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Summary

Weak Besov spaces play important roles in statistics as maxisets of classical procedures or for mea-
suring the sparsity of signals. The goal of this paper is to study weak Besov balls WB; ,, ,(C) from
the statistical point of view by using the minimax Bayes method. In particular, we compare weak
and strong Besov balls statistically. By building an optimal Bayes wavelet thresholding rule, we first
establish that, under suitable conditions, the rate of convergence of the minimax risk for WB; ,, ,(C)
is the same as for the strong Besov ball B; , ,(C) that is contained by WB; , ,(C'). However, we show
that the asymptotically least favorable priors of WB; ,, ,(C') that are based on Pareto distributions
cannot be asymptotically least favorable priors for B, ;, ,(C'). Finally, we present sample paths of such
priors that provide representations of the worst functions to be estimated for classical procedures and
we give an interpretation of the roles of the parameters s, p and ¢ of WB,,, ,(C').

Keywords: asymptotically least favorable priors, Bayes method, minimax risk, rate of convergence,
thresholding rules, weak Besov spaces.

1 Introduction

In this paper, we study weak Besov spaces, denoted WB; ,, in the sequel, from the statistical point
of view. First, let us point out the importance of these spaces in approximation theory and statistics
and explain the interest in considering these spaces that are defined in section 2.2.

DeVore (1989), Donoho (1996), Donoho and Johnstone (1996) and Cohen, DeVore and Hochmuth
(2000a) noticed that weak [, spaces, denoted wl,, can be viewed as collections of functions on [0, 1]
that can be approximated in Ly([0,1]) at rate N7, ¢ = 1/p — 1/2. Then, Cohen et al. (2000a) have
linked the approach of non linear approximation not only to weak [, spaces but also to weak Besov
spaces that can be viewed as weighted weak [, spaces. Indeed, Cohen et al. (2000a) showed that weak
Besov spaces appear in the characterization of the approximation performance of wavelet threshold-
ing. In statistics, weak Besov spaces naturally appear in the framework of the maxiset theory. This
approach was proposed by Cohen, DeVore, Kerkyacharian and Picard (2000b) and is an alternative
to the classical minimax theory. Indeed, the minimax criterion asks of a procedure 'what is the worst
performance over a given class of functions?’ The maxiset criterion asks instead 'what is the class of
functions for which the procedure attains a given rate of convergence?’” This class of functions is called
maxiset. We can note that for the minimax approach, we have to choose the function class and this
choice is quite subjective, whereas the maxiset approach provides function spaces directly connected
to the estimation procedure. The maxiset approach revealed the following main fact. Roughly speak-
ing, weak Besov spaces are the maxisets of many classical estimation procedures. See for instance,
the maxiset results proved by Cohen et al. (2000b) for wavelet thresholding and by Rivoirard (2005)
for general Bayesian procedures. These authors underlined that the performance of these procedures
depends on the smoothness and on the sparsity of the underlying signal to be estimated. So, smooth-
ness and sparsity are strongly linked to weak Besov spaces. This point will be extensively developed
in section 2.2 and we shall see how to use weak Besov spaces for measuring the smoothness and, in
particular, the sparsity of signals. Let us end this presentation of the spaces WB;,, , by justifying
the terminology of 'weak Besov space’. Section 2.2 shows that WB; ,, , is very close to the classical
Besov space B, , that will be denoted ’strong Besov space’ in the sequel to avoid any ambiguity. The
definition of B;,, and its characterization by using wavelet coefficients are recalled in section 2.1.
Actually, the space WB; ;, 4 is defined by slightly relaxing Besov constraints on the wavelet coefficients
and we have B, , C WB;,, .. So, the space WB; , , appears as a weak version of B, ,.

Our first issue is to point out the minimax rate of convergence for each weak Besov ball denoted
WHB;,4(C), in the framework of the classical white noise model and with Besov norms as loss func-
tions. More precisely, we focus on the By . -loss, where 0 < s < 00, 1 < p’ < 00. So, our first



goal is to generalize the results proved by Johnstone (1994) who obtained the asymptotic values of
the minimax risk for weak /, balls with the /5-loss. Naturally, the next goal is to compare the rates of
convergence of the minimax risk associated respectively with WB; ,, ,(C) and B;, 4(C'). The results
concerning minimax rates are given by Theorem 1 in section 4.2 under assumptions on the parameters
s, p, q, ' and p’. We show that the rates for B, ,(C) and WB;,, ,(C) are the same up to constants.
This result may seem surprising since, actually, the inclusion B; , ,(C) C WB; , 4(C) is strict. But, we
noted that strong Besov spaces and weak Besov spaces are close. So, this result generalizes Theorem
1 of Johnstone (1994) who proved that minimax rates for weak [, balls are the same as for /,, balls.

The proofs of these results exploit the well known Bayesian approach proposed by Pinsker (1980).
This approach consists in proving that the minimax risk is asymptotically equal to the Bayes risk
associated with a prior model. See Pinsker (1980) for more details. Pinsker’s paper inspired a consid-
erable literature. Let us cite Casella and Strawderman (1981) and Bickel (1981) who used minimax
Bayes methods for the estimation of a bounded normal mean and Donoho and Johnstone (1994b),
Johnstone (1994) and Donoho and Johnstone (1998) respectively for the estimation over [, balls, weak
[, balls and strong Besov balls. To get the upper bound of the minimax risk on WB; , ,(C'), we ex-
ploit the approach developed by Johnstone (1994) by building a minimax Bayes wavelet thresholding
estimator. More precisely, each wavelet coefficient is estimated, at large resolution levels j, by the
soft thresholding rule and the threshold depends on the parameters of the prior model (see section
4.2). Section 4.4 briefly describes the method to apply this estimator for denoising discrete data.
So, this paper provides a new contribution to the crucial problem of choosing thresholds for wavelet
thresholding. This issue has often been investigated, in particular, in a Bayesian framework. See for
instance Abramovich, Sapatinas and Silverman (1998) who used the posterior median of a Gaussian
prior model and the Bayes Factor procedure of Vidakovic (1998) that mimics hard thresholding.

Our second issue deals with asymptotically least favorable priors of WB; ,, ,(C'). Such priors, that
maximize the Bayes risk on a given class of probability measures, have a Bayes risk that is asymptot-
ically equal to the minimax risk and their support belongs asymptotically to WB; , ,(C) (see section
3). Since minimax risks for By, ,(C) and WB;, ,(C) are the same, a natural question arises: are
asymptotically least favorable priors for B, ,(C') and WB;, ,(C) also the same? We shall prove
that the answer is no. Indeed, for each weak Besov ball WB; , ,(C), we present asymptotically least
favorable priors derived from Pareto(p) distributions, but these priors are not asymptotically least
favorable priors for By, 4(C) (see Theorem 1). Johnstone (1994) pointed out asymptotically least
favorable priors for strong Besov spaces based on Gaussian distributions or on two or three points
distributions. So, this paper shows that Pareto distributions are typical of weak Besov spaces.

Our last issue is to get a representation of the ’typical enemies’ for classical procedures. Since
maxisets for these procedures seem to be often characterized by weak Besov spaces, it is natural
to look for these signals in weak Besov balls. For this purpose, we shall naturally use simulations
of asymptotically least favorable priors of a given weak Besov ball WB; , ,(C) that provide a good
representation of the worst functions of WB;,, ,(C) to be estimated. These simulations will show
relationships between the parameters s, p and ¢ and smoothness or sparsity of signals of WB;,, ,(C').

The paper is organized as follows. Section 2 is devoted to weak Besov spaces and sparsity after an
overview of strong Besov spaces. Section 3 introduces asymptotically least favorable priors. Section 4
presents the results we get. Finally, in section 5, we recall the minimax Bayes approach and we give
some elements of the proofs. Section 6 is devoted to the proof of Theorem 3.

2 Weak Besov spaces

2.1 Overview of strong Besov spaces

Let us recall the definition of strong Besov spaces B;, , when 0 < s < 00, 1 <p <o0,1< ¢ < o0 (we
do not consider the case ¢ = oo in this paper). Let f € L,(R). For any r € N* and any h € R, we set

r !
Aj(fiz)=> ﬁ(—w—kﬂx +kh), z€R,
k=0



and introduce the r-th modulus of smoothness of f:
w(f;0)p = sup [[AL(S; )y 2 0.
0<h<t

Now, for 0 < s < oo, 1 < p<oo,1<q< o0,

Bspo=1+ fllp+1fls.,, < oo},
where

o0 AN
|18, = (/ [t %w,(f, t)p]qT) , 1€ N"such that s <r < s+ 1.
0

See DeVore and Lorentz (1993) for more details. Using a multiresolution analysis, we can connect
Besov norms to sequence space norms. Let us suppose that we are given a pair of scaling function
and wavelet ¢ and ¥ and a function f having the following decomposition:

= Z Zﬁjk@/ﬂjk(t), (1)

i>—1k€eZ

where 91 (t) = 2%1&(2% —k)if j € N, ¥_1x(t) = ¢(t — k), and Bjx = [ f(¢)¢jx(t)dt. The sequences
(B-1%)k and for j > 0, (B;%)r are respectively the approximation and the detail Wavelet coefficients at
level j. The following facts are true under standard properties of smoothness and moment vanishing
of ¢ and 9 (see Meyer (1992)). If we are given 1 < p < o0, 1 < ¢ < oo and 0 < s < oo, the function f
n (1) belongs to B4, if and only if 8 = (8;x);x verify

LSS

+o0
18llB.p = | D 277 (Zlﬁjklp) <o

j=—1

(with the obvious modifications for p = c0). In the following, we use this sequential characterization
of strong Besov spaces, in particular for the evaluation of the minimax risk for Bsr p! pi-norms as loss
functions and we note || f|/5,,, = l|6|5.,,- This allows one to consider the case s’ = 0 (we can note
that when s’ = 0 and p' = 2, || f[|,,, , = [[fl|2). Furthermore, we exploit Daubechies’ construction
that enables us to suppose in addition and without loss of generality that ¢ and 1) are both supported
by the interval [~ A®Y, B?¥] (see Daubechies (1992)).

2.2 Sparsity and weak Besov spaces

Abramovich et al. (2000) introduced the notion of sparsity of an infinite vector § € R through the
following approach. The vector € is said to be sparse if there is a small proportion of relatively large
entries. Therefore, they order the components of  according to their size:

101y > 10](2) > - > [0lgy > -

1
and they control the number of large entries by using the power-law bound: sup,, n5|0|(n) < 00, where
p > 0. This condition is equivalent to say that  belongs to the weak [/, space wl, defined by:

wl,=<{0cRY: supA? 1,50 <0
p { AP
Now, let us introduce weak Besov spaces.

Definition 1. Let us fix 0 < s,p,q < co. We say that f in (1) belongs to the weak Besov space of
parameters s, p, q, noted WB;,, o if

- 1 1
sup Ay I N ()28 < oo,
A>0 ;



where N (j, A) is the number of wavelet coefficients at level j greater than A:
N(GA) =D 1 gm0
k

With each weak Besov space WBy p, 4, we associate the balls:

WEBspg(C) =14 f: sup /\qZqu(H%_I%) N7, /\)z% <1
A>0 ;

So, we note that the weak Besov space WB,, , can be viewed as a weighted weak [, space. The
weights penalize the counting of the 3;;’s greater than A for the large scales according to the sign of
p(s +1/2) — 1. Obviously, WB;,, with s = 1/p — 1/2 can be identified with wl,. Therefore, the
use of weak Besov spaces may appear as a good device to measure the smoothness, but in particular
the sparsity of a wavelet expanded signal. Finally, using the Markov inequality and the sequential
characterization of strong Besov spaces, it is easy to note that By, ,(C) C WB;s, 4(C).

3 Minimax risk and asymptotically least favorable priors

We consider the white noise model:
dY; = f(t) dt +edWy, te€]0,1].

Restricting our attention to functions supported by [0, 1], 8;x is non-zero as soon as k is in Z;, with
I; = {—B<W +1,... max(2,1) + APV 1} .

By setting for any j > —1 and k € Z;, y;r = [ ¢;r(t)dYs, this model is reduced to a sequence space
model, and we obtain the following sequence of independent variables:

y]‘k:ﬁ]‘k—}—afzj'k, ijN./V(O,l), 7> -1, kEIJ’.
When 0 < s’ < oo and 1 < p’ < oo, the minimax risk is denoted:

R. = inf  sup EgllB-Bl%, , .
B BEWB, ,4(C) T

Let us note that evaluating the minimax risk for By, ,-losses constitutes the first step to get the
evaluation of the minimax risk for L,-losses. In particular, the value s’ = 0 provides a conjecture
of the minimax rates for the L,-loss. The minimax risk will be evaluated by using ’asymptotically
least favorable priors’. We say that 7., a prior distribution on 3 = (8;x);k, is an asymptotically least
favorable prior associated with WB, , ,(C) and the By, s-loss, if following conditions are satisfied.

- m. maximizes the Bayes risk on an appropriate class of probability measures (see section 5.1 for
the class of probability measures that is naturally introduced for the issues of this paper).

- The Bayes risk of w., denoted B(w.), must verify:
CIB(775> < ]%5 < CQB(WE)7

where (7 and Cy are positive constants depending only on s, p, q,s’,p’. We recall that

B(r) = inf B, Bylld I, ,

s!.plp!

- As e tends to 0, P (8 € WB;,,4(C)) goes to 0 with an exponential rate of convergence.



Similarly, by replacing WB; , ,(C) with By, ,(C), we obtain the definition of asymptotically least
favorable priors for strong Besov balls. We easily see that the last two conditions introduced previously
ensure that the "typical enemies’ of weak Besov balls WB; ,, ,(C') are well represented by simulations of
asymptotically least favorable priors associated with theses spaces. In particular, the exponential rate
for the support property is essential to provide a statistical sense for asymptotically least favorable
priors. We can note that priors with similar properties have also been used by Johnstone (1994) who
also used the terminology of ’asymptotically least favorable priors’.

4 Results, discussions and simulations

In this section, we give results concerning the minimax risk for WB, , ,(C'). For this purpose, we need
to introduce the following two distinct zones denoted respectively as the regular and the critical zones:

R:{(sp,) € (0,+00) : p’>p,p<5+%>>p/(8/+%)}u{(svpa(1)€(Ov+oo)3: P <p},

C:{(SZ%) € (0,+00)*: p’>p,p(s+%>=p’(s’+%>}-

The logarithmic zone

1 1
= {(S’p’q)e (0,400)”: »'>p, p(5+§) <y (s’+§)}

is very different from the other ones and will not be considered in this paper. In the critical case, we
need a minimal hypothesis on the smoothness of f to control the size of the 3;;’s at high levels. That
is the reason why we suppose from now on until the end that in addition, in the critical case, f lies in
B, 0o (C) (with § > s' but i — s’ eventually very small). So, let us set

©=W5B,,,(C) onR,
O =W5B;,,(C)NB, v (C) onC,

and the minimax risk we consider is from now on

R, _mf supEﬁHﬁ ﬁ”p, e @

4.1 Notations and technical tools

In this section, we introduce some notations that will be useful in the following. For this purpose,
we suppose that we are given 0 < s,p,q,C < oco. If hy and hy denote two positive functions of e,
hi(e) i~ hs () means that hms—}OZ E g 1. The notation hy(e) =~ hg(c) means that there exist

positive constants A and B, depending only on s, p, ¢, s’,p’ such that
\V/€>O, Ah2(€)<h1(€)§Bh2(€),

and hy(e) =~ hy(ec), means that A =1, B = 2. For any z, §, denotes Dirac measure at the point z and
for any real number y, |y]| denotes the greatest integer smaller or equal to y.

2p'(5'+%)
? 2p’(s’+%)—1
that v, — 1 is positive and goes to 0 as € tends to 0 but not faster than a logarithmic rate. Finally, we
set for any € > 0, (j«, %) € N% such that

_1_ K
20% ~ g +2 21" ~ Q +3 .
€ k €

Now, we introduce a sequence of non negative real numbers («;); and two integers j; and j; depending

Let us fix x a real number belonging to (1 ) We also consider a function of £, v, such

on the zone. When j < j., we set a; = ‘/52_j(5+%), where V; is defined subsequently.



- If (s,p,q) lies in C and if ¢ > p, we set j; = ji, jo = 7* and for j > j,, a; = ‘/6:2_‘7(5+%)j if

J €{J1,...,J2} and a; = 0 otherwise. Then, V. is the real number independent of j such that

ZQJQ(5+§) 0/]1, - (708) ] (3)
]' €

- If (s,p, q) lies in C and if ¢ < p, we set j; = jo = j*, and for j > j., a; = 01if j # j1, and o, is
such that (3) is satisfied.

- If (s,p, q) lies in R, we set j; = j2 = j« and for j > j., a; = 0if j # j1, and «;, is such that (3)
is satisfied.

With each sequence («;);, we associate two sequences (c;); and (;); such that uZé(u;+c;) = ol ¢(c;),
where ¢ denotes the standard Gaussian density function. Furthermore, if (¢;); tends to 0, we require
in addition that (c;); and (u;); tend to +oo with ¢; = o(u;), which yields that u? ~ —2loga’.

4.2 Main results and comments

By using notations defined in section 4.1, we have the following main results:

Theorem 1. Let us fix 0 < s,p,q,C < 0o, such that s > s'.

S I = Z;E_', and
P (1=9)cp'd on R
vee = { CP'(1=9)er'? (log (%))p/TﬁJr(l_i’l)Jr onC,
we have

Cy < lim inf R.W(C, g)7t < limsup R.W(C,e) ™! < Cy,
e—>

e—0

where C'1 and Cy are positive constants depending on s, p,q,s',p’. On C, Cy also depends on 1.

- If we set m. as the distribution of a sequence of independent variables (B;x);x such that the
distribution of B;1, is symmetric about 0 and

|ﬁ|: gay if J < Jx
ik emin(a; X g, ;) otherwise,

where X, is a Pareto(p)-variable, then w. is an asymptotically least favorable prior for WB; ,, ,(C').
e—=0

Furthermore, Pr (8 € Bs,4(C)) — 0.
Remark 1. The upper bound of the minimax risk is obtained by pointing out a minimaz thresholding

rule defined in (9) of the form

F2=07 " sign(yin) (el — 2X) 4 i,
7 k

where A\; =0 if j < j, and A\; = (—2log d?)% otherwise, where &; is a dilation parameter of the prior
model based on Pareto distributions used in section 5.2 and that strongly depends on s, p, q, p', ', 7,
C and e. See section 5.2 for a precise definition of &;.

We can now compare strong and weak Besov spaces statistically. On the one hand, the previous
theorem and Theorem 1 of Donoho et al. (1996) enable us to conclude that the rates of convergence for
Bs pq(C) and WB;,, ,(C) on regular and critical zones are the same. On the other hand, Theorem 1
shows that 7. is an asymptotically least favorable prior for WB; ,, ,(C') but 7. is not an asymptotically



least favorable prior for B;, ,(C'). Let us note that the construction of m. uses Pareto distributions
that are dense. We note that this is not necessarily the case for the asymptotically least favorable
priors of By, ,(C') exploited by Johnstone (1994). If for Pinsker’s case (p = ¢ = 2), Johnstone uses
Gaussian distributions (so, they are dense), when p < 2, the least favorable priors are based on three
or two point distributions (for the coarsest levels, the prior distributions are dense, whereas they
are sparse for high levels, with a few wavelet coefficients carrying all the energy). Let us note that
we can certainly build a lot of asymptotically least favorable priors for WB, , ,(C') (in particular,
asymptotically least favorable priors for B;, ,(C') are also asymptotically least favorable priors for
WHB;, 4(C)) but priors based on Pareto distributions naturally appear when we investigate the upper
bound of the risk.

4.3 Representations of the ’typical enemies’ of weak Besov balls

The goal of this subsection is to provide a good representation of the worst functions to be estimated
and belonging to weak Besov balls WB; ,, ,(C'). We use realizations of asymptotically least favorable
priors for the regular and the critical cases and for different values of s, p and g¢.

Before presenting our approach, let us briefly describe the discrete wavelet transform (DW'T) that
is the natural algorithm associated with the multiresolution framework introduced previously (see for
instance Antoniadis (1994), Johnstone (1994), Mallat (1998) or Abramovich et al. (1998)). Indeed,
given the approximation coeflicients of a signal f at a resolution level j, the DWT provides the
approximation coefficients and the detail coefficients of f at level j — 1. This wavelet decomposition
(as far as the reconstruction) is easily calculated by using discrete convolutions with the appropriate
wavelet filters and can be performed as many times as desired. This cascade algorithm has to be
initialized. For this purpose, let us assume we are given the following n-sample of a 1-periodic signal

E .
f:{f(%): 1§i§n:2N}.

By supposing that the wavelet basis is based on a scaling function ¢ that has a high number of
vanishing moments (for instance a coiflet), Lemma 3.1 of Antoniadis (1994) proves that if, in addition,
[ is regular enough, we have the following approximation:

n 0

Starting with f, the decomposition step described above is performed N times. Thus, we obtain an
algorithm that is invertible and whose outputs consist of approximation coefficients (the remaining
ones) and all the detail coefficients that were accumulated along the way. All these coefficients that
can be denoted d;;, —1 < j < N — 1, k € Z; satisfy d;; < /n x (5. Let us note that both the DWT
and the inverse DWT are available for instance by using the wavelet TOOLBOX of MATLAB.

So, our approach is logically the following. First, we set C' = 1, n = 22, the classical calibration
e =n"Y2 and Y = 1. Using Theorem 1 (and its notations), to represent ’typical enemies’ of weak
Besov balls, we simulate coefficients d;; with the following prior:

di ~ I LT 4
7k { %(6aj + 5_@]) § < g, ( )

where F; = %(FJ-+ + F77), FJ-+ is the distribution of min(a; Xk, p1;) and F; is the reflection of FJ-+
about 0. To complete the definition of this prior model, and according to section 4.1, we set j, € N
1 K

such that 27+ ~ (g) @’ and for the critical case, we set j* € N such that 277 ~ (%) @’ where

__WE+3) (s +3)
B 2p/(s' + %) — 1 B 2p(s+1) -1

3



since on C, p'(s'+ %) =p(s+ %) This allows one to define the integers j; and j,, the sequence (a;); as
1

in section 4.1 and we take V j € {j1,...,J2}, pt; = <—210g(a§)) *. Naturally, for the reconstruction,
we use the wavelet filters associated with coiflets of order 5. To deal with the boundary problems that
naturally appear when we consider compactly supported signals, we use the periodized form of the
inverse DWT. But of course, this choice does not alter the qualitative phenomena we wish to present
here (see Mallat (1998) for instance). Thus, we obtain a n-sample of a periodic signal f that is a good
representation of the worst functions to be estimated and belonging to WB; ,, ,(C').

Figure 1 shows sample paths we obtain. Of course, realizations for the regular case are more
regular than realizations for the critical case. This fact is illustrated by the comparison between (c)
and (a). As expected, we note that realizations are more regular when s is great (compare (a) and
(f)) or when ¢ is small (compare (a) and (b) or (d) and (e)), even if ¢ is less influential. Finally, when
p decreases, the realizations are less regular and in particular, we also note that the size of the peaks
increases (compare (a) and (d) or (b) and (e)). Figures (a) and (b) show that for small values of
p, we obtain very high peaks. Thus, we verify that the parameter p controls the proportion of large
coeflicients and consequently, measures the sparsity of the signal.

Figure 1 here

4.4 How to apply f: for denoising discrete data?

In this paper, we have pointed out a minimax thresholding rule f: (see Remark 1 and (9)). Many
problems arise to study this estimator from a practical point of view, since fs* is not adaptive. These
problems have been tackled by Rivoirard (2004) whose main ideas are recalled now. In the standard
non parametric regression model reduced to the following one by applying the DWT
Yik=dig+0Zy, -1<j<N-1, kel; Zy<N01),

the signal to be estimated is assumed to belong to the class of the worst functions of WB; ,, to
be estimated, where WB; ,, , is an unknown weak Besov space. Then, a prior model is fixed on its
discrete wavelet coefficients (the d;;’s) that is very close to (4). To estimate each d;i, Rivoirard (2004)
proposes an estimator of the form d%, (Y;x) = sign(Yjx)(|Yjk| —0A;)+, where o is supposed to be known
and A; = (max(0, —2log a?))% (asin (4), o is the dilation parameter in the prior model). Of course,
this procedure is not exactly equal to f: However, it takes into account the main characteristics of fs*
(so, it is close to f*) and necessary adaptations (see Rivoirard (2004) for more justifications). Then,
instead of estimating the parameters s, p and ¢, Rivoirard (2004) proposes data-driven methods to
estimate p and each a;. We do not describe these methods in detail, which would be too tedious,
but we mention that the number of the Yj;’s that are greater than a chosen threshold is used, as
it could be expected in a framework based on weak Besov spaces. The resulting procedure is called
ParetoThresh. The results obtained by ParetoThresh are quite satisfactory when compared with
other efficient wavelet thresholding algorithms. Indeed, ParetoThresh outperforms VisuShrink and
SureShrink of Donoho and Johnstone (1994a) and its performances are quite similar to the procedure
"BayesThresh’ proposed by Abramovich et al. (1998) and 'BayesFactor’ proposed by Vidakovic (1998).
But unlike to them, ParetoThresh does not require a high computational time. See Rivoirard (2004)
for a precise description of advantages and drawbacks of ParetoThresh.

5 Proof of Theorem 1

In this section, the notations K, K; and K5, will keep designating all the positive constants depending
only on s,p,q,s’,p’ we could need. From now on, we suppose for sake of simplicity and without loss
of generality, that for any j, |Z;] = 2.

For any j, in {0,1,...,+00}, we consider

O"={8: BeOwithfy=0VY(=j,kel)},



and

Fl_1
R =inf sup Eg Z 9P (s"F 3 =37 Z |ﬂ]k - ﬂgk|p (5)

ﬁ ped 7<in

Using (2), (5) and the properties of B, ;s o (C'), we have

R:< R. <R+ Zzﬂp Fm N |8l < R+ K CP'2r (i
k

ﬁeBWP oo ]>]7i

In the critical case, we choose j,, so that j, = L% log, (Q)J In the regular case, we set j, = oo and
n—s e
R = R.. So, the first point of Theorem 1 will be proved as soon as we prove that

Cy < liminf R2W(C, g)7t < limsup REW(C,e)~! < Cs.
= d

e—0

For this purpose, we use the minimax Bayes method that is often exploited in the literature (see the
references cited in Introduction). That is the reason why most of the details are omitted in the next
section.

5.1 Minimax Bayes method

When ¢ > p, let us consider M, the natural set of probability measures associated with WB; ,, ,(C):
1oL P c\?
M = : gialsts- [E.N(j, NP < | — A
SIS PE NG < (§) vasof,

that is convex and compact for the Prohorov metric, and

Fl_1,
B(M,e) =inf sup E; Eg 22”9 tamy Z|ﬁ]k—ﬁ]k|p

ﬁ TeEM 7 <

the minimax Bayes risk for M. Now, by applying the minimax theorem, we have

B(M,e) = sup B(r),
TeM
where B(w) is the Bayes risk of m. For each 7 in M, we construct 7, the distribution of 8 = (8;x) &,
such that under 7, the §;;’s are independent and for any 7 > —1 and any k£ € Z;, the distribution of
Bk is 7;, where

ﬁ'j:% Zﬂ'jl,

I€T;

and we set M ={7: 7 € M}. It is relevant to note that under a prior of M, the Bayes estimator of
B;r depends only on y;y.

For F a probability measure, we note s, F’ the probability measure defined by s, F(A) = F(s71A).
Using standard arguments, we get:

BMe_ep sup inf 2]p5+)]EF i |di(x51) — u 6
(,0) =" it 5 By (21) — )

where z;1 = e ly;; and u;; = 7!, whose distribution is denoted F;. Then, the upper bound of
R} relies on B(M,e). Indeed, we obviously have R < B(M,¢). In section 5.2, to get the upper
bound of B(M,¢), we exploit the method exhibited by Johnstone (1994) and Donoho and Johnstone
(1994b) based on a Bayes risk restricted to soft thresholding rules that enables us to obtain minimax



thresholding rules. Since arguments are given by Johnstone (1994) and Donoho and Johnstone (1994b),
many details are omitted. Furthermore, we naturally rely on the worst prior pointed out in section
5.2 to build the asymptotically least favorable prior ..

On R, the lower bound of R} is provided by the lower bound of the minimax risk for B, ,(C)
included into WB;, ,(C) (see Donoho et al. (1996)). On C, we cannot use this argument, since
© = WB;, ,(C) N B, 400 (C) does not contain B;,,(C'). The lower bound of R} is provided by the

lower bound of the Bayes risk of 7. whose support is asymptotically included into ©® when 7 is close
to s'. Since the proof is standard (see Johnstone (1994)), it is omitted.

Remark 2. When g < p, we use the same arguments bul with the closure of the generalized convex
hull of M instead of M.

5.2 Upper bound

Our first goal is to prove that
B(M,e) < K¥(C,¢), (7)

where K may depend on 7 on C. We omit the case ¢ < p that will be handled by the case ¢ = p (let
us note that WB; ,, ,(C') C WB; , ,(C) if ¢ < p). To reach our goal, we use the risk associated with
the soft thresholding estimator

dx(2) = sign(x) (2] - A)s
denoted by
r(A€) = Eelda(x) — &7,

where & ~ N(€,1). We recall the properties of £ — r(A, &) we use in the following:

Proposition 1. For any A > 0, if ¢ denotes the standard Gaussian density function and ®(y) =
fi’oo ¢(2)dz is the standard Gaussian cumulative distribution function,

1. &= r(X€) is symmelric about 0.

2.VE>0, g—g(z\,f) =p D[N =X —€]) and € — (N, €) is a strictly increasing function.

+oo ,
3. lim r(/\,f):/ |z|P (2 + A)dz.
E—+o0

o Kyexp(=2)A77' =1 < 1(X,0) < Kyexp(—4)A~7"1.

The proof of this proposition is omitted since it is just an extension of the classical case p' = 2
(see Donoho and Johnstone (1994a)).
By (6), we have

B(M,e) <& sup inf S 2P CHDEL p()€). 8
(M) seFem (N)) J%; ;7 (%:8) ®)

The condition s.F' € M means that

) 1 q Cc\?
Y 20T (B, (1 g5 0e-1)) 7 < (;) » VA>0.

1<in

Since & — r(A;, ) is symmetric about 0, we assume without loss of generality that F; is supported by
R 4. And using the second point of Proposition 1, we prove that the supremum for (8) is reached with
F; such that it is absolutely continuous with respect to the Lebesgue measure and has the following
density:

Jor(© =p ¢ 5 o) ol €77



such that

5 et (€]

]<Jn

And we can conclude by using (8) that
P’ a0’ (s'+5) 9 9ia(s+3) C\*
B(M,e) <eP sup Z 2 2 1f\1]fEfa]r(/\j75)3 a; >0, Zaj 2 ) < | =
J<In I<am

Let & = (&;)-1<;<;, be the point where the supremum is reached. We have

s'+1) s'+3 s'+1) . .
Z 2ir'( 1nf]Ef r(A;,€) Z 2i7'( 1nf]Ef fr(/\],é’ + Z 2ir'( 1§1f]Efa]r(/\],§)
i<in 3<dn 3% <3<in !
= Se,l + 56,27

where 7, is defined in section 4.1. By using the second and the third points of Proposition 1 and the
value of ¥ given in Theorem 1,

+o0 C p'(1-9)
Z 9ip'(s'+3 1nf / 12|76 (z + A, ;)dz / ¢pt patdé <K (;) )

7<gx J

To get an upper bound for 5.7, we need to evaluate the Bayes threshold risk ]Ef&] r(A;,€) when &;

tends to 0. We have the following theorem, which generalizes the case p’ = 2 and p < 2 investigated
by Johnstone (1994):

Theorem 2. Let us suppose thtlzt we are given 1 < p’' < oo and p > 0. When « tends to 0 and for
any threshold A > (=2 log a?"?")2, we have B¢, r(X, &) ~ J(a, ), where

! .
Lo P NP ifp <y,

P —p
J(@,A) =< paP log(2) ifp=7p,
pfp/ aP' ifp>7p.

Proof: Using Proposition 1, we have

+ oo

Er.r(A&) = r(da) +p/0‘p/ & PIB([—A - & A - €])de

(o}

+ oo

= 7(A\0)+ /0 pETID([-A — &, X — €])dE + pla? / PTG ([ — €, A — €])de.

When « tends to 0 and A to 400, we prove that

/+Oo &P~ A - & A = €)dE ~ I(a, ),

where
if p <p,
I(a, ) = 10g( ) if p=1p,
1 : /
p— it p>yp.
Finally, by using again Proposition 1, we easily obtain the required result. O

Noting that V j,. < j < j,, @; <1, we have:

=l Jn—1 , q
Sep <K supd 302 CHD g (a) (<2log(@)F) - a; 20, Y al i) = (9) :



with the notations of Theorem 2. Computations of this supremum enables us to obtain (7). On

CN{¢ > p}, the supremum is reached at the point whose coordinates &; are equivalent to T2_j(5+%)j“,

where a = g?;?;)) and 7' is a constant depending on € and 7. If (s,p,q) € RU (CN{g = p}), all the

coordinates equal zero except one: &;, on R and &;, = (%) 2_j*(5+%), &, 1 on C and if ¢ = p and
Qj, 1 = (%) 9=(in=1)(s+3), Finally, the thresholding rule

f2=0700 sign(yin) (el — )4 dins (9)
7 k

where A\; = 0 if j < j, and A; = (—2log 07?)% otherwise and &; is defined as before, attains the
minimax rate up to constants. U
5.3 The prior 7. is an asymptotically least favorable prior for WB;, ,(C)

We give asymptotic values of B(w.) by proving the following proposition.

Proposition 2. 7. mazimizes the Bayes risk on M and we have
B(m.) = ¥(C,e).

Proof: Let us recall that > s’, but  — s’ is small. So, we can assume that j; < j,.
On the one hand, we easily show that . € M. So, B(n.) < KVU(C,¢).
On the other hand, we have:

in!(g! 1_ 1 ~ 1 ! j2 sl 1
B(m.) = inf 22”( e P')ZEm B, |8k — Bikl” > e Y 277 CF2) b(ay, p),
k

=

where V j € {j1,...,J2}, b(aj,p’) is the univariate Bayes risk for F}, the distribution of £7!3;;, and
for the L,-loss:

blaj.p') = inf Er, /|d(a¢) — &P p(x — €)da.

When p’ = 1, the Bayesian estimator d(z) is easily available since it is the median of the posterior
distribution. We have the following result proved in Appendix:

Theorem 3. Ifp' =1, when « tends to 0, b(a, 1) ~ L(«), where

i ap(—210gap)12;p if p< 1,
L(a) = { alog(3) ifp=1,
L if p> 1.

When p' is arbitrary and p < p', when a tends to 0,

/ r_
aP(—2log a?) 7.

L(a)

Y -p
When p < p/, straightforward computations show that B(w.) > KW¥(C,e). To get this lower bound
when p > p’, we use in addition the Jensen inequality, which shows that:

blog,p') > bley, 1)7.

O
We show now the support property for WB;, ,(C). We only deal with the case p’ > p, p(s + 3) =
(s + %) and ¢ > p. The other cases follow easily from the same arguments.



e—0

Proposition 3. P, (8 € WB;,,(C)) — 1 with an exponential rate.
Proof: It will be a consequence of the asymptotic evaluation of (Pr,(A;)); «;<;,, where

1
=S = ()

A>0 k

given by the following lemma:

Lemma 1. There exists & > 0 such that, for ¢ small enough and for any j in {j1,...,j2},
, o\ 2P N\ *
Pr.(45) < 2exp (272 =17 (2) ) < 2o (-2 -0 (£) ).
Hj €
[T
Proof of Lemma 1: For the last inequality, we use the fact that s belongs to <1, 2;}25,‘1—';;11). We
have: ’
A = 1 1 < AP
i = ) yz (|5—1ﬁzk|)—P<v =0l
<%L) <v<1 * *
J
e” P,
As the distribution of |e7! 8, is F]-+, the distribution of (';%k') is
() ey
— (&) +1 , \r d€.
wi) () () s
Since we consider the values of v greater than (%)p, the distribution of ('6_;&) o matches that of
J

J
Ujk, where the Uj;’s are independent uniform observations over [0, 1]. Therefore,

P
C U 1271
Pr(4) < P s IEB0) -0l > 02— 1) (2)
("—J) <w<1 !
By - -

. P
< P( sup [E5(0) = vl > (7= 1) (‘“—) ,
vel0,1] Hj

where F is the empirical distribution of the Uj;’s for k in Z;. Hence, using the DKW inequality
proved by Massart (1990),

) N\ 2p
Pr.(45) < 2exp (22 17 (22) ),
Hj
which ends the proof of the lemma. O

Since .
Z 9ia(s+3) ol = ( ¢ ) 7

&
i< e

a(sp i L g C\* 2
Pr. Z 21+ 3) (Z]l |ﬁgk|>z\) < (X) s VASO0| > Pr, A—lm m Aj )
k

7<J2 J=J1

)



where .
ig(s+i_L i £\4 sl
= AT (S ) e (5) S,
A>0 | j<n k
We have P (A_1) =1, and

iz
Pr. | [) 4

J=n

V
@
>
bl
|
@
>
bl
/|\
TN
o] Q
N—
|
N—
| E—

for € small enough. Therefore,

q
(st l_L P
PW.; Z 2]‘1( 2 p) (Z]‘ |ﬁ]k|>/\)
k

7<J2

IN

(%)q7 YA>0 zem>l*ﬁp(_(g)§>]'

Proposition 3 is proved. (]
Then, it is easy to show that 7. cannot be an asymptotically least favorable prior for B, ,(C'). Indeed,
straightforward computations lead easily to the following proposition.

Proposition 4.

P, (B € By pq(C)) =5 0.

6 Appendix: Proof of Theorem 3

As Johnstone (1994), we shall use the results of the following lemma that can be easily proved:
Lemma 2. We can introduce functions of o, u and ¢ defined on (0,+00), such that when a goes

to 0, p — +00, ¢ — 400, ¢ = o(p), and ¢(p+ ¢) = (%)p ¢(c), where ¢ denotes the standard

Gaussian densily function. These four conditions entail
a—0 1
u(@) =0 (~2log ar)’3.

We will need the following functions of a: T'= p+ 5§ — oo, and pu~ = % — 0. In the following,
the notation o,(1) will keep designating any function that is bounded by a function depending only
on « and tending to 0 when « tends to 0. We evaluate

bawsf) = inf By, [ ld(a) - €' 6(c - €)da,
with »
JHE)E = pa? €171 o gepdé + (%) 5,(6).

and

i = OO

To get the upper bounds of Theorem 3, we notice that, with d(z) =0,

ba, ') < Ey, / €7 é(x — €)da,

which allows one to obtain the result. The following lemmas will be useful in the following;:

Lemma 3. When « tends to 0, for any p= <z < T,

" ola — pa?e P < 9{a) exp(— e T = o(x)ou (1),

2u—



Proof:

A

12 12 52

/ b(a — OpaPe e < d(a) / exp(~5 + T€)pa?e 7 dg

2u 2u—
2

< () exp(—% + Tp)a?T?
1
< () exp(—guc) g7

As exp(—%,uc),upr tends to 0, the lemma is proved.

Lemma 4. When « tends to 0, for any p= <z < T,

/ " (e — paeTNde = p(o) (1 -+ 0 (1)).

Proof: To prove this lemma, we suppose that the random variable & has the density

g9(2) = p(a™ = 2u7) )T pcaco-2 T

We have

24 L 52
[ ste-gprerie ~ o) By exp (a5,
As x> p~, for any € in [a,2u7], z&— % >0, and

2 —\2 2
exp (wf - 5) - 1‘ < exp (QT,u_ - (207) ) (.rf - %) <exp(1)T¢

For any € > 0, for a < cexp(—1)T71,

Pg(exp(xf—g)—l >

which tends to 0 when « tends to 0.
Therefore, as for any & in [a, 2u7],

5) <P, (5 > 5exp(—1)T_1) < afePexp(p)T?,

exp (€ - ) = 1| < exp(1),

52
E,; exp (mf — 7) =1+ o04(1).

The lemma is proved.
In the following, we will consider the Bayesian estimators associated with f, and f}:

d(z) = arginf,, / fa(&)op(z —&)|€ - m|p d¢ dt(z) = arginf,, / AIG3 - &€ - m|p’d€.

Now, we prove that for any p~ < & < T, d*(z) < 3u~. For any m in [3u~, u], using Lemma 4,

v

(u™)” /W oz — E)paPePrde
= ¢(2)(7)" (1 +0a(1)),

2u~ ,
/ b(z — E)paPeN|¢ — ml? de

using Lemma 3,

A

I , , u
| ota - gparer e —mide < ' [ ol - parerag

B B

1
< (e) exp(—gue)u? Y,



and
’ 2
(%) /qﬁ(ac —O)|E=mP'8,(8) < plax)aPur' " exp(_%—l-T,u)
< Bla)’ exp(—zpe).

As exp(—%,uc),up""pr = o((u™)?"), we have for any m in [3u~, u),

2p~ ,

/ FHO6( - O — mlP'de ~ / SOz — €)]¢ — m|P'de
042#_ |
R A S T

~ / FHE) (- €l — 3|7 de

and for any z in [, T], o < d*(z) < 3u~. With f7 (&) = fF(=¢€), for any £ in R,
baot!) = By, [ ld(e) - €760 - €)da
> —inf E, /|m — &P p(x — ) de + %i%f E,- /|m— P p(x — €)da
= By [104@) - € ol - s
/ r(at, gpre e+ () st ),

9 = [ 1) - € ol - )da

T
@9 > [ 1at () - 676 - o > (€~ 307 s

V
=
+

with

For any £ < € <

with s, that tends to 1 when a tends to 0. Finally, we have when p < p/,
P

u , o ,
ba,p) > Sapap/c (€ —3um)PeTtPde + s, (;) (1 —3p7)P

p/
> — 2log o 140,
pr— o’ (= ) (1))-
The second part of Theorem 3 is proved.
Now, we suppose that p’ = 1 and we prove the following lemma:

Lemma 5. For any x such that |z| lies in [p=,T], a < |d(z)| < a(l 4 0,(1)).

Proof: Without loss of generality, we suppose that > 0. Since p’ = 1, d(z) is the median of the
posterior distribution:

d(z) 00
[ @t -gac =3 [ now - o

— 00 — 00

Since z > 0, we obviously have that d(z) > a. From Lemma 3 and Lemma 4, it follows that

/ S (©)6(x — E)dE = S(x) (1+ 0a(1)).



By using similar arguments as previously, we have

LY st + 2 (2) 6o - 1) < 6(0) exp(~2ue) = dla)oa(1).
2 \ 1 2\ 2

As
90 -9 = o) [ paretre Sotag
- ¢($)(1+0a(1))’
we have o
- Ja©d(x — §)dE = o(x) (14 0a(1)).
Since

d(z) d(z) ) 1
[ r@s-ode > [ pare i x Joe - a)

(1 . (%)) » %/:O J(€)6(z — €)dE x (1+ 0 (1)),

v

we have d(z) < a 7(«), where 7 is a function that does not depend on z and that tends to 1 when «
tends to 0. g
Now, to get the lower bound of b(«, 1), we write

—mq ()

ma(a)
b(a,1) > / fa(€) r(d,€)de + / f(€) r(d, €)de,

mi(a) —mz(a)
with
(0,9 = [ ld(e) - €lofe - €)da,
1\ !
mi(@) =a, ma()=tog (1) L itp21,
@
c .
ml(a):§7 mQ(Q):Nv if p<1.
From similar computations as previously, we obtain the required inequalities. O
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(a) : critical case and s=1.2, p=1, =2 (d) : critical case and s=1.2, p=2, q=2
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(b) : critical case and s=1.2, p=1, g=3 (e) : critical case and s=1.2, p=2, g=3
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(c) : regular case and s=1.2, p=1, =2 () : critical case and s=1.5, p=1, g=2

Caption for Figure 1:
Realizations with various values of parameters s, p and ¢, with C' = 1 and n = 2'? = 4096 plotting
points. The critical case is illustrated by (a), (b), (d), (e) and (f) and the regular case, by (c). (a):
s=12,p=1,¢=2;(b): s=12,p=1,¢=3;(c): s=12,p=1,g=2; (d): s=12,p=2,9=2;
(e):s=12,p=2,g=3;(f):s=15,p=1,¢=2.



