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Chapter 1

Bayesian estimation in the
parametric setting

The goal of this chapter is to provide a short introduction to the Bayesian paradigm. For
this purpose, we consider the parametric setting.

1.1 Introduction

1.1.1 Recalls on the Bayesian paradigm

We assume that we are given a statistical model denoted (2,8,Pp,0 € T). We recall
that if there exists d € N* such that 7 C R? then we speak about parametric statistics.
Otherwise, the framework is nonparametric statistics.

In the Bayesian setting, we endow 7T with a o-algebra A and with a probability
distribution II. This distribution is called the prior distribution on the parameter 6
which is viewed as the realization of a variable ©. Briefly speaking, the Bayesian setting
offers several advantages.

- The first one is philosophical: As the observation, 6 is random, whereas for frequentists,
0 is just assumed to be unknown.

- It allows the statistician to incorporate an a priori information on the parameter 6 to
be estimated.

- it allows the statistician to enhance modeling.

In this course, we will often use the classical Bayesian abuse by not distinguishing
between the notation of a random variable and that of its realization.

In the Bayesian setting, Py is the distribution of a random variable X given 6. Given
a prior distribution II on 8, we are interested in the posterior distribution of 8 given X.
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For instance, in the discrete setting (i.e. €2 is a discrete set),
Py(x) := P(z|0) = P(X = z|© = 0),
and, if 7 is also discrete, we can compute II(6|z) with the following formula:

CB@I0)  B())
M) = = oy = S, Bo(wi(0)

It is said that II(:|z) is the posterior distribution of # conditionally on X = z.

In the general setting, we consider the following measured space (2 X T,0(B x A)),
where o(B x A) is the o-algebra generated by all sets B x A, with B € B and A € A.
We assume we are given:

- II a probability measure on (7, .A), the prior distribution, and © a random vari-
able such that © ~ II.

- (Pp)oer a set of probability measures on (€2, B), where for any 6 € T, Py is the
distribution of a random variable of X conditionally on © = 6.

We denote:

- P the joint distribution of (X, ©):

P(B x A) = / P,(B)dIl(A), VBeB, VAc A
A

- m the marginal distribution of X:
m(B) = / Po(B)dII(6) = P(B x T), VB e B
T

Definition 1.1. We say that
I(-|-) : A x Q+—[0;1]
1s a posterior distribution given X if and only if
1. for any x € Q, I(:|x) is a probability distribution on (T, A),
2. for any A € A, II(Al-) is measurable on (2, B),
3. for any A € A, for any B € B,

P(B x A) = / T(Alz) dm (x).

B
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Using an old result established by Dudley (1989), we can prove that ”the” posterior

distribution always exists:

Theorem 1.1. If T and Q are both complete and separable, (a version of) a posterior

distribution always exists.

Remark 1.1. We often use the notation II(-|X).

When the Py’s are all dominated by a o—finite measure p, we can set:

. dPg(iL‘) "
Then, I
4 Jo(X) dII(0)
T(A|X) = 700 )y VA e A.

Indeed, for any A € A, for any B € B,

P(B x A) = / Py (B) dI1(6)
A

- / /B folw) du(x) dT1()

_ /B { /A fg(:c)dl'[(e)] dp().

m(B):/B[/ng(x)dH(G)] du(z), VBeB

This yields

and
_ dm(x)
dulz) = J7 fo(x) dIL(6)
and
_ fB UA fo(x) dH(Q)] dm(x)
P(B x A) = T Fo(e) atio) ’
providing the announced result (1.1). Observe that
dI1(6|x) fo(X)

ae) — J oodie T

(1.1)

Furthermore, if II has a density p with respect to a measure A, then II(-|X) has also a

density with respect to A which is:

fo(X)p(0)

PO = 770 ) arie)
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Example 1.1. We observe an n-sample X = (Xi,...,X,) whose distribution is the
Bernoulli distribution with parameter 6 €]0;1[. In this case, X has a density with respect
to the counting measure on {0,1}" and

n

Folxn, .. ) = I]:[exicl-9)1—$i . V(... 1) € {0, 1),

=1
We assume that 11 is the uniform distribution on ]0; 1], so

_ )

p(0) == TR 1j0,1(0)

and ; .
fi=1 Xi(1 — )" 2= Xilyg ()

Jo 02 Xi (1 — )i Xidp

p(0]1X) =
meaning that

O|X ~ Beta(i){i +1n+1-— Xn:XZ>
i=1 i=1

Remark 1.2. We recall that for « > 0 and f > 0, the density of the Beta(a, [3)-
distribution s
F(O{-Fﬂ) a—1

f@) = S e (1 = ) g (2),

with for a > 0,

If Y ~ Beta(a, B), we have

« af
EY|=——, war(y) = :
Y] a+pf ) (a+p)2(a+F+1)
Exercice 1.1. We observe an n-sample X = (Xi,...,X,) whose distribution is the

Gaussian distribution N'(0,0%) and we take © ~ N (u, s%). In this case,

@XNN(

23 a2 202

s Xp+p s
2402 T2 02|
5%+ = 5%+ =

We can again enhance the modeling by considering hierarchical models:

‘TNf97 HNp,ua m~4g,



Vincent Rivoirard 9

where fy, p, and g are densities (and we don’t use capital letters). We have (for instance):

- the density of (x, 0, i) is proportional to fp(2)p,.(0)g(1)

fo(x ) ( ) (M)
ffe (1) dp
[ fo(z)p (p)do

"I g )pu )dudH

(

- the density of (x,|p) is proportional to fy(z)p,(0)
(
(

- the density of (ul|x, )

- the density of (u|z) i

1.1.2 Bayesian risk and Bayesian rules

To introduce the notion of risk, we need to define a loss function which measures the cost
of an estimation error. The aim of the loss function is to measure the distance between
the estimate and the target. It does not depend on the Bayesian setting. For 6 € T, let
us assume that we aim at estimating g(6) where g : T — D is a measurable function.
Typically, D = g(T).

Definition 1.2. A loss function is a function L such that L : D x D — R, that is
measurable.

Remark 1.3. Most of the time, L is symmetric.
Example 1.2. Classical examples of loss functions are:
L) == LG =1=l L(,) =Lz

Definition 1.3. The frequentist risk of an estimate T(X) of g(0) associated with a
loss function L is the function

R(-T): T — Ry
0 — Eo[L(T(X),9(0))]

In particular, for any 0 € T,
RO.7) = [ L(T(a).g(6) dBo(a).
Q

In the Bayesian setting, once we are given a prior distribution II, we can integrate the
risk R with respect to II. It is natural since we do not assume that there is a true value
for the unknown parameter §. We obtain the Bayesian risk.

Definition 1.4. The Bayesian risk (with respect to 11 and T ) is

P, T) = /f R(6,T)dTI(0).
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Remark 1.4. We have

Y

6.7)d

L(T(x), 9(0)) dPy(z) dIL(0)

Il

L(T ) dII(0]z) dm(x)

:\:o\

/Q m(z) /r L(T(). g(6)) dTI(0]z).

Using r(I1,T), we can define what is a good estimate given II. It will be called a
Bayesian (or Bayes) estimate.

Definition 1.5. A Bayesian estimate associated with a prior distribution Il is an es-
tz’mate that mim’mz’zes the function T +—— r(I1,T) equivalently, the function T(x) —

J7 L(T (), 9(6)) dIL(0]).
The Bayesian rule can be characterized for some specific loss functions.

Theorem 1.2. We assume that g(0) € R.

1. IfE[¢*(0)|X] < o0 and L(T(X), g(0)) = (T(X)—g(0))?, then the Bayesian estimate
is the posterior mean E[g(6)|X].

2. IfEl|lg(0)||X] < o0 and L(T(X),g(0)) = |T(X) — g(0)|, then the Bayesian estimate
1s any a € R such that

I(g(0) < alX) = 5, T(g(0) = alX) = (1.2)

1
5

N | —

Proof. We have to minimize the function

ur— G(u) == /TL(u,g(H)) dIT(0| X).
1. For the first case, we have
Gu) = [ (u=glo)?amolx)
= u® — 2uE[g(0)|X] + E[¢*(0)| X],

which is minimum for u = E[g(6)|X].
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2. For the second case, we have
Glu) = | Ju=g(0)|a1I61X) = By [lu = 9(0)

We take a € R so that (1.2) is satisfied and we show that, given ¢ € R, G(a) < G(¢).
We first assume that ¢ > a. We now have that (a + ¢)/2 € (a;c) and

9(0) — ¢l = [g(0) —al+(c—a) on{g(0) <a}

|9(0) —c| = |9(0) — al on {a < g(0) < (a+c)/2}

9(0) —cl = [9(0) —al —(c—a) on{g(0) = (a+c)/2}.
Consequently,

19(0) — ¢ > [g(0) — a| + (¢ — a)lig0)<ay — (¢ — @)1 {g(B)>(ate)/2}-

Therefore,

Eox[19(0) —cl] > Egx[l9(0) —al] + (¢ — a) (I(g(6) < alX) —TI(g(0) > (a+c)/2|X)).

But
II(g(0) > (a +¢)/2|X) < (g(0) > a|X) =1 —1(g(0) < a|X),

which implies that
Eox[lg(0) — el > Eopx[l9(6) — al] + (¢ — ) (211(g(0) < a|X) — 1) > Eqix[|g(0) — al]

and then G(a) < G(c). The case ¢ < a is similar except that we use II(g(f) >
alX) >35> 0.

]

Remark 1.5. We recall that if F, x is the c.d.f of g(8) under the posterior distribution
I1(-|X), then, setting for any t € (0;1),

FUO(t) == mf{0: F, x(0) > t},

Qg,x,05 *= F;;) (1) satisfies

I(g(0) < gy.x051X) > II(g(0) > qy.x05|X) >

1 1

2’ 2

Indeed, since F, x is right-continuous, we have that for any t € (0;1), Fg,X(Fg(;(l)(t)) > t.
Then,

_nrs1 1
I(g(0) < qg.x05|X) = Fyx(q4.x05) = Fyx (F;Xl)(§)) > -
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And

- H(g(e) Z Qg,X,0.5|X) = H(g(e) < Qg,X,O.5‘X)
= ngrfoo M(g(0) < qyx05 —n 'X)

<

N

This yields I1(g(0) > qg x,05/X) > 3.

Theorem 1.2 and Remark 1.5 introduce two classical Bayes rules:
- the posterior mean (i.e. the mean of the posterior distribution): E[g(8)|X]
- the posterior median (i.e. the median of the posterior distribution): gy x5
We can also consider the posterior mode (i.e. the mode of the posterior distribution).
When g(0) = 0 it is defined by

A

Hmode € a’rg %168‘72{ H(9|X)

Example 1.3. We consider the setting of Example 1.1 and we estimate 6 € T = (0;1).
The mazimum likelihood estimate is

. 1 <
Qemv = E;Xz

With p(0) = 10.1)(), the posterior mode is Bem, the posterior mean for 0 is

1 "X
Efpx) = L i X
n+2

and note that

. 1 — 1
Oy < E[O| X" — — X, < =,
[0].X"] ";:1

[\]

Observe that with the improper prior I1 such that its density with respect to the Lebesgue
measure is proportional to the function 6 — 071(1 — 0)~1 then,

E[0|X"] = Opmo.

Finally, if 6 ~ Beta(a, B3),
a+> X

Elo|x") = = et
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1.1.3 Admissible estimates

Definition 1.6. An estimate T'(X) is non-admissible is there exists another estimate
T'(X) such that
R(0,T) > RO, T"), VYoeT

and there exists 0 € T such that
R(0,T) > R(0,T).
An estimate is admassible if it is not non-admissible.

Proposition 1.1. IfII is absolutely continuous with respect to the Lebesque measure and
if the density p of 11 is positive on T and 0 — R(0,T) is continuous for any estimate
T(X), then the Bayes rule is admissible.

Proof. We denote (X)) the Bayes rule. If §i(X) is non-admissible then there exists an
estimate T'(X) such that R(0,T) < R(#,0n) for any 0 € T and R(0,T) < R(0,n) for
any 6 € C, where C' is an open set of 7 with positive Lebesgue measure (0 — R(0,T)
and 0 — R(6,0r1) are continuous). Then

r(II,T) = En[R(0,T)] = /TR(H,T)p(H) de

< / R(9,6u)p(6) 49 = En[R(0, 61)] = r(IL 1),
T

which cannot occur. So, dr(X) is admissible. O

1.2 Consistency in the parametric setting

We keep the same notations. We consider the asymptotic setting, meaning that we assume
that the number of observations goes to +00. In the sequel, we assume that we are given
X" = (Xy,...,X,) where the X,’s are i.i.d. We denote P} the distribution of X™ and
Pg° the distribution of X* = (Xy,...,X,,...). Before introducing the definition of
consistency, let us give some elementary recalls on convergence.

1.2.1 Recalls on convergence

Let S a metric space and B(S) the Borelian o-algebra on S. We denote C(.S) the set of
all R-valued bounded continuous functions on S.

Definition 1.7. A sequence (P,), of probability measures on S is said to converge weakly

to a probability measure P, written as P, A p if

/fdPn "i>°°/fdp, Vf e C(9).
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Theorem 1.3 (Portmanteau theorem). The following facts are equivalent.

1. P, p

2. [fdP, mar [ fdP, Vf e C(S) uniformly continuous.
3. limsup,,_,, . P.(F) < P(F), VF closed.
4. liminf, . P,(U) > P(U), YU open.

5. lim, ., Py(B) = P(B), VB such that P(6B) = 0.

Theorem 1.4 (Prohorov’s theorem). If S is a complete separable metric space, then every
subsequence of (P,)n has a weakly convergent subsequence if and only if (P,), is tight (i.e.
Ve > 0 3K, a compact set such that ¥n, P,(K.) > 1—¢).

Remark 1.6. Theorem 2.3 of Billingsley (1995) states that P, "2E% P oif and only if

every subsequence (Py)p of (Py)n as a subsequence (Pyi)pr such that P " p. So,
the weak convergence on a complete separable metric space is proved by using tightness
and the unicity of the limat.

Remark 1.7. Remember that in a complete metric space, a subset is a relatively compact
set if and only if it is a precompact set (i.e. its closure is compact). Therefore, Prohorov’s
theorem is equivalent to the following statement: Let I' C S; then, I' is precompact if and
only if I is tight.

We refer the reader to Appendix A of Ghosal and van der Vaart (2017) and Billingsley
(1995, 1999) for further details.

1.2.2 Consistency properties

Consistency is one of the most elementary asymptotic properties that can be satisfied by
a sequence of posterior distributions. It expresses the fact that if 6, is the true value of
the parameter, the posterior learns more and more from the data and puts more and more
mass close to 0.

Definition 1.8. For each n, let II(-|X™) be a posteriori distribution given X™. The
sequence (I1(-|X™)),, is said to be consistent at Oy € T if there exists Qg € B with Pge () =
1 such that if w € Qq then for each open set U containing 6y, we have

(U] X" (w)) "= 1.

Most of the time, consistency can be characterized by using the following result.
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Theorem 1.5. If T is a separable metric space, then
(H(|Xn)>n 1s consistent at 0, € T — H(’Xn) nj\j;oo 590 PQO — a.e.
Proof. We denote d the distance that makes 7 metrizable. We denote B(6p, ) the ball

of center 6 with radius r > 0 (for the distance d). We first prove the following lemma.

Lemma 1.1. Assume that T is a metric space. Then,
(II(-|X™))n is comsistent at 0y € T <= Vp e N* 3Q, € B with P5(Q,) =1

such that if w € Q, T(Bq(fo,p )| X"(w)) — 1.
Proof of the lemmoa:

- = Let p € N*. We take Q, = Qg and U = By(6y,p™ ).

- <=1 We take Qg = Npen+(2p, so that Pg°(€) = 1. Furthermore, for each open set U
containing fp, there exists p € N* such that By(6,p~!) C U and if we take w €
we have that w € (2, and

I(UIX"(w)) > T(Ba(6, p~")| X" (w)) — 1.

In particular, the previous lemma shows that

(ITI(+]| X™)),, is consistent at 6y € T

n—-+00

<= for any open set U containing 6y, [I(U|X") — 1 Py, — a.e.
<= for any open set U limJiran(U\X”) > 09, (U) Pp, — ave.
n—-+00

= TI(-|X™) "5 8y, Py, — ace.

For the last equivalence, we use the Portmanteau Theorem 1.3 applied with P, = II(-|X™).
O

As expressed by the previous result, consistency means that if 6, is the true value
of the parameter, the posterior concentrates around 6y. This reconciliates Bayesian and
frequentist approaches.

Example 1.4. We consider X™ = (Xy,...,X,) Py = Ber(0) and 6 ~ Beta(a, 3),
with a > 0 and B > 0. Then, for all i, Py(X; = 1) = 0 and Py(X; = 0) =1 — 0 and the
density of 11 is

I'(a+p)

_ a=1l¢1 _ p\B-1
_F(a)F(ﬂ)e (L —0)""101)(0).
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Then,
(a4 B +n)

Pla+rI(B+n+r)

where r = 3" | lyx,=1y. Then, computing the expectation and the variance of 0 under
II(-|X™), we obtain

p(O1X") = 0o (1 = )T T o) (6),

+ + n——+00
arr ¢ p + n w L2t 0o Pg, — a.e.
a+pB+n a+p a+pf+n a+pB+n n

E[0]X"] =

and

var(9|X™) = E[0*|X"] — (E[0]X"])*
_ I'(a+ 8 +n) F(Oz+r+2)F(ﬁ+n+'r’)_( a+r )2
Lla+r)(B+n+r) L@+ B+2+n) a+pB+n
_ (a+7r)(B+n—r1)
(a+f+n+1)(a+f+n)?

and
var(6|X™) "7 0 Py, — ace.

Now, for any € > 0,
e €
(|0 — 6y| > 2| X™) < n(|9 —E[0]X"]] > 5yX") + H(u@[e\x”] — ol > §\X”)
4 n n < n
< gvar(9|X )—I—IP’<|E[9|X | = 6| > §|X )

Observe that |E[0|X"] — 6| is not random under I1(-|X™) and for n large enough, the
second term of the right hand side is equal to 0. Therefore, with U = {0 : |0 — 6y| < €},

lim I(U|X"™) =1 Py, — a.e.
n——+00
We now state Doob’s theorem whose proof is based on martingale convergence theo-
rems and sophisticated arguments of measure theory.

Theorem 1.6 (Doob’s theorem). Suppose that Q2 and T are both complete separable spaces
and let us assume that @ — Py is injective. Let I a prior. Then, there exists Ty € A with
I1(7o) = 1 such that TI(-|X™) is consistent at any 6y € Ty.

Doob’s theorem is a very nice result but its proof is not constructive. So, we have no
idea about T,. Consequently, given 0y € T, we do not know if consistency holds at 6.
See for instance Freedman (1963) for counter-examples.

The next theorem shows that posterior consistency is connected to posterior robustness.
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Theorem 1.7. Assume that the family {Py}oer is dominated by a o-finite measure p.
Let fy = % for any 0 € T. Let 6y belonging to the interior of T and let p1 and py two
prior densities with respect to a o-finite measure v such that p; and py are continuous
and positive at Oy. If the posterior densities pi(-|X™) and ps(-|X™) are both consistent at
0o, then

lim / 1 (61X™) — ps(6]X™)| du(6) = 0 Py, — ace.

n——+o0o T
Proof. We want to show that with [Py, —probability 1
. p1(01X™)
1 0| X") |1 — ———=||dv(f) =0 Py, — a.c.
nﬁlgloo - p2( | ) ( p2<9‘Xn> V( ) ) a.e

Let 0 > 0 fixed later. Since p; and p, are positive and continuous at 6, there exists an
open set U C T such that for all § € U,

p1(9) . p1(fo)
p2(0)  pa(o)

There exists Qo with Pg°(€2y) = 1 such that Vw € Qq, Vj € {1,2}

Sy Ty Fo(X(@))ps(6) A (6)
fTH?zl fG(XZ(w))p](Q) dl/(@) — 1.

Let n > 0 and w € Qq be fixed. Then, there exists ny such that Vn > ng, ¥j € {1,2}

<4, |p1(0) —pi(6o)| <0, |p2(8) — p2(6o)] < 6.

I,(U1X"(w)) =

IL(UIX"(w)) > 1 —n. (1.3)
We fix 6 € U. Since Vj € {1,2},
(01X () — pi(0) ITie, fo(Xi(w))
PO = T OV T, () dv0)’
then
pOIX" (@) _ pi(0) Jrp2(0) TTiy fo(Xi(w)) dw(6)
p2(01X"(w))  p2(0) [ p1(0) [Ti=y fo(Xi(w)) dv(0)
and
p1(0] X" (w)) p1(6o) Ly O T fo(Xi(w)) dv(0)
pa(0|X™(w)) = <p2(90) +5) (=) Jopr(O) TTi, fo(Xi(w)) dv(6)
(0] X" (w)) pi(fo) ~JupO T, fo(Xi(w)) dv(9)
pa(0]X™(w)) = (P2(90) 5) S n)fUm 0) 1=, fo(Xi(w))dv(0)

By the choice of U, Vj € {1,2}

n

(05(00) / er v(0) < / 230 T fo(Xi(w)) dv ()

i=1
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and
/ er v(0) < p390+5/Hf9 v(6).
We obtain
p1(6o) oy (p200) =0 _ pi(01 X" (w)) _ (pi(bo) ~yo1(p2(fo) +6
(o ~2) 4= (2 53) < ey < (oo +0) =™ (a5

Now, for any € > 0 for § and n small enough, V8 € U,
n(0[X"(w)) ’
PBXT@) =

Finally, for n > ny, using (1.3),

B CX) = paC X 0(6) = [ 111X~ palX)] (o)
T U

+ . [p1(-]X™) — pa (-] X™)| dv(0)
<e+2n.
This ends the proof of the theorem. n
In view of previous results, posterior consistency can be viewed as:
1. a frequentist validation of the Bayes approach
2. merging of posteriors arising from different priors

3. an expression of "data eventually swamps the prior.”



Chapter 2

Prior distributions in the
nonparametric setting - Dirichlet
processes

In this chapter, we denote M(£2) the set of all probability measures on 2. We shall focus
on two cases: card(Q2) < oo and 2 = R. Before describing the most classical probability
distributions on M(€2), we provide a short study of this space.

2.1 Short study of the space M(()

In this section, 2 is a complete separable metric space (i.e. a Polish space); B is the
corresponding Borel g-algebra on €. In this case, it was proved (also by Prohorov) that
M(€Q) is also metrizable, complete and separable under the weak convergence. Such prop-
erties are important to characterize the weak convergence through tightness properties
(see Prohorov’s Theorem 1.4) So, there is a metric p on M(£2) such that p(FP,, P) if and

only if P, "2A% P See Appendix A of Ghosal and van der Vaart (2017) or Billingsley
(1995, 1999) for further details. The set M(2) has also other natural metrics.

2.1.1 Metrics on the space M(Q)

We describe the most classical metrics on the space M(Q2). In the sequel, we consider P
and @ two elements of M(2).

e The Total Variation metric:
| P — Qllrv := sup |P(B) — Q(B)|.
BeB
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e For the case (2 = R, the supremum metric:

dsup(P, Q) := sup | P(—00;t] — Q(—00;]|.

teR
We have the following proposition.

Proposition 2.1. The metric space (M(Q), || - ||7v) is not separable if Q is not
countable. Furthermore, (M(R), dsyp) is complete but not separable.

Proof. We only prove the first point. We recall that the space M(£2) is separable
if and only if it contains a dense countable subspace. To prove that M () is not
separable if ) is not countable, for any x € €2, we can characterize the open ball
centered at ¢, of radius € > 0 defined by

Ulx,e):={P: |[|[P—0d;|lrv <e}.
It is easy to observe that
U(x,e):={P: P({x})>1—¢}.

Therefore if ¢ < 3, and if # # 2/, U(z,e)NU(a', ) = 0. Consequently, if there exists
a dense subset (P, )nen+, for any x € Q, there exists n, € N* such that P,, € U(z,¢)
and P,, ¢ U(2',¢) for 2’ # x. Therefore, ) is countable. O

The previous proposition shows that it seems interesting to restrict to subsets of
M(Q). We consider i a o-finite measure on €2 and we set

L, ={PeM): PLu}.
In the sequel, we consider P € £, and @) € £, and we define

_dar ~d@

p:—@, q = d'u,

We now introduce:

e The L;-metric:

IP—Qlli = / p(z) — g(x)| dpu(z).

e The Hellinger metric:

1(P.Q) = ( [ (Vo) - Vi) duto))

=

2
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Remark 2.1. Observe that L, and Hellinger metrics do not depend on the reference
measure [i.

The space £, endowed with the L;-metric or the Hellinger metric is a Polish space.

e The Kullback-Leibler divergence:

K(P,Q) ;:{ f910g< )dP if P < Q

400 otherwise

Observe that KL(P,Q) # KL(Q, P), so the Kullback-Leibler divergence is not

a distance. However, we have that K(P,Q) > 0 and if P < p and Q < p,

K(P,Q)=0 < fi—}; = % pu— a.e. (as proved later).

Exercice 2.1. If P = ®!' P, and QQ = ®}_,Q);, then
i=1

2.1.2 Connections between metrics

Proposition 2.2. Let P and Q two elements of M(2). If p and q are respectively the
densities of P and ) with respect to a measure p, then

1P = Qllrv = 51P = @l = 5 [ In(@) - @)l du(o)

Proof. We denote for any y € R, y; = max(y,0) and y_ = max(—y,0). Soy =y, —y_
and |y| =y+ +y-. Let B:={x € Q: p(x) > q(z)} € B. So, foranyAGB

P(A) = @A) = [ (pla) = gfa)) dta)
< [ o)~ ae)) duta)
< [ (o) = al)) dua)
= [ o) = gt o)

—5 [ o)~ o)l du),

We have used that [, (p(x) — q()) du(z) =1 -1 =0 so,

(z))dp
L@mwwmmdmm:4@<ww< /m (@) dp(a).
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Taking the supremum with respect to A € B, we obtain

1P~ Qllrv < 5 | Iple) = afo)] dita).

The equality is obtained with A = B. m

Proposition 2.3. Let P and Q) two elements of L, for p a measure on §). Then,
H*(P,Q) < K(P,Q)

and .

1IP—QIE < H(P.Q) < | P~ Q|1
Proof. We prove the first point. We only have to consider the case P < ). We denote
p and ¢ the densities of P and () with respect to u such that P < p and ) < u. Since
Q{q=0}) =0, then P({g=0}) =0 and [ p(x)1{4(x)=0} dp(x) = 0. This implies that

P(2)1{g(z)=0y = 0 pp — a.e.

And except on a p-negligible set, if g(x) = 0 then p(x) = 0 or if p(z) > 0 then ¢(z) > 0.
Hence, by using —log(y + 1) > —y for y > —1, we have:

K(PQ) [ 1o (7%) p() dp()

- /{w: p(z)q(z)>0} o8 (%> ple)dnto

— 9 o [ 2@ 1) Sl
/{1’1 p(z)q(x)>0} g( p(z) +1 | p(z) du(z)
B _q(;v) — z)du(z

—2-2 | p(@)a(@) dpu(x).
{z: p(z)q(z)>0}
Observing that
H(P.Q) = [ (Vpla) = Va@)F duta) =2 -2 /{ o VI i),

we conclude that

H*(P,Q) < K(P,Q).
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We prove the second point. We have

1P~ Gl = ( [ (o) = ata) du<x>)2
= ([ Vo - V@IVt + Vit dte) )
Applying the Cauchy-Schwarz inequality, we obtain
1P=QlE < [ 1ol = ValF duta) x [ Vo) + Va@ dute)
< H*(P,Q) x 2+2/\/7du )

<A4H*(P,Q).

Since for any x € (2,

(Vp(x) = Vq(x))? < pl) + q(x) — 2min(p(x, ¢(z)) = [p(z) — q(z)],

which provides the last upper bound of the proposition. O

2.2 Probability measures on M(()) when ( is finite
In this section, we assume that €2 is finite and without loss of generality, we assume that
O={1,2,...,k}.

In this case, denoting for any i € {1, ..., k}, p; the probability of i, M(2) can be identified
with the simplex

k
Sk = {(pl,...,pk): pi > 0Vie{l,..., k} and Zpi:1}~
i=1

To define a probability measure on M(£2), we just have to define a probability measure
on Sj.

2.2.1 Polya-tree construction

We assume that k = 2°. We build a dyadic partition of Q = {1,...,2}. We set
By={1,...,2"}, By ={2""+1,...,2,

Boo={1,...,2"%}, Bp={2"%+1,...,2},
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Byo={271+1,...,2 4272}, By = {21 4272 41,2,
and so on. In this case, if x € Q, 3!(ey,..., &) € {0, 1} such that

B ey = {z}.

Conversely, any sequence € = (e1,...,&,) € {0,1}¢ corresponds to the point N{_, B.,. ...
So, we have a correspondence between M() and M({0,1}¢). A way of building a prior
on M(€) is to define a prior on the random variables

}/:51---51'71 = P(El = 0|€1, e ,€i_1)

fori=2,...,/ and on
Yy = P(e; = 0).
Indeed, we have V(ey,...,&,) € {0,1}*
P(e1,...,e0) = P(egler, ... e01)Pler, ... e01)

1o,
{ep=0} 1 —
— 3/51...2@,1(]- - }/61...65_1> {szil}P(gh .. 754—1>

¢

e

| | {e;=0} 1.
- <}/€1-~5~5i71(1 - }/61..-61-—1) {Ez_l}> ’

i=1

Actually, by using the correspondence ey, . .., &; <+ P(B., ) aprior on M () is parametrized
as a prior on (P(By), P(Boo|Bo), P(B1o|B1), ..., P(Bey. ;10| Bey.ciy), - - ). A special case

of interest is the case where the variables Y. = P(B|B:) are all independent. These
priors are called tail free priors. When they are independent Beta variables, they are
called Polya free priors.

2.2.2 Finite-dimensional Dirichlet distributions

Dirichlet processes were introduced by Ferguson (1973) to give a Bayesian interpretation
of nonparametric estimation problems. They have tractable distributions and nice consis-
tency properties. They are also easy to elicit and provide a natural interpretation. They
constitute starting points for more complex prior distributions. Dirichlet processes are a
natural extension of finite-dimensional Dirichlet priors.

1. Case Q = {1,2}.
In this case, we have
M(EQ)={p=(P1,p2): p1>0,p >0, p1 +py=1}.

For p = (p1,p2) € M(Q), since ps = 1 — p;, we just have to define a prior on p; to have a
prior on p.
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Definition 2.1. We say that p = (p1, p2) has a Beta(ay, as)-prior for ag > 0 and ay > 0
if the density (with respect to the Lebesgue measure) of the prior distribution of py is

Clar +az) 4

g(p1) = mlﬁ (1—p)* onp), meR

We denote
p ~ Beta(ay, o) (or py ~ Beta(ag, as)).

Proposition 2.4. If p ~ Beta(ay, asy), we have:

Elp) = — (1) .
= . var = )
P o1 + Qg by (061 + 062)2<Ck1 + g + 1)
Remark 2.2. Observe that if p1, has a Beta(ayn, agy,)-distribution with aqy, 250 and

Qap "> 0, then the Markov inequality implies that p1, "2E0 0 dn probability. So, we

adopt the following convention: if the prior distribution of py is Beta(0, ay) with ay > 0,
then we force py = 0 almost everywhere.

We now characterize the Beta-distributions by using Gamma-distributions.

Definition 2.2. We say that a random variable Z has a Gamma-distribution with
parameter o > 0 if its density (with respect to the Lebesgue measure) is

1
9(z) = WZO‘_le_Zl(O;JFOO)(z)7 z e R.

We denote
Z ~T(a).

Proposition 2.5. Let a; > 0 and ag > 0. If Z1 ~ T'(aq), Z1 ~ T'(ag) with Zy and Z,
independent, then Z1/(Z1 + Z3) and Zy + Zy are independent and

Z
Zy + Zy

~ Beta(ay,s), Z1+ Zy ~T(aq + ag).

Proof. The densities of Z; and Z; are respectively

1 q
= 2z “L(0:400)(2), € R,
fl(Z) F(al)z e "L+ )(2) z

and .
fo(z) = W2a2_16_z1(0;+oo)(2), zeR.
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So, for any bounded Borelian functions ¢ and 1,

Blo(; 2 ez + )= [ [ o xiy)wmy)r(al)F(%)e*w) i dy
/ dt /+OO o(t) )al (w1 - t);arle“ X udu

/¢ (o1 + 042)>ta11(1 . t)arll(og)(t) dt

where we have used the change of variables t = z/(x 4+ y) and u = x + v. O
We recall the following definition.

Definition 2.3. We say that the sequence of variables (X;);en+ is exchangeable if for
any n € N* and any permutation o of the first n integers, we have

(X1, Xn) ~ (Xoq), - Xom))-
Proposition 2.6. Assume that conditionally onp, (X1, ..., X,) is ann-sample of Ber(p)-

variables; assume also that p is distributed according to a Beta(ay, ag)-distribution with
ap > 0 and ag > 0 with a; + an > 0. Then,

PIX1, e X~ Beta(oq +3 6k, (1), 0z + Z(sxi(z)).
=1 i=1

This result means that the Beta distribution is a conjugate prior of the Bernoulli distri-

bution. Furthermore, (X1,...,X,,) are exchangeable and
(i) == P(X) = i) = —— i =1,2
m(i) := =) = i = .
1 ay + 042, )

Proof. The density of the joint distribution of (X1, ..., X,,p1) is the function
?:15&(1)( S 6x,(2) o I'(a + a2)pa1—1(1

Xi,..., X, —
( 1, ) pl) b1 F(Ofl)r(ag) 1

1—p1) — )™ o (p)-
Therefore, the conditional distribution of p;| Xy, ..., X, has a density proportional to the
function

F(Oél + 062)

> ey Ox, (1) +ai—1 Sy (2)tan—1
(o) (o) L= py)s=% 1.
T(an)T(az)" (1=p1) o (1),
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which proves the first point and the density of the marginal distribution of (X, ..., X,)
is the function

1
I'ag + « m o ox, (D4ar—1 n i
(K X) '—>/0 F((TF(OZ))plz‘ T )R @t () dpy

In particular, with n = 1,

[(on +az) [ -1
) =PXi=1) = ———= (1 —p)*d
m(1) = PO = 1) = 58 =yt
ot ay
Similar computations can be done for m(2). O

2. Case Q2 =1{1,2,...,k}.

We have to specify a prior on the simplex

k
Sk = {p: (p17'-'7pk) - Di 2 O7Vi7 sz - 1}
=1

We set for all A C Q, p(A) = >, pi- In particular p({i}) = p; for any i € Q. We have
the following definition.

Definition 2.4. Let a = (ay, ..., ax) € (R%)*. We say that p has a Dirichlet distribution
with parameter « if the density of p with respect to the Lebesque measure s

F(Zle Oéi) ar—1 _as—1 ap—1

g(p) = [T T PP s (p)

We denote p ~ D(«).

Remark 2.3. Observe that if k = 2, with a = (o, as), D(a) = Beta(ay, as).

Remark 2.4. Exactly as before, we extend the previous definition to the case where c; >
0,V and Zle a; > 0. In this case, if a; = 0 we force p; = 0 almost everywhere and we

interpret the previous density as a density on a lower-dimensional set.

Remark 2.5. If for alli € {1,...,k}, a; =1, then g is constant on Sy and

9(p) =T(k)1s.(p) = (k = D)5, (p).
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Proposition 2.7. Assume that we are given k independent variables Z; ~ (o) with for
all i, a; > 0. Then, with o = (o, ..., ),

Z Zy,
T IR Sy T ~ D(Oé)
Zi:l Z; Zi:l Zi

and the previous vector is independent of Ele Z;.

Proof. The proof is tedious but similar to the one for the case k = 2. O]

Proposition 2.8. If p = (p1,...,pr) ~ D(aq,...,ax), then for any partition Ay, ..., Ay,

of Q0 we have
(0(A)). .- plAn) ~D(Za1,..., ) a>

i€A1 ’ieAm

Proof. We use the characterization of Dirichlet distributions based on Gamma-variables.
We take k independent variables Z; ~ I'(a;) so that

A 7,
P Z?:lZi’HWZf:lZi '

(). p(An) ~ (D pise D i)

iEAl ieAm
- <2i€A1 Zi ZieAm Zi)
—r o —h o
Zi:l Z; Zi:l Z;

Then,

and we observe that for all j € {1,...,m},

ZZWF(Z%),

’iEAj ’iEAj
which is independent from ), , Z; for any j' # j. O]
J
Definition 2.5. Let o = (aq,...,ax) a vector of non-negative components. We define

the measure o on ) by:

a(A) = Zai, AcC.
icA

Observe that a({i}) = o; Vi e {1,... k}.

We now prove successively several useful results.
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Proposition 2.9. Let Ay,..., A, be a partition of Q. Leti € {1,...,k}. If a(4;) >0

then we set: o
Py :
9 € AZ
p(4;) /

p(j|Ai) =

If a(A;) = 0 then we set:

| Ail
Now, if p ~ D(«), then

1. For any i, if a(A;) > 0, then p(:|4;) ~ D(a/A;), where a/A; is the measure «
restricted to A;.

2. For any i # 14, for any j € A;, p(jlAi) is independent from (p(A;),p(Aw)). There-
fore, for any i, for any j; € A; (p(A1),...,p(An)), (p(jilA:)): are independent vec-
tors.

Proof. We prove the results for the case where a(A4;) > 0 for any i € Q. As before, we
use the characterization of Dirichlet distributions based on Gamma-variables. We take k
independent variables Z; ~ I'(«;) so that

D~ 5 P ey .
Zi:l Z; Zi:l Z;

Zj
o pY | Tm 7
(J14:) = A Siea zy 7.,
p( z) % Zj’EAi 5’

i=1 %1

We have for any j € A;,

which proves the first point. Furthermore, for ¢ fixed and j € A;, Sl 7, is independent

from 4, Zj and then independent from

>z +ZZZ,_ZZ,

J'eA; i'#i j EAy
This leads to the second point. O

Proposition 2.10. Let o and o two measures on Q. If p and q are two independent
k-dimensional Dirichlet random vectors with parameters o and o and if w is independent
of p and q and w ~ Beta(a(2),a'(Y)), then

wp+ (1 —w)g ~D(a+ ).
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Proof. We take 2k independent variables Z; ~ I'(«;) and Z; 1 ~ I'(a}) so that

pN< Z Z ) N( A T )
Zf:l Zi Zf:l Zi Z?ik—&-l Z; Zfik—i—l Z;

LS

and

Then,

k

7 A A
wp+(1_w)q~§“ X(Z’“lz""’zkkz)

; i=1 1 i=1 %t

Z?ik—i-l Z; 21tk Lok
+ Qk Z >< 2k Z rrt ety Zk Z
Zi:l ( Zi:k+1 ( Zi:k—i-l i
N (Z1 + Zigk Zy + Z2k>

- et 7
Z?:l Zi Z?:l Zi
~ D(a+a).

]

Proposition 2.11. Assume that p ~ D(«) and conditionally on p, (Xi,...,X,) is an
n-sample distributed according to p. Then,

p|X1,...,Xn~D<a+Z<5Xj>.

j=1

This result means that the Dirichlet distribution is a conjugate prior of the multivariate
distribution.

Proof. the density of the joint distribution of (X, ..., X, p) is proportional, on " x S,
to the function

k k
1 S 1 iy —1
] 1 H{X;=1} j=1 H{X;=i}
(X1, Xop) = [0 XH =11I» S
i=1

=1

Therefore,

p|X1,...,XnND<a+Z5Xj>.

J=1
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Proposition 2.12. Assume that p ~ D(«) and conditionally on p, (Xi,...,X,) is an
n-sample distributed according to p. Then, for any A C €,

_al4)
m(A) = 2 Q)"

Proof. The 2-dimensional vector (p(A), p(A°)) is distributed according to IT = D(«(A), a(A°)) =
Beta(a(A), a(A°)). Then,

m(A) = P(X; € A) = /p(A) dIl(p) = E[p(A)] = () + ol — L

Remark 2.6. The previous results imply that the predictive distribution is given for
all A C Q by

a(A) + 70 Lix,en

P(Xn+1 € A|X17 s 7X’n) = E[p(A)|X17 - 7Xn] = &(Q) In

Observe that the X;’s are not independent.

Remark 2.7. If we denote & the renormalized measure o/ a(S2), previous results say that
if p ~ D(«) and conditionally on p, X1 ~ p, then we have proved that

p|X1 ~D(a+dx,) and X;~ a.

Therefore if p ~ 11 = D(«), with m = & the marginal distribution of Xy, for any Borelian
function P,

Enl®(p)] = / B (p)dD(0)(p) = / 3(p) / _dD(a) (X = 2)da)
k

= [ 2) > atap(a+ 5))
i=1
Since the previous equality is true for any function ®, it means that

D(a) ~ Y _a(i)D(a+5). (2.1)

=1
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2.2.3 Dirichlet distributions via Polya urn schemes

In this section, we still consider the finite case 2 = {1,2,...,k} and we describe a scheme
corresponding to drawing samples from p ~ D(«) even if p is not observable (since it is
a realization of D(«a)). This is the so-called Polya urn scheme. To describe it, we first
assume that for any ¢ € Q, a(i) is an integer.

We consider a (Polya) urn with a(2) balls. For any color ¢ € €, there are a() balls.
We draw balls randomly and we replace each drawn ball by two balls of the same color,
namely the color of the drawn ball. We denote X; = j if the ith drawn ball is of color j.
Then, we have

and so on, and at step n + 1, we have:

P( Xy =l X1, .., Xn) = () ;_(QZ)?TSXZ (j)

Y

which corresponds to the predictive distribution of Remark 2.6. We then have for all
(T1,...,2,) € Q",
m(zy, ..., x,) = P(Xy=21,..., X, =x,)

alxy) nl a(zip1) + 23:1 O, (Tig1)
H < a(Q) +14 ) '

If we denote for any i € 0, n; = Z?Zl lz,=i}, and for any 8 > 0 and n € N,

g — Bx(B+1)x---x(B+n—-1) if n>1,

N 1 it n=0,
then
[04(1)]["1] X oo X [a(k)][”k]
a(Q) X (a(Q)+1) x - x (a(Q) +n—1)
()]

We have established that (X;);en+ is exchangeable. We now state de Finetti’s theorem.

Theorem 2.1. A sequence of Q2-valued random variables is exchangeable if and only if
there is a unique measure 11 on M(Q) such that for all n, for all (z1,...,x,) € Q",

[ It dne) = P0G =1, X =)
M) 51
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The direct application of the previous result shows that there exists Il such that for
any n and any i, ..., T,,

M) = POG =y Xy =) = [ T aing)
M(Q) 54

This result establishes that the Polya urn scheme corresponds to a Bayesian procedure
and using Remark 2.6, we have II = D(«).

We can generalize the Polya urn scheme to non-integers, by considering the following
(slightly) more sophisticated scheme. At the beginning, we have an empty urn and a k-set
of colors.

- At step 1, we pick a new color with probability distribution «a(-)/a(£2) from the set of
colors. We paint a new ball that color and add it to the urn.

- At step n + 1, with probability «(2)/(n + «(€2)) we apply step 1, with probability
n/(n+ «(2)) we pick a ball out of the urn and put it back with another ball of the same
color.

In any case, after step n + 1, the number of balls in the urn is n 4+ 1 and the color drawn
has one more representative in the urn. Note that when n — 400, the urn has more
importance. The larger n, the higher the probability that it will grow. This is a " rich-
gets-richer phenomenon”. Note that, if for any n € N*, X, is the color of the ball put
into the urn at step n, for any j € Q,

P(Xpp1 = jIX1,.. ., Xy) = ni(g()ﬂ) X z((é)) + n+7Zy(Q) X %;@dﬁ

_ i) + XL, 0x0)
n+a(Q)

We can interpret the previous setting in terms of Chinese restaurants. Indeed, let
us consider the meal j € Q = {1,...,k} of customers, in a Chinese restaurant, who sit
around tables of infinite capacity.

- The first customer enters the restaurant and sits at the first table.

- Let us assume that the first n clients are seated at tables 1,..., K,, where K, is the
number of occupied tables. The customer n+ 1 has the choice to have a seat between two
already present customers or to have a seat at table K, +1. We decide each customer has
the weight 1 and the new table «(2). Since there are n available places between all seated
customers, the probability the customer n + 1 sits at one of these places is (a(Q2) +n)~ 1,
the probability the customer n + 1 sits at a new table is a(Q2) x (a(Q) +n)~'.

- If he sits at a new table, he chooses his meal j € Q with probability a(j)/a(2). If he
sits at an already occupied table, he eats the same meal as the other customers of the
table.
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- With X, the meal of customer n + 1, we have for any j € €,

P(Xny1 =jlX1,..., X,) = @) X alf) + ! @ X Z(Sxi(j)

n+a(Q) a) n+a

_alj) + X0, 0x0)
n+ a(f2) '

The last expression is the expression we obtained for Polya urn schemes.

2.3 Probability measures on M(R)

This section is devoted to the extension of the prior models built on M(2) for Q2 finite to
the case where 2 = R. We consider the statistical model (R, B, P € M(R)) with B the
Borelian o-algebra. It is quite easy to extend the Polya-tree construction (see Ghosh and
Ramamoorthi (2003)). The construction of Dirichlet processes is much more involved.

2.3.1 Tail free priors
We extend to R the construction built for a finite set 2. We denote

B, ={0,1}}, keN, E =0 E =[]E.

keN

We start with a partition of R, Iy = {By, B1}. Then, we set
11 = {Buo, Bo1, Bo, B}, with By = Byo U Bor and By = Byo U By
and then for any n > 2,
I, = {Bey, B € € E,}, with B,y U B,y partition of B..
We assume that o(B.,e € E*) = B and we introduce tail free prior distributions.

Definition 2.6. We say that 11 € M(R) is tail free with respect to I = (I,)nen~ if the
following rows are independent:

- P(Bo)

- P(Booo|Boo), P(Boio|Bo1) P(Bioo|Bo), P(Biwo|Bi1)

- P(Byl|B:), e € E,
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We can now construct a tail free prior on M(R). Let Q = {¢., ¢ € E*} a dense
subset of R such that for any €, ¢.0 < ¢ < ¢.1. We set By =] — 00, o], B1 =|qo, +00].
Then, we set BOO :] — OO,qOo], B()l :}900790], Bl(] :]qO,QOl], By :]QOI, +OO[ Proceeding
this way, we build successive partitions of R, consisting in sets of the form B, ..., , with
(e1---&,) € E,. Note that {B.g, Bz} is a partition of B.. Now, since @ is dense, it can
be proved that o(B., ¢ € E*) = BB and we obtain the following result.

Theorem 2.2. Let Y = P(By) and Y. = P(Bo|B:) for any e € E*. We assume that the

random variables (Yz)eep+ satisfy
1. Y 1{Yy, Y1} L{Ybo, Yo1, Y10, Y11} L - - -, where L means "independent”
2. Yoo X Yoo X Yopo0 X <+ =0 and Y1 X Y13 X Y131 X -+- =0
then there ezists a tail free prior I1 on M(R) such that under 11,
Y. = P(B|B:).

Observe that given the variables (Y.).c g+, we obtain a joint distribution for (P(B.)).cp+-
The next theorem gives conjugacy properties.

Theorem 2.3. Suppose 11 is a tail free prior on M(R) with respect to the sequence of
partitions (I,)n>1. Given P, let X ..., X, “p. Then, the posterior is also tail free

with respect to (1,)n>1-

2.3.2 Dirichlet processes

Dirichlet process priors are a natural generalization to M(R) of the finite-dimensional
Dirichlet distributions.

Theorem 2.4. Let « a finite measure on (R, B). There ezists a unique probability measure
D, on M(R) called the Dirichlet process with parameter o satisfying, if P ~ D, for any
partition (By, B, ..., By) of R,

(P(Bl)7 P(BZ)a s >P(Bk’)) ~ D(a(Bl)a a(BQ)v s 7a(Bk’))7
where the latter is the Dirichlet distribution with parameter (a(By), a(Bz), ..., a(By)).

See Ghosh and Ramamoorthi (2003) for the proof. We now establish properties as-
sociated with Dirichlet processes. For a a finite measure on (R, B), we denote & the
probability measure defined by
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Proposition 2.13. If P ~ D, then for any A € B,

The following theorem shows that the Dirichlet process has conjugacy properties.

Theorem 2.5. For each P € M(R), conditionally on P, let X1,...,X, P Let us
assume that the prior I on P is D, where v is a finite measure on (R, B). The posterior
distribution of P gwen Xy, ..., Xy 18 Daysn sy -

Proof. Let (By, Ba, ..., By) a partition of R. Under II,
(P(By),P(Bs),...,P(By)) ~D(a(B1),a(Bs),...,a(B)).

Therefore, introducing the discrete random variables X; = j <= X; € B;, for any
ie{l,...,n}and any j € {1,...,k},

((P|X1,...,X)(B1),....,(P|X1,..., X,)(Bp)) = (P(By),...,P(By)|X1,..., X»)
= (P(By),...,P(Bp)|X1,...,X,)

~7D ((a T iéXi>(B1)’ . (a + iéXi>(Bk)> ,

where we have used the ”discretization” of the set R. These computations show that
P|Xy,..., X, ~ Dossr, sx,-

O

Theorem 2.6. For each P € M(R), conditionally on P, let Xq,...,X, P Let us

assume that the prior Il on P is D, where « is a finite measure on (R, B). We have the
following results.

1. The marginal distribution of Xy 1is a.



Vincent Rivoirard 37

2. The predictive distribution is as follows: for any A € B,

a(A) + 1L, 6, (A)

P(Xp41 € AlXy,..., X,) = a(R) +n

3. If a is absolutely continuous with respect to the Lebesgue measure, then

1

P(X;=X,) = TOES,

Proof. The first point is an easy consequence of Proposition 2.13 combined with the
following result. For any A € B, with II = D,,

m(A) = / P(A)dTI(P) = E[P(A)] = G(A).

For the second point, since I1(-| X1, ..., X,;) = Daysn 55, We have:

P(XnJrl € A’Xb s 7Xn) = ]EH|X1 ,,,,, Xn {P(A)]

a(A) + Z?:l 0x,(A)
a(R) +n .

For the third point, we have:
P(X2 = Xl) = E P X2 X1’X1)]
P (Xo = 2| X7 = x)dm(z)

:/ {x} —i—5 )da(a:')

oc(]R)—l—l'

\

2.3.3 The stick-breaking representation

In this section, we provide a constructive way to build a Dirichlet process. As before, let
a be a finite measure on R and a(-) = a(-)/a(R). For this purpose, we define on R,

i.4.d

01,09, ...,0,,... ~ Beta(1l,a(R))

and, independently of the 6;’s,
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Then, we set p; = #; and for any n > 2,
n—1
i=1

We first prove the following lemma.

Lemma 2.1. For any n € N*,

n

SERES (o

j=1
We deduce
+oo
ij =1 almost everywhere.
j=1

Proof. The first point of the lemma is proved by induction.
- For n =1, since p; =1 — (1 — 6y), the result if obvious.

- Let us assume that . .
j=1 j=1
Then,
n+1 n
ij = ij + Pn+1
j=1 j=1
=1-JJ@=06,)+0ua JJ(1—6))
j=1 j=1
= 1= =001 0uia)
j=1
n+1
j=1

which proves the first result for all n € N*. In particular, we deduce that n — Z?Zl Dj
is increasing and bounded by 1 almost everywhere. Then, this sequence converges when

n — +oo and

n

) 1
nl—1>I—&1:loo - Z; log(1 —0;) = E[log(1 — 6;)]] almost everywhere
j:
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and since a(R) > 0,

M(aR)+1) [!
Ellog(1 — 0,)] = ¢ a((R))>F( ) / log(1 — 2)(1 — 2)*® -1 dz < 0
0
This yields
ngrfoo Z log(1 — 6;) = —oo almost everywhere
and .
lim (1 —6;) =0 almost everywhere.
n—>+ooj 1

Finally, for any A € B, we set for any w € R,

Z pn 5Yn (w )

39

The previous lemma shows that P is, almost surely, a (random) probability measure.
It puts the weight p, to the variable Y,,. We then obtain the following result due to

Sethuraman (1994).

Theorem 2.7. The process w — P(-)(w) is distributed according to D,,.
dustribution is .

Its marginal

Proof. The second point holds since the Y,,’s are i.i.d. and distributed according to o and

we have:

BLP(A)] = EELPA) oo pr ]

=E an 5Yn ‘pla--wpna"']]
=E an

= A)?

by using Lemma 2.1. For the first point, let (By, Ba, ..., Bx) a partition of R. We show

that
(P(By),P(By),...,P(By)) ~D(a(By),a(Bs),...,a(Bg)).

Let, for any 7 € N*
U{% = ((51/;(-81)7 s 75Y1<Bk))7
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where, in the last vector, all coordinates are 0 except 1, the jth coordinate equal to 1
(where j is the only set of the partition such that Y; € B;). We define

Py =p Uy, + (1 - p1)@Q,
where () is taken as follows: () is independent from the Y;’s and the 6,’s and
Q ~D(a(By),...,a(B)).
Using Proposition 2.10, conditionally on Y; € Bj,
P ~D(a(By),...,a(B;)+1,...,a(By)),

where j is defined as before. Since m(B;) = P(Y1 € B;j) = &(B;), by definition, for any
Borelian set C' € A, we have

P(P e C)=> P(P € C|Y; € B;)P(Y1 € B;)
_ ZD(a(Bl), calB) +1, .., a(By)(C)a(B;)

=D(a(By),...,a(B))(C),
using Equation (2.1). It means that
Py ~D(a(By),...,a(By)). (2.2)

Now, for some N € N* we assume that

> palUY + (1 — an> Q ~ D(a(By),...,a(By)). (2.3)

Since by Lemma 2.1,

N N
PN+1 = Onta H(l —0,) = Onia (1 - an)a

n=1 n=1
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we have
N+1 N+1 N N
> U+ (1 — an) Q=> pUf + (1= pn|Q+pnnlf,,, —pynQ
n=1 n=1 n=1 n=1
N N
=3 pUf + (1= pu | (Q+ 08 Uf, = Q)
n=1 n=1
N N
= anUllf'n + 11— an (9N+1U3]?N+l +(1— 9N+1)Q)
n=1 n=1
N N
sznU)];n"i_ 1_an>Q
n=1 n=1

~ D(a(By),...,a(By)).

where we have used (2.2) and (2.3). Consequently, (2.3) is true for any N € N*. By
letting N — +o00, we conclude

> ¥, ~D(a(By), ..., a(By)).

Since this is true for any partition (By, Ba, ..., Bx) of R, we obtain

+o0o
Z pn(SYn ~ Da~
n=1

]

The construction justifies the stick-breaking terminology. Starting with a stick of
length 1, we break it at 6, p; is the length of the stick we just broke off. What remains
has length 1 — 6;. We break a fs-fraction of the remaining stick, that is ps = 05(1 — 61).
What is left after this step is (1 —6;) —02(1 —61) = (1 —60;)(1 — 63). At the kth step, we
have a stick of length Hf;ll(l —0;) remaining and to produce py, we break off a 0;-portion
of it, so pr = 0, H;:ll(l — 0;). The result is a sequence (p;)i1, . k-

The stick-breaking representation exhibits the Dirichlet distribution as a random dis-
crete measure and we obtain the following corollary.

Corollary 2.1. Almost every realization from D, is a discrete measure: If I1 = D,,
II(P: P is discrete) = 1.

A realization from the Dirichlet process is discrete with probability one, also when the
base measure « is absolute continuous. This is perhaps disappointing, especially if the
intention is to model absolutely continuous probabilty measures.
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2.3.4 Estimation of the cumulative distributive function by us-

ing Dirichlet processes

We wish to provide a Bayes estimate to infer the cumulative distributive function of an
n-sample X = (X1,...,X,,) of real variables, with the loss-function defined, for any F'
and G two cumulative distributive functions, by

LF.G) = / (F(t) — G2 dt.

We denote F' the cumulative distributive function of X and we have for any estimate F
of F,

R(F,F) = / L(F.F)dPr = E#[L(F, F)],

where Pp is the probability distribution associated with X and for any prior Il on F,

r(m, F) / R(F, F)dII(F)

- [[f o - Fopaarean
-/ (// ) dm(e >dH<F|x)) at

where m denotes the marginal distribution of X. We can perform estimation at fixed ¢,
which boils down to estimate the real F'(t). Therefore, using Theorem 1.2, the Bayes rule
is for any t € R

Fu(t) = /F(t) dII(F|X).

If Tl = D,,, then
H(|X> = DCH—Z?:l ox

and since for any t € R,
F(t) = P((—o0;1)),

we have
Fult) = / F(t) dTI(F|X)
A )]

(a4 X0, 0, ) (=003 1)

a(R)+n
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Observe that the Bayes rule can be written as a convex combination between the clas-
sical frequentist rule F,(t) := Y1 dx,((—o0st]) = £3°" 1x,< and the Bayes rule
a((—o0;t]): ®
A (0% n
a(t) = ————a((—oo;t — F,(1).
H( ) Oé(R) +na<( (& eh ]) + a(R)+n ( )

The weight R — goes to 0 when n — +o0o whereas the weight — ) goes to 1. Dirichlet
processes 1eaé to natural interpretations.
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Chapter 3

Asymptotic properties of
nonparametric posterior
distributions: consistency and
convergence rates

Our goal is to extend results of Chapter 1 to the nonparametric setting. Before studying
asymptotic properties of general nonparametric posterior distributions, let us first focus
on the case of posterior Dirichlet processes. We rely on notions introduced and results
proved in Section 1.2.1.

3.1 Consistency of posterior Dirichlet processes on R

We first recall the definition of the weak convergence on M(R). The o-algebra A is such
that P € M(R) — P(B) is A-measurable for any B € B.

Definition 3.1. A sequence of probability measures (I1,,),, on M(R) converges weakly
to a probability measure 11 if and only if for any R-valued bounded continuous function ¢

on M(R)
| spran )= [ sp)ane).
M(R) M(R)
Remark 3.1. The continuity on M(R) is defined through the weak convergence on R.
For instance, if f is bounded and continuous, the function ¢y defined by ¢y : P+ [ fdP

is continuous on M(R). Unfortunately, we cannot explicit all bounded and continuous

functions of M(R).

We now characterize the tightness on M(RR) by using the Bolzano-Weierstrass theorem.

45
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Theorem 3.1 (Bolzano-Weierstrass). A metrizable space X is compact if and only if each
sequence in X has a convergent subsequence in X .

For any probability measure IT on M(R), we set
En(B) := / P(B)dII(P), VBeB. (3.1)
M(R)

We then have the following result.

Theorem 3.2. A sequence of probability measures (I1,,),, on M(R) is tight for the weak
convergence of M(R) if and only if the sequence (En,, ), is tight on R.

Proof. We first prove the sufficient condition, which is the crucial point for this course.
For any n, we set p, := Ep,. We assume that (u,), is tight on R. Let § > 0. We prove
that there exists a compact set M C M(R) such that for any n, II,(M) > 1 —0. By
tightness of (i), for any d € N*, there exists a compact set K, such that for any n,

60

Iun(Kd) >1- B2

Now, we set
1
My = {P e M(R): P(Kj) < E}

and
M = Ngen«My.

We show now that M is compact (for the weak convergence). Let (P,), € M. We show
that (P,), has a convergent subsequence in M. Let € > 0 and d € N* such that £ < e.
Let n be fixed. Since P, € M, P, € M,. Then

1
P,(Kj) < p <e= P, (Ky) >1—¢.

This shows that (P,), is tight. Prohorov’s theorem implies that there exists (P,), a
subsequence of (P,), such that (P, ), converges (since R is a Polish space). Therefore,

there exists P € M(R) such that P, M p, Now, observe that for any d € N*, K§ is
an open set of R. The Portmanteau theorem implies

1
P(Kj) < liminf P, (Kj) < —
n/—+o00 d

and P € M. We have proved that (P,), has a convergent subsequence in M. The
Bolzano-Weierstrass theorem implies that M is compact. We now prove that for any n,
I1,,(M€) < 6. For this purpose, we use

(M) < 7 T,(M)

deN*
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and the Markov inequality:

I, (M¢) = I, (P € M(R): P(KS) > é)

= /1{P6M(R): P(Kg)>§}dHn(P)

<d [ P ANL(P) = B, (K] = di ()
M(R)

60

— d?r?

This gives I1,,(M¢) < ¢ and then IT,,(M) > 1 — §. This yields the tightness of (IL,),.

Now, assume that (I1,),, is tight for the weak convergence of M(R). It means that
for any € > 0, there exists a compact set M for the weak convergence such that for
any n, I1,(M) > 1—¢/2. So, M is a precompact set. Then, by Prohorov’s theorem (see
Remark 1.7), M is tight and there exists K, a compact set of R, such that for any P € M,
P(K) >1—¢/2. Then, for all n,

En, [K9 = /M P(K®)dIL,(P) + / P(K)dIL,(P) < sup P(K*) + 1L, (M°) <.

PeM
We have proved that the sequence (Ey, ), is tight on R. ]

We now show the weak convergence of the posterior distribution.

Theorem 3.3. Let (o), a sequence of finite measures on R, such that o, (R) " 4o

and assume there exists a probability measure & such that a,(-) = 3:(% A a. If

I, =D,,, then

n—-+00
H’I’L > 5&.

Proof. We show that (Ep,, ), is tight on (R, B). For any B € B, Ep,, (B) = a,(B). Since

a,, converges weakly and since R is a Polish space, (Ery, ), is tight. Using Theorem 3.2, we
have that (IL,),, is tight. Now, if for any subsequence (IL,),s of (IL,),, (IL,), et Oas
unicity of the limit will provide the result of the theorem. We essentially admit the result

but observe that for any B € B such that a(6B) = 0 and any € > 0,

I, (|P(B) = a(B)| > ¢) < I1n(|P(B) — En, (B)| > £/2) + IL,(|En, (B) — a(B)| > £/2)

< gvarnn(P(B)) +10,(|an(B) — a(B)| > £/2)

_ 4a,(B)(1 - a.(B)
T e? a,(R) +1

+ 1L, (|a,(B) — a(B)| > £/2).
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Using assumptions of the theorem, since @(6B) = 0 @, (B) "=5° @(B) and the second

term vanishes for n large enough. Therefore, under II,,, P(B) "=25° a(B) in probability
and then in distribution. This explains why the limit is unique. See Theorem 2.5.2 of

Ghosh and R.V. Ramamoorthi (2003) for more details. O

Corollary 3.1. Let a a finite measure on R. Then, for any Py € M(R), the posterior
distribution studied in the previous chapter is consistent at Py:

n—+400
Da+2?:15xi > 5Po7 Po — a.e.

Proof. We apply Theorem 3.3 with

We have

and "
a a+ i, 0x,
" a(R) +n
Let t such that Fj, the cumulative distributive function of Fy, is continuous at ¢, we have

, 1 é
an((—o0it) = i X (al(~o0s1)) + ;5Xi((—oo;t])

1 n ] —
- —ooit]) 4+ ——— x = Y gy,
a(R)+nxa(( o0; ])+a(R)+ani:1 X<ty

and
n((—00; 1)) "25° Py((—00;t]), Py — ae.

Therefore,

_  n—+oo
(07N Po, P() — a.ce.

and, by Theorem 3.3,
Da+2?=1 6Xi nﬁ\j;oo 6P07 PO — a.e.

]

3.2 Consistency for general nonparametric posterior
distributions

Now, we consider a general statistical model denoted (2,8, P € T) and conditionally
on P, Xq,..., X, " P, We denote T a prior distribution on the general measured space

(T,.A). We first study strong consistency of the posterior distribution.
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3.2.1 Strong consistency

Definition 3.2. The posterior distribution 11(-| X1, ..., X,,) is said to be strongly con-
sistent (i.e. 1Li-consistent) at P, if there exists Qo with Py() = 1 such that
Yw € Qqy, YU an open set of T for the total variation norm containing Fp,

(U] X1 (w), ..., Xn(w)) "=5° 1.

Remark 3.2. Since (T, | - ||rv) is a metric space, for strong consistency, we can take U
of the form U ={P: ||P — Po|lrv < €} fore > 0.

The following result shows that if the posterior distribution II(-| Xy, . .., X,,) is strongly
consistent, then we can derive an estimate with nice properties.

Proposition 3.1. Let P, defined as
P,(A) = /P(A) dIl(P|Xy,...,X,), VAeBLB.

IfTI(-| Xy, . .., X)) is strongly consistent at Py, then B, satisfies
n——+00

||pn_POHTV — 0 PO—CL.B.

Proof. By assumption, there exists Qg with Py(€y) = 1 such that Yw € Qq, Ve > 0, with
Ua = {P . ||P — POHTV < E},

(U] X1 (w), . .., Xn(w)) "=25° 1.

Now, on €,

1B, = Pollzy = H /(P — P dII(PIXy, ..., X,)

TV

< / IP = Polloy dTI(P| Xy, .., X,,)

< | P = Pyllry dI(P|Xy,... . Xo) + [ P = Pollzv dII(P|X3, ..., X,,)
U. U¢

< e+ (US| Xy, ..., Xn),
since the TV-norm is bounded by 1. Finally, on €2y, Ve > 0,

lim sup ||Pn — Pl|ry < e

e—0

and R
15, — Pyllry "=5°0 Py —ace.
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3.2.2 Weak consistency and Schwartz theorem

Most of the time, strong consistency is too demanding and we can only prove weak
consistency.

Definition 3.3. The posterior distribution I11(-| Xy, ..., X,,) is said to be weakly consis-
tent at P, if there exists Qo with Py(2) = 1 such that Yw € Qy, YU an open set of T
for the weak convergence containing Py,

(U X1 (w), ..., Xn(w)) "25° 1.

Remember that it is not a good idea to consider consistency under the total variation
norm. For this reason, we consider posterior consistency on densities and for p a o-finite
measure on ), we set

L, ={PeT: PLu}.

If for (P, Q) € L2, we set
par g
_d,LL’ g_d[,l,’

we have
1f =gl =2(P = Qllrv.

In the sequel, without loss of generality, we assume that u is the Lebesgue measure. Let
U be a set containing fy = %. To obtain the convergence of the posterior probability
of U given X1,..., X, to 1, fo and U need to be separated. This idea of separation is
conveniently formalized through the existence of appropriate tests for testing Hy : f = fo
versus Hy : f € U¢, where f is the density of the X;’s, expressed by following results. We
first introduce test functions with specific properties.

Definition 3.4. Let fy be a density and U a set containing fo. Assume we are given
X" =(Xy,...,X,) an n-sample. We denote f the density of the X;’s.
The test ¢(X™) is strictly unbiased for testing Hy: f = fo versus Hy : f € U° if

Es[o(X™)] < Jnf, Ef[p(X™)].

Now let (¢n(X™))n be a sequence of test functions.

e The sequence (¢,(X™)), is uniformly consistent for testing Hy: f = fo versus
Hy, : feU°if asn — o0,

Ef[0n(X™)] =0, inf Ey[o(X")] 1.

e The sequence (¢n(X™)), is uniformly exponentially consistent for testing Hy:
f = foversus Hy : f € U° if there exist C and 8 positive constants such that for
any n,

Ef, [P (X™)] < Ce_nﬁv fing Ef[¢n(Xn)] >1- Ce ",
e c
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Remark 3.3. In the previous definition, we consider randomized tests, namely test taking
values in [0;1].

Proposition 3.2. Let fy be a density and U a set containing fo. Let X = (X, )nen+ a
sequence of iid variables. We denote f the density of the X;’s. The following facts are

equivalent.

(i) There exists a uniformly exponentially consistent sequence of tests for testing Hy:

f=foversus H : f € U°.

(ii) There exists a uniformly consistent sequence of tests for testing Hy: f = fo versus

H1 N fEUC.

(i1i) There exist n € N* and a strictly unbiased test ¢(X™) for testing Hy: f = fo versus
H1 . f e U-.

Proof. Of course (i)=(ii)=-(iii). We now assume that there exist ¢ and m € N* such that

o= Ep[p(X™)] < §:= inf E[p(X™)]

First assume m = 1: Let

Lemma 3.1 (Hoeffding). Let (Y1,...,Y,) be a sequence of independent variables such
that E[Y;] = 0 and for all i, a; <Y; < b; almost everywhere, then

n 2)\2
V>0, P(ZYZZA> < exp <_Zn (b,_aA)2>'
=1 ! ’

i=1

By using the Hoeffding lemma, we have:

Pr(d) = Py (Zw(x» ~EAl0(X)) > 5(6 - a>>

=1

. (_2/&(5 . a)Z)

IN
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and for f € U¢

Py(Ag)

v

Py (Zw(x» B (X)) > 5 (- 5))

i=1

k
- 1B (zw(xn ~E (X)) < 5(a - ﬁ)>

- 1P <Z<Ef[¢<xi>] —6(X0) > (6 - a))

k(5 — a)2> ‘

> l—exp(— 5

So, ¢x(X¥) = 1,4, provides a uniformly exponentially consistent sequence of tests for
testing Hy: f = fo versus Hy : f € U°.

Now, let m € N*. We apply the previous construction with ¢ = km and we use X! =
(Xi,...,X,). We have:

k
k
I = (Z o( Xl—i—(z 1)m 7Xm+(i—1)m) —Ey, [¢(X1+(i—1)ma s aXm+(i—1)m)] > 5(5 - a))
=1
(- )
< exp
- o < 2m> ‘
So, for n such that km < n < (k + 1)m, we set
¢n(Xn) = 1,4[
with
k
{Z ¢ Xl—i—(z 1ymoy - - - m—‘r(z 1)m ) Efo [¢(X1+(i—1)m7 s aXm+(i—1)m) > E(ﬁ - Oé)} :

With C = exp((8 — «)?/2), we have:
Eplon(X™)] < Cexp (=(€+m) (B —a)?/(2m))
< Cexp (—n(B —a)*/(2m)).
Similarly, we obtain for f € U*
Py(Ag) > 1 - Cexp (—n(@ — a)?/(2m))

So, ¢n(X"™) = 14, provides a uniformly exponentially consistent sequence of tests for
testing Hy: f = fo versus Hy : f € U°. m
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Weak consistency results are based on the Schwartz theorem that has an interest in
its own right. We need following definitions.

Definition 3.5. We set
Li(p) = {f . [ >0, measurable and /f(x) du(z) = 1}

and for any fo € Li(n), for any e > 0,

K (fo) ={g9€li(n): K(fo,g9) <e},

with
K(o.g) = 108 (58) folw) dn(x) if fodu < g
9 +00 otherwise.

Let fo € Ly(p). If 11 is a prior on Li(u), fo is said to be in the support of 11 if for
any € > 0,

H(K€<f0)) >0

Theorem 3.4 (Schwartz theorem (1965)). Let IT a prior on Ly(u). Let fo € Li(p) such
that fo is in the support of I1. We take U C 1Ly (u) such that there ezists a strictly unbiased
test for testing
Hy: f=fy wersus H:feU°".
Then,
N(U|Xy,..., X,) =51 Py, — ae.

Proof. Denoting X" = (X1,...,X,,), we write

JueITie 1f i) dII(f)
Juag TL= 1f ) I(f)
Jore TTi= fo( dII(f) N (X™)
le z 1 fO dH(f) . D”(Xn).

(U] X™) =

We prove the following useful lemma.

Lemma 3.2. There exists a constant p > 0 such that
Ay = {Na(X™) < exp(—pn)}

satisfies Y, Py (AS) < 0o
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Proof. Using Proposition 3.2, we know that for any n, there exist ¢, (X") a test and C
and [ two positive constants such that

Eplon(X")] < Ce™™,  inf By[gn(X")] 21— Ce™.
e c

In particular, for any f € U¢,
Ef[1 — ¢n(X™)] < Ce™,
We have
Py (A7) = Eg [Lag ¢n(X")] + E g [1ag (1 — ¢ (X™))]
< C’e*"'g + Efo[l{Nn(X")>exp(—pn)}(1 - (bn(Xn))]

We bound the second term of the right hand side as follows.

]EfO[l{Nn(X")>eXP(—Pn)}(1 - (z)n(Xn))] = /(1 - (bn( ))1{Nn ") >exp(—pn)} H fO 55@ dxz
=1
— /(1 — (")) Ny (2™) exp(pn H fo(z;) dzy]
=1

~ =) / an(f)esp(on) [1rw)

—explon) | Ef[1 - 6,(X")]dIL(F)
< Cexp((p = B)n).

By taking 0 < p < 3, we have > Py (AS) < oo and the lemma is proved. O
Combining the result of the previous lemma and Borel Cantelli Lemma, we obtain
Pf0< N U A;) —0

no€EN* n>ng

and with Qo = |, en+ (Npsn, Ans We have Py, (€) = 1. Therefore, for any w € €, there
exists ng(w) such that for any n > no(w), N,(X™(w)) < exp(—pn). Before dealing with
the denominator D, (X™), we prove the following lemma.

Lemma 3.3. There exists B € B such that P (B) = 1 and for any w € B, there exists
Gy € A such that 11(G,,) = 1 and for any f € G,

LNy, (X))
i 38 (g ) ~ K0 D)
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Proof. We denote
1 ¢ fO(Xi(w)))

k = — 1 —_—

)= 2, oo (e
and

G = {(w,f) : nETookn(w7 f)= K(fo,f)}
and its sections
Gr={w: (v, f) e G}, G,={f: (w, f)eG}.

We admit that all these spaces are measurable. The strong law of large numbers implies
that Py (Gy) =1 for all f € Ly(p). Then, Fubini’s theorem gives

1:= /LI(M) Pfo(Gf> dH(f)
_ /L . /Q 16(w, f) APy, () dII(f)

_ / [ / ol ) AN Py (w)

Q
The previous equality implies that II(G,,) = 1 Py -a..e. There exists B € B such that
P (B) =1 and for any w € B, II(G,,) = 1. O

Now, we deal with D, (X™).

Lemma 3.4. For any € > 0, we have on B:

lim exp(ne)D,(X") = +oo.

n—-+00

Proof. For any w € B,

Dux() = [ TIAR S dne

with
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Therefore, by Fatou’s lemma,

n—-+oo n—-+o0o U))

lim inf exp(2ne) D, (X" (w)) > /Ks(fo)mGw lim inf exp <2n5 — Z; log (];?((jé—l((w))))> dII(f)

since on K. (fo) N Gy,

and II(K.(fo) NG,) > 0. O

The previous lemma gives that for any w € B, there exists ni(w) such that for any
n > ni(w),
Dy (X" (w)) > exp(—ne).

This shows that for any n > max(ng(w),n;(w)),

N (X" (w))

U X" (w)) = Do(X7(w))

< exp((e — p)n).

Taking ¢ < p, we obtain for w € B,

lim II(U¢|X"(w)) = 0.

n——+o0o
Theorem 3.4 is proved. O

Theorem 3.5. Let 11 a prior on Ly(p). If fo is in the support of 11, then the posterior
distribution is weakly consistent at fo. It means that for any open set U for the topology
of weak convergence containing fy, we have:

UXy,. .., X,) =51 Py, — ae

Proof. We can show that it is enough to take U as follows:

U:ﬂ{f: ’/hi(:zr)f(a;)dx—/hi(x)fo(x)dx

i€l

<e}.

where [ is a finite set, (h;);e; are continuous bounded functions and € > 0. Therefore, it
is enough to show the result for
< } ,

U(h,e) = {f: ‘/h(m)f(x) dx—/h(x)fo(x) dz
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with h bounded continuous and € > 0. We set

_ ht Al

= 0;1].
T

We have
feU(he) < /h(:v)(f(:v) — fo(x))dz < € and /h(:v)(f(:v) — fo(x))dz > —e.
and we observe that

[ et - ftenar= [ itk - e da

Ja=oa@n@ - ) ds = [ 5o (o - ) e
Then,

feU(he) — / @)/ (w) ~ folo)) de < g

and / (1= 002 (F(e) = fole)) do < g

So, it is enough to show that for any ¢ bounded, continuous and taking values in [0; 1]
and any € > 0,
I(V(p, )Xy, .., X,) =571 Py, —ace.
with
Vo) ={r: [o@f@) - ae)dr <<}
Let ¢ a bounded and continuous function such that ¢ takes values in [0;1]. We build a

strictly unbiased test for testing Hy: f = fo versus Hy : f € V(¢,¢)¢. For this purpose,
we consider ¢(X;). If f € V (¢, )¢, we have

E,[6(X)] = / o(0)f(x) da

> / 6(2) folw) dz + ¢
> B [6(X0)] + <.

This shows that

Eplo(Xy)] < feg(lig)CEf[qﬁ(Xl)]

and ¢(X;) is strictly unbiased for testing Hy: f = fo versus Hy : f € V(¢,e)¢. Theo-
rem 3.4 provides the conclusion of the proof. O
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3.3 Posterior contraction rates of convergence

3.3.1 General result

Let X" = (Xq,...,X™) ik Py. We consider (II,),, a sequence of prior probability mea-
sures supported on a set P C L;(u), where, here, L;(u) is the set of all probability
measures absolutely continuous with respect to u. We denote d either the Hellinger dis-
tance or the total variation metric on P. We denote

dFy dpP

fozma :av

for any P € Li(u). At some places, we refer to P (respectively Fp) and at others to
f (respectively fp), which is equivalent. We introduce D(e, P, d) the e-packing number
of P:

Definition 3.6. For any ¢ > 0, D(e,P,d) is the maximal number of points in P such
that the distance between every pair of points is at least €.

We have the following result due to Ghosal, Ghosh and van der Vaart (2000) and
Ghosal and van der Vaart (2007).

Theorem 3.6. Suppose that for a sequence (), with €, — 0 and ne% — +oo, for a
constant C' > 0 and sets P, C P, we have for n large enough:

(a) log D(g,, Pp,d) < ne?,
(b) Hn(P \ Pn) < exp(—(C’ + 3)715121)’
(c) IL(P: K(fo,f)<e2 V(fo,f) <e2)>exp(—Cne?),

where

K(fo,f) = { [ log (];?(f))> fo(x)dp(z) if fodp < fdp,

400 otherwise,

+o00 otherwise.

V(o f) = { Jog? (28) fow) du(e) if fodu < fdp,

Then, for a constant M large enough, we have:
IL,(P: d(P,Py) > Me,|X™) "=5°0 in Py — probability.

We say that (¢,,), is the posterior contraction rate of convergence (or posterior
concentration rate of convergence) of 11,,(-|X") on P associated with d.

Proof. We prove the following lemma.
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Lemma 3.5. Assume that d is either the Hellinger distance or the total variation metric.
If for any n, log D(g,, Pn,d) < ne2, then there exists an absolute constant K > 0 such
that for any M a positive constant larger than 2, there exists (¢n(X"))n a sequence of
tests such that for any n,

Ejy[¢n(X"™)] < exp((1 — KM?)ney)

sup Ef[l — ¢n(X™)] < exp(—KnM?e2).
PePy: d(P,Py)>Mey,

Proof. We admit the following lemma (see Birgé (1983)).

Lemma 3.6. We assume that d is either the Hellinger distance or the total variation
distance. Then, for any probability measures Py and Py, there exists a test 1, such that,
for K a universal constant,

Ey [10n(X™)] < exp(—Knd*(Py, P1)), (3.2)

sup Ef[l — ,(X™)] < exp(—Knd*(Py, P1)). (3.3)
P: d(P,P1)<d(P0,P1)/2

Let M > 2. We set Syy = {P € P, : d(Fo,P) > Me,}. We build a maximal net
Nur C Sy such that the distance between any probability distributions of Ny, Qar and

Q) with Qy # Q' satisfies d(Qp, Q) > Meyp /2. Since M > 2, d(Qu, Q) = en
and then |N)|, the cardinal of Ny, is smaller than D(e,,P,,d) and then smaller than
exp(ne?). For any P € Sy, there exists Qy € Ny such that d(P,Qy) < Me,/2
(otherwise Sy, is not a maximal net) and

d(P,QM> < M&n/2 < d(P()?QM)/Q

We apply Lemma 3.6 with Py and all Qs € Ny and we denote v, ¢p,, the associated tests
satisfying (3.2) and (3.3). We set

¢H(Xn): max wmQM<Xn)'

QmENM

We have

Efo[(bn(Xn)]S Z Efo[wn,QM(Xnﬂ

QmENM
< exp(ne?) exp(—Knd*(Py, Qu))
<exp((1 — KM?)ne2)
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and

sup Ef[l — ¢n(X™)] = sup Ef[1 — ¢, (X")]
PePy: d(P,Py)>Men, PeSy

< su min E¢1—1, X"
< sup min Byl — g, (X")

< min exp(—Knd*(Py,Qu))

QuMENM

< exp(—KnM?c2).

Let a« > 0. We have

Py(IL, (P : d(P,Py) > Me,|X") > a) < a 'Ey[IL,(P : d(P,Py) > Me,|X")].

We denote
B, :={f: K(fo.f) <el,V(fo,[) <el}
and
A, = { / 11 ]{; (é;j)) ALy, (f) > exp(—Qnsi)}
i L, () dIL (/)

We prove the following lemma.
Lemma 3.7. We have

n——+o00

Proof. We consider A¢. Observe that

n

But,

J(Xy) 2 - f(X3) 9
o (%) dllp,(f) < exp(—2ne,) <= log </11 Fo(X0) dHBn(f)> < —2ne2.

1=

=1

7 f(X) 7 f(X)
log ( JI+5 dHBn(f)> > [ 1og (H e )dHBn(ﬁ
1A
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and the right hand side is less that —2ne? if and only if

Vi (% Z [row (5t ) B | 1o (£55) it ) )
_ VA (% Z Jroe (258 ) attn. () + [ Ko dan<f>>

< —2v/ne? + \/E/K<f07f) dllg, (f)

and the last term is smaller than —y/ne?. We obtain that, by denoting

=3 s (75 a0

and by using the Bienaymé-Chebyshev inequality,

Py(A3) < Po (Vi |Us = Ep[Un]| > v/ney)
Varfo(\/ﬁUn>

ST
ney,

var , (f log (}f;ggf» dHBn(f)>

By 108 (£55) s, (D] v N aiL() _ 1

nedll, (B,) ~ ne?

n

and we obtain that

n—-+4o0o

which proves the lemma. O

We denote
Vo.=A{P: d(P,Fy) > Me,}

and we prove that

E[IL(P: d(P, Py) > Me,|X")] = B [IL (Ve X™)] = 0.
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We have

Efo [Hn(vn|Xn)} = Efo[lAan(Vn|Xn)} + Efo[lA%Hn(Vn|Xn)]
< B [1a, I (Vo] X)) (X7)] 4 B g [1, I (Vo X ™) (1 = 0 (X™))] + Po (A7)
< B [@n (X™)] + By [La, 1L (Vo [ X™) (1 = 0 (X™))] 4 Fo (A7) (3.4)

By using Lemma 3.5, for n large enough,

exp(—KnM?e2)
E " X < 2 n
W00 < exp(net) x TR I

< 2exp(—(KM? — 1)ne?)
< Qexp(_Kngi)a

for M > KH . Now,

E g [La, I (V| X™) (1 = 00 (X™))]

_Ep (14,1 — 6u(X™)

/ Lip. d(P,P0)>Msn} H?:l f(Xy) dHn(f)}
[ 1 )>Me f(X) dIt,,
=Es [14,(1 _<Z5n(X”))f {P: d(P,Py)>M ,}i)}_[z 1 fo(Xy) (f)

J T 7 ()
Nn(X”)}
Dr(X™) ]

_Ejy |1, (1— 60(X™)

with

M) = [ mmosien TLR A A, Do) = [ TTHES ().

We lower bound D,,(X") on A,:

We finally upper bound
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We have

f(Xi)
fo(X)

Ny = Ej, [ 1a,(1— éu(X™) / Lp armyoaton) H dIL,(f)

< Ej, /7:\79
"7,1

+ Efo

1An(1 — an(X”)) /7) 1{P: d(P,Po)>Men} H % dHn(f)
n i=1 !

< / dIL(f) + / By [(1— 6(X")] 1gp: atppyonien) ATL()
P\P,

n

<IL,(P\ P,) + exp(—KnM?e?)
< 2exp(—ne, (C' +3)),

it M > % Finally,

-1
E gy 14, (V[ X)(1 = (X)) < 2exp(—n(C + 3)) x (TLa(By) exp(~2ne?) )
< 2exp(—ne?).
Each term of (3.4) goes to 0 when n goes to +oo. This ends the proof of Theorem 3.6 [

Remark 3.4. Conditions (a) and (c) are the essential ones. Condition (a) requires that
the model P, is not too big. It ensures the existence of certain tests and can be replaced
by a testing condition (see Lemma 3.5). Condition (c) requires that the prior measures
put a sufficient amount of mass near the true measure Py. Here "near” means that the
closeness is measured through a combination of the Kullback-Leibler divergence of fy and
[ and the Ly(fo)-norm of log (fo( > Condition (b) says that P, is almost the support of

the prior.

Remark 3.5. The proof of Theorem 3.6 shows that for condition (b), we can replace the
term C' + 3 by any constant larger than C + 2.

Example 3.1. Suppose that P consists of all measures with densities whose square-root
V[ belongs to a ball of the Holder class C*[0;1] for some o > 0. It is well-known that for
all e > 0, log D(e, P, d) = e~ "/*. We take ¢, proportional to n=®/+2) Therefore

ne? m /(1520 o /e
Then (a) is satisfied since
log D(g,,, P,d) < neZ.

By taking P, = P, (b) is satisfied. It remains to choose Il,, so that (c) is satisfied. Observe
that &, = n~*/0+2%) s the optimal rate of convergence on C*[0;1].
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3.3.2 Applications: rates of convergence for frequentist estima-
tors

We now consider 15”, the posterior mean estimator of Proposition 3.1, defined as

~

Bu(A) = /P(A) AL, (P|X1,....X,), VA€B,

that achieves the following rate of convergence.

Theorem 3.7. Under assumptions of Theorem 3.6,
H%*(P,, Py) < M?2 +10,(P: H(P,Py) > Me,|X")

and
||pn_PO||TV§M5n+Hn<P: H(P, Py) > Me,|X").

Proof. We recall that Hellinger and total variation metrics are bounded metrics with
bound 1. Since for any probability measures P and (),

4P dQ
H(P,Q) = 2—2/ i

and the function z — /x is concave on R, the function P — H?(P, Q) is convex and,
with
By, ={P: H(P,Fy) < Me,},

we obtain
H?(P,,P)) = H* (/ P(-)dIL,(P|Xy,. .. ,Xn),Po)
< / HA(P, Py) dIL,(P| Xy, .., X,)

< H*(P, Py)dIL,(P|Xy,...,X,) + H*(P, Py)dIL,(P|Xy, ..., X,)

Bare, B¢

Men
< M?2 +11,(P: H(P,Py) > Me,|X™).

We use similar arguments for the total variation metric combined with the convexity of

Thus the rate of posterior contraction is transferred to the posterior mean provided
the posterior probability of the complement of the Me,-ball around F, converges to zero
sufficiently fast. This is usually the case; in fact, the contraction of the posterior is
typically exponentially fast (see the proof of Theorem 3.6).

However, we can construct an estimate which achieves the rate ¢, without previous
or further assumptions, still by using d being either the Hellinger or the total variation
metric.
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Theorem 3.8. We consider assumptions of Theorem 3.6. Let (0,)nen+ @ sequence of
positive real numbers such that é,, — 0 when n — 4+o00. We set for any P € P and any
r >0,

B(P,r)={Q e P: d(P,Q) <r}.

Then, for any n € N*, we set P, such that

Po(By) < inf 7, (P
T n)_lgrelprn( )+ 6y

with .
Tn(P) := inf {r >0: IL(BPr)|Xy,...,X,) > 5} .

Then,
P (d(ﬁn, Py) < 2Me, + 5n) gmarel}

Remark 3.6. We introduce (8,)nen+ since inf pep 7, (P) may be non achieved. Of course,
we can take 6, = Me,,.

Proof. Let n and P be fixed. Using the definition of 7,(P), there exists a decreasing
sequence (r)gen+ such that limg_, 4o rq = 7, (P) and IL,(B(P, 1¢)| X1, ..., Xn) > 5. Since
B(P,7,(P)) = ﬂ B(P,ry),

qeN*

then

IL,(B(P,7n(P)|X1, ..., X,) = lim I(B(P,r)|X1,...,X,) >

q——+00

| —
~~
0
ot
N—

We now consider P,,. We have

A - < . A < A
Tn(Pp) < Igrelgj Tn(P) + 0p < 7p(Fy) + 6y

But Theorem 3.6 gives
P (Hn(B(PO, Mey)|Xy,. .., X,) "2 1) "2 (3.6)
which yields
Po(Hn(B(PO,MgnﬂXl, LX) > 1/2) "2

and
PO (72”(130) S M€n> nif" 1

Finally )
Po(#n(Pr) < Meg +5,) "7 1.
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By using (3.5) and (3.6), we have

P0<{HH(B(PR,7*”(P”))|X1, LX) >

It implies that
P, (313 € B(B,,#,(P,)) N B(F, Man)> mare
Since R A
d(Pn7P0> < d(PnaP)+d(P7P0)a

we finally obtain

PU <d(pn7 PO) < fn(pn) + Mgn) njgo 1

and

P, (d(ﬁ’n, Py) < 2Me, + 5n> jmaray’)
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