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Appendix A
A.l1 Lemma 2

Lemma 2. Under condition (5), there exist constants £, K > 0, only depending on
My, , o, my and ma, such that, for any non-negative function A1, there exists a test ¢,
so that
E{[1r,éx,] < 2exp (—Knl|Ar — Xofli x min{[[A1 — Aoll1, ma})
and
sup E{"[ir, (1 - ¢x)
A [A=Arll1<€lIA1—Xoll
S 26Xp (7KTLH)\1 — A()”l X IIllIl{”)\l — )\0”1, ml}) .

Proof of Lemma 2. For any A, we denote by Eg\"lln[} = ]EE\n) [1r, x ‘]. For any A\, X, we
define

A= Nl = [ IO = X ()3

We have
mal[A = Xollt < [IA = Aollz, < mallA— Aol (27)

The main tool for building convenient tests is Theorem 3 (and its proof) of Hansen
et al. (2015) applied to the univariate setting. By mimicking the proof of this theorem
from inequality (24) to inequality (26), if H is a deterministic function bounded by b,
we have that, for any u > 0,

p{" (

2
n

T T
/ H,dN, — / HA(t)Y;dt
0 0

b
> \/202u + ?u and Fn> < 2e7Y, (28)

where o7 is a deterministic constant such that, on I',,,

T
/ H2\(t)Y,dt < o2 almost surely.
0
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2 Supplementary Material

Typically, o2 increases linearly with n. For any non-negative function A1, we define the
sets
A={teQ: M) > ()} and A°:={teQ: M) < o(t)},

together with the following pseudo-metrics

c

da(M, Ao) = /A D) = Ao(®)]in(®)dt and  dac(Ar, Ao) = / Do (t) — A (8)]jin (£)dI.

Note that ||/\1—)\0H,1n = dA(/\h /\0)+dAc ()\1, )\0) For u > O, ifdA()\l, /\0) Z dAc()\l, /\0),
define the test

O, a(u) =1 {N(A) — /A Ao(t)Yidt > pn(u)} ,  with p,(u) :== /2nv(Ao)u + g,

where, for any non-negative function A,

v(\) == (1+ a) / A()fin (£)dt. (29)

Q

Similarly, if da (A1, Ao) < dac(A1, Ag), define

Oy ae () =1 {N(AC) —/ Ao(t)Yidt < —pn(u)} .

c

Since for any non-negative function A, on Iy, by (19),

) Y, )
(1_a)/§zx(t)un(t)dt§/QA(t)Edtg (l—i—a)/g)\(t)un(t)dt, (30)

inequality (28) applied with H =14 or H = 14¢, b= 1 and 02 = nv()\g) implies that,
for any u > 0,

E{L [faa(w)] <2e7 and E{VL [pa, a0 (u)] < 270 (31)

Note that, by (27), if da(A1, Ao) > dac(A1, Ao), then
1 m
da(Ar, do) 2 SlIA = Aoz, = 71||>\1 = Xoll1, (32)

and, by virtue of Lemma 3,

ua > min{ugandy (A1, Xo), uranda(Ai, o)}
> nda(A1, Ao) x min{upada(A1, Ao), u1a}

1 . 1
> §nm1”/\1 — Aoll1 X min {§u0Am1H)\1 — Xoll1s U1A}
> Kanl[A1 — Aofln x min{[[A1 — Xoll1, ma},

for K4 a positive constant small enough only depending on «, M),, m; and my. Simi-
larly, if da(A1, Ao) < dae(A1, Ao),
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1 .1
Upe > 57’Lm1||)\1 — AOHl X mln{5U0Acm1|>\1 — )\0”1, ulAu}
> KACTLHAl — AOHI X m1n{||)\1 — )\0”1, ml},

for K 4 a positive constant small enough only depending on «, M),, m; and ma. Now,
we set

Axy = D1, A(UA)LLd4 (0, Ao)>dac (0n, Ao)} T Par,Ae (Uae) Ldu (ar, do)<dac (A1, Ao)}s
so that, with K = min{K4, K4},
min(uA,uAc) Z KTLH/\l — )\0”1 X mln{||/\1 — )\OHh m1}

and, by using (31),

EWVr 03] = ESn (00,401 {dx (0 A0)>dac (hr A0)}
+ ]E(ATS),F,,L (1,4 (Wae)|L{a, (0, Ao)<dae (M1, o)}
<24 Leda(rn, xo)2dac (A, A0)} T P Hda(a, 2o0)<dac (A1, 20}

< 2exp (—Knl||A — Xo|l1 x min{||[A1 — Ao|l1, m1}).

Now, we set
- mi(l — )
dmo(14a)

Let X be fixed. If H)\ — )\1”1 < §||)\1 — )\0”1, then

1

—
Ao Al < =9
|| 1||#n = 4(1+Oé)

A1 = Aol

and Lemma 3 shows that

E(f%n [1 = éa] <267 Liau (a1, 20)2dac (n, A0)} 267 2 La, (0, Ao)<dae (A1, Ao) }
< 2exp (—Kn[[A1 — Aollr x min{[[A1 — Aoll1, ma}),

which completes the proof of Lemma 2. O

The following lemma is used in the proof of Lemma 2.

Lemma 3. Assume condition (5) is verified. Let X be a non-negative function. Assume

that
1l -«

<2
Fr =414 a)
We set M, (\o) = Jo Ao(t)fin (t)dt and we distinguish two cases.

A=A

[Ad1 = Ao

fin

1. Assume that da(A1, Ao) > dac(A1, No). Then,

E(An% [1— éa,.4(ua)] < 2exp(—ua),

where
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= upandy (A, Xo), if A1 — Aolla, < 2M,(No),
uganda(Ai, Xo)s  if [A = Xolla, > 2Mn(Xo),

and upa, ur4a are two constants only depending on o, My,, m1 and ms.

2. Assume that da(A1, M) < dac(A1, Xo). Then,
(

ES) 11— ¢y e (uae)] < 2exp(—uae),

n

where
e — upaendic (A, M), if [\ = Nolla, < 2Mn(Xo),
ulAcndAc()\l, )\0), ’Lf H>‘1 — AOH#n > 2Mn(>\0),

and upae, urae are two constants only depending on o, My,, m1 and ma.
Proof of Lemma 3. We only consider the case where da(A1, Ag) > dae(A1, Ag). The

case da(A1, Ao) < dac(A1, Ag) can be dealt with by using similar arguments. So, we
assume that da (A1, Ao) > dae(A1, Ao). On I'y, by using (19) and (32), we have

/A P (t) = Mo(®]Yidt > n(1 - a) / D (t) — Mo(6)]jin(t)dt

A
1—
M ol

> 201+ ) — Afla,
> 9 1+a/|A (O)in(E)dt

v

> 2/ [A(t) (t)|Yzdt.
Therefore,
E{ 1= ¢a,a(ua)]

=P (N(A) - /A AOYdt < pp(ua) + /A (Ao—A)(t)Ytdt>
AT, (N(A) - /A A)Yidt < pnlua) — /A()\l — Xo)(t)Yydt

+ /(/\1 —/\)(t)Ytdt)
A
n 1
< B0, (V) - [ aovid < putun) - 5 [ n - xoemiar) . @)
A A
Assume that [|A\; — Ao|z, < 2M,(\g). This assumption implies that

da(A1, M) < A= Xolla, < 2Mn(No) < 2maMy,.

Since v(Ao) = (1 + a) n(Xo), with ua = ugand? (A1, Xo), where uga < 1 is a constant
depending on «, m; and mo chosen later, we have
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U
pn(ua) =/ 2nv(No)ua + ?A

~ d2 A ’)\
< nda (A1, Ao)y/2u0a(1 + @)V, (ho) + %(10)

U()ATLdA()\], )\0) X QMH()\())
3

< nda (M, Ao)y/2u04(1 + @)W (Ao) +

< Kivuganda(Ai, Xo),
with -
. 2M,, (X
Ko BT 00

Note that the definition of v(A) in (29) gives

o(N) = (1+ ) /Q No(®)jin () + (1 + ) / INE) — Ao (1)l

Q
(Ao) + (L + a)[[]A = Xoll,

v
v(Xo) + (L +a) [[IA = Ailla, + [[A1 = Ao

IAIA

fin]

S 1}()\()) + (1 + Oé) |:1 + mil ||/\1 )\0”,1”
<v(ho) + 252, (0) < O,

where Cy only depends on «, M,,, m; and my. Combined with (30), this implies that,
on I'y, if

<120
=7 ,—quv

which is true for up4 small enough only depending on «, M,,, m; and ms, then

% /A(/\l = A0)(O)Yedt — pn(ua) > @6@40\1, Ao) (1 - %)

1
Z(T)dA (M1, Ao) > \/2n01r+ > \/2n0( A)r+§,
with

3(1

rnmin{(l a)* d% (A1, o), SQ)dA(Al,AO)}.

128C4
Since on IT'y,,

/ A(t)Ydt < / n(1 + ) A(t)fin (t)dt < nv(X),

A A

inequality (28) with H =14, b= 1 and o2 = nv(}\),
E{ [1— éapa(ua)] < 26

Since r > u 4 for ups small enough, then

E{ [1— ¢a,,a(u)] < 2e704

combined with (33), leads to

Assume that ||A1 —Aollz, > QMH()\O). We take ug = uyanda(Ai, Ag), where uj 4 <1
is a constant depending on « chosen later. We still consider the same test ¢z, 4(ua).



6 Supplementary Material
Observe now that, since

A0 20) 2 5120 = Noll, = Mo ho),
v(XNo) = (14 a)M, (o) and uy4 <1,

o
pn(ua) =/ 2nuav(Xo) + ?A

nuiA

< n\/2(1 + @)ur A My (No)da (M, No) + da(M, Xo)

< ( 21+ a) + %) ny/urada(Ar; Ao)

and, under the assumptions of the lemma,
v(A) < (L +a)Mp(Xo) + (1 +a) [[IA = Al + A = Aolla,] < Cada(Ais Xo),  (34)
where Cs only depends on «. Therefore,

L /A (M — 20)(£)Yadt — pp(wa)

2
> _”“2— ) /A A1 (t) = Ao ()i (£)lt ( 2(1+a) + %) Viranda (A, Ao)

> [1_7& - ( 2(1+a) + %) \/m] nda(A1, Ao)

l—«a

>

ndA()\l, )\0)7

where the last inequality is true for u; 4 small enough depending only on «. Finally,
using (34), since ug = uganda (A1, Ao), we have

1— 1
. Cnda(M, Ao) > /2nCada(h, Ao)uranda(M, ho) + guranda(h, do)
> v/2nv(MNua + U?A

for u1 4 small enough depending only on «. By using the same arguments as before, we

then obtain
Eg\n% [1—dr,a(ua)] <2e744,

n

which completes the proof.

A.2 Algorithm

Assuming that the current state is (M, u, ¢, 8, v), the algorithm consists in simulating
iteratively:
[1.] Sampling from M) |u, c, 0, v, Z, 5

From (17) and the prior distribution, we have
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Ky
M)y ~ Gamma (aM +n*, by + Zw;&l(@@) ,
k=1

where H has been defined in (15).
[2.] Sampling from 6 |c,u, v, Z, o
For k=1, ..., K*,

1 —min{Z;,1 ci=
p(O) | ¢, u, v, Z, §) o G(6),) {Zb’nfo' Y oxp(— Mywy H(0) 1<, )-
k

So, we implement
e Propose 0;, ~ U _min{z,,ic0lci=k}, 1]

e Compute

o6 00) = min {1, B (G) " exp (<M [H(8,) — HB)] zs) |

e Set 0, := 0, with probability p(6,, 0%).

[3.] Sampling from u|c, 0,v,Z, o

From (17), we get
Uq ~ U[Q’wci], VieO.

Set u* = min{u;, i € O}.
[4.] Sampling from v |u, 0,c, Z, ¢

From (17) and Walker (2007), we derive the following conditional distributions: Vj =
1,..., K*,

K
m(v; | v_j,u, 0, ¢, Z ) x (1— 'Uj)Ail]-[Aj,Bj] exp (MA ZwkH(Hk)>,

k=1
where
Aj:maX{Ui,l€O|Ci:]}’ szlfmax c~71ui 7i€(9|ci>j 7
Hl<j(1 ) Ve, Hl;l,l;éj(l — )

with

A;=0, if {ieO0|c=4}=0,

B;j=1, if {icO|¢>j}=0.
Forj=1,..., K*,

e Simulate v, with a truncated beta distribution: v/, ~ Beta(1l, A)| 4 51
J J (45, B;]

e From v’;, compute w’ following the stick-breaking formula (13),

7

e Set v; := v} with probability
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Ky
p(U;, vj) = min {1, exp <—M)\ Z(w;g - wk)H(Hk)> } .
k=1

[5.] Adjust the vectors 0, v

We have to check if we have all the required components and add components, if nec-
essary.

While 1 — Zf:l w; < ur:

o| simulate O+, ~ H(- o] simulate v+« ~ Beta(l, 1 o K* =K*+1
[o] + +

[6.] Sampling from c|u, 0,v,Z, ¢
Vi€ O, compute

110, 11(Zi)

Plc;=Fk|u,0,v,Z,0) =w;; x
O

110wy (ui), Vhk=1,..., K*

and generate

K*
C; ~ Z wi7k5{k}.
k=1
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