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Introduction

Markov chains were first introduced in 1906 by the Russian mathematician
Andrey Markov. Their importance in the field of Probability grew along the
whole past century, from the development of stochastic processes in the ’20s,
through the axiomatization of probability in the '30s, and into the 80’s when
the modern approach to Markov chains arose.

Particularly in the last thirty years, Markov processes assumed a central
role of interest, finding applications in a huge number of different scientific
fields, from genetics to theoretical computer science, from statistical physics
to economics, from cryptography to Social sciences, just to name a few. To
give an idea of the way they affect modern society, it is sufficient to say
that the underlying algorithm of the web search engine Google is based on
a particular Markov chain.

One of their most important applications is in computer simulations,
which have revolutionized applied mathematics by providing ways to deal
with high-dimensional intractable computations. One fundamental problem
is: given a probability distribution 7, how can we sample a random object
with this distribution? The Monte Carlo method is an answer to this ques-
tion: we can start a Markov chain with 7 as stationary distribution and let
it run for enough time. Then the distribution of the last step of the chain
will be a good approximation of 7.

The ‘classical’ theory of Markov chains tries to quantify this enough,
estimating how long we have to wait in order to reach a good approximation
of the requested measure. We call this time the mizing time of the chain.
The next step is to consider families of chains instead of one single process.
The challenge is to understand how the mixing time grows as, for example,
the size of the problem becomes bigger and bigger.

In this context, David Aldous and Persi Diaconis, in their article of 1986
([1]), introduced for the first time the notion of cut-off to describe the sharp
transition in convergence to stationarity for Markov chains modelling the
shuffling of a card deck.

Take a sequence of Markov chains on the state spaces Q) with transi-
tion matrices P(™). Suppose that each chain is reversible with respect to a



probability measure 7(™ on Q") that is, Vz,y € Q™
7 (@) P (2, y) = 7" (y) M) (y, ).

Define d™(t) as the distance (for example measured in total variation) of
the n-th chain from 7(™ at time ¢ in the case of the worst starting point:

d™(t) := max | P"(z,) = 7™ ()l|py-
zeQ(n)

The e-mixing time of the n-th chain is the first time when d(™ becomes
smaller than e:

W (¢) = min{t : d™(t) < e},
We say that this sequence of Markov chains exhibits a cut-off if, for any
O<e< %,
o, e
e tmiz<1 - 5)

This means that, when the size of the problem (for example, in the
shuffling card process it is the number of the cards in the deck) is very big,
the distance from 7 goes from almost 1 (the maximum) to almost 0 in an
interval around the mixing time that is relatively very small with respect to
the mixing time itself.

Knowing the existence of the cut-off and the order of the mixing time is
very useful for Monte Carlo simulations. In fact, we know that in order to
have a good approximation of the measure = we have to run the chain at
least for O(t,,i,) steps; but we also know that waiting much longer is quite
useless.

In the years after the article by Aldous and Diaconis, this particular
behaviour was observed for a wide class of natural examples. Nevertheless,
it is in general quite hard to prove rigorously the existence of a cut-off. The
aim of this work is to present an overview of some of the latest results in
this field.

In the first chapter, the basic theory on finite discrete-time Markov chains
is summarized, stressing the notion of convergence to a stationary distri-
bution. Then some useful techniques are presented, such as coupling and
spectral analysis of the chains.

The second chapter introduces the definition of cut-off and cut-off window
for ergodic Markov chains. After giving some basic results on this subject,
an example of a chain that exhibits a cut-off is discussed: the simple random
walk on the n-dimensional hypercube.

Chapter 3 is completely dedicated to birth-and-death processes. The
most significant part is the proof of a necessary and sufficient condition for
cut-off in such chains, according to the article [10] by Ding, Lubetzky and
Peres, of 2008.



Chapter 4 deals with Glauber dynamics for the Ising model on the com-
plete graph. Following [16] and [9], it is shown that in the high temperature
regime this process has a cut-off at t = g‘(llo_gg) with a window of size n, while
for any temperatures lower or equal to critical there is no cut-off and the
order of mixing time changes.

Finally, in the last chapter, we change the subject a bit. We consider the
Glauber dynamics treated in Chapter 4 in the continuous-time case and make
an attempt to bound the Log-Sobolev constant with an analytical method,

based on conditioning the entropy on the magnetization of the system.




Chapter 1

Background material

1.1 Finite Markov chains

1.1.1 Definition

A stochastic process is a family {X;},.; of random variables indexed by
a parameter ¢ > 0 which is usually to be thought as a time parameter.
The set I can be either discrete or continuous. In this work, except for the
last chapter, we will analyze only a particular kind of stochastic processes,
namely the Markov chains.

A Markov chain with state space () is a sequence of random variables
(X0, X1, ...) taking their values in Q with a simple property: at time ¢ it
“chooses” its following position taking into account only its present position,
X¢, and forgetting all its past moves. More precisely, Vt € N, Vz,y € Q and
for all the possible values of xg, 1, T2, ...,xi—1 € €, we have that

P(Xip1 =yl Xo=x0,... Xto1 =21, Xe =2) = P (X1 =y| Xt =2)
P (z,y), (1.1)

where P(z,-) is a fixed probability distribution. Equation (1.1) is called the
Markov property. If 2 has a finite number of elements, then the |Q[x|Q2]
matrix P whose elements P;; are the probabilities P(x;,x;) is called the
transition matrix. Of course, Vx € Q,

> Pla,y) =1,
yeN

80 we say that P is a stochastic matrix. We will often call the whole Markov
chain just P.

Let’s call p the |Q|-row-vector that describes the distribution of the chain
at time ¢,
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if we condition on all possible values of the chain at time ¢t — 1, we have:

pe(y) =Y P(Xe1 =) P(z,y) = > pe1(x) P, y).

z€eQ zEQ

Rewriting this in vector form gives, for all ¢,

pt = pre—1 P

and iterating
p = po P’ (1.2)

where pg is an arbitrary starting distribution. In words, multiplying the
present-distribution-row-vector by P on the right gives the distribution of
the next step. Since we will often deal with chains with the same transition
probabilities but different starting distributions, we will use the notations
P, and E, for, respectively, the probabilities and the expectations given
o = p. Similarly, P, and E, will consider a § distribution in = as starting
distribution, that is, the case in which we start the chain surely from the
state x.

So, for example, starting in x, the probability of arriving in the state y
after ¢ steps will be

P, (Xi = y) = (0.P") (1),

and this is equivalent to the (z,y)-th entry of the matrix P?.

Finally, if we consider a |Q|-column-vector f, function of the states of 2,
and apply to the left the transition matrix, we obtain the expected value of
f after one step:

Pf(z)=> P(x,y)f(y) = > fW)P. (X1 =y) = E, [f(X1)].

yeQ yeQ

1.1.2 Irreducibility, aperiodicity and regularity

In this section we are going to introduce two important properties of some
Markov chains: aperiodicity and irreducibility. Almost every chain studied
in this paper has these two properties, or can be slightly modified to become
a chain of this kind, as we will see in the following.

The first property is very simple to understand: it just means that, start-
ing from any other point of €2, it is possible to reach any other state after
some steps. To say it precisely, a Markov chain with transition matrix P is
called irreducible if, Vz,y € Q, there exists a t (possibly depending on z
and y) such that P'(x,y) > 0.
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Let’s move to the second property. Let T(z) := {¢t > 1: P'(z,z) > 0}
be the set of times when, starting in x, it is possible to go back to x itself.
The greatest common divisor of T(z) is the period of the state z. If all
states of the chain have period 1, then the chain is said to be aperiodic,
otherwise it is periodic.

Finally we say that a chain is regular if exists an integer s such that
P#(x,y) > 0for all z,y € Q. It means that at time s we could be everywhere,
no matter the starting point. Let’s demonstrate a little result:

Proposition 1.1. If P is irreducible and aperiodic, than it is regular.

Proof: Tt’s not hard to demonstrate that if S C Nt a set of non-negative
integers closed under addition, has greatest common divisor 1, than there is
some integer k such that Vj > k, j € S. Of course, for x € Q, the set T(z) is
closed under addition: if s, € T(z), then P (x, z) > P!(z,z)P*(z,z) > 0,
and hence s + ¢ € T(x). Besides, because of aperiodicity, the ged of T'(x)
is 1. Therefore there exists a t(x) such that if ¢ > t(x) than ¢t € 1(z).
By irreducibility we know that Yy € € there exists r = r(z,y) such that
P"(z,y) > 0. Therefore, if we take t > t(x) + r, we have

P'(z,y) > P (z,2)P"(z,y) > 0.

This is true for every  and y. So, taking t > max,cq (t(x) + maxycq r(z,v)),
we obtain that P!(x,y) > 0 for all z,y € Q. [ |

As we said above the problem of periodicity can be eagily avoided with a
simple trick: at each step we allow the chain to stand still with probability
%. The new transition matrix will be P = %Id + %P, where Id is the
identity matrix and P the original transition matrix. This way, our new
Markov chain, called the lazy version of the original chain, will be obviously
aperiodic, since Vo € ) we have p(x, x) > 0. On the other hand, it’s easy

to verify that it preserves most of the original properties.

1.1.3 Stationary distributions

We say that a probability measure 7 on {2 is a stationary distribution for
a Markov chain with transition matrix P if

m =P, (1.3)

or, rewriting this element-wise,

m(x) = Z 7(y)P(y, ) Vo € Q. (1.4)
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This means that if we are distributed according to 7 and perform a step of
the chain, we are still distributed the same way.

These distributions will play a fundamental role in our study of the
Markov chains: under very common conditions we have that as the time
passes the chain approaches the stationary distribution in some sense. This
is shown more precisely by the following famous theorem.

Theorem 1.2 (Ergodic theorem). Let {X;} be a regular Markov chain
with transition matriz P. Then there exists a unique stationary distribution
7 for the chain. Moreover

Pl(z,y) 22 7 (y) Va,y € Q. (1.5)

In particular, for every starting distribution ug and for every function h :
Q — R, we have

E,, [W(X0)] 525 7 (h). (1.6)

Proof: We will demonstrate an even stronger property that straight
implies (1.5): there exists a unique stationary distribution 7 that verifies
“39 > 0 such that

1
max |P!(z,y) — m(y)| < ge_‘st vVt eN, Vy € . (1.7)
Define .
M,y (t) := rgggPt(x, y)
my(t) := minP"(z,y)

Obviously my(t) < My (t). Besides, we have

M, (t+1) = P Pt < P M, (t) = M, (t
y(t+1) Iggg% (z,2) (Z,y)_gleagze;z (z,2) M, (t) = M,y(t)
z z

and similarly my(t + 1) > my(t).

Let
{ My(c0) := tlim M, (t)

so that My (t) \, My(oco) and my(t) /" my(o0).
From the hypothesis of regularity we know that Ity € N and ¢ > O:

PY(z,y) > ¢ Va,y € Q.
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So, taking t >ty we have
P'z,y) =) P*(x,2)P""(z,y)

z€N

= [P(z,2) — eP"(y,2)] P (z,y) + eP'(y,y)
z€Q

< My(t—to) Y [P™(x,2) —eP"(y,2)] + P (y,y)

z€Q
= (1 —e)My(t —to) +eP'(y, y)-
Since this is true for every = € (), we have also
M, () < (1— )M, (t — to) + <P'(y, ).
The very same way one can see that
my(t) > (1 — )M, (t — to) + =P (y, ).
Putting together these two inequalities we obtain
0 < M, (t) = my (£) < (1= &)[My(t — to) — my(t — to)]:
iterating this, if t > ktg, k € N,
My (£) = my(t) < (1= )My (¢ — to) — my (¢ — kto)].
Write t = L%Jto +1, 0 <1<ty then

My (1)~ my(6) < (1= )5 [0, (1) — my ()] < (1 = )] < Lo

for some 0 > 0. Now the vector m with 7(y) = tlim My(t) = tlim my(t) is
—00 — 00

well defined. It remains to show that m is actually a stationary distribution
for P and that it is the only one.

Since, Vt > 0 and = € Q, Zy Pl(z,y) = 1, then zy m(y) = 1,80 wis a
probability vector. It is also invariant:

S () Ply,x) = lim 3 Pl(z,y)P(y,x) = lim P (z,2) = m(a).

t—o00 t—o00

ye yeQ
If we have another probability vector u such that uP = u, then, Vi > 0,
uPt = p1 and

pla) = lim Y~ u(y) Py, z) =Y p(y)w(x) = w(x),

so that u = w. Finally, since we know that for every possible probability
vector po we have that poP? — , for every function h

Eyo (XD =Y po() Py, 2)h(x) =5 m(2)h(z) = m(h).

|
Because of this theorem, we can also call 7w the equilibrium distribu-
tion.
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1.1.4 Reversibility

We say that a distribution of probability 7 satisfies the detailed balance
equations for a Markov chain P if, Vz,y € Q,

m(z)P(x,y) = n(y) P(y,z). (1.8)

This property is often useful to verify that a probability distribution is
stationary:

Proposition 1.3. If 7 verifies the detailed balance equations for a chain P,
then it 4s stationary for that chain.

Proof: We have just to sum over all y € © on both sides of (1.8) and
remember that P is a stochastic matrix. |

Iterating (1.8) we obtain, for any sequence xq, ...z € €,
7(xo) P(xg, x1)...P(x1—1,2¢) = 7(xpn) P24, x4—1)... P(21, 20).

This means that, starting from the stationary measure, the distribution of
the variables (Xo, ..., X;) and that of (X,..., Xo) is the same. This is why
such kind of Markov chains are called reversible.

1.2 Convergence to equilibrium

1.2.1 Total variation distance

We have shown with the Ergodic Theorem (Theorem 1.2) that Markov
chains, under some conditions, in the infinite time limit “look like” their
own stationary distributions. A natural question that arises is: how fast is
this convergence? After how many steps we can consider the chain close to
its equilibrium?

To answer we need first of all to define what the word “close” mean, that
is, we have to define a metric in the contest of probability measures.

There are many choices we can do to define a distance on the space of
all probability measures on the discrete space 2. Widely used examples of
such objects are the [P-distances, useful especially for an analytic approach
to the study of Markov chains. Given an integer p > 1 and two probability
measures p (thought as the ‘reference measure’) and v on €2, the [P distance
deals with the density of v respect to u:

(g

hSA

P
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and

vz
() 1‘.
()

Another natural metric we can define on the same space is the one in-
ducted by the total variation distance:

12 = vilry = max|pu(4) v r—gggEj .19

|71 = max
[>® e

The interpretation is probabilistic: take the event on which the difference
between p and v is maximum; then this difference is exactly the TVd. The
next proposition gives a useful characterization:

Proposition 1.4. Let p and v be two probability distributions on Q. Then
the total variation distance between them is exactly one half the ' distance,
that s

e = vy = 5 3 ) — v()]. (1.10)

z€eQ
Proof: Let B :={x € Q: u(z) > v(zr)}. For any event A we have
u(A)—v(A) = pu(ANB)—v(ANB)+u(ANB°) —v(ANB°) < w(B) —v(B)

since, by definition of B, u(ANB°) —v(ANB°) is negative and in the second
inequality we have just added a positive term (u(A° N B) — v(A° N B)).
Analogously, for any event A’,

v(A) — p(A') < v(B°) — p(B°).
Note that

((B) = v(B)) = (v(B) = u(B°)) = p(€) = v(2) =0

so that the two upper bounds we have found have the same value. Further-
more, if we take A = B and A’ = B¢, then |u(A) — v(A)| is exactly equal to
the upper bounds. Thus

S(u(B) — v(B)) + S ((B) — u(B) = X )

= wllry = 5
e

Note that from this characterization follows immediately the triangle
inequality:

= vy = 5 3 0@ = w(@)] < 5 S () — )]+ ) = v(@))

€N e
=l =nllrv + lIn = vizrv
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for any probability measures p,v and n on Q. If we had any doubt, now
we are sure that the total variation is actually a distance. Finally we give a
further way of describing the TVd between two measures:

Proposition 1.5. Let p and v be two probability distributions on . Then

—_

I =vlipy =5 sup|u(f) = v(f)]- (1.11)
Fllfllso<t

[\

Proof: ¥f such that || f|c := maxzeq |f(x)] <1,

S| r@m@) — X few@)| < £ X 1@ 0) - v)

z€Q e e
1
< 5 Z (z) —
e
< HN_VHTV’ (1.12)

which shows the (>) side. For the reverse, set

e [ AL () > ()
filw) = { —1if p(z) < v(z).

Then
S r@wE) @) = > ) v+ > () - al)
veQ) (@) >v(x) p() <v(x)
=" Iux) - vi@), (1.13)
€
and Lemma 1.4 ends the proof. |

1.2.2 Distance from equilibrium

From now on, we will call d(¢) the distance of a Markov chain P at time ¢
from its stationary distribution 7 starting from the worst initial distribution:

d(t) = max [Py, (X; =) =7 ()llrv

Note that
1 t

max 3 3 1By (X0 = ) = 70)] = max 3 37 | 3 (@) PH(w,9) — pl)(y)
ye yEQ €

<max ZZ|Pt:Uy —7(y)|p(x)

xEQ yeQ
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<max max Z|Pt:vy —m(y)| Zu(x)

€N
v €N

1 t ¢

= max 537 1PH(e,y) — 7(y)] | = max PGz, ) = 7() v
yeN

Since the maximum over all possible distribution is made also on the point

masses, the inverse inequality holds too. It follows that we can take just the

worst starting point instead of the worst starting distribution:

d(t) = max | P'(x, ) = () |lzv. (1.14)

As one could expect the function d(t) is decreasing in time, as follows
from next proposition.

Proposition 1.6. Let P be the transition matriz of a Markov chain with
state space ) and let u, v be any two probability distributions on ). Then

|nP = VPl < [l = vl (1.15)
Proof:
5 S kP() —vP@)] = 5 S|S0 w) Ply, ) — () Pl 2)
xGQ zeQl ye
<3 S S P ) — )l =l vy
yeQ e
[ |

Corollary 1.7. Let P be the transition matriz of a Markov chain with sta-
tionary distribution w. Then, for any t > 0

d(t +1) < d(t). (1.16)

Proof: For any = € €, taking in Proposition 1.6 p := 6,P! and v =
7P = 7, we have

1P, ) = 7 (llpy < 1P () = 7() gy

So, if Z is a state that realizes the maximum max,cq [|[P™ (z,-) — 7() |7y,
we have

At +1) = max [P (e, ) = 7y = |PHE ) = 70y
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<[Pz, ) =7 (v < max 1P (x,-) = ()l
= d(1).
[ |

In section 1.1.3 we have seen that every irreducible and aperiodic (regular
would be sufficient) Markov chain has its stationary measure and that the
distribution of the process is exactly this measure in the limit for the time
going to infinity. In the proof of the Ergodic Theorem 1.2, also known as
the Perron-Frobenius theorem, it was even shown that this convergence has
an exponential rate. As a direct consequence of this fact, we have that also
the total variation distance of the chain from the stationary distribution has
this behaviour:

Corollary 1.8 (of Theorem 1.2). Let P be an irreducible and aperiodic
Markov chain with stationary distribution w. Then there exist constants o €
(0,1) and C > 0 such that

max | P () — 7() 7y, < Ca. (117)
z€eQ
Proof:
1
¢ — . — — 13 —
max | P!, ) — 7|y = mas o S 1P, ) — 7o)
yeN
1
< — t -
<maxg ), max (|P(z,y) —7(y)])
yeN
n ¢
= 5 max (IP'(z,y) = =(y)]),
where n := |Q|. From equation (1.7) we know that there exists a 6 > 0 such

that for any y € 2, £ > 0,

1
Pt _ < = —ot
nggé(l (z,y) —w(y)]) < e

so that setting C := & and a := e~ we have (1.17). |

Theorem 1.2 and Corollary 1.8 ensure that one day our Markov chain will
be very close to stationarity. But since we don’t know anything about the
constants (0, C, ...) involved in the statements, we can not say how much
we have to wait to be sufficiently close.

A good branch of the studies on Markov chains in the last decades con-
centrated its efforts in understanding more in detail this kind of problems.
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1.2.3 The mixing time

Suppose we want to know how long we have to wait before some Markov
chain P reaches a distance from its stationary distribution of €. It would be
useful to have a time-parameter that formalizes this concept. We define the
e-mixing time of the chain as

tmiz(€) ;= min{t : d(t) < e}. (1.18)

A chain is said rapidly mixing if ., (&) is polynomial in log (%) and the size
of the problem.

By convention if we take € = 3, we call it simply mixing time:

1
4

bonia =t <111> — min {t d(t) < i} . (1.19)

The study of the only t,,;, is often sufficient, because of the next result:

Proposition 1.9. Let P be the transition matriz of an irreducible, aperiodic
Markov chain with t,(c) < T for some ¢ < % Then, for this Markov
chain,

loge
tmiz(e) < T. 1.2
= | ngtas 120
In particular
tmia:(f‘:) < ﬂog2 571—‘ Umiz- (121)

The proof of this fact requires the notion of coupling, thus it is put off
to Section 1.3.4.

1.3 Some techniques

1.3.1 The specrtal gap and the Dirichlet form

An important and powerful method to analyze the convergence to equilib-
rium of a Markov chain is the study of the eigenvalues of its transition matrix.
First of all let’s see some basic properties of these eigenvalues.

Proposition 1.10. Let P be the transition matriz of a finite Markov chain.
If X\ is an eigenvalue of P, then |A| < 1.

Proof: For any function f : @ — R, the infinity-norm is defined as
|| flloo := maxzeq | f(x)]. For any = € Q we have

Pi@)| = | 3 Py @) < 1l 3 P y)| = 1l

yeN yeQ
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Taking the max,cq we have

1P flloc < II.flloo-

Thus, if ¢ is the eigenfunction corresponding to the eigenvalue A, choosing
f=0,
[6lloc = [Plloc = [Adllco = All¢lloo-
[ |

It is also possible to prove that if P is irreducible, then the vector 1 :=
(1,1,...,1) generates the vector space of the eigenfunctions corresponding to
the eigenvalue 1, and that if P is also aperiodic, then —1 is not an eigenvalue
of P.

Proposition 1.11. If P is the transition matriz of the lazy version of a chain
with transition matriz P, then all the eigenvalues of P are non-negative.

Proof: Let f be an eigenfunction of P = % with eigenvalue A. Then
~ P
A= pp= IS
2
It follows that (2A — 1) is an eigenvalue of P. Thus 2A — 1 > —1, and so
A>0. ]

For a reversible transition matrix P we label the eigenvalues in a decreas-
ing order:
1= N >X>...> )\|Q| > —1. (1.22)

Define
As = max{|A| : A is an eigenvalue of P, A # 1}. (1.23)

We call the difference ~, := 1 — A, the absolute spectral gap, while the
difference v := 1 — Ao is just the spectral gap. If P is aperiodic and
irreducible, then +, > 0 since, as we said, there is no —1-eigenvalue. Of
course, by Proposition 1.11, whenever P is a lazy chain, v, = 7.

Define now on the space R the inner product

(f,9)n =Y f(@)g(x)m(2). (1.24)

e

We will write f L, g if (f,g)r = 0. A well known property of reversible
chains is that the inner product space (R?, (-,-),) has an orthonormal basis
of real-valued eigenfunctions {f;}"j_; corresponding to the real eigenvalues
{\;}. Tt follows that any function f:Q — R can be decomposed as

12|

P'f = (f, fi)nfiNL. (1.25)
7j=1
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In this case we can define the Dirichlet form associated to our chain as

where f and g are functions on Q. In particular, we define D(f) := D(f, f).
Just manipulating the definition and using the reversibility we can rewrite
it as 1
D(f) =5 D @) = f)*r(x)P(,y). (1.26)
z,ye)
We introduced the Dirichlet form for the following useful characterization
of the spectral gap:

Lemma 1.12.

v= min  {D(f)} (1.27)
feR
FLzLllfll2=1

Proof: Say || = n. Let {f1,..., fn} be an orthonormal basis of eigen-
functions for (R, (-,-),), with fi. associated to the eigenvalue A for all k.
Take fi = 1. By (1.25) we know that any function f can be written as
Zj(f, fi)=f; and then the I? norm of f is

IF13 = (f, )= Z| fi fidw

Whenever |[f[2 = 1 and f Lr 1 we can write f as f = 377, a;f; with
> = 2aj = 1. Thus

(Id=P)f, flm = _al(1—=Xj) = (1— o).

=2

Finally take f = f5 to realize the minimum. |

Notice that equivalent expressions are

. D(f)}
v = min , (1.28)
feR? { I1£113
fLlal,f#0
since f = i f”2 has {? norm equal to one and satisfies D(f) = ff(ﬁcij,’)’ and
. D(f) }

= min —_— 1.29
7T e {Varn(f) (29

Vars(f)#0

(where Varg(f) = EfQ( yr(z) — (32 f(z)m(x))?), just replacing the f of
the lemma with f = f — E [f].
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1.3.2 The relaxation time

How can we relate the eigenvalues of the transition matrix to our study of
the speed of convergence of the chain?

The relaxation time of a reversible Markov chain is defined as
brot 1= (1.30)
| = . .
re i~

One possible link between t,,;, and t,.; is the inequality
Varz(P'f) < (1 — ) Var,(f), (1.31)

that we don’t prove here. But the most interesting relation is shown in the
next theorem.

Theorem 1.13. Let P be the transition matriz of a reversible, irreducible
and aperiodic Markov chain with state space Q and let Ty = mingeq m(x).

Then

(tret — 1) log (;) < tin() < 10g< )tm. (1.32)

ETmin

Proof: For the first inequality suppose that f is an eigenfunction of
P with eigenvalue A # 1. Since the eigenfunctions are orthogonal with
respect to the inner product (-,-), and since 1 is an eigenfunction, it follows

>, ™) f(y) = (1, f)x = 0. Therefore

N f(@)] =P f(2)] = ‘Z[Pt(%y)f(y) =7 W] < 1 flloo2d().

ye

Taking the state x which realizes the infinity norm and setting t = ¢, (&)
gives
IAfmiz ()] < 2 (tin(€)) < 26

0 (1) > (1) 2 ().

Minimizing the left hand side over the eigenvalues different from 1 and rear-
ranging gives the bound.

Now the second (and more useful) inequality. By Proposition 1.5 we can
write

Whence

1 1 .
|P!(2) = wlly =5 sup [P(g) — ()l = 5 sup |PHG)  (1.33)
g:lgI<1 g:1g|<1
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where ¢ is the function g minus its mean. For all functions ¢ with 0-mean
we have

1PL@) < == 7()|P}(9)l

m(x) ert

1 £y 3

< mva""w(P (g))
L o ar

@6 Varz(g)

N

< (1.34)

where we have used Schwartz inequality and equation (1.31). Remember

that ||g||cc < 1 and hence Var(g) < m(¢?) < 1. Summarizing
1 x
Pl(z,-) — < St
max |[P(z, ) — wllpy < e

The right hand side is smaller than ¢ if

1 1
t> —log ,
y* ETx

so that t,,;» has to be smaller than the required quantity. [ ]

Most of the times finding precisely the eigenvalues of a transition matrix
on a big state space turns out to be almost impossible. Some techniques to
bound the spectral gap of a chain will be shown in the next chapters.

1.3.3 Coupling

A coupling of two probability distribution p and v on a state space € is a
pair of random variables (X,Y), defined on Q x , such that their marginal
distributions are respectively p and v:

yeN

Y P(X =x,Y =y) =v(y).
€N

There always exists a coupling between any two probability distribution, for
example letting X and Y be independent. However very interesting proper-
ties come out when we force the two random variables to assume the same
values. Next proposition, for example, gives a nice and useful characteriza-
tion of the total variation distance based on the concept of coupling.

Proposition 1.14. Given two probability distributions p and v on §, we
have that

lp—v|py =inf{P(X #Y): (X,Y) is a coupling of p and v}. (1.35)
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Proof: First note that for every coupling (X,Y") of x4 and v and for any
event A C Q)

H(A) - v(4) =

P(XeA)—-P(Y eA)
=P
P
P

XeAYZA)+P(XeAYecA)-P(Y €A
X ecAY A

o~ o~~~

Taking the maximum over all possible events on the left side and the infimum
over all possible coupling on the right we obtain:

lw—v|py <inf{P(X #Y):(X,Y) is a coupling of  and v}. (1.36)

Now we’ll construct a coupling such that equality holds, forcing X and Y to
be equal as often as possible. To do that, Vx € Q we will assign value z to
both X and Y with the highest probability allowed, that is u(z) A v(zx).

Set
p=Y uw@Av@)= > pa)+ Y v@).

e el e
j(@)<v() v(z)<p(a)

Adding and subtracting » . )5, (z) #(2) to the right-hand side gives

p=1- 5 (u(@)—v(@) =1l — vy,
zeQ:
v(z)<p(z)

where the last equality follows immediately from the proof of Proposition
1.4.

Now flip a coin with probability of heads equal to p. If the coin comes
up heads then we will take X =Y = x with probability

p(x) Av(z).
p )
if the coin comes up tails, we will choose X according to the probability

distribution

p(z) —v(z)
0 otherwise

if p(x) > v(x)

and independently Y according to the probability distribution

v(r) — ()
dy (z) = 1—p
0 otherwise.

if v(z) > p(x)
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With simple calculations it is possible to verify that dx and dy are actually
probability distributions and that with this choice the marginals of X and
Y are p and v. Finally note that X =Y if and only if the coin shows tails,
so that

PX#Y)=1-p=|p—vlpy-

1.3.4 Coupling of Markov chains

Let’s take two Markov chains defined on the same state space 2, both with
transition matrix P, but with different starting positions chosen according
to o and vg. We would like to couple, in the sense of the last section, the
distributions of the two chains at each step.

A coupling of these two chains is a process (X¢, Y2)¢>0 such that X; ~ Pﬁo
and Y; ~ Pjo. If X; and Y; start from the points z and y, we will use the
notation P, for the probability on the space where both the chains are
defined.

Again we will be interested in forcing the two processes to be in the same

point of €. Besides, once they have met, we will keep them together forever:
Xs=Y;= Xy =Y, Vt>s. (1.37)

This can be eagily achieved choosing next position for X; according to P and
then making the same choice for Y;.

A very useful result provided by the coupling method is a bound for the
distance from the stationarity, as stated by the Corollary of the following
theorem.

Theorem 1.15. Given a transition matriz P on the space ), consider two
Markov chains starting from two different states x,y and evolving according
to P. Take any coupling (X,Y:) of the chains verifying (1.37), and define

Te := min{t : X; = Y},
the first time the two copies meet. Then
[P (2, ) = Py, Mgy < Pay (e > 1). (1.38)

Proof: Since at each step (X;,Y;) is a coupling of the measures P!(z, )
and P'(y,-) by construction, Proposition 1.14 gives immediately

||Pt('r7 ) - Pt(yv ')HTV < ]P)fﬂ,y (Xt 7& Y;) .

Furthermore (1.37) implies P o (Xt # Y3) = Py y (7. > t), so we are done. W
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Corollary 1.16. Suppose that for each pair of state x,y € € there is a
coupling (X, Yy)i>0 such that Xo = x,Yy =y. Then

d(t) < max P, (1. > t), (1.39)
z,yeQ

where T, is defined as in the previous theorem.

Proof: By the definition of the stationary distribution 7
1P (z,) = iy = max | P(x, A) = m(A)]

_ t t
—glgg\Z )(P!(x, A) — P'(y, A))

<max Yy 7(y)|P(x, A) — P'(y, A)|

ACdeQ

<Y wWIP @, ) = Py, )y
yeN

< max [|P'(z,-) = P'(y, )|l 7y-
yeN

Taking also the maximum over all possible z’s, we have finally

d(t) < max | P(z,) = P'(y,")ll 7y
zye

Putting together this and Theorem 1.15 gives the corollary. |
We are now able to prove Proposition 1.9:

Proof (of Proposition 1.9): Let’s consider two different starting states
x,y € Q for the chain. By definition of t,,,(c), we have both

1P (z,) = 7()llpy ¢ and  [[PT(y,-) =7()lpy < ¢

Hence, by triangular inequality, |PT(z,-) — PT(y,-)||l;v < 2c. As we have
seen in Proposition 1.14 we can construct a particular coupling (X7, Yr)
of the measures PT(z,-) and PT(y,-) such that P (X7 # Yr) < 2¢. Now
consider a new Markov chain on the same state space with transition matrix
Q := PT; in words this new process performs a step every T steps of the
original chain P. The coupling we have described above guarantees that
the probability that the two instances of the new chain starting from z and
y have not coupled in one “@-step” is at most 2c. So, by induction, the
probability that the two copies of the @Q-chain have not coupled in k steps
is less or equal to (2¢)*. By Corollary 1.16, @ is within variation distance e
from its stationary distribution after k steps if

(2¢)"
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It follows that after [loge/log (2¢)] steps the new chain is closer than € to its
stationary distribution. But @) and P have the same stationary distribution,
and one @)-step is equivalent to T P-steps. Therefore,

tmiz(€) < [101; ?250)]

for the original Markov chain. |



Chapter 2

The Cut-off phenomenon

2.1 Cut-off

2.1.1 Main definition

Now that our knowledge of finite Markov chains is pretty good, we are ready
to introduce the main subject of this work.

Take a sequence of Markov chains indexed by n = 1, 2, ... with their state
space Q™); we can think that as n grows, the size of the Qs grows. Suppose

that each of these chains has its stationary distribution 7(™ and its mixing
(n)

time ¢,/ (€). We say that the sequence has a cut-off if, for any 0 < e < %,

(n)
lim (t)mix(g) ~ 1. (2.1)
n—oo g (1—¢)

In general, the time to reach a distance (1 —¢) from the stationary distribu-
tion is smaller than the time to reach a distance e. We can write

mix

() — ()

mix

(1-¢)=71">0.

What equation (2.1) is telling us is that, in the limit for n — oo, 7™ becomes
negligible on a time-scale of t;:fl)x Since € can be taken arbitrarily small, we
are also saying that the time to pass from the maximum distance from 7 to
an almost-0 distance is (relatively) very short.

Graphically, if we draw the function d,(¢) (that is the d(t) fot the chain
n) and zoom out the picture on a time-scale of tf;lgx, we see that as n grows

the function approaches a step-function with jump at tfgl)w (see Figure 2.1.1).

Knowing the existence of the cut-off for some family of Markov chains can
be very useful: if we want to approach the distribution 7(™ (for example in
a simulation), we know that we have at least to wait tggz)m steps but also that
is quite useless to run the chain much longer. This nice property seems to

appear in many ‘natural’ Markov chains; nevertheless, nowadays the family

25
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dy(1)

tnl .

mix

Figure 2.1: For a sequence of chains with cut-off, the graph of d,(t) against
(n)

t, zoomed on a time-scale of t,,; , approaches a step function as n — oo.

of processes that are known to have a cut-off is pretty small, since verifying
that a given sequence satisfies the definition can be quite hard. For this
reason there are other weaker definitions for the cut-off, such as the pre-
cutoff and the weak [P-cut-off.

For example a sequence of Markov chains indexed by n on the state
spaces (2, with stationary distributions 7(™ and mixing times tfgi)x(s), is
said to show a pre-cut-off if
Fonie (€)

sup limsup < 00. (2.2)

0<e<y nooo ol (1—¢)

In 2004 David Aldous showed a simple chain that has pre-cut-off but not
cut-off.

2.1.2 An equivalent definition

Lemma 2.1. A sequence of Markov chains exhibits a cut-off <

)n—>oo{ 1 if e<1

(n)
> dnlct 0 ife>1

mix

Proof: <) From the definition of limit, for any v > 0 we can choose n
(n)

big enough to make d,((1 —~)t,,;,) arbitrarily close to 1. It follows that for

any 0 < € < & we can choose n such that d,((1 — ) tf:;)x) > (1 —¢). Hence,
for such n,

£ (1—e) > (1 -yl (2.3)
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in the very same way we can choose n big enough such that
1™ (&) < (1 4yt 2.4
mzx(‘g) — ( +’7) max” ( . )
Therefore exists n such that

(n)
t (1—e) 1=

mix

(2.5)

and taking the limit for v — 0 (so that n — oo) we obtain the definition of

cut-off.
=) From the definition of limit, fixing v, there exists 7 such that VYn > n
Eomie (€)

Ao

7mix(1 - <(1+79)=c (2.6)

so that

tmiz(e) < etk (1—€) < ctfl),
Therefore, from the definition of d(-) and taking the limit over n to cover
all possible 0 < € < %,

lim d™(ct™ ) <e. (2.7)

n—00 mr

Letting ¢ — 0 we have the case ¢ > 1. The case ¢ < 1 is completely
analogous. (]

2.1.3 The cut-off window

We would like to be more precise to describe how long it takes for the chain
to fall from a distance ~ 1 to a distance ~ 0. We say that a sequence of

Markov chains has a cut-off with a window of size w,, if w, = o(tf:i)x) and
Tim_Tim inf d (") — aw,) = 1, (2.8)
lim limsup dn(tfgx + awy) = 0. (2.9)

=0 n—oo

Equivalently we can say that a sequence {wy} is a cut-off window for a
family of chains (Xt(n)) if w, = o(t(n) ) and

max

mix

() =t (1 —¢) < cowp. (2.10)

mixr

So with {w,} we know the size of the little interval around tfgl)z in which

the total variation distance of the chain from its stationary distribution col-
lapses.
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2.1.4 A necessary condition for the cut-off

Proposition 2.2. For a sequence of irreducible, aperiodic and reversible
Markov chains with spectral gaps {gap™} and mizing times {tgzr}, if
(n)

nli_{gotmm - gap™ < o,

then there is mo pre-cut-off.

Proof: Recall the first bound of Theorem 1.13:
(trer — 1log [ =) < tomia(e)
rel og oz ) = tmiz €).

Dividing both sides by ") e know from the hypothesis that there exist a

mix

constant ¢ > 0 such that, Vn and Ve € (0, 3),

(n) (n) NN
t)mm(e) > tmm)(s) > reé ) log <1> > clog <1>
) (1—e) 1 ¢ 2e 2e

mix 1T maix

Letting € — 0, the left hand side goes to oc. |

2.2 An example: the simple random walk on the
hypercube

2.2.1 The model

Till the end of this chapter we will apply the theoretical definitions and
results seen so far to a concrete simple example.

The n-dimensional hypercube is a graph whose vertices are the binary
strings of length n taking values in {0, 1}". Obviously there are 2" of such
vertices. Any two points are connected by an edge if and only if they differ
for just one coordinate (or bit). If we imagine the picture of this graph in the
3-dimensional space, we obtain a typical cube of size 1. Its generalisation in
n dimensions is the hypercube.

Our random process is the simple random walk on this graph. Imagine
a cat that lies on a vertex of the hypercube; every “second” the cat chooses
at random, that is with equal probability, one of the n vertices connected by
an edge to its current position and jumps immediately there. The process
will be the random sequence of the sites visited by the cat.

It is of course a Markov chain: the cat jumps over the next site without
taking into account its past moves, but only considering its present position.
The transition matrix P of the process has %—entries in the places P(u,v)
where u and v are connected by an edge, and is 0 everywhere else. Besides,
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the chain is irreducible, since after at most n jumps the cat can arrive with
positive probability everywhere.

As all the cats, also our random cat can be very lazy. In this case
we define a lazy version of the process, in which the cat can decide (with
probability %), to rest a bit and remain for one “second” on its position. In
the transition matrix of the process % will appear on the whole diagonal and
all the %’s will be replaced by % The advantage in this case is that the
process becomes also aperiodic, so that we can apply a lot of the theorems
we have seen in the first chapter.

Note that, by the detailed balance equations (1.8), it is very simple to
verify that the uniform measure is the stationary distribution for the chain.

Finally we can observe that this process has a particularity: the chain
looks the same from any point in the state space  (the set of all vertices).
That is, the possible kind of choices of the cat are always the same, doesn’t
matter on which vertex he is lying. Formally, for each couple (z,y) €  x
there is a bijection ¢ = ¢, : 2 — Q such that ¢(z) = y and P(z,w) =
P(¢(2), p(w)), Yz,w € Q. Such kind of chains is called transitive. One
obvious consequence of this property is that in order to calculate the total
variation distance of the chain from its stationary distribution we can let the
chain start from any point of 2.

2.2.2 Mixing time

Let’s start studying the mixing time of our lazy random walk on the hyper-
cube. With a very simple and intuitive coupling we will be able to bound #,,;,.
from above and this bound will be of the correct order in n up to constants.

This is the description of our coupling: take two copies of the chain
starting from any two vertices of the hypercube. Choose at random one of
the n coordinates and toss a fair coin: if it comes up heads, upload in both
chains the chosen coordinate with a 0 bit, otherwise with a 1. This way,
once the j-th coordinate has been chosen, the two chains will have the same
bit in the j-th position forever.

Clearly, if all coordinate have been chosen at least once, the two chains
proceed together. Then it is useful to define

7 := {First time all the coordinates have been chosen at least once}.
Proposition 2.3. Vc > 0,
P(r > [nlogn+cn]) <e “. (2.11)
Proof: Define the events

A; := {The i-th coordinate have not been chosen in the first [nlogn + cn|
steps}.
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Then, Vi=1,2,...,n,

< ef[lognJrc] < lefc.

n n

1 [nlogn+en]
P (A = (1 - )

Therefore
P(r > [nlogn+cn]) =P (U Ai> < ZIP’(AZ-) <e ‘.
i=1 i=1

Proposition 2.4. For the simple lazy random walk on the n-dimensional
hypercube

1
tmiz(€) < nlogn + nlog () (2.12)
€

Proof: From the coupling we have described above, from Corollary 1.16
and from equation (2.11) we obtain

d(nlogn +cn) <P (7> [nlogn+cn]) <e ¢,

and the conclusion follows immediately from the definition of mixing time.
|

The order O(nlogn) we have found is actually the right order for the
mixing time, but it can be improved by a constant factor of % as it will be
shown later in this chapter.

2.2.3 The Ehrenfest urn and the Hamming’s weight

We want to introduce another process that at a first glance could appear
totally unlinked from the original random walk. Imagine to have two urns,
say Urn I and Urn II, in which are distributed n balls. At each step of
the process we choose at random one of the n balls and transfer it from its
current urn to the other. So, if we call Y; the number of balls in Urn I at
time t, the transition matrix of our chain is

”;] if k=j+1

P(j, k) = l ifk=j5—-1 (2.13)
n
0 otherwise.

Y} is a Markov chain on the state space Qg := {0,1,...,n} and, as one can see
from the transition matrix, it has a drift towards the middle of this interval.
Of course, if we leave a % probability for the balls to stand still at each
step, we obtain a lazy version of the chain. Thanks to the detailed balance
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equations it is very easy to verify that my,, the stationary distribution for
both these chains (lazy and not lazy), is a binomial distribution of parameters

n and %, so that Vit
n

IE7TW {Wt] = 9

(2.14)

and

3

Varg, (W) = 1 (2.15)

Which is the link between this chain, called the Ehrenfest urn process,
and the random walk on the hypercube?

For a vertex of the hypercube, we can define its Hamming’s weight as
the number of 1’s that appear in the string representation of such vertex:

W(z) =3 2()) (2.16)

j=1

where z(j) € {0,1}. If X; is the (not-lazy) random walk, then we can study
its projection
W, = W (X,). (2.17)

If Wy = j, then it increments by a unit amount if one of the n — j 0-
coordinates is flipped, while it decrements if one of the j 1-coordinates is
chosen. It follows that W; is again a Markov chain and that its transition
probabilities are described as well by (2.13).

In this parallel the j-th coordinate of the random walk Xy can be thought
as the j-th ball of the urns process: if the j-th bit is 1, then the ball is in
Urn I, while if the bit is 0 the ball is in Urn II.

The following lemma provides another key connection between the two
models. It will allow us to deal with the Ehrenfest urn instead of the more
complicated random walk on the hypercube in order to demonstrate the
upper bound for the cut-off.

Lemma 2.5. Let X; be the simple random walk on the hypercube and let
Wy = >0, Xi(j) be the Hamming’s weight of the chain at each step (cor-
responding to an Ehrenfest urn chain). Then

IP1 (Xi € ) = 7llpy = Pn (Wi € ) = 7wl (2.18)

where P17 says that we are starting the random walk by the vertex with all 1’s
coordinates and P, says that we are starting the urns chain with all the balls
i Urn L
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Proof: Define Q,, := {z € Q : W(z) = w}. By symmetry, both z —
P; (X; = z) and x — m(z) are constant functions over €. Then
> PiXi=a)-@l =] > Pi(Xi=2) (@)

xeld: e
W (z)=w W (z)=w

= [P1 (We = ) — mw (w)],
where we used the fact that all the terms in the first summation are equal.

Summing over all possible w € {0,1,...,n} and dividing by 2 we obtain
equation (2.18). [ |

2.2.4 Some other tools

In this section we will state some general results that will be useful for the
proof of the cut-off for the random walk on the hypercube.

One way to produce a lower bound for the mixing time t,,;, is to find
a statistic (a real-valued function) f on € such that the distance between
f(X}) and the distribution of f under the stationary distribution 7 can be
bounded from below. In fact we have the following lemmas:

Lemma 2.6. Let p and v be two probability measures on Q and let f : Q —
A, with A o finite set. Setting, VA C (,

pf N A) = p({z: f(z) € A}),
we have
= vllpy = lpf ™ = vf gy (2.19)
Proof:

max luf~H(B) —vfI(B)| = max lu(f~1(B)) — v(fH(B))]

< max |u(4) — v(4)].

Lemma 2.7. Let f : Q@ — A, with A a finite set, and let u and v two
probability measures on € such that

EY[f] — E*[f] = ro,

for some r > 0, where
EX[f] =) p(z) f(x)
z€eQ
and

Oy = \/max{Var#(f), Vary,(f)}.

8
I =vllpy =1 - 72 (2.20)

Then
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Proof: Let

A= (E“[f] n Tg*,oo)

and apply Chebychev inequality:

uf 7N (A) = u{a s fl@) = BHf]+ 7))
< ul{e: (@) - B 2 55D)
4
<2
and
vf T (A) = vl{z: f(2) 2 B[]+ 25))

> (e f(@) > B o+ 1))
> v({o: |f(@) - EIf]| < 5°D)
214

Therefore, thanks to Lemma 2.6, we have

= vllgpy = llef = = vf gy = sup |uf~H(B) —vf~(B)|
BCA

_ _ 4 4
> |uf 1(A)_Vf 1(A)‘Zl—ﬁ—ﬁ
8

Going back to the problem of knowing how long we have to wait to refresh
the coordinates in the random walk on the hypercube, the last lemma of this
section gives a good amount of informations.

Lemma 2.8. Consider the simple random walk on the n-dimensional hyper-
cube. Let

I;(t) := X{j-th coordinate has not been chosen up to time t}

and

R, = le(t) = #{coordinates not refreshed at time t}.
j=1

Therefore the 1;(t)’s are negatively correlated and if

1 t
p::<1_>7
n
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then, Vt > 0,
E[R] =np (2.21)

and
(2.22)

Proof: Since
P ({j-th coordinate has not been chosen up to time t}) = p,

we have that the [;(t)’s are Bernoulli random variables of parameter p; then

E[Z;()] = p,
Var(I;(t)) = p —p* = p(1 - p)

and (2.21) follows immediately.
For k # j we have

therefore

2\ ¢ 1\ 2
Cov(I;(t), I(t)) = (1 — n> — (1 — n> <0, (2.23)
and (2.22) is a direct consequence, keeping in mind that Vg € [0, 1]
1
1—q) < —.
9(1 —q) < 5

2.2.5 Lower bound for the cut-off

Proposition 2.9. For the lazy simple random walk on the n-dimensional
hypercube

1
d (2nlogn - om> > 1 — 8e 20t (2.24)

Proof: We would like to apply Lemma 2.7 with f(:) = W(:), p = 7
and v = 07 (that is the random walk starting by the vertex with all the
coordinates equal to 1: Xy = (1,1,...,1)). Let’s evaluate o,.

First of all note that by (2.15) we have

3

Var,(W(Xy)) = Varg, (W) = —. (2.25)

W

Then, using the notation of Lemma 2.8, call R; the number of coordinates
that have not been selected up to time ¢. Starting by the 1-configuration,
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the distribution of W (X;) given R; = r is the distribution of the random
variable B + r, where B is a binomial of parameters (n — r) and % Then

n—R 1
Eq [W(Xo)|Re] = R + — t — 5 (B +n); (2.26)

taking another expectation over the possible values of R; and using equation

(2.21) we obtain
14 <1 - ;)t] | (2.27)

Plugging in equation (2.26) in the identity given by the well known ‘total
variation formula’

Eg [W(Xt)] -5

Vari(W(Xy)) = Var(E; [W(Xy)|Ry]) + E [Var;(W(X:)|Ry)] (2.28)

and remembering the nature of W(X;) given Ry, we have

Var: (W(X,)) = %Var(Rt) + 'R (2.29)

i

Since Ry is the summation of indicator functions negatively correlated

Var(Ry) = [(ZI) } [ZI]}
_ZEIIk +ZE ZE[Ij]E[Ik]—ZEQ[I]

izk i#k
SZEW—ZWM1
J J
< EI[Ry,
o) 1 1
n
This means that
Tx = \éﬁ (2.30)
Therefore
n 1\*
B [W/(X0)] — B [W(X0)] | = & <1 ~ n)
I\
= cm/ﬁ(l — >
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where in the last inequality we've used the fact that log (1 —z) > —2 — 22,

Vo <z <l1.
From Lemma 2.7 we have

|P(T) = wllgy > 1= e (H)—lomn

and since

tp =1 L 11 1 >11
n = T 2n0gn Q 5 n _2nogn an

we finally obtain

1
d <2n10gn - om) > d(tp)

S 1 getn(1+2)-logn

=1 — 8¢ 2L, (2.31)

2.2.6 Upper bound for the cut-off

As we said before, the result of Section 2.2.2 can be improved by a constant
factor, completing the proof of the existence of the cut off for our Markov
chain.

Proposition 2.10. For the lazy simple random walk on the n-dimensional
hypercube there exists a constant ¢ > 0 such that

1 c
—nl < —. 2.32
d<2nogn—|-om>_\/a (2.32)

Proof: Since the chain is transitive, we have, recalling Lemma 2.5,
d(t) = [IP; (Xt € ) = 7llpy = [Pn (Wi € ) = 7w Iy, (2.33)

so that it will be sufficient to bound the right hand side of (2.33). We will
use again the powerful coupling method to do that.

Let’s build two copies of the Ehrenfest urn model, W; and Z;, starting
from different points of Qy, Wy = w and Z; = z with z > w without loss
of generality. At each step we throw a fair coin in order to decide which of
the two copies will perform a move according to the probabilities described
in table (2.13). This way, looking separately at W; and Z;, we will see two
copies of the lazy Ehrenfest urn process. Besides, once the two chains meet,
we can force them to stay together forever.

Define

Dy =7y — W, (2.34)
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the difference of the number of balls in Urn I in the two copies; by construc-
tion Dy > 0, Vt > 0. Let also

7:=min{t > 0: Z; = W} (2.35)

be the first time the two copies meet.
Aslong as 7 > t,

1 A 1w,
1 with prob. 3 <1 - t> + 57’5
n n
Diy1 — Dy = 131 - (2.36)
-1 with prob. =——+=-(1——].
2n 2 n
Therefore, if 7 > ¢,
2t — W d
TR CERR

From this, the fact that x(;~;; depends only on the history of the chain up
to time ¢ and from the Markov property (1.1), we have

1
E.ow [X{r>ty Dit1l Zos -y Zt, Wo, oy, Wi = (1 ) X{r>yDe. (2.38)

n
Taking the expectation over all possible paths of Z and W

1
E;w [X{T>t}Dt+1] = (1 - n> Ezw [X{T>t}Dt} (2.39)

and since, Vt,
X{r>t+1} < X{r>t}
we have

1
E:w [X{r>tr13Det1] < <1 —~ n) E.w [Xrsty Dt - (2.40)

Iterating (2.40)

1 t
Ez,w [X{T>t}Dt] < <1 - n) (Z - w)

<ne . (2.41)

Now note that if 7 > t the increments D;11 — D; tend to be negative; in
fact, the probabilities in (2.36) and equation (2.37) say that at each step Dy
increases of one unit with probability not bigger than % — % and decreases
of one unit with probability at least %4— % Therefore it is possible to couple
D, with a symmetric random walk S; on the state space g := Ny that has
probability % — % to go either to the left or to the right and that is slightly

lazy (it stands still with probability %) We can suppose Sy = z — w and
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force Sy to dominate D; in the sense that whenever S; performs a step to
the left, we oblige D; to do the same; this way Vt < 7, S} > Ds.

Call 7 := min{t > 0: Sy = 0}. Then, for what we said, 7 < 7 and by a
general result for the simple random walks that will be proved in Corollary
2.12 at the end of this section, 3¢ > 0 such that for £ > 0

c(z —w)

Ja

Pow (T>u) SPow (F>u) < (2.42)

Therefore
cDg
Pz,w (T > s+ u’D()’ Dy, ..., DS) = X{T>S}]P)DS (T > ’LL) < X{T>S}ﬁ; (2'43)

taking the expectation and applying (2.41)

Puo (7> s+u) < Cn\z (2.44)
Choosing s = %nlogn and u = an we finally obtain
P, w (7‘ > 1nlogn + om> < . (2.45)
2 Va
By Corollary 1.16 we have the thesis. |

There is only left to prove the general result on the random walks we
used in (2.42).

Theorem 2.11. Let {Z;} be i.i.d. integer-valued random wvariables with
E[Z] =0 and Var(Z;) = o?, Vi. If we define Xy := > i_, Zi, then

P(X;#0for1<t<r)< (2.46)

SIs

Proof: For I C Z let
L.(I):={te{0,1,...,r}: Xy, € I}
be the set of times up to r in which Xy € I. Then let
Ar i ={t € L,(0) : Xpyyy #0for 1 <u <r}

be the set of times ¢ in L,(0) = L,({0}) after which the walk doesn’t touch
0 for other r steps (clearly |A,| < 1).
Since the future of the walk after visiting 0 doesn’t depend on what
happened before,
P(te Ay) =P(t € L(0)) ar
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where
ap =Py (Xy #0,t =1,2,...,7).

Summing over ¢ gives

r

ZX{teAr ] =) PteA)

t=0
:ZIF’(tE L.(0) o, =E
t=0

—E[|L,(0)]] ar. (2.47)

1>E[A]] =

<

X{teL.(0)}

~+
Il
o

It remains only to estimate E [|L,.(0)|] from below. By Chebychev inequality
(keeping in mind that Var(X;) = to?)

P (|1 X > ov/r) = <\Xt 0]>U\[\\§> ;

Taking I := (—o+/r,o4/7),

E[|L-(I)]] = [ZX{teLr ) ]S

r

E_r%—l
= 2

whence

. r
EfLe(D=r+1-E[LU)]> 5.
Furthermore, for any v # 0,

E{IL;(v)]] =E [Z X{thv}] [Z X{Xi=v}
t=0 =Ty
Z X{tho}] )

t=0

<E, [ZX{Xt v}]

where for the inequality we have used the Markov property, which says that
the chain after 7, has the same distribution of the chain started from v.

Thus ,
5 S ENL(DI] < 20VrE[IL(0)]]
that in conjunction with (2.47) proves the theorem. [

Corollary 2.12. Let X; ba a simple random walk on Z with probability
0<p< % of remaining in its current position at each step. Then

8[&|

Py (r0>1) < (2.48)

%
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Proof: By conditioning on the first move of the walk and using the fact
that the distribution of the walk is symmetric about 0, for r > 1

Py (rf >7) = 2P

1—
P1(7‘0>r—1)+TpP,1(7‘0>r—1)

1
> §IP>1 (o >r—1) (2.49)

where Tgr indicates the first time the walk hits 0 after time ¢t = 0. Note that
the event {the walk hits k before 0 and then for r steps doesn’t touch 0}
is contained in the event {the walk doesn’t touch O for r — 1 steps}. Then,
using both (2.46) and (2.49), and reminding that for this kind of random
walks 02 < 1, we have

8
P (Tk < 7'0) ]P)k (TO > ’I”) <P (TO >1r — 1) < QPO (7'6’_ > 7”) < W (250)

It is well known (see the gambler’s ruin problem, e.g. Proposition 2.1 in [17])

that ]
Py (1 < 70) = o

and the thesis follows immediately. |

2.2.7 Conclusion

Theorem 2.13. The lazy random walk on the n-dimensional hypercube has
a cut-off at %nlogn with a window of size n.

Proof: Propositions 2.9 and 2.10. ]

Finally, using a lot of interesting techniques, we managed to prove the ex-
istence of the cut-off for our random walk. We have seen that the stationary
distribution for the chain is the uniform measure over all the vertices of the
hypercube and that to be sufficiently close to this measure we have to run
the chain for about %nlogn steps, that is the correct order for t,,;,. If we
wait less than this time, we are still able some way to recognize from which
position we started and the uniform distribution is not well approximated,
while waiting more is quite useless. In particular, these ‘less’ and ‘more’ are
quantifiable: they are exactly described by the O(n) of the window size.



Chapter 3

Birth and death processes

3.1 Birth and death chains

3.1.1 The models

A Birth and death chain on ,, := {0,1,...,n} is a Markov chain P such
that P(z,y) = 0 unless |z — y| < 1. Write

b(x) := P(z,x + 1) forz=0,1,....,n —1, (3.1)
r(x) := P(x,x) Vo € €,
d(z) == P(xz,xz — 1) forx=1,2,...,n

and set for convention d(0) = 0 and b(n) = 0.

Two important classes of Birth and death chains are those with absorbing
walls, that is (0) = 0 and d(n) = 0 (once we arrive at the extreme points
we stay there forever), and with repulsive, or partially repulsive, walls, that
is with 6(0) > 0 and d(n) > 0.

Here we are interested in irreducible chains, so that we will assume that
b(x) > 0 for x € [0,n — 1] and d(x) > 0 for x € [1,n]. The stationary
distribution for this kind of chains is

1 by —1
() ::Zg (Z(y) ), (3.4)

where Z is a normalizing constant. In fact with this measure the detailed
balance holds:

m(x)P(z,z+1) =

N[ =
—*
S
—~
IS
—~
< | |
SN—
—
N—
S
~—
8
S~—

N[+
+
(wyl
—~
S
~
< | |
=
[a—y
=

8 <
O

<
I
—_

41
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Irreducibility guarantees also that A9, the second greatest eigenvalue of
the transition matrix, is strictly smaller than 1. Besides, allowing at least
one state z € {2, to have r(z) > 0, we avoid the problem of periodicity. In
this case we know that —1 is not an eigenvalue of the transition matrix.

Given 0 < € < 1 we define the quantile states of the chain as

k
Q) :=min k € Q,, : Zﬂ'(j) >¢ (3.5)
=0

and symmetrically

Qe) :=max { k € Qp : Zﬂ'(j) >ep. (3.6)
=k

For the sake of simplicity we will assume that our chain verify V0 < e < 1

Q(e) = Q(1 - =),

Even if it is not generally true for all ¢ € (0,1), we note that only at most
n values of the parameter can break this rule for a chain with n states.
Therefore for any countable family of chains we can remove a countable set
of such critical values of £ saving the above equality.

3.1.2 Bound of the mixing time

In this section we collect a series of general results for Birth and death chains
that will be useful in the next sessions.

Lemma 3.1. For any lazy irreducible Birth and death chain, for any 0 <
e<landt>0

IP'0,) = lly < Po (rqqe) > ) +=. (3.7)
Furthermore, for all k € Q,,
||Pt(/{7, )= 7T||TV < Py (maX{TQ(g),TQ(l_e)} > t) + 2e¢. (3.8)

Proof: We start a coupling (X, X,) of the chain such that Xy = 0 and
X ~ 7. The two copies evolve according to the following rule: at each step
a fair coin is tossed; if it comes up heads, we perform a not-lazy move of Xy,
otherwise we perform a not-lazy move of X;. Once they meet, they proceed
together. This way both chains individually act as the original lazy chain.
Observe that the two chains never cross each other, since they have to meet
before doing that.
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Call 7g(1_c) the first time the chain X; hits Q(1 — €) and notice that

XTQH*E) is distributed according to 7 (since this is true at any time). There-
fore, by the definition of Q(1 — ¢),

Povu (X >

TQU-e) = TQ<1—5>> zl-e

This means that with probability at least 1 —e the two chains have coalesced
before 7g(1_.). By Corollary 1.16 we have

1P0.) =l < Por (X0 # Xi)
=1- P(),ﬂ (Xt = Xt’t > TQ(1,€)) Py (t > TQ(lfs))

<1—(1—e)(1 =Py (t < 19u1-s)))
<Py (TQ(I—s) > t) +e. (39)

The same argument can be used for X; starting in k. In fact, the same
coupling gives
Py (XTQ(€> < XTQ(E)) z1—e

and
P (XTQ(I—E) 2 XTQ(1—5)> >1-e

Therefore the probability that the two copies meet between 7.y and 7o)
is at least 1 — 2¢, giving the thesis as before. |

Corollary 3.2. If X; is an irreducible lazy Birth and death chain on
then, for any 0 < e < %,
tmm S 16 max {EO [TQ(I—a)] ,En [TQ(&‘)]} . (310)

Proof: Take two points z,y € €1,,. Clearly at least one of the endpoints
s € {0,1} verifies
Es[ry] = Eq [7] (3.11)

(that is, to go from one endpoint to y we have to cross z). Denoting with R
the right hand side of (3.10) we have

Pm (maX{TQ(S), TQ(I—e)} > R) < Pm (TQ(a) > R) + Px (TQ(l—a) > R)

< B (7)) n Ey [ru-s)]
= R R
R

~ 16 + 16 8

where we have used together Markov’s inequality and (3.11). The proof now
follows directly from (3.8). [
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3.1.3 Bound for the variance of the (1 — ¢)-hitting time

We have established that the order of the mixing time is at most the bigger
expected value of the hitting times of Q(1 — &) starting from 0 and of Q(¢)
starting from n. Without loss of generality we will assume from now that
the first one is bigger than the second, so that we can simplify (3.10) as

1
tmie < 16Eq [7g(1—o)] , for 0 <e < o (3.12)
A key element for our work is a result of Karlin and McGregor [14],
proved in its discrete version by Fill [11], which represents hitting times for
Birth and death chains as a sum of independent exponential variables.

Theorem 3.3. Consider a Birth and death chain on Q,, := {0,1,...,m} and
suppose that m is an absorbing state (r(m) = 1), while for all other states
x € Qp, b(x) >0 and d(z) > 0 (except for d(0) = 0). Then the probability
generating function for the absorption time in m is

m1r
fu) = J];[O [“Aj)] (3.13)

where the \;’s are the m non-unit eigenvalues of the transition matriz P.
Furthermore, if P has non-negative eigenvalues, then the absorption time in
m is distributed as the sum of m independent geometric random variables
whose failure probabilities are the non-unit eigenvalues of P.

Since we are interested in the hitting time of certain states (namely Q(1—
¢)) starting from 0, it is clearly equivalent to consider chains with the target
state as an absorbing end point and this is just what the above theorem
deals with.

Lemma 3.4. Let (X]) be a lazy Birth and death chain on Q, := {0,1,...,m},
with m absorbing state and b(x),d(x) > 0 for all the other x € §,, (except
for d(0) =0). Let gap,, denote its spectral gap. Then

Eo [7m]

Varg(mm) < )
gap,,

(3.14)

Proof: Call \g > Ay > ... > A1 the m non-unit eigenvalues of the tran-
sition matrix of (X}). By Proposition 1.11 we know that all the eigenvalues
are positive, so that we can use the second part of Theorem 3.3 and consider
Tm as the sum of m independent geometric random variables of parameters
(1—=2X;),5=0,...,m— 1. Therefore

1 m—1

_ A
Eo [tm] = ]Z; = Varg(tm) = z; m

m

(3.15)

1=
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Since \g > A\;, Vi =1,...,m — 1, we have

as required. [ ]

As we said before, the hitting time of a state in our original chain is
distributed as the hitting time of that state in a chain where it is an absorbing
end-point. Anyway we would like to bound the variance of 7g(;_.) with
objects of the only original chain.

Proposition 3.5. Let (X;) be a lazy irreducible Birth and death chain on
Q,, and call gap its spectral gap. For 0 <e <1

Bo [r00-)] (3.16)

Vv )<
aro(To(i—e)) < P

Proof: The proof of the proposition is straight obtained by plugging the
result of next lemma into (3.14). |

Lemma 3.6. Let X(t) be a lazy irreducible Birth and death chain on Q,, :=
{0,1,...,n} and denote with gap its spectral gap. Fizx ¢ € (0,1) and let
m = Q(1 —¢). Consider now the lazy Birth and death chain on Q, with
absorbing state in m and call gap,,, its spectral gap. Then

gap,, > € - gap. (3.17)

Proof: By the representation of the spectral gap given in Lemma 1.12 we
know that

gap = min ((d=P)f, fox _ 135, (F() = ()P (i, 5)m (i)
]F?_éo <.]E7 f~>7r f';éO 2 Zz f(Z)27T(’L) .
Ex [f]=0 Ex[f]=0

(3.18)
Note that gap,, is (1—0), where 6 is the largest eigenvalue of P,,, the principal
sub-matrix on the first m rows and columns, indexed by {0,1,...,m—1}. By
irreducibility of (X;) it follows that P, is strictly sub-stochastic. Besides,
the reversibility of (X;) implies that P, is a symmetric operator on R™ with
respect to the inner product (-, ), that is (P,x,y)r = (x, Phy), for every
xz,y € R™. The Rayleigh-Ritz formula (see e.g. Theorem XIII.1 in [20])
gives
(Ppx,x)q
zeR™ (x,x)p
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Therefore
el Siol) = X PG FG) S )
84Pm = = S )2 (i)
F(k)=0Vk>m
1Yo (FG) = fG))PG, ) (i)
B D >R 020 (3:19)
f(k)=0Vk>m

Note that, Vf,
(f(D) = f(G))? = ((f() = Ex [f]) = (f(G) = Ex [fD)* = (F (i) = F(1)?

where f is a function with mean 0. Hence, in order to compare gap and
gap,,, we are allowed to consider just the denominators of (3.18) and (3.19),
that is the terms Y, f(i)?7(i) = Vary(f) and 3, f(i)?n(i) = Ex [f?].

Recall for brevity E; [f] = £. Then every f satisfying f(k) = 0, Vk =
m,...,n, verifies

B [/°] _ g 1p 2 &
CFz0) = B L A 02 (B 17 # 00 = s,

where we have used Holder’s inequality. Then
1 ~ S W(fzéO) S 1—287
Ex [f?] 3 3
where the last inequality follows by the definition of m as Q(1 — ¢). This
gives

Varg(f) _ 52
RS 20

By the considerations made before on the ratio % we conclude that

gap,, = € - gap.

3.1.4 Another result

In this section we are going to demonstrate just a technical Lemma that will
be necessary for the proof of the main theorem.

Lemma 3.7. Let (X) be a lazy irreducible Birth and death chain on Q, and
suppose that there is an € € (0, 1—16) such that
trel < €4E0 [TQ(l—a)] . (3.21)

Then, for any fitede <a < (G <1—¢,

3
Eq) [rem] = 25\/ tret+Bo [7g01)] (3.22)
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Proof: Obviously it is sufficient to demonstrate (3.22) for a = ¢ and
B8 = 1—¢e. Consider the random variable v distributed according to the
stationary distribution 7 restricted to the states in the set [0, Q(¢)], that is
m(k)
vik) = ———x
W= 2. Ve

and let w be the vector with components w(k) := %. By the re-
versibility of (X;), we have for any state k

Pl(v,k) = w(@)P'(i, k) (i) = Y w(@)P'(k, i)m(k) = (P'w)(k) - m (k).

% )

Thus,
1 n
1P () = 7llpy = 5 > wlk)|(Prw)(k) — 1| = IPt(w =Dl
k=0
1 _
< SIP (w = Dllr2ry (3.23)

since we are in a finite space. As (w —1,1)12(r) = 0, the function w — 1
has to be decomposable as a combination of eigenfunctions with eigenvalues
A0y s An_1 # 1 (because, as we said in the first chapter, 1 generates the
space of the functions with eigenvalue 1). Calling A\ the greatest of these
eigenvalues (note that gap = 1 — \), then, for all f orthogonal to 1, we have

1P ()l 22 (Z(ZPt r.y (Z 5028500 7(0)’
= (]t feXssio)| o))
< Xt(Zf’Q(:v)ﬂ(fO)é

(NI

and thus B )
[1P'(w = 1)l r2(r) < Allw = 1] p2(x)
Whence

1 _
1P ;) = 7l <5X 1w = Tl g2y

(> (Gwamy Y@

z€[0,Q(¢)]

_p>

z¢[0,Q(¢)]

SV N
< \/ A0.0E) S avE (3.24)
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o (1)
s-—20g€ rel

and observe that ¢ < % implies

1
t. < 2log <6>trel.

Since log (%) > 1—z for all x € (0,1], it follows that \fe = elgloaxtral < o3
and so

Define

g
”Pts(’/a ) = 7THTV < 3 (3.25)

On the other hand, calling A := [Q(1 — €),n] and observing that 7(4) > ¢,
1P (v,) = wlipy = |[P*(v, A) = m(A)| = e = P'*(v, A)
by the definition of total variation distance, and so

P, (Tou_s) < te) > P(v, A) > e — [P (v, ) — 7llpy > (3.26)

| ™

Besides, being v supported by [0, Q(g)], Chebychev inequality yields

VarQ(

(TQ(1-¢))
P, (to1_o) < t:) < Poro (To_o) < t:) < - . (3.27)
(-0 <te) <Pae (rou-o S t) < F—r =705

Combining (3.26) and (3.27),

2
Eqe [ron—o) st + \/ ZVarge) (rou-<)- (3.28)

The variance under the square root is bounded above by Varo(7g(1—)), since
the Q(1 — &)-hitting time starting from 0 is the sum of the hitting time from
0 to Q(e) plus the hitting time from Q(e) to Q(1 — ) and these two are
independent. Thus Proposition 3.5 implies

1 1
Eqe) [To—e] < 2log <€>trel + (€> \/QtrelEO [Toa-9)]- (3.29)

The last effort is to rewrite the right hand side of this last equation
in function of the only ¢, and TQ( 1)- Using twice the hypothesis ¢, <
2

iRy [TQ(l_g)] and remembering that € < %6 we have

1
Eqe) [oa-9)] < (2¢7log (5> + V2)eFo [rg0-o)]

IN

3
581[*:0 [TQ(l—s)] . (3.30)
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The intuitive bound

Eo [700-9)] < Eo [TQ( )} +Eq() [Tou-s)] (3.31)

1
2

together with (3.30) shows that

Eo |71
Eo [Tg—e)] < M. (3.32)

Plugging this back in (3.29) we obtain

2t Eq | T
1 1 rel0 | To(1
EQ(E) [TQ(lfs)] < 210g <8>trel + g 1_|:3€(2):|
2

Applying for the last time the hypothesis on t,., the fact that ¢ < 1—16 and
using the inequality (3.32) finally gives
2e2log (%) + 2

£

EQ(S) [TQ(l—S)] < 3 trelEo [TQ(%)}

et 7o) (3.33)

IN

as required. [ ]

3.2 A necessary and sufficient condition for the cut-
off in B&D chains

3.2.1 A sufficient condition?

In section 2.1.4 we pointed out that a necessary condition for the existence
of a cut-off for any sequence of Markov chains indexed by n with mixing
times tgszx is that
Tim £57), - gap™) — oo (3.34)
After having proved this fact, Yuval Peres conjectured in 2004 that for many
natural classes of Markov chains this is also a sufficient condition. Neverthe-
less, many examples show that this is not true for any sequence of Markov
chains: an important open problem is to characterize the classes of chaing
for which (3.34) implies the cut-off.
In 2006 Diaconis and Saloff-Coste (|7]) proved a variant of the conjecture
in the case of continuous-time Birth and death chains. They verified that,
when the convergence to equilibrium is measured in the so called separation

distance, ‘for continuous-time irreducible Birth and death chains, cut-off
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occurs iff (3.34) holds’; the separation distance between two distributions g
and v is defined as

sep(p, v) 1= sup (1 - Mx)) ,

e

but it is not even an actual distance since it is not symmetric.

Following the article by Ding, Lubetzky and Peres [10] we are going to
demonstrate that this is true also for arbitrary lazy irreducible discrete-time
Birth and death chains with convergence to stationarity measured in total
variation distance. This is implied by the following key theorem:

Theorem 3.8. For any 0 < € < % there exists an explicit cc. > 0 such that
every lazy irreducible discrete Birth and death chain satisfies

tmix(g) - tmix(l - 5) < ceVipel * tmis- (335)

In [10] it is also shown, with a bit more of work, that this result can be
extended to the cases of d-lazy chains (r(z) > 0, Vz) and continuous-time
chains.

The proof of the theorem is put off to the next section. Now let’s see
how it implies what we were looking for.

Corollary 3.9. Let (Xt(n)) be a sequence of lazy irreducible discrete Birth
and death chains. Then it exhibits a cut-off in total variation distance if and

only if

£ gap™ 27 o0,

Proof (of the Corollary): Remembering the definition (2.1), (3.35) gives
immediately the cut-off. In fact, for 0 < e < %,

1- <
t) (e) to)
to) ),
S Ce
to,
-~ nmee (3.36)
tynis - 90D

The fact that this condition is also necessary for cut-off is the result of
Proposition 2.2. [ ]
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3.2.2 Proof of theorem 3.8

The hardest part of the theorem lies in the case where ¢, is much smaller
than t,,;;. Therefore we prove apart an intermediate result for this regime
and this task will require all the general properties of the Birth and death
chains obtained so far.

Theorem 3.10. Let (X;) be a lazy irreducible Birth and death chain such
that
trel < €% tmie (3.37)

for some 0 <e < %. Then
6
tmix(45) — tmix(l — 28) S g trel . tmix- (338)
Proof: Recall the (not compromising) assumption

En [7Q()] < Eo [Tou-¢)] »
and define

(we will see that these are the extremes of the cut-off window).
First let’s find a lower bound for ¢, (1—2¢). Putting together hypothesis
(3.37) with (3.12) gives

tret < 16” - Eo [rq1-¢)] <& Eo [rgu-e)] - (3.39)

Now, Lemma 3.7 provides

3
Eo [Tqe)] > Eo [TQ<%)}_EQ(5) [To-¢)] = Eo {TQ@)]—%\/%Z Koy [TQ(%)},
while Proposition 3.5 guarantees that
1
VCLT’U(TQ(E)) < Etrel -Eg [TQ(%)} .
Therefore Chebychev inequality yields, Vv > %,

Po (e <t7) < Po (|70 — Eo [ree] | <t~ —Eo [ra0)))
V(M“Q(TQ(E))

(5’5\/ tret Eo ()| —7\/ trat B (1))

2

Si
(2 -)"

(3.40)
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and this implies
2
3 2"
(2 =)

(but it can be taken even smaller, since € < %) we conclude

[PY(0,) =7llpy 21 —e =Py (1ge) <t7) >1—e—

Choosing v =
that

2
€

tmin(1 — 2¢) > Eq [TQ(l)} - i\/tml -y [TQ(l)] (3.41)

2 2

The argument to bound from above t,,,;,.(4¢) is very similar. Taking again
0 < e < &, Lemma 3.7 and Proposition 3.5 (in particular the bound (3.32))
show that

3
En [Tg)] < Eo [Tga—e)] < Eo [TQ(%)] + 25\/““ -Eo [TQ(%)}, (3.42)
1 trer - Eo TQ 1 92
Varo(tga-e)) < gtrel Eo [ga-e)] < - _{ 35()2)} < gtrel - Eo [TQ(%)} ;
2

1 2
Va'rn(TQ(e)) < gtrel Ky, [TQ(s)] < gtrel - Eo [TQ(%)] .

Then, for v > % and for all £ € €, we can use again Chebychev inequality
in order to estimate d(t1):

1P*" (K, ) = wll gy < 26+ Po (Tque) > tF) + P (g > tT)

<2+ (3.43)

Choosing v = 22 (with other room to spare)

1) = [Bo [raqy] + g0t Bo rap] |

We can assume @) (%) > 0 (otherwise our estimates would give E,, [TQ(E)] =
Eo [TQ(l_E)] =0, then Q(1 —¢) =0, Q(¢) = n and so Q = {0}). Whence,

since ¢ is small,

tmin(4) < Bo [rg(p)] + 2y e Bo [roqy) (340

The last step is to rewrite the bounds in terms of the only t,; and t,;4-
For this purpose note that (3.32) gives

4

e
tret < e'Eo [To(1-0)] < e 7o)
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and putting this into equation (3.41) itself leads to

2e
tmix Ztmi:p(l_Zs) Z l— — EQ [TQ(%)} Z

3
1—§€

| Ut

E, {TQ(%)} . (3.45)

Melting together (3.41),(3.44) and (3.45) finally yields

) 6
tmm(48) — tmiz(l — 28) S 5\/trel . Eo [TQ(%)] S g\/trel . tmix-

We are finally ready to prove (3.35). Remember that it says that for any
O<e< % we can find ¢, > 0 such that

tmi:p(g) - tmix(l - 5) S CeV trel : tmi:p-

Proof (of Theorem 3.8): Let us first analyze the case of Theorem 3.10,
that is when t,q < €° - tmiz. Call & = 7; taking for example g < 6—14,
Theorem 3.10 gives

6 24
tmi:p(g)_tmiz(l_g) § tmix(45/)_tmiw(1_25/) § g\/ trel : tmiz = ?\/ trel ' tmiz

so that (3.35) holds for c. = 22, But since the left hand side of (3.35) is
monotone decreasing in € by the definition of mixing time, this result can be
extended to any value of ¢ < % by choosing

1
c1(e) = 24 max {,64} .
£

There is left to treat the regime t,¢ > €%tip. For e < %, because of the
submoltiplicativity of the mixing time (1.21), we have

tmix('g) - tmix(l - 5) § tmix(e) § [10g2 6_1~| V tmim\/ tmix
1
< £3 log, <€> tmiztrel- (3.46)

Again by monotonicity of the left hand side of (3.35) it is sufficient to take

5 1
c2(e) = max {5_2 log, <5) ) 64}

(where 64 is obtained as (1/4)_% 10g2(1—}4)) to extend the argument to all
other epsilons.
In conclusion, setting

¢ = max{ci(g), ca(e)},

we obtain a constant valid in any case and for all 0 < € < % ]
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3.2.3 A tight cut-off window

Remember by (2.10) that a sequence wy, is a cut-off window if it dominates
the difference t,i2() — tmiz(1 — €) up to a constant and if w, = o(tmiz)-
Therefore Theorem 3.8 implies that in the case of lazy irreducible Birth

and death chains the geometric mean between tg:z)x and tgzl) can be taken

as cut-off window (the condition w,, = 0(tmiz) is implied by the fact that
tmiz - (trel)il - OO)

A natural question that arises is: can this result be improved? Does a
smaller upper bound valid for all chains of this kind exist?
The answer is no. In fact it is possible to build explicitly examples of such
Hn) ()

miz " Lrel - The construction

chains where the window is exactly of order

is roughly the following: take any family (Xt(n)) of lazy irreducible Birth
and death chains with their mixing times ty}) and relaxation times tgl) (we
know tg = o(tpr) by Corollary 3.9) which exhibits cut-off; it is possible
to choose Ay, ..., A, € [0,1) such that there exist new chains (Yt(n)) which
have these numbers as non-trivial eigenvalues, which have mixing times sat-
isfying tg;gz =1+ 0(1))155\2) and relaxation times tf»Zl) = %tgl). This can
be easily achieved by taking (Yt(n)) as a Birth and death chains having all
death-probabilities equal to 0, an absorbing state at n and with non-trivial
eigenvalues Ai,...,\,. It is possible to show that the sequence (Yt(n)) has
cut-off window at least \/tps - tg. At this point it is sufficient to perturb a
bit the transition probabilities in order to get irreducible chains and finally
take their lazy versions: this way we double the values of tf«Zz) and tg:z)m and
obtain chains such that

ERPAWAC) (n) (n)
{ (L =)ty <tpip < (1+8)ty (3.47)

and with cut-off window of size iz " trel -



Chapter 4

Glauber dynamics for the Ising
model

In this chapter our purpose is to prove the existence of the cut-off phe-
nomenon for the Glauber dynamics on the Ising model with 8 < 1 when
the underlying graph is complete, following the works by Levin, Luczak and
Peres of December 2007, [16], and by Ding, Lubetzky and Peres of June
2008, [9]. The sequence of Markov chains will be indexed of course by n, the
number of vertices of the graph.

4.1 The Ising model on the complete graph

4.1.1 The Curie-Weiss model

A spin system on a graph G = (V, E) is a probability distribution on the
state space  := {—1,+1}V. From a physical point of view, we can imagine
that in each vertex of the graph there is a small magnet that can point upward
(if the spin in this site is +1) or downward (if the spin is —1). Moreover if
two vertices are connected by an edge, then the magnets on these vertices
influence each other, trying to point in the same direction. This interaction
is conditioned by a parameter 8 > 0 that can be physically interpreted as
the inverse of the temperature of the environment: § = % The lower is the
temperature, the stronger is the interaction between the spins.

In the Ising model we associate to each possible configuration of spins
o € () an energy:

v,weV:
vw

where the sum is extended to all pair of vertices that are connected by an
edge, and where with o(v) we indicate the spin of configuration o in the site
v. As one can see by the formula, the energy decreases as the number of
pairs of neighbors whose spins agree grows.

95
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Finally we assign a probability to each configuration o:

Ho) = ")

(4.1)

Here Z(f3) is the so called partition function, which ensures that u is a
probability measure:
Z(B) =Y e ), (4.2)
€N
The probability measure p on €2 is know as the Gibbs distribution corre-
sponding to the energy H.

We are going to deal just with a particular kind of graphs, that is the
complete graphs. So, in our model every site will be connected with all the
others by an edge. In particular, our energy will take into account all the
possible (g) pairs of vertices and will be normalized for convenience:

H(o) = 7% 3 o(v)o(w), (4.3)
(

’U/LU)

7

‘(v,w)” meaning that the pairs of the kind (v1,v3) and (ve,v1) are counted
just once.

Note that at infinite temperature (3 = 0) the energy H plays no role;
this means that the spins are completely independent between them and
that the measure p becomes uniform over all possible configurations in €.
As 3 grows (the temperature decreases) H gets importance and p favours
configurations where more spins are aligned.

4.1.2 The Glauber dynamics

The process we want to consider is the heat-bath Glauber dynamics on
the model we have just described. At each step we select a vertex v € V
at random, we “delete” the current spin in v and replace it with a brand
new spin chosen according to measure p conditioned on the spins of all other
vertices. So, we are changing only one spin in the whole system for each
step. More precisely, define the normalized magnetization as

S(o) = % Z o(v); (4.4)

veV

then, if we have chosen vertex v to be updated, the probability of putting a

"+"_spin in v is given by pT(S(c) — #), where

LN P 1+ tanh (Bx)
(z) = ef 4 e=Pr 2

. (4.5)
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Analogously, the probability of updating v with a negative spin is given by
_ ) .
p~(S(o) = =), with

e Pr 1—tanh(Bx)
BT B 2 ’

p(z):

(4.6)

Since functions p™ and p~ are always strictly positive, the chain is aperiodic
and since it is possible to go from a configuration in ) to any other config-
uration in at most n steps, the chain is also irreducible. Furthermore it is
easy to check that the chain is reversible with respect to measure p. We will
denote the Glauber dynamics by (X¢)2,.

What happens if § = 07

Once we have selected a vertex to be uploaded the probability of placing
either a "+" or a "-" is the same. If we call the possible spins "O" and "1"
instead of "+" and "-" and if we give an order to the vertices, it’s not hard
to recognize that we are dealing exactly with the lazy random walk on the
n-dimensional hypercube we studied in Chapter 2! In this case we already
know that there is a cut-off at time %nlogn with window of size n.

4.1.3 Monotone coupling

The grand coupling is a coupling that involves several copies of our original
chain. In particular, we let start a version X/ of the Glauber dynamics
from any possible configuration ¢ € ). The evolution of every copy is
subject to a common source of randomness: at each step we choose with
equal probability a vertex v € {1,2,...,n} and generate an uniform random
variable U ~ Unif([0,1]) independently from v; then Vo € Q we set

3 < pt _ @
7o _ +1 if 0<U<p (S(a) - ) (A7)
-1 otherwise.

and upload in v every instance of the chain with the respective spin generated
this way.

This kind of coupling is also called monotone coupling. The reason
for this name is that if we start two copies of the chain from configurations
o and & such that o(w) < 6(w), Yw € V, and if we update these two copies
with the above rule, then V¢ > 0 we'll have X{ (w) < X7 (w), Vw € V.

To lighten the notations, the bidimensional projection of the grand cou-
pling on two generic coordinates starting by configurations ¢ and ¢ will be
indicated with (X, X;) instead of (X7, X?).

Finally we define the Hamming distance between two configurations
o and ¢ as the number of sites in which they have different spins:

dist(0,5) == % > (i) = a()- (4.8)
j=1
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Proposition 4.1. The monotone coupling satisfies

E [dist(Xt,f(t)] < ptdist(,5), (4.9)
where )
p:=1——4tanh (ﬂ> (4.10)
n n

Proof: First of all we prove the thesis in the case t = 1 and dist(o,5) = 1.
This means that o and & differ only in one site, say in vertex v, with o(v) =
—1 and &(v) = +1 without loss of generality. We start two copies of the
Glauber dynamics (X, X’t) and use the monotone coupling to update them.
By definition, if v is selected we put there the same spin in both chains. If
w # v is selected (remember that o(w) = &(w)), we put a different spin in
w if and only if

p*(S(0) —o(w)) <U < p(8(5)) — a(w)), (4.11)

where U ~ Unif([0, 1]).
Thus we can calculate the expectation of the distance between the two
chains after one step:

~ 1
Es s [dist(Xl,Xl) =1- - + Z P ({w is chosen and (4.11) holds}).
WAV

Note that S(5)— @ = S(o)— #—i—% if w # v. Setting %’J = S(0)— U(nw)
we have

P ({w is chosen and (4.11) holds}) = 1 [tanh (ﬁsw i 2) — tanh (ﬁw>
n n n

2
1

< —tanhé.
n n

Therefore
~ 1 1
Es s dist(Xl,Xl)] =1— — +tanh <ﬂ> =p~1——+4 @ (4.12)
n n non

Now take any two configurations o and . Suppose that dist(o,5) = k, with
1 < k < n. We know that there is a path og, 01, ...,0% such that o¢p = o,
or =0 and dist(o;_1,0;) = 1, Vi =1, ..., k. Therefore

k
Eo 5 [dist(Xl,Xl)} < E[dist(X{', X7")] < pk = p dist(0,5). (4.13)
=1

Iterating (4.13) t-times we are done. [
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4.2 Related chains

4.2.1 Magnetization chain

We can associate to (X;) another interesting and useful chain. We define the
magnetization chain

1 n
Sy = = - ). .
t = S(Xy) - ZXt(J) (4.14)
7=1
It is a projection of the Glauber dynamics on the set
Qg = {—1, 142122 1} .
n n
(St) is again a Markov chain, since the transition probabilities of (X};) depend

actually on the only magnetization. In fact, the transition probabilities for
the magnetization chain are given by

1 1
+Sp_ 5— — if ¥ =s5—2
2 n "
Ps(s,s") Sp+ g4 L if 5 =54 2 (4.15)
n

1—Ps(s,s—2) = Ps(s,s+ 2) if & =s.

Notice that Ps(s,s") = Ps(—s,—s'), so that the distribution of (S;) starting
from s € Qg is exactly the same as that of (—S;) starting from —s: there is
a strong symmetry around 0 in this process.

Using the same convention as before, we will call the magnetization of a
chain started in & just S;.

The magnetization chain will play a key role in the demonstration of
the cut-off for the Glauber dynamics. In order to know better this useful
process, we start studying how (S;) is affected by the results obtained with
the monotone coupling technique for (X).

Lemma 4.2. For the monotone coupling (X, Xt) on the original chain, we
have

~ 2
Eys [yst - st|] < ~pldist(0,5), (4.16)
where p is the same defined in (4.10).
Proof:
T L L e P
|5t — S| = - ZXt(]) — Xi(4)

=1

IN

2 ~
ﬁdist(Xt,Xt). (417)
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Taking the expectation and using the result of Proposition 4.1 gives (4.16).

|
Proposition 4.3. Vs, § € Qg such that s > §, we have
0 < E, [S1] — Es[S1] < p(s — 3). (4.18)
Furthermore, Vs, s,
B, [$1] — Es [$1]] < pls — . (4.19)

Proof: We can always see s and § as the magnetizations of two config-
urations o and ¢ in Q (S(0) = s, S(6) = §) such that ¢ > & (in the sense
that o(v) > 6(v), Yv € V).

Starting a monotone coupling (X, Xt) from these configurations we have

O S Eo.,a. |:‘Sl _ 5,1 ’i| (monot:onicity) Eo. [Sl] . E&[Sl] (St is:a MCQC) ]ES [Sl] _ Eg[gl]

(note that this last term does not depend on the coupling). On the other
hand, by Proposition 4.1,

- 2 ~ 2
s [|51 - 51@ —Eos [ndist(Xl,Xl)] < ~p dist(0,5) = p(s — 3).

Putting together these two inequalities we obtain (4.18), while an analogous
bound in the case S(o) < S(¢) establishes (4.19). |

4.2.2 Other results for the magnetization chain

Let’s study in detail the drift of the magnetization chain (S;).
Proposition 4.4. For 8 <1, s >0, we have

E[Siy1 — St S = 5] < S(ﬁn_l) (4.20)

Proof: Writing explicitly the value of the expectation we have

2 (1— 1 2 /1+ _ 1
Blsi=sisi= =2 (13°)r (s+ 1) -2 () (- 0)

= 1fals) = s+ 0u(s), (1.21)

(o 2)) smn (- 2))]

where

fn(s) =

| =
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o= o (5 (54 1)) - (5 (s~ 1))]. a2

Now, by the concavity of the function tanh(-) we have that f,,(s) < tanh (8s)
and, since it’s an increasing function, 6,,(s) is negative Vs > 0. Thus
g-1)

E[Si+1 — Si|S: = 5] < % (tanh (8s) — s) < S(n

and

From this proposition (and by a symmetry argument) we see that for
8 < 1 the magnetization tends always to decrease in absolute value; in fact
it has a drift towards 0 that is stronger as we go far away from it.

Define

1
To = inf{t >0:19] < f}. (4.24)
n
Clearly, if the number of vertices of the complete graph n is even, then

Sr, = 0, while if n is odd, then S, = i%. The next lemma establishes that
the probability of staying away from 0 decreases quite fast as time passes.

Lemma 4.5. Suppose 8 < 1 and, for simplicity, n even. There is a constant
¢ > 0 such that Vs € Qg, Yu,t >0

cnls|

P(|Su| > 0, |Su+1‘ >0,..., ‘Su—f—t’ > O‘S = S) < \/{f . (425)

Proof: Because of the symmetry, it will be sufficient to demonstrate
(4.25) for s > 0. By (4.20) we know that E[S;y1 — S¢|S¢] < 0 as long as
Sy > 0.

Looking at the transition probabilities we know that there exists a con-
stant b > 0 such that P (Sy41 — S # 0]Sy) > b for all times ¢ and uniformly
in n (this guarantees that the probability for S; of not remaining still is al-
ways big enough). We can couple S; with a symmetric random walk W; on
Z such that

o Wy =15
° IP’(Wl—WO#0|W0:w):b>Of0rallw;
o 5t < W till 7.

We just have to force S; to go to the left (that is, to decrease of one unit)
whenever W; does. Applying Corollary 2.12 there exists a constant ¢ > 0
such that

P(Su > 0, Su+1 >0,..., Su+t >0 |Su = S) < P% (W1 >0,..., W > 0)
C

IN
S
&

5
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4.2.3 Variance bound for the magnetization chain

Let’s first state a general result.

Lemma 4.6. Let Z; be a Markov chain on R; if there exists p € (0,1) such
that for every z, z
E. [Z)] - Bs[Zi]| < o)z - 2,

then vy := sup,, Var, (Z;) verifies

1
v < v min {t’ 1—p2} . (426)

Proof: By the ‘total variance formula’ we have
Varzy (Zi) = Vary, By [Zi] 21]) + Bz [Varz, (Z:] 21)] - (4.27)

Let Z; and Z] be two independent copies of the chain starting from zp, and
set ¢(z) = E, [Z;—1]. The first part of (4.27) can be bounded by

Vars, (Bx (24 21]) = = - 2 (B, [¢*(21)] — E2, [p(Z1)))

{Ezo [@Q(Zl) - (p(Zl)(P(Zik)]
E., [¢2(2)) — o(ZD)e(Z0)]}
E., |(9(21) = 0(2D))?]

+ ol

|
~ N~
—_

AT
|
&

" [p2(t71)’21 _ Zikﬂ

|
N

< vy p2t1), (4.28)
while we bound the second part of (4.27) with
E., [Vars (Zi|Z1)] < Es, [vi—1] = vi—1. (4.29)
Putting all together yields
Var,, (Z;) < Ulp2(t_1) +vq.
Tterating this inequality gives

t—1
. 1
v < v1p2(t_1) 41 <. < Zp2] < v1 min {1—p2’t}'
=0
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Observe that we don’t actually need one coupling valid for all pairs of
states. It is enough that for every pair of states z, Z there exists a coupling
such that

Ez HZ1 - Z1H < plz— 2. (4.30)

Besides, if the state space of the Markov chain is discrete and if there is a
path metric, it is sufficient that (4.30) holds for all pairs of neighbours.
Let’s apply this lemma to our case:

Proposition 4.7. If 3 < 1, then

Var(S,) = O (1) (4.31)

n

asn — oo. If B =1, then

Var(Sy) =0 | = 4.32
(s =0 ) (1.32)
as n — oo.

Proof: Put together Lemma 4.3 and Lemma 4.6, and observe that

16

20 n?

2 4\?
V1 = SupEzo (Zl _]Ezo [Zl]) :| < SupEzo |:<n> :|
20

4.2.4 Expected spin value

In order to establish the cut-off at high temperature we also need to consider
the number of positive and negative spins among subsets of the vertices.

Lemma 4.8. Let 6 < 1. Then
(i) Vo € Q and Vi = 1,2, ...,n, we have

_ (=t

|E, [Si]| <27 n (4.33)
and y
|Es [X¢(2)]] <2 n (4.34)
(i) VA C 'V define
1 .
M(A) = B ZXt(J)§ (4.35)
JEA

then Y

B [M(A)]| < [Ale™ (4.36)

and, for some constant ¢ > 0,

Var(Mi(A)) < cn. (4.37)
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(iii) Vo € Q and VA CV
(1-p)t
E, [|[Mi(A)]] <ne” n + O(v/n). (4.38)
Proof: (i): Let 1 be the configuration with all "+"-spins and let (X", Xy)
be the monotone coupling with X[T = 1 and Xy ~ p. By Lemma 4.2 we
have
=0

Ei [S;'] <E [ys+ y} +E, {S‘t]

i Z!l—(f p(o)

oceN

(1-p)t
<20 <2

IN
3\1\3

Then

= ZEl = E1 [X;" ()]

by symmetry, while by monoton1c1ty we have

E, (X)) < B [X7 ()] <277

Since the distribution of —S; started in —s is the same as the distribution

of Sy started in s, we also have
1-p)
—2e= T < By [X(4)].

(#): The first part follows directly from (i). For the second part, remem-
ber that the spins are positively correlated, so that

VaT(ZXt(i)> < Var(Zn:Xt(i)) <n?Var(S) < en,
icA i=1

by Proposition 4.7. .
(13): Let (X, X¢) be the monotone coupling with Xo = o, Xo ~ p.
Then, with obvious notations,

Ey [[M:(A)]] < Eoys || M6(A) ~ Mi(A)[] + B, ||31,(A)]

<E {dzst(Xt, Xt)] + \/m

=np' +O0(Vn)
S o),

< ne"
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where for the second passage we have used Cauchy-Schwartz inequality, for
the third we used Proposition 4.1 and the positive correlations among the
spins {X;(7)}, while for the estimate of the variance we used Proposition
4.7. [ |

4.2.5 Two coordinates chain

The last chain related to the Glauber dynamics we want to analyze is the
two coordinates chain. Define

} (4.39)

DN | —

Qo = {a: |S(0)] <
and fix once and for all a configuration g € Q. Let

ao = |{i:00(i) =+1}, wvo:=|{i:00(i) =—1} (4.40)

be the number of positive and negative spins in og respectively. Define also
Ao = {(u,v) : § <u,v < %”} and observe that oy € Qo < (4, v9) € Ao.
Given o € ), we can define

U(o) =Usy(o) :={i € {1,2,...,n} : 0(i) = 0p(i) = +1}], (4.41)
V(o) =V (o) :={i € {1,2,....,n} : (i) = 00(i) = —1}| (4.42)
the number sites in which both ¢ and oy have a "+"-spin (respectively, a

"—"_spin).
Now, given a Glauber dynamics (X;), we define the process

(U, Vi)i>0 = (U(Xy), V(Xt))e>o0- (4.43)
Since we can write the magnetization of a configuration 7 as

S(n) =2U(n) —2V(n) — S(o0)

(note that S(og) here is just a constant) and since, as we have seen, the tran-
sition probabilities for (X;) depend only on the magnetization of the current
state, we can deduce that also (Uy, V3)¢>0 is a Markov chain. Its transition
probabilities depend of course on oy and its state space is {0, 1,...,ug} X
{0,1,...,v9}. We will call its stationary measure 7.

The connection between the original dynamics and this chain is shown
in the following lemma:

Lemma 4.9.

IPoo (Xt € ) = pll oy = IPao,50) (Ur, Vi) € ) = mall - (4.44)
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Proof: Let
Q) = {o0€Q:(U(0),V(0)) = (u,v)}.

Since pu( - [Qyp)) and Py, (X; € - [(Uy, Vi) = (u,v)) are uniform over Q, ),
we have, for all n € Q,

1w, vm))
w(n) = pLum v )M Qumyvm)) = a1
W),V )W),V () 2o

therefore

X{n€Q(u,v)}
Poy (X =) — p(n) =Y ﬁﬂ?a@ (U Vi) = (u,v)) = Q)]

U,V

Using the triangle inequality, summing over n € €} and changing the order
of the summations

IPoo (Xt € ) = pllpy < [Pag,n0) (Ur, Vi) € ) = mall 1y, -

For the reverse inequality note that

m2((u,0)) = p({o 2 Usy(0) = u, Voo (0) = v});

if B := {0 : (Uy(0),Vs,(c)) € (U,V)}, where (U,V) C {0,1,....,n} x
{0,1,...,n}, then

IP (X € ) = pllpy = Sup [P ((X: € B) — u(B)]

= S_uP |IED ((Utth) € (U) V)) - 772((0’ V))|
(U,V)

| |
The main result we have to know about the two-coordinates chain is the
following:
Proposition 4.10. Let 0,6 € Q such that S(o) = S(6) and Ry :=U(d) —
U(o) > 0. Let

= = {{a : min{U (o), @9 — U(0), V (o), T — V(o)} >

=
Iy

There ezists a coupling (X, Xt) of the Glauber dynamics wil =0, Xo=

o, such that
(i) S(X;) = S(X,), Vt > 0;
(i) let Ry == U(X;) — U(Xy); then Ry >0 for all t > 0 and

E, s [Rt+1 — R|X,, X <0; (4.46)
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(iii) 3¢ > 0 independent from n such that, if X, € Z and X, € Z, then
Pys (Rt+1 ~ R, #£0|X,, Xt) > ¢ (4.47)

Proof: For any configuration o € €} we can divide the vertices in four
sets:

Alo) :={j€{1,2,...,n}:00(j) = +1, o(j) = +1}
B(o):={j€{1,2,....,n}:00(j) = +1, o(j) = -1}
Clo):={j€{1,2,...,n} :00(j) = -1, o(j) = +1}
D(o):={je{1,2,...,n}:00(j) = -1, o(j) = -1} (4.48)

Clearly,

The description of the coupling is the following: X; is updated as usual,
that is a vertex v is chosen at random in V and the spin in v is replaced with
a new spin

+1  with prob. p* (S; — Xi(v)

n

¢ =
—1  with prob. p~ (S Xe(v)

n

For X; we choose at random a vertex w such that X, (v) = X,(w) and replace
the spin in w with ¢. Furthermore, once U(X;) = U(X;), we can force to
take the vertices v and w from the same set among those in (4.48) ensuring
R, >0 for all t > 0. Clearly condition () is automatically satisfied because
of the construction of the coupling.

In order to study the behaviour of Ry;1 — R; the following table is useful:

v w spin | Riy1 — Ry
v € B(X}) we DXy +1 -1
ve C(Xy) we AX;) 1 -1
ve A(Xy) we C(X,) -1 +1
v € D(Xy) we B(X;) +1 +1
All other cases 0

Now it is quite easy to describe the probabilities for the increments of Ry:

Po—ﬁ— (Rt+1 — Rt = —1’Xt,Xt> = CL(Ut, ‘/t, Rt), (449)
HD ~

. (Rt+1 ~ R = +1|Xt,Xt> — b(Uy, Vi, Ry), (4.50)
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where

a(Us, Vi, By) = <@0 ; Vt) <vo[4]:;frth ) <St - )
(B (Gt ) (seh) e

Ui v — Vi
b(Us, Vi, R
v = () (v )7 (5 3) ¢
Vi up — U — Ry 4
4.52
() @) (ss) e
Ev |Rivt — Ril Xe, Xi| = b(Us Vi, Be) = a(Us, Vi, Re)
R 1 1
L (s ) e (s )] s
n n n

Es s [RtJrl - Rt‘Xtth} <0. (4.54)

and

We obtain

and in particular

Finally, for point (7ii), note that p™ and p~ are uniformly distant by 0 and
1, so that there exists a constant ¢ > 0 (uniform in n) for which

Pog (Rest = R # 01X, X4) 2 b(Us, Vi, Ry) = ¢

4.3 Cut-off for the Glauber dynamics

4.3.1 The main theorem

All the work done so far in this chapter will be used to demonstrate the
existence of the cut-off for the Glauber dynamics. So, we have to consider
the sequence of the complete graphs G, = (Vy,, Ey,), with |V,| = n; on each
graph we define the Ising model with its Gibbs’ measure p, and the Glauber
dynamics (X{"). For each of these chains we can define as usual the distance
to the stationary measure as

dn(t) := max [Py ((X{" € -) = pin) v

b

and the mixing time as

n
tmzz

:= min {t >0:dy(t) <

e
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For the ergodic theorem ¢ . is finite for each fixed n, since d,(t) — 0 as

t — oo. Nevertheless d,,(t) will go to oo with n. Our aim is to understand
the growth rate of the sequence ¢\ . .
Theorem 4.11. Let 8 < 1. The Glauber dynamics for the Ising model on

the n-complete graph has a cut-off at time t,, := g(llo_gg) with a window of size
n.

The proof of the theorem is rather long and will be split into two parts:
the upper and the lower bound. They will be proved separately in the next
sections.

Note again that the case where all the spins are independent (or equiv-
alently 5 = 0) coincides with the random walk on the n-dimensional hy-
percube, and the result of the theorem agrees with the result of Theorem
(2.13).

Yuval Peres conjectured a much general result. Our main theorem can
be seen as a particular case of his hypothesis:

Conjecture 4.12. Let (G,,) be a sequence of transitive graphs. If the Glauber
dynamics on Gy, has t, = O(nlogn), then there is a cut-off.

We didn’t define the Glauber dynamics for a generic graph, but it’s just
the natural extension of our definition.

4.3.2 Upper bound
Theorem 4.13. For g <1

nlogn
lim i dp [ —2— =0. 4.55
Jim lim sup dy, (2(1 5 +'yn> (4.55)

This upper bound is by all means the hardest part to demonstrate. The
proof requires many “changes of strategy”, so we will split it in three main
phases and many sub-phases that will be briefly described in the following
and deepened in the next sections.

Recall the useful definitions

1
p:zl——i—tanh(ﬂ),
n n

1
To ::min{tZO:\Stlg},
n

and define also

ty = nlogn, (4.56)

_
2(1-p)
tn(7y) := tn, + 0. (4.57)

These are the main phases, summarized in Figure 4.1:
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Phase 1 Phase 2 Phase 3
—
2a) 2b) 2¢)
Number nlogn
of steps &n A H vn H
{ | | 2(1 2 "8) | . | | ‘ ]
| 1 1 | Al 1 .-I
0 T T '[1 = mag L i
Fix Diistance of the
[ - o% {not-normalized)
magnetizations
Ol

Figure 4.1: Time line that describes the proof of Theorem 4.13. Note that
these events are not certain, but happen with high probability.

Phase 1: we will let the chain run for a burn-in period of ty := 6yn steps.
After this period we will find ourselves in a “good” position (that is,
in a configuration og € Qo (remind its definition in (4.39))) with high
probability:

1
n(t) < ma [Bay (X )~ il +0 (3.

g0€N

Here we will fix once and for all a configuration og € g, with its ug
and v, that will be fundamental in Phase 3. In the following we will
ignore these ty steps, imaging to start in g at time ¢t = 0.

Phase 2: in this part we will start two instances of the chain, one starting by
op and the other by any o € €). The aim is to make the magnetizations

of these two chains merge with high probability after O (;1(110_%” steps.
We will use different kinds of coupling:

2a) for t,, steps we will use the monotone coupling and we will obtain
the magnetizations to be quite close:

Es s [g|5tn — S’t@ < cost.\/n.

2b) Let 71 := min{t > t, : §[S; — 5}] < 1}. We will run the two
chains independently till 7; and will show that

1
2c) 1f the number of "+"-spins in configuration X, will still be one
more than those of configuration X, , we will quickly (in yn steps)
arrange the situation with a simple coupling.
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Phase 3: Thanks to Lemma 4.9 it is possible to deal just with the two-
coordinates chain. We will show that the hypothesis of Proposition 4.10
are verified in the time interval [¢,(27),¢,(37)], so that we can start a
coupling (~Xt,)~(t) of the underlying Glauber dynamics and dominate

R, :=U(X;) — U(X;) with a simple random walk. This way, calling 7.
the first time the two chains meet, we will be able to show that

t. 1 —
Prvir (7o > 1(37)) < 25 40 <n> o

This, together with the coupling corollary (Corollary 1.16), gives the
theorem.

4.3.3 Phase 1

First of all let’s demonstrate a general result.

Lemma 4.14. VQq C Q,
d(to + t) = max [|Py (Xig4+ € ) — pllpy
€N

< max [|Py, (Xt € -) — pllpy + max Py (X, & Qo). (4.58)
0€8 oeN

Proof: YA C ) we have

IPo (Xigts € A= () 1 <
<| 3 o (Xigse € AlXi, = 00) = 1u(A)] Py (X, = 0)

oo EQO

+ [Po (Xig+t € Al Xy & Qo) — p(A)] Py (X & o)

< Z Py (Xto+t € A|Xt0 = 09) — u(A)| Py (Xto = 09) +Ps (Xto ¢ Qo).

o0€Q

If we take the maximum over all possible A C 2

|Po (Xtg4e € ) — pllTv
< DY Pe (Xigre € | X4y = 00) = pillpy Po (Xiy = 00) + Py (Xy, & Qo)

c0€N
< max Hpoo (Xt € ) - N”TV + Py (Xto ¢ Qo)
UoEQo
where in the last step we used the Markov property. |

Now we have just to apply the lemma with our Qp = {o € Q: |S(0)| <
3}. By Lemma 4.8 we know that there is fy > 0 such that

(6gm)

[Eo [Soon] | < 2¢179 70

IN
4;.\ —
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Thus, for n big enough,

1

Pe (Xayn ¢ 0) = P ([Snnl > 5

1
< Pa (590n - EU [SHOH] | > 4>
< 16Vary(Sogn)-

By Proposition 4.7 we finally have

1

dn(on +t) < max [Py, (Xt € 1) — pll gy + O () . (4.59)
g€ n

After these to steps we fiz the configuration oy := Xy, and its g, Vg

defined in (4.40). From now on, whenever we will mention oy, we will be
talking about this precise configuration.

4.3.4 Phase 2

In Phase 2 we will use a particular coupling of the Glauber dynamics, letting
two copies of the chain start one in og and the other in another generic o € Q;
our aim will be to make the magnetizations of the two copies be the same
after O(t,) steps.

Phase 2 is the part where the original chain has to spend more time. In
fact, the heaviest part of the whole work is to force the magnetizations of
the two copies to be sufficiently close, where sufficiently means that their
difference (if we consider the not-normalized magnetizations) has to be at
most of O(y/n). To do that we will take advantage of the power of the drift
towards 0 when the magnetization is far from it. This task itself will require
O(ty) steps, that is also the cut-off order, so we can say that the heart of
the problem is here.

For simplicity we will forget the first tg = fpn steps, assuming to start
directly at time ¢ = 0 in the position og € €y. The following proposition is
stated for any starting points o, &, but we can think ¢ as being our .

Proposition 4.15. Let 0,6 be any two configurations in Q). There ezist
a coupling (X, X¢) of the Glauber dynamics with Xo = o, Xo = ¢ and a
constant ¢ > 0 (independent of o,5,n) such that, if we define

Tmag := min{t > 0: S(X;) = S(X,)}, (4.60)

then

PU,& (Tmag > tn(27)) < (461)

Nd
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Proof: The coupling will change its updating rules in the course of time.
For the first ¢, steps we will use the monotone coupling described in Section
4.1.3. Suppose, without loss of generality, S(c) > S(5). Define

Ay = g|5t—5t| :;‘ZXt(j)—Xt(ﬁ‘ € [0,n] (4.62)

a measure of the different of the not-normalized magnetizations. By Lemma
4.2 there exists ¢; > 0 such that

Eos[At,] = gEa,& |:|St — gtq < pindist(o, )
1
1— mnlogn
< <1 - ﬁ) n
n

< 6—(%ﬁnlogn>n

< c1v/n. (4.63)
Now we change strategy: define
71 i=min{t > t, : |A] < 1} (4.64)

As long as t, <t < 7, we let X; and Xt evolve independently. By Lemma
4.3, since S; > S; for all times till 7, (St — S't)tngtgﬁ has negative drift.
Furthermore, because of the independence, the probability that S; — S #0
is uniformly bigger then 0. Therefore there is a simple random walk (Wy):>4,,
on 7Z that satisfies:

o E[Wip1 — Wi =0,
o Wi — Wy < const.,
o n(S;, —61,) =Wy,
° n(St—S’t)SWt Vi, <t <.
We can apply Corollary 2.12 and see that
Pos (11> o+ 901 X1, K0, ) < Pog (Wii1 > 0, Wiy o > 01X, K0, )

< Sk, — S|
RV

Taking the expectation and plugging in (4.63) gives

1
P (11 > ta +7'n) <O ( W) . (4.65)
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At this point the number of "+"-spins in X, can be equal to or one more
than the number of "+"-spins in Xn- In the first case 71 = Tynqag, SO We are
done. If there is still one positive spin of difference, then we use a modified
version of the monotone coupling: we put in a one-to-one correspondence the
vertices with positive spin in Xﬁ with those with positive spin in X, and
pair all the other vertices arbitrarily. Then we let the system evolve with
the rules of monotone coupling, updating together the matched vertices. We
are allowed to use Lemma 4.2 replacing dist, the Hamming distance, with

dist' := #{matched vertices with a different spin}

obtaining
Po’,& (Tmag > T +'Y//n|XT1aX71> = ]P)O' <A71+'y 'n 2> 1|XT17XT1)
S IE0’ |:AT1+’\/”TL‘X’T17X71:|
~y'n
()
< e~ (=0 (4.66)

where for the second line we have used the well known Markov inequality.
In conlusion, taking v := max{v’,~"},

Po.6(Tmag > tn(27))
= P@& (Tmag >ty + 2’)/Tl|7’1 >ty + ’yn) ]P)Uﬁ (7'1 >ty + ’Y”I‘L)
+ PU,& (Tmag >ty + 2’)/’TL|7'1 <t + 7”) PU,& (Tl <t, + 7”)

1
<O —) 141.e@P
()

o)

4.3.5 Phase 3

Remember that Lemma 4.9, together with the fact that og € Qg < (1o, vg) €
Ao, says

max |[Po, (Xi € ) —pllyy = _max [Piag,z0) (Ur, V) € ) — 7o

00€Q (t0,70)EAo TV?

(4.67)

so that it will be sufficient to find a bound for the right hand side.
We would like to use Proposition 4.10 to be able to dominate the quantity
R, := U(X;) — U(X;) with a simple random walk for yn steps. Let’s show
that all the hypothesis of the proposition are verified with high probability.
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Define the events

Hi = {Timag < tn(27)} (4.68)

Hy(t) .= {X; € 2, X; € B} (4.69)

Hy = (") Ha(t), (4.70)
tel

where [ is the time interval [¢,(27), t,(37)].

Proposition 4.15 guarantees that H; is verified with probability at least
1-— %; under this event we can take as starting configurations for the new
coupling o = Xy (2,) and ¢ = th(%)? which verify the first condition S(o) =
S(a).

Without loss of generality we can assume U(o) — U(5) > 0.

There is only left to demonstrate that Hy happens with high probability
in order to get allowed to use point (713) of the proposition for all times ¢ € I.

Lemma 4.16. )
oo (15 =01 ). (1)

n

Proof: Recall the definition

Mi(4) = 5 3 X()

JjeEA
and let
Ag:={i €V :00(i) = +1}
B = J{M(4o)| = 3},

tel

Y = ZX{|Mt(Ao)|>n/64}
tel

(clearly |Ag| = @o). M;(A), Bx and Y have the very same definitions with
X, instead of X;.

If M;(Ag) goes once over the value g5 in the interval I, it follows that it
has to stay at least g; times over the value g7, since its increments are in
the set {—1,0,+1}. Consequently B* C {Y > g} and

coEoy 5 [Y]
n

Py 5 (B*) < Poy 5 (Y > 3) < (4.72)

64/ —
by Markov inequality. By Lemma 4.8 (%), we know that

Py (1Mi(A0) > 1) =0 (;) ,
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so E[Y] = O(1), and equation (4.72) gives

Py (B*) = O (i) | (4.73)

~ 1
Py, (B*) ~0 <n> . (4.74)
Observe that

HS(t) © {|Mt(A0)| > %} U {\Mt(A0)| > 1%} (4.75)

In fact if Uy < 7§, then g — U > ?—’g (since g > 7 (because og € €)p)); thus

1 _ 1, _ n
[Mi(Ao)| = 51Us — (a0 — Up)| = 5 (w0 — Up) = Up) = —.
2 2 16
Similarly if % — Uy < 2, then U; > 32 and thus [M;(Ag)| > & and the
argument can be extended to V4, vg — V4, Ut, Uy — 0,5, f/t and vy — ‘N/t
Taking the union over the times in I, (4.75) implies, together with (4.74)
and (4.73), that
~ 1
Py 5 (Hs) < Po5 (B*) + Py (B*) =0 <> .

n

Recall that R, := U(X;) — U(X;). Thanks to Proposition 4.10 we know
that, under the events H; and Hs, the process R; can be dominated between
tn(27) and t,(37) by a nearest-neighbor random walk until the first time
when R, visits 0.

Thus by Corollary 2.12, under H;

C1 |Rtn (2v) ‘
Vi

where 7. is the first time ¢ such that U; = Ut. Taking the expectation gives

Poo.5 ({Tc > tn(37)} N H2|th(2w),th(2fy)) < (4.76)

c1Boy6 [|Re,, (27 ]
Ve
Writing Uy = 3(Uy — (g — Uy) + o) = My(Ag) + % and Uy = 2My(Ag) + @
we have |Ry| < |My(Ap)| + |M¢(Ap)|. Applying Lemma 4.8 (4ii),
Eao [1Reuon]] < Eoy [[Ma9) (A0)l] + Es ||, ) (A0)]

<2 (ne_(l_’g)tnslim + O(\/ﬁ))
= O(v/n). (4.78)

PO’O,& ({Tc > tn<37)} N Hy N Hl) < (4-77)
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Finally, using estimate (4.77),

Poo.5 (Tc > tn(37)) <Psyz ({Tc > tn(37)} NHpN HQ)
+ Pdo,ff (ch) + Paoff (H2C)

(&) 1
<240 <> . 4.79
Vioo\n )
By equation (4.67) and by Corollary 1.16 we can conclude that
d(ty + 3yn) < 22 +O<1> nox ) (4.80)
n > — — | — U, .
7 Nal n) y—oo
that is the thesis of Theorem 4.13.
4.3.6 Lower bound
Theorem 4.17. For g <1
1
lim liminf d, <27(L1°_gg) - 'yn> =1 (4.81)

Proof: Since the magnetization chain is a projection of the Glauber dy-
namics (X;), it will be sufficient to find a lower bound for the distance of
(St) to its stationary distribution 7g.

Observing the definition (4.23), we see that 6, (s) = O (2 ); thus, expand-

ing tanh (ﬂs + %) around [s in (4.22), we have, by (4.21),

e s 0(2) 03]

n?
~ s+ @ _ @ _ @ + ) i
n 3n n n?
3 1
>ps——+0 < 2)
n
By symmetry it is also true that
Si? 1
E [|St41[|St] > plSt| — ’22 + 0 <n2> : (4.82)
Define on

We need the following lemma:
Lemma 4.18. Take Sy = so = so(). If so < % and n is big enough, then

spe”
Ey, [|Si+]] > B := 2(1/5' (4.84)
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Proof: Let Z; := |S|p~t, with Zy = so. Since p~! < 2, by (4.82) it
follows that, for n big enough,
LISP o (:
Boo [Ze41124] = Ze — p t’n(")

and therefore (remembering that |5 < 1)

pft |St’2 +0 (%) '

Ey, [Z¢ — Z141| 7)) < - (4.85)
By Lemma 4.8 we deduce, setting A =V, that
a1 < Jsole' +e1—=
This and Proposition 4.7 give
Eqy [S7] = (Es [S1])? + Var(Sy) < s2p% + 2¢1 [sole’ | 3 (4.86)
N

Taking the expectation in both sides of (4.85) and applying (4.86) yields

1 I 1
ESO[Zt—Zt+1]<n[Pso+2C TJFCi + 0 3

Adding the increments Eg [Zy] — Eg) [Zg+1] for £ =0,1,...,t" — 1 we obtain

s0 — Bso [Ze+] = ZESO — Ziy1)
52 2cq|sglt* —t* t*
0 __ 1‘;’ 35— +O<2>.
n(l—p) ne n*(1—p) n

Since p~t" < y/n we have

2
S 2cologn ¢4 S0
so — Es [Z¢+] < 1 _OB NG + Tn < b}
as long as sy < 252 B and n is big enough. Therefore
t* «a
SopP spe
Es, [|Se+]] > = B.
ollSell 2 === 9%

|
By Proposition 4.7 we know that max {Vars,(S¢), Var,(S)} < 2 and
hence

B spe®

5 < B (8] = S V/Vary (Se) (4.87)
B 03

Z > B (8] + 2 [Var,(Sy). (4.88)
2 405
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Letting D := [-2Z,

rolt

],

sy (Sex € <) = 7sllpy 275 (D) = Py, (S| € D)

spe®

>Prs (151 < B, (50 + %

Varu(St)>

Cs

spe®
=y (1801 < B ] = 25V (50
Cs
16¢2 spe®
S (rESO 5] — Spe] > 0 warm(s&*))
s5e 4des
32¢2
>1— 5 4.89
- 8(2)620‘ ( )

where we have applied Chebychev inequality twice.
Since the last quantity in (4.89) tends to 1 as a goes to infinity, equation
(4.81) is proved. |

4.4 Near the critical point

4.4.1 Mixing time and cut-off in the critical case and in the
low-temperature regime

Till now we have analyzed only the high temperature regime, that is the case
B < 1, where the spins don’t influence too much one another. What happens
when we take 3 to be equal to 1 or greater? Is the order of the mixing time
still nlogn? What happens to the cut-off point ;ﬁofﬁ%? Does a cut-off still
appear?

The articles [16] and [9] give again a complete answer to these questions.

For the critical case § = 1, the order of t,;, changes suddenly. In fact
in the first article is shown that

Theorem 4.19. If 3 =1, then there are constants c1,ca > 0 independent of
n, such that

Nl

3 (n
can? < tmiz

< c9nz2. (4.90)

The proof of this theorem uses the same techniques of the previous sec-
tions. In particular for the upper bound it is possible to show a coupling that
makes ghe magnetizations of the two copies of the Glauber dynamics coalesce
after n2 steps; after that, it is possible to make agree the two configurations
themselves in only other O(nlogn) steps with another coupling. The second
part of the proof shows a lower bound of order ns for the mixing time of the
magnetization chain, which straight implies the same lower bound for the
original dynamics.
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The order of mixing time in the low-temperature regime, 8 > 1, was
already known to be exponential in n (see e.g. [13]). The reason for this
drastic slowing down is that the birth-and-death chain of the magnetization
has no longer, after the critical §, the gaussian shape that will be described
in the last chapter. In fact, as soon as [ is greater than 1, two symmetric
(with respect to 0) centers of mass appear and they drift further and further
apart as the temperature decreases. The time to go from one center to the
other is exponential and this implies the new order of ,,;s.

Finally, in the second article (|9]), it is shown that in none of the two
regimes 8 =1 and 3 > 1 there is a cut-off. In the first instance the analysis
of the spectral gap ensures that gap = O(n2) and hence the non-existence of
the cut-off follows from Proposition 2.2. Analogously in the low temperature
case it results that gap - ;i = O(1), and this again excludes the possibility
of the cut-off.

4.4.2 Phase transition

Another natural question is how the phase transition between these states
occurs around the critical value 5. = 1. Again [9] gives a satisfactory de-
scription of this phenomenon. Theorem 4.11 can in fact be refined this way:

n—oo

Theorem 4.20. Let § = §(n) > 0 be such that §°n —— co. The Glauber
dynamics for the mean-field Ising model with parameter § = 1 — § exhibits
cut-off at time 35 log(6%n) with window size %.

Analogously the mixing time order of the critical point § = 1 can be
extended to a little ‘critical window’:

Theorem 4.21. Let § = 0(n) satisfy § = O(ﬁ) The mizing time of the
Glauber dy%amics for the mean-field Ising model with parameter 3 =146
has order n2.

Finally, for the supercritical regime we have

Theorem 4.22. Let 6 = §(n) > 0 such that *n =% co. The mizing
time of the Glauber dynamics for the mean-field Ising model with parameter
6 =146 has order

w3 (3 e (1259) ),

where g(x) := % and ¢ is the only positive root of g. In particular,

if 6 — 0, the order of the mizing time is %e(%"'o(l))‘p”, where the o(1) tends
to 0 as n — oo.
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1tg(2) )dr

(n/()‘)e%”fog log(l—g(m) —

w

<2
o°n

=

(n/d)e:

%(-n/r)') log(62n)

Figure 4.2: (from (9], pag.2) Mizing time behaviour as a function of the

inverse of the temperature 3, with n fived. Here § = |1 — (| and ( is the
. . . tanh(Bx)—=z
unique positive roof of g(x) := T—z tanh(31)

The meaning of these theorems is perfectly illustrated in Figure 4.2:

fixing n, if the inverse of the temperature § is in an interval around 1 of
order ﬁ, then t,,;; has order n2, if § takes a value before this critical
interval, then %,,;, has order nlogn, while if 3 is after the interval, then t,,;,

assumes the exponential behaviour.



Chapter 5

An analytic attempt

The aim of this last chapter is to try to bound the spectral gap and the log-
Sobolev constant (to be defined) of the continuous-time Glauber dynamics
for the Ising model on the complete graph with a particular method. As we
will see, this technique will turn to be completely successful in the first case
but rather difficult to apply in the second.

5.1 Continuous-time chains

5.1.1 Discrete versus continuous time

A continuous-time chain (X;);>o on a state space Q is described by a
matrix @, called the infinitesimal generator, whose elements ¢(x,y) are
called transition rates and have the following properties:

(1) —oo < q(z,z) <0 for all z € €
(ii) q(z,y) > 0 for all = # y;
(iii) >, q(z,y) = 0 for all z € Q.

Clearly q(z) := —q(2,2) = >_,,, q(x,y); it can be thought as "the rate of
leaving x".

The heat kernel H; of the process is the object that specifies the actual
probability of going from a state x to a state y after a time t: Hy(z,y) =
P, (Xt = y). It is defined as

Hy(z,y) = €9, (5.1)
We can give a very clear interpretation of the process. Define the || x ||
matrix J as: J(x,y) = q;”a’g) for y # = and J(z,x) = 0. Generate a path

x0, 1, ... of the discrete-time chain J. Then (X}) visits this sequence of
states remaining in each state z; a time distributed as an exponential random
variable of parameter g(x;).

82
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Given a Markov chain P we can associate to it a Markov process (X¢),
setting, for example, Q = P — Id. The random times between transitions
are i.i.d. exponential random variables of unit rate, while the moves at these
transition times are made according to P. In this case the heat kernel can
be written as

Hy(z,y) = P~ = Pk (z,y). (5.2)
k=0

If up to time ¢t we had k successes of exponentials of rate 1, the probability

of staying in y starting in  is P*(x,y). Summing over all possible number

of “jumps”, that is exponential successes, we have the effective probability of

going from x to y after a time ¢. The Markov property is transmitted from

P to the new process (X;) in the sense that, for s <t,
P, (X: = y|{all the history up to time s}) = P, (X = y|X;) .

It is easy to see that if P has a stationary distribution 7, then also (X)
does. But one of the advantages of continuous-time chains is that they avoid
the problem of periodicity. In fact, the Ergodic theorem 1.2 has the following
equivalent:

Theorem 5.1. Let P be an irreducible transition matriz, and let H; be the
corresponding heat kernel. Then there exists a unique probability distribution
w such that tHy = w for all t > 0 and

max || Hy(x, ) — 7]l =2 0.
e

5.1.2 Spectral gap and log-Sobolev constant for continuous
time chains

Given a transition matrix P and the Markov process (X;) associated to it
with heat kernel H;, we can define its Dirichlet form as

D(f, )= Y (fy) = f()’m(2)q(z,y).

z,yed

If P is the reversible transition matrix that generates this process, and Ao is
its greatest eigenvalue different from 1, we know from (1.29) that the spectral

gap -y verifies
vy=1—X2= min {D(f’f) }

fERS Varz(f)
Vary(f)#0

The utility of the spectral gap is shown by the following results, continuous-
time versions of (1.31) and (1.32).
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Lemma 5.2. Let P be a reversible and irreducible transition matriz with
spectral gap . Then for f € R,

IHef —Ex [f]113 < e Varz(f). (5.3)

Lemma 5.3. Let P be an irreducible transition matriz with spectral gap .
Then, for the continuous-time chain associated to P, we have

w(3)ealoe(l) e

where t<" () is the obviously defined continuous equivalent of tmi.(-) and

Tmin = 1;1615121 m(x).

The definition of the logarithmic Sobolev constant « is similar to
that of the spectral gap where the variance of f has been replaced by the
entropy of f2, where the entropy is

Ent,(f) =E;[flog(f)] for f>0,n(f)=1. (5.5)
Therefore DU f)
o= fieanQ {W} . (5.6)
m(f?)=1

The power of log-Sobolev constant is underlined by the upper bound of the
next lemma, to be compared with the upper bound of (5.4).

Lemma 5.4. Let P be a reversible and irreducible Markov chain. Then, for
the continuous-time chain assoctated to P, we have

1 1 1 1
—<geont [ — ) < = (441 1 . 5.7
200 7 T <2€) e < e Toe Wmin) ( )

The proofs of these lemmas can be found, e.g., in [21].

5.1.3 Continuous time Glauber dynamics

Let’s describe the continuous-time version of the Glauber dynamics for the
Ising model on the complete graph examined in Chapter 4. We imagine to
assign to each of the n sites a ‘random clock’ that rings at random times,
distributed as independent exponential random variables of parameter 1.
When the clock of site j rings, if the present configuration is o, we try to
update the spin in that place according to the Glauber dynamics, that is we
put there a "+"-spin with probability p™(S(o) — #), where py is defined

in (4.5), and a "—"-spin else. This is equivalent to say that we have only a
giant super-fast clock that rings every exponential time of parameter n, and
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when it rings we perform a step of the discrete-time Glauber dynamics. So
the process is somehow accelerated, in the sense that in a unit of time we
have tried on average to update all the spins.

Therefore the infinitesimal generator of the process is, for all f € R?,

=> "3 P(oi =zl{o;}j2) (F(e™) = f(0)) (5.8)

i xr=%1

and its Dirichlet form

D(f.f)= Y. (f(o") = f(0)’L(o,0")7(0). (5.9)

e
i=1,2,...n

Let
pi (f) = pu(fHojtizi) (5.10)

be the expectation of f under the measure u (the stationary distribution)
once we have fixed all the spins except o; and analogously let

Vari (f) == Var(fl{o;};2) (5.11)
be the variance of f under the same measure.

Lemma 5.5.

D(f, ) =p(f(=L) = D wuVari(f)) (5.12)

i=1,2,...n

Proof:

= Z,u(o)f(U)Z(f(U) —1i(f)) =

=D 1D ul0)f* (o) = > ulo) flo)m(f)] ;
the second summatory in the square brackets is equal to

p(fui(F) = n(u(Fui(H)ostie)) = mlus(H(fHoj}z)) = n(pi (F)

where we used very well know properties of the u-expectation. Therefore
n(f(=L1) =D [ (@) = ()] =
=> (o) = ui () {os}iz) Zu (Vary(f
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Corollary 5.6. There exists ¢ > 0, not depending on n, such that

ZM(U)(f(Ui) — f(0))? <eD(f,f) (5.13)

Proof: First note that Var{(f) (suppose o(i) = +) is the variance of a
Bernoulli variable that takes value f(o) with probability

Py = p(o(i) = +{oj} )
and value f(o') with probability 1 — p. Therefore
Varf (f) = pf (1 —pf)(f(o") = f(0))*.

But for any ¢ and any 4, we have

7 = plo) . plo)  _
Cop{ogtiz) o) +plo?)
e S5 1

B ) 8 X B )
en Zj;ﬁi 0j +en Z]‘;&i gj 1+ 6725 Zj;&i 0j

S 1
Z Ty e
and analogously .
L=pf 2 1+ e26
Hence
Y uo)(f(e") = fl@)? <e Zu(a)(f(v’) F(o))?p7 (1 = pY)
=) mo)Wary(f) =} u(Vari(f))
=cD(f, f)
by Lemma (5.5). |

5.1.4 The continuous-time magnetization chain

Remind that we can see the stationary distribution p as a measure on the
space Qg :={-n,—n+2,....n — 2,n} defining

ws) = 3 o).

0:S(o)=s

We’d like to construct a continuous-time Birth and death process on 25 that
has p as stationary distribution. One possible choice of the rates of jump is
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the following: if the present state of the chain is s > 0, then the chain moves
to the right with rate b(s) := #Ej(t)z) and to the left with rate d(s) := 1; if
s < 0, then the chain goes to the right with rate b(s) := 1 and to the left
with rate d(s) := “Ef(;f); when in 0, the chain goes to the right or to the
left both with rate 1. Obviously this chain is reversible for the measure pu.
Observe that the chain has always a drift towards the central value 0 and
that this drift becomes stronger as we go far away from 0.

Let’s study the behaviour of u(s). Remind that the number of configu-

rations that have a certain magnetization s is (&) For large values of n
2

and small values of s and calling m := > the normalized magnetization we
have

( n > me—nnn-&-%
) e (a) T e Vo (n2) T e

2

nn—i—% 2n+1

V271 (n + s) e (n—s) e

~

< 2n+1 > 1
C\WVAVER) () )

(112)73(1_;2);]”’ (5.14)

where we have just used Stirling’s approximation for the binomial coefficient.
Therefore

~ ¢(n)

p(s) = - 7

) pni-75+dlog (1-m®) -3 ow (152)]

A
eln) (e _cln) ws

A A

From this expression we can see that p(s) has the shape of a “discrete gaus-
2n

sian measure” centered in 0 and with variance ~ 145"

Lemma 5.7. For the magnetization chain, there exist a constant ¢ > 0 not

depending on n such that

1

where gap’ is the spectral gap of the process.

Proof: For continuous time birth-and-death chains we have a powerful
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tool to estimate quite precisely the spectral gap: the Miclo’s formulas. Define

T

B, (i) := sup Z M( Z,u , (5.16)
r>1 y=1+1 y>m
i—1
B_(i) := sup Z e Z,u , (5.17)
<1 y=z y<ac
and
B := zlenfg (B4(i) V B_(1)). (5.18)

Then we know (see e.g. [3]) that the inverse of the spectral gap of the process

is bounded by
B 1
< < 4B. (5.19)
2 7 gap
Let’s start by evaluating By (i) for a generical ¢ > 0. Setting k :=
2/(1+ ), for any x > i we have

Z,u / e Z%ds

y>x
/ _ (s—z)(s+=z) :c)(s+z)
ds
_ 2z(s—x)
/ e” ko ds
xX

=e

w‘?r
N

Then observe that for our dynamics

y=1+1 y=1i+1
T2
~ eknds
i
2
x“
< ekn(x —1)

So, for i > 0 (note that the constants simplify)

B, (i) < sup <e;f ’;Z) (Ji(:z; _ z’)> — sup <kx2;’> n. (5.20)

>4 r>1
Now analyze B_(i) for i < 0. Following the same steps as above we obtain

iz ()<——%2]i”
c(n) P == "oy
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and
Z i 1z i L Blioa)
o(n) = pWbly) — c(n) = nly) =
So
B(i) < sw (—ki ;j) n. (5.21)

From equations (5.18),(5.21) and (5.20)

B < (B4(0)VB_(0)) < =n (5.22)

N |

Using the bounds (5.19) and (5.22) we have that there exists ¢ independent
from n such that

1 -
< c¢n.
gap’
|
Finally we exhibit the Dirichlet form for this process:
mag 1 2
DS f) =5 Y (F(s+2) = £()[b(s)n(s) + ds +2)u(s +2)].
SEQS

Considering separately the cases s < 0 and s > 0, writing explicitly the birth
and death rates and putting all together again, we can write it in the shorter
form

DS, f) =Y (s +2) = f(5)*(uls) A p(s +2)). (5.23)

SEQS

5.2 Bound of the spectral gap

5.2.1 Conditioning on the magnetization

We want to bound the spectral gap of the Glauber dynamics on the n-
complete graph in high temperature regime with a little trick: conditioning
on a specific value of the magnetization, we will be able to bound the variance
of any function on the space of the configurations and therefore show that
the gap of the process doesn’t depend on n, the size of the graph. Let’s state
this in a theorem.

Theorem 5.8. For 3 < 1, the spectral gap of the Glauber dynamics for the
Ising model on the complete graph is bigger than a constant not depending
on the number of the vertices of the graph.
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Using once more the ‘total variance formula’ we know that for any s €
{-n,—n+2/n,...n —2/n,n} we can write the variance of any function f
as

Var(f) =E[Var(f|s)] + Var (E[f|s]) (5.24)

where with Var(-|s) and E[-|s] we mean the variance and the expectation
made on the configurations o such that S(o) = s.

Since the proof of the theorem is pretty long, we are going to bound
separately the addends of (5.24) in the two next sections.

5.2.2 First bound via Bernoulli-Laplace model

The Bernoulli-Laplace model consists in n sites where we have to arrange r
particles, or balls, with r < n. In each site there can be at most one ball.
We assign to each particle a Poisson clock of rate 1 (this means that we have
to wait an exponential time of rate 1 to have a “ring”). When the clock of
ith-particle rings, we choose at random one of the n sites and if that position
is vacant we move the i*"-particle there. The stationary distribution 7 of
this process is the uniform measure over all possible configurations of the r
balls in the n sites. It is also well known (see e.g. [8]) that the spectral gap
of the Bernoulli-Laplace model, gapfﬁ , is a constant not depending on n (in
fact, its exact value is 3!). Finally call

DEL(S,f) = 5 Be [ S (7(69) - f(6))° (5.25)

the Dirichlet form for this process (where we are taking the mean over the
possible configurations &).

Lemma 5.9. There exists a constant k > 0 not depending on n such that
the first part of equation (5.24) is bounded by

E[Var(f]s)] < k- D(f, /). (5.26)

Proof: If the magnetization of a certain configuration ¢ €  is s, then
we know that

n+s n—=s
ny = n_:=
+ 9 2
are respectively the number of the "+" and "—"-spins of o (clearly n4+n_ =

Note that, once we have fixed the magnetization, if we think to the
positive spins as particles and the negative spins as holes, we can see every
o configuration as a Bernoulli-Laplace-model configuration with n sites and
r = n4 particles. Reminding that also the stationary distribution of the
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Glauber dynamics on the complete graph is uniform over the states with a
fixed magnetization, from the Poincaré inequality for the B-L. model we have

1

Var(f1s) = Varyi, () < oopr P (1)
<Y - N EUED - f@P] G2

where 7(0) = 1/(7{1) for all o with S(o) = s. Note that, Vg: Q@ — R,

N=> Exlgls]P(S=5)

s€Ng
=3 S P(S=5)gl0)
s€Qg , 9 (n+)
S(o)=s
= > ulo)g(o) = ulg),
oe)

so that taking the expectation on both sides of (5.27) we obtain

E [Var(f|s)] < C—Zu £(0))?)
=3 Zu((f( )= Flo?) + £(o7) = F(0))?)
i,J
(A) (B)
<o ST ul(() ~ F@)) e S u((f(oh) ~ f(0))
J 1,J

(5.28)

where in the last inequality we used the fact that for any numbers a and b
it is true that (a4 b)? < 2(a +b?).

In part (B) the factor 2 and the summation over the i’s delete each other,
so that (B) < ' D(f, f) by Corollary 5.6.

For part (A) we need just a little bit more of work:

c% S u(o)(f(0V) — f(o? (o1=m) Z Z #n f) = f(m))?
GEJQ i, 17€Q
su 2 CN
< (3 ( ) Zzﬂu Fm)? < DS 1)

by Corollary 5.6 and because the sup can be easily bounded with a constant
not depending on n.
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Putting all together yields
E[Var(fls)] < (¢ + ") D(f, f)-

5.2.3 Second bound via magnetization chain

Lemma 5.10. There exists a constant k' > 0 not depending on n such that
the second part of equation (5.24) is bounded by

Var (E[fls]) <& -D(f,f). (5.29)

Proof: First of all note that E [f|s] is a function of the only magnetization.
By Lemma 5.7 and equation (5.23) we can bound the variance of any function
g of the magnetization with

Var(g(s)) < p— (9,9) <én Y (p(s) Ap(s+2))(g(s +2) — g(s))*.
o (5.30)
Of course we want to take g(s) = E[f]|s], so that
Var(E[f|s]) <én > (p(s) Ap(s +2)(E[f]s + 2] —E[fls])>.  (5.31)

SEQN

Let’s study the difference E [f|s + 2] —E[f|s]. For s > 0 rewrite the first
addend

(=1)
Blfls+2= Y O s0 (zl‘j‘jﬁz“})

~ u(8+2) 5
S(a):
= s+n+2 Z Z )X{Ji:—&—l}
(0) s+2
(n=0®) 1 () p(n')  p(s) ;
=) _ - . (532
o 2 Z u(s) () (s +2)7 T Xy (5:32)
S(n)=s

Writing f(n') = [f(n") — f(n)] + f(n) we can split the above summation into
two parts:

D=mmy X ML) L) {54~ o)ty 53)

S(n)

D=y X M) ) ey (534

S (n)
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Since

p(n') _ K(s)

(1)
depends only on the magnetization s, and since

Z X{mi=-1} = ; ; -

for the n’s with magnetization s, we have that part (I7) is equal to

D= (e s) X A = s B

S(n)=s

now, taking the test function f = 1, we have that
Elfls+2/=1={)+ 1) =0+ c(s,n)E[f|s] = c(s, n),
and hence c¢(s,n) = 1. It follows that
E[fls +2] = E[f[s] = (I).

Looking at (I) we understand that we are just doing the expectation of
[f(n') — f(n)] with a particular probability distribution; in fact

(=1)
Y X{m=—— X{os=
Sy ety e (S -

7 neQ: €:
S(n)=s S(a) s+2

Because of this fact we can use Schwartz inequality to bound our difference

(E[fls +2] - E[f|s])* = (I)*

(<Zcost.)
(Sch) Z .
(I? < S+LQZ Z “Z /;?7 (Z(_T_)Q)X{m:1}[f(n’)—f(n)]2
" S()=s
< sﬁl(hE[;(Aif 25| (5.35)

where A f(0) = f(o?) — f(0).
For s < 0 we can do the very same kind of calculations but rewriting this
time E [f|s] in function of E [f|s + 2] (changing a "—"-spin in a "+"-spin) to

obtain
2¢ g Z(Aif)z‘s]. (5.36)

(E[fls +2] - E[f]s])* <
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Finally, putting together (5.31), (5.35) and (5.36), we have
— k|3 f)Z‘s +

S (0if)?s +2

i

Var(E ) < 2cé Z (s

s+n+2

n
2¢¢é 2)——E
+ cc%u(s—k )n—s

<KE [Zuw) - f(a))2]

< k:’D(f,Zf) (5.37)

where last inequality is by Corollary 5.6 again. ]

The last thing to do is to put equations (5.26) and (5.37) in equation
(5.24). In conclusion we can find a constant K independent from n such
that for any function f on the state space {2 we have

Var(f) < KD(f, f). (5.38)

Therefore, by the variational representation (1.29), the spectral gap of the
Glauber dynamics for the Ising model on the complete graph with n vertices
and 8 < 1 is bigger than a constant which doesn’t depend on the size of the
graph, proving Theorem 5.8.

5.3 Bound of the log-Sobolev constant

The result of the last section is not actually a novelty. The fact that the
spectral gap of the Glauber dynamics for the Ising model on the complete
graph is a constant was already know, but it served us as a testing ground for
the conditioning-on-the-magnetization method. The really interesting thing
to do is to try to bound the log-Sobolev constant with the same method.
5.3.1 Conditioning on the magnetization, again
Recall the definition of the log-Sobolev for the Glauber dynamics:
D
a:= inf {(f’ fg } :
rer2 | Enty(f?)
u(f?)=1
where the entropy is, for any positive function with u(f) =1,

Ent,(f) = f(o)log(f(o))u(o). (5.39)

oc€eN
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In order to bound «, we are going to use the very same method of the
last sections, that is conditioning on a specific value of the magnetization in
order to divide the entropy of any function f > 0, u(f) = 1, as the sum of
two parts, and estimate these parts separately. Write

Ent, () = E[E, [/ los()}s]
— |8, [l mrlon (gm0 ||

_E [IE# [fls] - Ent,, (M‘sﬂ + Ente(E, [f]s]).  (5.40)

5.3.2 Bound via magnetization chain, again

First we prove the equivalent of Lemma 5.7 for the log-Sobolev constant of
the magnetization chain.

Lemma 5.11. For the magnetization chain, there exists a constant ¢ > 0
not depending on n such that

— <ecn, (5.41)

where ag is the log-Sobolev constant of the process.

Proof: Once again we use Miclo’s formulas, this time to estimate o’
Define

) 1= su # o)
A= ( 3 o) e () IS
1—1 1
A_(i) :=su — ) lo 5.43
0= (X ) o (o) D) (64
and
A= inf (A1) V A(1). (5.44)

Then we know (see e.g. [3]) that the inverse of the log-Sobolev constant of
the process is bounded by

A 1
— < — < 20A. 5.45
20 = as = (5.45)
Remember that pu(s) has the shape of a “discrete gaussian measure” cen-
tered in 0 and with variance ~ 2% . Since we are going to take i = 0, by

145
symmetry it will be sufficient to bound A4 (0). Let’s bound the factors of
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A4 (0) separately (from now, ¢ will be a constant not depending on n that
will take, if necessary, different values along the proof):

> uly) ~ /n \/cﬁe‘iids < Y

n _<?
—e kn’
x
y>w

as in Lemma 5.7. Then we improve a bit the second bound:

S

T ﬁ ﬁ z _ (z—s)(z+s)
—————~cyn | ewnds =cynen e o d
oty 1)b(y) i i

22 z _ (z+1) (z—s)
< cynen e kn ds
i
22 [TV (@)
=cynen / e Fn Yd
0

S

n\/n z2 2242
=c [eﬁ<1—e_ kn )
T+

To bound the logarithm we consider separately two cases: when x = o(y/n),

Zyzx u(y) is greater than the mass of a gaussian after a standard deviation
(which is greater than a constant), so that

log (W) < cost.

(5.46)
When x > ¢y/n, we have

ek dy
-z
y>x z v
2% y2 X 412
>c/ e kdy>c—e “kn
x mn
n
2

> ce Yin

and thus

2

log (W) < c%. (5.47)

Putting all together we obtain, in the case z = o(n),

n? z?
A4 (0) <supc- —2<1 — e_ﬁ>
x>0 z

n? z? z?
~sup c- —2(1 — (1— 7_1_0(7))
>0 T kn

n
<cn
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by Taylor’s formula. On the other hand, if x > ¢n,

2

z2
A4 (0) < sup cn—2<1 - e_ﬁ)x— < cn.
x>0 T n
Hence A < cost., and by (5.45) we finally have the desired bound. |

Lemma 5.12. There exists a constant k > 0 not depending on n such that
the second part of equation (5.40) is bounded by

Ent (B, [f]s]) < k- D(f, f)- (5.48)

Proof: The proof is exactly the same as that of Lemma 5.10. By Lemma
5.11 the log-Sobolev constant ag for the magnetization chain verifies

— <ecn, (5.49)

so that, for any function g on 25, we have

Ent(g(s)) < alSDm“g(g, g) <end (pls) Ap(s +2)(g(s +2) - g(s)*.
€0

From this point to the end, taking g(s) = E, [f]|s], the calculations are iden-
tical to those of Lemma 5.10. |

5.3.3 Bound via Bernoulli-Laplace model, again

Lemma 5.13. There exists a constant k > 0 not depending on n such that
the first part of equation (5.40) is bounded by

E [Eu [f]s] - Ent, (f )sﬂ < klog(n) - D(f, f). (5.50)
By [fls]

Proof: Also for this lemma we would like to apply the same method used
for the bound of the spectral gap. Unfortunately some ‘problems’ arise in
this case. In fact, in paper [15], T. Lee and H. Yau provided the following
bounds for the log-Sobolev constant af’f, of the Bernoulli-Laplace model
with n sites and r particles:

2 1 2 2
" log " , (5.51)
n —

r

elo
S aBL ~ log2
where ¢ is a strictly positive constant independent of n and r. Hence, for very
big or very small values of r (equivalently, for configurations with a very big
or a very small number of "4 "-spins) we cannot bound the log-Sobolev with
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a constant. Anyway, let’s follow the path of the other proof, bounding the
Bernoulli-Laplace log-Sobolev constant with its worst-case for all the values
of the magnetization. Call

g I
By [fls]’
there exists a constant ¢ > 0 not depending on n and r = n4, such that
1
Enty, (¢]s) = Enty . (g) < B 7 Dun, (V) < (clogn)Di L, (V9)
n n+

1 VT 7@
< (elogn)s, ZE <¢E 75 VE.JTs) )

where 7(0) = 1/(;:) for all o with S(o) = s. Therefore

Ws) clogn ZE {( o) %—f(Uﬁ)QH-

After that, we can take the expectation on both sides and then proceed
exactly as in the proof of Lemma 5.9. We finally get

E {Eu [fls] - Ent,, (E# {ﬂs] (sﬂ < klog(n) - D(f, f)

as requested. [ ]

E, [f|s] - Ent,, (

5.3.4 Conclusions

Plugging Lemma 5.12 and Lemma 5.13 in equation (5.40) we have a bound
for the entropy of any function f > 0 such that u(f) = 1. The theorem
follows at once.

Theorem 5.14. For § < 1, there exists a constant ¢ > 0 such that the
log-Sobolev constant of the Glauber dynamics for the Ising model on the n-

complete graph verifies
1

logn’

a>c- (5.52)

Anyway, this result doesn’t give a satisfactory answer for the actual order
of the log-Sobolev constant. Is (logn)~! the correct behaviour? We couldn’t
find a test-function that confirms this hypothesis.

Most likely the result of Lemma 5.13 is not sharp. In its proof we took
the worst case of the inverse of the log-Sobolev constant for the Bernoulli-
Laplace model even when ny or n_ were not comparable with n, that is
the most of the cases. Possibly we lost precision in that passage. Since
an intermediate order between O((logn)~!) and O(1) is hardly believable,
it seems reasonable that « is just a constant not depending on n, as the
spectral gap was. But this, of course, has to be verified.
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