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Abstract

Hawkes processes are often applied to model dependence and interaction phenomena in multivari-
ate event data sets, such as neuronal spike trains, social interactions, and financial transactions.
In the nonparametric setting, learning the temporal dependence structure of Hawkes processes is
generally a computationally expensive task, all the more with Bayesian estimation methods. In par-
ticular, for generalised nonlinear Hawkes processes, Monte-Carlo Markov Chain methods applied
to compute the doubly intractable posterior distribution are not scalable to high-dimensional pro-
cesses in practice. Recently, efficient algorithms targeting a mean-field variational approximation
of the posterior distribution have been proposed. In this work, we first unify existing variational
Bayes approaches under a general nonparametric inference framework, and analyse the asymptotic
properties of these methods under easily verifiable conditions on the prior, the variational class,
and the nonlinear model. Secondly, we propose a novel sparsity-inducing procedure, and derive
an adaptive mean-field variational algorithm for the popular sigmoid Hawkes processes. Our algo-
rithm is parallelisable and therefore computationally efficient in high-dimensional setting. Through
an extensive set of numerical simulations, we also demonstrate that our procedure is able to adapt
to the dimensionality of the parameter of the Hawkes process, and is partially robust to some type
of model mis-specification.

Keywords: temporal point processes, bayesian nonparametrics, connectivity graph, variational
approximation.

1 Introduction

Modelling point or event data with temporal dependence often implies to infer a local dependence
structure between events and to estimate interaction parameters. In this context, the multivariate
Hawkes process is a widely used temporal point process (TPP) model, for instance, in seismology
(Ogata, 1999), criminology (Mohler et al., 2011), finance (Bacry and Muzy, 2015), and social net-
work analysis (Lemonnier and Vayatis, 2014). In particular, the generalised nonlinear multivariate
Hawkes model, an extension of the classical self-exciting process (Hawkes, 1971), is able to ac-
count for different types of temporal interactions, including excitation and inhibition effects, often
found in event data (Hawkes, 2018; Bonnet et al., 2021). The excitation phenomenon, sometimes
named contagion or bursting behaviour, corresponds to empirical observation that the occurrence

©2022 Author One and Author Two.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/.


https://creativecommons.org/licenses/by/4.0/

D. SuLeMm, V. RivoirARD, AND J. ROUSSEAU

of an event, e.g., a post on a social media, increases the probability of observing similar events in
the future, e.g., reaction comments. The inhibition phenomenon refers to the opposite observation
and is prominent in neuronal applications due to biological regulation mechanisms (Bonnet et al.,
2021), and in criminology due to the enforcement of policies (Olinde and Short, 2020). Moreover,
the Hawkes model has become popular for the interpretability of its parameter, in particular the
connectivity or dependence graph parameter, which corresponds to a Granger-causal graph for the
multivariate point process (Eichler et al., 2017).

More precisely, in event data modelling, a multivariate TPP is often described as a counting
process of events (or points), N = (Ny)efo.11 = (Ntl, e ,N,K )icr0.77, Where K > 1 is the number of
components (or dimensions) of the process, observed over a period [0, 7] of length T > 0. Each
component of a TPP can represent a specific type of event (e.g., an earthquake), or a particular
location where events are recorded (e.g., a country). For each k = 1,...,K and time ¢ € [0, T],
Ntk € N counts the number of events that have occurred until # at component k, therefore, (Ntk),e[o,T]
is an integer-valued, non-decreasing, process. In particular, multivariate TPP models are of interest
for jointly modelling the occurrences of events separated into distinct types, or recorded at multiple
places, by specifying a multivariate conditional intensity function (or, more concisely, intensity).
The latter, denoted (A;); = (/lt], ... ,/ltK )teRr, characterises the probability distribution of events, for
each component. It is informally defined as the infinitesimal probability rate of event, conditionally
on the history of the process, i.e,

Adr =P

event at dimension k in [f, f + df]

g[:|’ k=17""Ka tE[O,T],

where G; = 0(N;,0 < s < ) denotes the history of the process until time ¢. In the generalised
nonlinear Hawkes model, the intensity is defined as

K
/lf:(bk[vk"'z\f hlk(t—s)dNé], k=1,...K, (1)

=1 Y~®
where for each k, ¢, : R = R™ is a link or activation function, v, > 0 is a background or spon-
taneous rate of events, and for each [ = 1,...,K, hy : R* — R is an interaction function or

triggering kernel, modelling the influence of N ! onto N*. We note that in this model, the parame-
ter v = (v)x characterises the external influence of the environment on the process, here, assumed
constant over time, while the functions & = (hj)ix=1,. .k parametrise the causal influence of past
events, that depends on each ordered pair of dimensions. In particular, for any (/, k), there exists a
Granger-causal relationship from N’ to N*, or in other words, N* is locally-dependent on N', if and
only if Ay # 0 (Eichler et al., 2017). Moreover, defining for each ([, k), 6 := 1,20, the parameter
0 := Ok €10, 1EXK defines a Granger-causal graph, called the connectivity graph.

Finally, the link functions ¢ = (¢)x’s are in general nonlinear and monotone non-decreasing,
so that a value Ay (x) > O can be interpreted as an excitation effect, and sy (x) < O as an inhibition
effect, for some x € R*. Link functions are an essential part of the model chosen by the practitioner,
and frequently set as ReLU functions ¢x(x) = max(x,0) = (x)+ (Hansen et al., 2015; Chen et al.,
2017a; Costa et al., 2020; Lu and Abergel, 2018; Bonnet et al., 2021; Deutsch and Ross, 2022),
sigmoid-type functions, e.g., ¢x(x) = G (1 + e*)~! with a scale parameter 6; > 0 (Zhou et al.,
2021b,a; Malem-Shinitski et al., 2021), softplus functions ¢¢(x) = log(1 + ¢*) (Mei and Eisner,
2017), or clipped exponential functions, i.e., ¢r(x) = min(e*, A;) with a clip parameter Ay > 0
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(Gerhard et al., 2017; Carstensen et al., 2010). When all the interaction functions are non-negative
and ¢x(x) = x for every k, the intensity (1) corresponds to the linear Hawkes model. Defining the
underlying or linear intensity as

K
2f=vk+2f hy(t — $)dN', k=1,...,K, 2)
=1 e

for any ¢ € R, the nonlinear intensity (1) can be re-written as /lf = ¢k(/~1’t‘).

Estimating the parameter of the Hawkes model, denoted f = (v, &), and the graph parameter 6,
can be done via Bayesian nonparametric methods, by leveraging standard prior distributions such as
random histograms, B-splines, mixtures of Beta densities (Donnet et al., 2020; Sulem et al., 2021),
or Gaussian processes (Malem-Shinitski et al., 2021), which enjoy asymptotic guarantees under
mild conditions on the model. However, Monte-Carlo Markov Chain (MCMC) methods to com-
pute the posterior distribution are too computationally expensive in practice, even in linear Hawkes
models with a moderately large number of dimensions (Donnet et al., 2020). In contrast, frequen-
tist methods such as maximum likelihood estimates (Bonnet et al., 2021) and penalised projection
estimators (Hansen et al., 2015; Bacry et al., 2020; Cai et al., 2021) are more computationally ef-
ficient but do not provide uncertainty quantification on the parameter estimates. Yet, in practice,
most methods rely on estimating a parametric exponential form of the interaction functions, i.e.,
hi(x) = aye P (Bonnet et al., 2021; Wang et al., 2016; Deutsch and Ross, 2022).

The implementation of Bayesian methods using MCMC algorithms is computational intensive
for two reasons: the high dimensionality of the parameter space (K> functions and K parameters
to estimate) and the non linearity induced by the link function. Recently, data augmentation strate-
gies have been used to answer the second difficulty, jointly with variational Bayes algorithms in
sigmoid Hawkes processes (Malem-Shinitski et al., 2021; Zhou et al., 2022). These novel methods
leverage the conjugacy of an augmented mean-field variational posterior distribution with certain
families of Gaussian priors. In particular, Zhou et al. (2021a) propose an efficient iterative mean-
field variational inference (MF-VI) algorithm in a semi-parametric multivariate model. A similar
type of algorithm is introduced by Malem-Shinitski et al. (2021), based on a nonparametric Gaus-
sian process prior construction. Nonetheless, these methods do not consider the high-dimensional
nonparametric setting. They do not address either the problem of estimating the connectivity graph
0, which is of interest in many applications and which also allows to reduce the computational com-
plexity. In fact, the connectivity graph also determines the dimensionality and the sparsity of the
estimation problem, similarly to the structure parameter in high-dimensional regression (Ray and
Szabd , 2021). Moreover, variational Bayes approaches have not been yet theoretically analysed.

In this work, we make the following contributions to the variational Bayes estimation of multi-
variate Hawkes processes.

o First, we provide a general nonparametric variational Bayes estimation framework for mul-
tivariate Hawkes processes and analyse the asymptotic properties of variational methods in
this context. We notably establish concentration rates for variational posterior distributions,
leveraging the general methodology of Zhang and Gao (2020), based on verifying a prior
mass, a testing, and a variational class condition. Moreover, we apply our general results to
variational classes of interest in the Hawkes model, namely mean-field and model-selection
variational families.
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e Secondly, we propose a novel adaptive and sparsity-inducing variational Bayes procedure,
based on a estimate of the connectivity graph using thresholding of the ¢-norms of the inter-
action functions, and relying on model selection variational families (Zhang and Gao, 2020;
Ohn and Lin, 2021). For sigmoid Hawkes processes, we additionally leverage a mean-field
approximation to derive an efficient adaptive variational inference algorithm. In addition to
being theoretically valid in the asymptotic regime, we show that this approach performs very
well in practice.

e In addition to the previous theoretical guarantees and proposed methodology, we empiri-
cally demonstrate the effectiveness of our algorithm in an extensive set of simulations. We
notably show that, in low-dimensional settings, our adaptive variational algorithm is more
computationally efficient than MCMC methods, while enjoying comparable estimation per-
formance. Moreover, our approach is scalable to high-dimensional and sparse processes, and
provides good estimates. In particular, our algorithm is able to uncover the causality struc-
ture of the true generating process given by the graph parameter, even in some type of model
mis-specification.

QOutline In the remaining part of this section, we introduce some useful notation. Then, in Section
2, we describe our general model and inference setup, and present our novel adaptive and sparsity-
inducing variational algorithm in Section 3. Moreover, Section 4 contains our general results, and
their applications to prior and variational families of interest in the Hawkes model. Finally, we
report in Section 5 the results of an in-depth simulation study. Besides, the proofs of our main
results are reported in Appendix D.

Notations. For a function &, we denote [|All; = [, [h(x)|dx the L;-norm, ||l = Y Je P (x)dx

the Ly-norm, ||A|l, = sup|i(x)| the supremum norm, and A" = max(h,0), h~ = max(—h,0) its
x€R
positive and negative parts. For a K X K matrix M, we denote r(M) its spectral radius, ||M|| its

spectral norm, and (M) its trace. For a vector u € RX, |jul|, = Zszl |ug|. The notation k € [K] is
used for k € {1,...,K)}. For a set B and k € [K], we denote N¥(B) the number of events of N¥ in
B and N¥| the point process measure restricted to the set B. For random processes, the notation

£ corresponds to equality in distribution. We also denote N (u, Hp, d) the covering number of a set
Hy by balls of radius u w.r.t. a metric d. For any k € [K], let ,ug = ]Eo[/l’t‘( fo)] be the mean of /lf( o)
under the stationary distribution Py. For a set €, its complement is denoted €Q°. We also use the
notations ur < vy if |uz /vr| is bounded when T — oo, ur = vr if |vp/ur| is bounded and ur < vy if
|ur /vr| and vy /ur| are bounded. We recall that a function ¢ is L-Lipschitz, if for any (x, x") € R?,
|p(x) — p(x)| < L|x — x’|. We denote 1,, and 0,, the all-ones and all-zeros vectors of size n. Finally,
we denote H (B, Ly) the Holder class of S8-smooth functions with radius L.

2 Bayesian nonparametric inference of multivariate Hawkes processes

2.1 The Hawkes model and Bayesian framework

Formally a K-dimensional temporal point process N = (Ny)er = (Ntl, .. ,N,K )ier, defined as a
process on the real line R and on a probability space (X, G, IP), is a Hawkes process if it satisfies the
following properties.

1) Almost surely, Vk,I € [K], (N,k), and (N,l), never jump simultaneously.
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ii) For all k € [K], the G,-predictable conditional intensity function of N* at t € R is given by
(1), where G; = o(N,,s <t) C G.

From now on, we assume that N is a stationary, finite-memory, K-dimensional Hawkes process
N with parameter fy = (v, hg), link functions (¢y)x, and memory parameter A > 0, defined as
A = sup{x € R*; max; Ih?k(x)l > 0}. We note that A characterises the temporal length of interaction
of the point process and that this inference setting is commonly used in previous work on Hawkes
processes (Hansen et al., 2015; Donnet et al., 2020; Sulem et al., 2021; Cai et al., 2021). We assume
that fj is the unknown parameter, and that (¢y); and A are known to the statistician.

Similarly to Donnet et al. (2020), we consider that our data is an observation of N over a time
window [-A, T], with T > 0, but our inference procedure is based on the log-likelihood function
corresponding to the observation of N over [0, T']. For a parameter f = (v, h), this log-likelihood is
given by

K T T
mm:Z@m,%m=UNmewﬁﬁamm} 3)
k=1

We denote by Py(.|Go) the true conditional distribution of N, given the initial condition Gy, and by
P(.IGo) the distribution defined as dP/(.|Go) = L7 N-Lr0Py(|Gy). We also denote Eg and Ef
the expectations associated to Po(.|Go) and P;(.|Go). With a slight abuse of notation, we drop the
notation Gy in the subsequent expressions.

We consider a nonparametric setting for estimating the parameter f, within a parameter space
¥ . Given a prior distribution IT on ¥, the posterior distribution, for any subset B C ¥, is defined as

 Jyexp@r (M) Np(B)
Jrexp(Lr(f)dii(f) = Dr

H(BIN) , Dr:= L exp(Lz (/))dII(f). )

This posterior distribution (4) is often said to be doubly intractable, because of the integrals in the
log-likelihood function (3) and in the denominator Dr. Before studying the problem of computing
the posterior distribution, we explicit our construction of the prior distribution.

Firstly, our prior distribution IT is built so that it puts mass 1 to finite-memory processes, i.e.,
to parameter f such that the interaction functions (s );x have a bounded support included in [0, A].
Moreover, we use a hierarchical spike-and-slab prior based on the connectivity graph parameter ¢
similar to Donnet et al. (2020); Sulem et al. (2021). For each (/,k) € [K 12, we consider the following
parametrisation

hy = Ophp, S €1{0,1}, with hgp=0 <& 6;=0

so that & = (O € {0, l}K2 is the connectivity graph associated to f. We therefore consider 6 ~ Ils,
where [l is a prior distribution on the space {0, I}KZ, and, for each (1, k) such that 63 = 1, Ay ~ IT,,
where ITj, is a prior distribution on functions with support included in [0, A]. In this paper we will
mostly consider the case where the functions Ay, when non null, are developed on a dictionary of
functions (e;)>1, such thate; : [0,A] — R, Vj, and

Jk ) ]
=) hhej, MR, Vielhl, Ji>1, (k) elKP. (5)
j=1
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Then, choosing a prior distribution II; on J = (Ji)ke[k], our hierarchical prior on f finally writes as
dli(f) = diL,(v)dls(6)dI;(N)dU s s (h), (6)

where I1, is a prior distribution on ]Rf , suitable to the nonlinear model (see Sulem et al. (2021) for
some examples), and

dlly5.5(h) = n(l — 0u)S0)(h) + Sudllys 1 (h),
1k

where () denotes the Dirac measure at 0 and f[hk;, s(h)isa prior distribution on non-null functions
decomposed over J; functions from the dictionary. From the previous construction, one can see that
the graph parameter 6 € {0, I}K2 defines the sparsity structure of & = (hy);x. This parameter plays
a crucial role when performing inference on high dimensional Hawkes processes, either in settings
when sparsity is a reasonable assumption, or as the only parameter of interest (Bacry et al., 2020;
Chen et al., 2017Db).

As previously noted, it is generally expensive to compute the posterior distribution (4), which
does not have an analytical expressions. However, we note that when the prior on f is a product
of probability distributions on the dimension-restricted parameters fi = (vk, (hi)i=1...x) € Fi, for
k € [K],sothat f = (fi)r, T = F1 X -+ X Fg and dII(f) = [1; dl1x(fx), then, given the expressions
of the log-likelihood function (3) and the intensity function (1), we have that each term L’} (f)in (3)
only depends on f;, i.e., L’} )= L’} (fr)- Furthermore, the posterior distribution can be written as

exp(LE(f)dTI(fi)
. exp@h (f)d(fi)

In particular, the latter factorisation implies that each factor I1;(.|N) of the posterior distribution
can be computed in parallel, nonetheless, given the whole data N. Despite this possible paralleli-
sation, implementation of MCMC methods for computing the posterior distribution in the context
of multivariate nonlinear Hawkes processes remains very challenging (Donnet et al., 2020; Zhou
et al., 2021a; Malem-Shinitski et al., 2021). To alleviate this computational bottleneck, we consider
in the next section a family of variational algorithms, together with a two-step procedure to handle
high-dimensional processes.

dII(fIN) = ﬂdﬂk(kaN), dIk(fulN) = (N
k

2.2 Variational Bayes inference

To scale up Bayesian nonparametric methods to high-dimensional processes, we consider a vari-
ational Bayes approach. The latter consists of approximating the posterior distribution within a
variational class of distributions on 7, denoted V. Then, the variational Bayes (VB) posterior dis-
tribution, denoted O, is defined as the best approximation of the posterior distribution within V,
with respect to the Kullback-Leibler divergence, i.e.,

N

Q := argmin KL (Q|II(IN)), 8)
QeV
where the Kullabck-Leibler divergence between Q and Q’ is defined as

a9 . )
KL(QIQ') := {{i:g(dg/ )dQ, ifQ<Q '

otherwise



SCALABLE AND ADAPTIVE VARIATIONAL BAYES METHODS FOR HAWKES PROCESSES

For a more in-depth introduction to this framework in the context of Hawkes processes, we refer to
the works of Zhang et al. (2020); Zhou et al. (2022); Malem-Shinitski et al. (2021).

In the variational Bayes approach, there are many possible families for V. Interestingly, we note
that under a product posterior (7), the variational distribution also factorises in K factors, Q = [ Ok
where each factor Oy approximates IT(.|N). Therefore, one can choose a variational class V’ of
distributions on 7, and define V := V’®K. In the case of multivariate Hawkes processes, we
combine mean-field variational approaches (Zhou et al., 2022; Malem-Shinitski et al., 2021) with
different versions of model selection variational methods (Zhang and Gao, 2020; Ohn and Lin,
2021). Some important notions related to the two latter inference strategies are recalled in Appendix
A. Before presenting our method, we introduce additional concepts and notation.

We consider a general model where the log-likelihood function of the nonlinear Hawkes process
can be augmented with some latent variable z € Z, with Z the latent parameter space. This approach
is notably used by Malem-Shinitski et al. (2021); Zhou et al. (2021a) in the sigmoid Hawkes model,
for which ¢ (x) o (1 + €*)™!, Yk € [K]. Denoting L(f, z) the augmented log-likelihood, we define
the augmented posterior distribution as

i exp(L(f, )dII(f) X Pa(2))

MA(BIN) = ,
! Jr oz XA, NI X Pa)(R)

cCFxZ,

where P4 is a prior density on Z with respect to a dominating measure y,. One can then define an
approximating mean-field family of I14(.|N) as

Vaur =10 F X Z = [0,1]; O(f,2) = Q1(/)Q2(2)}, ©)

by only “breaking” correlations between parameters and latent variables. The corresponding mean-
field variational posterior distribution is then

Oaur = arg Qemq/% KL(Q|T4(.IN)). (10)

Moreover, our hierarchical prior construction (6) implies that a parameter f is indexed by a set
of hyperparameters in the form m = (9, Jix; (I, k) € 1(9)), where 7(6) := {(L,k) € [K1%; 6 = 1} is
the set of “edges”, i.e., pair indices corresponding to non-null interaction functions in f. Moreover,
Jir is the number of functions in the dictionary used to decompose /. We note that m characterises
the dimensionality of the parameter f, and we call it a model. We can then re-write our parameter
space as

F=|)Fm Fu=lfeFi6=60=J, m=06J),5=0ww )= (D
meM

where M is the set of models
M= {m=(6,7):6 € {0, 1)K, J e NFKY.

From now on, we assume that for each k, Jy = Ji, foralll and re-define J = (Jy,. .., Jg) € NX.
The decomposition (11) of the parameter space is key to compute a variational distribution that
has support on the whole space 7, and that in particular, provides a distribution on the space of
graph parameter. Next, we can construct an adaptive variational posterior distribution by consider-
ing an approximating family of variational distributions within each subspace 7,,, denoted V". We
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leverage two types of adaptive variational posterior distributions, Qa1 and Q», considered respec-
tively by Zhang and Gao (2020) and Ohn and Lin (2021), and defined as

Oa1 := O, 1 := arg max ELBO(O™), (12)
meM
Oni= ) InOm, (13)
meM

where 0, = arg mingeqm KL(Q|||II(.|N)) is the variational posterior distribution in model m (defined
on ¥,,), ELBOC(:) is the evidence lower bound (ELBO) (defined in our context in (34) in Appendix
C.2), and {9} ;mem are the model marginal probabilities defined as

_ Hum)exp{ELBOQ.))
e ILu(m) exp [ELBO(Q,))

A

Ym me M.

Remark 1 We note that in practice one might prefer using the adaptive VB posterior (12) rather
than (13), to avoid manipulating a distribution mixture. In our simulations in Section 5, we often
Jfind that one or two models only have significant marginal probabilities ¥}, and therefore the two
adaptive variational posteriors (12) and (13) are often close.

To leverage the computational benefits of the augmented mean-field variational class (9), we
can set the variational family V™ as

wmr = (@ Fn X Z = [0,11; O(f,2) = Q1(N()}, YmeM. (14)

Nonetheless, in the case of moderately large to large values of K, it is not computationally fea-
sible to explore all possible models in M, which number is greater than 2K the cardinality of the
graph space {0, I}Kz. Even with parallel inference on each dimension, the number of models per
dimension is greater than 2X and remains too large. Therefore, for this dimensionality regime, we
propose an efficient two-step procedure in the next section. This procedure consists first in esti-
mating ¢ using a thresholding procedure, then computes the adaptive mean-field variational Bayes
posterior in a restricted set of models with ¢ fixed at this estimator.

2.3 Adaptive two-step procedure

In this section, we propose an adaptive and sparsity-inducing variational Bayes procedure for esti-
mating the parameter of Hawkes processes with a moderately large or large number of dimensions
K.

Firstly, we note that in Section 4, we will provide theoretical guarantees for the above types
of variational approaches in nonlinear multivariate Hawkes processes. In particular, we show that
under easy to verify assumptions on the prior and on the parameters, the variational posterior con-
centrates, in L;-norms at some rate ey, which typically depends on the smoothness of the interaction
functions. Moreover, this concentration rate is the same as for the true posterior distribution. For
instance, using Sulem et al. (2021), for Lipshitz link functions and well-behaved priors, such as
hierarchical Gaussian processes, histogram priors, or Bayesian splines, if the interaction functions
belong to a Holder or Sobolev class with smoothness parameter 3, we obtain that ey =< TA/f+D,
up to log T terms.
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A consequence of this result is that for each (/, k) € [K 12, the (variational) posterior distribution
of S i := ||lhull1 concentrates around the true value S ?k = ||h?k||1 at the same rate e7. Hence, if for all
(I, k) such that 6?k =18 ?k is large compared to er, then the following thresholding estimator of ¢ is
consistent

Su=1 o Sy>no, (15)

where S j is the variational posterior mean or median on S and ey << np < ming S ?k.
In particular, the above results hold for the adaptive variational Bayes posterior with the set M¢
of candidate models with the complete graph d¢, defined as

Mc = {m=(6c = 117, 7 = (J); Ji > 1, Yk € [K]}. (16)

In this case, to choose the threshold 7y in a data-driven way, we order the estimators S, (k) e [K]?,
say Sy <S8y <o < S’(Kz), and set 9 € (S (i), S (ip+1)) Where i is the index of the first significant
gap in (S ;));, i.e., the first significant values of S 1) — S(;). In Figure 1, we plot the estimates
(S (@)i (blue dots) in one of the simulation settings of Section 5.6. In this case, the true graph ¢y is
sparse and many S ?k (orange dots) are equal to 0. From this picture, we can see that by choosing 79
anywhere between 0.1 and 0.2, we can correctly estimate the true graph ¢p. More details on these
results and their interpretation are provided in Section 5.6.

+ MFVl-step 1

0.3 truth !

»
c ¥
s 0.2
<
g
0.1
0.0 _____—/

function index

Figure 1: Estimated L;-norms (S ())ie[k2) (blue dots), based on the mean-field adaptive variational
posterior mean and the set of models Mc containing models with complete graph 5¢ = 117, plotted
in increasing order. The orange dots correspond to the true values S?k = ||h?k||1. These results
correspond to one realisation of the Excitation scenario of Simulation 4, for the Hawkes processes
with K = 16 dimensions.

Therefore, once 6 is obtained, we compute an adaptive variational Bayes posterior, conditional
on § = 9, by considering the set of models

Mg = {m=(6,J = (Jw); Ji > 1, Yk € [K]}. a7
In summary, our adaptive two-step algorithm writes as:

1. Complete graph VB:
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(a) compute the VB posterior associated to the set of models M, i.e., to the complete graph
Sc =117, and compute the posterior mean of S jx = ||hx||;, denoted S, Y, k) € [K]*.

(b) order the values S in increasing order, say S 1 < S Q) << S (k2)» and define o =1
iff Sy > no, where 1 is a threshold defined by the first significant value of S (i+1) — S (i)

2. Graph-restricted VB: compute the VB posterior associated to the set of models Mg, i.e., to
models with § = 4.

Theoretical validation of our procedure is provided in Section 4.1. We also note that different
variants of our two-step strategy are possible. In particular one can choose a different threshold
for each dimension k € [K], since different convergence rates could be obtained in the different
dimensions. Moreover, one can potentially remove the model selection procedure to choose the
Ji’s, k € [K] in the first step 1(a), and compute a variational posterior in only one model m € M.

In the next section we consider the case of the sigmoid Hawkes processes, for which a data
augmentation scheme allows to efficiently compute a mean-field approximation of the posterior
distribution within a model m.

Remark 2 In recent work, Bonnet et al. (2021) also propose a thresholding approach for estimating
the connectivity graph 6 in the context of parametric maximum likelihood estimation. In fact, an
alternative strategy to our procedure derived from their work would consist in defining the graph
estimator as oy = 1 < Sy > £k S, where & € (0,1) is a pre-defined or data-driven
threshold.

3 Adaptive variational Bayes algorithms in the sigmoid model

In this section, we focus on the sigmoid Hawkes model, for which the link functions in (1) are
sigmoid-type functions. We consider the following parametrisation of this model: for each k € [K],

o(x) = 0 5(x), (x)=c(a(x—1n), ox) =1+ e a>0, n>0,0,>0. (18)

Here, we assume that the hyperparameters «, n and 6 = (6¢); are known; however, our methodology
can be directly extended to estimate an unknown 6, similarly to Zhou et al. (2022) and Malem-
Shinitski et al. (2021). We first note that for @ = 0.1, = 10 and 6, = 20, the nonlinearity ¢y is
similar to the ReLLU and softplus functions on [—co, 20] (see Figure 2 in Section 5). This is helpful
to compare the impact of the link functions on the inference in our numerical experiments in Section
5.

For sigmoid-type of link functions, efficient mean-field variational inference methods based on
data augmentation and Gaussian priors have been previously proposed, notably by Malem-Shinitski
et al. (2021); Zhou et al. (2021a, 2022). We first recall this latent variable augmentation scheme,
which allows to obtain a conjugate form for the variational posterior distribution in a fixed model
m = (6, J) (see Section 2.1). Then, building on this prior work, we provide two explicit algorithms
based on the adaptive and sparsity-inducing methodology presented in Section 2.3.

3.1 Augmented mean-field variational inference in a fixed model

In our method, we leverage existing latent variable augmentation strategy and Gaussian prior con-
struction, which allows to efficiently compute a mean-field variational posterior distribution on

10
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Fm C F, the parameter subspace within a model m = (6, Jy; (I, k) € 1(5)). The details of this
construction are provided in Appendix B and we recall that in this context, the set of latent variables
w, Z correspond respectively to marks at each point of the point process N and to a marked Poisson
point process on [0, 7] x R™.

Then, the augmented mean-field variational family (9) approximating the augmented posterior
distribution corresponds to

Vaur ={Q: F xOx Z - R*; dO(f,w,2) = dQ1())dQx(w, 2)},

where O and Z denote the latent variable spaces. More precisely, in our method, we use the mean-
field approach within a fixed model m, and therefore define the model-restricted mean-field varia-
tional class as

Ve ={Q 1 Fur x OX Zs dQ(f . 2) = dQ\()dQx(. 2)}.

leading to the model-restricted variational posterior QZM s, 7) = QA’I"( f)Qg’(w, 2).

Then, we introduce a family of Gaussian prior distributions Ilps ;(#) on %, such that the factors
of QAKMF, Q’I” and Q;”, are conjugate. This conjugacy leads to an iterative variational inference
algorithms with closed-forms updates, using (33). Let |J| = > ; Jx. We define

J=1

Jk )
H = {h = (hy)ix € H; hy(x) = Z hlei(x), x € [0,Al, B = (hy,....h)) € R, V(LK) € [K]z}.

Now, for each (L, k), if 6;x = 1, we consider a normal prior distribution on ﬁljlf, with mean vector
uy, € R/ and covariance matrix £;, € R/ e, ﬁﬁf ~ N(uy,,2y,), and if o = 0, we set
¥ = 0,. We then denote i, = (") with 1" = (6ypz )i € R¥ and 5,, = Diag((Z")) with

X" = Diag((6uZs)1) € RX/KJk We also consider a normal prior on the background rates, i.e.,
Vi Hid N(uy, 0'12,) with hyperparameters u,, o, > 0. We finally denote by fi, := (f{")x € Fm Where
for each k, f" = (v, bk, ..., kb)) € RX/*1 and define H(r) = (H'(1), H'(1), ..., HX(1)) € RV,
where Ho(1) = 1 and for k € [K], H'(t) = (H}(1))=1...., With

.....

!
H’;(z):zf ej(t—s)dNk,  je [l (19)
t—A

Using similar computations as in Donner and Opper (2019); Zhou et al. (2021a); Malem-
Shinitski et al. (2021), we can derive analytic forms for Q’l” and QA? In particular, we have

that QT( ) = Tk QT’k( "), and for each k, QT" (f¢") is a normal distribution with mean vector
e RX/+1 and covariance matrix YIS R&i+DX(KJ+1) given by
-1

’

T +00

s {az Z E g JHTHHTH' +a? f f OFHH ) A (1, ©)dadt + (=)™

: 2 0o Jo
i€[Ni]

(20)

R
B = 5

i€[Ni]
2y

11

T +00
@ Z (2Eg [wilan + DH(TF) + fo fo (ZG)kcm - l)H(t)A"(t, @)dodt + 2= !

’
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where Ny := N[0, T] and
exp {—%EQT,k Lk f,g)]}

At @) = 6 -
2 cosh %’

pro(@:1.¢), ¢ = \[Egnil (2.

Besides, we also have that 0'(w,2) = 05 (w)05(2) with 0% (w) = [Tk [liev, Pro(@l; 1,¢k,)

and QAg‘z =TIk Qg;’k where for each k, Q'Z"Z’k is the probability distribution of a marked Poisson point
process on [0, T] x R* with intensity measure AX(z, @). The full derivation of these formulas can be
found in Appendix C.1.

From the previous expression, we can compute Q’Z” given an estimate oAf Q'™, and conversely.
Therefore, to compute the model-restricted mean-field variational posterior O™, we use an iterative
algorithm that updates each factor alternatively, a procedure summarised in Algorithm 1. We note
that the updates of the mean vectors and covariance matrices require to compute an integral, which
we perform using the Gaussian quadrature method (Golub and Welsch, 1969), where the number
of points, denoted ngp, is a hyperparameter of our method. We finally recall that in this algorithm,
each variational factor ka can be computed independently and only depends on a subset of the
parameter f;, and hence, of the sub-model, my := (0, Ji).

Remark 3 The number of iterations nj,, in Algorithm 1 is another hyperparameter of our method.
In practice, we implement an early-stopping procedure, where we set a maximum number of itera-
tions, such as 100, and stop the algorithm whenever the increase of the ELBO is small, e.g., lower
than 1073, indicating that the algorithm has converged.

Remark 4 Similarly to Zhou et al. (2021a); Malem-Shinitski et al. (2021), we can also derive an-
alytic forms of the conditional distributions of the augmented posterior (40). Therefore, the latter
could be computed via a Gibbs sampler, which is provided in Algorithm 4 in Appendix C.3. How-
ever, in this Gibbs sampler, one needs to sample the latent variables - in particular a K-dimensional
inhomogeneous Poisson point process. This is therefore computationally much slower than the vari-
ational inference counterpart, which only implies to compute expectation wrt to the latent variables
distribution.

3.2 Adaptive variational algorithms

Using Algorithm 1 for computing a model-restricted mean-field variational posterior, we now lever-
age the model-selection and two-step approach from Section 2.1 to design two adaptive variational
Bayes algorithms. The first one, denoted fully-adaptive, is only based on the model-selection strat-
egy from Section 2.2 and is suitable for low-dimensional settings. The second one, denoted two-step
adaptive, relies on a partial model-selection strategy and the two-step approach from Section 2.3,
and is more efficient for moderately large to large dimensions of the point process.

3.2.1 FULLY-ADAPTIVE VARIATIONAL ALGORITHM

From now on, we assume that the number of functions (e;) in the dictionary is bounded by J7 € N.
We then define the set of models

Mr ={m=@6,7 =), 6 €{0, 1)K 1< I, < Jp, ke [K]). (22)

12
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Algorithm 1: Mean-field variational inference algorithm in a fixed model
Input: N=N',...,N ), m=(6,1), J =1, ., JK): b = (s T = Es Nivers MG -
Output: iy, = (&) £ = (S

1 Precompute (H(Tl."))i,k.

2 Precompute (pg, vg)ge(ngo) (points and weights for Gaussian quadrature) and (H(pg))ge(ng,] -

3 do in parallel for each k =1,...,K

4 Initialisation: " « ', if <

5 for t < 1 to nj;,, do

6 fori < 1 to Ny do

7 Egp [i’;f(f,;"ﬂ = a (H(THTESH(T) + (HTHT i)? - 2nHTHT i + )

8 | Egulof] :tanh( /]EQA,;,,k[;l’;f(f,j)z]) /(2 /JEQ,In,k[Zﬂ;ik(f,;ﬂ)Z])

9 for g < 1 tongp do

10 E s (X, (21 = @ (H(p) S H(py) + (H(p ) 7 = 20H (py) i + )
12 | Eguld, (1 = @ ()" Hpg) — )

13 | Compute Zf and ﬁkm using (20) and (21)

We can easily see that in this case |Mr| ~ ZKZJT, and that for any m = (6, J) € Mr, the number
of parameters in m is equal to 3, O (Jx + 1) + 1. Therefore, we recall that exploring all models in
My is only computationally feasible for low-dimensional settings, e.g., K < 3. We also recall our
notation m = (my); with my, = (0.1, Ji), Vk.

Let IT,,, be a prior distribution on My of the form

M(m) = | [ T = | | Tas(6.0Te s ().
k k

For instance, one can choose Il; s as a product of Bernoulli distribution with parameter p € (0, 1)
and Il ; as the uniform distribution over [Jr]. Using Algorithm 1, for each m = (my)x, we compute
Q? together with the corresponding E LBO(QZ”) for each k. We note that the computations for each
model can be computed independently, and therefore be parallelised to further accelerate posterior
inference.

Then, we recall that the model-selection adaptive variational approach consists in either select-
ing /m which maximises the ELBO over m € My (see (12)) or in averaging over the different models
m (see (13)). In the first case, with /i = arg max,,, ELBO(QZ’), the VB posterior is Ous = ®,1€(:1 Q;{"k .
In the second case, the model-averaging adaptive variational posterior is given by

R . A mAm i
O =8 0, O =D WO W =5
P m yk
¢ = Tes(0.0Mk s (i) exp {ELBO(OP)] (23)

13
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We call this procedure (exploring all models in Mr) the fully-adaptive mean-field variational
inference algorithm, and summarise its steps in Algorithm 2. In the next section, we propose a faster
algorithm that avoids the exploration of all models in My.

Algorithm 2: Fully-adaptive mean-field variational inference

Input: N = (Nl R NK)’ M, u= (Hm)memyrs 2 = Emdme My Niters nGQ.
Output: Qay or Quyy.
1 do in parallel for each m = (6, D) € My
2 Compute the variational posterior Qm using Algorithm 1 with p,,, ., njer and ngg as
hyperparameters.
3 | Compute (ELBO(Q'")) and (") using (23).

4 Compute {$}hmep, and Qay or Qs

3.2.2 TWO-STEP ADAPTIVE MEAN-FIELD ALGORITHM

As discussed in the above section, for moderately large values of K, the model-averaging or model-
selection procedures in Algorithm 2 become prohibitive. In this case, we instead use the two-step
approach introduced in Section 2.3.

We recall that this strategy corresponds to starting with a maximal graph ¢, typically the com-
plete graph 6¢ = 117, and considering the set of models Mc = {m = (6¢,J = (Jr); 1 < Ji <
Jr, k € [K]}, where here as well we assume that the number of functions in the dictionary is
bounded by J7. Then, after computing a graph estimator &, we consider the second set of models
Mg ={m= (8,7 =(w; 1 <Jp <Jr, k € [K]}). We note that both M¢ and Mg have cardinality
of order KJ7, and the cardinality of models per dimension is Jr. Therefore, as soon as the compu-
tation for each model is fast and J7 is not too large, optimisation procedures over these two sets are
feasible, even for large values of K.

In the first step of our fast algorithm, we compute the model-selection adaptive VB posterior
QAf,IS using Algorithm 2, replacing Mz by Mc. Then, we use QAIf/[S to estimate the norms (||Axll; )ik
and the graph parameter, with the thresholding method described in Section 2.3:

(a) denoting Je = (Jr.c)x the selected dimensionality in QA[?/IS , we compute our estimates of the norm
Si = Epe [lAlli], Y( k), and define S = Su)x € REXK;
(b) we order our estimates §(1) <. < S(Kz) and choose a threshold ng in the first significant gap
between S’(,-) and §(i+1), i€ [K?;

(c) we compute the graph estimator 6= (Slk)l,k defined for any k and [ by S =1 Susmol

In the second step, we compute the adaptive model-selection VB posterior Qs or model-
averaging VB posterior Q4y using Algorithm 2, replacing My by M.

This procedure is summarised in Algorithm 3. In the next section, we provide theoretical guar-
antees for general variational Bayes approaches, and apply them to our adaptive and mean-field
algorithms.

4 Theoretical properties of the variational posteriors

This section contains general results on variational Bayes methods for estimating the parameter of
Hawkes processes, and theoretical guarantees for our adaptive and mean-field approaches proposed
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Algorithm 3: Two-step adaptive mean-field variational inference
IHPUt: N = (Nl, ceey NK)’ MT’ M= (,Um)m’ Y= (Zm)m’ Niter, NGQ-

Ol.ltpllt: QMS or QAV
1 Compute Qs using Algorithm 2 with input set Mc and hyperparameters

1= Um)ms Z = (Zp)ms Niter» NGo. Compute 5 using the thresholding of the estimate S .
Compute QA%S or Qv using Algorithm 2 with input set Mg and hyperparameters
1= Un)ms> 2 = Emdms Niters nGQ-

in Section 2 and Section 3. In particular, we derive the concentration rates of variational Bayes pos-
terior distributions, under general conditions on the model, the prior distribution, and the variational
family. Then, we apply our general result to variational methods of practical interest, in particular
our model-selection adaptive and mean-field methods.

We recall that in our problem setting, the link functions ¢ := (¢ ) in the nonlinear intensity (1)
are fixed by the statistician and therefore known a-priori. Throughout the section we assume that
these functions are monotone non-decreasing, L-Lipschitz, L > 0, and that one of the two following
conditions is satisfied:

(C1) Foraparameter f = (v, h), the matrix defined by S * = (S} )i € RAXK with S = L “h;;(“l VL k,
satisfies ||S+|| <1;

(C2) For any k € [K], the link function ¢y is bounded, i.e., AA; > 0,Vx € R, 0 < ¢p(x) < Ag.

These conditions are sufficient to prove that the Hawkes process is stationary (see for instance
Bremaud and Massoulie (1996), Deutsch and Ross (2022), or Sulem et al. (2021)).

4.1 Variational posterior concentration rates

To establish our general concentration result on the VB posterior distribution, we need to introduce
the following assumption, also used to prove the concentration of the posterior distribution (4) in
the nonlinear Hawkes model in Sulem et al. (2021).

Assumption 5 For a parameter f, we assume that there exists € > 0 such that for each k € [K], the

link function ¢y, restricted to Iy = (vi — max ||h7,|| — &, vi + max ||hf|| + &) is bijective from I} to
f Px k= oK) ” lk“oo kTR “ lk”oo ) J Ji k

Ji = ¢r(Iy) and its inverse is L'- Lipschitz on Jy, with L’ > 0. We also assume that at least one of
the two following conditions is satisfied.

(i) Foranyk € [K], inﬂg dr(x) > 0.
Xe

(ii) For any k € [K], ¢x > 0, and \/¢i and log ¢y are Li-Lipschitz with Ly > 0.

In Sulem et al. (2021), Assumption 5 is used to obtain general posterior concentration rates, and is
verified for commonly used link functions (see Example 1 in Sulem et al. (2021)). In particular, it
holds for sigmoid-type link functions, such as the ones considered in Section 3, when the parameter
space is bounded (see below).
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We now define our parameter space ¥ as follows

H ={h:[0,A] > R; ||Allo < oo}, H = {h = (hlk)fk:] e H'™; (h, ) satisfy (C1) or (C2) },
F ={f = nh) € RA\OD x H; (f,¢) satisfies Assumption 5 |.

We also define the L;-distance for any f, f' € F as

K
If=fl=|y=v|, +p-#|,. |p-#|, = Z (A

Lk=1

o b =vl= el
k

In particular, for the sigmoid function ¢ (x) = 6o (a(x—n)), we can choose ¥ = { f=0,h)e0,B]X xH }
with B > 0. Moreover, we introduce

Boo(€) = {fe?—"; v,g <V <v2+e, h?k < hy <h?k+e, (Lk) e [K]z}, €>0,
a neighbourhood around fj in supremum norm, and a sequence (k)7 defined as
kr :=10(log T)', (24)

with r = 0 if (¢ ) satisfies Assumption 5 (i), and r = 1 if (¢ )x satisfies Assumption 5 (ii). We can
now state our general theorem.

Theorem 6 Let N be a Hawkes process with link functions ¢ = (¢x)r and parameter fo = (vo, ho)
such that (¢, fo) satisfy Assumption 5 and (CI1) or (C2). Let er = o(1/ +Jkr) be a positive sequence
verifying log3 T = O(Te%), I1 a prior distribution on F and V a variational family of distributions
on F. We assume that the following conditions are satisfied for T large enough.

(A0) There exists ¢1 > 0 such that II(Bw(e7)) = e,

(Al) There exist Hr c H, {y > 0, and xy > 0 such that

T(HS) = o(e™* V7Y and  log N (oer, Hr, |l - 1) < xoTé€x.

(A2) There exists Q € V such that supp(Q) C B (er) and KL(Q||IT) = O(KTTf%).
Then, for any Mt — co and Q defined in (8), we have that

Eo|Q(If ~ foll, > Mz Virer)| —— 0.

The proof of Theorem 6 is reported in Appendix D.2 and leverage existing theory on posterior
concentration rates. We now make a few remarks related to the previous results.

Firstly, similarly to Donnet et al. (2020) Sulem et al. (2021), Theorem 6 also holds when the
neighborhoods B (er) around fj in supremum norm, considered in Assumptions (A0) and (A2),
are replaced neighborhoods in L;-norm, defined as

By(er, B) = {f €F; max Vi = V| < er, H}%X”hlk - b < er, max vy + m}gXIIhkzllm < B},
with B > 0, and when «7 replaced by «7. = 10(loglog T')(log T)".
Secondly, Theorem 6 also holds under the more general condition on the variational family:

(A2’) The variational family V verifies mingey KL(Q|II(.IN)) = O(KTTE%). However, in practice,
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one often verifies (A2) and deduces (A2’) using the following steps from Zhang and Gao (2020).
For any Q € V, we have that

KL(QIII(IN)) < KL(QIID) + Q(KL(Pr. 5, Pr,£)),

where we denote Py 4, = 2700 and Py s = !7(). Using Lemma S6.1 from Sulem et al. (2021), for
any f € Bo(er), we also have that

Eo [L1(fo) = Lr(f)] < kr T ;.

Therefore, under (A2), there exists Q € V such that KL(Q|II(.|N)) = O(KTTE%), which implies
(A2’) . Besides, (A2) (or (A2’)), is the only condition on the variational class, and informally states
that this family of distributions can approximate the true posterior conveniently. Nonetheless, under
(A2), we may still have mingey KL(Q|TI(.|N)) T_)—Oo> o0, as has been observed by Nieman et al.
(2021).

Finally, Assumptions (A0) and (A1) are similar to the ones of Theorem 3.2 in Sulem et al.
(2021). They are sufficient conditions for proving that the posterior concentration rate is at least as

fast as +/krer.

4.2 Applications to variational classes and prior families of interest

In this section, we apply the previous result to variational inference methods of interest in nonlinear
Hawkes models, in particular, the mean-field and model-selection variational families, introduced
in Section 2.2 and used in our algorithms. We also verify our general conditions on the prior
distribution on two common examples of nonparametric prior families, namely random histograms
and Gaussian processes, see for instance in Donnet et al. (2020); Malem-Shinitski et al. (2021).
We then obtain explicit concentration rates for the variational posterior distribution and for Holder
classes of functions.
First, we re-write our hierarchical spike-and-slab prior distribution from Section 2.1 as

dl(f) = dl,(»)dlls(6)dUps(h),  dIlys(h) = l_[ dyys(hu) (25
1k

and recall that from Sulem et al. (2021), we know that Assumption (A0) of Theorem 6 can be
replaced by

(A0’) There exists ¢; > 0 such that TI(Bw(€7)|6 = 6p) = e~1T/2 and TI5(6 = 6¢) > e~ T/2,
Furthermore, one can choose for instance I1s = 2’3(p)K2 with p € (0, 1), implying that the 8y s
arei.i.d. Bernoulli random variables. Then, for any fixed p, one only needs to verify I1j5(Bw(er)|0 =
50) > e—clTs%/2.
4.2.1 MEAN-FIELD VARIATIONAL FAMILY

Here, we consider the mean-field variational inference method with general latent variable augmen-
tation as described in Section 2.1. We recall that for some latent variable z € Z, the mean-field
family V4 for approximating the augmented posterior I14(.|N) is defined as

Vaur =10 F X Z = [0,1]; O(f,2) = Q1(/)Q2(2)},
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and the corresponding mean-field variational posterior is QA mrF = argmingey,,,» KL(Q|I4(.|N)).
We also recall our notation P4, for the prior distribution on the latent variable. We note that here
the augmented prior distribution is [1 X P4 € V4 pr, therefore, assumption (A2) is equivalent to the
prior mass condition (see for instance Zhang and Gao (2020)). Therefore, we only need to verify
the assumptions (A0’) and (A1). Besides, these assumptions are the same as in Sulem et al. (2021)
and therefore can be applied to any prior family discussed there. In particular, priors on the Ay’s
based on decompositions on dictionaries like in (5) have been studied in Arbel et al. (2013) or Shen
and Ghosal (2015) and their results can be applied to prove assumptions (A0’) and (Al). Below,
we apply Theorem 6 in two examples, random histogram priors and hierarchical Gaussian process
priors.

Random histogram prior We consider a random histogram prior for Ilys(h), using a similar
construction as in Section 3.1. This prior family is notably used in Donnet et al. (2020); Sulem et al.
(2021), and is similar to the basis decomposition prior in Zhou et al. (2021b,a). For simplicity, we

.....

with t; = jA/J, j=0,...,J,J > 1, and define piecewise-constant interaction functions as

J
. J . .
B = Y e, ej®) = Tl @), wjeR Vjel/LVLkeK].
j=1

Note that |lej|l, = \J/A but |le il =1, ¥j € [J], therefore, the functions of the dictionary, (¢;);
are orthonormal in terms of the L;-norm. In this general construction, we also consider a prior on
the number of pieces J with exponential tails, for instance we can choose J ~ P(1) with 4 > 0,
or J = 2P where 2P < Jp < 2P*! and Jp ~ P(1). Finally, given J, we consider a normal prior

distribution on each weight w{k, 1.e.,

wl I NGOy, K)), Ky =03, 09> 0.
With this prior construction, assumptions (A0’) and (A1) are easily checked. For instance, this
Gaussian random histogram prior is a particular case of the spline prior family in Sulem et al.
(2021), with a spline basis of order ¢ = 0. We note that these conditions are also verified easily
for other prior distributions on the weights, for instance, the shrinkage prior of Zhou et al. (2021b)
based on the Laplace distribution pLap(w{k; 0,b) = (2b)7! exp{—lw{kl /b} with b > 0, and a “local”
spike-and-slab prior inspired by the construction in Donnet et al. (2020); Sulem et al. (2021):

i iid.
wi [T péoy + (1= p)prap(50,b), pe(0,1), b>0,

where 0 ) is the Dirac measure at 0.

In the following proposition, we further assume that the true functions in A belong to a Holder-
smooth class of functions H (B, Ly) with 8 € (0, 1), so that explicit variational posterior concentra-
tion rates er for the mean-field family and the random histogram prior can be derived.

Proposition 7 Let N be a Hawkes process with link functions ¢ = (¢)i and parameter fy = (vo, hy)
such that (9, fo) verify Assumption 5. Assume that for any I,k € [K], h?k € H(B, Ly) with B € (0, 1)
and Ly > 0. Then, under the above Gaussian random histogram prior, the mean-field variational
distribution Q; defined in (32) satisfies, for any My — +oo,

Eo |01 (I = foll, > Mr(log T)4(T/log T)#/CF*1)] — 0,

T—o0
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with g = 0 if ¢ verifies Assumption 5(i) and q = 1/2 if ¢ verifies Assumption 5(ii).

The proof of Proposition 7 is omitted since it is a direct application of Theorem 6 to mean-
field variational families in the context of a latent variable augmentation scheme. We note that the
variational concentration rates also match the true posterior concentration rates (see Sulem et al.
(2021)).

Gaussian process prior We now consider a prior family I1js based on Gaussian processes which
is commonly used for nonparametric estimation of Hawkes processes (see for instance Zhang et al.
(2020); Zhou et al. (2020); Malem-Shinitski et al. (2021)). We define a centered Gaussian process
distribution with covariance function kgp as the prior distribution ﬁh|6 on each Ay, such that 6y, = 1,
I,k e[K],ie., foranyn > 1 and x1,...,x, € [0,A], we have

We then verify assumptions (A0’) and (A1) based on the L,-neighborhoods (see comment after
Theorem 6), i.e., we check that there exist Hy C H and ¢y, xg, {p > 0, such that

TI(HE) < e TG log N(Zoer, Hr. L) < x0Tk, T(Ba(er. B)) > ™17
It is therefore enough to find By C L([0, A]) such that

X0 Te%

M(85) < VTG, log Nidoer. Br. 1) < —

o (| = K|, < er) > et /K2,

and define Hy = 8?1(2, since for all £ > 0, there exists {&» > 0 (independent of 7)) such that
TI(H) < T1(B5), and

log N(Zer, Hr, 1) < K* log N(&aer, Br. L), TIBa(er, B)) > | | Ta ([ — k||, < er).
Lk

These conditions are easily deduced from Theorem 2.1 in van der Vaart and van Zanten (2009a)
that we recall here. Let H be the Reproducing Kernel Hilbert Space of kgp and ¢y,(€) be the
concentration function associated to ITys defined as

$ny(€) = inf hie = By |y, — log TTlhull, < €), € > 0.
0 hE]H,”h/kfh?kllzée || lk“]H

For any e7 > 0 such that ¢y, (er) < Te%, there exists By C L,([0, A]) satisfying
u(B5) < T, log NGer, Br.Ill) < 6CTer,  Ty(|Jhu — Y., < 2er) > &7,
for any C > 1 such that e <7< < 1/2. Since |lhxll; < VA |lhxll,, we then obtain that
log N(3 VAer, Br,|l.lh) < log NBer, Br, |lll2) < 6CTez,

and finally, that log N'({oer, Hr, |l.I) < 6CK>Te2 < xoTex with {p = 3 VA, xo = 12CK>.
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Although more general kernel functions kgp could be considered, we focus on the hierarchical
squared exponential kernels for which

Vx,y e R, kgp(x,y;f) = exp{—(x - y)2/€2}, {~1G(;a9,a1), ag,a; >0,

where IG(.;ap,ay) with ap,a; > 0 is the Inverse Gamma distribution. The hierarchical squared
exponential kernel is notably chosen in the variational method of Malem-Shinitski et al. (2021), and
its adaptivity and near-optimality has been proved by van der Vaart and van Zanten (2009b).

Proposition 8 Let N be a Hawkes process with link functions ¢ = (¢r)i and parameter fy = (vo, hy)
such that (¢,~f0) verify Assumption 5. Assume that for any I,k € [K], h?k € H(B, Ly) with B > 0 and
Lo > 0. Let Ilys be the above Gaussian Process prior with hierarchical squared exponential kernel
kgp. Then, under our hierarchical prior, the mean-field variational distribution Q; defined in (32)
satisfies, for any My — +oo,

Eo |01 (I = folly > Mr(loglog T)'*(log TY(T/ log T) #/*#*V)| — o,

T—o0

with g = 1 if ¢ verifies Assumption 5(i) and q = 3/2 if ¢ verifies Assumption 5(ii).

Given Theorem 6, Proposition 8 is then a direct consequence of Theorem 6 and van der Vaart
and van Zanten (2009b), therefore its proof is omitted.

Remark 9 The Gaussian process prior has been used in variational methods for Hawkes processes
when there exists a conjugate form of the mean-field variational posterior distribution, i.e., Q) is
itself a Gaussian process with mean function myp and kernel function kyp. This is notably the case
in the sigmoid Hawkes model under the latent variable augmentation scheme described in Section
3.1 and used for instance byMalem-Shinitski et al. (2021). Since the computation of the Gaussian
process variational distribution is often expensive for large data set, the latter is often further ap-
proximated using the sparse Gaussian process approximation via inducing variables (Titsias and
Ldzaro-Gredilla, 2011). Using results of Nieman et al. (2021), we conjecture that our result in
Proposition 8 would also hold for the mean-field variational posterior with inducing variables.

4.2.2 MODEL-SELECTION VARIATIONAL FAMILY

In this section, we consider the model-selection adaptive variational posterior distributions (12)
and (13), and similarly obtain their concentration rates. We recall that these two types of adaptive
variational posterior correspond to the following variational families (see also Appendix A.2)

Va1 = Upemiim} x (vm}, Var = {Z a’QO;Zam =1, 0,20, Op € V", Vm € M}’

meM m

where here, M is the set of all possible models, i.e.,
M= {m =(6,J=1,...,J5);6 € {0, 1K J e N, Vk e [K]},

and for a model m € M, the variational family V" corresponds to a set of distributions on the
subspace 7, € ¥ and Uepm Fm = . In the data augmentation context and with the mean-field
approximation, V™ is the set of distributions Q : ¥, x Z — [0, 1] such that Q(f,z) = Q(f)Q(2).
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We further recall that for each k, J; corresponds to the number of functions in the dictionary used
to construct (A )e[k]-
In this context, the general results from Zhang and Gao (2020) can be applied, and here, it is
enough to replace the prior assumption (A0) by
(A0”) Fey > 0,1 (Busler) |6 = 60,7 = U7 ) > e TG 13,

M5 = 60) > 7G5, 11, (7 = (49),Jr) > TGP, (26)
28+1
where Jp = (%f/( i ), assuming that, for any /,k € [K], h?k € H(B, Ly). Indeed, (A0”) implies
that
~logTl(m = mo) ~ log I (Buw(er)lm = mo) < c1Teg,  mo = (0. (77), J1).
k

which also implies (A0). For example, under the random histogram prior of Section 4.2.1, it is
enough to choose I1; such that, for some sequence (x,),>; such that x, —— oo,

n—oo

;> x) e, (i =xp) 2 €7, Vn

\%

1, ¢>0,

which is the case for instance when II; is a Geometric distribution. In the next proposition, we
state our result on the model-selection variational family, when using the random histogram prior
distribution; however, this result also holds for other prior distributions based on decomposition
over dictionaries such as the ones in Arbel et al. (2013); Shen and Ghosal (2015).

Proposition 10 Let N be a Hawkes process with link functions ¢ = (¢r)x, parameter fo = (vo, ho)
such that (¢, fo) verify Assumption 5. Assume that for any L,k € [K], h?k € H(B, Ly) with B €
(0,1) and Ly > 0. Then, under the random histogram prior distribution, for the model selection
variational posterior (12) , we have that, for any Mt — +0oo,

Eo Qa1 (Ilf = foll; > Mr(log T)X(T/log T)#/*#*V)| — o,

T—o0

with q = 0 if ¢ verifies Assumption 5(i) and q = 1/2 if ¢ verifies Assumption 5(ii).

Since Proposition 10 is a direct consequence of Theorem 6 and Theorem 4.1 in Zhang and Gao
(2020), its proof is omitted. Finally, we note that we can obtain similar guarantees for the model-
averaging adaptive variational posterior (13), by adapting Theorem 3.6 from Ohn and Lin (2021),
which directly holds under the same assumptions as Proposition 10.

4.3 Convergence rate associated to the two-step algorithm

As discussed in Section 2.2, when the number of dimensions K is moderately large, both the QA1
and QAZ are intractable, due to the necessity of exploring all models in My, defined in (22). For this
setting, we have proposed a two-step procedure (Algorithm 3) that first constructs the estimator of
the graph with (15), then constructs a restricted set of models Mg and computes the corresponding
variational distribution O°. We now show that this two-step procedure is theoretically justified. We
recall our notation S ?k = ||h?k||1 , YLk € [K].

Firstly, since the complete graph ¢ = 117 is larger than the true graph &y, the subspace
Umemc Fm contains the true parameter fo. Hence Theorem 6 remains valid with Ve = Uy p {{m}x
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V™). In particular the rates er = (log T)4TB/+D obtained in Propositions 7 and 8 apply to the
corresponding variational posterior O MS , under the assumption that K is large but fixed. In particu-
lar, for each (/,k) and S = f||hlk||1 dQ w1s (uk), Theorem 6 implies that

Po(IS i = S1 > €r) = o(1).
In our two-step procedure, we consider the two following thresholding strategies:

(i) given a threshold 9 > 0 defined a-priori, we compute 5= (Slk)l,k, o =1 Y, k.

S >no}?

(i) we choose a data-dependent threshold ng € S (10),S(,0+1)) where (§ (,)),E[Kz] corresponds to
the values (S )ik in increasing order and iy is the first index such that S (i+1) — S @ 1s large.
We then compute 5 as in ().

Let i* 1= K? = %, 6% = min{i € [K?]; §
SO

@+1)
notation 7 (dg) for the set of index pairs (/, k) such that S ?k > (. We now assume that fj is such that

(l " -S 8) * 0} be the first index of non-zero such that

> 0, where (S 8)),-6[ k2] corresponds to the values of (S lk)l’k in increasing order. We recall our

Slk ur, YlLke I(), 27)

where ur >> er. We note that (27) is a mild requirement on fj since we allow ur to go to 0 almost
as fast as er. Now, for the thresholding strategy (i), for any 79 (possibly depending on T') such that
ur < 1o < Mingger(s,) Hh?kHI /2, we obtain that

Po(5 # o) = o(1). (28)

Moreover, for the data-dependent thresholding strategy (ii), as soon as the gap S (i+1) = S @ 18 larger
than uz but smaller than minger(s,) ||hlk||1 /2, then (28) also holds. This is verified since
Po(6 # 80) < D Po(ISu— Skl > ur/2) = o(1).
Lke[K]

5 Numerical results

In this section, we perform a simulation study to evaluate our variational Bayesian method in the
context of nonlinear Hawkes processes, and demonstrate its efficiency, scalability, and robustnessin
various estimation setups. In low-dimensional settings (K = 1 and K = 2), we can compare our vari-
ational posterior to the posterior distribution obtained from an MCMC method. As a preliminary
experiment, we additionally analyse the performance of a Metropolis-Hastings sampler in com-
monly used nonlinear Hawkes processes, namely with ReLLU, sigmoid and softplus link functions
(Simulation 1). In the subsequent simulations, we focus on the sigmoid model and test our adaptive
variational algorithms, in well-specified (Simulations 2-5) and mis-specified settings (Simulation
6), high-dimensional data sets, and for different connectivity graphs (Simulation 4).

In each setting, we sample one observation of a Hawkes process with dimension K, link func-
tions (¢)r and parameter fy = (vo, o) on [0, T], using the thinning algorithm of Adams et al.
(2009). In most simulated settings, the true interaction functions (h Lk Will be piecewise-constant,
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e use the random histogram prior described in Section 3.1 in our variational Bayes method.
> 1, we introduce the notation

2D D

; 2
D 0 = 3 = (s hu(x) = Z wyej(x), x € [0,A], I € [K], ej(x) = 7]1[;%,“%))(” ,

J=1

and for the remaining of this section, we index functions Ay by the histogram depth D.

In

In

the next sections, we report the results of the following set of simulations.

Simulation 1: Posterior distribution in parametric, univariate, nonlinear Hawkes mod-
els. We analyse the posterior distribution computed from a Metropolis-Hasting sampler (MH)
in several nonlinear univariate Hawkes processes (K = 1), with ReLLU, sigmoid, and softplus
link functions. For this sampler, we consider that the dimensionality Dg such that sy € H E‘S)m
is known, and therefore, the posterior inference is non-adaptive.

Simulation 2: Variational and true posterior distribution in parametric, univariate sig-
moid Hawkes models. In a univariate setting with g € WIZ‘;W and the dimensionality Dy is
known (non-adaptive), we compare the variational posterior obtained from Algorithm 1 to the
posterior distribution obtained from two MCMC samplers, i.e., the MH sampler of Simulation

1, and a Gibbs sampler available in the sigmoid model (Algorithm 4).

Simulation 3: Fully-adaptive variational algorithm in univariate and bivariate sigmoid
models. This experiment evaluates our first adaptive variational algorithm (Algorithm 2) in
sigmoid Hawkes processes with K = 1 and K = 2, in nonparametric settings where the true
interaction functions are either piecewise-constant functions with unknown dimensionality or
continuous.

Simulation 4: Two-step adaptive variational algorithm in high-dimensional sigmoid
models. This experiment evaluates the performance and scalability of our fast adaptive varia-
tional algorithm (Algorithm 3), for sigmoid Hawkes processes with K € {2,4, 8,10, 16, 32, 64},
in sparse and less sparse settings of the true parameter Ay € ngm with unknown dimension-
ality Dyg.

Simulation 5: Convergence of the two-step adaptive variational posterior for varying
data set sizes. In this experiment, we evaluate the asymptotic performance of our two-step
variational procedure (Algorithm 3), with respect to the number of observations, i.e., the
length of the observation horizon T, for sigmoid Hawkes processes with K = 10.

Simulation 6: Robustness of the variational posterior to some types of mis-specification
of the Hawkes model. This experiment aims at evaluating the performance our variational
algorithm for the sigmoid Hakwes model (Algorithm 3) on data sets generated from Hawkes
processes with mis-specified nonlinear link functions and memory parameter of the interac-
tion functions.

all simulations, we set the memory parameter as A = 0.1, and we evaluate the performance

visually, in low-dimensional settings, or with the L-risk on the continuous parameter and {y-error

on the

graph parameter (defined below), in moderately large to large-dimensional settings.
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Remark 11 One important quantity in these synthetic experiments is the number of excursions
in the generated data, formally defined in Costa et al. (2020) and Lemma 12 in Appendix D.I.
Intuitively, the observation window of the data [0, T] can be partitioned into contiguous intervals
{[tic1, ™)}i=1...1, To = 0,71 = T, I € N, called excursions, where the point process measures
are i.i.d. The main properties of these intervals are that N|t;_1,7;) > 1 and N[t; — A, 1;) = 0.
For our multivariate contexts, we additionally introduce a new concept of excursions, that we call
local excursions, defined for each dimension k as a partition of [0,T] = U,Ii : [Tf?_l,Ti.‘) such that
N* [Ti.(_l, Tf.‘) > 1 and N [Tff —A, Ti.() = 0. To the best of our knowledge, this quantity has not yet been
introduced for Hawkes processes, although we observe in our experiments that it is an important
statistical property, as will be shown below.

5.1 Simulation 1: Posterior distribution in univariate nonlinear Hawkes models

—— Sigmoid
25 RelU
—— Softplus
20
X 15
S
10
5
0
-30 -20 -10 0 10 20 30

Figure 2: Link functions ¢ of the Hawkes model considered in Simulation 1, namely the sigmoid
(blue), ReLLU (red), and softplus (green) functions.

In this simulation, we consider univariate Hawkes processes (K = 1) with link function ¢ = ¢
of the form

¢(x) = 0+ Ay(a(x — 1)), (29)
where £ = (0, A, @, 1) and ¢ : R — R™ are known and chosen as:
e Sigmoid: ¥(x) = (1 + e™*)~! and & = (0.0,20.0,0.2, 10.0);
e ReLU: ¥(x) = max(x,0) and & = (0.001, 1.0, 1.0, 0.0);
o Softplus: ¥(x) = log(1 + ¢*) and ¢ = (0.0, 40.0,0.1,20.0).

Note that the corresponding link functions ¢ have similar shapes on a range of values between -20
and 20 (see Figure 2). In all models, we consider a Hawkes process with hg = h(l)1 € ‘Hﬁ;’m with
Dy = 2, and three scenarios, called Excitation only, Mixed effect, and Inhibition only, where hy
is respectively non-negative, signed, and non-positive (see Figure 3 for instance). In each of the
nine settings, we set 7 = 500 and in Table 1, we report the corresponding number of events and

excursions observed in each scenario and model. Note that, as we may expect, more events and less

24



SCALABLE AND ADAPTIVE VARIATIONAL BAYES METHODS FOR HAWKES PROCESSES

excursions are observed in the data generated in Excitation only scenario than in the Mixed effect
and Inhibition only scenarios.

Here, we assume that Dy is known and we consider a normal prior on 7-{}221‘0 such that wy; ~
N(0, c%1), and for vy, vi ~ N(0,0?), with o = 5.0. To compute the (true) posterior distribution,
we run a Metropolis-Hasting (MH) sampler implemented via the Python package PyMC4! with 4
chains, 40 000 iterations, and a burn-in time of 4000 iterations. We also use the Gaussian quadrature
method (Golub and Welsch, 1969) for evaluating the log-likelihood function, except in the ReLU
model and Excitation only scenario, where the integral term is computed exactly. We note that we
also tested a Hamiltonian Monte-Carlo sampler in this simulation, and obtained similar posterior
distributions, but within a much larger computational time, therefore these results are excluded
from this experiment.

The posterior distribution on f = (v, /) in the ReLU model and our three scenarios are
plotted in Figure 3. For conciseness purpose in this section, our results for the sigmoid and softplus
models are reported in Appendix F.1. We note that in almost all settings, the ground-truth parameter
fo is included in the 95% credible sets of the posterior distribution. Nonetheless, the posterior
mean is sometimes biased, possibly due to the numerical integration errors in the log-likelihood
computation. Moreover, we conjecture that the estimation quality depends on the number of events
and the number of excursions, which could explain the differences between the Excitation only,
Mixed effect, and Inhibition only scenarios. In particular, the credible sets seem consistently smaller
for the second scenario, which realisations have more excursions than the other ones.

This simulation therefore shows that the posterior distribution in commonly used nonlinear
univariate Hawkes models behaves well and can be sampled from using a simple MH sampler.
Nonetheless, we note that the MH iterations are computationally expensive, which prevents from
scaling this algorithm to large dimensions. Therefore, we will only use the MH sampler to compute
the posterior distribution in the low-dimensional settings, i.e., Simulations 2 and 3, with respectively
K=1land K =2.

Scenario Sigmoid ‘ ReLU ‘ Softplus

# events 5250 5352 4953
# excursions 1558 1436 1373

Excitation only

Mixed effect # events 3876 3684 3418
xed elle #excursions | 1775 | 1795 | 1650
# events 3047 | 2724 | 2596

Inhibition only

# excursions 1817 1693 1588

Table 1: Number of events and excursions in the simulated data of Simulation 1 with 7 = 500. We
refer to Remark 11 and Lemma 12 in Appendix D.1 for the definition of an excursion in Hawkes
processes.

1. https://www.pymc.io/welcome.html
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Figure 3: Posterior distribution on f = (vq, ;) obtained with the Metropolis-Hastings sampler
(MH), in the univariate ReLLU models of Simulation 1. The three columns correspond to the Excita-
tion only (left), Mixed effect (center), and Inhibition only (right) scenarios. On the first row, we plot
the marginal posterior distribution on the background rate v;, and on the second row, the posterior
mean (solid orange line) and 95% credible sets (orange areas) on the interaction function 4y, here
piecewise-constant with dimensionality 2P0 = 4. The true parameter f; = (v(l),h(l’l) is plotted in
dotted green line.

5.2 Simulation 2: Parametric variational posterior and posterior distribution in the
univariate sigmoid model.

In this simulation, we consider the same univariate scenarios as Simulation 1, but only for the
sigmoid Hawkes model and compare the variational and true posterior distributions. Here, the
dimensionality Dy of the true function hg is assumed to be known, therefore, the samplers are
non-adaptive. Specifically, we compare the performance of the previous MH sampler, the Gibbs
sampler (introduced in Remark 4 and described in Algorithm 4 in Appendix C.3), and our mean-
field variational algorithm in a fixed model (Algorithm 1) - here, we fix the dimensionality of £,
to J = 2P0 = 4. We run 4 chains for 40 000 iterations for the MH sampler, 3000 iterations of the
Gibbs sampler, and use our early-stopping procedure for the mean-field variational algorithm.

In Figure 4, we can compare the variational posterior on f = (vy, h11) to the posterior distribu-
tions, computed either with the Gibbs or MH samplers, in the three estimation scenarios. We note
that variational posterior mean is always close to the posterior mean, in particular when computed
with the Gibbs sampler. Nonetheless, its credible sets are generally smaller, which is a common
empirical observation of mean-field variational approximations.

Besides, the variational posterior seems to be similarly biased as the posterior distribution, as
can be seen for the background rate v; in the Inhibition scenario. One could therefore test if this
bias decreases with more data observations, i.e., larger T; however, the Gibbs sampler has a large
computational time (between 3 and 5 hours), which is about 6 (resp. 40) times longer than the MH
sampler (resp. our mean-field algorithm), due to the expensive latent variable sampling scheme (see
Table 2). Finally, we also compare the estimated intensity function using the (variational) posterior
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means, on a sub-window of the observations in Figure 5. The latter plot shows that all three methods
provide fairly equivalent estimates on the nonlinear intensity function.

From this simulation, we conclude that, in the univariate and parametric sigmoid Hawkes model,
the mean-field variational algorithm in a fixed model provides a good approximation of the posterior
distribution. Moreover, we note that although the Gibbs sampler is slightly better than MH, it is
much slower than the latter and therefore cannot be applied to multivariate Hawkes processes in
practice. Therefore, in the bivariate simulation in the next section, we only compare to the posterior
distribution computed with the MH sampler, which can still be computed within reasonable time
forK=2.

Scenario ‘ MH ‘ Gibbs ‘ MEF-VI

Excitation only | 2169 | 16 092 | 416
Mixed effect | 2181 | 13097 | 338
Inhibition only | 2222 | 9318 400

Table 2: Computational times (in seconds) of the Gibbs sampler (Algorithm 4), our mean-field
variational (MF-VI) algorithm (Algorithm 1), and the Metropolis-Hastings (MH) sampler in each
parametric univariate scenario of Simulation 2 with 7 = 500. We note that the Gibbs sampler is
much slower than the MH sampler, which is also slower than the mean-field variational algorithm.

Excitation only Mixed effect Inhibition only

— MF-VI MH

1
MH — MEVI MH Los | — MFVI -25
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[=] -2.0 2.0 H ~20
= 15- 15- 154 !
<) -15 15 ! rLs
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Figure 4: Posterior and variational posterior distributions on f = (v{, A11) in the univariate sigmoid
model of Simulation 2, evaluated by the MH sampler, the mean-field variational (MF-VI) algorithm
in a fixed model (Algorithm 1) and the Gibbs sampler (Algorithm 4). The three columns correspond
to the Excitation only (left), Mixed effect (center), and Inhibition only (right) scenarios. The true
parameter f; is plotted in dotted green line. The first row contains the marginal distributions (VB,
MH and Gibbs) on the background rate vy, and the second row represents the posterior means (solid
lines) and 95% credible sets (colored areas) on the (self) interaction function /1;. We note that the
variational posterior is close to the Gibbs posterior distribution, nonetheless, has smaller credible
bands.
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(a) Excitation only (b) Mixed effect
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Figure 5: Intensity function on a sub-window of the observation window estimated via the varia-
tional posterior mean (blue) or via the posterior mean, computed with the MH sampler (orange) or
the Gibbs sampler (purple), in each scenario of Simulation 2. The true intensity 1! (fp) is plotted in
dotted green line. We note that all estimates are close in this simulation.

5.3 Simulation 3: Fully-adaptive variational method in the univariate and bivariate sigmoid
models.

# dimensions ‘ Scenario ‘ T ‘FA—MF—VI ‘ MH

K=1 Excitation | 2000 32 417
B Inhibition | 3000 33 445
K=2 Excitation | 2000 189 2605
B Inhibition | 3000 197 2791

Table 3: Computing times (in seconds) of our fully-adaptive mean-field variational method (FA-
MF-VI) (Algorithm 2) and the Metropolis-Hastings (MH) sampler in the univariate and bivariate
sigmoid models and the scenarios of Simulation 3.

In this simulation, we test our fully-adaptive variational inference algorithm (Algorithm 2), in
the one-dimensional (K = 1) and two-dimensional (K = 2) sigmoid models, and in two estimation
settings:

1. Well-specified: hy € H,", (with Dy = 2);

2. Mis-specified: hy ¢ H

hise? and h?k is a continuous function, for all (I, k) € [K?].

Note that in the well-specified case, mg := (g, 2P0) is unknown for the variational method, nonethe-
less, we also compute the posterior distribution with the non-adaptive MH sampler using the true
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myg. In the bivariate model, we choose a true graph parameter ¢y with one zero entry (see Figure
8a). We also consider an Excitation scenario where all the true interaction functions (h?k)l’k are
non-negative and with 7" = 2000, and an Inhibition scenario where the self-interaction functions
(hgk)kzl,z are non-positive with 7 = 3000. The latter setting aims at imitating the so-called self-
inhibition phenomenon in neuronal spiking data, due to the refractory period of neurons (Bonnet
et al., 2021). In our adaptive variational algorithm, we set a maximum histogram depth D = 5 for
K =1,and D =4 for K = 2, so that the number of models per dimension is respectively 7 and 76.

In the well-specified setting, we first analyse the ability of Algorithm 2 to recover the true con-
nectivity graph and dimensionality of /. In Figure 6, we plot the model marginal probabilities
(¥m)m in our adaptive variational posterior and in the univariate setting. In the Excitation scenario,
the largest marginal probability ¥; is on the true model, i.e., m = my = (6p = 1, 2P0 = 2), and
all the other marginal probabilities are negligible. Therefore, in this case, the model-averaging
VB posterior (13) is essentially equivalent to the model-selection VB posterior (12). In the Inhibi-
tion scenario, the dimensionality D is not well inferred in the model selection variational posterior
(maximising the ELBO), which is over-regularizing in this case, since /i = S=060=1D=1.
However, as seen in Figure 6, the ELBO for D = 1 and for D = 2 = Dy are very close, therefore, the
model-averaging variational posterior better captures the model since itis essentially a mixture of
two components, one corresponding to D = 1, and the second one corresponding to the true model
Dg + 2.

Nonetheless, comparing the estimated nonlinear intensity based on the model-selection varia-
tional posterior mean and the posterior mean in Figure 26 in Appendix F, we note that the model
selection variational estimate is very close to the true intensity and the non-adaptive MH estimate,
despite the error of dimensionality in the Inhibition scenario.

We then compare the model selection adaptive variational posterior distribution on the parameter
with the true posterior distribution computed with the non-adaptive MH sampler in Figure 7. We
note that in the Excitation scenario, the variational posterior mean is very close to the posterior
mean, however, its 95% credible bands are significantly smaller. Note also that, in the Inhibition
scenario, in spite of the wrongly selected histogram depth, the estimated interaction function is still
not too far from the truth.

In the mis-specified setting, all the marginal probabilities are negligible but one, in both the
Excitation and Inhibition scenarios (see Figure 6), although there is no true myg in this case. In
Figure 28 in Appendix F, we note that the model selection adaptive variational posterior mean
approximates quite well the true parameter. Moreover, its 95% credible bands often cover the truth
but are once again slightly too narrow.

The previous observations in the well-specified and mis-specified settings can also be made
in the two-dimensional setting. The true connectivity graph and the marginal probabilities in the
adaptive variational posterior are plotted in Figure 8. We note that in the well-specified case, /i1 = my
in both scenarios. Moreover, the parameter and the nonlinear intensity are well estimated, as can
be seen in Figure 10 and in Figures 27, 29 in Appendix F. Note however that, in the mis-specified
setting, the under-coverage phenomenon of the credible regions also occurs (see Figure 9).

Finally, we note that our fully-adaptive variational algorithm is more than 10 times faster to
compute than the non-adaptive MH sampler, as can be seen from the computing times reported in
Table 3. This simulation study therefore shows that our fully-adaptive variational algorithm enjoys
several advantages in Bayesian estimation for Hawkes processes: it can infer the dimensionality
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of the interaction functions D, the dependence structure through the graph parameter 9, provides a
good approximation of the posterior mean, and is computationally efficient.
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Figure 6: Model marginal probabilities (¥,,),, in the adaptive mean-field variational posterior, in
the well-specified and mis-specified settings of Simulation 3 with K = 1. The left and right panels
correspond to the Excitation (vesp. Inhibition) setting. The elements in S| are indexed from 1 to 7,
and correspond respectively tom = (§ = 0,2° = 1), andm = (6 = 1,2P) with D = 0,...,5.
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Figure 7: Posterior and model-selection variational posterior distributions on f = (vy, h11) in the
univariate sigmoid model and settings of Simulation 3, evaluated by the MH sampler and the fully-
adaptive mean-field variational (FA-MF-VI) algorithm (Algorithm 2). The three columns corre-
spond respectively to the two well-specified settings, i.e., the Excitation (Well-specified-Exc) and
Inhibition (Well-specified-Exc) scenarios, and one mis-specified setting (Mis-specified-Exc). The
first row contains the marginal distribution on the background rate vy, and the second row repre-
sents the (variational) posterior mean (solid line) and 95% credible sets (colored areas) on the (self)
interaction function /1. The true parameter fj is plotted in dotted green line.
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Figure 8: Marginal probabilities on the graph and dimensionality parameter s; = (0.4, Di) at each
dimension, i.e., (i/’s‘k)skes2 in the fully-adaptive averaged mean-field variational posterior, in the well-
specified setting of Simulation 3 with K = 2. The Excitation scenario (a) corresponds to g > O,
while in the Inhibition scenario (b) , h(l)l, hgz < 0. The elements in S, are indexed from 1 to 13 and

the true model in this set is indicated in orange.
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Figure 9: Model-selection variational posterior distributions on f = (v, h) in the bivariate sigmoid
model, and well-specified and mis-specified settings, and Excitation scenario of Simulation 3, com-
puted with the fully-adaptive mean-field variational (FA-MF-VI) algorithm (Algorithm 2). The first
row correspond two columns correspond to the Excitation (left) and Inhibition (right) settings. The
first row contains the marginal distribution on the background rates (v, v»), and the second and third
rows represent the (variational) posterior mean (solid line) and 95% credible sets (colored areas) on
the four interaction function Ay, hyo, ho1, hoo. The true parameter fj is plotted in dotted green line.
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Figure 10: Estimated intensity function based on the (variational) posterior mean, in the well-
specified and bivariate setting of Simulation 3 on [0, 10], using the fully-adaptive mean-field varia-
tional (FA-MF-VI) algorithm (Algorithm 2). The true intensity A;(fy) is plotted in dotted green line.
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5.4 Simulation 4: Two-step variational posterior in high-dimensional sigmoid models.

In this section, we test the performance of our two-step variational procedure (Algorithm 3), first,
in sparse settings of the true parameter Ay, then, in relatively denser regimes.

5.4.1 SPARSE SETTINGS

8000 ~ Scenario

—— exc
7000 ~ -#- inh
6000
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time (s)

= 4000

comp.

3000
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1000 —e=
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# dimensions

Figure 11: Computational times of our two-step mean-field variational algorithm (Algorithm 3) in
the Excitation (exc) and Inhibition (inh) scenarios and well-specified setting of Simulation 4, for
K =2,4,8,16,32,64.

In this experiment, we consider sparse multivariate sigmoid models with K € {2,4, 8, 16,32, 64}
dimensions. We note that to the best of our knowledge, the only Bayesian method that has currently
been tested in high-dimensional Hawkes processes is the semi-parametric version of Zhou et al.
(2022) where the interaction functions are also decomposed over a dictionary of functions, but
the choice of the number of functions is not driven by a model selection procedure and the graph
of interaction is not inferred. Here, we construct a well-specified setting with hy € W}ggt and
Dy = 1, and an Excitation scenario and an Inhibition scenario, similar to Simulation 3, and a sparse
connectivity graph parameter 6o with 3 ; 62( = 2K —1, as shown in Figure 12. In Table 4, we report
our chosen value of T in each setting and the corresponding number of events, excursions, and local
excursions. In Table 6, we report the performance of our method, in terms of the L;-risk of the
model-selection variational posterior defined as

r(0) = Egllly = vollg 1+ > g [|[u — W1 ]. (30)
Lk

We note that in general, the number of terms in the risk grows with K and the number of non-null
interaction functions in 4 and hg - which thus can be of order O(K?) in a dense setting.

We first note that for our prior distribution and for the augmented variational posterior distribu-
tion Q in a fixed model m = (8, J = (Ji)), we have that

&2 iy 13 [
~ J

Eo, llhuli] = > | S[Z81j5exp - —5 = b = 1|1 = 20 | -—=E=
— T [z /\].. Jie

J=1 Ik 1jJ [0

33



D. SuLeMm, V. RivoirARD, AND J. ROUSSEAU

We evaluate the accuracy of our algorithm when estimating the graph of interaction and the size
Dy, at each dimension k, defined as

N 1 A 1
Actyrapn(®) = = % Ly 5, Accain(D) = — Zk: Loo_p,

where § = (31k)z,k and D = (Dy); are respectively the estimated graph and the inferred dimensionality
of (hx)x in Algorithm 3.

Firstly, we note that, in almost all settings, the accuracy of our algorithm is equal or is very
close to 1, therefore, it is able to recover almost perfectly the true graph ¢p and the dimensionality
Dy (the estimated graphs in the Excitation and Inhibition scenarios are plotted in Figures 30 and 31
in Appendix). In fact, our gap heuristics for choosing the threshold 79 (see Section 3.2.2) allows to
estimate the graph after the first step of Algorithm 3. In Figure 15 (and Figure 33 in Appendix in
the Inhibition scenario), we note that the L{-norms of the interaction functions are well estimated in
the first step, leading to a gap between the norms close and far from 0. This gap includes the range
[0.1,0.2] for all K’s, therefore, here, we choose 779 = 0.15, which allows to discriminate between
the true signals and the noise and to recover the true graph parameter.

Secondly, from Table 6, we note that the risk seems to grow linearly with K, which indicates that
the estimation does not deteriorate with larger K. In Figure 14 (and Figure 32 in Appendix, we plot
the risk on the L;-norms using the model-selection variational posterior, i.e., (]EQMV [thk - hg{”l])l,k,
in the form of a heatmap compared to the true norms, and note that for all K’s, these errors are
relatively small. Moreover, our variational algorithm estimates well the parameter, as can be visually
checked in Figure 18, where we plot the model-selection variational posterior distribution on a
subset of the parameter for each value of K, in the Excitation scenario (see Figure 34 in Appendix
for our results in the Inhibition scenario). Besides, the computing times of our algorithm seem to
scale well with K and the number of events in these sparse settings, as can be seen from Table 4
and Figure 11. For K = 64, our algorithm runs in less than 2.5 hours, in spite of the large number
of events (about 133 000). We also note that these experiments have been run using only two
processing units. 2

5.4.2 TESTING DIFFERENT GRAPHS AND SPARSITY LEVELS.

In this experiment, we evaluate Algorithm 3 on different settings of the graph parameter dp, namely
a sparse, a random, and a dense settings, illustrate in Figure 13. The sparse setting is similar to
the previous section, while the random setting corresponds to a slightly less sparse regime where
additional edges are present in 6g. Note that these three settings have different numbers of edges in
0o, therefore, different numbers of non-null interaction functions to estimate. From Table 5, we also
note that there are more events and less global excursions in the dense setting that in the two other
ones, in particular, in the Excitation scenario where this number drops to 2.

Our numerical results in Table 7 show that in the dense setting, the graph accuracy of our
estimator is slightly worse, and the risk of the variational posterior is much higher than in the other
settings. We conjecture that this loss of performance is related to the smaller number of global
excursions, which leads to a more difficult estimation problem. We can also see from Figure 16 that
in this particular setting, the estimation of the norms of the interaction functions is deteriorated, and

2. The computing time of our algorithm could thus be greatly decreased if it is computed on a machine with more
processing units.
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the gap that allows to discriminate between the null and non-null functions is not present anymore.
Nonetheless, in the Inhibition scenario, for which the number of global excursions is not too small,
this phenomenon does not happen and the estimation is almost equivalent in all graph settings.

To further explore the applicability of our thresholding approach in the dense setting, we test
the following three-step approach in the Excitation scenario, with K = 10 and a dense graph dy:

o The first step is similar to the one of our two-step procedure, i.e., we estimate an adaptive
variational posterior distribution within models that contain the complete graph d¢.

Then, if there is no significant gap in the variational posterior mean estimates of the Li-
norms, we look for a (conservative) threshold 7; corresponding to the first “slope change”,
and estimate a (dense) graph o.

e In a second step, we compute the adaptive variational posterior distribution within models
that contain 6 and re-estimate the L;-norms of the functions.

If we now see a significant gap in the norms estimates, we choose a second threshold within
that gap; otherwise, we look again for a slope change and pick a conservative threshold 7, to
compute a second graph estimate 0;.

e In the third and last step, we repeat the second step with now our second graph estimate, .

In Figure 17, we plot our estimates of the norms after each step of the previous procedure. In this
case, we have chosen visually the threshold r7; = 0.09 and 77, = 0.18 after respectively the first and
second step, using the slope change heuristics. We note that the previous method indeed provides
a conservative graph estimate in the first step, but in the second step, allows to refine our estimate
of the graph and approach the true graph. Besides, we note that the large norms are inflated along
the three steps of our procedure. Therefore, our method performs better in sparse settings where a
significant gap allows to correctly infer the true graph dg.

In conclusion, our simulations in low and high-dimensional settings, with different levels of
sparsity in the graph, show that our two-step procedure is able to correctly select the graph parameter
and dimensionality of the process in sparse settings, and hence allows to scale up variational Bayes
approaches to larger number of dimensions. Nonetheless, from the moderately high-dimensional
settings, the estimation of the parameter f becomes sensitive to the difficulty of the problem. In
particular, the performance is sensitive to the graph sparsity, tuning the number of non-null functions
to estimate, and, as we conjecture, the number of global excursions in the data. Finally, we note that
heuristic approaches for the choice of the threshold - needed to estimate the graph parameter - need
to further explored in noisier and denser settings.
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K | Scenario ‘ T ‘ # events | # excursions | # local excursions | computing time (s) ‘

) Excitation | 500 5680 2416 1830 19
Inhibition | 700 4800 2416 1830 18
4 Excitation | 500 | 11338 2378 1878 41
Inhibition | 700 9895 2378 1878 39
3 Excitation | 500 | 22514 1207 1857 151
Inhibition | 700 | 19746 1207 1857 134
16 Excitation | 500 | 51246 200 1784 577
Inhibition | 700 | 37166 200 1784 494
1 Excitation | 500 | 96803 4 1824 2147
Inhibition | 700 | 76106 4 1824 1386
64 Excitation | 200 | 117862 0 1481 8176
Inhibition | 300 | 133200 0 1481 7583

Table 4: Number of observed events, excursions, and computing times of Algorithm 3 in the multi-
variate settings of Simulation 4.

Scenario Graph | # Edges | # Events | # Excursions | # Local excursions

Sparse | 2K -1 24638 431 1212

Excitation | Random | 3K — 1 27475 398 1262
Dense | 5K-6 90788 2 1432

Inhibition Sparse | 2K -1 22683 911 1778
Random | 3K -1 24031 884 1834

Dense | 5K-6 35291 547 2170

Table 5: Number of edges, observed events, and excursions in the different graph settings of Simu-
lation 4 (K = 10).
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# dimensions | Scenario | Graph accuracy | Dimension accuracy | Risk
) Excitation 1.00 1.00 0.79
Inhibition 1.00 1.00 0.35

4 Excitation 1.00 1.00 1.01
Inhibition 1.00 1.00 0.92

3 Excitation 1.00 1.00 2.10
Inhibition 1.00 1.00 2.12

16 Excitation 1.00 1.00 5.77
Inhibition 1.00 1.00 4.48
3 Excitation 1.00 0.97 10.57
Inhibition 1.00 1.00 8.53
64 Excitation 1.00 1.00 23.74
Inhibition 1.00 1.00 18.43

Table 6: Performance of Algorithm 3 in the multivariate settings of Simulation 4. We report the
accuracy of our graph estimate ¢ and the selected dimensionality of the interaction functions in the
model-selection variational posterior, and the risk on the whole parameter f defined in (30).

Scenario Graph | Graph accuracy | Dimension accuracy | Risk
Sparse 1.00 1.00 291

Excitation | Random 1.00 1.00 4.00
Dense 0.5 1.00 17.67
Sparse 1.00 1.00 2.62

Inhibition | Random 0.99 1.00 3.44
Dense 1.00 1.00 2.67

Table 7: Performance of Algorithm 3 in the different graph settings of Simulation 4 (K = 10). We
note in that the dense graph setting, there are more parameters to estimate, and therefore non-null
terms in the risk metric.
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Figure 12: True graph parameter ¢¢ (black=0, white=1) in the sparse multivariate settings of Simu-
lations 4 with the number of dimensions K = 2,4, 8, 16, 32, 64.

123 456 78 910 1 2 3 4 5 6 7 8 9 10
TN N N [ TN W SO T N | [ N | [

H -

(a) sparse (b) random (c) dense

O 00 N O U B W N P

=
o

Figure 13: True graph parameter 6y (black=0, white=1) in the sparse, random, and dense settings
of Simulations 4 with K = 10 dimensions.
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Figure 14: Heatmaps of the L;-norms of the true parameter g, i.e., the entries of the matrix
So=(S 2()1,;c = (||h?k||1)l,k (left column) and the Li-risk of the model-selection variational posterior

obtained with Algorithm 3, i.e., (]EQMV[”h?k - hlk“1])1,k (right column), in the Excitation scenario of
Simulation 4. The rows correspond to K = 2,4, 8, 16,32, 64.
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Figure 15: Estimated L;-norms using the model-selection variational posterior obtained after the
first step of Algorithm 3, plotted in increasing order, in the Excitation scenario of Simulation 4, for
the models with K = 2,4, 8, 16,32, 64. In these settings, our threshold 179 = 0.15 is included in the
gap between the estimated norms close to 0 and far from 0, therefore, our gap heuristics allows to
recover the true graph parameter (see Section 3.2.2).
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Figure 16: Estimated L;-norms using the model-selection variational posterior obtained after the
first step of Algorithm 3, plotted in increasing order, in the different graph settings (sparse, random,
and dense ¢y, see Figure 13) and scenarios of Simulation 4 with K = 10. We note that in the dense
graph setting, although the norms are not very well estimated after the first step, the gap heuristics
still allows to recover the true graph parameter.

41



D. SuLeMm, V. RivoirARD, AND J. ROUSSEAU

1
2
3 + MFVi-step 1 +
4 0.44 truth oS
5 03
6 5
2
7 : 0.2
8 01
9
10 0.0 1
function index
(a) True graph oy (b) Step 1
+ MFVi-step 1 + 071 + MFVi-stepl na
truth 0.6 truth +
0671 wuu n, ¥ os ] +
£ & €. il
> M# £ —
g 503 R
02— ssssssnsniaies :H,.H!Frc ....................... 0.2
+ 0.1+
0.0 0.0
function index function index
(c) Step 2 (d) Step 3

Figure 17: True graph ép and estimated L;-norms using the model selection adaptive variational
posterior obtained after each step of our three-step procedure, proposed for the dense graph setting
of Simulation 4. In Step 1 and Step 2, we plot the data-driven thresholds 7; and 7,, chosen with a
“slope change” heuristics.
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Figure 18: Model-selection variational posterior distributions on v; (left column) and interaction
functions /1 and /) (second and third columns) in the Excitation scenario and multivariate sigmoid
models of Simulation 4, computed with our two-step mean-field variational (MF-VI) algorithm (Al-
gorithm 3). The different rows correspond to different multivariate settings K = 2,4, 8, 16, 32, 64.
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5.5 Simulation 5: Convergence of the two-step variational posterior for varying data set
sizes.

In this experiment, we study the variations of performances of Algorithm 3 with increasing lengths
of the observation window, i.e., increasing number of data points. We consider multidimensional
data sets with K = 10, 7" € {50, 200, 400, 800}, the same connectivity graph as in Simulation 4, and
an Excitation and an Inhibition scenarios. The number of events and excursions in each data sets
are reported in Table 10 in Appendix F.4.

We estimate the parameters using the model-selection variational posterior in Algorithm 3 for
each data set. From Table 8, we note that our graph estimator converges quickly to the true graph
and the risk also decreases with the number of observations. We can also see from Figure 19 that
the estimation of the L;-norms after the first step of the algorithm improves for larger 7', leading to a
bigger gap between the small and large norms. Finally, in Figure 20 (and Figure 35 in Appendix), we
plot the model-selection variational posterior and note that its mean gets closer to the ground-truth
parameter and its credible set shrinks for larger 7.

Scenario ‘ T ‘Graph accuracy | Dimension accuracy | Risk

50 1.00 0.40 7.06
Excitation | 200 1.00 1.00 5.07
400 1.00 1.00 5.06
800 1.00 1.00 4.01
50 0.98 0.40 8.61
Inhibition | 200 1.00 1.00 4.30
400 1.00 1.00 3.96
800 1.00 1.00 291

Table 8: Performance of Algorithm 3 for the different data set sizes T € {50, 200, 400, 800} in the
scenarios of Simulation 5 with K = 10. We note the graph estimator quickly converges to the true
graph dp.

04 4+ T=50.0 At + T=50.0 *
T=200.0 03 T=200.0
03 + T=4000 + T=4000
c + T=800.0 c + T=800.0 M
é 0.2 + truth ; é 0.2 + truth #+
i g

function index function index
(a) Excitation scenario (b) Inhibition scenario
Figure 19: Estimated L;-norms after the first step of Algorithm 3, for different observation lengths
T, in the Excitation and Inhibition scenarios of Simulation 5 with K = 10. We note that the norms

are better estimated, after the first step of our algorithm, for larger 7', leading to a larger gap between
the small and large estimated norms, in both scenarios.
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T=200.0
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— T=800.0
-== truth

(b) Inhibition scenario

Figure 20: Model-selection adaptive variational posterior on a subset of background rates,
(v1,...,vs), for different observation lengths T € {50,200, 400, 800}, in the Excitation and Inhi-
bition scenarios in Simulation 5 with K = 10. The variational posterior behaves as expected in
this simulation: as T increases, its mean gets closer to the ground-truth parameter and its variance
decreases.

5.6 Simulation 6: robustness to mis-specification of the link function and the memory
parameter

In this experiment, we first test the robustness of our variational method based on the sigmoid
model parametrised by (29) with & = (0.0, 20.0, 0.2, 10.0) to mis-specification of the nonlinear link
functions (¢ ). Specifically, we set K = 10 and construct synthetic mis-specified data by simulating
a Hawkes process where for each k, the link ¢y is chosen as:

e ReLU: ¢i(x) = (x)+3
e Softplus: link ¢¢(x) = log(1 + €%);
e Mis-specified sigmoid, with unknown 6 bid. U([15,25)).

We also consider Excitation and Inhibition scenarios. Here, T = 300 in all settings.

In Figure 21, we plot the estimated Li-norms after the first step of Algorithm 3 and note that
there is still a gap in all settings and scenarios, although the norms are not well estimated in the case
of the ReLLU and softplus nonlinearities. The gaps allow to estimate well the connectivity graph
parameter, but the other parameters cannot be well estimated for these two links, as can be seen
from the risks in Table 9. Nonetheless, the sign of the interaction functions is well recovered in all
settings.

Then, we test the robustness of our variational method to mis-specification of the memory pa-
rameter A, assumed to be known in our framework. We recall that A corresponds to the upper bound
of the support of the interaction functions. For this experiment, we generate data from the sigmoid
Hawkes process with K = 10 and with ground-truth parameter Ag = 0.1, in two sets of parameters
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Figure 21: Estimated Li-norms after the first step of Algorithm 3, in the mis-specified settings of
Simulation 6. In this simulation, the link functions are set to ¢x(x) = 200(0.2(x — 10)), Yk, in our
algorithm, while the data sets are generated from a Hawkes process with ReLLU, softplus, or a mis-
specified sigmoid (mis-sigmoid) link functions, in Excitation and Inhibition scenarios. We note that
for the ReLLU and softplus link, the norms are not well estimated after the first step, nonetheless, our
gap heuristic can still recover the true graph parameter.

corresponding to an Excitation and an Inhibition scenarios. Here, we set T = 500 and apply our
variational method (Algorithm 3) with A € {0.5,0.1,0.2,0.4}.

In Figure 22, we plot the estimated L;-norms of the interaction functions, after the first step
of Algorithm 3, when using the different values of A. We note that when A is smaller than Ay,
the norms of the non-null functions are underestimated, while if A is larger than A, the norms are
slightly overestimated. We note that, in all settings, the graph can be well estimated with the gap
heuristics (see Figure 38 in Appendix). The model-selection variational posterior on a subset of the
interaction functions is plotted in Figure 23. We note that for A = 0.05 = A(/2, only the first part
of the functions can be estimated, while for A > A, the mean estimate is close to 0 on the upper
part of the support. Nonetheless, in the latter case, the dimensionality of the true functions is not
well-recovered.

In conclusion, this experiment shows that our algorithm is robust to the mis-specification of the
nonlinear link functions and the memory parameter, for estimating the connectivity graph and the
sign of the interaction functions when the latter are either non-negative or non-positive. Nonetheless,
the other parameters of the Hawkes model cannot be well recovered.

Scenario Link Graph accuracy | Dimension accuracy | Risk
ReLU 1.00 1.00 49.58

Excitation Softplus 1.00 1.00 34.27
Mis-specified sigmoid 1.00 1.00 19.69

ReLU 1.00 1.00 59.95

Inhibition Softplus 1.00 1.00 33.94
Mis-specified sigmoid 0.99 1.00 15.78

Table 9: Performance of Algorithm 3 for the different mis-specified settings and scenarios of Sim-
ulation 6 (K = 10). We note that the graph parameter and the dimensionality are still recovered in
these cases, although, the other parameters cannot be well estimated, as can be seen from the large
risk.
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Figure 22: Estimated L;-norms of the interaction functions after the first step of Algorithm 3 speci-
fied with different values of the memory parameter A = 0.05,0.1,0.2, 0.4 containing the true mem-
ory parameter Ap = 0.1, in the scenarios of Simulation 6. In all cases, we still observe a gap,
although the norms are under-estimated (resp. over-estimated)
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Figure 23: Model-selection variational posterior on the interaction functions hgg and h7¢ obtained
with Algorithm 3, specified with different values of the memory parameter A = 0.05,0.1,0.2,0.4, in
the scenarios of Simulation 6 with K = 10 and true memory parameter Ag = 0.1. We note that the
estimation of the interaction functions is deteriorated when A is mis-specified, however the signs of

the functions

are still recovered.
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6 Discussion

In this paper, we proposed a novel adaptive variational Bayes method for sparse and high-dimensional
Hawkes processes, and provided a general theoretical analysis of these methods. We notably ob-
tained variational posterior concentration rates, under easily verifiable conditions on the prior and
approximating family that we validated commonly used inference set-ups. Our general theory holds
in particular in the sigmoid Hawkes model, for which we developed adaptive variational mean-field
algorithms, which improve existing ones by their ability to infer the graph parameter and the dimen-
sionality of the interaction functions. Moreover, we demonstrated on simulated data that our most
computationally efficient algorithm is able to scale up to high-dimensional processes.

Nonetheless, our theory does not yet cover the high-dimensional setting with K — oo, which
is of interest in applications of Hawkes processes to social network analysis and neuroscience. In
this limit, previous works have considered sparse models (Cai et al., 2021; Bacry et al., 2020; Chen
et al., 2017a) and mean-field settings (Pfaffelhuber et al., 2022). We would therefore be interested
in extending our results to these models. Moreover, our empirical study shows that the credible
sets of variational distributions do not always have good coverage, an observation that sometimes
also holds for the posterior distribution. Therefore, it is left for future work to study the property of
(variational) posterior credible regions, and potentially design post-processing methods of the latter
to improve coverage in practice. Additionally, the thresholding approach for estimating the graph
in our two-step adaptive variational procedure could be further explored, in particular, in dense
settings.

Finally, it would be of practical interest to develop variational algorithms beyond the sigmoid
model, e.g., for the ReLU and softplus Hawkes models. While in the sigmoid model, the conju-
gacy of the mean-field variational posterior using data augmentation leads to particularly efficient
algorithms, it is unlikely that such convenient forms could be obtained for more general models. A
potential approach for other models could be to parametrise variational families with normalising
flows, as it is for instance done for cut posteriors in Carmona and Nicholls (2022).
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Appendix A. Mean-field and model-selection variational inference

In this section, we first recall some general notions on mean field variational Bayes and model
selection variational Bayes, then present additional details on the construction of variational families
in the case of multivariate Hawkes processes.

A.1 Mean-field approximations

In a general inference context, when the parameter of interest, say ¢, is decomposed into D blocks,
¥ = (¥q,...,9p) with D > 1, a common choice of variational class is a mean-field family that
can be defined as Vyr = {0; dO@) = [17., dQ4(¥a)} . In this case, the mean-field variational

posterior distribution corresponds to Q = arg minge,,. KL (Q|II(.|N)) = ]‘[fl):1 0,. Note that the
mean-field family removes some dependencies between blocks of coordinates of the parameter in
the approximated posterior distribution.

Assuming that the mean-field variational posterior distribution has a density with respect to a
dominating measure u = [], g, With a slight abuse of notation, we denote Q both the distribution
and density with respect to u. An interesting result from Bishop (2006) is that the mean-field
variational posterior distribution verifies, for each d € [D],

Qa(a) = exp(E; [log p(@, N1}, 31)

where p(, N) is the joint density of the observations and the parameter with respect to [, ug X
uy with py the data density, and O_y := [y zq Oo. This property (31) can be used to design
efficient algorithms for computing the variational posterior, such as the coordinate-ascent variational
inference algorithm.

In a general setting where the log-likelihood function of the nonlinear Hawkes model can be
augmented with some latent variable z € Z (see for instance Zhou et al. (2021a, 2022); Malem-
Shinitski et al. (2021)), with Z the latent parameter space, the augmented log-likelihood L/%( £,2)
leads to an augmented posterior distribution, defined as

[}, expULACS, D)AT(f) X Pa(2))

MA(BIN) = ,
! Jr oz XPLA(S )N X PA))

CFxZ,

where P4 is a prior distribution on z which has a density with respect to a dominating measure y,.
Recalling the mean-field variational from Section 3.1 defined as

Vaur =10 F X Z - [0,1]; O(f,2) = C1(/)Q2(2)},

the augmented mean-field variational posterior corresponds to
Qamr(f.2) :=arg_min KL(Q(f, DlINa(f.2N)) =t Q1())02(2). (32)
0€Vamr
and, using property (31), verifies

O1() o exp {Eg, llog p(f, 2, M1}, 02(2) « exp {Ey [log p(f, 2 N1} (33)

where p(f,z, N) is the joint density of the parameter, the latent variable, and the observations with
respect to the measure [, g X p; X .
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A.2 Model-selection variational posterior

In this section, we present two model-selection variational approaches to approximate the posterior
by an adaptive variational posterior distribution. We recall from our construction in Section 3.2 that
our parameter f of the Hawkes processes is indexed by a model m of hyperparameters in the form
m = (0, i, (k) € 1(6)), where 7(6) = {(I,k); 6; = 1} is the set of non null functions.

In a model-selection variational approach, one can consider a set of candidate models M and
for any m € M, a class of variational distributions on f with model m, denoted V™. Then, one
can define the total variational class as V = U,epm{{m} X V™}, which contains distributions on f
localised on one model. Then, given V and as shown for instance in Zhang and Gao (2020), the
variational posterior distribution has the form

0 := 0y, i :=argmax ELBO(Q™),
meM
where Qm = arg mingeyn KL(Q||[TI(.|N)) and ELBO(:) is called the evidence lower bound (ELBO),
defined as

p(f,z.N)
0(f.2)
The ELBO is a lower bound of the marginal log-likelihood p(N).
An alternative model-selection variational approach consists in constructing a model-averaging
variational posterior, also called adaptive in Ohn and Lin (2021), as a mixture of distributions over
the different models, i.e.,

ELBO(Q) := Ey [log ] , QeV. (34)

Q = Z 5’QO7 (35)
where {¥,,}ne pm are marginal probabilities defined as
I,u(m) exp {ELBO(Oy)

" Sent Tlu(m) exp {ELBO(O,))

In this strategy, the approximating family of distributions corresponds to

V= {Z aQO;Zam =L, an20, Q€ 248 \/m}

meM m

Ym Ym e M. (36)

Appendix B. Data augmentation in the sigmoid Hawkes model

In this section, we recall the latent variable augmentation strategy and the definition of the aug-
mented mean-field variational distribution in sigmoid-type Hawkes processes, proposed in previous
work (Zhou et al., 2022; Malem-Shinitski et al., 2021). In our method in Section 3.2, we use this
construction to efficiently compute an approximated posterior distribution on ¥, C ¥, on parame-
ters f within a model m = (6, Ji; (1, k) € 1(9)).

The first data augmentation step consists in re-writing the sigmoid function as a mixture of
Polya-Gamma random variables (Polson et al., 2012), i.e.,

2

oo wx* X
(%) = B ppoi10 [¢“0] = f /I ppo(w;1,00dw,  g(w,x) = ———+ 7 ~log2, (37)
0
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with ppg(.; 1,0) the Polya-Gamma density. We recall that ppg(.; 1,0) is the density of the random
variable

1 < i
_22—_1/2)2, gk ~ Gamma(l ),

and that the filted Polya-Gamma distribution is defined as
2

prc(w;1,c) = Cosh(g)eXp {—%}ppa(w; 1,0), c¢>0,

where cosh denotes the hyperbolic cosine function. With a slight abuse of notation, we re-define
the linear intensity (2) as ;l’;(f) = a(vk + lei] f_tm hy(t — s)de, - n), so that we have /l’;(f) =
O (A{(f),1 € R. For any k € [K], let Ny := N¥[0,T] and T¥,..., Ty, € [0,T] be the times of

events at component N*. Now, let w = (wf)kem,iewﬂ be a set of latent variables such that

W ppG(51,0), i€ [N, kelK]

1

Then, using (37), an augmented log-likelihood function can be defined as

0

T
Lr(fo;N) = >3 > (logb + g(h, Aps(f) + log pro(w}; 1,0)) - f Ok (i ()t (38)
ke[K] |ie[Ne]
and, using that o(x) = 1 — 0(—x), the integral term on the RHS in (38) can be re-written as

T T 00 ~
f oo (A (f)dt = f f o[ - 9@~ P prc(@:; 1, 0)davdt.
0 0 0

Secondly, Campbell’s theorem (Daley and Vere-Jones, 2007; Kingman, 1993) is applied. We first
recall here its general formulation. For a Poisson point process Z on a space X with intensity
measure A : X — R™*, and for any function  : X — R, it holds true that

I e:(x)} = exp { f (@ - I)A(dx)} : (39

xeZ

E

Therefore, using that o-(x) = 1—0-(—x), and considering for each k a marked Poisson point process Z*
on X = ([0, T],R*) with intensity measure Ak(t, w) = Okppc(w; 1,0), and distribution P, applying
Campbell’s theorem with (¢, w) := g(w, —;l’,‘( f)), one obtains that

_ ,—;lk- T ) o
E 1—[ eg(wk rj(f)) - exp {f f O, (eg(w,—/lf‘(f)) _ 1)PPG(CD§ 1, O)dd)dt} )
(Tjk.,a)_’;)ezk 0 Jo

Conditionally on N, let Z := (Z',...,ZX) be an observation of the previous Poisson point
process on [0, T']. For each k € [K], we denote Z; := Z¥[0, T], (Tk 'k) (T @ ok ) e[0,T] xR,

the times and marks of Z;, and Z = (Z, wi.‘,i < Ny, k < K), the set of augmented Varlables Then,
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replacing the integral term in (38) by a product over the observation Z, the doubly augmented log-
likelihood function corresponds to

Li(f,w,Z;N) = Y 4 " [logth + g(wh, As(£) + log ppo(wf; 1,0)]
ke[K] |ie[N;]
+ > 106k + 9@k, ~A7,(f) + log ppa(@t; 1,0)| - ekT} :
JelZi]
The previous augmented log-likelihood function, and the prior distribution IT on the parameter
and the latent variables distribution P4 = ppg(.|1,0)xP5, allow to construct an augmented posterior
distribution proportional to

_ kA ok —ds (F
T(f, w, ZIN) o ]—[{ [ 0" b 1,0) [ 6”1 priat; 1,0)} X TI(f).

k- i€lNi] jelZ4]
(40)

Appendix C. Analytical derivation in the sigmoid Hawkes model

C.1 Mean-field updates in a fixed model

In this section, we derive the analytic forms of the conditional updates in Algorithm 1, the mean-field
variational algorithm with fixed dimensionality described in Section 3.1. For ease of exposition, in
this section we consider a model m and a dimension k and we drop the indices k and m, e.g., we use
the notation Q1, O for the variational factors. In the following computation, we use the notation ¢
to denote a generic constant which value can vary from one line to the other. For simplicity, we also
assume that J := J; = --- = Jg and we recall that ¢ (x) = Gro(a(x — n)).

From the definition of the augmented posterior (40), we first note that
log p(f, N, w,Z) = 1ogII(f, w, ZIN) + log p(N) = Ly(f,w,Z; N) + logII(f) + log p(N) + ¢
= log p(wlf,N) + log p(Z|f,N) + log II(f) + log p(N) + c. (41)

In the previous equality we have used the facts that p(w|f, N,Z) = p(w|f,N) and p(Z|f, N, w) =
p(Z|f,N). We recall our notation H(r) = (H°(t), H'(¢),...,HX(¢)) € RK/*! t € R, where for

.....

the chosen k. We have that

[ 3 Ar(F? Ap
Eg,llog p(wlf. N1 = g, | > gtwn Ir(f)| + e = B, | 3 -0 AnH]
Lie[N] i€[N]
|« wiR(THTYHT) f - 22HT) f+7D)  aHT) f
= [Ep, - > + > +c

Lie[N]

+c

= B, [~3 D o FTHIIHT) f - awiam + DHTY' f + o)
i€[N]

= —% > B lwile? fTHTHH(T) f - a(2Eg,[wilan + DH(T)' f + Eg,[wila’?} + c.
i€[N]
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Moreover, we also have that

+c

1 o _
-5 Z (@0 fTHTHH(T )" f - Q@ jan - DHT)' f + @™’
jelz

]
T 00
= f f [—% ((I)az FTHOH®O f - aQ@an - DHOT f + (I)aznz)] A(t, @)dadt + ¢
0 0

Eg,[log p(Z|f,N)] = Eg,

T 00
—% ' (a2 f f oHMHMNT A, a))da)dt) f
0 0

+cC.

T )
+fT (a f f Qaan - DH@OT A, a))da)dz)
0 0

Besides, we have Eg, [logTI(f)] = =1 7=~ f + fTS7!1i + c. Therefore, using (33), we obtain that

T 00
log Q1(f) = —% [ fr [a2 > Eo,wil HT)H(T) + o? fo fo OHMH®" A, ®)dodt + 2—1] f

i€[N]

+c

T o)
- /T {a Z (2Eg,[wilan + DH(T)" +a f f Qaan — DH(O)T A, @)dadt + 22-1;1]
0 0

i€[N]
1 -
= —§<f—ﬂ>Tz—1<f—ﬁ) +c,

therefore Q;(f) is a normal distribution with mean vector ji and covariance matrix £ given by

T 00
=02 Z Eo,[wH(THH(T)T + o? f f OHOH®T A(t, @)dadt + 371, (42)
i€[N] 0 o
N 1. T Tore — T ~N\ ]~ -1
b= 52 a Z 2Eg,[wilan+ DH(T;))" +a Qawan — YH()" A(t, w)daodt + 257 u| .
ie[N] 0 Jo

43)

For Q»(w, Z), we first note that using (33) and (41), we have Q»(w, Z) = Q21(w)02:(Z). Using
the same computation as Donner and Opper (2019)) Appendices B and D, one can then show that

1 (w) = l_l prc(will, A7),

i€[N]
A = \Eo [L(?] = @ HOTEH® + (HOTRP - 20H@ i+, i€ [0,T],
and that Q9 is a marked Poisson point process measure on [0, 7] X R with intensity

exp(-3Eg, [4()])

2 cosh #

A(t, @) = 0P 9@y o(@:1,0) = 0

prc(@|1, 4,(f))

1 ~
= 0o (=4,) exp {5(4t(f ) = Eg, [A(f )])} prc(@l1, 1)

Eo, [()] = a(H® i - n).
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Therefore, we have that

C.2 Analytic formulas of the ELBO

In this section, we provide the derivation of the evidence lower bound (ELBO(Qk’"))k for a mean-
field variational distribution Q,,(f,Z) = QT( f)Qg’(Z) in a fixed model m = (8, D). For ease of
exposition, we drop the subscript m and k. From (34), we have

p(f,w,Z,N) ]

*01(N0xw.2)
= Eg, |~ log 0a(w, 2)| + Ey, | Eg, [log p(f. w. Z, N)|| + B¢, [~ log Q1(f)1.

ELBO(Q) = E, [10

Now using the notation of Section 3.1, we first note that defining K(¢) := H(#)H ()T, we have
that

Ep, [7,(f)°] = tr(K(1)Z) + i’ KD

1 - 1 1 1
Eo, log N(f; 1, D)] = =5tr(E718) = S S+ i1 27 = S 274 = = log 23],

Moreover, we have

A lm| 1 -
Eg, llog Qi(f)] = -7 — 5 log[2n2.

—2w/2

Using that for any ¢ > 0, ppg(w; 1,¢) = e cosh (¢/2)ppg(w; 1,0), we also have

A 1 < A7,(f)
Ep, [—log O (w, Z)] = Z ~Egp,llog pp(wi, 1, O)] + SEg, [wilEy, [A7,(f)*] - log COSh(T'T)
ieIN]

T +00 T +00
- f f [log A(t, @)]A(t, w)dodt + f f A(t, @)dwdt
t=0 JO =0 JO

1 ~ 2 4]’1(.}(‘)
= D ~Eg,l10g pro(@i. 1,0)] + 5 E, [ ]Eg, [7,(/)°] = log cosh | =2
i€[N]

Ep, [17,(f)"1@

Ar.(HY 1
2 )_5

T +00
1 ~
- f f log6 — SE, [47,(f)] — log 2 — log cosh
=0 Jo 2~

+ log cosh (%g,.(f)) +log ppo(@; 1,0) - 1] ADpre(@; 1, 47, (f)did
1 < A7.()
= ) —Eg,llog ppa(wi, 1,0)] + 5 Eg, 101, [17,()°] - log cosh(T’T)
i€[N]

T 1 . 1 -
- f . [loge = 5B, [1r,(N)] = log2 = 5B, [7,(f)’ B¢, [@] - 1] A(di

t

T +00
[ [ togprot@: 1OAOPRo(@: 1., (P,

=0 J0
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) o ~3Ep, Ur, ()]
with A(r) = 6 fo A, @)dw = ew Moreover, we have
2 cosh =%

cosh

2

Eg, [Eg, [logp(f, 0. Z,N)|| = > {logt + By, [Eq, [g(wi, Ar,(£)] + log pro(wi; 1,0)]}
i€[N]

+1og0 + Ey, |[Eg, [9(@n, —A7,(f)] + log ppc(@y: 1,0)| + Eg, [log N(f: 11, D)

1 - S
= > logf-log2 - 5Eo, |37, | B, [wil + 5Eo, [37,()] + Ey, [log pre(wi; 1,0)]
i€[N]

T +00 1 . 1 N
aul [logek—logZ—ElEQl [ir,(77) @ - 5By, [/lT;(f)]+10gPPG((D;1,0)]Ak(f)PPG(w;1,/_1Ti(f))dwdt
Eg, [log N(f: . D)] -

1 ~ 1 ~
= ) logt ~log2 ~ S E;, [Ir,(f7| Eg, lwil + 5Eq, [11,(5)] + Eg, [log pro(wiz 1.0)]
i€[N]

[loge—logz—1 o, || By, (@] - 1B, |z, (f)]]A(t)dt

T
+ fo ) 1ogpPG(@;1,0)A(t)pPG(@;1,4Ti(f))da)dt+1EQAl [log N (f; 1, %)] -

Therefore, with ¢ > 0 a constant that does not depend on the size of the model, with zero mean prior
pu=0,

ELBO(Q) = |7| + = log 27| - —tr(Z D)) E,& - < log [2rX

2 2
Ey, [17,()

Ar,(f)
+Zlog9—log2+ 5 ( 5 )

i€[N]

T +00
+ f f A(t, w)dwdt — 0T.
t=0 JO

—log cosh

C.3 Gibbs sampler

From the augmented posterior IT4(f,w,|N) defined in (40) and using the Gaussian prior family
described in Section 3.1, similar computation as Appendix C.1 can provide analytic forms of the
conditional posterior distributions Il4(f|w, Z, N), 14 (w|N, f) and I14(Z|f, N) . This allows to design
a Gibbs sampler algorithm that sequentially samples the parameter f, the latent variables w and
Poisson process Z. With the notation of Appendix C.1, such procedure can be defined as
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For every k € [K],

(Sample latent variables) wfIN, fe ~ pp(;(wf; 1,2’;?( ), Viel[N]

Z*|fi, a Poisson process on [0, '] with intensity
At @) = 0o (=T (f)pre(@; 1, A{(f)
(Update hyperparameters) Ry = Nk[O, T]
Hy = [Hye, Hzl, [Hylia = H(TY),
[Hzlja = H,,(ij), d=0,...,KJ, i €[Ny, j€[R
Dy = Diag(lw}liegnty» (@] jerriy)
S = [BPHDu(Hp)" + 27!
fix = Zi (Hi [Boc + B + = 7).
ok = 050N, 1], e = [} liepv, [@]jerr]

(Sample parameter) fx|N, zZ* , O~ N (fx; g, 0.

These steps are summarised in Algorithm 4 in Appendix. We note that in this algorithm, one does
not need to perform a numerical integration, however, sampling the latent Poisson process is com-
putationally intensive. In our numerical experiments, we use the Python package polyagamma® to
sample the Polya-Gamma variables and a thinning algorithm to sample the inhomogeneous Poisson
process.

Appendix D. Proofs

In this section, we provide the proof of our main theoretical result, namely Theorem 6. We first
recall a set of useful lemmas from Sulem et al. (2021).

D.1 Technical lemmas

In the first lemma, we recall the definition of excursions from Sulem et al. (2021), for stationary
nonlinear Hawkes processes verifying conditions (C1) or (C2). Then, Lemma 13, corresponding to
Lemma A.1 in Sulem et al. (2021), provides a control on the main event Q7 considered in the proof
of Theorem 6. Finally, Lemma 14 (Lemma A.4 in Sulem et al. (2021)) is a technical lemma for
proving posterior concentration in Hawkes processes.

We also introduce the following notation. For any excursion index j € [Jr — 1], we denote
(Uﬁ.l), Uj.z)) the times of the first two events after the j-th renewal time 7, and &; := Uﬁz) if U;z) €
[7j,7j+1) and &; := 741 otherwise.

Lemma 12 (Lemma 5.1 in Sulem et al. (2021)) Let N be a Hawkes process with monotone non-
decreasing and Lipschitz link functions ¢ = (¢r)r and parameter f = (v, h) such that (@, f) verify
(C1) or (C2). Then the point process measure X;(.) defined as

Xi() = Nlg-an (44)

3. https://pypi.org/project/polyagamma/
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is a strong Markov process with positive recurrent state (. Let {7;};>0 be the sequence of random
times defined as

0 ifj=0;
T;=
J inf{t > Tj-15 Xr * 0, X; = @} = inf{t > Tj-15 N|[f_A‘l) * 0, N|(f_AJ] = @} lf] > 1.

Then, {1} ;>0 are stopping times for the process N. For T > 0, we also define
Jr=max{j>0; ;< T} (45)

The intervals {[TJ,TJ+1)} Ly [t7;,T1 form a partition of [0,T]. The point process measures
(Nliz;2;00)1<j<ur-1 are Li. d and independent of N|jor,) and N|j: 1Tl they are called excursions
and the stopping times {1} j>1 are called regenerative or renewal times.

Lemma 13 (Lemma A.1 in Sulem et al. (2021)) Let Q > 0. We consider Qr defined in Sec-
tion D.2. For any B > 0, we can choose Cg and cg in the definition of Qr such that IPO[Q;] TP
Moreover, for any 1 < g < Q,

Eo [1195 max sup (N[t —A,1)’ ] <2172,
L ref0,1]

Lemma 14 (Lemma A.4 in Sulem et al. (2021)) Forany f € Fr and [ € [K], let

a=ijm—&mw.

Under the assumptions of Theorem 6, for My — oo such that My > M \Jkr with M > 0 and for any
f € Fr such that ||r — roll; < max(||roll; , C) with C > 0, there exists | € [K] such that on Qr,

Ef [Zul > C(fo)(||rs = roll, + e = Rolly ).
with C(fp) > 0 a constant that depends only on fo and (¢p)y.

D.2 Proof of Theorem 6

We recall that in this result, we consider a general Hawkes model with known link functions (¢ ).
Letrg = (r(l), e, r(l)() with r,? = gbk(vg). With Cg, cg > 0, we first define Qr € Gr as

5T} ,

QTIQNOQJQQU,

K | sk
NY[-A,T
Qn = {max sup Nk[t - A, 1) < Cglog T} N {Z ] 0 <

kelK] te[0,11] =
Jr—1
log T
Q =lUreJr}, Qu-= (U(” 1-2¢
oM EAT v 2] &Mnmwl PN
J-1 1 logT

= — < s

Jr { T Eolangl SEN T }
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with Jr the number of excursions as defined in (45), ,ug =y [/lf( fo)] LYk, 61 = 69 k’%T, 0o >0

.....

tion). Secondly, we define A%, € Gr as

(B N K7)

, KrceF,
TI(K7) 4

Ap = {f 1D LrTI(f) > C} () =

with C; > 0 and ey, My positive sequences such that Te% — oo and My — oco. From Lemma 13,
we have that P, [QCT] = o(1). Thus, with Dy defined in (4), A7 = Qr N A%, Kr = Boo(er), and
er = \krer, we obtain that

Po A% ] < Po [ Q5| + Py [4F N &y ]
{f eLr(f)—Lr(ﬁ))dH(f) < H(KT)e‘ClTE%} N QT
Kr

<o(l)+ P [{Dr < H(KT)e—Cle?} NG| = o(1),

= 0(1) + Py

with C; > 1, using (A0), i.e., [I(K7) > e TE%, and the following intermediate result from the proof
of Theorem 3.2 in Sulem et al. (2021)

Py [{Dr < H(Bm(eT))e‘KTTE%} NGr| = o(1).

Therefore, we can conclude that
Py[Ar] T—> 1.

We now define the stochastic distance d;7 and stochastic neighborhoods around fj as

B 1 K T JT—l

dr(ff) =75, fo L) = Al AT = | J[7).€)) (46)
k=1 Jj=1

Ag(e) = {f e F: dir(f. o) <€}, €>0,

where for each j € [Jr], Uﬁ.z) is the first event after Uﬁ.l), and &; = U;.z) if U;z) € [1j,7j41) and

&; = 731 otherwise. Let nr be a positive sequence and O be the variational posterior as defined in
(8). We have

Eo [ O(Ad, (77))] < Po [AS] + Eo [ Q(Ad, 1)), | (47)

We first bound the second term on the RHS of (47) using the following technical lemma, which is
an adaptation of Theorem 5 of Ray and Szab6 (2021) and Lemma 13 in Nieman et al. (2021).

Lemma 15 Let By C 7, Ay € G, and Q be a distribution on F. If there exist C,up > 0 such that
Eo [TI(B7|N)14,] < Ce™7, (48)

then, we have that

2
(Eo [KL(QITICIN)Ly, ] + Ce™7/%).

Eo [Q(Br)14,] < —
ur
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Proof We follow the proof of Ray and Szabd (2021) and use the fact that, for any g : ¥ — R such
that fff, 9D ATI(fIN) < +oo, it holds true that

L g(HdO(f) < KL(QITI(IN)) + log L SADII(FIN).
Applying the latter inequality with g = %urll By» We obtain
1 U
SurQ(Br) < KL(QITI(IN)) + log(1 + 2T TI(B7IN))
< KL(Q|ITI(IN)) + e2“TTI(By|N).

Then, multiplying both sides of the previous inequality by 14, and taking expectation w.r.t. to [Py,
using (48), we finally obtain

1 1
SurEo [Q(Br)14,] < Eo [KL(QIICIN)La, | + Ce™ 2.

We thus apply Lemma 15 with By = A4 (nr)°, nr = M’TET, 0 = Q, and ur = MTTE% with
M’T — oo. We first check that (48) holds, i.e., we show that there exist C, M, M’T > 0 such that

Eo |14, Td17(f, fo) > MyerIN1] < C exp(-MrTe7). (49)
For any test ¢, we have the following decomposition

Eo |14, M7 (f, fo) > MyerIN1| < Eo [¢1a, 1]+ Bo [(1 = )L, TT[Ag, (M7er)INT]
) an

Note that we have

Lr(f)-Lr(fo)

(ID) = o (1 = @) 14, TT[Ag, (M7er)INT| = Eo [ fA Ta,(1 - ¢>6D—Tdn(f>l

ay (Myer)

eC[ TE%

H(K7)

< Ey

sup Ef [La,, pery La, (1 = ¢)|§0]}, (50)
feFr

since on A7, Dy > I(Kr)e & Ter, Using the proof of Theorem 5.5 in Sulem et al. (2021), we can
directly obtain that for T large enough, there exist x;, M, M’ > 0O such that

(1) < 22K + 1)e~ 0 M7’Teq
(I) < 202K + 1)e "My’ Te /2,

which implies that

Ey [IIATH[JlT(f, fo) > M'TETIN]] <4QK + 1)e M MiTG)2,
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and (49) with My = le’T2 /2 and C = 42K + 1). Applying Lemma 15 thus leads to

KLQIICIN) + CeMTG2 . yran o KLOITC V)

Eo [Q(A NMa, <2
0 [0(A4, ()1 A, VT MrTél

Moreover, from (A2) and the remark following Theorem 6, it holds that KL(Q|III(|N)) = O(Te%),
therefore we obtain the following intermediate result

Eo | 0(Aq,(17))] = o(1).
Now, with M7 > M.., we note that
Eo|O(If = foll, > Mrer)| = Eo[Odir(f. fo) > Myer))
+Eo|OUIf = foll; > Mrer,dir(f, fo) < Myer)La, | + Po[AS].
Therefore, it remains to show that
Eo|OIf - foll, > Mrer,dir(f, fo) < Myer)la, | = Eo[Q(AL, (Mrer)® 0 Ag,(Myer)1a, | = o(1),

For this, we apply again Lemma 15 with By = Ay, (Mrer)° N Ag(M7er) and ur = TM%G%. We
have

eCl Te
(K, )]Eo [Ef []lAT]IALl (Mrer)nAg, (M, eT)|gO]]

Let f € AL, (Mrer)° N Ay, (M’TeT). Forany j € [Jr — 1] and [ € [K], let

Eo |14, TIAL (Mrer)* 0 Ag,(Mper)IN)| <

Zﬂ=fj|/1§(f)—/lﬁ(fo)ldt, jelr-1], [€[K] 5D

Using Lemma 14 and the integer / introduced in this lemma, for any f € Ar, (Mrer), we have

Jr—1
Ey [La, a,, 01e)/Go] < Py Z Zji < TM’TETIQO}
J=1

(-1
T
< P, E TM, —C M
Z f Z; jl—Ef ]l] 7€ — Eq [T (fo) T€T|g0}
(/-1

T
< Z Py Zji—Ey [Zjl] < —mc(fO)MTGﬂQO],
Jegr L j=1 0 !

for any My > 4Eq[A71] M. Similarly to the proof of Theorem 3.2 in Sulem et al. (2021)), we
apply Bernstein’s inequality for each J € J7 and obtain that
IE []lAT]lAdl ™, sf)lgo] exp{—c(fo)'T}, Vf€AL(Mrer),

for c(fy)’ a positive constant. Therefore, we can conclude that

Eo [O(Ar, (Mrer)® 0 A, (Myer)) La, | < MTzTE% Eo [KLQITICINY)| + o(1) = o(1),

since [Eg [K L(QlIH(.lN))] = O(Te%) by assumption (A2). This leads to our final conclusion

Eo|Q(If - foll, > Mrer)| = (1),
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Appendix E. Gibbs sampler in the sigmoid Hawkes model

In this section, we describe a non-adaptive Gibbs sampler that computes the posterior distribution
in the sigmoid Hawkes model, using the data augmentation scheme of Section 3 (see also Remark
4).

Algorithm 4: Gibbs sampler in the sigmoid Hawkes model with data augmentation
Input: N = (N',...,N5), njer, i, Z.
Output: Samples S = (f)ie[n,,,] from the posterior distribution IT4(f|N).

1 Precompute (Hy(T¥));, k € [K].

2 Initialise f ~ N(f,u,Z)and S =[].

3 for t < 1 to nj,, do

4 for k — 110 K do
5 fori < 1to N, do
6 | Sample f ~ pro (Wi 1.4, ()
7 Sample (T;‘) j=1,8, a Poisson temporal point process on [0, 7'] with intensity
Okor(=a;(f)
8 for j < 1to Ry do
9 t Sample a)’;. ~ pr6(w; 1, A5, (f)
j
10 Update £ = [B>H; Dy(Hy)T +X7117!
1 Update fi; = ik (Hk [ﬁvk +,82nuk] + Z_l,u)
12 | Sample fi ~ N(fi: fix- £x)
B3 | Addf=(fktoS.

Appendix F. Additional results from our numerical experiments

In this section, we report results from our simulation study in Section 5 that were not added to the
main text for conciseness purposes. Each of the following sub-sections corresponds to one of the
simulation set-up.

F.1 Simulation 1
This section contains our results for the MH sampler, in the univariate settings of Simulation 1 with
sigmoid and softplus link functions (see Figures 24 and 25).

F.2 Simulation 3

This section contains our results regarding the estimated intensity function in the univariate and
well-specified settings in Simulation 3 (see Figure 26), the estimated parameter in the mis-specified
settings (see Figure 28), and the estimated interaction functions in the bivariate settings (see Figures
27 and 29).
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Figure 24: Posterior distribution on f = (vy, h11) obtained with the MH sampler in the sigmoid
model, in the three scenarios of Simulation 1 (K = 1). The three columns correspond to the Exci-

tation only (left), Mixed effect (center), and Inhibition only (right) scenarios. The first row contains

the marginal distribution on the background rate v, and the second row represents the posterior
mean (solid orange line) and 95% credible sets (orange areas) on the (self) interaction function Ay;.
The true parameter f; is plotted in dotted green line.
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Figure 25: Posterior distribution on f = (v{, ;) obtained with the MH sampler in the softplus
model, in the three scenarios of Simulation 1 (K = 1). The three columns correspond to the Exci-
tation only (left), Mixed effect (center), and Inhibition only (right) scenarios. The first row contains
the marginal distribution on the background rate v, and the second row represents the posterior
mean (solid orange line) and 95% credible sets (orange areas) on the (self) interaction function A1.
The true parameter f; is plotted in dotted green line.
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Figure 26: Intensity function on a subwindow of the observation window estimated via the vari-
ational posterior mean and via the posterior mean computed with the MH sampler, in the well-
specified setting of Simulation 3 on [0, 10], using the fully-adaptive mean-field variational (FA-MF-
V1) algorithm (Algorithm 2). The true intensity A} (fy) is plotted in dotted green line.
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Figure 27: Posterior and model-selection variational posterior distributions on f = (v,h) in the
bivariate sigmoid model, well-specified setting, and Excitation setting of Simulation 3, evaluated by
the non-adaptive MH sampler and the fully-adaptive mean-field variational (FA-MF-VI) algorithm
(Algorithm 2). The first row contains the marginal distribution on the background rates (v1, v»), and
the second and third rows represent the (variational) posterior mean (solid line) and 95% credible
sets (colored areas) on the four interaction function A1, k12, h21, hyy. The true parameter f; is plotted

in dotted green line.
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Figure 28: Model-selection variational posterior distributions on f = (v1, 1) in the univariate sig-
moid model and mis-specified setting of Simulation 3, evaluated by the fully-adaptive mean-field
variational (FA-MF-VI) algorithm (Algorithm 2). The two columns correspond to a (mostly) Exci-
tation (left) and a (mostly) Inhibition (right) settings. The first row contains the marginal distribution
on the background rate v, and the second row represents the variational posterior mean (solid line)
and 95% credible sets (colored areas) on the (self) interaction function /4;;. The true parameter fy is
plotted in dotted green line.
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Figure 29: Posterior and model-selection variational posterior distributions on f = (v,h) in the
bivariate sigmoid model, well-specified setting, and Inhibition setting of Simulation 3, evaluated by
the non-adaptive MH sampler and the fully-adaptive mean-field variational (FA-MF-VI) algorithm
(Algorithm 2). The first row contains the marginal distribution on the background rates (v1, v»), and
the second and third rows represent the (variational) posterior mean (solid line) and 95% credible
sets (colored areas) on the four interaction function A1, k12, h21, hyy. The true parameter f; is plotted

in dotted green line.
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F.3 Simulation 4

This section contains our results for the Inhibition setting of Simulation 4, i.e., the estimated graphs
in (Figures 30 and 31), the heatmaps of the risk on the interaction functions in Figure 32, the
estimated Li-norms after the first step of Algorithm 3 in Figure 33, and the variational posterior

distribution on the subset of the parameter in Figure 34.
1 2 3 4 5 6 7 8
I I | | | | | |

1 2
1 1

0 N o A W N P

1 2 3 4
1 1 | |

(@K =2 b)K=4 ©K=8

1234567 8910111213141516

0 20 40 60
1 | | |

10

20

30

40

50

60

dK=10 ) K =16 HK=32

OoONOUTRAWNEF

Figure 30: Estimated graph parameter o (black=0, white=1) for K = 2,4,8, 16,32, 64 in the Exci-
tation scenario of Simulation 4.
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Figure 31: Estimated graph parameter 5 (black=0, white=1) for K = 2,4, 8, 16, 32, 64 in the Inhibi-
tion scenario of Simulation 4.
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Figure 32: Heatmaps of the L;-norms of the trugparameter hy, i.e., the entries of the matrix S¢ =
S = (A%l D Qeft column) and Ly-risk, i.e., (B2[||hS — hul|, D (right column) after the
first step of Algorithm 3, in the Inhibition scenario of Simulation 4. The rows correspond to K =
2,4,8,16,32,64.
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Figure 34: Model-selection variational posterior distributions on v; (left column) and interaction
functions /4 and 4y (second and third columns) in the Inhibition scenario and multivariate sigmoid
models of Simulation 4, computed with our two-step mean-field variational (MF-VI) algorithm (Al-
gorithm 3). The different rows correspond to different multivariate settings K = 2,4, 8, 16, 32, 64.
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F.4 Simulation 5

In this section, we report some characteristics of the simulated data in Simulation 5, in particular
the number of points and excursions in each setting (see Table 10). Moreover, we report the plots
of the posterior distribution in a subset of the parameter in Figure 35.

Scenario ‘ T ‘ # events ‘ # excursions ‘ # local excursions

50 2621 36 114

Excitation 200 | 10,729 155 473
400 | 21,727 303 957

800 | 42,904 596 1921

50 1747 49 134

Inhibition 200 | 7019 222 529
400 | 13,819 466 1053
800 | 27,723 926 2118

Table 10: Number of points and global and average local excursions in the multidimensional data
sets of Simulation 5 (K = 10).
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Figure 35: Model-selection variational posterior on two interaction functions /e and h7e, for dif-
ferent observation lengths T € {50,200, 400, 800}, in the Excitation and Inhibition scenarios in
Simulation 5 with K = 10. We note that in this simulation, the true number of basis functions is 2
and is well recovered for all values of 7. The estimation of these two interaction functions is poor
for the smallest T, however, it improves when T increases.

F.5 Simulation 6

This section contains the estimated graphs (Figures 36 and 38), the variational posterior distribution
on a subset of the parameter (Figures 37 and 39), in the mis-specified settings of Simulation 6.
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Figure 36: Estimated graph after thresholding the L;-norms using the “gap” or “slope change”
heuristic, in the different settings of mis-specified link functions of Simulation 6, and in the Exci-
tation and Inhibition scenarios. We observe that the true graph (with non-null principal and first
off-diagonal) is correctly estimated for the ReLU mis-specification setting, while some errors hap-
pen in the two other link settings, in particular in the Inhibition scenario.
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Figure 37: Estimated interaction functions /g and h7¢ in the mis-specified settings of Simulation
6, where the data is generated from a Hawkes model with ReL.U, softplus, or a mis-specified link
function, and in the Excitation and Inhibition scenarios. We note that the estimation of the interac-
tion functions is deteriorated in these mis-specified cases, however the sign of the functions are still

recovered.
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Figure 38: Estimated graph after thresholding the Li-norms, when using Algorithm 3 with different
support upper bounds A’ € {0.5,0.1, 0.2, 0.4}, containing the true memory parameter A = 0.1, in the
settings of Simulation 7. We note that the true graph (with non-null principal and first off-diagonal)
is correctly estimated in all cases, in the Excitation scenario (first row) and in the Inhibition scenario
(second row).
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Figure 39: Estimated background rates vi for k = 1,...,5 when using different values of the upper
bound parameter A € {0.05,0.1,0.2,0.4}, in the two scenarios of Simulation 8. As expected, the
background rates are better estimated in the well-specified setting A = Ag = 0.1; nonetheless, when
A is not too far above Ay, the estimation does not deteriorate too much, in particular in the Inhibition
scenarios.
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