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For a Gaussian time series with long-memory behavior, we use
the FEXP-model for semi-parametric estimation of the long-memory
parameter d. The true spectral density f, is assumed to have long-
memory parameter d, and a FEXP-expansion of Sobolev-regularity
B > 1. We prove that when k follows a Poisson or geometric prior,

1
or a sieve prior increasing at rate n1+28, d converges to d, at a

suboptimal rate. When the sieve prior increases at rate nﬁ however,
the minimax rate is almost obtained. Our results can be seen as a
Bayesian equivalent of the result which Moulines and Soulier obtained
for some frequentist estimators.

1. Introduction. Let Xy, t € Z, be a stationary Gaussian time series
with zero mean and spectral density f,(x), z € [—7, 7], which takes the form

(1.1) 11— e|~2o M, (), x € [—m, 7],

where d, € (—%, %) is called the long-memory parameter, and M is a slowly-
varying bounded function that describes the short-memory behavior of the
series. If d, is positive, this makes the autocorrelation function p(h) decay
polynomially, at rate h~(172%) and the time series is said to have long-
memory. When d, = 0, X; has short memory, and the case d, < 0 is referred
to as intermediate memory. Long memory time series models are used in a
wide range of applications, such as hydrological or financial time series; see
for example Beran (1994) or Robinson (1994). In parametric approaches, a
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finite dimensional model is used for the short memory part M,; the most
well known example is the ARFIMA (p,d,q) model. The asymptotic proper-
ties of maximum likelihood estimators (Dahlhaus (1989) or Lieberman et al.
(2003)) and Bayesian estimators (Philippe and Rousseau (2002)) have been
established in such models and these estimators are consistent and asymp-
totically normal with a convergence rate of order y/n. However when the
model for the short memory part is misspecified, the estimator for d can be
inconsistent, calling for semi-parametric methods for the estimation of d. A
key feature of semi-parametric estimators of the long-memory parameter is
that they converge at a rate which depends on the smoothness of the short-
memory part, and apart from the case where M, is infinitely smooth, the
convergence rate is smaller than /n. The estimation of the long-memory pa-
rameter d can thus be considered as a non-regular semi-parametric problem.
In Moulines and Soulier (2003) (p. 274) it is shown that when f, satisfies
2

(1.4), the minimax rate for d is n~ "% . There are frequentist estimators for
d based on the periodogram that achieve this rate (see Hurvich et al. (2002)
and Moulines and Soulier (2003)).

Although Bayesian methods in long-memory models have been widely
used (see for instance Ko et al. (2009), Jensen (2004) or Holan and McEIl-
roy (2010)), the literature on convergence properties of non- and semi-
parametric estimators is sparse. Rousseau et al. (2010) (RCL hereafter)
obtain consistency and rates for the Lo-norm of the log-spectral densities
(Theorems 3.1 and 3.2), but for d they only show consistency (Corollary 1).
No results exist on the posterior concentration rate on d, and thus on the
convergence rates of Bayesian semi-parametric estimators of d. In this paper
we aim to fill this gap for a specific family of semi-parametric priors.

We study Bayesian estimation of d within the FEXP-model (Beran (1993),
Robinson (1995)), that contains densities of the form

k
(1.2) faro(@) =1 =¥ exp ¢ > 0; cos(j) ¢,
§=0
where d € (—%, %), k is a nonnegative integer and 6 € RF*!. The factor

exp{Zé?:O 0 cos(jx)} models the function M, in (1.1). In contrast to the
original finite-dimensional FEXP-model (Beran (1993)), where k was sup-
posed to be known, or at least bounded, f, may have an infinite FEXP-
expansion, and we allow k to increase with the number of observations to
obtain approximations f that are increasingly close to f,. Note that the case
where the true spectral density satisfies f, = fq, k,.6,, is considered in Holan
and McElroy (2010). In this paper we will pursue a fully Bayesian semi-
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parametric estimation of d, the short memory parameter being considered
as an infinite-dimensional nuisance parameter. We obtain results on the con-
vergence rate and asymptotic distribution of the posterior distribution for
d, which we summarize below in section 1.2. These are to our knowledge the
first of this kind in the Bayesian literature on semi-parametric time series.
First we state the most important assumptions.

1.1. Asymptotic framework. For observations X = (Xi,...,X,,) from a
Gaussian stationary time series with spectral density f, let T,,(f) denote the
associated covariance matrix and [,,(f) denote the log-likelihood

1n(f) = ~ 5 log(2m) — 3 logdet(Ty (1)) — 5 X' (/)X.

We consider semi-parametric priors on f based on the FEXP-model de-
fined by (1.2), inducing a parametrization of f in terms of (d, k, #). Assuming
priors my for d, and, independent of d, m;, for k and g, for 0]k, we study
the (marginal) posterior for d, given by

ZZO:O 75 (k) fD ka+l el"(d’k’e)d779|k(0)d77d(d)
I .
Ziio i (k) ff% ka+1 eln(d’k’e)dﬂe\k(e)dﬂd(d)

(1.3)  I(de D|X) =

The posterior mean or median can be taken as point-estimates for d, but we
will focuss on the posterior I1(d|X) itself.
It is assumed that the true spectral density is of the form

Folz) = |1 — [ exp { 370, cos(j) ¢ ,
(1.4) 3=0

0o € O(B,Lo) = {0 € 15(N) : Y 63(1 + 5)*" < Lo},
7=0

for some known S > 1.

In particular, we derive bounds on the rate at which II(d € D|X) concen-
trates at d,, together with a Bernstein - von -Mises (BVM) property of this
distribution. The posterior concentration rate for d is defined as the fastest
sequence «,, converging to zero such that

(1.5) TI(|d — do| < Ko|X) 280,  for a given fixed K.
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1.2. Summary of the results. Under the above assumptions we obtain
several results for the asymptotic distribution of II(d € D|X). Our first main
result (Theorem 2.1) states that under the sieve prior k, ~ (n/logn)/(#),
II(d € D|X) is asymptotically Gaussian, and we give expressions for the
posterior mean and the posterior variance. A consequence (Corollary 2.1)
of this result is that the convergence rate for d under this prior is at least
op = (n/log n)f%ﬁl, i.e. in (1.5) a, is bounded by d,. Up to a logn term,
this is the minimax rate.

By our second main result (Theorem 2.2), the rate for d is suboptimal
when k is given a a Poisson or a Geometric distribution, or a sieve prior

k;L ~ (n/log n)ﬁ More precisely, there exists f, such that the posterior
concentration rate a, is greater than n~(#=1/2)/(28+1) "and thus suboptimal.
Consequently, despite having good frequentist properties for the estimation
of the spectral density f itself (see RCL), these priors are much less suitable
for the estimation of d. This is not a unique phenomenon in (Bayesian) semi-
parametric estimation and is encountered for instance in the estimation of a
linear functional of the signal in white-noise models, see Li and Zhao (2002)
or Arbel (2010).

The BVM property means that asymptotically the posterior distribution
of d behaves like a;;'(d — d) ~ N(0,1), where d is an estimate whose fre-
quentist distribution (associated to the parameter d) is N'(d,, a2). We prove
such a property on the posterior distribution of d given k = k,. In regular
parametric long-memory models, the BVM property has been established by
Philippe and Rousseau (2002). It is however much more difficult to estab-
lish BVM theorems in infinite dimensional setups, even for independent and
identically distributed models; see for instance Freedman (1999), Castillo
(2010) and Rivoirard and Rousseau (2010). In particular it has been proved
that the BVM property may not be valid, even for reasonable priors. The
BVM property is however very useful since it induces a strong connection
between frequentist and Bayesian methods. In particular, it implies that
Bayesian credible regions are asymptotically also frequentist confidence re-
gions with the same nominal level. In section 2 we discuss this issue in more
detail.

1.3. Owverview of the paper. In section 2, we present three families of pri-
ors based on the sieve model defined by (1.2) with either k increasing at
the rate (n/logn)'/®#) | k increasing at the rate (n/logn)'/8+D or with
random k. We study the behavior of the posterior distribution of d in each
case and prove that the former leads to optimal frequentist procedures while
the latter two lead to suboptimal procedures. In section 3 we give a decom-
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position of II(d € D|X) defined in (1.3), and obtain bounds for the terms
in this decomposition in sections 3.2 and 3.3. Using these results we prove
Theorems 2.1 and 2.2 in respectively sections 4 and 5. Conclusions are given
in section 6. In the appendices we give the proofs of the lemmas in section
3, as well as some additional results on the derivatives of the log-likelihood.
The proofs of various technical results can be found in the supplementary
material. We conclude this introduction with an overview of the notation.

1.4. Notation. The m-dimensional identity matrix is denoted I,,. We
write | A| for the Frobenius or Hilbert-Schmidt norm of a matrix A4, i.e. |A| =
VtrAAt, where A! denotes the transpose of A. The operator or spectral norm

is denoted || A||? = SUp||5=1 2 A* Az. We also use || -|| for the Euclidean norm
on R¥ or [?(N). The inner-product is denoted | - |. We make frequent use of
the relations

(1.6)

|AB| = |BA| < |All- |B], [[AB| < [|All- IBIl, [IAll < |A] < V/nllAl,
|tr(AB)| = [tr(BA)| < |A] - |B, |o"Az| < a'a]|A],

see Dahlhaus (1989), p. 1754. For any function h € Ly ([—7, 7)), T, (h) is the
matrix with entries ffﬁ ell=mlzh(gYdz, I,m = 1,...,n. For example, Ty,(f)
is the covariance matrix of observations X = (Xi,..., X,) from a time series
with spectral density f. If h is square integrable on [—m, 7] we note

1Bl = /7r h2(2)da.

—T

The norm ! between spectral densities f and g is defined as

17.9) = 55 [ (08 (@) ~ og g(w)Pd

™

Unless stated otherwise, all expectations and probabilities are with respect
to P,, the law associated with the true spectral density f,. To avoid ambigu-
ous notation (e.g. Oy versus 6y o) we write 6, instead of 6. Related quantities
such as f, and d, are also denoted with the o-subscript.

The symbols op and Op have their usual meaning. We use boldface when
they are uniform over a certain parameter range. Given a probability law
P, a family of random variables {W,}4c 4 and a positive sequence a,,, Wy =
op(an, A) means that

P <sup |\Wal/an > e> — 0,(n — o0).
deA
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When the parameter set is clear from the context we simply write op(ay).
In a similar fashion, we write o(a,) when the sequence is deterministic. In
conjunction with the op and Op notation we use the letters § and € as
follows. When, for some 7 > 0 and a probability P we write Z = Op(n™ ),
this means that Z = O(n™"¢) for all ¢ > 0. When, on the other hand,
Z = Op(n™°%), we mean that this is true for some & > 0. If the value of §
is of importance it is given a name, for example é; in Lemma 3.4.

The true spectral density of the process is denoted f,. We denote k-
dimensional Sobolev-balls by

k
(17)  Ox(B,L) = qOeRM Y0214 <L cR*.
j=0

For any real number z, let ; denote max(0,z). The number r; denotes the
sum Zj2k+1j_2' Let n be the sequence defined by n; = —2/j, j > 1 and
no = 0. For an infinite sequence u = (u;);>0, let uy denote the vector of the
first k + 1 elements. In particular, g = (7o, - - ., 7k). The letter C' denotes
any generic constant independent of L, and L, which are the constants
appearing in the assumptions on f, and the definition of the prior.

2. Main results. Before stating Theorems 2.1 and 2.2 in section 2.3,
we state the assumptions on f, and the prior, and give examples of priors
satisfying these assumptions.

2.1. Assumptions on the prior and the true spectral density. We assume
observations X = (Xi,...,X,) from a stationary Gaussian time series with
law P,, which is a zero mean Gaussian distribution, whose covariance struc-
ture is defined by a spectral density f, satisfying (1.4), for known g > 1. It
is assumed that for a small constant ¢t > 0, d, € [—3 +¢, 5 — t].

Assumptions on II. We consider different priors, and first state the
assumptions that are common to all these priors. The prior on the space of
spectral densities consists of independent priors w4, 7 and, conditional on k,
|- The prior for d has density w4 which is strictly positive on [—% +t, %—t],
the interval which is assumed to contain d,, and zero elsewhere. The prior
for 6 given k has a density mg, with respect to Lebesgue measure. This
density satisfies condition Hyp(KC, co, 8, Ls), by which we mean that for a
subset K of N,

min  inf eCOklogkﬂg‘k(H) >1,

keK €0 (8,Lo)
where L, is as in (1.4). The choice of K depends on the prior for k£ and 0|k.
We consider the following classes of priors.
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e Prior A: £k is deterministic and increasing at rate

(2.1) ko = Lka(n/logn)?7 |,

for a constant k4 > 0. The prior density for |k satisfies Hyp({kn}, co, B—
%,LO) for some ¢y > 0 and has support Ox(8 — %,L). In addition, for

all 0,0’ € ©4(3 — 5, L) such that [0 — &' < L(n/logn)” 7 ,
(2.2) log gy, () — log ma),(6) = hi,(0 — 6') + o(1),

for constants C, pg > 0 and vectors hy, satisfying ||hz| < C(n/k)1=ro.
Finally, it is assumed that L is sufficiently large compared to L.
e Prior B: Fk is deterministic and increasing at rate

k, = [kp(n/logn) ™% |,

where kp is such that k, < k, for all n. The prior for A|k has den-
sity mgx with respect to Lebesgue measure which satisfies condition

Hyp({k}},co, 3, Lo) for some ¢y > 0 and is assumed to have support
O (8, L). The density also satisfies

log g, (0) — log mg(6") = o(1),

for all 6,0 € Ok(5, L) such that || — 0’| < L(n/logn)_%%. This
condition is similar to (2.2), but with Ay = 0, and support (53, L).

e Prior C: k ~ 7 on N with e~1#1o8k < 7, (k) < e~c2Flo8k for [ large
enough, where 0 < ¢; < ¢o < 4+00. There exists 5; > 1 such that for all
B > s, the prior for 0|k has density Tg|x With respect to Lebesgue mea-
sure which satisfies condition Hyp({k < ko(n/logn)?@#+D} ¢, 8, L),
for all kg > 0 and some ¢y > 0, as soon as n is large enough. It has
support included in ©(S, L) and satisfies

log mo|(6) — log mg)1,(6) = o(1),

5
for all 6,0" € ©(B, L) such that [|§ — ¢'|| < L(n/logn) 26+,
Note that prior A is obtained when we take 8’ = 3 — % in prior B.

2.2. Ezamples of priors. The Lipschitz conditions on log 7y, considered
for the three types of priors are satisfied for instance for the uniform prior on
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Or(8 — %, L) (resp. ©x(5,L)), and for the truncated Gaussian prior, where,

for some constants A and o > 0,

k
mo(8) o L, (51 1) (6) exp —AY o0
j=0

In the case of Prior A, the conditions on log mg|, and hy, in (2.2) are satisfied
for o < 48 — 2. To see this, note that for all 6,60 € On(s—1/2,L),

k
35167 — (05)2] < LV2)|6 — 0[R2 = o((n/k)' ).
=0

In the case of Prior B and and Prior C we may choose a < 283, since for
some positive kg

k
S 5%162 — (6,)7 < V2|6 — 6 ||k = o(1),
=0

for all k < ko(n/logn)/ 28+ and all 0,6 € ©,(8, L) such that || — 6| <
(n/logn)~A/@A+1),
Also a truncated Laplace distribution is possible, in which case

k
moii(0) o¢ I, (51 1, (6) exp —a>_ 105
§=0

The condition on 73, in Prior C is satisfied for instance by Poisson distri-
butions.

The restriction of the prior to Sobolev balls is required to obtain a proper
concentration rate or even consistency of the posterior of the spectral density
f itself, which is a necessary step in the proof of our results. This is discussed
in more detail in section 3.1.

2.3. Convergence rates and BV M-results under different priors. Assum-
ing a Poisson prior for k, RCL (Theorem 4.2) obtain a near-optimal conver-
gence rate for I(f, f,). In Corollary 3.1 below, we show that the optimal rate
for [ implies that we have at least a suboptimal rate for |d — d,|. Whether
this can be improved to the optimal rate critically depends on the prior on
k. By our first main result the answer is positive under prior A. The proof
is given in section 4.
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THEOREM 2.1.  Under prior A, the posterior distribution has the asymp-
totic expansion

(2.3) I {, /”%(d —dy — bn(dy)) < 2|1 X| = B(2) + op, (1),
where, for ry, = ijknﬂ 17]2 and some small enough 6 > 0,

R —— N
bo(d,) = — 0, +Y, 20l oy Y2 g
(do) rkﬂj;ﬂm g Yot o(n™ k), N

Zy being a sequence of random wvariables converging weakly to a Gaussian
variable with mean zero and variance 1.

COROLLARY 2.1. Under prior A, the convergence rate for d is &, =

_26—-1
(n/logn)” 4 | i.e.

lim B [T1(d : |d = do| > 6,|X)] = 0.

Equation (2.3) is a Bernstein-von Mises type of result: the posterior dis-
tribution is asymptotically normal, centered at a point d, + by, (d,), whose
distribution is normal with mean d, and variance 2/(nry, ). The expressions
for the posterior mean and variance give more insight in how the prior for
k affects the posterior rate for d. The standard deviation of the limiting

C . . _26-1 1
normal distribution (2.3) is /2/(nrg,) = O(n~ 4 (logn)* ) and b,(d,)
equals

R 1
— Y o+ Op, (k2 n3) +o(n~ /20l
Tk, .

" ]:kn+1

From the definition of 7;, k,, and rj, and the assumption on 6,, it follows
that

(24) — Z niboj| < T’k\/z Ho,l] p Z j2 = o(kn”  ?).

r
n Jj=kn+1 n\ >k, 1>k

See also (1.9) in the supplement. Hence, when the constant k4 in (2.1) is
small enough,

(2.5) [bn(do)| < On,
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and we obtain the J,-rate of Corollary 2.1. For smaller k, the standard
deviation is smaller but the bias b, (d,) is larger. In Theorem 2.2 below it is
shown that this indeed leads to a suboptimal rate.

An important consequence of the BVM-result is that posterior credible
regions for d (HPD or equal-tails for instance) will also be asymptotic fre-
quentist confidence regions. Consider for instance one-sided credible intervals
for d defined by P™(d < z,(«)|X) = a, so that z,(«) is the a-th quantile of
the posterior distribution of d. Equation (2.3) in Theorem 2.1 then implies
that

an(@) = dy + bu(dy) + ,/2”@@1(@)(1 +op. (1)).

As soon as Yy j259§7j = o((logn)™1), we have that

(@) = do + \/2/(nrk, ) Zn + 2/(nrkn)<l>71(a)(1 +op,(1))

and
PP (do < zn(a)) = P (Zy, <@ Ha)(1+0(1))) = a+o(1).

Similar computations can be made on equal - tail credible intervals or HPD
regions for d.

Note that in this paper we assume that the smoothness  of f, is greater
than 1 instead of 1/2, as is required in Moulines and Soulier (2003). This
condition is used throughout the proof. Actually had we only assumed that
B > 3/2, the proof of Theorem 2.1 would have been greatly simplified as
many technicalities in the paper come from controlling terms when 1 <
B < 3/2. We do not believe that it is possible to weaken this constraint to
£ > 1/2 in our setup.

Our second main result states that if k is increasing at a slower rate than
kn, the posterior on d concentrates at a suboptimal rate. The proof is given
in section 5.

THEOREM 2.2. Given 3 > 5/2, there exists 0, € O(8, L,) and a constant
kv > 0 such that under prior B and C defined above,

T(|d — do| > kyw,(logn) ™! X) Lo,

28—1

,87
with wy = Cy(n/logn)” 1972 and Cy = Cy(L + L)1, > .

The constant Cy, comes from the suboptimal rate for |d — d,| derived in
Corollary 3.1. EFheorem 2.2 is proved by considering the vector 0, defined by
b, = cojf(ﬁ+§)(logj)_1, for j > 2. This vector is close to the boundary of
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the Sobolev-ball ©(3, L,), in the sense that for all 5’ > £, Zj jzﬁIH?J,j = +o0.
The proof consists in showing that conditionally on k, the posterior distribu-
tion is asymptotically normal as in (2.3), with k replacing k,, and that the
posterior distribution concentrates on values of k smaller than O(n!/(28+1)),
so that the bias by, (d,) becomes of order wy,(logn)~!. The constraint 3 > 5/2
is used to simplify the computations and is not sharp.

It is interesting to note that similar to the frequentist approach, a key
issue is a bias-variance trade-off, which is optimized when k ~ n!/(26), This
choice of k depends on the smoothness parameter 3, and since it is not of
the same order as the optimal values of k for the loss I(f, ') on the spectral
densities, the adaptive (near) minimax Bayesian nonparametric procedure
proposed in Rousseau and Kruijer (2011) does not lead to optimal posterior
concentration rate for d. While it is quite natural to obtain an adaptive
(nearly) minimax Bayesian procedure under the loss I(.,.) by choosing a
random k, obtaining an adaptive minimax procedure for d remains an open
problem. This dichotomy is found in other semi-parametric Bayesian prob-
lems, see for instance Arbel (2010) in the case of the white noise model or
Rivoirard and Rousseau (2010) for BVM properties.

3. Decomposing the posterior for d. To prove Theorems 2.1 and
2.2 we need to take a closer look at (1.3), to understand how the integration
over Oy, affects the posterior for d. We develop 0 — [,,(d, k, 0) in a point éd,k
defined below and decompose the likelihood as

exp{l(d, k. 6)} = exp{l,(d, k)} exp{ln(d, k. 6) — L, (d, k),

where [, (d, k) is short-hand notation for I, (d, k,84). Define

(3.1 Ld.R) = [ O gy ),
k

where O, is the generic notation for @k(ﬁ—%, L) under prior A and ©(3, L)
for priors B and C. The posterior for d given in (1.3) can be written as

Sonco mi(k) [p e BRI L (d, k) dg(d)
00 31—t )
Silo (k) [2, ), e @Rt Ao L (d, k) dra(d)

(3.2) I(de D|X) =

The factor exp{l,(d,k) — l,(d,, k)} is independent of #, and will under
certain conditions dominate the marginal likelihood. In section 3.2 we give
a Taylor-approximation which, for given k, allows for a normal approxima-
tion to the marginal posterior. However, to obtain the convergence rates in
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Theorems 2.1 and 2.2, it also needs to be shown that the integrals I,,(d, k)
with respect to 6 do not vary too much with d. This is the most difficult part
of the proof of Theorem 2.1 and the argument is presented in section 3.3.
Since Theorem 2.2 is essentially a counter-example and it is not aimed to
be as general as Theorem 2.1, as far as the range of § is concerned, we can
restrict attention to larger (’s, i.e. 8 > 5/2, for which controlling I,,(d, k) is
much easier.

3.1. Preliminaries. First we define the point §d7k in which we develop
0 — 1,(d, k,0). Since the function log(2 — 2cos(x)) has Fourier coefficients
against cos jz, j € N equal to 0,2, 2 FEXP-spectral densities can be

) 27 3, Y
written as
) oo o
11— e 2T exp Z 6, cos(jx) ¢ = exp Z(Gj + dn;) cos(jx)
j=0 j=0

Given f = fyre and f' = fo ¢ we can therefore express the norm I(f, f')
in terms of (§ — ¢') and (d — d'):

(3.3) %Z —0) +(d— )2,
7=0

where 0; and 9} are understood to be zero when j is larger than k respectively
k'. Equation (3.3) implies that for given d and k, I(f,, fare) is minimized
by

o0

éd,k = argmingcpi+1 2(9] — 9013‘ + (d — do)nj)Q = Qo[k} + (do — d)n[k]
=0

In particular, § = 6,;) minimizes I(f,, fa,x,6) only when d = d,; when d # d,
we need to add (d, — d)n[k]. The following lemma shows that an upper bound
on I(fo, fake) leads to upper bounds on |d — d,| and [|§ — 6,]|.

LEMMA 3.1.  Suppose that 0 € Or(vy, L) and 6, € Ok(8, L,), where v <
B. Also suppose that for a sequence a, — 0, U fo, fare) < a? for alln. Then
there are universal constants C1,Cy > 0 such that for all n,

2’y71 2771

d—do| < CL(L+ Lo) T an® , |06 < Ca(L+ Lo) ¥ an® .
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Proor. For all (d,k,0) such that I(fqre, fo) < an, we have, using (3.3),

207 > 2(fapo, fo) = 2000 — 00)* + Y _ (0o — 05) + nj(do — d))”
j>1

> (og = 0;)7 4+ (d—do)®> m =2ld —do| |Y 02 |> (o — 6;)?
jz1 jz1 jz1 jz1

= (16 = bo]l — Id — dol[Inl|)*.

The inequalities remain true if we replace all sums over j > 1 by sums over

j > my, for any nondecreasing sequence my,. Since |[(17;1j5m, )j>1]> is of

order myt and [|(0 = 0o/ Ljsm,, )iz11* <m0 (1+5)%2(0; — 0,5)? <
1

2(L + Lo)mp ™", setting my, = o, ' gives the desired rate for |d — d,| as well
as for |6 — 0, O

The convergence rate for I(f,, fi ) required in Lemma 3.1 can be found
in Rousseau and Kruijer (2011). For easy reference we restate it here. Com-
pared to a similar result in RCL, the logn factor is improved.

LEMMA 3.2.  Under prior A, there exists a constant ly depending only
on L, and ks (and not on L) such that

TI((d, k,0) : I(fane, fo) > 1262]1X) 3 0,

-1

5
where 6, = (n/log n)_%. Under priors B and C, this statement holds

with €, = (n/logn)” 28+1 replacing oy,.

In the proof of Theorem 2.1 (resp. 2.2), this result allows us to restrict
attention to the set of spectral densities f such that I(f, f,) < 1362 (resp.
I2¢2). In addition, by combination with Lemma 3.1 we can now deduce
bounds on |d — d,| and || — 04||. These bounds, although suboptimal, will
be important in the sequel for obtaining the near-optimal rate in Theorem
2.1.

COROLLARY 3.1. Under the result of Lemma 3.2 and prior A, we can

apply Lemma 3.1 with o2 = 1252 and v = 3 — %, and obtain

Ig(d : |d — do| > 0, X) 50, ()6 — all = 2006, %) % 0,

28-2

B—1
where v, = C1(L + Lo)ﬁléﬁ_l (n/logn)” 26 . Under priors B and C we
281
have v = f3; the rate for |d — d,| is then w, = Cy(n/logn) %+2 and the
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_ 28—1
rate for ||0 — 04| is 2lpen. The constant Cy, = Ci(L + Lo)ﬁl0 7 s as in
Theorem 2.2.

PROOF. The rate for |d — d,| follows directly from Lemma 3.1. To obtain
the rate for || — 04|, let a, denote either lyd, (the rate for I(f,, f) under
prior A) or lpe, (the rate under priors B and C). Although Lemma 3.1
suggests that the Euclidean distance from 6, to 6 (contained in ©(3, L)
or O(8 — %,L)) may be larger than a,, the distance from 6 to 0,y is
certainly of order «,. To see this, note that Lemma 3.2 implies the existence
of d,k,0 in the model with I(f,, fare) < a2. From the definition of 64 it

follows that I(fo, f4x4,,) < - The triangle inequality gives ||6 — Okl =
U fanos fapg,,) < 4o O

The rates v, and w,, obtained in Corollary 3.1 are clearly suboptimal; their
importance however lies in the fact that they narrow down the set for which
we need to prove Theorems 2.1 and 2.2. To prove Theorem 2.2 for example
it suffices to show that the posterior mass on k,wy,(logn)~! < |d—d,| < wy,
tends to zero. Note that the lower and the upper bound differ only by a
factor (logn). Hence under priors B and C, the combination of Corollary
3.1 and Theorem 2.2 characterizes the posterior concentration rate (up to a
log n term) for the given 6,. Another consequence of Corollary 3.1 is that we
may neglect the posterior mass on all (d, k, ) for which [0 — 04| is larger
than 2lyd,, (under prior A) or 2lye, (under priors B and C).

We conclude this section with a result on §d7k and O (S, L). In the defini-
tion of Hid,k we minimize over R¥t1 whereas the support of priors A-C is the
Sobolev ball ©4(3, L) or ©x(8 — 5, L). Under the assumptions of Theorems
2.1 and 2.2 however, 0, is contained in O (8 — %, L) respectively O (8, L).
Also the la-ball of radius 2{yd,, (or 2lpe,) is contained in these Sobolev-balls.

LEMMA 3.3.  Under the assumptions of Theorem 2.1, Bi(Oq,2lo6y) is
contained in @k(ﬁ—%, L) for alld € [dy—"70y, do+0y)], if L is large enough. In
particular, éd,k € 0x(B— %, L). Similarly, under the assumptions of Theorem
2.2, Bk(0d7k, 2[()6”) C @k(ﬂ, L), for alld € [do — Wnp, dy + wn].

PROOF. Since the constant Iy is independent of L, 8 € Bk(éd,k,Qlo%)
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implies that for n large enough |,

Z€2j+1)25 1<229 Oai)3(j + 1)~ 1+2Z Oa)3(j +1)% !
j=0 7=0

< 80%(L )(n/logn) % (k +1)%8- 1—|—4Z€ (j+ 1)1
7=0

kn
+16(d — do)? Y 573,
j=1

The first two terms on the right only depend on L,, and are smaller than L /4

L 202 _p-1
when L is chosen sufficiently large. Because o, = C1(L+L,) 213"~ (n/logn)” 27 |
the last term in the preceding display is at most

48-4

B— B—
CHL+ L) 1127 (n/logn) ™ 7 k% 2(n/logn) 7 ,

which, since >1,is smaller than L/2 when L is large enough. We con-
clude that By(04x,2lody) is contained in O(8 — %, L) provided L is chosen
sufficiently large. The second statement can be proved similarly. O

3.2. A Taylor approximation for l,(d,k). Provided that the integrals
I,,(d, k) have negligible impact on the posterior for d, the conditional dis-
tribution of d given k will only depend on exp{l,(d,k) — l,(do, k)}. Let
lﬁf)(d, k), lﬁf)(d, k) denote the first two derivatives of the map d — 1,,(d, k).
There exists a d between d and d, such that

_ 2 _
(3.4) ln(d,k) = ln(do,k)+(d—d0)ln1)(do,k)+(deO)lﬁf)(d,k).
Defining
1V (d,, k)
15 (d, k)

which is the b,, used in Theorem 2.1, we can rewrite (3.4) as

bn(d) ==

(3.5)
15 (doy k))? 1 2
Ln(d, k) — ln(do, k) = (2)7; + 21D(d k) (d — dp — bp(d))” .
2 @@k 2
Note that each derivative lg )(d, k), i = 1,2, can be decomposed into a cen-

tered quadratic form denoted S (lq(lZ ) (d, k)) and a deterministic term D(Iy, G )(d k)).
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In the following lemma we give expressions for l&l)(do, k), ﬁf)(d, k) and by,
making explicit their dependence on k and 6,. Since k;L < k, and w,, < Uy
(see Corollary 3.1) the result is valid for all priors under consideration. The
proof is given in appendix A.

LEMMA 3.4. Given 8> 1, let 6, € O(8, L,). If k < ky, and |d—d,| < vy,
then there exists 61 > 0 such that

D (do, k) == SV (do, k) + D) (do, k)
P— o B
= S(lnl)(d()’ k)) + 5 Z ‘90,377] + O(n (k; 54‘3/2 +n 1/(2[3)))’
j=k+1
k‘l/2 k—?ﬁ—i—l—l—e 1 B
lg)(dv k) = lﬁf)(do,k) (1 + /2t + - ) = 5"k (1 +op,(n 51)) )

where S(Z( )(do, k)) is a centered quadratic form with variance

-1
Var(S(IM (d,, k))) Zn] +o(1 5 (1 o(1)) = O(nk™")
j>k
Consequently,
(3.6)
D, k) 1 & _
bn(d) = b (dok) 1 Z 0o,5m;(1 + op, (n~°))

I(d k) e j=k+1
| 281 (dor k) (1 + 0p, (n~7)

nry

+ op, (nﬁflk*3+5/2 + nefl)’

with
251 (do, k)
nrg

N
o

NI
S~—

= OPO (n_

REMARK 3.1.  Recall from (2.4) that r,;lzj ® w1 Oogmj s O(k—B+1/2).

The term 28(1( )(do7 k))/(nry) is Op, (k=PT1/2) whenever k ~ n*/ %) which
s the case under all priors under consideration.

Substituting the above results on lg), 12 and b, in (3.5), we can give the
following informal argument leading to Theorems 2.1 and Theorem 2.2. If we
consider k to be fixed and I,,(d, k) constant in d, then (3.5) implies that the
posterior distribution for d is asymptotically normal with mean d, + by,(d,)
and variance of order k/n.
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3.3. Integration of the short memory parameter. A key ingredient in the
proofs of both Theorems 2.1 and 2.2 is the control of the integral I,,(d, k)
appearing in (1.3), whose dependence on d should be negligible with respect
to exp{ln(d, k) — 1, (do, k) }. In Lemma 3.5 below we prove this to be the case
under the assumptions of Theorems 2.1 and 2.2. For the case of Theorem 2.2
this is fairly simple: the conditional posterior distribution of 6 given (d, k)
can be proved to be asymptotically Gaussian by a Laplace-approximation.
For smaller 8 and larger k£ the control is technically more demanding. In
both cases the proof is based on the following Taylor expansion of I,,(d, k, 0)
around O_d,k:

ZJ: = 9dk<ﬂ Vil (d, k)

J=1

(3.7)  ln(d,k,0) —

RJ+1,d(0)7

where

k . _
o _ B &1, (d, k, 0
(0 = 00 )Vl (d k) = Y (0= Oap)r, - (60— ed,k)le
0

Lo 90, ...00,
(3.8)
i -
1 i _ 87, (d, k., 0)
Ryi14(0) = 0 —Oap)i, ... (0—0 A
r+14(6) (J+1)! Iy ...%210( i ( d’k)lJH a0y, "8951+1

The above expressions are used to derive the following lemma, which gives
control of the term I,,(d, k).

LEMMA 3.5.  Under the conditions of Theorem 2.1, the integral I,,(d, k)
defined in (3.1) equals

1
|d — do|n§752 ( 2n1_52)
I(do,k)expqop, (1) +op, | ———F=— | +op, | (d—d, )
(do, k) p{ P, (1) +op ( NG P, | ( ) 2

for some 69 > 0. Under the conditions of Theorem 2.2,

In(d, k) = In(do, k) exp {op, (1)} .

The proof is given in Appendix C, and relies on the expressions for the
derivatives V71, given in Appendix B. Lemma 3.5 should be seen in relation
to Lemma 3.4 and the expressions for II(d|X) and [,(d, k) — 1, (do, k) in
equations (3.2) and (3.4). Lemma 3.5 then shows that the dependence on the
integrals I,,(d, k) on d is asymptotically negligible with respect to l,,(d, k) —
ln(do, k). This is made rigorous in the following section.
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4. Proof of Theorem 2.1. By Lemma 3.2 we may assume posterior
convergence of I(f,, fare) at rate [362, and, by Corollary 3.1, also conver-

gence of |d — _d0| at rate v,. By Lemma 3.3, we may restrict the integration

over 0 to By (0q,, 2lodn). Let I'y(2) = {d : /"5~ (d—do—b,(dy)) < 2}. Under

prior A, it suffices to show that for k = k,,,

(4.1)

N, frn(z) eln(K) ~ln(do k) ka(éd 1:2006n) eln (RO =tn(dk) dry 1 (0)drg(d)

Dy - f|dfd0|<17n eln(@:k)=In(do,F) ka(éd,k,mo&n) el"(d’k’a)fl"(d’k)dﬂe\k(G)dﬂd(d)
B an(z) exp{l,(d, k) — 1y (do, k) + log I,,(d, k) }dmy(d)

fld—dol@n exp{ln(d, k) — ln(do, k) + log I, (d, k) }dma(d)

= &(2) + op, (1).

Using the results for I, (d, k) — l,,(do, k) and I,(d, k) given by Lemmas 3.4
and 3.5, we show that for A,, C R™ defined below such that P}'(A,) — 1,
(4.2)

< ®(2) +o(1), >®(2) +o(l), VX €A,

3‘3

_n
D,
Since P}'(Ay) — 1 this implies the last equality in (4.1).

Note that Lemmas 3.4 and 3.5 also hold for all §] < 61 and §} < do. In the
remainder of the proof, let 0 < § < min(d1,d2). For notational simplicity,
let D = D(lg)(do, k), the deterministic part of l,(})(do, k). For a sufficiently
large constant C7 and arbitrary e€; > 0, let A, be the set of X € R™ such
that

llog I,(d, k) — log Inn(do, k)| < €1 + (d — do)2k~n'=0 + |d — do|k~2n2~°
1 (dy, k) — D‘ < Cyn3k~3/Togn, 12(d, k) + tnrg| < nl=0k1

for all |d — d,| < vp. Since k = ky, and § > 1, Lemmas 3.4 and 3.5 imply
that P)'(AS) — 0. We prove the first inequality in (4.2); the second one can
be obtained in the same way. Using (3.4) and the definition of A, it follows
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that for all X € A,,

(4.3)
1-6
ln(d, k) —l,(do, k) + log I,(d, k) — log I,(do, k) < €1 + (d — do)2nk
nz " nr
+|d—d, y +(d—d )l(l)(do,k:)—Tk(d do)*(1 —n~?)
(1) 1-6 (1) 2
2 n (2}] n 05
<2€1_W< ) ! (d k) |d_d0|n21 _|_( (d k))
1 — —) nry k2 (1 — —) nr

2
< 3€1 — ‘nrk ( 25) (d do — 1<d072k)>
s

buldo k)| 220 (13 (do, K))?
— l k (1 — n%) nry,’
The third inequality follows from (2.5) and Remark 3.1, by which b, (d,) =

O(k‘ﬁ‘%) = O(6y,). This implies that ]bn(do)\k_%n%_‘s < €1, again for large
enough n. Similar to the preceding display, we have the lower-bound

+|d—d, —

N|=

ln(d, k) — 1 (do, k) + log I,(d, k) — log I,(do, k)

2
> —3e — ZE(1+207) <d - b<dk>)>

(4.4) (142n-9
bu(dork) |1 15 (15 (do, k))?
—ld—dy — 2| e
R LS = =
Note that

() (dor k) (1 (doy K))?
4.5 - = 1
(4.5) xPp { (1—=2n"%nr, (1+2n"9%nry explo(1)}
which follows from the expression for S (do, k) in Lemma 3.4, the definition
of A,, and the assumption that X € A,,. Therefore, substituting (4.3) in N,

(1)
and (4.4) in D,,, the terms M cancel out and by (4.5) we can neglect

() (do k))? (1) (do.k))?
the difference between m and T

To conclude the proof that N, /D, < ®(z)+ o(1) for each X € A,,, we

make the change of variables

nry bn(ds)
- 14+ 2n _Inido)
“ 3 ) <d do = 15 n
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where we take + in the lower bound for D,, and — in the upper-bound for
Ny Using once more that b,(d,) = O(,), we find that for large enough
n, |u| < % /nry implies |d — d,| < Uy, Hence we may integrate over |u| <
”i’ nry 1n the lower-bound for D,. In the upper-bound for N,, we may
integrate over u < z + €.
Combining (4.3)-(4.5), it follows that for all ¢; and all X € A,,

1
N, <. (1 4 2n_5> p fu<z+61 exp{—2u® + Cn~0ul}du
D, 1—2n-9 f‘qun\/7Texp{—7u2 Cn=0|u|}du

1 0
< 6861 fU<Z+61 exp{_iu +Cn~ IU|}du

a f\u|<v"‘/nr GXp{—7u2 Cn—5‘“|}du

— (2 + 1),

Similarly we prove that for all e;, N,,/D,, > ®(z — €)e™®, when n is large
enough, which terminates the proof of Theorem 2.1.

5. Proof of Theorem 2.2. Let 5> 5/2and 6, ; = cojf(BJr%)(logj)_l.
When the constant ¢y is chosen small enough, 8, € ©(3, L,). In view of
Corollary 3.1, the posterior mass on the events {(d, k,0) : |0 — 04| > 2loe,}
and {(d,k,0) : |d — d,| > wy,} tends to zero in probability, and may be
neglected. Moreover Lemma 3.1 implies that with posterior probability going
to 1, |6 — 6ol < (n/logn)~(BF=1/2)/2B+1)  However, within the (k + 1)-
dimensional FEXP-model, [|# — 6,|| is minimized by setting §; = 6,; (j =
0,...,k), and for this choice of § we have

10 = 6ol => 62, 2 k> (log k) >
>k

Consequently, the fact that || — 8[| < (n/logn)~B=1/2/CA+1) implies that
k> k! = ky(n/logn)B=1/2/(BEE) (logn) =18 for some constant k;. We
conclude that

I (k < KIIX) = op, (1),

and we can restrict our attention to k > k..
We decompose I1y(|d — do| < kywy,(logn) ™t k > k! X) as

> (| — do| < kywn(logn) ™', k = m|X)
m>k}!
= > (k= m|X)n(|d — do| < kywn(logn)~'|X),

m>kj!
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where IL,,,(|d — do| < kywy,(logn)™1|X) is the posterior for d within the
FEXP-model of dimension m + 1, i.e. I, (|d — do| < kywy(logn)~tX) :=
(|d — do| < kywy(logn)~tk =m, X).

To prove Theorem 2.2 it now suffices to show that

(5.1) ST Tk =m|X) =Tk < k < k,|X) 31,
k) <m<ky,
(5.2)  ErMIL(|ld— do| < kywn(logn) 1 X) 530, VK <k<k,.
The convergence in (5.1) is a by-product of Theorem 1 in Rousseau and

Kruijer (2011). In the remainder we prove (5.2). For every k < k,, we can
write, using the notation of (4.1),

(5.3)
I (|d — do| < kvwn(logn)_1|X) <

2

n,k
D,,

S ant <k ogny-1 €¥P{In(d k) = ln(do, k) + log In(d, k) hdma(d)
T dew, DU k) = In(do, k) + og I (d, k) bdra(d)

e

Let 69 > 0 and A,, be the set of X € R" such that

llog I, (d, k) — log I,(do, k)| < €1,
1D (dy, k) — DY (d, k))’ < nik~3./logn,
62 (d, k) = DA (Ao )| < xn= 3020/ 254D

for all |d—d,| < w,, and k]] < k < k!,. Compared to the definition of 4,, in the
proof of Theorem 2.1, the constraints on lg)(d, k) and I,, are different. For
the latter, recall from Lemma 3.5 that log I,,(d, k) = log I,,(do, k) + op, (1),
uniformly over d € (d, — wy,d, + wy). As in the proof of Theorem 2.1, it
now follows from Lemmas 3.4 and 3.5 that PJ'(AS) — 0. We can write

N, N,
E} [D":] < PPMAS) + B} {D"”; 1An] :
n7 n7

’

and bound N, 1,/D,, ;; pointwise for X € A,,. Since when k € (k},, k

no TL)?

(1) 2
(n (Do, )" —(2480)/28+1) _ 1)

20187 (d,, k)
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on A,, for all éo > 0, analogous to (4.3) and (4.4), we find that for all
X € A, by definition of by, (d,),

(2) (1) 2
It (o, BN (4 — g, — ba(d,))? + 7”"(25‘1‘” £)
2 2187 (do, k)|
1) (dy, k)| (11 (dy, ))?
2 218 (do, k)|

ln(d, k) — 1 (do, k) 4+ log I, (d, k) < 2¢; —

Lo(d, k) — Ly (do, k) + log I, (d, k) > —2€; — (d— dy— bn(do))? +

when n is large enough since k > k/!. We now lower-bound b,,(d,) by bound-
ing the terms on the right in (3.6) in Lemma 3.4. By construction of 6, it
follows that

'rkIZj 10, = cory Z] 2/log] ) > ck™ Bts 2(log k)~ !
j>k i>k

for some ¢ > 0. Since X € An, 25 (1 (dy, k))/ (nrs) < 21/k/n+/logn. Since
k <k, this bound is o(k~ Bts 2(logk)~1). The last term in (3.6) is o(n< 1)
when 8 > 5/2, and hence this term is also o(lfﬁ*% (log k)~1). Therefore, the
last two terms in (3.6) are negligible with respect to 7“,;1 Zj>k 7 10,,j. We de-
duce that b,(d,) > ck™ P2 (logk)~! > en~(2B=1/(4B+2) (1gg 1) —(26+3)/(45+2)
for n large enough.

Consequently, when the constant &, is chosen sufficiently small, | /a7y, (bn(do) —
kywn(logn) ™) > (¢ — ky)n/ 4842 (log n)~B+1D/2B+1) .= 2 — o0, We now
substitute the above bounds on I, (d, k) — l,,(do, k) + log I5,(d, k) in the right
hand side of (5.3), make the change of variables v = d — d, — b,(d,) and
obtain

2

Nok e Jus—kywatiogn)—1 “ba(d) SXPI— " Hdu
= 2

Dy, f|u|<wn/2 exp{—"%= }du
2

5 fv>zn exp{—4% }dv

)
Jhﬂ<wnxhw%/SeXp{__?i}dv

IN

IZOPO(ly

This achieves the proof of Theorem 2.2.

6. Conclusion. In this paper we have derived conditions leading to
a BVM type of result for the long memory parameter d € (—%, %) of a
stationary Gaussian process, for the class of FEXP-priors. To our knowledge
such a result has not been obtained before. The result implies in particular

that asymptotically credible intervals for d have good frequentist coverage.
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A by-product of our results is that the most natural prior (Prior C) from
a Bayesian perspective, which is also the prior leading to adaptive minimax
rates under the loss function [ on f, leads to sub-optimal estimators in terms
of d. Prior A leads to optimal estimators for d however it is not adaptive.
An interesting direction for future work would be to define an adaptive-
minimax estimation procedure for d.

More broadly speaking, the approach considered here to derive the asymp-
totic posterior distribution of a finite dimensional parameter of interest in
a semi-parametric problems could be used in other non - regular models,
hence completing (not exhaustively) the recent works of Castillo (2010) and
Bickel and Kleijn (2010).
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APPENDIX A: PROOF OF LEMMA 3.4
We decompose the first derivative of [,,(d, k) as l7(11)(d7 k)= S(l%l)(d, k) +
D(lg)(d, k)), S(lg)(d, k)) being a centered quadratic form and D(l,gl)(d, k))
the remaining deterministic term. To simplify notations, in this proof we
write § = S(Zle)(do,k)) and D = D(l%l)(do,k)). Using (1.6) (supplement)
and defining A = Tn_l(fdo,k)Tn(kado,k)Tn_l(fdo,k)a we find that

D= Lt [(Talfas) ~ Talf)A], 8= 5 (XAX — tr[T(£,)4])

From (1.4) and (1.8) in the supplement it follows that
1
Jo = fank = Fa k(€™ = 1) = (D + 5 € AF, 1) fa, b
= Ja, kO PF12), €€ (0, (A k) 1))

Consequently, we have

(A1)

D = Ltr [T (fay s (Bt i + O(AZ, )T Fao i) To(Hi fa, )T (ft 1)

2
- % /_ H() (A, k() + O(AF, 1 (x)))da + error

oo
= g Z 1005 + O(nk=2P=1) 4 error.
j=k+1

The last equality follows from (1.9) and (1.11) in the supplement. We bound
the error term using Lemma 2.4 (supplement) applied to Hy, fq, 1 and fq, .
whose Lipschitz constants are bounded by O(k) and O(k®3/2=#)+  respec-
tively (see Lemma 3.1 in the supplement). Using that || A, x|leo = O(k7+1/2)
(see (1.8) in the the supplement) we then find that the error is O(k3/2~#n¢).
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1 1
The term S is a centered quadratic form with variance £|T;2 (f,) AT (fo) 2.
Applying once more (A.1), we find that

tr [(Ta(f0) 4] = 0 [(T Jaot) T (HiSao )] (1 4 O Bt o))

= 21:[_/ H]?(SU)dI + O(nek‘ + ”Ado,kHoo) = nrk(]- + O(nié))’

where the term n°k comes from Lemma 2.4 in the supplement, associated
to fa,r and fq, xHj. This proves the first equality in Lemma 3.4.

Similar to the decomposition of lgbl)(do,k:), we decompose the second
derivative as I{2 (d, k) = DI (d, k) — 2851 (182 (d, k)) + S (1P (d, k), where

S1 (d) = XtAl’dX — tr[Tn(fO)Al’d], Sz(d) = XtAQ’dX — tr[Tn(fo)AQ,dL

(A.2)
Do(d) := DD (d, k))

= 3 T ha) v + | (fas) = Tolha, ) (Ara = 542)

+tr | (Tn(faok) — Tn(fo)) <A1,d — ;A2,d>] ,
Avg =T, (Far)(Ta(Hy fai) T (far))?s Azg = Ty ' (far) T (HR fai) Tt (fa)-

To control Dy (d) we use a first order Taylor expansion around d,, implying
that Da(d) = Da(do)+O(|d—d,) Sup|g_g, <5, |D2(d’)|. First we study Da(d,).
At d = d,, the right-hand side of (A.2) equals

/ Hi(x) (1+ (eRAdok — 1)) dx + O(kn)

(A.3)
_ Zrk( +O(k™ ,B+1/2+k2/ 1— e)>.

The O(kn€) term is obtained from Lemma 2.4 (supplement), applied to
foj = Hifa,r and foj_1 = fa,k, with Lipschitz constants O(k) for the
former and O(k(®/2=#)+) for the latter, together with the bound ||Ag, &
O(k=P+1/2), Using

0o —

La= 3T, (far)T, (kadk)) Ty ' (far)

(A.4)
+ 2T (fage) T (HE Fage) T () T (i fa ) Tyt (Fare)
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and a similar expression for the derivative of d — Aj 4, it follows that

DY) S tx [(To(Fap )Tt (fark) + L) (T (| Hl far 1) T (far k)]
+tr [(Tn(faoie) Ty (far ) + In) (T | Hl far k) Tyt (Far o)) T (Hi far ) Ty (far )]
+tr [(To(fao )Ty (far ) + L) Tn(|Hi P far ) T (Far )]

We control the first term of the right hand side of the above inequality, the
second and third terms are controlled similarly. Note first that

(A. 5)
tr [T (fao i) Ty (far ) (T (| Hiel far ) T (Far k)]

= 1T )T o Tl ) T )T T (| Hy far )
< HTz(fdo,k) (fd’ K)|I”

X HTn_§(fd/,k:)Tn§(|Hk|fd’ )H2|T_%(fd’,k)Tn(|Hk|fd’,k)Tn_%(fd’,k)|2
<0 IT 2 () T Hil far ) T ? (a1

where the last inequality comes from Lemma 2.3 in the supplement. Note
also that

1
2
n

2| S fo(@) S |2l and Tu(|Helfar ) S To(lHillel ), Tullfars) Z Tallel ")

and replace fg by |z|~2% in (A.5), then
_ n
(T2 far ) Tl | il far ) T2 (Far) P S (5 4+ O())

using Lemma 2.4 in the supplement associated to |Hy||z|2% which has
Lipschitz constant k. This leads to Da(d') = O (n°%), which implies that
for all 8 > 1,

Dy(d) = Da(do) + o(|d — dofn 1k ™") = =L (1 + 0(n™)).

For the stochastic terms in lgf)(d, k) we need a chaining argument to control
the supremum over d € (d, — Uy, d, + ¥p,). We show that for all ¢ > 0 and
Tn = n%Jre,ki%a

(A.6) Pf( sup |51(d)|>’7n> = o(1),

|[d—do| <t
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i.e. that S1(d) = op_ (7). The same can be shown for Sy(d) using exactly
the same arguments. Consider a covering of (d, — vy, d, + v,) by balls of
radius n~! centered at dj, j=1,...,J, with J,, <29,n. Then

sup  [S1(d)] < max [S1(dj)|+  sup  [Si(d) — Si(d)],

|d—do|<Tn J ld—d'|<n—1
and
(A7)
1
Py ( sup  |S1(d)| > %) <Py < sup  [Si(d) — Si(d')| > 2%)
|ld—do|<n |d—d/|<n—!

n 1
+ Jn 1%2{7” P <|51(dj) > Q’yn> .

To control the first term on the right in (A.7), note that for a standard
normal vector Z and some d* € (d,d'),

Si(d) — Si(d) = (d ) (thé (o) T2 (1) Z — tx [Tulf) a,d*]),

with A ; as in (A.4). Using Lemma 2.3 (supplement) and the fact that
|AB|| < ||A||||B|| for all matrices A and B, it follows that HTn% (fo)A’Ld*Té(fo)H =
O(nY), and hence ZVT7 (fo) 44 . TR (f)7 < Z'Z|T3 (fo) AL T2 (£)]] =
O(n®)Z'Z. Similarly, it follows that tr [Tn(fo)A’l’d*}

when e = €//2 we have

< n. Consequently,

~

S1(d) — Si(d)| Sn (2 Zn +n),

uniformly over all d,d’ such that |d — d’'| < n~!. Since 1 = o(v,),

|d—d/|<n—1

Py ( sup  [Si(d) — Si(d)] > ;%> < P(Z2'Z >n'"y,/4) = o(1).

To bound the last term in (A.7), we apply Lemma 1.3 (supplement) to

1 1

(ZPAZ — tr[A])|A| Y, with A = T2 (f,) A14T:2 (f,) since as seen previously
|A]* = O(n/k) = o(y2n29) for o small enough, it follows that

pr (Sl(d) > ;’yn> <e 8

Since J,, increases only polynomially with n, this finishes the proof of (A.6).
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APPENDIX B: CONTROL OF THE DERIVATIVES IN ¢ ON THE
LOG-LIKELIHOOD

Before stating Lemma B.1 we first give a general expression for the deriva-
tives of [,,(d, k,0) with respect to 6. For all j > 1 and | = (ly,...,l;) €
{0,1,...,k}, let ¢ = (0(1),...,0(|o])) be a partition of {1,...,5}. Let
lo| be the number of subsets in this partition and o(i) the ith subset of
{1,...,j} in the partition 0. Denoting l,(; the vector (I;,t € o(i)), we can
write

wlarko@) = ] cos(lix)faoro(@).
teo(i)
. . L c e 091n(dk,0)
For notational ease we write V() fa ko := Vi, @ fa k0- The derivative 50,00,
00
can now be written in terms of the matrices

o]

(Bl) BU(d? 9) = HBO’(z) (d79)7 Ba(i) (da ‘9) = ( fdk@) (fdk 9)

There exist constants b,, ¢, and d, such that

(B.2)
D1,(d, k,0)
90,, ... 00,
=Y bo (XTI, (fak,0)Bo(d,0)X — tr [Tn(fo) Ty, ' (fak.0)Bo(d, 0)])
o€ES;
+ > eotr [Bo(d,0)] + Y dotr [(Tn(fo)Ty,  (faks) — In)Bo(d, 0)]
o€S; oES;

where S; is the set of partitions of {1,...,j}. For the first two derivatives
(j = 1,2) the values of the constants b,, ¢, and d, are given below in
Lemmas B.4 and B.5. For the higher order derivatives these values are not
important for our purpose; we will only need that for any j > 1, the constant
¢o is zero if |o| = 1.

The following lemma states that l,,(d, k, 0)—1,,(d, k) is the sum of a Taylor-
(604, k)(j)len(do,k)

approximation Z 1 and terms whose dependence on d
can be negligible. Slnce the proof is involved, some of the technical details
are treated in Lemmas B.2 and B.3.

LEMMA B.1. Given 8 > 1, let k < k,, and let d and 0 be such that
U fo, fare) < 1262. Then there exists an integer J and a constant € > 0 such
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that uniformly over d € (dy — Vn,do + ) and 0 € Br(04x, 2lo6y),

ZJ: (0 —Baz) ﬁvu (do, k)

ln(d, k,0) —
(B.3) = ;
1

do) > = Gnj(0 = Oar) + Sn(d),
=27

where, for u =60 — éd,k,

(B.4)

n,j(u Z Ugy + - Uy Z (cotr[T1,o(do, k)] + dotr[T2,6(do, k)]) ,

ly,.. ,lJ—O O’ES]'

lo|
T1o(do k) = Z(HT ) Jdo )T, l(fdo,k)> X

i=1 \I<1i

(T (Vo (i) fao e Hi) = To(H fao k) Ty (fdod) T (Vo (i) faook) ] X

T (fdo) (HT ) Jdo k)T, 1(fdo,k)> ;

>

Too(do k) = —Tn(Hpfa, )T (fa,1)Bo(dos Oa, ),

and Sy (d) denotes any term of order

_ n%fé n
(B.5)  S,(d) =op,(1) + op, (dl\i/%) + op, ((d — d0)2 lk 5) .

we can choose J =2, and (B.3) simplifies to

When > 5/2 and k < k|

n’

22: (9 — Ba) J>vu (do, k)

(B.6) Lo(d, k,0) — +op,(1).
7=1
PROOF. Recall that by (3.7),
J
6—6 J>u do, k
1 (d, 1, 0) Z dk) V (do, k)
>0 T -4 )<J>;(z (d, k) — Ln(do, k))
+ Z d,k) n 9 n 0 + RJ_l’_l,d(e)

i=1 J!
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To prove (B.3) we first show that, writing u = 6 — 4,

(B.8)
J u(J)VJ(ln(d’ k.) _ ln(do, k‘))
=1 J!
k _ , _
! O ln(d, k, Oa ) 8]ln(doaka0do,k)>
= - U .U _
;J'h; 0 et ( o0y, ...00,, 00, ...00,,
- EARR ]
|
do) Y <19n.5(u) + O(Su(d).
]_1']

This result is combined with (B.7) and Lemma B.3 below, by which g,, 1 (u) =
O(Sp(d)). It then follows that I,,(d, k,0) — 1, (d, k) equals

J J
6 -6, V]l dmk E ’
Z dk ( 'gn’] —|—RJ+1 d(e) +O(Sn(d))

j=1 2

The final step is to prove that Rjyi14(0) is op, (1) and hence O(S,(d)); to
this end J needs to be sufficiently large. _

First we prove (B.8). For the factors @l (dyk,Oar) — %ln(d,k,édo,k)
we substitute (B.2). In Lemma B.2 below we give expressions for each
of the terms therein, which we substitute in (B.8). The main terms are
(d—do)tr[T o (do, k)] and (d — dp)tr[T2 o (do, k)] in (B.13) and (B.14), which
after substitution in (B.8) give the term (d — d,) ijl %gn](u) on the
right. The other terms in (B.12)-(B.14) that enter (B.8) through (B.2) are
O(Sn(d)). This is due to the summation over u,,...,u;, in (B.8), and the
Cauchy-Schwarz inequality by which

k
(B.9) Do ey < (VE[ul) < (200VE8,) = o(n™),

110l =0

for some 6 > 0, as ||ul]| < 2{pd, and (B.8) is proved. We now control

Rjy1,4(0).
Combining (3.8) and the first inequality in (B.9), we obtain

o7t ,(d, k, 0)

\Fé T max su — 1 2 (x)].
j (Vkon) P aall...aelJ+l()

[Ry+1,4(0)] <
(J+ 1)! Uil 16—64 x| <2l06n

We give a direct bound on this derivative using (B.2). For all partitions o of
{li,....lypa} and all (I, ... 1y1) € {1,..., Kk}, we bound || B,;)(d, )|,
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using 1Bo@iy(d, )| < |IT; n%( i) Jde,0)Th (fdk@)HQ (see (1.6)). We bound

_ 1
||T (Vo(iyfare)Tn (fd k0) |l by application of Lemma 2.3 (supplement) with
f = fareand g = ) fa k- The constant M in this lemma is bounded by

k k k
D101 <> 1Ba)sl+ D105 — (Bar);| < 2VL + VE[0 — O]l = O(1),
=0

§=0 §=0
since Zf:o |(0ar)i] < 2VL (by Lemma 3.3) and [0 — 4| < &,. Conse-
quently, Lemma 2.3 (supplement) implies that
(B.10) | Bo(iy (d, 0)|| < K,

where K depends only on L, L, and not on n, d nor ¢. From the relations
in (1.6) and the definition of B, it follows that for any o,d, 0,

(X1 By (d, 0)X] < X'Ty (F) X KT (f)T0 2 (an)P < XTI (f) XK

(B (d. )] | < nK 7T (£)T * (fan) |2 < n1 K.

Therefore we have the bound
(B.11)  [Ry11(d,0)| < CK7 ' (VE(0 — Oap )’ (XIT7 1 (fo) X + 1)

Since k < ky, [|0 — 04| < 6, and the term X*T,(f,)X in (B.11) is the
sum of n independent standard normal variables, there is a constant ¢ > 0
such that

P, ( sup sup |Rjy1(d,0)] > n_5> <e
|d—do|<tn [|0—04,k[|<2l0dn
provided we choose J such that (J + 1)(1 —1/8) > 2. This concludes the
proof of (B.3).
To prove (B.6) we first show that for J =2, |[R;41(d,0)| = op,(1). Since
k < ki, B8 >5/2and || — 04| < 2lpe,, we can choose J +1 = 3 >
(28+1)/(B — %), and the preceding inequality becomes

P, sup sup |R3(d,0)] >n" ) <e "
|d—do|<wn [|0—0a,1 ]| <2l0€en

Combining this result with (B.8), it only remains to be shown that (d —
do)gn,1(u) and (d — dy)gn2(u) are op,(1). Recall from Corollary 3.1 that
|d — d,| = o(n<=(F=1/2)/B+1) for all € > 0. Consequently,

[d—doln3k™2 = o(n T/ EHVET2) = o((VEen) ), (d=do)* L = ol (Vien) ™)



32 W. KRUIJER AND J. ROUSSEAU

for all 5 > 2. This implies that S, (d) = op,(1) and that, by Lemma B.3,
(d — do)gn1(u) = o(1). Also, for all (I1,12) € {1,...,k}’ and all partitions
o of (I1,12), the limiting integral of tr [T ] is equal to 0. Since 5 > 5/2 the
Lipschitz constants of the functions fg, » or f, are O(1), so that Lemma 2.4
(supplement) implies tr [T »(do, k)] = O(nk). Similarly,

tr (12,5 (do, k)] / Hj,(x) cos(l1z) cos(ljx)dx + O(nk).

Thus we have

k

n(d —d, i

(d—do)gn2(u) = (271') Z ug, U, Hj,(x) cos(l1z) cos(ljx)dxr+o(1),
l1,lo=0 -

which is o(1). This completes the proof of Lemma B.1. O

The proof of the following lemma is given in section 4 of the supplement.
LEMMA B.2. Let W,(d) denote any of the quadratic forms
"I (fae) Bo(d, O ) X — tr [T (fo) Ty ' (fan) Bo (d, 64
n (B.2). For any j < J, (I1,...,1;) € {0,...,k}) and o € S}, we have
(B.12) Wy (d) — Wo(do)| = op, (|d — don? k™ 7),
tr[Bo(d,04%)] — tr [Bs(do, 04,)]

[
(B.13) = (d — do) tr[T1.4(do, k)] + (d — do)?0(nc T2k~ 2T1=F/2+)
= (d = do)tr{T1 o (do, k)] + (d = do)*0(n'° /k),

(B 14)
tr [(Tn(fo) Ty M (faw) — In) Bo(d, 041)] — tr[(Tn(fo) Ty ' (k) — In) Bo(do, 64, 1)]
).

= (d — do)tr[Ty.(do, k)] 4 (d — dy)*0(n/k) + (d — dy)o(n g

LEMMA B.3. For all § > 1 there exists a constant 0 > 0 such that
uniformly over ||0 — 04 1| < on,

19,1 (0 = Oa)| = o(n">~0k71/2).

ProoOF. For u =60 — 9_d7k, we have

1 _ _
na(u) = =5t [Tn(kado,édmk)Tn g gay ) TN fg, 5, )T 1(fd07§do7k)] :
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This follows from (B.4) and Lemma below, by which b, = d, = % and ¢, =0
(the only partition for j = 1 being o = ({l})). By Lemma 2.4 (supplement)
gn,1(u) converges to zero, but at a rate slower than n'/2=9k=1/2 To obtain
the o(n'/2=0k~1/2) term, we write

gn,l(u) =A1+ Ag + Ag,

and bound the terms on the right using the other lemmas in section 2 of the
supplement. We first prove that

A1 = tr [ T(Hifao o) T f ) TV fa, ) T 24| -
(167*)tr [T, (Hg) T, (u'cos)] = o(1),
where cos(z) = (1,cos(z), ..., cos(kz)). We then prove that
Ay = tr[Tn(Hy)Ty(u'cos)] =0,
and finally that

Az = tr [To(Hifaor) Ty (Faos) T (W' fap 1) T (fao )]

0T () 1,09 0, (2
n\U1kJd,k)dn A2 n\U dok)dn A2

_ O(nl/Q—ék—1/2)'

—tr

To bound A; we use Lemma 2.5 (supplement) with by (x) = Hg(x), ba(z) =
utcos and L = k3/>~P. Equation (2.6) then implies that

A1l < OVEulln (1+E205712) = o(1).
To bound Deltas note that for [ =0,...,k and all j1,jo <n,
(Tn(cos(l2)))jijo = Iy —jal=t (Tn(Hk))j1 2 = Z Nilj=|j1—jol-

j=k+1
Therefore
tr [T, (Hy.) T (cos( Z Z Z Nili=ij—joljs—jol=t = 0,
J1=1j2=1j=k+1

since [ < k and j > k. We now turn to Ags. Following Lieberman et al.
(2011), we consider separately the positive and negative parts of Hy and of
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u'cos. Hence we may treat these functions as if they were positive. We first

define, for fdo,k = (47T2fdo,k)71

)

Ay = To(Hyofay 1) Ty (fag k) Br = Tn(Hy fao 1) Tn(fao k),
Ay =T, (u'V fa, )Ty (fane),  Bo = Tn(u'V fa, 1) Tn(fao k)

A= TnE(kado,k:)Tn_ (flio,lc)Tn2 (W'Y faok)s

B = T2 (Hy fa, 1) T Fao ) T2 (4 1),
A = I, = To(fa ) Tn(Faok)-

Using the same computations as in Lieberman et al. (2011), we find that
L1 N 1
|As| < |tr[BiB2A| + [A = BT (Hifdo k) Ta(fao o) AT (u'V fa, 1)

+HAPVEul|n
S VEluln k7P + |t [B1B2A] |-

The first term on the right is o(n'/2=°k~1/2). We bound the last term using
Lemma 2.5 (supplement) with by = Hy, by = ulcos and b3 = 1, which
implies that tr [ByBaA] = 0 4+ O(Vk|u||nk3/2=8)+) = o(1). This achieves
the proof of Lemma B.3. ]

LEMMA B.4. Suppose that k < ky, and that (fo, fa, ) < 30%. Then
all elements of Vil (do, k) (1=0,...,k) are the sum of a centered quadratic
form, S(Vil,(do, k)) with a variance equal to §(1+0(1)) and a deterministic
term, D(Vil,(dy, k)) which is o(kB/2=P+ne).

PROOF. For all [ =0, ...k, we have
Viln(do, k) = S(Viln(do, k)) + D(Viln(do, k)),
where
S(Vila(do, k) = L X'T (a0 T (V1S )T (1) X
— 5t (T (fo) T (Faoe) T (Vi Sy i) Ty ()]

D(Viln(do, 1)) = i1 [(TulFo) T (i) — 1) Tu( Vi )T (o))

Note that this is a special case of (B.2), with j =1, b, = d, = % and ¢, = 0,
the only partition being o = ({l}). The variance of S(V,l,,(do, k)) is equal
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to

tr[(To(fo) Ty (Fao ) Tn (Vi fao ) Ty (fto )]

no (" < fo ($))2cos2(lx)dx+0(nek)a

B 27 -7 fdo,k

since Lemma 2.4 (supplement) implies that the approximation error of the
trace by its limiting integral is of order O(n(k + k>3/2=AV0) = O(n°k).

Since % = ePdok (see (A.1)), the integral in the preceding equation is

n ™

(14274, k + O(Agoyk)) cos®(lx)dx

2 ),

= g + 2nag(d,) + O(m;r%) = g(l +0o(1)),

where q; is defined at the beginning of the supplement. Lemma 1.3 (supple-
ment) then implies that the centered quadratic form is of order op, (n<t1/2).
Similarly, Lemma 2.4 (supplement) implies that

'D(Vlln(do; k?)) == 27;_/ W(x) COS(laj)dx + O(nEHAdo,kulk)
- cos(lx) Ag, x(x)dz 4+ O(nk =) 4 O(nk3/>5)

2 J_,

= O(nkB/20)+)
which completes the proof of Lemma B.4. O

LeMMA B.5. Let A(d) be the (k + 1) x (k + 1) matriz with entries
Ay 1, (d) = agy11,(d), where a;(d) = 115001 — 2071 (d, — d)). Suppose that
k < ky and that 1(fo, far) < [362. Then J,(d,k) = —V>1,(d, k,0)
satisfies
(B.15)

Vi, ly <k, |(Jn(d, k)= Jn(do, k)i 12| = 0P, (|d—do|nk+5n(d)) = op, (n/k)

0=04,k

uniformly over d € (dy — p,do + Up) and k < k,,. We also have for all ly,1s
n n
(B16)  [Jn(do, k) = STk1 = SA(do)]iy 1y = n(Ras )iy 1o + 1 Raa)ts 1o

where (Rags)i, 1, is a centered quadratic form of order op,(n~Y/?%¢) and

(Roa)i, 1, s a deterministic term of order o(kn°~'). For the matriz A, we
have || A(d,)|| = o(1) and |A(d,)| = O(1).
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In particular, (B.16) implies that |.J;,(do, k) =5 Ir41—5 A(do)| = op, (kn'/?t¢)+
o(k*ne).

PROOF. Let d and k < k;,, be such that I(f,, far) < (302 so that d €
(do—"0n, do+7y,) (see Corollary 3.1). Lemma B.1 implies that for all I3, < k,

(Jn(dv k))h,lz - (Jn(dm k))lhlz

—(d —d,) Z (cotr [Th 5 (do, k)] + dotr [To,5(do, k)]) + Op, (Sn(d)).
o€S(l1,l2)

Lemma 2.4 (supplement) implies that
tr [T; 0 (do, k)] = O(kn), i=1,2

so that (B.15) is satisfied since this term is op,_(n'™°/k). We then use ex-
pression (B.2), with o € {({1},{2}),({1,2})} and we denote o1 and oy
the first and the second partition respectively. Note that ¢,, = dy, = 1/2,
¢y, = 0 and d,, = 1. From Lemma 2.4 (supplement), the quadratic form
in (Jn(do, k)1, 1, is associated to a matrix whose Frobenius-norm is O(y/n)
and whose spectral norm is O(n¢). Hence, this quadratic form is op, (n'/2*¢).
Also by Lemma 2.4 (supplement), the deterministic terms can be written as

™

4£ cos(l1x) cos(lax) (1 4+ Ag, i) (x)dz + o(kn®)
m —Tr
n
= 9 (H11=l2 + a4, (do)) + o(knf),
and Lemma B.5 is proved. 0

APPENDIX C: PROOF OF LEMMA 3.5

Under the conditions of Theorem 2.1 we have k = k,, and 5 > 1, and we
may assume (by Lemma 3.2) that I(fo, fare) < 12362. Fixing d and k, we
develop 6 — [,,(d,k,0) in 04. From Lemma B.1 in Appendix B it follows
that

ZJZ (0 — Bay)0 Wz (do, k)

Jj=1

n,j (0 — 0,
+ (d—do)Z—g i i ) | g (a),
=2 '

In(d, k,0) —
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where S, (d) is as in (B.5). Substituting (C.1) in the definition of I,,(d, k) in
(3.1), we obtain

(C.2)
Lk = [ eln @0~ gy ()
10—04a,x (| <2l06

_ J ()i In,j (v
:eS"(d)Welk(Od,k)/ e2i=1] 3100Vl (do )+ (d—do) T 3!
l[ull<2lodn

_ () oj In,j (W)
:eS”(d)ﬂelk(Qdo,k)/ =1 UVl (dok)+(d—do) 3o = +hicu gy,
(]| <2l06n

The first equality follows from the definition of I,,(d, k) and Lemma 3.3, by
which we may replace the domain of integration by {0 : ||0 — 04| < 2100y}
The second equality follows from the assumptions on 7y, in prior A, the
transformation v = -6, and substitution of (C.1). Also the third equality
follows from the assumptions on 7y these imply that

_ 1_.
|log g1y, (Oa,k) — 10g Wik (O, i) | = Ido—dl| k| +0(1) = O(|d—do|(n/k)2~)+0(1),

for some € > 0. Thus, the factor eS”(d)ng(éd,k) on the second line of (C.2)
may be replaced by eS"(d)w@‘k(H_do’k). Because Sy, (d,) = op, (1), (C.2) implies
that

(C.3)

In(do, k) = (1 +OPO(1))/ exp hku+z

| <210 st

DVl (dg, k)

du.
J!

The most involved part of the proof is to establish the bounds
(C4)

ng(edo’k)/ exp hku—l— Z
llull<lodn

7=1

u DIV, (d,, k)

du
4!

In ] (u)

< I(d, k) = " Dy (B, 1) / i ! Vo k) (ddo) g P b g
kst

w1, (dy, k)

du.
4!

< 7T0|k(§do,k)/ exp § hpu + Z
Jull <3106, ~

Since the posterior distribution of 6 conditional on k& = k,, and d = d,
concentrates at g, ;, at a rate bounded by lyd, (this follows from Lemma
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3.2, with the restriction to d = d,), the left- and right-hand side of (C.4)
are asymptotically equal, up to a factor (1+op,(1)). By (C.3), the left- and
right-hand side are actually equal to I,,(d,, k). This implies that I,,(d, k) =
eS"(d)In(do, k), which is the required result.

In the remainder we prove (C.4). To do so we construct below a change
of variables v = ¢ (u), which satisfies

(@) vu do,k: vu (do, k
hipv + Z Y = hpu + Z )
(C.5) -

J
—d,) Z n,j(u)

Jj=2

O(Sn(d)),

for all ||ul| < 2lpd,. We first define the notation required in the definition
of ¢ in (C.8) below. Recall from (B.4) in Lemma B.1 that g, j(u) can be
decomposed as

gn,] —nz Z ug, .. ulglf’) e 1=2,...J,

O’ES ly,.. ,l]—O

(4)

where 9y depends on o. For ease of presentation however we omit this

dependence in the notation. Using Lemma 2.4 (supplement) and (B.4) in
Lemma B.1, it follows that for all j > 2 and (I1,...,1;) € {0,...,k},

(C.6) a9 =

------

. 1 /™
Wy =5 | Hula)costisa) - cosllja)d

Let G denote the matrix with elements fy( ) ,» and G®@ the matrix with
(2)

elements g, . By direct calculation it follows that

@ _q 1
(C.7) Ty = lntia>kg 50 D)

Similarly, for all j > 3 and [;,...,l; € {0,1,...,k} we define

(G( l1,12 - Z gll’ l.ulg e UL, (G( 11712 - Z ’Yll, Sl Ut - -

l3a 71]—0 l37 alj—o

LU
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In contrast to G and G®, GU)(u) and GU)(u) depend on u. For no-
tational convenience we will also write G (u) and G®(u). Finally, let
I, = Ju(do, k) /n be the normalized Fisher information.

We now define the transformation :

(C.8) () = (Iys1 — (d— do)D(w))u,  with

1
j=2 J: 0ES;
J
(Cg) (L(u))l1,l2 = _Z Z Ulg - - - UL Vh, o Ly (dmk)'
=" lg, ;=0
The construction of G(u) is such that
J
(C.10) nu'G(u)u = Zgn,j(u)
=2

Analogous to G(u) and D(u) we define G(u) = 7_5 4 3, e, (co—do) GV (u)
and D(u) = (Iy + L(u))~'G*(u). After substitution of v = t(u), and using
(C.25) in Lemma C.1 it follows that

ZJ: D — uDYIl, (o, k)
Jj=3 gt
k
vl ,...,l~ln(daak)
_ Z llu12 Ly ! (J_ 1)' + O(Sn(d))
g=311, =0 J ’

The definitions of D(u) and L(u) and (C.10) imply that
—n(v —u)Tyu = n(d — d,)u! D' (u) [u = n(d — do)u'G(u) (I + L(u)) u
= n(d — do)uG(u) <1k+1 (e + L(u))—lL(u)) u

—d-d)y j!gn,jm) — n(d — do)(D(u)u) ' L(u)u
j=2
J 1 i, i vll,...,ljln(dO’ k:)
=(d—d,) 2 ﬁgnj(u) —(d—d,) 2 lh,;j:o(D(U)U)hulz Ly G-1)
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At the same time, the definition of Ij, implies that

1 n(v — u)t I (v — u)
(@ _ @) ¢2 _ _
5 (v u )V In(do, k) = —n(v — u)' Tu 5 .
Combining the preceding results, we find that
L DVl (dy, k) J (])V]l (dy, k) J
v n{lo, U 05
o+ 30l ST g
=1 J: j=1 j=2
J
— Wt (v —
e — )+ (0 — )il (doy by — PO T g )

2
= (v —u)'Vin(do, k) + O(Sn(d)),

where the last equality follows from (C.24) below in Lemma C.1, together
with the assumption on hy in prior A in (2.2).

Apart from the term (v — u)'Vl,(d,, k) on the last line, the preceding
display implies (C.5). Hence, to complete the proof of (C.5) it suffices to
show that

(C11) (v —u)'Vin(dy, k) = —(d — do)u' D' (u) Vi, (do, k) = O(Sn(d)).
The proof of (C.11) consists of the following steps:

(C.12) W' (D(u) — D(u))'Viy(do, k)] = opy(n2 0k 2),
(C.13)  (d— do)u' D"(w)D (Vin(do, k)) = O(Su(d)),
(C.14)  (d = do)u' D'(w)S (Vin(do, k)) = O(Su(d)),

where S (V1,,(d,, k)) denotes the centered quadratic form in Vi, (d,, k), and
D (Vin(do, k)) the remaining deterministic term. We will use the same no-
tation below for L(u).

Equation (C.12) follows from Lemma B.4 and (C.22) in Lemma C.1 be-
low, which imply that the left-hand side equals op, ((vVk||u|)2n=1*ky/n) =
Opo(n%_ék_%), for some 6 > 0. For the proof of (C.13), note that Lemma
B.4 implies

[0 D! () D(V1a (A K))| S || Dy Bk 25
Combined with Lemma C.1, this implies that the left-hand side is O(\/Ek:‘w 2_25“),
which is O(S,,(d)). The proof of (C.14) is more involved. Recall that D(u)

is defined as D(u) = (I + L(u))"*G*(u). Using (B.16) in Lemma B.5, we
obtain

(Ie + L) ™" = 2[Tes1 — (A(do) + Ras + Rag + L(u))(1 + 0p, (1))]-
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Substituting this in D(u), it follows that (C.14) can be proved by controlling
G(j)S(VZn(do))v G(j)A<dO)S(Vln(do))v G(j)R2d8<VZn(do))7 G(])D(L(u))S(Vln(do))a
GUY) Ry S(Vin(dy)) and GYS(L(u))S(Vi, (d )) for allj =3,...,J. Todoso,
first note that Lemma B.5 implies that ||GY) Ry, S(VI ))H op, (nVk).
Hence,

[u' GV Ry, S (Vi(do))| = 0p, (k~7717) = 0p, (1),
which clearly is O(Sy(d)). The terms GYS(Vi,(d,)), GD A(dy)S(Vin(dy)),
GUY) RyyS(Vl,,(d,)) and GUOD(L(u))S(Vi,(d,)) can be written as quadratic
forms Z'MZ — tr[M], where, for a sequence (b)¥_, and a function g with
llgllco < 00, M is of the form

T2 (fo) T (fan )T ( )i 3) 2 reos z:c)Tf(fdmk)Té(fo),

Z being a vector of n independent standard Gaussian random variables.
Using Lemma 2.4 (supplement) it can be seen that |M|* < n(32,b7 + k/n).
Lemma 1.3 (supplement) with o = € + 1/2 then implies that

(C.15) P, (ZtMZ —tr[M]| > n°t (Z b7 + ) ) < e~

For all j € {3,...,J}, the four terms above can now be bounded for a
particular choice of g and b;.

e Bound on GWS(Vi,(d,)). For all Iy,...,l; € {0,...,k}, set b =

'Vl(g,)l,l4,...,lj and g(xz) = 1. Then we have

k 3
> bS(Vin(do))), = op, (”5+6 (Z b?) ) :
=0 l

By induction it can be shown that
1 ™

oy cos(loz) cos(lyx) cos(lax) - - - cos(ljx)dx
T

—9J )
=2 Z Hlo+2§:1 €1;=0
€1,-+,€5 e{_Ll}

Consequently, >, 07 = O(k™!) for all Iy, ly,...,l; € {0,...,k}. Us-
ing the fact that 3, |u| = o(1), we obtain that (GYS(Vi,(d,))), =
op, (n'/?t<k=1/2) for all I € {0, ..., k}. This implies that

(C.17) IGDS(Vin(do))l| = op, (n'/*) = O(S,(d)).

(C.16)
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e Bound on A(d,)S(Vi,(do)). Set by =144, 5100141, and g(x) = 1, then
(A(do)S (V1 (do))), = op, (' /?E=8), iy € {0,...,k}.
Combined with Lemma C.1 this implies that
|G A(d)S (Vi(do))| = op, (nH/2HR=55172),

e Bound on GU) RyyS(Vl,(dy). Set by = (Raa)i,; and g(z) = 1, for all
I1 =0,...,k, then Lemmas B.5 and C.1 lead to

|GV RygS (Vi (do))|| = op, (n'/*Tk?n™Y) = op, (n~1/2Tk?).

e Bound on GOD(L(u))S(Vi,(d,)). For all Iy, I3, ..., 1, s, . ..., z] € {0,...,k},
set

lo=0

w ' (fa,) Tu(cos(lx)g2(2) fa, () -+ T (fa,) Tlgr () fa, ()]

b = %tr [T (fa,)T, (Z N bty COS(12) g1 (2 )fdo(f)) x

where g1 (), ..., g-(2) are products of functions of the form cos(l;z)
and ¢1(z)....g-(z) = cos(l;)x)...cos(l;,ac). Lemmas 2.1 and 2.6 in the
supplement, together with (C.16), imply that

(C.18)

S0 =0, and [GODLw)S(Via(d)) | = op, (nH72).
l

Consequently, the contribution to all these terms in (v — u)'Vi,(d,, k) is
of order O(Sy,(d)).

We control u!GYS(L(u))S(Vi,(do, k), by bounding ||GYS(L(u))| using
a similar idea. Indeed, for all I1,ls < k, (GYS(L(u))), 1, can be written as
a sum of terms of the form (Z'M;, 1,Z — tr(Mj, 1,))/n, where Z is a vector
of n independent standard Gaussian random variables, and M;, ;, has the
form

n%(fo Y(faok) (HT (4) fao k) n_l(fdo,k)> X

1<10

1
(Z V01 ol COS(lm)vo(z’o){l}fdo,k> fdo, H T de, VT3t (fo)-

<10
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We can use the same argument as in (C.15) since for all l1,1la,...,1;—1

k
|Miy 10| S |T"_%(fd07an(Zvl(?l‘z,lg,...,lj,l Cos(l$>va(io)—{l}fdo,k)Tn_%(fdo,k)l
_ O(n1/2+€k—1/2)l.:0
Hence, it follows that n~![Z!M;, 1,Z — tr(My, 1,)] = op, (n~/2Tk~1/2) and
(C.19)  w'GS(L(u))S(Vin(do, k) = op, (|Jullnk) = op, (n'/>70k~1/2).

Combining (C.19) and (C.17)-(C.18), we obtain (C.14). This in turn finishes
the proof of (C.11), since

(v —w)'Vin(do, k) = op, (|d — do|n2 k%) = O(Sa(d)).

We now prove that (u) is a one-to-one transformation. First note that
Y (u) is continuously differentiable for all ||u|| < 2lyd,,. This follows from the
definition ¥ (u) = (Ix41 — (d — do) (I + L(u))~*G*(u))u, the fact that G(u)
and L(u) are polynomial in u and Lemma C.1, by which ||L(u)| = op,(1).
To prove that ¥ (u) is also one-to-one, we bound the spectral norm of the
Jacobian

V(u) = g1 = (d = do) D(u) = (d = do)(D'(u)u),
where (D'(u)u) is the (k4 1) x (k + 1) matrix with elements

k

o(D
ZUZM, ll,l2:0,...,k.
1=0 O,

For 1(u) to be one-to-one, it suffices to have ' (u) = Ix11(1 + op,(1)).

By (C.24) in Lemma C.1 below, we have |d — d,|||D(u)|| = Op,(|d — d,|).
Therefore we only need to control the spectral norm of D'(u)u. For all Iy, 2,
we have

(C.20)

(D' ()l s, = [—(fk T L)t 2H)

duy,

(I + L(w) Gt w)u + (I + L(u))lagbfmu .
2 15

Both (G(uw))i, 1, and (L(u)), 1, can be written as

J k
Frp(usr,0) =m0 Y wg e ugbi g, s

§=2  I3,..,1;=0
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where the constants 7;, bll,_.,7lj are different for G and L, and b is symmetric
in its indices. In particular, 7 = 0 in the case of L. Using this generic
notation for G(u) and L(u), we find that for all v € RFT! and all 1,1, <k,

OF (u; T,b)v J k /
<8Ul) = Z T](J -3+ 1) Z VigUpy = uljbll,lz,...,lj = F('U, us T ,b),
2 h Jj=3 l3,...,l;=0

where 7/ = 7;(j —3 + 1), j = 3,...,J. It therefore has the same form as

F(u;7',b), with v replacing one of the u’s. Applying this to the first term of
(C.20), with v = (I}, + L(u))"*G*(u)u, we find that

(T + L(w) " F (v, w7, b)| S |F(v,u37,0)| = O(1),

where we used (C.21) and (C.24) from Lemma C.1. The second term of
(C.20) is treated similarly with v = u so that we finally obtain

|D'(u)u] = O(1),

and v is one-to-one on {u : ||u|| < 2lpd,}. Using the above bounds we also
deduce that the Jacobian is equal to exp(O(Sy(d))), since

log det[Jac] = log det [Ij+1 — (d — do)D(u) — (d — do) D' (u)u]
= O[(d — do)(|tr[D(w)]| + tr[D' (w)u)) + (d — do)*(|D(w)|* + | D' (w)ul?))]
= O(VE(d — do) + k(d — do)?) = O(S(d)).

This finishes the proof of (C.4), and hence the proof of Lemma 3.5.

LeEmMA C.1.  Let v = (u), with ¢ as in (C.8). Under the conditions of
Lemma 3.5, we have

(C.21) IL(u)] = op,(n "/**k) = op, (1),
(C.22) |IG—G| = op,(n"V* k) =op,(1),
(C.23) |D(u)] = Op,(1),
(C.24) lu =] < |d—do|Op,(|lul]),
and
(C.25)
T () — @) Vil (dy, k
Z( ])! (do, k)
j=3
A Vir,otyln(doy )
=—(d—=d))> Y (Dwu)u,...u, G O,
j=311,...,l;=0 J )!

uniformly over ||ul| < 2lpdy,.
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Proor. We first prove (C.21). From (B.2), we recall that Vi, ;.00 (do, k)
is the sum of a centered quadratic form S (Vll,“.,lj ln(dy, k)) and a determin-
istic term D(Vy,,.1;ln(do, k)). For all Iy, ..., 1;, S(Vyy,..1;ln(do, k)) equals

-----

X T (fag) D boBoldo) | X = tr | Tu(fo) Ty ' (faok) Y boBo(do) |

UESj O'ES

with By (do) := By (do, 04, 1) as defined in (B.1). Using Lemma 1.3 (supple-
ment) together with (B.10) we obtain that for all Iy, ..., l;, S(Vi, .. 1;ln(do, k)) =
op, (n27¢), and its contribution to |L(u)| is op, (k(VE|u])~2n"27¢) =
op, (n"1/?79k). The deterministic term in (B.2) is

D(Vh, ) dov k Z Cotr O)] + Z d(ftr [(Tn(fO)Tn_l(fdmk) - In)BU(do)] .

We bound the contribution of the first term to |L(u)[; the second term
can be treated similarly. Let L(u) be the matrix when in (C.9) we replace
Vll,...,ljln(do, k) by >, cotr[Bs(d,)]. Hence,

J

(C'26) (E(u))lhb - Z j — 1 ! Z Z Ui - [B:L(do)]’

o€S; l3,...,l;=0

1

1
2 here ~tr[By(dy)] = —
(C.27) where . r[Bo(dy)] 5

/ cos(liz) ... cos(ljx)dx + E,,

E, being the approximation error. For each o and j > 4, the contribution
of the integral in (C.27) to (L(u)), 1, is O(f”, |u'cos[!—2(z)dz) = O(||ul|*);
hence its contribution to |L(u)]| is k||u||> = o(n~'/27%k). For j = 3, we have

1 k

4r

1
ulg/ cos(l1x) cos(lex) cos(lzx)dx = 3 (w10 Ts =1y 41 + w0ty —to Lyt —1]) »
I3=1 o

and the contribution of this term to |I~/~(u)| is of order vk|u|| = o(n=1/2*<k).
Next we bound the contribution to |L(u)| of the error term E, in (C.27).
Note that we can write the last sum in (C.26) as

(C.28)
Sy, TP L T e ) T )|

n n y
l3,...,1;=0 =1
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where
(C.29) bi(x) = (utcos(x))l7@I=01D=020) ¢o5(1;.)910) cog(1y.)%20),

01(1) = Tico@i), 02(i) = Irepy) and p = |o|. If p < 3, then Lemma 2.4
(supplement) implies that

(©30) By = O((VHlullP~2n R229% 1 k) = om0,
If p > 4, then Lemma 2.6 (supplement) together with (C.28), with

[ = faops foi = bifa, ki <ol

L = kB2B+ M mt = 0(1), MO = O((\/%Hu”)‘U(i)|*51(i)*52(i) and
L0 = O(k (\FHUH)‘U( | o ’) 92(2)) leads to the bound

lo]

~ Bo(d,)] 1 1
> ul3...uljtr[n()]—tr HT (i fayk)Tn <47T2fdo)

l3,...,l;=0
KAV = o125,

Using Lemma 2.1 (supplement) we finally obtain that

lo

%tf il;IlTn(bifdo,k) 1 /7r (u'cos)?2(z) cos(l1z) cos(loz)dz = o(n 1 °F).

27 J_,

Therefore the contribution of the approximation error E, in |L(u)| is of
order o(n~1/ 2-0k). Using a similar argument we control the terms in the
form tr [T, (fo)(Ty, *(do, k) — In) B (do)] and (C.21) is proved.

We now prove (C 22) and bound

J k
1 (9)
l1712 Z*, Z —dy) Z Tyl W - - Ul
=2 O’ESj lg,...,lj—o
with rl(] ) A in (C.6). These are the approximation errors which occur

when replacmg Ltr[T) 5 (do, k)] and 2tr[Th 5 (d,, k)] by their limiting integrals
(see also (B.4)). Therefore, for each o € Sj, Zld —0 l(l,)...,ljuls Ly is a
combination of terms of the form

p

Lir T (i) f ) Tn—l(fdo,w] 5 / " (utcos(z) 2 Hy(x) cos(lrz) cos(laz)da,

2
i=1 -



BAYESIAN SEMI-PARAMETRIC LONG-MEMORY ESTIMATION 47

with p € {|o|,|o| + 1} and the functions b; defined as in (C.29) apart
from by (z) = Hk(x)(Zfzo uy cos(1z))leMI=011)=02(1) cog(7; )01 () cos(1y.) 22D,

Therefore, using the same construction as in (C.28)-(C.30), we obtain that
(G = Gl = O™H2E), |G = G = O™ %k) = o(1).

To prove (C.23), we use the just obtained bound on |G — G|, and in addi-
tion establish a bound |G|. We treat each term GU) in G(u) = 23.122 % Zoesj (co
dy)GU) (u) separately. First we show that |G?)| = O(1), which follows from

definition (C.7), by which

k

_ 1
tr [(G@))?} - Y e

l1,l2,li+l2>k

Consequently, |(_;(2)| < 1. For j > 3, note that for all 0 < 1,15 <k,

‘Gll,lz ‘: Z 711,12, Ay W -
l3,...,L;=0
k
< Z gy - uy| |Hk Zcos (I3z)u, | dx
l4,...,lj:0 13=0
< (Wl i a2
< (VE[ul) N (VE) = ([ull)
Therefore, |GU)(u)| < k(vVE)Y~4(|Jul|)?~2 = (VE||u||)’~2 = o(1), for all j >
3. Hence |C_¥( )] = O(1), which combined Wlth \|(I+L( ))—1|| = Op,(1) (see
Lemma B.5) and (C.21)), imply that

|D(w)] = |(Is + L(w) "G (w)] = O(1),
uniformly over ||ul| < 2lyd,. It follows that
ID@)] < (T + L(w) 7 (IG] +1G = Gl) = Op,(1).

This concludes the proof of (C.23); (C.24) directly follows from this result
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since ||lu — ¥ (u)|| < |d — do||D(w)|||u|]. Finally, we prove (C.25). We have

Vll,...,ljln(dm k)

ORNONVINEN Sk
Z( JVL(d k):—(d—do)z ST (D, ..,

=3 J! §=311,...,l;=0 (7 =1
J . k
. 2 J wu W U vll,...,ljln(dmk)
e ]Z; <2) ll,.%;.o(D( R (]
k
F )Y (D@ (D), - (D)), Vlh(';»]ltf_l"l(;l!"’ k)
l1,...,07=0

Using the same argument as in the proof of (C.21), we find that for all for
all j >3

k
> (D)) (D(w)u),u, .. w,

]
l1,e051;=0 J:

= n/7T (D(u)u)tcos(x))? (ulcos(z)) " 2da

+ (:/EHUH)JflO(\/ﬁne(\/%HuH) +k+ \/ﬁ”qul/2(3/275)+)

=o(n' k™),  for some § > 0.

(3) —(Dywi
Similarly, the higher-order terms in the above expression for ijg Gl ;!V]l"(d"’k)
can be shown to be O(Sy,(d)), which terminates the proof of Lemma C.1. [
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