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RATES OF CONVERGENCE FOR THE POSTERIOR
DISTRIBUTIONS OF MIXTURES OF BETAS AND
ADAPTIVE NONPARAMATRIC ESTIMATION OF THE
DENSITY

By JupiTH ROUSSEAU™,
Université Paris Dauphine and CREST

In this paper we investigate the asymptotic properties of nonpara-
metric bayesian mixtures of Betas for estimating a smooth density
on [0,1]. We consider a parameterisation of Betas distributions in
terms of mean and scale parameters and construct a mixture of these
Betas in the mean parameter, while putting a prior on this scaling
parameter. We prove that such Bayesian nonparametric models have
good frequentist asymptotic properties. We determine the posterior
rate of concentration around the true density and prove that it is
the minimax rate of concentration when the true density belongs to
a Holder class with regularity (3, for all positive 3, leading to amin-
imax adaptive estimating procedure of the density. We also believe
that the approximating results obtained on these mixtures of Betas
densities can be of interest in a frequentist framework.

1. Introduction. In this paper we study the asymptotic behaviour of
posterior components. There is a vast literature on mixture models because
of their rich structure which allows for different uses, for instance they are
well known to be adapted to the modelling of heterogeneous populations as
is used for instance in cluster analysis; for a good review on mixture models
see [11] or [12] for various aspects of Bayesian mixture models. They are
also useful in nonparametric density estimation, in particular they can be
considered to capture small variations around a specific parametric model,
as typically occurs in robust estimation or in a goodness of fit test of a
parametric family or of a specific distribution, see for instance [13, 14]. The
approach considered here is to density estimation, but it has applications in
many other aspects of mixture models such has clustering, classification and
goodness of fit testing, since in all these cases understanding the behaviour of
the posterior distribution is crucial. Nonparametric prior distributions based
on mixture models are often considered in practice and Dirichlet mixture
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2 J. ROUSSEAU.

priors are particularly popular. Dirichlet mixtures have been introduced by
[2, 10] and have been widely used ever since but their asymptotic properties
are not well known apart from a few cases such as Gaussian mixtures, trian-
gular mixtures and Bernstein polynomials. The papers [4, 5] and [16] study
the concentration rate of the posterior distribution under Dirichlet mixtures
of Gaussian priors and [3] consider the Bernstein polynomial’s case, i.e. the
mixture of Beta distribution with fixed parameters. The paper [14] consider
mixtures of triangular distributions, with a prior on the mixing distribution
which is not necessarily a Dirichlet process. In all those cases the authors
mainly consider the concentration rate of the posterior around the true den-
sity when the latter have some known regularity conditions or when it is a
continuous mixture.

Posterior distributions associated with Bernstein polynomials are known
to be suboptimal in terms of minimax rates of convergence when the true
density is Holder. An improvement is obtained in [9] based on a modification
of Bernstein polynomials leading to the minimax rate of convergence in the
classes of Holder densities with regularity 8, when 8 < 1. In this paper
we consider another class of mixtures of Beta models, which is richer and
therefore allows for better asymptotic results.

Beta densities are often represented as

xa41(1 __x)bfl
B(a,b) "’

['(a)T'(b)

B(a,b) = Tt

(1.1) g(zla,b) =

Here we consider a different parameterisation of the Beta distribution writ-
ing a = /(1 —€) and b = /e so that € € (0,1) is the mean of the Beta
distribution and « > 0 is a scale parameter. To approximate smooth densi-
ties on [0, 1] we consider a location mixture of Betas densities in the form:

k
(1.2)  gap(x) = Y Pidac;, () Gae (@) = g(zla/(1—€), a/e)),
j=1

where the mixing density is given by

k
(1.3) PO) = Y pyde, (o)

The parameters of this mixture model are then k¥ € N* and for each k,
(e, 1, ..-Pks €1, .oy € ). The prior probability on the set of densities can there-
fore be expressed as

dﬂ'(f) :p(k)ﬂ'k(Gl,....,€k,p1,...,pk’a)dﬂ'k’a(a% if f:gOé,P
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 3

or dr(f) = dn(P|a)dme(a) in the case of a Dirichlet mixture.

Determining the concentration rate of the posterior distribution around
the true density corresponds to determining a sequence 7, converging to 0
such that if

(1'4) BTn = {f S d(f, fO) < Tn}a

for some distance or pseudo-distance d(., .) on the set of densities and if X" =
(X1, ..., Xp), where the X;’s are independent and identically distributed from
a distribution having a density fy with respect to Lebesgue measure, then

(1.5) P™[B,,|X"] — 1,in probability.

The difficulty with mixture models comes from the fact that it is often
quite hard to obtain precise approximating properties for these models. The
papers [7, 15] give general descriptions of the Kullback-Leibler support of
priors based on mixture models. These results are key results to obtain the
consistency of the posterior distribution, but cannot be applied to obtain
rates of concentration. In these papers they use the Kernel structure of mix-
ture models. Among such mixture models location-scale kernels are widely
considered. Mixtures of Betas are not location-scale kernels. However, when
o gets large go . concentrates around e so that locally these Betas densities
behave like Gaussian densities. This behaviour is described in Section 3. Us-
ing these ideas we study the approximation of a density f by a continuous
mixture in the form

(1.6) dos@) = [ F(Oucle)ie

where f is a probability density on (0,1). When a becomes large gq ()
behaves locally like a location scale kernel so that g, ; becomes close to f.
Similarly to the Gaussian case this approximation is good only if f has
a regularity less than 2. However by shifting slightly the mixing density it
is possible to improve the approximation so that continuous mixtures of
Betas are good approximations of any smooth density, see Section 3.1. As
in the case of Gaussian mixtures, see [4, 16], we approximate the continuous
mixture by a discrete mixture. In [5] the authors derive a posterior rate of
concentration of the posterior distribution around the true density when the
true density is twice continuously differentiable. In particular they obtain
the minimax rate n=2/5, up to a log n term under the L; risk.

In this paper we show that the minimax rate can be otained (up to a
log n term) for any 8 > 0 by choosing carefully the rate at which « increases
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4 J. ROUSSEAU.

with n and considering a prior on « leads to an adaptive minimax rate of
concentration of the posterior. This result has much theoretical and practical
interest.

1.1. Notations. Throughout the paper Xi,..., X,, are independent and
identically distributed as Py having density fy with respect to Lebesgue
measure. We assume that X; € [0,1]. We consider the following three dis-
tances (or pseudo-distances) on the set of densities on [0, 1]: the L; distance:
If =gl = fol |f(x) — g(x)|dz, the Kullback-Leibler divergence: KL(f, g) =
fol f(z)log (f(z)/g(x))dz, for any densities f, g on [0,1] and for any k > 1
Vi(f,9) = fol f(x)log (f(x)/g(x))|" dz. We also denote by |g|o the supre-
mum norm of the function g.

H(L, 3) denotes the class of Holder functions with regularity parameter
B: let © be the largest integer smaller than 3 and denote by f() its r-th
derivative.

H(L,B) = {f :[0,1] = I;|f(x) — fT)(y)| < LIz —y/" "}

We denote by Sy the simplex: Sy = {y € [0,1]%; 3%, 4 = 1}.

We denote by P™[.|X"] the posterior distribution given the observations
X" = (Xy,...,X,,) and E™[.|X"] the expectation with respect to this pos-
terior distribution. Similarly £ and P} represent the expectation and the
probability with respect to the true density fggm and E}L and Py the expec-
tation and probability with respect to the distribution f®".

1.2. Assumptions. Throughout the paper we assume that the true den-
sty fo is positive on the open interval (0, 1) and satisfies:
Assumption Ag If fy € H(B, L) there exist integers 0 < ko, k1 < [ such
that
& 0) >0, f*1) <o;

ko and ki denote the first integers such that the corresponding derivatives
calculated at 0 and 1 respectively are non zero.

This assumption is quite mild and ensures that fo(z) does not go too
quickly to 0 when x goes to 0 or 1 so that we can control the Kullback-
Leibler divergence between fy and mixtures of Betas.

1.3. Organization of the paper. The paper is organized as follows. In
Section 2, we give the two main theorems on the concentration rates of the
posterior distributions under specific types of priors. In Section 3 we present
some results describing the approximating properties of mixtures of Betas.
We believe that these results are interesting outside the Bayesian framework
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 5

since they could also be applied to obtain convergence rates for maximum
likelihood estimators. This section is divided into two parts. First we describe
how continuous mixtures can approach smooth densities (Section 3.1) then
we approach continuous mixtures by discrete mixtures (Section 3.2). Finally
Section 4 is dedicated to the proofs of Theorems 2.1 and 2.2.

2. Posterior concentration rates. In this section we give the two
main results on the concentration rates of the posterior distribution around
the true density. We first consider the case of a varying number of compo-
nents, which we call the Adaptive prior and then we consider a Dirichlet
mixture also leading to an adaptive rate of concentration on a more restric-
tive class of densities. In both cases a diffuse prior on « is considered. Finally
a non adaptive rate is obtained by considering a deterministic sequence «;,
increasing to infinity. We consider a concentration rate in terms of the L;
distance, however the results can be applied to the hellinger distance as well.
We first describe the Adpative prior.

Adaptive prior : let f = g, p and P = Zle pide, the mixing distribution

then
k

dr(f) = p(k)dmy 2(p1, ..., k) H Te(€5)Ta () daudey ... . dey,.
j=1
For all & > 0, dm 2 has a positive density 2 with respect to Lebesgue
measure on the simplex Si, which is bounded from below by a term in
the form c’f. Conditionally on k, the €;’s j = 1,...,k are independent and
identically distributed with density m. which satisfies

arel (1 — )l > mo(e) > azel (1 — )T, Ve (0,1),

for some a1,a9 > 0 and T > 1. We consider the following conditions on the
prior 7,: m, is bounded and for all b1 > 0, there exist ¢1, co,c3, A > 0 such
that for all u large enough,

Cpa1/2
Ta(C1u < o < cou) Ce b1v

>

Ta(csu < o) < Cembru'’?
Tala < e %) < Ce b,
Let L(k) be either equal to 1 for all k or L(k) = log(k). The distribution

on k satisfies the following condition: there exist ai,as > 0 such that for all
K large enough

e—alKL(K) Sp[kﬁ — K] < 6—a2KL(K).

Note that if \/« follows a Gamma distribution with parameters (a, b) with
a > 1 then the conditions on 7, are satisfied. We have the following theorem:
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6 J. ROUSSEAU.

THEOREM 2.1. Consider an adaptive prior, as described above, then
the posterior distribution satisfies: for all > 0 and fo € H(B, L) satisfying
assumption Ay,

PTBE X = op(1),  with
Ty = Ton_ﬁ/(25+1)(log n)55/(4ﬁ+2) if L(k) = log(k)
7 = 1o~ 0D (10g )P/ UBFDFL2 - yr (k) =1

The prior does not depend on 3 so that the procedure is adaptive and
optimal up to a logn term since for each 8 > 0 the rate n=5/(26+1) ig the
minimax rate of convergence in the class H(3, L).

Dirichlet mixtures form an alternative to the above prior, which is often

considered in practice since they lead to efficient algorithms and have in-
teresting properties for classification models for instance. We now present
the asymptotic concentration rate of the posterior based on the following
Dirichlet mixtures of Beta densities.
Dirichlet prior The mixing distribution P follows a Dirichlet process D(v)
associated with a finite measure whose density with respect to Lebesgue
measure is denoted v and is positive on the open interval (0, 1). Assume also
that v is bounded and satisfies

v(€) > v (1 - &M

The prior on «, 7, has support [n!, +00), for some 0 < ¢t < 1 and satisfies:
for all by > 0, there exist c1,co,c3,C > 0 such that for all «,, satisfying
ann*t — 400
Ta(Clan < a < coay) > Ce brvon
Ta(csan < a) < Cet1ven,

Note that if \/a 2t 4+ I'(a,b), with a,b > 0 then the above condition is
satisfied.

THEOREM 2.2. Consider a Dirichlet prior then the posterior distri-
bution satisfies: for all fo € H(B,L) with B > 0 and satisfying assumption
AO;

P [B: |X"] =op(1), with
Tn = 1on B/ (1og n)38/ A+ - ir 3 <1/t —1/2
Ty = Ton_1/2+t/4(logn)(6ﬁ+1/2)/(2ﬁ+1), if 6>1/t—1/2
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 7

So the Dirichlet prior implies a minimax adaptive rate of concentration
on the densities with regularity 5 < 1/t —1/2. By choosing ¢ small this class
of functions is quite large, with small loss in the rates of convergence.

We could have considered @ = «,, deterministic and increasing with n,
which would have implied the following non adaptive posterior rate, depend-
ing on ay,.

COROLLARY 2.1.  Consider a prior belonging either to the class of adap-
tive priors or to the class of Dirichlet prior as described above, apart
from the fact that o« = v, = o(n) is deterministic. Then if fo € H(B,L) and
satisfies assumption Ag

P™ B |X"] =op(1), with 7, =T(log o) [P v (Va log o /n) ']

In particular, if a,, = n?/ @+ (logn)=3/(2F+1) we obtain the minimax
rate (up to a logn) term 7, = ron~5/(26+1) (log n)%8/(48+2) Note that deter-
ministic sequences ., lead to non adaptive concentration rates.

These results imply that for any 8 > 0 the optimal rate, in the minimax
sense, is obtained. Hence the above mixtures of Betas form a richer class of
models than the Bernstein polynomials or the mixtures of triangular distri-
butions who lead at best to the minimax rates for g < 2. It is to be noted
however that Bernstein polynomials and mixtures of triangular densities
have other interesting properties and are in particular easy to simulate.

Corollary 2.1 shades light on the impact of a,, as a scale parameter. It can
thus be compared to the scale parameter o,, which appears in Dirichlet mix-
tures of Gaussian distributions. Interestingly [17, 18] also study the impact
of scaling factors in non parametric priors constructed as scaled Gaussian
processes, and as in our case, considering a random scaling factor allows for
adaptive, minimax concentration rates.

In Section 3 we see that the key factor leading to such a rate is the
possibility of approximating any fy € H(L, 3) by a continuous mixture in the
form g, ; with an error of order o, B for some density f close to fy but not
necessarily equal to fy. An interesting feature leading to this approximating
property is that g,, . acts locally as a Gaussian Kernel around e. However
the interest in the Bayesian procedure compared to a classical frequentist
kernel nonparametric method comes from the fact that we do not necessarily
need to approach fo by ga,,f,, which would have constrained us to 8 < 2.
Indeed if necessary we can consider a slight modification f of fy such that
Jan,f approximates fo with an error of order ay, B for all 8. This is described
in the following section.
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8 J. ROUSSEAU.

3. Approximation of a smooth density by continuous and dis-
crete mixtures. A beta mixture, as defined by (1.6) behaves locally like
a Gaussian mixture, however its behaviour seems to be richer since the vari-
ance adapts to the value of x, see Lemma 3.1. In this section we obtain a
way to approximate any Holder density f by a sequence of continuous and
discrete mixtures. We begin with approximating the density by a sequence
of continuous mixtures and then we approximate the continuous mixtures
by discrete mixtures.

3.1. Continuous mirtures. We consider a continuous mixture g, as de-
fined in (1.6). This mixture is based on the parameterisation of a beta density
in terms of mean € and scale «. The idea in this section is that when « be-
comes large the above mixture converges to f if f is continuous. We first
give a result where the approximation is controlled in terms of the supre-
mum norm, which has an intrinsic interest. We also give a bound on the
approximation error for Kullback-Leibler types of divergence, which is the
required result to control the posterior concentration rate.

THEOREM 3.1.  Assume that fo € H(B,L) and satisfies assumption Ay,
with B8 > 0. Then there exists a probability density fi1 such that

-1,
fi(@) = folx 1+Z m if8>2 fi(z)=folx) ifB<2

where the w;S are combinations of polynomial functions of x and of terms

in the form fél) (2)z! (1 — 2)'/ fo(z), 1 < 4, and

(3.1) Hga,fl — foloo < Ca P/

log < )
7f1

Note that if we do not allow f; to be different from fy we do not achieve
the rate a=? to be true for values of 8 greater than 2. We believe that the
trick of allowing f; to be different from fy could be used in a more general
context of Bayesian mixture distributions (or Bayesian Kernel approaches
as defined in [7]) inducing a greater flexibility of Bayesian kernel methods
with respect to frequentist kernel methods.

and for all p >0

< Ca™?

(32)  KL(fo,ga,p,) < Ca™” /fo
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 9

A Beta density with parameters (a/e, /(1 — €)) can be expressed as

z) = :L,a/(l—e)—l — afe—1 F(O&/(G(l — 6)))
) L N - ay

From this we have the following three approximations that will be used
throughout the proofs of Theorems 2.1, 2.2, 3.1 and 3.2. Let

(3.3) K(e,x) =€elog(e/z) + (1 —e)log ((1 —¢€)/(1 — x)),

this is the Kullback-Leibler divergence between the Bernoulli ¢ and the
Bernoulli x distributions. Then

LEMMA 3.1.

aK(e,x)
\/a T Te(1—e)

b]
(34) gae(z) = me

i?+0m*“%r

J

k
1+
=1

for any k > 0 and o large enough, where the b;(e) are polynomial functions.
For all k > 0,k > 3, we also have,

_ Va
Garel@) = V2rz(l — ) %

ot [ (oo (=) )

LIy
1+Z ]
j=1

;?+Om<“%r

(3.5)

where By < aCle — /" ~2(z(1 — ) 42,

z—e \ 2O (@—e)
% (5=5) = 5 o

and the functions C(x),Ci(z) I < k1 are polynomial, where x. € (x,€) and

C is a positive constant. Moreover, when alx — €3 < Coz3(1 — x)? for any
positive constant Cy, if ke > 0 and if k1 > 3V 3ky there exists C1 > 0 such
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10 J. ROUSSEAU.

that
Va _2a2(9(51_j)2)2
ga,e(l’) = 271',1'(1 _x) %
ko o’ (.CC _ 6)3J e ;
(jz_;)]'(x(l )3 {C(x)Jerl( (1_:6))} +R) X
(3.6) 1+ 3 bg;) + O(a—(k+1))] 7
j=1

where |R| < Clozk2+1|x _ 6‘3(k2+1)($6(1 - xe))_3(k2+1).

Note that the term O(a~*+1)) appearing in (3.4), (3.5) and (3.6) is uni-
form in x and e.

PROOF. (Proof of Lemma 3.1) The proof of (3.4) follows from the expres-
sion of the Beta densities in the form:

@ = De/el=a)e/izo( - gl alle)
oe = T(a/e)T(a/(1—¢)) 20=2)

and from a Taylor expansion of I'(y) for y close to infinity where we obtain
that

T(a/(e(1 —€))) B ﬂex Y log(e)  log(1 — 1—6
e~ vaor (o [T+ D(”Zb )

-1 -1
> > (1—e)
J= J=

where the b;’s are the coefficient appearing in the expansion of the Gamma
function near infinity, see for instance [1]. Putting the three remaining terms
together results in: for all £ > 0
N -1
€)
] )

(1+Zb Ej) <1+Zb >_1(1+ibj(1

af(k+1))
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 11

where the b;(e)’s are polynomial functions with degree less than 2j. This
implies (3.4). To obtain (3.5) we make a Taylor expansion of (3.4) as a
function of € around =.

K(e, x) (€ — x)?

k1
G0 = - T RO ag g

where Ry < R|x — ¢/M1H /(2 (1 — z))"**! for some x. € (,¢), leading to
(3.5). A Taylor expansion of e¥ around 0 combined with the above approxi-
mation of y leads to (3.6). O

To prove (3.1) we control the difference between the uniform density on
[0,1] and the corresponding beta mixture g, = fol Ja,cde. This is given in
the following Lemma.

LEMMA 3.2.  For all a > 0 large enough, for allky > 1 and ky > 3(ka—1)
define

ka2 C(2) 11ms k2k1B .
@)=Y S e Y T = ENO.1)

Jj=1

then
I(z)

Hga(m) —-1- THOO < Caf(k2+1)/2(10g a)3(k2+1)/2

where the By(x)’s are polynomial functions of x.

The proof of Lemma 3.2 is given in Appendix A. We now prove Theorem
3.1.

PROOF. (Proof of Theorem 3.1). Throughout the proof C' denotes a generic
positive constant. Let f € H(3, L) and denote r = |3]. Then Ve € (0, 1),

J

j) A
ET P,

L
(3.7) |ﬂd—§:f
=0

The construction of f is iterative. Let §; = doz(1 — x)+/log a/a. We bound

1 T—04 1
/ |z — e\ﬂgave(x)de < ’/ Ga,e(x)de + / Jae(x)de
0 0 T4+,

z+0,
[ e - P gala)de
T—0z
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12 J. ROUSSEAU.
Equation (A.6) implies that for all H > 0, if dy is large enough, the first
term of the right hand side of the above inequality is O(a™ ). We treat the

second term using the same calculations as in the case of I3 in Appendix A
so that, for all £ > 0

z+0,
/ o= egada)de < CamHat (12 BN, ))) + O(a )
Therefore
1
/ |z — €|’gac(x)de = O P?2P(1—2)%) +0( ), VH>0
0

uniformly in z. Then for all H > 0,

Tt (g) 1 .
gos = 1) = 355 [Lte Y goulalie - 1a)ai) =
+0( BB — 2)%) + O(a™ M)
= Zf / e—x)jgave(a:)de—i-f(w)liéx)
j=1

—I-O(a_ﬁ/Q:Eﬁ(l — 2P o),

Uniformly in z, for all H > 0. Using the same calculations as in the com-
putation of I3 in the proof Lemma 3.2 we obtain for all j > 1, to the order
O(a= BHitD/220(1 — 2)7 4 o~ )

1 .
/0 (€ — x) ga,e(x)de
+0z a(z—e)?
— L /I 67212((1—1)2 X
X

2rx(1 — x) 8z
(a:—e +l§;] )3”] [ (@) + Qn, (x(‘rl__‘;)ﬂl) de
= 201 —2) 4 Z +11/2_ x)J,

=

so that we can write

/01(6 — x)jga,e(a:)de

J(1 — 1) . . .
= PP (@) + Ola™ 4D/ (1 2 4 o H)
(6
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 13

where (1, (2) is a polynomial function of x with the leading term being
equal to ji;. We can thus write, to the order O(a™%/22%(1 — 27) + a=H)

(] $J —x P T
(38)  lgas - f Zf L= ) itial®) | 5 1@)

|a]/2 [0
Hence if g < 2, since u; = 0,

s — @) < V=IO 4 00072004 09)) + 00~
(3.9) = 0(a™9/?),

as soon as H > (3/2, leading to (3.1) with f; = f. If § > 2, We construct a
probability density fi satisfying

(Gofi = N@) = O(a P21 —2)%) + O(a™ ).

Equation (3.8) implies that fi needs satisfy, to the order O(a~1),

Z fl xﬂ 1—x) Mj@(x) () (1 i IS’)) _ f(aj)—FO(a_ﬁ/Q:Lﬂ(l_xﬂ))‘

'a]/2

To prove that such a probability density exists we construct it iteratively.
Let 2 < B < 3, then set

@), a(l= o) @)Cps _ 201 =) (@

« o 2

Note that if f € H(L, ), then inf f > 0 implies h; > 0 for « large enough
and if f(0) =0 (f(1) =0), when =z is close to 0 (resp. 1), if

/(@)
(1= )| fO(a)

hi > 0 for a large enough on [0, 1]. Assumption Ag implies the above relation
between f and fU) since

lim inf >0, 7=1,2
x

o akopko)(z) I(x)\ 2™ =) f%) (29)C(x)pa
() = o! (1 T o ) - (ko — 1)
ko1 — )2 r(ko) (7
(3.10) _ (12a(110f_ - 3)H2
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14 J. ROUSSEAU.

with &1, 9, Z3 € (0,z). Since f*0)(0) > 0, hy(z) is equivalent to f(z) for
a large enough and x close to zero and hy(z) > 0 for all x € (0,1). Let
= fol hi(x)dz. Since fol[ga,f — fl(z)dx =0,

c1 =1+ O(a_(g/z/\ﬁ/Q))

and we can divide h; by its normalizing constant and obtain the same result
as before, so that hj can be chosen to be a probability density on [0, 1].
From this we obtain when 3 > 2

=2, 0) |
o~ D) = [ (Z i )<e—x>ﬂ) goc(a)de

=7

x " 2\ [He — 2) gy (2)de

—}-hl(l’)ﬂ + Z (f(x) . I( )) fo( )>|g , ( )d

@ j=r—1 @ J:

+0(a P28 (1 — z)P)

= w(xo)é;‘(m) + 0”281 — )Py + O(a™ ), VH >0

where w(x) is a combination of polynomial functions of x and of functions
in the form 27(1 — )7 fU)(z) with j < 3 if 8 < 4. If 8 < 4 then we set
fi = h1 (renormalized) else we reiterate. We thus obtain that if r3 is the
largest integer (strictly) smaller than 3/2

lrs] w(a:)
fi@) = f(a) (1 +y a)
j=1

where w;(x) is a combination of polynomial functions and of terms in the
form fO(x)2t(1 — x)!/f(x), I < 2j. Assumption Ag implies that f; can be
chosen to be a density when « is large enough and satisfies

Hga,h - f”OO < CO‘_ﬂ/Q'

which implies (3.1).

If f is strictly positive on [0, 1] then (3.2) follows directly from (3.1). We
now consider the case where f(0) = 0 (the case f(1) = 0 is treated similarly).
Under the assumption Ag, the previous calculations lead to

(o py — (@) = O(f (@) %) + O(a™™), VH >0.
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 15

Note also that for « large enough, f; is increasing between 0 and ¢ for some
positive constant o > 0 so that if z is small enough,

+0g a(zfe)z
Jo fr > fl(x)\/a/m e 262(1-2)2) d¢
’ 2V2rx(l —z) Ja
(3.11) _4%?

so that go. f, > f/8 on [0, 1]. Therefore, since f(x) = f*0)(0)zo /ko! 4 o(z*0)
when z is close to 0, let H > 3 and ¢ = coga /%0 for some constant ¢ large

enough, we have
a—H
)| — || d
°g< F@ )|

KL(f, ga,f,) < 10g2/f Ydx + o~ 5/ f(z daH—/
< C(a ot/ 4 o704 o= 1) = O(a”?).

Similarly for all p > 0, if ¢, = coaH/ (Pko)

[ 5@ M0g(f @) g @)P o < (log2) /(f”f(x)dmmpﬁ IR

ofH P
< C (a—QH(k0+1)/(Pk0) +a PB4 a—H)

= O(CV_B),

if H > pB. This achieves the proof of Theorem 3.1. O

In the following section we consider the approximation of continuous mix-
tures by discrete mixtures in a way similar to [4].

3.2. Discrete miztures. Let P be a probability on [0, 1] with cumulative
distribution function denoted by P(x) for all € [0,1]. We consider a mix-
ture of Betas similarly to before but with general probability distribution P
on [0, 1]

Jo,p(T) = /Olga,e(a:)dP(e).

Let f be a probability density with respect to Lebesgue measure on [0, 1], in
this section we study the approximation of g, by g, p Where P is a discrete
measure with finite support.
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16 J. ROUSSEAU.

The approximation of discrete mixtures by continuous ones is studied in
different contexts of location scale mixtures, see for instance [4] or [8] (Ch 3)
for a general result. Betas mixtures are not location scale mixtures however,
as discussed in the previous section when « is large they behave locally like
location scale mixtures. In this section we use this property to approximate
continuous mixtures with finite mixtures having a reasonably small number
of points in their support.

THEOREM 3.2. Let f be a probability density on [0,1], f(z) > 0 for all
0 < x < 1 and such that there exists ki,ko € IN satisfying f(z) ~ xFocg,
if £ = o(1) and f(1 —xz) ~ (1 — z)*¢y, if 1 — 2 = o(1). Then there exists
a discrete probability distribution P having at most N = Ny/a(log a)3/2
points in its support such that, for all p > 1, for all H > 0 (depending on
My), for a large enough,

1
(3.12) /0 Ja.f

9a,P

P
log (%f)‘ (z)dx < Ca™ 1.

We can choose the distribution P such that there exists A > 0 with p; > a4
for all j < N.

We use this inequality to obtain the following result on the true density

Jo-

COROLLARY 3.1. Let fo € H(L,5), B > 0 be a probability density on
[0,1] satisfying: fo(x) > 0 for all 0 < = < 1 and such that there exist
ki,ko € IN satisfying |f*0)(0)| > 0 and |f*)(1)] > 0, ko, k1 < (. Then,
for all p > 1 there exists a discrete probability distribution P having at most
N = Nyva(log «)3/? in its support, with Ny large enough such that

(3.13) KL(fo, ga.p) < Ca™P, Vy(fo,gap) < Ca™

PrOOF. (Proof of Corollary 3.1)
From Theorem 3.1 there exists fi positive with f; = fo(1 4+ O(a™1)) and

I<L(jbagaJl)f;(ja4ﬂa Jo, fr > fb/8'

This implies that

KL(fo,9a,p) < XKL(f0,9a,p)+ ‘/fo(ﬂf) 10g (9o, f1/9a,p)(x)dx

log <ga’fl>
gan
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 17

The same calculations apply to fol fo(2) log(fo(z)/ga,p(z))|P dz < Ca=P,
which achieves the proof of Corollary 3.1. O

PrROOF. (Proof of Theorem 3.2). The proof follows the same line as in
[4], except that we have to control the approximations in places where the
Gaussian approximation to Betas cannot be applied. Throughout this proof
C denotes a generic positive constant. We first bound the difference between
both mixtures at all . By symmetry we can consider = € [0, 1/2]. Consider
the following approximation of the exponential: for all s > 0 and all z > 0,
s (_1) Jd s+1

efz—z

= 7

~ (s+ 1)

(3.14)

Equation (3.5) implies that for all k& > 1,k; > 3, there exist polynomial
functions of x, D;(z), | < k1 and polynomial functions of €, b;(€), j < k such
that if |[x — €| < Mdogv/log ax(1 — x)//a, and setting

z —e)a M2 py(2)(x — ¢!
0<z:2§:2(1_)96)2 (1+ ; ;:(l(i(—:u)l)) < CM?log(a).

o) = —Lo2 <1+ibﬂ'(?)+0(a—<k+l>)),

2rx(l — x) 0 o

where |Ry,| < aCa~*1/2t1/2(log a)¥1/2. Consider ¢y = a0, for some posi-
tive constant ¢y and €; = o(1 + M+/loga/\/a)’, j =1,...,J with

tolog (o) + 2log(log(a))

7= g1+ divogava) | 1= 0 (Vavioea).
Define dF; and dP; the renormalized probabilities dF' and dP restricted
to [€j,€j41) set H > 0. Consider ky —1 > 2H and k& > H — 1/2 and
x € [€j—1,€j42], § > 2, using (3.14) together with the above approximation
of ga.c, we consider the moment matching approach of [4] (Lemma A.1) so
that we can construct a discrete probability dP; with at most N = 2kk1s+1
supporting points such that for all I < 2skq,l’ < k,

/ by (e)d(Fj — Pj)(e) = 0,
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18 J. ROUSSEAU.

leading to
€j+1 C VaCs M2+ Jog ot _H
¢ F; — dP; <
/6]_ gac(@)ldF; —dBjJ(e) < T l TES] e
_ 0(™)
(3-15) —_ m’

if s = sgloga with sg > C?M* + 1 and sglogsg > H. Moreover for all
x < €j—1 using equation (3.4) and the fact that

M?(log a)e(1 — ¢)

aK(e,x) > aK (e €5) > 3 ,

when €11 > € > €;, we obtain

C 2
< —cM=loga
gOA,G(:I") — LE(l—ZE)e )

for some positive constant ¢ > 0. A similar argument implies that if z > €;49

c 2
< —cM~log«
gOé,6("B) — SU(]_*(L')B )

for some positive constant ¢ > 0. Hence, by constructing P in the form: if
ejr2=1—¢€p

J
dP(e) = (F(ej11) — F(e;))dPj(e) + F(€0)d(eg) + (1 — Fle742))0(c, )
=0

we finally obtain for all x

1 COé_H
(3.16) [ secttar —aro) < .

where P has at most N, = Ny(log @)®/2\/a, for some Ny > 0 related to H.
We now consider = < eg(1 — M \/log /). We use the approximation (3.4).

CVa oK)/ (co(1-a)) -1
e — aK(ep,x)/(e € 1 )
foal®) = e (1+0(™)
Since, when z < €,

K(éo,l‘)

ey S )™ (log(eo/2)
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 19

we obtain O VaF (eo)
> —alog(co/x) ¥V (€0)
Ga,p(w) 2 € z(1—x)

and, using the above inequalities on go (x) for < €;_1 we have
Ja.p(r) < Ca /(1 —2),

where H depends on M, so that
log (9a,p(z))| < Callog (2)].

Since gq, ¢ is bounded (as a consequence of the fact that g, s — f is uniformly
bounded whenever f is continuous), and since u|log(u)|P goes to zero when

u goes to zero,
p
log 7ga’f(x) dx
9or,p(7)

IN

€0
/ Ga,f() Ca™t 4+ Cat (log a)?
0

(3.17) = O(a"™(loga)?).

Note also that if « is large enough,

Ja.f(x) = f(x)/4

so that g, f(z) > caxko(1 — 2)* for x close to 0 and for all z € (€9, 1 — €p),
for all H >0
90,5 (%) — ga,P(2)] a” M < Co Htto(l+koVkr).
Ja.f () Tl (1L — )kttt 7

So that if H > t()(l + ko \/kl) +B/p, with B > 0,

/0 1 9ot ()

as soon as ty > B. Moreover, we can assume that there exists a fixed A such
that for all j, p; > a4 = v. Indeed let I, = {7;p; < v}, then consider for
j ¢ I,, pj = cp;j and for j € I,, pj = cv where c is defined by Z}]:1 pj = 1.
This implies in particular that

p
log 9as () dz < Ca™(loga)? + Ca™B = O(a™P).
ga,P(x>

le— 1] < vJ < Joa~ 1 2(log a)?/2.
Let P = Z}-Izop}-&j(e) then g, 5 > cga,p and if A —1/2 > B,
KL(9a,1:9,.5) < CaB 4+ |loge| < C'a™B.
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20 J. ROUSSEAU.

Also
/|ga’15 _ga,P| < afAJrl/Z(lOga)B/Q’

hence if A is large enough inequality (3.16) is satisfied with P instead of P.
Since pg = Fl(eo) > F[)(EQ)/4 and FQ(EQ) > Oé_tokoc, by choosing A > toko
we obtain that 0 ¢ I, and

ga 1—3(1’) Z ga,&o(x)F(EO), Ve < €0

)

so that (3.17) is satisfied with P instead of P, which leads to: For all B > 0
there exists a distribution P having less than Nyy/a(log a)?/? points in its
support, satisfying: p; > a~4 for some A > 0 and all j and such that

(32
ga,P

which achieves th proof of Theorem 3.2. O

(2)dz = O(a™"),

Note however that A depends on B and so does Nj. Note also that this
result could be used to obtain a rate of concentration of the posterior dis-
tribution around the true density when the latter is a continuous mixture.

In the following sections we give the proofs of Theorems 2.1 and 2.2

4. Proofs of Theorems 2.1 and 2.2. To prove these theorems we use
Theorem 4 of [6]. In particular let p > 2 and following their notations define

B*(fo,7,p) = {£;KL(fo, f) < 7%V, (fo, f) < 7P}

We also denote J,,(7) = N(7, Fy, |.|1) the L; metric entropy on the set Fp,,
i.e. the logarithm of the minimal number of balls with radii 7 needed to
cover F,, where F, is a set of densities that will be defined in each of the
proofs. The proofs consist in obtaining a lower bound on 7(B*(fo, Tn,p))
and an upper bound on J,(7,) when fy belongs to H(3, L).

4.1. Proof of Theorem 2.1 . Assume that fy € H(G,L) and let 7,, =

Qo b/ 2, with «, an increasing sequence to infinity. We first bound from below
m(B*(fo, Tn,p)). Let a € (cram,coan), 0 < ¢ < cg, using corollary 3.1
there exists a probability distribution with N,, = No+/a(log «)?/? supporting
points such that

KL(vaga,P) S Ca_ﬂv VED(fO).ga,P) S CO[_/B

imsart-aos ver. 2007/12/10 file: AOSbetamixfinal.tex date: May 14, 2009



POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 21

with P of the form: i
P(E) = ij55j (6),
=1

¢; € (@ Ploga) P~ 1-aP(loga) ) andp; > a A forall j = 1,..., N,
and some fixed positive constant A. Set ¢g = a P(loga)™#~!, then ¢ >
€g- Consider dP'(¢) = Z?le;ﬁe;(e) with [€; —¢;| < aa™¢;(1 — ¢;) and
pj —p;\ < aa_71+1/2pj, for some positive constant ; > 1/2. Note that this
implies that [p} — p;| < 2ao¢"yl+1/2p;~. Then

(41)  KL(fo.gor) < Ca '+ | o) log l%] iz,

For symmetry reasons we work on =z < 1/2. Let M,, = My/log o/+/cr, when
|z — €j| < Mpe;(1 —¢;), then Lemma B.1 implies that

ga,Ej ((E) - 1

ga,e;

= O(a~""12 /loga),

by choosing ko > 27, —1 and k3 > v1—1/2. Set By > 0 then for all x > e Poon
and all j" such that [z — €j| > Mye;(1 — ¢;); since €;(1 — ¢;) > a~* /2 with
to > (3, Lemma B.1 implies that if v; > tg + 5+ 2

gOé,Ej (x) _ 1

ga,e;.

< OB M2t = O(a™P)

This implies that if x € (e*ﬂoo‘, 1— efﬁoa%

kn kn / _
go,p(T) 14 2521(Pj — P))ase; n 2jt1PiGa; ~ Gac;)
o, () S5 e 51 PG
(4.2) = 1+0(a ).

Now let x < e then |z —¢;| > ¢;(1—¢;)/2 for all j =0, ..., N,, and there
exists ¢ > 0 independent of Jy such that

. Ja . Ja
< ca , < ca
goz,P(x) S € x(l — .CC)7 Ja,P (1‘) e 1’(1 — l’)
Note also that Ja
o _ aK(ex)
> -y e(l—e)
Goc(®) 2 Cm(l — a:)e
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22 J. ROUSSEAU.

where

e o

- log(e/x) + élog(l —€)+ % + o(x/e))

< « (1 i - log(e/x) + %10g(1 —€)+ f) +o(1).

Consider the function

1 1
h(e) = 0 log(e/z) + - log(1—¢€)+ %,

—€
since x < |log(1—¢)| for all € € (ep, 1 —€g) h is increasing and for all € < 1/2,
h(e) < 2|log(z)| 4+ O(1). This leads to

(4.3) gop(®) > CP(,1 /2])36(1\7:%%)62a10g<x>_

The same inequality holds for g, ps, which implies that

/ e

The same kind of inequalities are obtained for > 1 — e~ Finally we
obtain

P
log 7ga’P($) de < CaPtle o yp>1
ga,P’(x)

(1.4) [ aoo

o) 790’]3(36) ’ Tr = a b
1g<ga,pf(fc)>‘ ! O™

Note that if [p} — p;| < a~P#=4 then Ip; — pjl < a Pp; so we need only
determine a lower bound on the prior probability of the following set under
the adaptive prior: set Fy < 1/2

Sn = 1{p € Sw,i IPj—pjl < 0,774 j < Nabxf{lej—€)| < 0,2 lej(1-¢5), 5 < Ny}
The prior probability of S,1 = {p’ € Sn,;|pj — pj| < P4, < Nu}is
bounded from below by a term in the form

a;Ck"

The prior probability of S,2 = {|e; — €| < a, 7 ei(1 — €),j < N} is
bounded from below by a term in the form

Nn,
[Tlej(1 = )T 2O+ > o 2 BEFDH,

=1
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 23

Since N,, < C'Ny/a,(log an)3/2, for all « € [c1an, caay], together with the
condition on ag, we obtain that there exists C; > 0 independent of IV,, such
that

(4.5) 7(B*(fo,Tn,p)) = e~ NnCilogn,, > efclNO\/@(logan)wz'

Set a,, = agn? 28+ (log n)=5/(2B+1) then 7, > mon =P/ (2A+1) (1og n)58/ (45+2) =
€n.
We now determine an upper bound on the entrop% on some sieve of the
nl

support of the adaptive prior. Denote agp, = e~ 24D (log n)SP/ 25D 4 q
a1 = agn?/ (2841 (log n)?0/(28+1) and set

fn,a = {(P,Oé);k? < k;wQOn <a< Q1n; €5 > EOan}

with ag, ¢ > 0, k&, = kin/25+D (logn)9 with g5 = 56/(28 + 1) if L(k) = 1
and gg = (36 —1)/(26 + 1) if L(k) = logk in the definition of the prior on
k and ¢ is defined by

co = exp{—an'/F*1) (1og n)>#/(25+1)}

Since 7, is bounded, for some ¢ > 0,
2
7'('(.; ﬁ,a) < e n.

To bound the entropy on F;, , we use Lemma C.1 with the following param-
eterisation: Write a = a/(1—¢€),a’ =/ /(1—€), b= a/eand b/ = o/ /¢ and
consider p > 0 small enough, then if |’ —a| <7 <aand [V —b| <19 < b,

2@ N1 —2) 7 B(a — 1,0 — 1)
Bla—71,b— ) B(a,b)

ga! € (37) <
so that
B(a—11,b— 1)
B(ad', )
Consider first o < 2e A (1 —¢). If

S<l+7m= |ga’,e’ _goc,e‘ < Tp.

(4.6) le — €| < prpe(l —€), |a—d| < pra

then using case (i) of Lemma C.1 and simple algebra we obtain
9o e = el < 4pTn.

We now consider the o, €’s such that 2(1 —¢€) < a < 2e. If

/ Tne(l —€) apty,

D le—dl<r iy YIS o)
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24 J. ROUSSEAU.
then using case (ii) of Lemma C.1 and simple algebra we obtain

9o et = Gl < 207,
for some p’ > 0. Last we consider the case where o > 2e VV (1 —¢). If

pTae2(1 — €)?

og (a/e(1—¢€))’

then case (iv) of Lemma C.1 implies

pe(l —€)m,
alog (a/e(1 —€))

(48) le—¢| < a—d| <

|90 ,e — Gasel < 20",

for some p’ > 0. Therefore the number of intervals in a needed to cover

(e‘”l/mﬂ)(lo gn)?/ D ) < agn? A1) (1og n)108/(28+1)) is bounded by

J; < CnP € 1< gpPelatn n!/ D (log n)50/ (20+1)

9

where C, D are positive constants. We now consider the entropy associated
with the supporting points of P. The most restrictive relation is (4.8).

Let en]—eo/ Jj=1,..,J with
ant/ ) (log n)>8/ 26+ q!,
tlogn Okt

so that €, 7 = n~t. Let P = 3% | piga.; and N, ;(P) be the number of
points in the support of P belonging to (e j, €n, j+1)-

The number of intervals following relation (4.8) needed to cover (€, j, €n j+1)
is bounded by
_ [log(en,j+1) — log(en,y)]n™

€n,j

Inj =
for some positive constant D; independent of ¢t. The number of intervals
following relation (4.8) needed to cover (n~% 1/2) is bounded by J,, j41 =
n'T1(logn)? for some positive contant ¢. For simplicity’s sake we consider
D1 = Dy. We index the interval (n™%,1/2) by J+1. Consider a configuration
o in the form N, ;(P) = kj, for j = 1,...,J + 1 where >, k; = k < k],
and define 7, o(0) = {P € Fna; Nnj(P) = kj,j = 1,...,J + 1}. For each
configuration the number of balls needed to cover F, ,(o) is bounded by

In(o) = HJ+1 I J . Moreover the prior probability of 7, (o) is bounded by

J+1 kj
p .
"(Faa(@) STER+ D I] gy ped Scanjin—ajli<d
j=1 J
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POSTERIOR CONVERGENCE OF MIXTURES OF BETAS DENSITIES 25

for some positive consitant ¢ > 0 and p, j11 < 1. We obtain, since T > 1
and t > 2

An = Y7 (Faal0)yfIulo)

nt+DE 41/2 J (T+1)k; /2

1/2 nD1yki/2 €n,j+1
< MDY (kj+1+11/2H EPr (i 1 1)

T+1 ]k /2

6.
x [log(€n j11) — log(en,;)]/2 [1 T
€n.j+1

Since

J
T[] T(k; + 1)Y/2 < exp (klog(k + 1)) < eFloe(®
j=1
if tT" > 6 we have

ak;k;, logn[Tj—2]
oxp {_ 265G +1)

[(k; +1)1/2

J exp {_ tTkj3log n }
< Ck leF k+]. 1/2
; 1;[1 D(k; +1)1/2

Ay

AN
Q
>
F
S
!
=
+
=
=
[N}
—

IN

CrpkDH/241/2)p (1 4 1)1/? exp{ iTk 108‘”} ﬁ
L +1)

IN

Cknk(D1+t/2+1/2)F(k+1)I/Qexp{ tT'klogn } klog ()
6
< ek(D1*Tt/6+t/2+1/2)logn

Hence by choosing 7, = 1on®/(?8+1(logn)%+! with 7y large enough the
above term multiplied by e "= goes to 0 with n, which achieves the proof
of Theorem 2.1.

4.2. Proof of Theorem 2.2 . The proof for the control of the prior mass
of Kullback-Leibler neighbourhoods of the true density under the Dirichlet
prior follows the same line as the proof under the adaptive prior. To find
a lower bound on 7(B*(fo, Tn,p)) we construct a subset of 7(B*(fo, T, p))
whose probability under a Dirichlet process is easy to compute. Consider
a € (crap,c20p) and the discrete distribution P(e) = Z;V:"Opjégj (e) with
N, = Nov/a(loga)?? and ™% = ¢y < €1 < ... < en, = 1 — a~* and such
that

KL(vaga,P) < Caiﬁv %(f079a7P) < Caiﬁ-
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26 J. ROUSSEAU.

The above computations (leading to equation (4.4)) imply that there exists
Dy such that if |e — €] < a~P1 we can replace Jae DY ga,e in the expression
of go,p without changing the order of approximation of fo by g, p. Hence
we can assume that the point masses €; of the support of P satisfy |e; —
€41l > a P j=0,...,N, . We can thus construct a partition of [eo/2,1 —
€0/2], namely Uy, ...,Uy, with ¢; € U; and Leb(U;) > 27ta, Pt for all
j =1,...,N,, where Leb denotes the Lebesgue measure. Let p > 0 and P;
be any probability on [0, 1] satisfying

(49) |P1(Uj)—pj| Spjoz_p, ijO,...,Nn

Then P1[60/2, (1 — 60/2)] >1—a~”. Since

~ 1—eo/2
g @) 2= [ gun @)am (o)
€0

and using (4.1) we obtain

KL(fo: o) < Ca™ + [ fo(@)108(g0.(2)/ Gy (@))da

Set p > 3, then similarly to before we obtain inequality (4.2) with g, p, in-
stead of g, pr- When x < e P we use the calculations leading to equation
(4.4) replacing g, pr with g, p,, wich finally leads to (4.4) between g, p and

n.p,- To bound [} fo(x) ‘log (gaf,(;ix()w)) ‘p dx, note first that

Go,P1 (%) = G,y (%) < P10, o] CVa(z(l — 2)) ™" < Ca™P 2 (2(1 - 2)) "

For symetry reasons we work on [0,1/2] and we split [0,1/2] into [0, e=50¢]
[e=P0% o] [€0,1/2]. Since

S fo(x) B CaH

VH >0
- 4 z(1—xz)’ ”

ga,P(x) > Jo,f1 — ’ga,fl — Ya,P

when z € (eg, 1/2) we have go p(x) > cfo(z) since fo(z) > Coz* near the
origin, for some positive constant c. Hence combining the above inequality
with (4.2) based on g, p and g, p,, we obtain that

Ca—p+1/2 a—p+1/2

~ < OC—FiF——
gn,py (2)3(1 — ) Jo(z)z(1 - z)
Co—P+1/2+(ko+D)to

IN

= O™y ifwe(e,1/2) p>B/p+1/2+ (ko+ it
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Moreover (4.2) implies also that for all z € (e =0 o *0)

i, 2 g p(0)/2 2 (o e0)* AT,

leading to

_ = —p+1/2 a—ko—1
10g 1 + ga,Pl (T) g’n,Pl (x) S log 1 + COC 60
Gn,py (z) /o

< Callog(z)], Ve (e 0% at).

Also, if < e~ using similar calculations to those used to derive (4.3)

\/a o0 log(z)
z(1—x)

we obtain
gn,p, > CPi([€0,1/2])

and

log [ 1+ JoFr (fC) A < Callog(z)|, Va<e P
gn,P1 (.17)

Finally we obtain
[ o

whenever to > 3 + p, which implies p > 5/p+1/2+ (8 + p)(ko + 1).

Under the Dirichlet prior, (P;(Uy), Pi(Uy), ..., P1(Un,)) follows a Dirich-
let (v(Uy),v(Uy),...,v(Un,)) with Uy being the complementary set of (U; U
..UUp,). Using the fact that v(U;) > Ca;,, 1P for all j we obtain that
there exist Dy, Cy > 0 such that

0 fol@) T a=? ' T
1g<gm( )>’d < O )+0f0()

< o, P(loga)? + O(a™?) = O(a™P)

5/2

w(Sp) > exp{—Da N, log(ay,)} > e~ C2Noy/an(log an)

The above inequality can be derived for instance from Lemma A.2 of [4]. Set-
ting o, = n?/ 20+ (log n) =%/ A+ implies that 7, > mon =/ (A1) (1og n)58/(48+1) =
€n-

We now bound the L; entropy for the Dirichlet prior. To do so, we use
the approximation of any mixture of Beta densities by a finite mixture and
we bound the entropy of a finite mixture. We cannot use the control of the
entropy for the adaptive prior however since it is based on the prior mass
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of partitions of sieves F,, ,(0), which is not easily controled under Dirichlet
priors. Let ¢y = exp{—a./am (log o, )%/?}, @, as above and define

Fn=A{F;Fleg,1 — €] >1— a;ﬁ,nt <a< an(logan)5}.
Under a Dirichlet v process,

o ) et b oan)

< CaP exp{—ay/an(log ay)*?}.

For all F € F,, define F,, the renormalized restriction of F' on [ey,1 — €p].
Then

m((Fn)) < «

Hgan)Fn - gamFHl S 20{7:6

We can therefore assume that Fleg,1 — ¢p] = 1 for all F € F),. Then there
exists a discrete probability

Nn
(4.10) P(e) =Y pjbe,(e), € € (e0,1—€) Vi,
j=1

with N,, < Noy/a(loga)?/? such that (3.16) is satisfied for F for all H
(depending on Nj) and

€0/3 1—eg €0/2
/0 o — gop| (¥)dz < /50 [dF(e)+dP(e)] ( /O ga75(x)d$>.

When z < ¢y/3 < ¢/3, using (A.5) we obtain

Cya 2 \ -9 I o
€ < < 20-9 (2z)20-9
Goe(®) < o —1) (HE) < Cae (2z)

which implies that

€0/3 i %
/O ga,e(x)d:li < Ca*1/2(1 _ 6)6_m (6;) 2(1—e)
0
(411 < Carl2(1— (3/2) T = O(a~H), VH >0,

By symmetry the same bound is obtained for the integral over (1 —¢y/2,1).
Finally for all H > 0 there exists Ny > 0 and a probability measure P
defined by (4.10) with N,, = Noy/a(log a)/? such that

Hga,F - ga,PHI < a .
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Hence the entropy of F,, is bounded by the entropy of the set

k
fq/m = {P = ijga,Ej;k < Np; € € (60, 1- 6O)Vj;nt <a< an(logan)5}-
j=1
Let k < N,, be fixed and g, p be a Beta mixture with k& components. When
€ —€j < Sa~ M 2¢;(1—¢;) for all j < k and |p; —pil <amThif [z —¢ <
€j(1 — €)M, then Lemma B.1 implies
]ga,eg, — Gase;| < Gae; Ca™ M V/log ay,

and if |z — €| > €;(1 —¢;) My then [z — €| > €;(1— €;)M= and the convexity
of z — K(e,x) for all ¢, together with equation (3.4) implies

o —MZ2log or/12
/ < g .
9o, + Gae;| < Cx(1 —°

Combining the above inequality with (4.11) leads to

1
(412 | 190 = g (@) = 0@,

and

[ e~ gup@)e = O
by choosing v; large enough. Similarly, considering |o — /| < n~Ba we
obtain using (3.5)

|9aue (@) = Gor ()| < Cgae(x)n™
leading to .

| 190 = gur.p @)z = 0o )

by choosing B large enough. The number of balls needed to cover (n!, o, (log av,)?)
under the above constraint is bounded by Cn®logn. The number of balls
with radii d;;,7" needed to cover the set Sy is bounded by

C’koz;'“Yl
The number of balls with radii €;(1—¢;)a;, 728y needed to cover (eg, 1 —€)
(aoz;r’/Q'W1 (log an)5/2)k
Finally the metric entropy is bounded by
TIn (1) < 3kpBlog an, < 3k18+v/an(log an)5 < CHTHQ,

which achieves the proof of Theorem 2.2.
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APPENDIX A: PROOF OF LEMMA 3.2

Throughout the proof C' denotes a generic constant. Let

1
ho(@) = gae)=1= [ gacl@)de—1

The aim is to approximate Iy with an expansion of terms in the form
Qj(x)ofj/ 2 where Q; is a polynomial function. The idea is to split the
integral into three part, Iy, Is, I3 corresponding to € < x —d,, € > x+ 9, and
|z — €| < §, where d, = dpx(1 — x)+/log(a)/a, for some well chosen &y > 0.
Note that this choice of §, comes from the approximation of the Beta density
with a Gaussian with mean z and variance x2?(1 —x)?/a. We first prove that
the first two parts are very small and the expansion is obtained from the
third term. By convexity of K (e, x) as a function of €, K (e, z) > K(x—0,, )
for all e < x — 05 and K(e,x) > K(z + 5, ) for all € > x + d, . Moreover

K(x—bp,0) = = (1 G f}a log(a)> log <1 _ S0l — $\/)a Iog(a)>
+(1-2) (1 +x50\/m> log (1 HM/@)

Va va

_ 621log(a)z(1 — ) 40 <x(1 ) <log(a)>3/2>

2a «

uniformly in x. Using a similar argument on K (x + d,,x) we finally obtain
when « is large enough

52

52
> I X
~ 3z(1 —x)’

(A1) K(x—dz,x) 30— )

K(z+ 0z,2) >

T—0y
Li(x) = /0 Ga,e(x)de.

First we consider < 1/2, then using (3.4) and the fact that if « is large
enough, the term in the square brackets in (3.4) with k& = 1 is bounded by
2, uniformly in €, we obtain that

xf(sz 521(171)10 e

2\/&/ e_ 0 36(17€)g de_
2rx(1 —x) Jo

Let p = (53z(1 — x)log a)/6 then

Il(l‘)

2\/aefp/(x76$) < C\/aefégloga/G.

(A.2) I1(z) N
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Now we consider = > 1/2, for which we use another type of upper bound: we
split the interval (0, — d,) into (0,2(1 —¢)) and (z(1 —J),x — d,) for some
well chosen positive constant §. For all e < z(1—0), K(¢,z) > K(z(1-9),z).
Since ulog(u) goes to zero when u goes to zero, there exists d; > 0 such that
for all x > 1/2, and all §; < 6 < 1,

K(z(1-9¢),2) = x(l—5)log(1—5)+(1—x+(5:1:)10g<1+1636)

-z
)
62z log (1 + m)
11—z

Y

Therefore using (3.4) and the same bound on the square brackets term in
(3.4) as in the case z < 1/2 we obtain that if z > 1/2,

2

2(1-4) 2(1-5) -5
/ Goe(z)de < \/a/ (1+5) e
0 ’ 0 2(1 - )

2rx(1 — x) 1—x
—ad?/2
SIVC R
(1—2x) 2(1 — =)
(A.3) < Caf, VH>0

We now study the integral over (z(1—0),x —d,). We use the following lower
bound on K (€, x): a Taylor expansion of K (¢, z) as a function of € around z
leads to

K(e,x) = elog (;) +(1—€)log<11_;>

= (e—2x)? ' (1 —u) U
SRRl B e Tk
(e —x)? [1/2 1
S /0 Ao tu@—a)™
(A.4) = (x;G) (log (1 — 2/2 — ¢/2) —log (1 — z)) .

Let u = = — € and note that the function v — u/(z — u)(1 — x + u) is
increasing so that then when « is large enough, uniformly in x,

Jaelz) < 2V (1—x+u/2>z<zu>‘ﬁ‘z+m
o ~ V2rz(1—x) l—xz
2./ (1—x—l—u/2>2<16)(0151+6r>
2rx(1 — x) 11—z
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for all u € (0., dz). Thus if « large enough and = > 1/2

z—3s 2,/ 8z u ~ A =
de < —X—— 1+ ———
/x Gosc(@)de < /5 ( +2<1—ac)>

(1-5) 2rx(1l — x)

< 8o a51 (1+ 5 )M
V2T =5y (i=atoz) — L 2(1 —x)
860 v/ay/log(a)
< G,

Va
for any H > 0. Finally, the above inequality, together with (A.3) for z > 1/2
and with (A.2) for z < 1/2 imply that
Ii(x) = O(a™ "),

for all H > 0 by choosing Jy large enough. We now consider the integral
over ( + 0g,1)

z(14-6) 1
Iy(z) = / gavg(x)de—i—/ Ga,e(x)de
T+0z z(146)

First let < 1/2 then when € € (x + 0,,2(1 + ¢)) with § small enough we
can use (3.6) and

x(146)
[ geclarde < aemditoser:
T4+,

When e € (z(1 + 6),1), a Taylor expansion of K(e,z) as a function of €
around z leads to

- 1 (1—w)
K(e2) = @—xVA (@ +ule —2))(1 -2 — ule - 2))

(E—x)Q 1/2 1
= 2 /0 (x 4+ u(e — x))du

(A.5) _ L . %) (log ((z + €)/2) — log ) .

Thus letting u = € — x and noting that €(1—¢) < z+w and that u/(x+u) >
d/(1+9) as soon as u > dx, we obtain

; oz /9y \ad/(2014))
/ (r)de < Cva < v ) du

(149) Jo x Sz 2r 4+ u
S
20&_1/2 (1 N 5) a2(1+5>+1‘
2
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If x > 1/2 and € > x + 0, by symmetry, we obtain the same result as in the
case ¥ < 1/2 and € < x — d, changing x into 1 — z. Finally choosing dy large
enough we prove that for all z € [0, 1],

(A.6) I (z) + I (z) = o(a™ )

(H depending on dp). We now study the last term, I3(z). Using (3.6), and
the fact that when € € (x — 05, + 0z),

|R(x,€)] RlaF2 g — Pt (1 — g)) 302 +D)

<
< R/af(ngrl)/Z(lOg a)3(k2+1)/2’

we obtain, for all ko > 1,k; > 3(ke — 1), and considering the change of
variable u = /a(x —€)/(z(1 — z)),

T+0,
Is(x) = / 5 Ga,cde — 1
ko L
ps;iC(x)!
- ; j/(2) +
=1 ¢ =1
_ I(Onj) + O(a~ k21721 )3tk +1)/2)

Bi(x _
'U’Jajj/g ) —|—O(a (k2+1)/2(10ga)3(k2+1)/2)

choosing dy large enough and since p1; = 0, where the B;’s are polynomial
functions of x coming from Qj, and C(x) and where the remaining term is
uniform in x. Lemma 3.2 is proved.

APPENDIX B: LEMMA B.1

LEMMA B.1.  Let (0n)n, (Bn)n and (pn)n be positive sequences decreasing
to 0 and assume that o, increases to infinity. Let 1 — 6, > €, > 0, and

le — €| < pne(l —€)/\/an then for all |x — €| < Me(1 — €)y/1Iog an/\/an, if
pnV/log ay, goes to 0 as n goes to infinity, for all ke, ks > 1

ganae(x) _

) Y S Clenogan + oy l0g )% + 0]
Gan,,e\T

for n large enough. Also, for all x € (Bn,1 — (), if a}/2pn|log(ﬁn)|5;1 =
o(1), for n large enough,

Gane(T) 1< 0[04711/2/)71‘ log(ﬁn)légl + a;k2/2(10g an)—k2/2 +a-
ganyel(w‘)

n

kg]_
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PROOF. (Proof of Lemma B.1)
First let |z — €| < Me(1 —€)v/1og o, //am, since |e — €| < pre(1—¢€)/\/an

we have that

|z — €| < e(1 — €)a; V2 [M\/log am + pn] < 2Me(1 — €)ar; ' /?\/1og anm,

and
l

(=€) = (@—e+(e—€)> Clle—€) Hz—e'"
=1

= (=o' + 007" paé (1 — €)!(log @) /2.

We control ga,, ¢/ 9a, e using approximation (3.5). Then noting that when n
is large enough

st (Ceran(57=5)) =2

anle — €|z — ¢ < 222(1 — z)?pnal/?(log an)

and
1/2

we obtain that

Yt o (o (2
o (x — 6')2 (z—¢€)

i (Coren (55)] ‘

< C o2+ (ogan)2p, + (log an)pnag, ]

C222(1 — x)?

and finally
50‘7"6(:17) —1| < Cpuvlogay, + O(ak™F2/2ek2(1 — e)F2 (log v, )¥2/2 4 a7 F3).

Now let |z — €| > Me(1l — €)y/log(a)/\/an and = € (B, 1 — ), we use
equation (3.4) together with the above calculations and the fact that the

function € — elog(e)/(1 — €) is bounded on |0, 1],
Gay, e 1 € 1 ¢
o = e[ (5) - e ()
1 1- 1 1—¢€
—i—elog( 6) —Ellog< E)}}(l%—O(pnanl—i-ankS))

1—2 1—2
= exp{an(ee') [1_g

~tog(o) - ~toet — ) U] (14 Ot - a)

€ 1—¢€

log(€) — z log(1 — €)
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where € € (¢,€¢'). Hence as soon as 1 — 8, > €, > §, and = € (G, 1 — ()

(1—-¢)

which implies that if v/ 2pn\ log(3,)]0,,! is small enough

log(2)

log(1 - )= a‘ < | log(B)157,

\ < |log(8) 65!

et (@) 1| < Calpal log(Bu)ldy" +Olpnar +az ™),
Q€'
which achieves the proof of Lemma B.1. O

APPENDIX C: LEMMA C.1

The following Lemma allows us to control the ratio of constants of Beta
densities.

LEMMA C.1. Leta,b>0and0 <71 <a,0<m <b, let C,p denote
generic positive constants. Let 1 = a+ b and T = 11 + 19. We then have the
following results:

. Ifa,b <2,
I‘(a — Tl)F(b_TQ) F(ﬁ_|_7_—) 27 27y .
s (I‘(a+T1)I‘(b+TQ)> o <p(ﬁ_;)> < T 2R

1. Ifa<2,b>2, thenn > 2 and

I'(a —7)I'(b—72) L(7+7) 2n .
o (T(a +7)l(b+ TQ)) *log (W?T)) S goq TTles@+ 1) =Cl

wi. If b <2, a > 2, then things are symmetrical to the previous case.
w. Ifa,b>2,1=1,2, then

Lla —m)l'(b—7) L(j+7) .
10g<r(a+7'1)r(b—|-7'2)>+10g<f‘(ﬁ_7—-)> < 27log(7+1).

PRrROOF. of Lemma C.1. The proof of Lemma C.1 comes from Taylor ex-
panions of log(I'(x)) and from the use of the relation:

Y(e) =~ + (e +1)

so that when x is small |¢)(z)| is bounded by 1/x plus a constant and if x is
large ¥ (x) is bounded by log(z) plus a constant. O
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