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Abstract

Often considered in numerical simulations related to the control of quantum systems, the so-called monotonic schemes have not been so far
much studied from the functional analysis point of view. Yet, these procedures provide an efficient constructive method for solving a certain
class of optimal control problems. This paper aims both at extending the results already available about these algorithms in the finite-dimensional
case (i.e., the time-discretized case) and at completing those of the continuous case. This paper starts with some results about the regularity of
a functional related to a wide class of models in quantum chemistry. These enable us to extend an inequality due to Lojasiewicz to the infinite-
dimensional case. Finally, some inequalities proving the Cauchy character of the monotonic sequence are obtained, followed by an estimation of

the rate of convergence.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Following the increasing interest of the chemists community
in the optimal control of quantum systems [21,27] and the
successful laboratory demonstration of control over molecular
phenomena (see, e.g., [1,7,32] and more recently [12,31]),
some mathematical studies of the models involved in this
topic have been carried out, see e.g. [6,16]. In this way, it
has been proved in recent papers [4,9] that a wide class of
optimization problems considered by chemists are well posed.
Yet, these proofs are not constructive and consequently do not
give rise to concrete numerical methods to approximate their
solutions.

On the other hand, at numerical simulation level [8,22],
various kind of procedures exist and show a good efficiency.
Among them, the so-called monotonic algorithms have
demonstrated their efficiency on several problems. In a recent
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paper, a study of the time-discretized algorithms [24] have
been presented and first functional analysis results have been
obtained about the continuous case [14,25].

The aim of this paper is to complete these works by
providing general proofs of convergence of the optimizing
sequences. Consequently, we obtain a constructive method,
independent of time or space discretization to compute critical
points (and sometimes extrema, see Remark 3) of the cost
functional under consideration.

Let us briefly present the monotonic schemes in the simple
case of ordinary differential equations (ODE). Let A, B, C be
three square matrices in M, (R), C being symmetric positive,
a > 0and T > 0. Consider the optimal control problem
corresponding to the maximization of the functional J defined
by:

T
J() =y(T)-Cy(T) —«a / v (n)dt,
0

where “-” denotes the usual scalar product of R”. Here, the state
y : [0, T] — R" and the control v : [0, T] — R are linked by
the ODE:
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{y’(t) =(A+v(®)B)y(@t), Vte(0,T)

y(0) = yo
the initial condition yq being fixed.

Given two controls v and v and the corresponding states y
and y, we first note that:

J@) —J(w) = G(T)—y(T))-CH(T)—y(T))
+2((T) — y(I)) - Cy(T)
T
—a f @) — v(1)) @) + v(t))dt.
0
[0,T] — R"

We then introduce an auxiliary function z :
associated to y and v by

{z’(t) = — (A" +v()B*) 2(1),
2(T) = Cy(T)

where A* and B* are the transposed matrices of A and B.
Focusing on the second term on the right-hand side of this
equation, we get:

O(T) —y(T)) - Cy(T) = /OT W) —v(®) BY(@) - z(t)dt.
Thus, we finally obtain:
J@) = J() = (G(T) —y(T)) - CG(T) — y(T))

+a /OT @) —v()) <§Bi(t) cz() — () — v([)) dr.

A simple way to guarantee that v’ gives a better cost functional
value than v, is to impose that:

~ 2 - ~
(1) —v(n) <&By(t) -z(t) —v(t) — v(t)) > 0. 6]

Following this approach, the sequence (vV¥)iey defined
o g skl _ 1p okl k

iteratively by the implicit equation v = By" (1) - (1),
where y**! and zF correspond to v**! and v¥ respectively,

optimizes J monotonically since
JOFH = I b = () = )
€ (HH1@) =)
ta /OT (u"“(z) - vk(t))zdt > 0.

In this article, we prove the convergence of generalizations of
this algorithm towards a critical point of J in the case of the
Schrodinger partial differential equation:

10,9 (x, 1) — [H — p(x)e()]y (x, 1) = 0.

This equation governs the evolution of a quantum system,
described by its wave function 1, that interacts with a laser
pulse of amplitude &, the control variable. The factor w is
the dipole moment operator of the system. In what follows,
H = —A+V where A is the Laplacian operator and V = V (x)
the electrostatic potential in which the system evolves. We refer
to [22] for more details about models involved in quantum
control.

The paper is organized as follows: we start in Section 2
with some necessary results about the linear and nonlinear
Schrédinger equations involved in the problem we are
considering. We then present the optimization problem in
Section 3, and claim some regularity results about the
corresponding cost functional in Section 4. We introduce in
Section 5 an important tool for proving the convergence of the
sequence, namely the Lojasiewicz inequality and some of its
generalizations. The definition of the monotonically optimizing
sequence is given in Section 6 where some useful properties
are also claimed. The convergence of the sequences is proved
in Section 7 and a first result about their rate of convergence
follows in the last section.

Throughout this paper, 7 is a positive real number

representing the time of control of a physico-chemical process.
We denote by L? and L* the spaces L?(R3 C) and
L®(R3, C), WP°(R3 R) with p € [1, +00) by WP*, the
Sobolev space H2(R3, C) by H? and LP(0,T; X) with p €
[1, +00) denotes the usual Lebesgue space taking its values in
a Banach space X. We also use the notation (. | . | . ) and
(., .) defined by:
(flAlg) = /R3 f(x)Ag(x)dx, (f.8) = /R3 fx)g(x)dx,
where f and g are in L? and A is an operator on L. To simplify
our notation, the space variable x will often be omitted. Finally,
forh € LP(0,T; X), p €11, oo], werecall that ||| Lr0,7;x) =
lz = 1) lIx lLr 0, 1) Finally, we denote by Im(z) and Re(z)
the imaginary and the real part of a complex number z.

2. Preliminary existence results

The sequences we study in this paper are defined
through iterative resolutions of Schrédinger equations. Before
introducing the relevant framework of our study, we present
here some necessary preliminary existence and regularity
results concerning these equations. The first one will
correspond later to the initialization step in the definition of the
sequences. This lemma is a corollary of a general result on time
dependent Hamiltonians (see [23], p. 285, Theorem X.70) but
for the sake of clarity, we present here an approach using other
techniques also useful in the proof of the next lemmas.

Lemma 1. Let ju and V belong to W>* and let H = —A+V.
If e e L%(0,T) and Yo € H?, the equation

{iazlﬂ(x, N —[Hx) —px)e®O]yx, 1) =0
¥ (x,0) = Yox)

has a unique solution ¥ € L*°(0, T} H») N W]’OO(O, T; L.
Moreover:

VvVt € [0, T],

2

I @ ll2 = 1Yol 2 3)

Proof. One can also read a similar proof in [3] but here we give
some details. It is well known (see [11] for instance) that for
any T > 0 and ug € H?, the Schrodinger equation

idiu(x,t)+ Au(x,t) =0, xeR,rel0,T]
u(x,0) =upx), xelR
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has a unique solution u(t) = S(f)ugp such that u €
C([0, T1; H?) N C'([0, T]; L?), where (S(t));cr denotes the
free Schrodinger semigroup e 4 Moreover, for all t € [0, T]
we have

w2 = I1S@uoll g2 = lluoll g2- “)
Let A > 0 be a given positive number which will be fixed
hereafter and denote by Y the space C([0, T]; H 2y endowed
with the norm [|{[ly = sup,¢(o, 7] e’“||1p(t)||Hz. The solution
of Eq. (2) is obtained equivalently as a solution to the integral
equation

t

V() = SOy +i/0 St —s)W(s)y(s)ds

where W (x, 1) = =V (x) + u(x)e(r) forall r € [0, T], x € R3.
We are going to show that this equation has a unique solution
in Y, by proving that operator @ defined by

t

P(Y)(1) = S(HYo +i/0 St —s)W(s)y(s)ds

has a unique fixed point in a closed ball Br =
{¢ € Y; |[¥|ly < R} for suitable R.

If ¥ € Bg, then [Y()ly2 < eMlylly < ReM
and since W € L2(O, T; W2'°°), we can set p > 0
such that ||W||Lz(0’T;Wz,OO) < p. Using estimate (4) and
Cauchy-Schwarz inequality we obtain

t
W) Dllg2 < 1Yol g2 +/O W)Y ()|l g2ds

1 2
= IYollg2 + pR (/ ez“dS)
0

It follows that if R > 0 is large enough so that ||| 52 < §
and if we choose A > 2,02, then

! 2
IeW)lly < sup e ™ |yolly2 + pR </ ezx(s—z)ds)
] 0

tel0,T

2 VT

This means that ¢ maps B into itself. Then, for ¥1, Y» € Bg
it is clear that

1
[(2(W1) — PW2)) D)2 = /0 W () (1 — ) (s) || 2ds

eZAZ —1\?2
< pllv1 — ¥n2lly 7 ,

and since A has been appropriately chosen, this proves that @ is
a strict contraction from By into itself as

1— 672)"[ %
120 = Iy < ol —vally sup (25— )
te€l0,T]

P 1
< —I¥1 = ¥2lly < I — ¥2lly
2 2

and therefore @ has a unique fixed point, yielding the solution
of Eq. (2) in L*°(0,T; H 2y, One can notice that uniqueness
is not only true in Bg but also easily proved using the norm

in L®°(0, T'; L?). Moreover, calculating Im fR (2).% (x)dx, one
can prove the conservation of the LZ-norm (3) and finally, using
Eq. (2), it is easy to obtain that € W10, T; L?). =

We will also have recourse to a similar lemma, dealing with
Eq. (2) with a nonzero source term.

Lemma 2. Let H, u, € be as above and v € L*°(0, T; H2).
Given ¢’ € L*(0, T), the equation:

109 (x, 1) — [Hx) — n e (x, 1)
= — @ OYE, x) (5)
¥'(x,0)=0

has a unique solution ' € L0, T; H>) N WH%°(0, T; L?).
Moreover the following estimate holds:

10 7:22) < 20l oy 1w sy (6)

Proof. The key point to prove the existence of a solution for
(5) is to underline the fact that the source term f(x,t) =
w(x)e () (¢, x) of this linear Schrédinger equation belongs to
LZ(O, T: H 2). It is then very classical to get from Lemma 1
the existence and uniqueness of a solution ¥’ to Eq. (5) in
L0, T; H)NWH%(0, T; L?). Now consider ¢ € C([0, T])
defined on [0, T] by ¢(¢) = ||1p/(t)||%2. We have:

H — pe(t) we'(t)
i i

d
Ay 2Re<t/f’(t), V() — t/f(t)>

=2¢'(OIm (Y (0|l (1)) 0
Moreover, there exists f#p such that: (o) = sup,p 7,

{||1/f/(t)||iz}. We suppose that ¢/ # 0 and ¢ # 0, so that
©(to) # 0 by the uniqueness of the solution of (5). Since
¥'(x,0) = 0 for all x € R>, the integration of (7) between
0 and 1 yields ¢(tg) = Ot" —=2&"(O)Im{y’ () || (¢))dt, then:

(o) = ¥ ()I32

T
< IIMIILOOIIW(IO)IILZ/O 21" Oy )]l 2z

Since Y/ ()2 < ¥/ (o) || 2 for all ¢ € [0, T, we obtain
I Ol < 1Y (o)l 2

T
< 2||/L||L°°||W||Loc(o,T;L2)[ le'()|dt,
0

which ends the proof of estimate (6). W

Finally, we claim a last result that will be useful to tackle
the problems related to a nonlinear Schrodinger equation we
encounter in this study. Actually the nonlinearity we consider
here is the one that appears naturally in the adjoint system from
a quadratic cost functional (as J is in (14)), even when the state
equation is linear.

Lemma 3. Let H, u, ¢ and o be defined as above. Given
x € L*0,T; H 2), the nonlinear Schrodinger equation:

10,9 (x, 1) — [H(x) — u(x)e(t)
+Im (x O|ply @) wx)] ¥ (x, 1) =0 (8)
Y (x,0) = ¢o(x)

has a unique solution y € L*°(0, T; H2) N WI*OO(O, T; Lz).
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Proof. — First step —

Let u and x € HZ, we denote the nonlinear term by F(u) =
Im(x|m|u)uu and we can prove that one has the following
estimates: 3C = C(x, i) > 0 such that

Yu,v e L2,
I1Fu) — F)lig2 = Cllullp2 + llvllp2)lle —vll 2 )
Yu,v € H2,
I1Fu) — F)llg2 < Clull2 + llvlig2)llu — vl g2 (10)
I F @)l g2 < Cllull 2 lull 2. (11

Indeed

1 @) = F()ll2 < Tm{x |plu)pu —Im(x [p|v)poli 2

< Mm(x |pluyp(u — )l g2 + MMl — v))pvll 2

< Dl 2l 2 + ol ) e = vl 2
which proves (9). Now, we have to establish (10) and (11). First
of all we have
IF @) — F)|3, = IFw) — F)|3,

+ I AF ) — AF()|3,.

The first term on the right-hand side is conveniently bounded in
(9). Moreover
IAF @) — AF @)l

=< Mm(x[plu — v) AQu(u — v)llz2 + [Mm(x | plv) Aro)li 2

< a2l 2 + 0l g2) e = vl 2

= Clllullg2 + vl g2)llu — vl 2.
Then, F is locally Lipschitz in H?. Therefore, taking v = 0, we
also get (11).
— Second step —
The proof of a local-in-time result is again based on a fixed
point theorem. We begin by fixing an arbitrary time 7 > 0 and
considering T € ]0, T']. We also consider the functional

£y — U<.,O)wo—ifom.,s>F<w<s>)ds,

where {U(t, s), s, t € [0, T]} is the propagator associated with
the operator H — pe and induced by Lemma 1 (such that
Ul(t,s) € L(H?)—for details, see [5]), and the set

B={veL®0,v;H), ¥l o2 < 2MIVol g2}

where M satisfies Vv € H?, |U(t, S|l g2 < M||vl 2.

If ¢ > 01is small enough, the functional £ maps B into itself
and is a strict contraction in the Banach space L*°(0, t; H 2).
Indeed, on the one hand, from estimate (11), if ¥ € B, we have
forall ¢ € [0, 7]:

t
1EW) O g2 < U(I,O)lﬁo—i/O Uz, s)F((s))ds

< M||¥oll g2 + TM”F(‘ﬁ)”LOC((),T;HZ)
< M|Yoll g2 + TCM Y oo 0,2:22) 1V I Lo (0,71 2
< Mol g2 + 4T CM Yo 13,0

H?

Then, if we choose 7 such that 4t CM2||1ﬂ0||Hz < 1 we obtain
IEW) N Lo, v 2y < 2M 1Yol 2 and §(¥) belongs to B. On

the other hand, if v and Y, € B, then for all 7 in [0, T] we
have,

1EQWD (@) — £ Ol 2

/O Ut 5) (FOh () — Fpa(s))) ds

< CM (11l Lo o,r:22) + 1W2ll L0, 12))
x fo 191(5) — ¥a(5)ll 2 ds

< 4rCM* Yol g2 11 — Yl oo,z 12y

with 47CM? ||| g2 < L. Therefore, from a usual fixed point
theorem, we can deduce existence and uniqueness in the set B,
thenin L*°(0, t; H 2), for T > 0 small enough, of the solution
of equation

H2

t
1/f(t)=U(t,0)wo—i/O U, s)F(y(s))ds (12)
which is in fact equivalent to Eq. (8). Moreover, using (8), it is
easy to prove that 3;v belongs to L>(0, t; L?).

The last point is then to prove the uniqueness of the solution
u of (8) in the space L>°(0, t; H>) N W1(0, t; L?). Let
and Y, be two solutions of (8) and w equal to ; — ¥. Then
w(0) = 0 and

1w — [H(x) — u(x)e®)]w = F(Y2) — F(y1). (13)

Calculating Im fR (13).w(x)dx and using (9) we obtain
%(Hw”iz) < C ||w||i2 and uniqueness follows by Gronwall
lemma. Hence the proof of uniqueness, existence and regularity
of the1 solution of Eq. (8) in R x [0, r] for any time 7 <
4CM2 Yol 2
— Third step —
Now, the goal is to obtain an a priori estimate of the solution
in Who°(0, T; L*) N L>(0, T; H?) for any arbitrary time T,
in order to prove that the local solution we obtained previously
exists globally because we have a uniform bound on the norm
¥ (O g2 + 10: 9 (O]l 2.

Actually, since Eq. (8) is equivalent to the integral equation
(12) and since it is easy to prove the conservation of the L>-
norm of the solution, we have,

t
IOl g2 = U@ 0ol 42 + H/o Uz, s)F((s))ds

H?2

IA

t
M [¥oll 2 +MCfO vz [ ()l g2 ds

t
Cor (1 +/0 19 )2 ds)

where Co.r > 0 is a generic constant depending on the time
T, on p, x and on ||Vl z2. We finally obtain from Gronwall
lemma and from Eq. (8), that ||y (t)|| g2 + 10: ¥ ()2 < Co,r
for all r € [0, T]. Hence the proof of Lemma 3. H

IA

3. Optimization problem

Let us now present the optimization problem we are dealing
with in this paper. Let O be a positive symmetric bounded
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operator on H? and o and T two positive real numbers. Given
Yo € H?, we consider the cost functional J defined on
L%(0, T) by:

T
J (&) = (Y (DIO|y(T)) —a/O X (1), (14)

where ¥ is the solution of (2). In all what follows we suppose
that |||l ;2 = 1. The existence of a minimizer for similar cost
functionals (with the opposite sign) has been obtained in [3,4,
9] and follows from the construction of a minimizing sequence
and a compactness lemma (Aubin’s lemma). Here, the point is
to maximize the functional J and as usual, at the maximum
of J, the Euler-Lagrange critical point equations are satisfied.
A standard way to write these equations is to use a Lagrange
multiplier y (x,t) usually called adjoint state. The following
critical point equations are thus obtained, for x € R3 and
te0,7T):

{iB,W(x,t)—[H(x)—M(x)s(t)]tp(x,t) =0 (15)
Y(x,0) = Yo(x)

{iarx(x,t) —[Hx) — px)e®]x(x,1)=0 (16)
xx, T)=0v(x,T)

ag(t) +Im(y ()[ulx (1)) = 0.

The existence of x € L0, T; H 2) results from an adaptation
of Lemma 1, as for ¥(T') € H? since Eq. (15) is actually Eq.
(2). In what follows, we also consider the linearized equation of
(16):

10, x"(x, 1) = [H(x) — p(x)e®]1x'(x, 1)
= —p(x)e' M x(t, x) a7
X'(x, T) = 0y/'(T),

where ¢ € L%0,7T) and v’ is the solution of (5),
corresponding to the solution yr of (15). The existence of x' €
L*®0,T; H 2) follows from Lemma 2. The analysis done in the
proof of estimate (6) gives in this case:

X' @2 < 2||M||L°°||8/||L1(0,T)||X||L00(0,T;L2)
+ X (Dl 2- (18)

Since x(T) = Oy (T), x'(T) = OY'(T) and from (6) and the
conservation of the L2-norm, we obtain

||X/||L°0(0,T;L2) = 2||M||L°°||5/||L1(0,T)||X”Lw((),T;LZ)
+201010llellzoe el o,y 1Yl oo o, 7522
< 4l Ol L1 0.7y (19)
where || O ||« denotes the operator norm of O on L2,
4. Properties of the functional J

We begin with some properties about the regularity of the
cost functional J.

4.1. Gradient of J

We start with some first-order properties. As often, the use
of the adjoint state y allows us to simplify the computation of
the derivative of J. This result is the purpose of the next lemma.

Lemma 4. The cost functional J is differentiable on L*(0, T)
and its gradient can be expressed by

T
(VI(e), &) = —2/0 (ae(t) +Im{x ()| |y (1)) €' (t)dt, (20)

where (-, ) is the usual inner product on L%0,T) and Y and
X are the solutions of (15) and (16).

Proof. We only give here a sketch of the proof. The details
can be found in Reference [3] for a slightly different cost
functional. The main point is to prove the differentiability of
the functional ¢ : ¢ € L%(0,T) — ¥ (T), where v is the
solution of Eq. (15). Actually, one can prove that the solution
¥’ of (5) is such that D¢ (g)[¢'] = /(T). Therefore, since
J(E) = (Y (D)0 (T)) — afOT &2(r)dr, we have

T
(VJ(e), &) =2Re(y'(T)|O |y (T)) — 204/ e(t)e' (t)dt.

0
To end the proof of (20), we consider the solution x of the
adjoint state Eq. (16) and we multiply Eq. (5) by x (the complex

conjugate of x), integrate on R x [0, 7'] and take the imaginary
part. We obtain:

T T
Im / / (0 — [H — pely)¥ = Im / / e
0 R 0 R

After an integration by parts and since ¥'(0) = 0, we get
T — —
Im/ / i x v’ —Im/ Y (T) ix(T)
0 JR R

T T
—Im/ / [H — pelxy’ = Im/ f ne' Yy
0 R 0 R

Since yx satisfies Eq. (16), we then obtain

Re(y/(T)| 01y (1)) RGAW’(T) oy (T)

T
—Imf /us’wy
o JR
T

= —/0 Im(x ()|l v (1))e (1)dt

what ends the proof of the lemma. W

In what follows, we denote by V.J(¢) the function ¢
—2 (ae(t) + Im{x (t)||¥ (1)) and by C; the set of the critical
points of J, i.e.,

C; ={e € L*0,T), Vi € [0, T], ae(r)
+ Im{x ()|l (1)) = 0}. 2n

Note that, thanks to the results of the Section 2, we have
Cj C L*°(0, T) since forall ¢ € Cy,

A

1
llellzeo,1) < aH(XWWf)HLOO(O,T)

IA

Clipllzeellx ||LOO((),T;L2) I ||L°°(0,T;L2)'
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Remark 1. Also note that for o > 6T||u||%OC |O]l«, the set C;
is reduced to one point. Indeed, suppose that C; contains two
distinct points €1 and ¢, we then have, fort € (0, T):

o (e2(t) — 1)) + Im{x2(t) — x1(0)|ply2(@))
+Im(x ()|l (@) — ¥1(1)) =0,

where V1, ¥ (resp. x1, x2) are the solutions of (15) (resp. (16))
corresponding to &1 and & respectively. Using estimates (6)
with ¥ = ¥, ¥ = Yo — Y1, 6 = g and ¢’ = g, — &1 and
(18) with x = x1, x' = x2 — x1, ¥' = Y2 — Y1, &€ = & and
&’ = &) — &1, we obtain

alles — &1l 0.1 < 6T Iul3=Ollkllea — €1l 1101,
which leads to @ < 6T || O ||« ||/1,||%oo, and the result follows.

In order to prove the compactness of C;, we introduce an
important property of the application &(t) +— v (x,t), firstly
presented in a more general setting by J.M. Ball, J.E. Marsden
and M. Slemrod in [2]. In our context, this result can be stated
as follows.

Lemma 5. Assume that ¢ € L1(0,T), nw:X - Xisa
bounded operator and that H generates a C°-semigroup of
bounded linear operators on some Banach space X. For x € R
andt € (0, T), we denote by ¥ (x, t) the solution of

{ia,w —[H — pely =0,
v (0) =vo € X.

Then, ¢ — 1V is a compact mapping in the sense that for any
weakly converging sequence (gp)pen to € in L'(0, T), (Wn)neN
converges strongly to  in C ([0, T]; X).

The precise proof of this result derives directly from [2]
(Theorem 3.6, p. 580), see also [10,26]. It allows us to obtain
the following lemma.

Lemma 6. For i € W>*, C; is compact in L*(0, T).

Proof. Consider a bounded sequence (¢"),cny of Cy. By
definition, for all n € N, ¢" € L%(0,T) and &"(t) =
—é (x™ ()| | (¢)) where ¥" and x" are the corresponding
solutions of (15) and (16). It is also possible to extract a
weakly convergent sub-sequence in L2(0, T), still denoted
(e")pen. From Lemma 1, one knows that the Hamiltonian
H = —A+ V with V. e W>> generates a C%-semigroup
of bounded linear operators on the Banach space X = HZ.
Therefore, with & € W?>> the conditions of Lemma 5 are
fulfilled and we obtain the strong convergences " n2Epe W
and x" "ZX° y in C([0, T1; H?). Thus, for all ¢ € (0, T),
Jgs ¥ () pux™ (1) dx n2Ee Jgs ¥ (@) mx(t) dx. The sequence
(&, (2)),en then strongly converges in L°°(0, T') and the result
follows. H

4.2. Analyticity of J

The implicit formulation of the derivative can be iteratively
carried on in order to prove the analyticity of J.

Lemma 7. Let v be the solution of (15) corresponding to e.
The functional

9 :L*0,T) —> L0, T;: H)NnWH>(0, T; L?)
e,
is analytic.
Proof. Let ¢,/ € L%*(0,T) be such that el oy <
m and the sequence ('(//'Z)KGN € (L*°(0, T; H2))N defined
recursively by ¥° = 9 (¢) and for £ > 0:

10" (x, 1) = [H — p@)e® ' (x, 1)

= —u@)eOY T x,1) (22)
vi(x,0)=0.

The existence of ¥ is a consequence of Lemma 2. Thanks to
(6) applied with ¥ = ¥*~! and ' = ¢, one has for £ > 1
andt € [0, T]:

I Ol < 20l lLonI¥ ™ o7

< 2%l zoolle’ N1 o,y (23)

Given N > 0, we obtain by summing (22) from £ = 0to N:

N
i6, (Z v, z)) —[H — u(x) () + €' ()]

14

0
N
x vhx, r)) = p)e OYN (x, 1) (24)

£=0

N
D o vx, 0) = o).
£=0

On the other hand, one has:
10,9(e +¢&) —[H—pn)(e@) +&' @) (Ee+¢)=0. (25

Subtracting (24) and (25) and using estimates (6) with ¢ =
—yN oy =Y gt t) — D+ ¢), e = & + ¢ and (23),
we get:

N N N —N
52 ”H’”LOC”&‘/”LI(O’T) 52
L2

N
RO PRAO)
{=0

o0

and the functional ® now reads: #(e+¢') = Y_ ¢ in L?(0, T).
=0

Since ¢’ 1/f’Z is £-linear, the theorem follows. W

The next lemma follows immediately from this result.

Lemma 8. The cost functional J is analytic on LZ(O, T).
4.3. About the Hessian operator of J

Let us now investigate some properties of the second-order
derivative of J. Though we express it as an implicit function
of its argument ¢, some results can be obtained from the next
lemma.
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Lemma 9. Let  and x be the solutions of (15) and (16). The
functional y = & — Im{x|uly) is differentiable on L*(0, T)
and one has:

Dy (e)[e'] = Im(x/|wl¥) + Im(x ||y, (26)

where ' and x' are the solutions of (5) and (17). Moreover,
forall e € L*(0, T), Dy (¢) is compact on L*(0, T).

Proof. Let ¢ € L*(0,T) and ¢ and x the corresponding
solutions of (15) and (16). As in the proof of Lemma 4, the
key point is the differentiability of the functional ¥, defined
in Lemma 7 on L2(0, T). Actually, D?(¢)[e'] = ’/, where
Y’ is the solution of (5). The main explanations can be read
in [4]. Repeating this argument for ¢ > x, we obtain that y is
differentiable and we get (26).

Let us now prove the compactness of this operator. Let
(¢"),en be a bounded sequence in L2(0, T) and let (") ,en
and (x'"),en be the corresponding solutions of (5) and (17).

As ¢ € L®(0,T; H*) N W->(0, T; L?) (see the proof
of Lemma 2), we have that ¥"" € C([0, T]; L?) and 8,¥/"" €
LZ(O, T; L2). By means of the continuity of:

L%(0,T) — C([0, T]; L%
L*(0,T) — L%, T: L%

g+ ' and

g 0y’ 27
there exist ¥’ such that, up to extraction, ¢"" — ' €
L%, T; L?) and

qy'" — 8y’ e L2(0, T; L?). (28)

Since ¥ (0) = 0, we have ¥'"(¢) = fé 9,v"" (s)ds and (28)
implies that for all ¢ € [0, T, ([¥"" ()|, 2)neN is uniformly
bounded. Moreover, for all ¢, ¢ € [0, T],t < t’, we have:

/

1
"™ @ =" Ol < / 8,9 ()1l 2ds
1
<V - f||at1/fm||L2(o,T;L2)~

Combining this with (28), we find that (/""),,cn is an equicon-
tinuous sequence in C([0, T], L?). We conclude by apply-
ing Ascoli’s theorem to the family {Im(x|u|y'"),n € N}
of the space C([0,T]). Similar arguments apply for
{Im()(/"|,u|1p), ne N}, and the results follows. W

Thanks to the previous lemma, J is twice differentiable and
its Hessian operator reads:

Hy(e) : e’ > =2 (ae’ + Dy (e)[€]) .

In what follows, a criterion ensuring that the Hessian operator
of J is invertible will be useful. The next lemma provides it.
Lemma 10. Suppose that: o > 6T||/L||%OO 1O|l«. Then the
operator Hj(¢) is invertible on L%0, T).

Proof. We keep the notation of Lemma 9. The Cauchy—Schwarz
inequality, combined with (6) and (19) yields:

Dy (&) NlLo,1) < llpllree (”X/”LOO((),T;Lz)
FHOINY | o 0.7:12))
< VT lilONlle N 20,1

Finally, thanks to the assumption of the lemma, one has

1
sup (a”Dy(‘?)[(‘?/]”LZ((),T)) <1,

" el 20,y =1)

which implies that I + éDy(a) is invertible and the result
follows. W

5. Lojasiewicz inequality for the cost functional J

Several convergence results of dynamical systems have been
proved thanks to the Lojasiewicz inequality recalled here. In
order to tackle the problem of the convergence of the optimizing
sequence presented in the next section, we have to extend
this inequality to the case of a compact set in an infinite-
dimensional space. The basic result considered in this section
is the following (cf. [17,18]):

Theorem 1. Let N be an integer and I' : RN — R be an
analytic function in a neighborhood of a point a € RN. Then
there exists o > 0 and 6 € ]0, %] such that

Vx GRN,
IVT @)l = |7(x) — T(@)]',

x —all <o,

(29)

where ||| is a given norm on RV

The real number 6 is a Lojasiewicz exponent of a. Following
the work [15] of M.A. Jendoubi (which simplifies the
theorem of Lojasiewicz—Simon [28]), the latter theorem can be
generalized to the case of infinite dimension.

Lemma 11. Given ¢ € L%(0, T), there exists 6’ > 0,k > 0
and 9’ €10, %] such that:

ve' € L?(0,T), |l¢’ — ell 20,7y <0’

IVIEN 0.y = k1T () — T ().

We give the proof of this lemma in the Appendix. A more
precise result can be obtained if the Hessian operator under
consideration is invertible at point a (see e.g, [13]). Indeed, one
can then show that 1/2 is a Lojasiewicz exponent of a. We will
use this improvement in Section 8 since Lemma 10 provides
actually an expected sufficient condition. The next lemma is a
global version of the previous one.

Lemma 12. Let C 7 be a connected component of Cj in
L0, 7). We denote by | the value of J(¢) for all ¢ € C;
and we set J(e) = | — J (). There exist 0 >0xk > 0and
6 €10, %] such that:

Ve € L2(0,T), dy(e,Cy) <5,

L (30)
VI @) 20,0 = RITE,

where dy is the distance associated to the L*(0, T)-norm.



460 L. Baudouin, J. Salomon / Systems & Control Letters 57 (2008) 453—464

Proof. Lemma 11 ensures that for each pointa in c 7 there exist
three real numbers o,, 6, and k, such that:

Vg (S RN, ||8 — a||L2(0’T) < Ogq
IVIE 2007y = KalT ()] 7%,
The compactness of c J, guaranteed by Lemma 6, allows
us to extract from {B(a, %y, a e CJ} a finite family A =

{B(a,-, %)} o where F is a finite set of indexes, such that
L ie
C; CA. ~
We then define &, ¥ and 6 €]0, 1/2] as the respective
lower bounds of { % } o {Ka;}; . and {64}
S

follows. M

icF icF and the result

6. Optimizing sequence

We have now gathered all the necessary results to present
and analyze the optimizing sequence.

6.1. Definition of the sequence

Following the approach sketched in the introduction, Y.
Maday and G. Turinici have defined an optimizing sequence
(€¥) ey for the cost functional J as follows [20]:

Consider (8,71) €]0,2[x]0,2[, e € L>®0,T), 30 €
L%, T), v° and x° the corresponding solutions of (15)
and (16) according to Lemma 1. The functions ek and Z* are
computed by solving iteratively:

{iatl/fk(X, n=(Hw - Ouw)v'en 1)

Y (x, 0) = Yo (x)

()= (1 -8 1) - glmu"—l(r)mw’%t» (32)
i (o) = (HOo = & 0n) b0 a3
xF @, T) = 0y (x, T)

&) =1 —neka) - glm(xk(t)lull//k(t)). (34)

Existence and uniqueness of solutions ¥* and x¥ of the above
equations result from an easy adaptation of Lemma 3, as for the
proof of gk gk L2(0, T) forall k € N.

Remark 2. Note that this choice of optimizing sequence is
not canonical. There exists other ways to guarantee that
the condition (1) is fulfilled (see, e.g. [30]). However, this
formulation includes many monotonic algorithms, e.g. the one
by Krotov (presented in [29]) or by W. Zhu and H. Rabitz [34]
which are often used in the numerical simulations.

6.2. Properties of the sequence

We present here two results about the sequence (¢%);c. The
proofs can be found in [19,20]. These results state that (sk)keN
defined by (31)-(34) is bounded in L°°(0, T) and that the
corresponding sequence (J (Ek)) ke increases monotonically.

Lemma 13. Given an initial field €° € L>(0, T), let us define
M by:

M = max (||80||L°°(0,T)v

8 n 1Ol el oo
max | 1, , .
2—686 2—n o

The sequences (€M) eny and (E) ey satisfy:
Vk e N,

k ~k
le* | Loeco, 1) < M, [e* [ Lo 0,1y < M.

Lemma 14. The sequence (¥)ieny defined by (31)—(34)
ensures the monotonic convergence of the cost functional J in
the sense that:

JEH = I = (@) = yE Mo THT) - v 1)

T (2 - 1) et 2
n
2 2
+(3-1) -+

and there exists o such that lim J(e) = I,0.
k—+o0 .

L2(0,T)

(35)

1200,7)’

In order to study the convergence of (X)xcny, we will need to
estimate the gradient of J at each point £X. Such an estimate is
obtained in the next lemma.

Lemma 15. There exists . > 0, depending on u, O, a, §, n
and T, such that:

199E Mo, < » (e =52

R gkl ||L2(0,T)) . (36)
Proof. Thanks to (20), we have:
VIO = =2 (et (0 + Im( Oy o)

+Im(x™ (0 = X Olulvt )
-2 (a (1 - é) (0 -"'m)

+Im(x (1) — x"_l(t)lulllfk(t») (37)

where x*:k is the solution of (16) with ¢ = ¥ and & = &*.

Next, ng — x*~1 is the solution of Eq. (17) corresponding to
e=c¢k ¢ =1 —¢kand y = x*!. The associated estimate
(18) then gives:

1 @) = X Ol < 20wl lied =3 0. 101
+lo@H(T) — v I Tyl
< Al Olle =2 0.
+ 13 = Minory)- (38)
Combining (37) and (38), we obtain (36) with A =
WT(4TIOLI el +a(1-1)). =
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6.3. Limit points of the sequence

We now present some results about the limit points of
(") ren. These results give first hints about the relationship
between these limit points and the set C; of the critical points
of the cost functional J. Thus, we obtain a first case of
convergence.

Lemma 16. Let (¢5),cy be a weakly convergent sub-sequence
of (€)en in L2(0, T). Then (¢5),,cy converges in L*°(0, T')
towards a critical point of the cost functional J.

Proof. Let (ek")neN be a weakly convergent sub-sequence of
(sk)kEN in L2(0, T) and let us consider £ € N. Eq. (35) ensures
that (gkn ”),,EN also converges weakly (and has the same limit
as (¢%7),cn). Thanks to Lemma 5, the sequences (an+€)n eN
and (y*t) . converge strongly in the space C([0, T1]; L?).
Thus, we obtain by bilinearity the strong convergence of
both sequences ((x*|u|y*)) ¢ and ((x*|wly®t1)) o in
L>*(0,T).
According to (32) and (34), (8""),,61\; also reads:

et = (1= 8)1 — ) " +uy,,
|

v

where [v] < 1 and where ug, (1) = — =201 (x b (1) ||y
()= 21Im (x* (1) | |y*n+1 (1)) strongly converges in L>(0, T).
Again note that given £ € N, (ui,+¢)neN also converges in
L*>(0, T) (towards the same limit). For all £ € N, the abso-
lute value of uy (t) can be estimated by:

4 |0
u ()] < m = M

Let us prove that (¢f), oy is Cauchy in L>°(0, T). Consider
e > 0. There exists n; > 0 be such that

0 .
2my vl <
Ji

Since the sequence (ux,—¢),eN is Cauchy forall £ with 0 < £ <
ni, we have:

(39)

Al o

dny, > 0/ Vs > ny, Vg >0,

[ I < @0
Uiy, —t — Uk—e |l Lo —
kspg—t — Wks—ll L0, 1) = an
Let n be an integer fulfilling the conditions:
e
Vp =0, e — b < e
4% L.
k, > ni,n > ny. 41

Let p be a positive integer. Since we have, for all n € N*,
kp—1

ghn = vk 4+ S vy, ;1 we obtain
Jj=0
ks p—1
ghrer — b = (Wfer —vEne0 4 N g,
j:kn

kn—1

+ Z v Uk p—j—1 — Uky—j—1)
J1

ni—1

+ Z vj(uk,,+p—j—1 — Uk, —j—1)- 42)
j=0

Thanks to (39) and the first two conditions of (41):

€
H (vkn+p —_ vkn)SOH S -,
L>°(0,7) ~ 4
kn+p_1 . (& .
J . J .
Z ViU, p—j—1 = Z Hv ukner_J_lH 0
o — L®(.T)
J=Kn L%(0,T) J=Kn
s e
=my <.
: 4
]:kn

According to condition (39), the third term of (42) can be
estimated by:

kn—1

D v Uyt — ik —j-1)

Ji

) ' e
<2my ) < 7
J1

Lastly, [v| < 1, the third condition of (41) and the Cauchy
property (40) allows us to estimate the last term of (42):

L>(0,T)

ny—1

Z v (g, p—j—1 = Uky—j—1)

J=0

L%(0,T)
ni—1 e
= Z ”ukn-%—p*jfl — Uky—j—1 ”LOO(O,T) = Z
j=0
We have thus proved that for all e > 0, if n is large enough
then, for every p > 0,

leknr — k)l ooy < e,

which proves that (sk")neN is Cauchy in L*°(0, T).

We denote by ¢ the limit of (¢k"),,eny. Thanks to (35),
(&n),en also converges towards e. Passing through the limit
in (31)-(34), we then deduce that ¢ belongs to C, according to
definition (21). W

Let us denote by C,o C C; the set of limit points of
(k)N As stated in Remark 1, for & > 6T [|11]13 O |ls, Cy,
and consequently C,o, are reduced to one point. By means of
Lemma 13, the convergence of the sequence (€M) ey is then
guaranteed in this case.

Remark 3. In addition, the uniqueness of the critical point
implies that the limit in this case is necessarily an extremum
of J.

In order to obtain the convergence for all @ > 0, we need to
study more precisely the asymptotic behavior of the sequence
(eM)ren in the neighborhood of C 0. A standard argument of
compactness applied to C,o enables us to obtain the following
result.

Lemma 17. Let denote by d the distance corresponding to
the L°°(0, T)-norm. One has:

doo (e, C.0) = 0. (43)
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Remark 4. By means of the monotonicity property, we find
that / = [0 on the set Co (with [,o = lim— 4 J(5). It
is then possible to apply Lemma 12 with C;=C -0 since the
assumption that C; is connected is only necessary to ensure that
J is a constant on this set. It can however be proved that C,o is
connected (see [25]).

7. Convergence of the sequence

It is now possible to prove the convergence of the sequence
(") e by a Cauchy argument.

Theorem 2. Suppose that €° € L>(0,T). The sequence
(€M) ey defined by (31)—~(34) is convergent in L*(0, T).

Proof. We still denote by /.0 the value of J on C,o and by T
the shifted cost functional J — [,0. First suppose that Yk €

N, J (sk) # 0. By (43), there exists ko such that (30) holds
(with c J = C,o) for all ek with k > ko. Consider an integer
k > ko. We have:

()’ - (70 )

~

0
> 7 (J(8k+4)-_ J(sk)) (44)
(J(£k+l))l—9
0 2
IVIEFD 10,79 ((5 ) 2on
2 1) s — k2 45
+ n ”8 & ||L2(0,T) ( )
Ega s, ~ ~
= # (||t‘3k+l - 8k||L2(o,T) + ||8k - 8k||L2(0,T)) (46)
Kbags,
= %”JH - 5k||L2(0,T),
where ags, ) = m — % The inequality (44) comes from

the concavity of s > s whereas (45) is a consequence of (30)
and (35). Inequality (46) follows from (36).

Since ((.7(8"))9>
keN
sequence bounded by (2]|O||x)?), we obtain that (€M) ey is also
a Cauchy sequence.
If there exists k; such that J (k1) = 0, the monotonicity of
the algorithm implies that

is a Cauchy sequence (as a monotonic

J(Skl) — J(8k1+1) — J(8k1+2) — ...

and by (35) the sequence (€M) ren is a constant fork > k;. W

Remark 5. Thanks to the definition of the sequence (¢X)eny
and to the regularity of the solutions iy and y of the appropriate
Schrddinger equations (see Lemmas 1-3), we can easily prove
by induction that if ¥ € W1’°°(O, T), then for all £k € N,
ek e whe(o, 1).

8. Rate of convergence

The rate of convergence can be now evaluated by a second
use of the Lojasiewicz inequality. The result is summarized in
the next theorem.

Theorem 3. Let us denote by £, the limit of (¢")icn defined
by (31) and (32) and 5 K the real numbers appearing in (30),
where C,o = {£*°}.

If 6 < % then there exists ¢ > 0 such that ||e¥ —

__0
EOO”LZ(O,T) < ck 1-20,
If6 = % then there exist ¢’ and T such that:

le* — el 20,7y < c'e”7E. (47)

Proof. As in the proof of Theorem 2, let kg be an integer such
that

Ve=ko IVIEDL0m = RITEH!. (48)

Let us fix k > kg and introduce A¥ defined by:

o
k l+1 24 =L ¢
A= e = & 20 ) + 1B = el 20, -
o=k

With no loss of generality, we may assume that A* > 0 for all
k > ko. Summing (46) between k and 400, we obtain:

N
(J(ek)> z—waf’"’Ak.

This estimate, combined with (48), with £ = k yields:

18
9 0
IVIEN .y = F (%A ) .

From Lemma 15, we obtain:

S

1—

AAT Z ARy > R (KQG;SU)Ak> ’

<

which may be written as follows:

Akfl _ Ak

@y = @
. IS 1=

with g = 179 and v = %(m) . Now suppose that

6 = %, i.e., B = 1. Eq. (49) then becomes:

1 k
a+w%N%5:) > A,
v

and (47) is proved w1th = (1 + v)ko Ak and T = In(1 + v).
Now suppose that 6 < L Letr €]0, 1[, and suppose first

that:

(ANE > r(akhHE,
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Since 1 — 8 < 0, the function s +— s1=B is concave and we
have:

3 3 B Ak_l—Ak

(Ak)l ﬂ_(Ak 1)1 ﬂz(ﬁ—l)w

k—1 _ Ak
Z(,B—l)rwi(ﬂ—l)rv-

In the other case:

(A — (AP = (A1 (7 A1
= (1= 7 )ah!
> (1= r Ak,

Thus, in any case, there exists v’ > 0 independent of k, such
that:

(ANITP —(Ah =P >y (50)

Now consider k¥ > k, inequality (50) implies that for a small
enough c, one have:
__6 ;
/ 1 - __b
A < <v’(k/ — k) + (Ak)2‘9> T oTEm,
and the result follows. M

Remark 6. Thanks to Lemma 10, we have thus obtained that
ifa > 6T||[,L||ioo |O ||« the convergence of the sequence is at
least linear.
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Appendix. Proof of Lemma 11

Consider ¢ € L*(0, T) and J defined by (14). For reason of
simplicity, we suppose that J(¢) =0, VJ(¢) = 0.

Thanks to Lemma 9, the operator H;(¢) is a Fredholm
operator. The Fredholm alternative states then that either H; (¢)
is bijective or Ker Hj(¢) = span(¢y, ..., @), withm > 0. Let
us denote by II, the orthogonal projection on Ker Hj(¢) (with
II = 0if Ker Hy(¢) = 0). The operator L = II + Hj(¢) is
then bijective on L%0, T).

We are now in the position to apply the local inverse
mapping theorem to £ = II + VJ (analytic version, see [33],
Corollary 4.37, p. 172), that asserts that there exist V and V'

two neighborhoods of 0 in L20,T)and K : V' — V an

analytic mapping such that:

Ve eV, K(L()) =¢, ve" e V', L(K(E) =¢".

Since £ and K are C®°, there exist C and C’ such that:

Ver,e0 €V,

Ve, g5 €V,

I1£(e2) — LD 20,7y = Clle2 — €1l 20,1y
IK (¢5) — K (Dl 1200.7)

< C/”g/z - 8/1 ||L2(0,T)~
Now consider &’ € VN V'. For ¢ € R™ such that ZT:I Ljpj €
V,letus define I' : ¢ — J (K(Z’;':l g‘jq)j)> ,and & € R"
such that [Ie" = 37" &;p;. Let us first estimate VI'(§).
Using IT¢’ € V’, we obtain:

IVI'(E)l

IA

C"IVI(KUIEN) Nl 20,1y = C"IVI(EN
+VJI(KIIe)) = VIED 20,7

C" (VI 2,r) + CIK T = €l 20,1))
= C"(IVI 20,1y + CIK T

— K (IIe" +VIED) l1200.7))

clIVIEN 120,19 S

where ¢ = C”(1 + CC’). On the other hand, one has:

IA

IA

I =T E=1J(") = J (KTeN) |

I'd
/0 EJ(S’—}—S(K(HS’) —¢'))ds

1
/ (VI (¢ +s (Kl =€), KUT') — ¢') ds
0

1
< IK(e') - 8/||L2<0,T)/O VI 20,7

+ CS”K(HS/) — 8/||L2(0,T)ds

= |K(Ile") = &'ll ;200,19 <||VJ(8/)”L2(O,T)

C
+ EHK(US/) - 8/||L2(0,T)>

<IVIEN3, (52)

0,17y’
where ¢/ = C'(1 + CTC/). By diminishing V, the f.ojasiewicz
inequality (29) applied to the analytic functional I states that
there exist 6 €]0, 1/2], ¢ > 0 such that:

IVI@E)| > 1DE0 = JE) - TE) — JEH™

v

\

1 1
S EN =S = r@)'.
Combining (51) and (52), we obtain:

2(1-0)

I 1 N 1—6 / /
eIVIEz0m = 51 EN = IVIEG -

and the result follows.
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