 3 Il — Py(my)].

kEKj kZEKj keﬁlj kEmj
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With Z(m;) = ZkEmj x|, mimicking the proof of Theorem by taking ¢ large enough,

J 2 ] 2
> ( DY E[\eﬂc— Oji]” DP >, (QJ DY E[‘A(mj _ejklp} +5p2j(%71)Pj(mj))p
j=—1 keK; j>—1 keK;

J
+(log N)'"7e2 3 CEREDY e—rm) +O(2).
j=—1 m;jEM;
m;#0
We have
SO 0P = P ST Y — 0l + PG 3T (0 - 0l
kEK; kem; k¢m;
=: Vp(m;) + By(my),
with
By(my) =210 3" 0P and Vy(my) =P Y 270G D|g P, (41)
k¢m; kem;
This gives
E[Vy(m;)] < ePob2/(5 7 |m|
and
J 2
Agm) = 30 (2670 3T B[ - 0] +er2EI P (my))”
j=-1 keK;
J 2
< Y (Bolmy) + P2 E Dl | + ep2iEV Py () )7
j=—1
J 2 J ‘ 2 J ‘ 2
Z By (m;) Z <5p0£2](g_1)\mj|)p + Z (6p2j(g_1)Pj(mj)>p
j=—1 j=—1 j=—1

=: B,(m) + Vy(m) + By(m).

Then we have to control for each collection M (Homogeneous, Intermediate, Sparse) the

terms Ep(m), XN/p(m), Igp(m) for m € M, as well as

J

R(M) := (log N)'~ P Z (2] 51 Z e x’”])’%.

j=-1 m;EM;
m;#0
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Thus, the proof is similar to that of Theorem but with the sum in j in a different
position, i.e. terms of type Ej z; are replaced by (Z] z?/p)p/Q.

e In the Homogeneous case, recall that a model m = U}-]:_lmj belongs to M if for some
L<J

VjSL,mj:{j}XKj, Vj>L,mj=®.

Then we can prove that YN/p(m) < g2l Ep(m) < R?27L¢ for 6 € B (R) and ﬁp(m) <
221 Moreover R(M) < (log N)lfgsz. This allows us to conclude.

e We now deal with the Intermediate case (37 < 7 < p). For this case, we slightly

modify the previous collection of models: we still have M = Ui:o M(L) and m belongs to
M(L) if

A; if —1<j<L-1
m,; = ~
7\ mpn C ALy ifl=j — L >0 with [mpy| = [28TA())

but this time A({) := 27/2(1 + 1)~3/2. We follow Section step by step, keeping in
mind that p > 2 and b = § — 1. We have R(M) = (logN)'"»

ve?(Ty + Ty) with T =
Sy |2y el

ASHIN)

< oo and

J J 5
T<> ) [2ﬂ’|M o~ Klm;| (1+10g (26-0p/2(j L+1)3p/2)):|p

=07

~
<.

Il

b(

<
~

[ 2B Ay ()]~ K22 75072 (1108 (2lp/2<l+1>3p/2))}
L=0 1=0

ASHLN

>

with log |[M;(L)]

IN

)

IN

C2L27(1 4+ 1)7P for j > L. Then, for K large enough

l

8
%

a:

LSAIN]

Mk‘

1> [2(L+l)b exp ((C — Kplog(2)/2)2k27 (1 + 1)_p)}

T
o
o~
I
o

~
3
5
%

Mk‘

92(L+1)b/p exp (;(C —Kp 1Og(2)/2)2L2—lmaxb(lmax + 1)—;0)

h
I
o
Il
o

g
"

a;

M~

22(LADb/P expy (;(C — Kplog(2)/2)(lmax + 1)p/2>

h
I
o
o~
Il
o

22L/P exp(—K L) < o0

N
B

)
o
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where we have used that 2827 tmaxb(] . 4+ 1)73/2 ~ 1 and Iy ~ L/b. Thus E(M) <
2 ~
(log N)1_552. We now deal with V,(m): for any m € M(L),

J
T = 3 (cPopEim,l)’
j=—1
< 52072, Z <2j (p/2—1) 2J>127 n Z ( (L+1)( 1)2L2—l(p/2—1)(l + 1)—3p/2>127
Jj<L >0
< g2k,

For the study of Ep(m), we follow the proof of Lemma mutatis mutandis:

2

inf  By( o(LA( 0 p\?
meM(L) < > o] )
k> 2L+1A()
2
< <2 (L+I)( ZWLHIJ % 2L+IA( )J )1—%)@
1>0
2
< Z <2 (L4 ME (k2 UE-D (] + 1)7317/2)1*%) P
1>0
2 2
< ()T (2“%”%(5 + ) EED 0 esl)”
1>0 k

Since 0 € B} o (R), for all I: (32, [0r114]" P/T < Rpo~(spt5 =D)L Finally

i}\l/f[, Ep(m) < R22L(1—%)Z2l(§—1)%(l+1)3(%—1)2—(2s+1—%)(L+l)
meM(L) 1>0

< R22—23L222l =3 )(l + 1) 3(B-1) « R22—23L
1>0
since the series converges because £ — 1 — s < 0 < oy <7

~ , 2/p
It remains to control P,(m) = E}']:—1 <5p2Jij (mj)) with P; given through (20). We
have

p_1,3
Pj(m;) < (2qlog N)® H(Goalmgl + Fawm, )
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so that, for any m € M(L),

P,(m) < 2(log N)'" [Z (2jb|m]~)f’ +y (2jb2<1+b>L2—jb(j —L4+1) 7 ((j— L+ 1) +log(j — L+ 1)))

<L J>L

< 2(log N)' 7 [28 +28 301+ 1)1+ 1+ log(l + 1))%}
>0

< e2(log N)' 7ok,

We conclude

inf A(m) <inf inf  B,(m)+ sup Vi, (m) + sup P,(m
nf A(m) < in {mew )+ sup Tom)+ sup By >}

< inf {RQZ_QSL + £%(log N)l_%ZL}

2

~

2 4s 2s(p—2)
5 R1+2s £142s ’ log 6‘ p(1+2s) ,

by taking L such that

I 1y o2 __(p—2)
2" = (e7"R)™% | loge| p(+29),

e In the Sparse case, Remark gives R(M) < (log N )1_%52 and Remark provides

sup <Bp('m) + %(m)) < R21720) | Jog ¢] 28 48,
0€B; o (R)

Finally, following the outlines of the end of Section [5.2.3] we can prove
p (1-26) ;28 )"
P,(m) < (Rp e“’Plloge|P ) .

In the frontier case, r = p/(2s + 1), we obtain

sup (ép(m) + %(m)) + Py(m) < R¥1729) | log |20+ 46,
0€B; (R)

This ends the proof.
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