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Abstract

Consistency, asymptotic normality and efficiency of the maximum likelihood es-
timator for stationary Gaussian time series, were shown to hold in the short memory
case by Hannan (1973) and in the long memory case by Dahlhaus (1989). In this
paper, we extend these results to the entire stationarity region, including the case of
antipersistence and noninvertibility. In the process of proving the main results, we
provide a useful theorem on the limiting behavior of a product of Toeplitz matrices

under strictly weaker conditions than those employed by Dahlhaus (1989).



1 Introduction

Let X;, t € Z, be a stationary Gaussian time series with mean p and spectral density
fo(w), w e Il = [—n, x| and denote the true values of the parameters by p, and
0y. We are concerned with spectral densities fy (w) that belong to the parametric

family {fy : 0 € © C RP}, such that for all § € ©

fo (w) ~ |w|7°‘(9) Lo (w) asw — 0, (1)

where « (0) < 1 and Ly (w) is a positive function that varies slowly at w = 0. X
is said to have long memory (or long-range dependence) if 0 < « () < 1, short
memory (or short-range dependence) if a(f) = 0 and antipersistence if « () < 0.
The range « (f) < —1 corresponds to noninvertibility and our results cover this
case as well. Two examples of parametric models that are consistent with (1) are
the fractional Gaussian noise (Mandelbrot and Van Ness, 1968) and the ARFIMA
models (Granger and Joyeux 1980, Hosking 1981).

The asymptotic properties of the Gaussian maximum likelihood estimator (MLE)
for short memory dependent observations were derived by Hannan (1973). For the
Gaussian ARFIMA (0, d, 0) model, the memory parameter is d, which corresponds
to a () /2 in (1). Yajima (1985) proved consistency and asymptotic normality of
the MLE when 0 < d < % and asymptotic normality of the least squares estimator

when 0 < d < }l. Dahlhaus (1989, 2006) established consistency, asymptotic nor-



mality and efficiency for general Gaussian stationary processes with long memory
satisfying (1) and 0 < o < 1. Similar results for the parametric Gaussian MLE
under antipersistence and noninvertibility do not appear to be documented in the
literature.

In the semiparametric framework, Robinson (1995a) established consistency and
asymptotic normality of the log-periodogram estimator when —1 < o < 1. Velasco
(1999a) extended these results by showing that consistency still holds for the range
—1 < a < 2 and asymptotic normality for —1 < a < 3/2. Moreover, with a suitable
choice of data taper, a modified version of this estimator was shown to be consistent
and asymptotically normal for any real a.

For the Whittle MLE, Fox and Taqqu (1986) proved consistency and asymptotic
normality under the condition 0 < o < 1. Velasco and Robinson (2000) extended
these results to the range —1 < a < 2 and with adequate data tapers, to any
degree of nonstationary. Lately, Shao (2009) considered a nonstationarity-extended
Whittle estimation which is shown to be consistent and asymptotically normal for
any o > —1 (except @ = 1,3,5,...) and to enjoy higher efficiency than Velasco and
Robinson’s (2000) tapered Whittle estimator in the nonstationary case.

The local Whittle estimator was shown by Robinson (1995b) to be asymptotically
normal for —1 < a < 1, while Velasco (1999b) extended these results by proving
consistency for —1 < a < 2 and asymptotic normality for —1 < o < 3/2. As with

the ‘ordinary’ Whittle MLE, with suitable tapering, the results are extended to any



a > 1. Abadir, Distaso and Giraitis (2007) developed an untapered nonstationarity-
extended local Whittle estimation and proved consistency and asymptotic normality
when the generating process is linear, for any o > —3 (except a = —1, 1,3, ...) with
higher efficiency than Velasco’s (1999b) tapered local Whittle estimator.

For the exact local Whittle estimator, Shimotsu and Phillips (2004) proved as-
ymptotic normality for any real «, if the true mean of the series is known, and
Shimotsu (2006) showed that similar results hold in the case where the process has
an unknown mean and a linear time trend, for a € (—1,4).

The purpose of the paper is to continue this line of literature and fill the gap
concerning the asymptotic properties of the Gaussian-MLE by extending it to the
case a < 1.

Non-invertible processes may arise in practice by over-differencing to eliminate
stochastic and deterministic trends, see Beran et al. (2003). Antipersistence be-
havior was also noticed as a feature of financial time series including, for example,
Peters (1994) and Shiryaev (1999) who modeled implied and realized volatility of the
S&P500 index, and Karuppiah and Los (2005) who investigated nine FX rates and
concluded that most rates are antipersistent. For other examples of antipersistent
processes, we refer the reader to Tsai (2009) and the references therein.

While there are simulations studies that analyze the performance of these esti-
mators in long-, short memory and antipersitence, (see Sowell 1992, Cheung and

Diebold 1994, Hauser 1999, and Nielsen and Frederiksen 2005), we emphasize that



todate, consistency, asymptotic normality and efficiency of the Gaussian MLE an-
tipersistence and noninvertibility case have not been established. We prove these
properties without making aprior: assumptions on the memory-type of the series.
By this it is meant that the researcher is free to find the MLE over the entire range
a < 1.

In practice, todate, if the MLE for the memory of a given data set was found to be
negative and the process was assumed to have positive memory, the value of the MLE
was censored to zero. In various simulation experiments, this resulted in a pile-up of
MLE values at zero, and essentially this amounts to restricted maximum likelihood
estimation, rather than the unrestricted analogue. See, for instance, Lieberman and
Phillips (2004a). By establishing a theory for the range o < 1, the pile-up at zero
is avoided.

Our set of assumptions are not stronger than those of Dahlhaus (1989, 2006) and
are satisfied in the stationary ARFIMA (p, d, q) model, allowing for the possibility
that d < —1/2.

The outline of the paper is as follows. Section 2 states the model and main
results of the paper. Section 3 concludes. Appendix A gives the main proof, while

all auxiliary results and their proofs are collected in Appendix B.



2 Assumptions and Main Results

As in Dahlhaus’s (1989) notation, let

..........

We denote by || Al| the spectral norm of an N x N matrix A and by | A| the Euclidean

norm of A, that is,

1/2
Al = sup ) A = [t (AT A) 2

zeCn xr*x

(x*A*Ax

where A* is the conjugate transpose of A. We require the following assumptions:
(A.0) (a) X3, t € Z, is a stationary Gaussian sequence with mean p € R and
spectral density fp (w), w € Il = [—m, w]. The true values of the parameters of the
process are i, and 0y € © C RP. If § and ¢’ are distinct elements of ©, we assume
that the set {w|fp (w) # fy (w)} has a positive Lebesgue measure.
(b) The parameter 6y lies in the interior of © and © is compact.
There exists a : © — (—o0, 1) such that for each § > 0:

(A.1) fow), fit(w), 0/0wfy(w) are continuous at all (w,d), w # 0, and

folw) =0 (Jw =) s £ (@) = O (Jw") ; %fa () = 0 (o ).

(A.2) Dfp (w) /00, and 0? fy (w) /06,00, are continuous at all (w,0), w # 0,



and

6,
0? —a(0)—5
= 1< <
03 —a(0)—6 ,
- = « 1<,k 1<

(A.3) 02 fg (w) /OwdB), are continuous at all (w, ), w # 0, and

0 —a(f)-1-5
:O< a()1>, 1<i<np
900,70 @) @l <j<p
(A.4) The function « (6) is continuous, and the constants appearing in the

O (-) above can be chosen independently of 6 (not of 9).
We also assume that [i5, the estimator of 1, fulfills the following condition.
(A.5) For each § > 0
Assumptions (A.0)-(A.4) are modifications of Dahlhaus’s (1989) assumptions
(A0), (A2), (A3) and (AT7)-(A9). The most important aspect of the assumptions is
that « (f) may have values in the interval (—oo, 1), extending Dahlhaus’s (1989) as-

sumptions, which limited « (@) to the interval (0,1). Assumption (A.5) corresponds

to the assumption on i in Theorem 3.2 of Dahlhaus (1989). This condition is



fulfilled, for example, by the arithmetic mean and linear M-estimates (see Beran,
1991), for a(6y) € (—1,1), but Samarov and Tagqu’s (1988) showed that it does
not hold for the arithmetic mean when « (6y) < —1. Adenstedt (1974) proved that
(A.5) is in fact satisfied for the GLS estimator for all a (fy) < 1, which is not a
feasible estimator, but we can easily extend his result for any estimator iy of the

form

iy = (A'Sy () 1) ISy (f) X,

where 1 is an N x 1 vector of 1’s, X = (X1, ..., Xn)', Bn (fs) is the covariance matrix

of X, given by

S (f) = [ [ e @)

f* = for, with 0" any value in © satisfying «(0*) = infycg a(f) (by compactness
of © there exists at least one such value) or even f*(A) = (1 — cos A\)~*"/2, where

a* < infgeg (f). Indeed, we can then bound

By o) = E((USy (7)) Sy (1) (X - 1))

< (SN ()Y SN () Sa () S ()11

< (USh (7)) S8 ()2 S8 (fay) S (£

< KN -HHal)-a)ts < fr y-14al0)+3 s S )

where the last line is deduced from Theorem 5.2 of Adenstedt (1974) for the term



1SN ( f”‘f1 1 and from Lemma 2 in Appendix B. It is to be noted that this re-
sult could be guessed from Theorem 7.2 of Adenstedt (1974) where he proved that
underestimating a does not change the rate at which the BLUE estimator of u
converges.

Assumptions (A.0)(a) and (A.1)-(A.4) hold if X; — p, is a fractional Gaussian
noise with self-similarity parameter 0 < H < 1, or Gaussian ARFIMA process
with a differencing parameter d < % Finally, note that as in Dahlhaus (1989), our
Assumption (A.1) allows neither a pole nor a zero outside the origin, which excludes
processes such as seasonally (possibly fractionally) differenced series.

Denote by Oy the estimator obtained by minimizing the —1/N-normalized Gaussian
plug-in log-Likelihood function

L (6) = i Todet S (o) + gy (X — iy 1) S (o)™ (X — iy 1)

with respect to 6. The main results of the paper are stated in the following theorem.

It establishes consistency, asymptotic normality and efficiency of the Gaussian MLE,

A

On.

Theorem 1 Under Assumptions (A.0)-(A.2) and (A.4)-(A.5):

(i)

On —p 0.



(ii)
VN (O = 80) — N (0,1 (65) ), (3)

where T'(0) is the Fisher information matriz, given by

00) = 1= [ (Viog sy ) (Viog fy ) do

—T

The main effort in the proof is in the establishment of consistency. Because of the
nonuniform behavior of the quadratic form (X — fiy1) Sy (f5) " (X — jiy1) around
a(0g) — a(f) = 1, implied by Theorem 5 of Appendix B, in our proof we consider
separately the regions of § with a (6g) —a (0) < 1 and with a (6g) —cv (0) > 1. A simi-
lar distinction between the two cases was made by Fox and Taqqu (1987), Terrin and
Taqqu (1990), Robinson (1995b) and Velasco and Robinson (2000). Using Theorem 5
of Appendix B, we derive a uniform limit for the plug-in log-likelihood function which
is valid on any compact parameter subspace of © in which maxy (a (6y) — « (0)) < 1.
To handle the region of #'s on which a (6y) — a (6) > 1, we adopt a similar idea to
that of Velasco and Robinson (2000, Theorem 1), who proved that in this region, the
discrete —1/N-normalized Whittle log-Likelihood converges to 400 a.s. as N — co.

The reason for the aforementioned break is that the limiting behavior of the trace
of a product of Toeplitz matrices is very different when « (6y) — « (#) < 1 and when
a(0g) — a(f) > 1. These terms appear in the cumulants of the log-likelihood and

its derivatives. In the process of proving the main results, we generalize Theorem



5.1 of Dahlhaus (1989) and prove it under strictly weaker conditions. This result
is of use and interest by its own right. It continues a very long tradition on the
limiting behavior of Toeplitz matrices. See, among others, Kac (1954), Grenander
and Szego (1958), Taniguchi (1983), Fox and Taqqu (1987), Avram (1988), Bercu

et. al. (1997) and Lieberman and Phillips (2004b).

3 Conclusions

There is a very large body of literature on long memory processes and in particular,
on the asymptotic properties of various estimators in this context under different
conditions. The main contribution that this paper makes is in the establishment
of consistency, asymptotic normality and efficiency of the Gaussian MLE when the
memory parameter satisfies v (fg) < 1. This range includes all types of memory un-
der stationarity and allows for the possibility of noninvertibility. This work therefore
extends Dahlhaus’s (1989, 2006) seminal contribution, which was done under long
memory only, i.e., under the condition 0 < « (f) < 1. Similar progress has already
been made in the semiparametric literature recently (e.g., Velasco 1999a, 1999b, Ve-
lasco and Robinson 2000, Shimotsu 2006), but up to this point in time, the results

for the parametric Gaussian case were confined to the long memory range only.
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Appendix A: Main Results

Throughout the Appendix, whenever no confusion occurs, we shall use «a to
denote a(f) with the relevant § € © and ag to denote a(fy). Also, K denotes a
generic positive bounding constant which may vary from step to step.

Proof of Theorem 1 (i) Set Y = X — p1 and Z = Yn(6p) /%Y, so that Z ~
N (0, Iy). Using the positive and negative parts of V fy together with Chebyshev’s

inequality, Theorem 5.2 of Adenstedt and Lemma 2, we have for any 6 € ©

|1/21_\[1(0)ZN(|V,]C9|)Z]_\[1(0)Y‘ < K(Z/Z)1/2N(a(90)—a(G))+/2+1/2—a(9)/2+6’ Ve > 0.

(4)

Using the mean value theorem with mean value 6" and applying (4), we obtain

A(6,0)) = |Ly(0) — Ln(6)]

= % Y'[Sn(fo) ™ = Sn(fo) 'Y +log det [Sn(fo)En(fo) ]|
— )2 — 1
+<M0 2]\7N) |1/{2N<f9>—1 _ EN(fe/)il]” + |MD NMN| ‘1/[2N(f9)—1 _ EN<f9/)71]Y|
= % Y [Bn(for) T 2N (V for ) 2N (for) Y] + [t [En(for) T En(V o) ]
+K% (NS (for) 'S0 (IV for 2N (for) 11

+ K Neoma )4 /2o [2=al@)/200(Z/7)1/2) - 5 > 0.

16



Thus, using Lemma 2 for the first two terms, there exists a v € (1, 00) such that

A(6,0') <

10— 0| K

[ZZN” + N+ NY(Z'Z)'?], V6 > 0.

Hence, setting cy = N~7=¢/2 for any € > 0

Py, sup

|979/‘<CN

1A(0,0)] > €

< Py, <ZJ;[Z > eNe/Q) +o(1) = o(1). (6)

Let Ly(0) = Ln(0, 1), we see that

Ly (0) — Ly (0)] =

1

o |(X = in 1) Sy (o) (X = iy 1) = Y'Sx (fo) ' Y| (7)

1 ) ) 1 ) )
7 o = il [V (fo) LY |+ o o — iy UEy (fo) ' 1.

Let ©4(6) = {0 € ©;(0) > ap; [0 — 0o > 6}, ©_(6) = {0 € ©;(0) < ap; |0 — 0| >

5}, 0, = 0,(0), 6

= ©_(0). Using Theorem 5.2 of Adenstedt (1974), we obtain

Supgeo, 1N (fo)'1 < KNt < KN1-00t6 Y5 > (0 so that together with

Assumption (A.5), this implies

1 . - -
ON o — fin* S (fo) ' 1= 0p(N7?), V6 >0, (8)

17



uniformly in # € ©,. Similarly, with probability going to one, uniformly in § € ©,

and Vo > 0,

1/2

IA

1 . _ Cajrin _
Sl = il [VSy ()1 Y] < KNSR (v (1) 1) (272) 7

|2 x (00) /5 (0) 717

Equations (8) and (9) imply that (7) is op(1) uniformly on ©,. Together with (6),

we have for all € > 0

sup |A(0,6")] > ¢€/2

‘0—0/|<CN,9/,9€@+

Po90 sup |LN(9,) - LN(0)| > 6] < P@o
|9/—9|<CN,9/,9€@+

+o(1) = ofl). (10)

We now prove that for all € > 0, Py, [inf9€@+(5) Ln(0) — Ly(6p) < e] —Nooo 0.
Consider a covering of ©,, with balls of radii ¢y and centers 0;, j = 1,..., Jw,

where Jy < KNPE1. Such a covering is possible, because of the compactness of ©.

18



Applying the chaining lemma (Polard (1984)) and using (6), for all € > 0,

sup |Ln(0") — Ly (0)] > €/2

|9l79‘<CN,9/,9€@+

Pgo 9€i®n+f(5) LN(Q) — LN(H()) < €:| < PQO

+ZNP90 [Ln(0;) — Ln(0o) < €/2]

Jn
< > Py, [L(05) — Li(00) < /2] + o(1). (11)
j=1
Continuing, each term in (11) can be written as
Py, [Ln(01) — Ln(0o) < €/2] = Py, [Y'[En(00) " — Sn(61)7'Y — Ay > 0],

where Ay is given by Ay = —eN + log det[Yn(01)3n(6) Y] Since oy < a(6) on

©,, an application of Chernoft’s inequality, with 0 < s < 1, yields

Pgo [Y’[EN(QO)_l — EN(Gl)_l]Y — AN > 0} (12)

< exp {SEN/Z — sNK(fo,, fo,) + S;tr [(In — SN (61) " SN (60))?] } ;

where

K(f1, f2)N = (tr[En(f1)Sn(f2) ! — In] = log det[Sn(f2) " En(f1)]) /2.

19



As in Dahlhaus (1989, p 1755), uniformly in ©,

K(f907f91) >

=| =

tr [(IN — ZN(GO)ZN(Hl)_l)Z} s (13)
implying that

Py [Y'[En(00) ™ = En(01) 7Y — Ay > 0] < exp {eN/2 — Ktr [(In — Sn(61) ' En(60))%] } -
(14)
By Theorem 5, for any 0 < u < 1, uniformly in ©,(0) N {f; «(f) > —1 + u}, there

exists a by(d) > 0 such that for a large enough N,

tr [([N — EN<91)712N(6‘0)>2} = %

f90<w) ?
( o 1) dw > Nbi(5).  (15)

Further, uniformly in ©,(5) N {#;a(f) < —1 + u}, because a(fd) < 0, we have

Yn(01)t > Ky, and

tr [(Iy — Sx(6:) 'Sn(00)?] > NC? / (for (@) — fon(@))2dew > Nb(5),  (16)

for some by(d) > 0. It follows from (12)-(16) that we can choose € > 0 small enough
such that

Py, [Ln(01) — Ly (8) < €/2] < e NEN®/2, (17)

20



Combining (11) with (17), we see that for some constant K’ > 0

Py, | inf Ly(0) — Ly(0y) < 0| < K-NEMONPEL 1 6(1) =0(1).  (18)

0cO, (5)

To proceed, we decompose O_(§) as ©_(0) = O, U Oy, with ;- = {0 €
O_(0);a(f) > =1+ ap+ €} and O = O©_(6) \ O;_, for some small ¢ > 0.
With very similar calculations to those leading to (18), we obtain

Pay |, inf Lx(0) = Ln(00) < €| = o(1). (19)

We now study the behaviour of £,(f) over ©,_. Let ¢ > 0 and b € R be such
that g(x) = cz™® < infe, fo(z), and fo(x) = C]x\_QOH_E/ such that fo(x) >
supg, fo(x). Such functions exists by the compactness of ©. Note that for all

0 €O,

1

Ly(0) > W[Y/EN(fz)_lY — 2(fiy — 110)18n (f2) 1Y +log [En(g)]]-

Because (fiy — 110)15n5(f2) 'Y = 0, (1) and the fact that

8= E N o) = 5 [ (09(0) ~ log fofw))do
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uniformly in ©,_, we have

Lx(0) — Ln(80) > 5 [Y/(En(f) " — Sw(0) HY] - K,

with probability going to 1. If ay > 0, then ag — 1 + ¢’ > —1 and by Theorem 5

1 1 [7 / K
Nt’l" [2N<90)2N(f2)_1 — [Nj| > —/ |:K(JJ_1+€ — 1] dw > ?

T2 ),

If ag < 0, then Lemma 7 implies that for all A > 0 if ¢ is sufficiently small

%t?" [ZN(eo)EN(fg)_l — [N] 2 A

Hence for any € > 0, by setting A > 2(K + €) and € small enough, we get

Pgo |:961Ié£_ £N<9) — LN(Q()) < 6:| (20)

< B | g [YOx() = Za(00) Y] < e+ K]

IN

& {Y'<ZN(90)_1 ~ Sn(f) )Y 4t [Sw(@0)Sn () — In] 2 tr [Sw(00)Ex(f) " — Ix]

Atr [(EN(00)1/22N(f2)_12N<00)1/2 — IN)2:|
(tr [Zx (00) V2SN (f2) T (00) /2 — In])”
8[1Zn (60) *E (f2) 2P |Zw (f2) /*E (60) /2] + N]
|Xn(60) 25N (f2) 2

IN

IN

= o(1).

Equations (18), (19) and (20) complete the proof of consistency.
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(ii) By the mean value theorem,
VLy <§N> — VL (6o) = V2Ly (O, fiy) <9N — 90) ; (21)

with ’@N - 90’ < PN - 90‘. Since 0y lies in the interior of ©, for all ¢ > 0,

(\/NVEN (@N) > 8) —, 0. Also,

1

2V N
1

VN

VNV Ly (6) = tr {5 Sv.0, }

(X = iy 1) Zn (fo) " En (Vo) B (fo) (X = fiy1).
Using similar decompositions to (7), supgee VN |VLy (60) — VL (69)] —, 0 and
VNVLy (60) = VNV2Ly @y, i) (B = 00 ) + 0,(1).

We now prove that

1 i vf@ovfﬂo

E - f—go(w)dw + Op(l)- (22)

Ly @N; ﬂN) =
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Set JN = fﬂ M(w)dw, write 29 = EN (fg), ZV,O = EN (Vfg), ZV2,9 =

ra — f920
2N (v2f6’)7
2 1 —1 —1 1 —1
\Y ﬁN (0) = —ﬁtr (26’ EW)EQ Ev’g) + WU‘ (29 2V2,9>
1 . _ _ _ .
o (X = 1) 25 0055 ' Bo.08 " (X — i)
1 . - _ .
YN (X —fiy1)' % IEVQ,eze X~ fiyl),
so that

V2Ly (0) — VPLy (0) = — [2Y" Ao (g — i) + (1o — fin)*1' Apl] (23)

1
N
where Ay is a linear combination of matrices of the form X, 1Zv,02512v,9251 and
3, ' Sy24%,". On an application of Lemma 2, the absolute value of (23) is less
than or equal to K [N*”O‘O/%(QO*“(Q)HM (Z'Z)"? 4+ N~1teots| — o(1), uniformly
on U (0y) = {0;|0 — 0o] < €}, with € > 0 small. By similar calculations to those

involving (5), letting ¢y = N~ for some v > 0, it can be seen that for all ¢ > 0,

Poo | s [ViLw (0) = V2Ly ()] > ] = o(1) (24)
|0—0"|<cn
and
Py, HV2£N (0, po) — VQEN (6o, ,Uo)’ > u] < e—CN1*26u2, (25)
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for some ¢ > 0 and § < 1/2, which can be chosen as small as need be. Inequalities

(24) and (25) imply that

P90 sup ‘V2£N (97M0) o VzEN (007:“0)} > €I = 0(1)

|0—00|<e

Lemma 8 or Theorem 5 imply (22). Note that Jy > ¢l for some positive constant

¢ > 0. Therefore, we set Zy = \/NJX,I/QV»CN(QO,[LO). Since ||E;1/221/2

)
o gl S ON

and since Jy > cly for N large enough, the following Laplace transform satisfies

E(t) = EY [et'ZN}

_ _ _1/91—-1/2
t/JN1/22901/2EV,902901/2

2V N

1/, ,—1/2 2
w[{zgo (t JIZN Ev,eo)} ] +6Né/2 o H (IN+2u29_01/2 (t,Jgfl/zEvﬂO)Ee_ol/g)712;01/2 (t/JN1/22V790>2001/2}3:|

id + 2

It is quite easy to verify that

o ensen))] g

j=11j
_ 1
AN 5 o)

We thus need only prove that the second term is o(1). We have already proven that

(1 + 205, (V3 Sw0,) T ?) > In /2
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Thus the second term is bounded by

1 B - a1 ) . .
6N tr [{ (IN + 21@901/2 (t/JNl/QZVﬂo) 2901/2> 2901/2 <t/‘]N1/2EV,90> 2901/2} ]
4 ~1/2 ~1/2 —1723
3N3/2t7° [{290/ (t/‘]N / EV,%) 290/ } :|

—1/21v—1/2¢1/2 6
CNTY2IZ0, "S5, 100

IN

IN

CON°~V2 Y5> 0=0(1)

IN

This leads to E(t) = el®/2(1 + o(1)) for all ¢ so that Z, — N(0,1,) and (ii) of
Theorem 1 is proved. B

Appendix B: Auxiliary Results

The following Lemma generalizes Lemma 5.3 of Dahlhaus (1989) to the negative
exponents case. The proof is similar to that of Dahlhaus (1989) and is omitted for

brevity.

Lemma 2 Let f(w) and g (w) be positive, nonnegative and symmetric functions

such that £~ (w) = O (jw]*), g (W) = O (|w|—ﬁ), and o, 3 < 1. Then

2

|5y (17250 (0] = 28 (02 58 (072 = 0 ().

We shall make extensive use of the following Lemma, which is Theorem 2 of

Lieberman and Phillips (2004b).

Lemma 3 Let f; (w) and g; (w) be positive symmetric functions such that g; () =
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0 (|>\|_B>, ) =0(A),a<1,8<1,j=1..p andpla+p) <1 As
sume that Vt > 0, IMy, My,, such that sup -, [f' (A)| < My, and sup|y-, 9" (V)] <

M,,. Then Ve >0

9

—T

'%tr (I_, S (g) S (7)) — (2m)™! / CIE (0 (1) 5 (V)| = O (N

We remark that Lemma 3 is a stronger version of Theorem 1(a) of Fox and Taqqu
(1987), who gave an o (1) upper bound instead.
The following result is the main building block in the proof of Theorem 5, pre-

sented below.

Lemma 4 Let f; (w) and g; (w) be positive symmetric functions such that g; (\) =
O (A7), i) = 0 (A7), /1) = O (), ¥ > 0, =1 < a < 1,

B<1,j=1,..,p. Assume that ¥t >0, IM;, My,, such that sup)y -, ‘fJ’ (/\)| < My,

and sup|y >, |g§ (/\)| < M, j=1,....,p. Let hj (w) = (27)* f; (w). Then ¥5 > 0

[tr (IF_,2n (9;) N (h;l)) — tr (TI_, 2 (g5) Sy ()] =0 (NPO-40)
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Proof of Lemma 4: First, we consider the case p = 1. Let A; = Xy (g)Xn(f)7?

and B; = Y (g)Xy ('), We have,

trlAy = Bi] = tr[Zn(9)Z5 (f)(In = Zn(f)ZN (R7)))
= tr[En(g)(EN () = Zn (1) In = Ex(H)EN (h71)))]
+tr[En(9)En (1) (Iy — En()EN (7))

= CLN+bN,

say. The first term is

an = tr[Sx(9)(E5 () = Sn (h71)Un — En(H)EN (B7))]

< Sn(@) 22N PPy — SR EN (R SR

By Lemma 2, the first term above is O(N¥~®++%) and by Lemma 3, the second
term is O (N°). Hence, ay = O(NB=9)++20)  Further, using Lemma 3, in the case

p(6 — a) < 1 and Theorem 1(b) of Fox and Taqqu (1987) in the case p(f — a) > 1,

bN = tT[EN(g)EN (h_l) (]N _ EN(f)ZN (h_l))] — O(N(/B—a)++6>'

Next, we consider the case p > 1. Let A; = Xn(g;)Sn(f;) 1 A; = E%Q(Qj)Z]_\,l(fj)E%Q(ng),

Bj = Ex(g)Sn (h7Y), B = S¢(g)Ex (h51) 22 (g551). A = In—ZY2(F)Sw (7) V()
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and A, —[N—EN(fJ)EN( ) Note that

A~ Bjl = 220058 () ASY P (2N (g541)]
< A EV DS PUDIEN (950082 ()]

= O(NB=2+%%) 5 > 0.
We proceed by using complete induction. Assume that for all £ < p
k k
H H = O(N*F=2++9) 5 > 0. (26)

Applying the decomposition used in eq’n (13) of Dahlhaus (1989) and the inequality

|A+ B| < |A| + |B|, we have
p B p B B B B p B
T4 -TIBI <D T BiA—Bo) [ Al =D ax (27)

say. In (27) and elsewhere, when k£ = 1, a term such as Hf;ll B; is simply equal

unity. We have,

k—1 k—1 4 k-1 D
ap = §|(HBj—HAj)(Ak—Bk) IT A+ 1144 - Bo) T] Al
j:l j:l j=k+1 j=1 Jj=k+1

IN
=)
CU

HA | |A, — Byl

j=k+1

(28)

w11 |4
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By the induction hypothesis (26), (28) is bounded by two terms of the order

O (N”(B_O‘)++5) . Hence,

IBIA f[ff = O (NP0, (29)

as required. Next,

tr ﬁAj—ﬁBj Ztr HB N H B;
j=1 j=1 j= j=k+1
—i—Ztr HB BipAy( H A — H B))|  (30)
k=1 j=k+1 j=k+1
P
+Zt7“ HB](Ak_Bk)Ak H Aj
k=1 | j=1 j=k+1

By Lemma 3 and Theorem 1(b) of Fox and Taqqu (1987), the first term in (30) is

tr

HB BrA, H B;

j=k+1

The second term in (30) involves

be| = (HBBkAk H Aj — H B;) )‘

j=k+1 j=k+1

IN

H Bis (o) S () (I = Sn () S (f ) 2N (91)

30

p k
<H B; — H B;Xn (fi) En (fk—l) H Bj) _ O(Np(ﬁ—a)++5).




The first term on the rhs of the above inequality can be written as the square root

of

tr(J[ 2n(g)2n (h5") Iy = Sn(f)Sn (e ) 2N (gre1) (Iv — En(f ) EN(fr))

Jj=1

< [T (Sv (5") Sn(gy) Bn(fh)) = O(NHE=2):50),

i=k

so that, using (29), |bx| = O(NPF~)++9)_ Finally, the last term in (30 ) involves

lee] = |tr

k—1 D
H Bj(Ay — By)Ay H A;
=1

j=k+1

k—1 k—1 p
< ] B; - TTANEN (90) S8 2 () A28 n () 22N (grsr) [T Asl(31)
j=1 j=1 j=k+1
IR 9= 2 U ARISN ()22 @l TT |45 TT |4
|

j=k+1

— O(]\[p(ﬁ—oz)+4ﬂ5)7

where, for the first term (31), we have used (29). Hence, we have completed the
proof of the Lemma. W

The following Theorem provides a uniform version of Theorem 5.1 of Dahlhaus
(1989), allowing for the possibility of antipersistence. Part (a) of Theorem 5 was
stated in Theorem 5.1 of Dahlhaus (1989) under the stronger condition p (5 — «) <
1/2. This condition is too restrictive for our larger parameter space. Hence, we need

the result under the condition p (5 — «) < 1, as stated below.
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Theorem 5 Let O* be a compact subset of ©N{0: -1 < «a(f) <1}, p e NU{0},
and f, (w) and g, (W), j = 1,...,p, be symmetric, real-valued functions on II.
Suppose that for each j =1,...,p, f,  (w) satisfies Assumptions (A.1) and (A.4) on
©*, with exponent o (0), and that for each § > 0 , |go; (w)] < K (6) |w| PO g
lw| — 0, with B (0) < 1, continuous on ©*. We have the following.

(a) Ifp(B(0) —a(0)) <1 forall 6 € ©F,

]}l_fgo —tT [H{ZN foi) ' TN (ge,j)}] = %/ﬂ {

uniformly in 6 € ©F.

)  Ifp(B() —a)>1 foralb c O,
[ﬁ {EN (fo;)” 'Sy (ge,j)}] —O(Np(ﬁ(e) () +5) V6 >0,

uniformly in 6 € ©*.

Proof of Theorem 5: The proof is an immediate consequence of Lemmas 3

and 4. W

Lemma 6 Let A be an n x n symmetric matriz satisfying |A| < KN?, for some

0<d6<1/2. If Z ~N(0,1Iy), then for all € > 0, there exists a ¢ > 0, such that

P[Z'AZ —tr (A) > eN| < exp (—cN'""2¢?) .
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Proof of Lemma 6: We prove the lemma by applying Chernoff’s inequality.

For all s < N7°/4K, with 1/2 > § > 0, Iy — sA > Iy/2 for N large enough and
1
Poy [Z'AZ — tr (A) > eN] < exp (—seN — str(A) — 510g|IN — 23A|> :

Using a second-order Taylor expansion of log|ly — 2sA| around zero, bounding

In — 2sA from below by Iy /2, and using the fact that tr (A?) < N|A|?,

Py, [Z'AZ — tr[A] > eN] < exp (—seN + 252 KN'%)

62]\/'1726
S €xp (_ SK ) )

which completes the proof. B
The following lemma deals with the case in which the spectral density is of a

non-invertible process.

Lemma 7 Let gy(w) = Clw| ™", go(w) = Clw|™ and ag < 0. For all

A > 0, there exists an €4 > 0 and an Ny > 0 such that Ve < e4 and VN > Ny,

tr [2n(g2) " En(g0)] > AN.

Proof of Lemma 7: Note that we cannot use directly Lemma 3 since when
ap < 01l—ag>1. For M > 0, let gy (w) = g2(w) if ga(w) > 1/M and gp(w) = 1/M

if go(w) < 1/M. Then gy, is bounded from below and above. For allt > 0, by Lemma
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[In — S8 (900 En (1) (47200)) 28 (9a0)| < K (M)N,
and because o < 0,

1 1 ["
) Sx)] - 5 [ Pl < kv
Putting both relations together, and using the same argument as in Lemma 4, we

get

tr[Sn(gn) ' En(g0)] = tr [En(1/(47°gn)) En(90)] — K(M)N'

N { ! /_ﬂ ELR - K(M)Nf-l] .

% x 9M

Note that gas(w) = go(w) iff |w| > M~1/(0=20=9) Therefore

tr[Sn(gm) " En(g0)] > N [% (¢ — Me/(me0m9) — K(M)Nt_l} :

Let M > 1 and € > 0 small enough. Using the inequalities 7¢ > 1 and 1 —e™* > 2/2
where the latter applies for any z € (0, z9) for some fixed unspecified positive zg, we
get that if € < ey = min( 22,1 — ay), (¢ — M-/U700=9) el > ——L__og(M),

log M’ = 2(1—ap—¢)

Hence for large enough N,

=N (o) En 0] > -
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We remark that go < gy and hence, Yx(g2)™' > Xy (gar)~! for all M. Setting
logM= ag/e and ¢ small enough, N~'tr[Xn(g2) " 'En ()] can be made as large as
desired. W

The following Lemma is the analogue of Theorem 5 when the parameter is in

the noninvertible region.

Lemma 8 Let p > 1 and fo, fjo, J = 1,....,p be symmetric, real-valued functions

on II., where

fiow) = O(lw| @), fo(w) = O(lw|*?), a(d) <1, V¥5>0,

Let 0y € © such that a(0y) < —1+ €, for some 0 < ¢ < 1/2. Assume that the
function « is continuous on {|6 — 0y| < €'} and assume that f;g,ge are continuous

inf € 0O,w#0 and satisfy

Afjo(w) —a(0)—1-5 dfolw) —a(0)—1-5
N —O(]w] ), o —O(\w\ ), Vé > 0.

Then if € > 0 is small enough, there exists 1 > ¢ > 0, such that uniformly on

{6;10 — 6| < €},

1 L 1 1 T fjﬁ(w) —c
‘NW Ll_[l Yn(fo) EN(fj,G)] - %/_le_[l o) dw| < N°°.
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Proof of Lemma 8: For M > 0, consider the function gy(w) = fo(w) if

folw) > 1/M and gy (w) = 1/M if fp(w) < 1/M. For all z,y such that zy > 0,

sup |1/gu(x) — 1/gn(y)| < Clz — y|[MPT0H +1] V6 > 0.
|0—00|<e

Therefore there exists a v > 0, such that uniformly in {6; |60 — 0o| < €},

%tr [(ZN(f9)2N<1/(47T2gM)) B IN)Q] : /7r ( e 1>2

- % - gM(w)

< KM'YN71+t7

(32)

for any ¢ > 0 and N > Ny where N, is some large integer, independent of M.

Because
L (" ( folw) ?
— ( dw — 1) <K dw < KMY°®) | with a(f) < 0,
21 J_x \gum(w) falw)<1/M

(32) implies that
tr [(EN<f9>ZN(1/(47T29M)) — ]N)Q} < KN (Ml/o‘(e) + M'VN_I—H) .
Choose M = N" with r < 1/7. Then

tr [(EN(fg)ZN(l/(éLWZgM)) - JN)z} < K(NY/2®) 4 Nt+) = o(N), ¥t > 0.
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For simplicity’s sake we not f;¢ by f; in the following calculations. Using the

developments in the proof of Lemma 4, we have

tr [H 2N(f€>1EN(fj)] —tr [H EN(l/(47T29M))2N(fj)”

Jj=1

< 1En(f) 2SN (1/ (47 ga)) En (fo) /2 — In]

(Z HzN(l/(47T2gM>)ZN(fi) H ”EN<f9)71/22N(fi)1/2"2
+2_ | LI Pv(/uw g ) HHEN(fe)1/22N(f¢)1/2||2>

< CN6+1/2(N1/2+T/(2a(6)) + N5+r’y/2) (1 + Nr'y(p)N—1+6)

Nl—c

IN

for some 0 < ¢ < 1/2, by choosing r > 0 small enough. This ends the proof. B
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