The Random Conductance Model: Local times large
deviations, law of large numbers and effective conductance

vorgelegt von
Master of Science Michele Salvi

Rom

Von der Fakultat IT - Mathematik und Naturwissenschaften
der Technischen Universitat Berlin

zur Erlangung des akademischen Grades

Doktor der Naturwissenschaften

Dr.rer.nat.

vorgelegte Dissertation

Promotionsausschuss:
Vorsitzender: Prof. Dr. Etienne Emmrich
Berichter/Gutachter: Prof. Dr. Wolfgang Konig
Berichter/Gutachter: Prof. Dr. Noam Berger

Tag der wissenschaftlichen Aussprache:

Berlin 2013
D 83



February, 2013



Acknowledgements

As an immigrant, my first thank has to go to Germany: This country recived me,
welcomed me, fed me without asking much in exchange and finally accepted me. I
thank Germany and forgive her for the food and the weather. Secondly, my deepest
thanks go to germans. It took a while to understand each other, but after almost three
years | can say that I feel a little german, and I hope the germans I dealt with feel a
little bit italian, too.

The first person to whom I would like to express my gratitude is perhaps the most
german of them all, Wolfgang. He introduced me to real mathematical research in the
smoothest way possible and accompanied me to the first result of my career, which was
one of the greatest satisfactions of my entire life. I thank him for his patience, precision,
support and for valuing my ideas. I also had the honor to work with three other great
scientists: Noam, with his wisdom, Marek, sharing his life along with his knowledge
(and a pint of beer), and of course Tilman, the honeybadger of maths.

TU was a perfect environment for my Ph.D., where I found good friends besides
good mathematics. I thank all of the people who alternated in the long corridor and in
particular Sebastian, for sharing three years of contractions and for introducing me to
pasta Miracoli, Stefano, for the zigolo giallo and for not resigning himself to the idea
that it is too late for everything, and my two bosses, the Ur-one who broke up with
mathematics too early and the tiny one who is still struggling with it.

Thanks to all of the Pohls for being my family (with a special grandmother) when
the original one was too far away and to the Piccolos (with a special Santa).

A special thanks go to Giulia, for the snail, woodpecker, salamander, owl, chinchilla,

bumble-bee and sugar glider.



Many people start with jumping and end up flying away. I due to the Blue Straw-
berries if I'm not flown away from Italy, yet: thanks to Miles, even if over 200Kg, to
Turi, even if turned Milanese, to Mongo, even if down, to the Great, even if he has no
‘even if’, to Bomba, even if to the other side of the ocean, to Sabbath, even if he does
not like the ’amatriciana’, and to Suatoni, even if he follows Previti’s path.

Being italian I left the family at last: thanks to my mum, for calling the government
when I'm sick, to my dad, for the sausages in Configno, and to Siriana, for the dinners
we had and the dinners to come. And very last, thanks to my cats, who don’t even

know what a dedication is.

i



to Schrodinger, so that those who don’t know him don’t understand this.

i



v



Entre braves, messieurs les Officiers, doit-on pas toujours finir par sentendre ¢

Vive la France alors, nom de Dieu ! Vive la France !

Louis-Ferdinand Cline, Voyage au bout de la nuit



vi



Abstract

Reversible random walks in random environment are called random walks among
random conductances (RWRC) and they naturally arise in many branches of science as
models for physical phenomena. In this thesis we first introduce RWRC, highlighting
the connections with electrical networks, and give a substantial background on previous
literature. Then, we present a series of original results.

The first one is the proof of an annealed large deviation principle (LDP) for the
local times of a RWRC forced to stay in a finite domain. We give an explicit expression
for the rate function and obtain as a byproduct of the LDP asymptotic formulas for the
non-exit probabilities from the given domain. This result has relevant applications in
the parabolic Anderson model and in the study of random Schrodinger operators.

The second result deals with the law of large numbers for the endpoint of a RWRC.
We show that whenever the a-log moments of the conductances are finite for some
« > 1, the limiting speed is zero almost surely. On the other hand, finite log moments
for « < 1 do not imply zero speed: we construct ad hoc counterexamples based on
geometrical constructions of random trees.

Finally we analyze the fluctuations of the minimum of the Dirichlet energy in the
random conductance model. This quantity, known as effective conductance, describes
the total electric current flowing through an electric network and has a central role in
homogenization theory. We establish a central limit theorem for the effective conduc-
tance under the assumptions of Dirichlet boundary conditions and conductances with

small ellipticity contrast.
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Zusammenfassung

Reversible Irrfahrten in zufilliger Umgebung (random walks in random environment,
RWRE) werden Irrfahrten unter zufélligen Leitfahigkeiten (random walks among ran-
dom conductances, RWRC) genannt und treten in vielen Teilbereichen des Wissenschaft
als naturliche Modelle fiir physikalische Phénomene auf. In dieser Arbeit fithren wir zu
erst RWRC ein und heben dabei die Verbindungen zu elektronischen Netzwerken hervor.
Gleichzeitig geben wir eine Ubersicht iiber die existierende Literatur. Danach stellen
wir unsere Ergebnisse vor.

Zuerst geben wir einen Beweis fiir ein annealed Prinzip der grofien Abweichungen
(Large Deviation Principle, LDP) fiir die Lokalzeiten einer RWRC, die sich innerhalb
einer Region mit festem Durchmesser befindet. Wir geben eine explizite Darstellung
der Ratenfunktion an und erhalten durch das LDP asymptotische Formeln fiir die
Wahrscheinlichkeiten der RWRC in der gegebenen Region zu bleiben. Dieses Ergebnis
findet wichtige Anwendungen bei der Betrachtung von zufélligen Schrodinger-Operatoren
und des parabolischen Anderson-Modells (Parabolic Anderson Model, PAM).

Das zweite Resultat behandelt das Gesetz der grossen Zahlen fiir den Endpunkt eines
RWRC. Wir zeigen, dass die asymptotische Geschwindigkeit fast sicher gleich Null ist,
sobald die a-log Momente der Leitfahigkeiten fir ein o > 1 endlich sind. Auf der
anderen Seite implizieren endliche log Momente nicht Null-Geschwindigkeit: Wir geben
ad hoc Gegenbeispiele mit Hilfe von geometrischen Konstruktionen zufélliger Baume.

Schliefllich analysieren wir die Fluktuationen vom Minimum der Dirichlet Energie
im zufalligen Leitfahigkeits Modell. Diese Quantitéit, bekannt als effektive Leitfahigkeit
(effective conductance), reprasentiert den totalen elektrischen Strom, der in einem elek-
trischen Netzwerk flieit, und spielt eine zentrale Rolle in der Homogenisierungstheo-
rie. Wir beweisen einen zentralen Grenzwertsatz unter den Annahmen von Dirichlet-

Randbedingungen und zuféllige Leitfahigkeiten mit kleinem elliptischen Kontrast.
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Introduction

Two reasons for studying random walks in random environ-

ment

Random walks in random environment were first introduced in the sixties as problems
coming from biology. The first track we could find in the literature is the article by Cher-
nov [Che62] in 1962, where the random dynamics on a structure that is also random
was introduced as a toy-model for the replication of DNA-chains. In 1972 an analo-
gous mathematical model arose in the context of crystallography in a paper by Temkin
(see [TemT72]). The study of these models had then a huge impact in the field of disor-
dered physical media and energy conduction for irregular materials, see e.g. Kirkpatrick
[Kir72]. This list could go on for long, but here is a first reason for being interested
in random walks in random media: their applications and the request for theoretical
results pop out from many different scientific areas, also very distant from each other,
including biology, social sciences, theory of communications and, of course, physics.
The second aspect is genuinely mathematical: random walks in random environment
proved to be an endless source of beautiful mathematical problems, where beautiful in-
cludes (at least) the meanings of interesting, challenging and deep. The tools and the
applications to other mathematical subjects testify this fact: Methods from functional
analysis, graph theory, theoretical physics, homogenization theory, geometry are indis-
pensable for solving problems that may appear purely probabilistic at a first glance.
In this thesis we will analyze a particular kind of motion in random media, namely
the walk associated with the random conductance model. The reason for this choice

has the name of reversibility: when the walk is starting from the stationary measure,
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one cannot distinguish whether the time is flowing forward or backwards. At a tech-
nical level, this feature allows one to use results from classical harmonic analysis and
carry out calculations much more explicitly than in the general case. The random con-
ductance model covers itself a huge amount of different scenarios (the random walk on
the percolation cluster is a remarkable example) and is deeply connected with physical
electrical resistor networks and with stochastic homogenization theory.

We will deal in particular with three aspects of this model. The first one is the
study of the local times of the walk, roughly speaking the amount of time the walk
spends in each site. We will prove that, when we take the average on all possible
environments, the graphic of the local times approximates a deterministic shape as the
time becomes larger and larger. The second one is a law of large numbers. In all the
classical examples of random walks among random conductances, the limiting speed of
the walk, that is the displacement of the walker over the number of performed steps, is
always zero. Is it possible to have a different behaviour? The answer is yes if we allow
”very big” conductances: We will construct ingenious examples where the limiting speed
is strictly positive almost surely. Finally, we will deal with the longstanding problem
of the description of the effective conductance, representing the total electric current
flowing through an electric network when the boundary vertices are kept at a given
voltage. Under some restriction on the law of the conductances, we will prove the
gaussian nature of the fluctuations of the effective conductance around its mean.

The community has spent a lot of efforts for understanding the random conductance
model and thousands of pages have been written, with a particular rebirth of the interest
and a peak in the production in the last five years. Nevertheless the field is still fertile,

and many misteries ask to be understood.

Structure of the thesis

In order to get no one lost, here is the organization of the thesis.
Chapter [1] is divided in two main sections. The first one introduces the random
conductance model (Section , the different types of random walks that can be

defined on it (Sec.|1.1.2]) and its connections with electrical networks (Sec. |1.1.3)). The
second part (Sec. collects previous results in the field and introduces the original
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ones presented in the thesis. After a general overview of known results, the attention
is focused on large deviations for random walks in random environment (Sec.
and a large deviation principle for the local times of a random walk among random
conductances (RWRC) is stated (Sec. [[.2.2). The second topic is the law of large
numbers for the end-point of an RWRC (Sec. and Section provides moment
conditions on the conductances for having non-zero limiting speed of the walk. The
final part of Section deals with homogenization theory and the study of the effective
conductance (Sec.[1.2.5). A central limit theorem for the latter is established in Section
11.2.0l

In Chapter [2| we present the complete proof of the large deviation principle for the
local times, following the lines of the article [KSW12]. We also add to the article a final
section (Sec. on recent developments and possible future research on this subject.

Chapter |3| deals with the proof of the results of Section as in [BS12]: Section
gives a sufficient condition for the RWRC to have zero speed, while Sections [3.2] and
[3-3] give the construction of the counterexamples when such conditions are not fulfilled.

The proof of the central limit theorem for the effective conductance is the main

object of Chapter |4} reporting the results obtained in the paper [BSW12].



Chapter 1

Model and results

1.1 The random conductance model and the related walks

1.1.1 The model

Take a graph G = (V, E), where V is the set of its vertices and E the set of its edges.
The graphs we consider will not contain double edges or loops and the edges will be
undirected. In fact, the support for our conductance model will always be Z? or a subset
of Z%, unless explicitly specified otherwise.

Let (92, F) be the couple of the product space €2 := [0,00)" of all possible config-
urations of non-negative weights assigned to the bonds of the graph and the relative
Borel sigma-algebra . Each element w € €2 is a collection of numbers {wgy }z~y, called

”

conductances, where x,y are two elements of V' and the symbol ”~” means that there
exists a bond b = (z,y) € E connecting x and y. The name ’conductance’ has to do with
the strict relation between this model and electrical networks, which we will analyze in
detail in Section Depending on the situations, we will use for convenience also
the notations wy ,, w(x,y), wy or w(z,x £ e;) in the lattice case, where e; is an element
of the canonical base of Z%, for i = 1, ...,d. By definition, these weights are symmetric,
that is wyy = wy, for all (z,y) € E. As a convention, wyy = 0 when (z,y) ¢ E.

Let P be a probability measure on Q. We say that P is elliptic if for all (z,y) € F

one has P(wzy > 0) = 1. We call P strongly elliptic if the support of each conductance



is bounded away from zero and infinity, that is, there exists A > 0 such that

PO <wgy <1)=1. (1.1)

>l

In the case of discrete lattice model, we call the shift by a vector z € Z% of a
configuration w € € the map 7, : @ —  such that for all  ~ y € Z? we have
(ToW)ay = Watzytz- We say that P is shift-invariant if for any event A € F and z € z4

we have

P(A) = P(r:A),

where of course (1, A4) := {w € Q: 7_,w € A}. Recall also that P is said shift-ergodic
if, whenever P(1,A) = P(A) for every z € Z¢ and some event A, then P(A) € {0,1}.
We indicate with E the expectation with respect to P (in Chapter [2f we will make

also use of the notation (-) for the same object).

1.1.2 RWRC: discrete vs continuous time

From now on we will restrict, unless explicitly stated, to the d-dimensional euclidean
square lattice Z¢, where the conductances are present only on edges connecting nearest
neighbours, that is, x ~ y if and only if ||z —y||1 = 1, where ||-|| is the usual ¢! distance.

Given a realization w € ) of conductances we can introduce many kinds of random

walks exhibiting different behaviours. We illustrate here the three most studied walks:
1) the discrete-time RWRC;
2) the variable-speed random walk (VSRW);
3) the constant-speed random walk (CSRW).

1) The discrete-time random walk among random conductances performes one step
at each interval of time and chooses its next position proportionally to the weight of the
bond that brings it there. More precisely, P’ is the law of the random walk starting in
z € Z% and with transition probabilities given by

PLU

z

Wy
(Xpp1=y|Xn=1)= — (1.2)

T (T)



for y ~ z, n € Ny and where

mo(@) = > way. (1.3)
Yy €Ly~
If 7, (z) = 0 than the random walk stands still forever when present at x.
2) The VSRW is the continuous-time process (X;):>o generated by the modified

discrete Laplace operator A“. This is given by

Af@)= Y wy(f)~fl@) [:Z'2R el (1.4)
y€Z4, y~zx
Note that because of the symmetry of the conductances, A¥ is a symmetric operator.
Described in words: When at point x € V', the VSRW waits an exponential time with
parameter m,(x) = >, . Wew (i-€., with mean 1/m(z)) and then jumps to the next
point according to .
3) The CSRW behaves exactly like the VSRW, but the waiting times are exponential
random variables with parameter 1 at each point. The generator is then

Afa)= > () - f@)  f2loRazezlt (1)

T ()

yELL, y~

In all the three models, we call the measure on paths for a fixed environment w €
the quenched measure. We will be also interested in taking the expectation with respect
to the conductances of such a measure. For an event A € F, an event B on the space
of trajectories of the random walk and a starting vertex = € Z¢, we define the annealed

P,(A x B) = / P¥(B)dP(w), (1.6)
A

with the convention P,(A) = [, P¥'(A)dP(w).

Averaging over the conductances has the advantage to 'regularize’ the environment,
in the sense that the main contribution to the annealed measure is given by typical
configurations of conductances. Furthermore, if P is translation invariant, then P. is
also translation invariant. On the other hand under this measure the process loses the
Markov property: information from the past can indeed specify characteristic of the

discovered environment and influence the probabilities of the future steps.
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One of the characteristics that causes anomalous behaviours of RWRC’s is the pres-
ence of traps. The different nature of traps in the discrete, constant-speed and variable-
speed cases is one of the main differences between the three models. For example, an
edge with a huge conductance can trap both the discrete time walk and the CSRW:
both will go back and forth on that edge for a long time with high probability. This
effect becomes particularly strong if the conductances are not bounded from above. On
the other hand, the VSRW will jump many times over the edge (in average as many
times as the other two processes), but it will do it so fast that the total effect will be
negligible from the point of view of the time spent there.

The property that makes the RWRC (in discrete or continuous time) so impor-
tant among the huge family of Random Walks in Random Environment (RWRE) is
reversibility. A Markov chain is said reversible with respect to a measure p if, choosing
the starting point according to u, the distribution of (Xo, X1, ..., Xn—1, X») is equal to
that of (X, Xp—1, ..., X1, X0). That is, it is not possible to recognize whether the chain
is running forward or backwards in time.

Calling 7, the (not necessarily finite) measure on V' described in one can easily
check that:

Wry
()

This is known as detailed balance equation and iterating gives reversibility in the discrete-

o (2) P4 (2, y) = mo(2) = Wiy = Wyr = T (y) P (y, ). (1.7)

time setting.

Note also that every chain on a graph that is reversible with respect to some measure
p and with transition probabilities (p(x,¥))zyev can be represented as a random walk
among random conductances, setting wg, = p(z)p(z,y).

In continuous time the notion of reversibility translates into
Py (Xt =y) = P)(X; = z), vVt > 0, for the VSRW,
and

Pe(Xi=y)  Py(Xi=u)
Ww(y) 7Tw($)

, Vvt > 0, for the CSRW.



1.1.3 Electrical networks

In [DS84] Doyle and Snell present in a very readable way the deep connections between
our model and real-world electrical networks, justifying our use of terms borrowed from
physics literature. A more rigorous, though simple, introduction to this relation is given
by [LP12], Chapters 2 and 9.

For this section we go back considering a general finite connected graph G = (V| E)
and look at it as an electrical network in the physical sense, where edges are made
of conducting wires. Two distinct sets of vertices, A,Z C V (it is easier to think of
singletons), are attached to a battery that keeps a constant difference of, say, a unit
voltage between the two sets (that is, v(a) = 1 for all @ € A and v(z) = 0 for z € Z,
where v is the voltage at a given point). Every edge (z,y) € E has a resistance 7,

and therefore a conductance ¢,y = % We call iy, = %;(y)

the current flowing from
z to y (Ohm’s Law). Summing this quantity over all the neighbours of  must give
0, since Kirkhoft’s Laws from classical Physics state that the current flowing into any
point z € V, x € AU Z, must be the same as the current flowing out of it. A little
algebra shows therefore that the voltage v at x is the weighted mean of the voltage of

the neighbours of x, i.e. is harmonic in the sense that

For the random walk among conductances w,, = ¢y, the corresponding quatity is
p(z) = P¢(the random walk reaches A before 7).

This is in fact also an harmonic function that assumes values 1 in A and 0 in Z, and by
unicity v(z) = p(z) for all z € G.

The function i : £ — R is a flow between A and Z, that is, a function f on the
directed pairs of neighbours in G satisfying f(z,y) = f(y,z), and 3, f(z,y) =0 for
x ¢ AUZ. Consider now the case A = {a}. Let pesc be the probability, starting in a, of
returning to a before ”escaping”, that is, reaching a point in Z. Then the probabilistic
interpretation of the current is the following: i, is proportional to the expected number
of times that a walker, starting at a and wondering around until reaching Z, will jump

over the edge from x to y minus the times that he jumps from y to x. The constant of



proportionality is exactly the effective resistance Reg of the network, given by

_ 1
Reﬁl = Pesc Zway = 27 (1-8)

y~a y~a Zay

We will call the quantity in also effective conductance, C°t. The name comes
from the fact that we could substitute the entire circuit with a unique wire of conduc-
tance C°f between a and Z. Note that C°ff does not depend on the difference of voltage
between a and Z, it is an intrinsic property of the network.

We can now regulate the voltage at a so that the total current coming out of a (i.e.,
> _y~atay) is 1. Among all the flows with this property (called unit flows), the current

is the one that minimizes the dissipation of energy, defined as
Eqis(0) = % Z 0(, y)ZT:czr (1.9)
m7y

This is known as Thomson’s principle ([TT79]).

Another probabilistic interpretation of the voltage can be given via the Green func-
tion. Let Gz(x,y) be the number of expected visits to y € V' before touching set Z for
the random walk started in x € V. Then, setting the voltage to have a unit current

flow from a to Z, the voltage at x € V is equal to

_ Gz(a,x)

v(x) = Eywx oy’

The previous notions can be extended to infinite connected graphs, though losing
a bit of their appealing realism. It is important to underline that the parallel beteen
real electrical network and the random conductance model is not purely aesthetic. The
techniques inherited from the physics literature can lead to very important theoretical
results. One remarkable example is the theorem that says that a random walk on an
infinite connected graph G with conductances {ws,} is transient if and only if there
exists a unit flow of finite Eg;s energy (in this setting we have called a unit flow from a
point a € V a function f satisfying the previous properties with A = {a}, but Z = 0,
and with 37, f(a,y) = 1). Another example, closer to the content of this thesis, is

[Ros12], where an "energy dissipation approach” is used for proving a result close to

that of [[2.6]
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1.2 Previous and new results

The random conductance model has gained growing attention from the community
in the last decade. Omne of the reasons is its relation to other important models
in Statistical Physics, such as the gradient fields (e.g., [BS11]), reinforced random
walk ([MRO9, [ACK12l [ST12] among the others) and percolation theory (e.g., [GKZ93],
[BB0O7], [MP07], BDCKY11]).

RWRC offers a wide range of problems to work on, but in the following chapters we
will mainly deal with three topics: large deviations for the local times of the RWRC,
the law of large numbers (LLN) for the endpoint of the walk and the central limit
theorem (CLT) for the effective conductance. In the next subsections we present in
greater detail the previous works on these particular subjects, but now a little detour
for a more general overview is incumbent. Refer to [Bisl1] for a quite complete picture
of the known results and of the open problems on the RCM and its random walk.

The questions that are traditionally most studied for the RWRC are those of re-
currence and transience, heat kernel estimates and functional central limit theorems
(FCLT). References about the first subject include [GKZ93] for the random walk on
the infinite percolation cluster (see below for a precise definition of it), [Ber02] for the
random walk on the infinite cluster of long-range percolation in dimensions d = 1,2,
[ACK12] and [ST12] for recent results on the closely related model of edge reinforced
random walk. Heat kernel estimates have been addressed, e.g., in [Bar04] and [MRO4]
for the percolation cluster, in [Del99] for the uniformly elliptic case, in [BDI0] for
i.i.d. conductances bounded from below but not from above and in [BBHKO0S]| for gen-
eral distributions of conductances between 0 and 1.

Much efforts have been put in the study of FCLTSs, that is, the convergence in some
sense, after a space time rescaling, of the random walk to some process in continu-
ous space (often a Brownian motion). The case of uniformly elliptic conductances is
somewhat the easiest to study. In [SS04] the authors give the first complete proof of a
quenched functional central limit theorem (QFCLT) for any dimension when the con-
ductances are i.i.d.. An extension to stationary symmetric ergodic environments can
be found as a particular case in Section 6 of [BD10]. In [BD10] the QFCLT is derived

for i.i.d. conductances bounded away from 0 but not from infinity, i.e. they can reach
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arbitrarily high values. When the expectation of the conductances is infite, the CSRW
rescaled in the proper way converges in law to a fractional kinetic motion ([BC11]).

Of great interest is the case of conductances that can assume value zero. This
means that the random walk is not allowed to cross certain bonds and the labyrinth-
type geometry of the environment makes the analysis of the model more complicated.
In order to make things meaningful in this framework, one has to assume in dimension
d that P(wzy = 0) > pc(d), where p.(d) is the critical probability for bond percolation
in Z?. This guarantees the existence of an infinite cluster and one has only to condition
on the event that the starting point of the random walk lies indeed in this infinite
component. In the case of the simple random walk on the supercritical percolation
cluster (i.e. the conductances can assume only values 0 or 1) a QFCLT has been proven
first in [SS04] for d > 4 and then in [BB07] and [MPOQ7] at the same time for the
remaining dimensions. The invariance principle can be also proven when the support
of the (i.i.d.) conductances is more generally contained between 0 and 1, see [BP07]
and [Mat08]. In [BBHKOS§] (for d > 5) and [BB12] (for d = 4) the authors study the
probabilities of return to the origin after 2n steps of the walk and prove that, quite
surprisingly, the usual Gaussian upper estimates for the heat kernel do not hold. As a
consequence, we find ourselves in the unusual case where a CLT holds but a local CLT
does not. Finally, [ABDHI0] deals basically with all the previous setting at once: The
quenched invariance principle is here proven for the CSRW and VSRW with general
i.i.d. conductances with values in [0, 00).

A weaker or annealed version of the previous results goes back to the seminal work
[DMEFGWR89|, where the authors assume conductances which are translation invariant,
ergodic and have finite mean.

In the last year a couple of articles appeared showing a uniform quenched CLT
([GP12a]) and a conditioned (the random walk is forced to stay positive) quenched
CLT (|GP12b]) in the case of a RWRC whose jumps are unbounded (with polynomial
bounds on the tails of the jumps) in one dimension. These results have interesting
applications to Knudsen billiards (see [CP12]), modeling problems of transport and
diffusion in nanotubes.

Another recent topic that is gaining growing attention is that of random walks in

dynamic random environment. For dynamic random conductances, i.e. the weights
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on the bonds may vary in time, an invariant principle has been proven in [And12] for
stationary ergodic conductances uniformly bounded from above and below, polynomially

mixing in space and time.

1.2.1 Large deviations and the local times

Large deviations is the study of unlikely events, the probability of which decreases
exponentially fast as time passes. [DZ10] is a prominent reference for the general theory,
while [dHOO| offers a smoother introduction to the topic for non-experts. We recall the
general definition of a Large Deviation Principle (LDP) in a formulation similar to that
of Varadhan [Var66).

Definition 1.1. Let (E,d) a metric space and Bg the relative Borel-o-algebra. Let
{Yn}nen a sequence of positive numbers with v, — oo and I : E — [0,00] a function
such that I # oo. We say that a sequence of probability measures {un}nen satisfies a
Large Deviation Principle (LDP) with rate function I and speed ~y, if
1
(7) liminf —log u(O) > — inf I(x) for all open sets O C E

n—00 Yp xeO

1
(73) limsup — log u(C) < — inf I(x) for all closed sets C C E

n—oo In zeC

(13i)  The level sets ®(s) :={x € E: I(z) < s} are compact.

There is a large amount of literature dedicated to large deviations statements for
RWRE’s, but the results are mostly dedicated to the limiting speed of the random walks
(see [GAH94], |[CGZO00], [Var03] and many many others). LDP’s for other features of
the walks, which usually are well understood in the non-random-environment case, are
much less addressed.

One significant example is that of the local times, or occupation times, of the process.
Define .

0(2) = /0 6.(X)ds  zezd t>0, (1.10)

to be the time spent by a random walk (Xs)s>0 in the point z € Z¢ up to time t. Here
J.(+) denotes the usual Dirac delta, assuming value 1 when its two arguments are the

same and 0 otherwise.
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Consider now (X;)s>0 to be a random walk among fized conductances {wzy }, yez4-
Take a box By, = [~L, L] N Z%. An interesting question is: What is the probability
that the walker starting at the origin will not leave By up to time T > 0, that is,
> .ep, tr(2) = T? But one can be much more precise and ask: What is the probability
that the normalized local time is close in some sense to a given function g with support
in By, i.e., %ET ~ g? The answer can be found, going back to the eighties, in a series
of seminal papers by Donsker and Varadhan [DV75bl IDV75al, [DV76, DV83| on the west
side of the world and Gértner [G77] on the east side, which built the basis for the
theory of large deviations for the occupation time measures of various types of Markov

processes.

Theorem 1.2. The sequence Py (3¢, € -|supp(¢;) C Bp) satisfies a large deviation
principle on the space M1(Bp) of the probability measures on By, with speed t and rate

function Iy, given by
L) = (= A%Vi, V) = C= Y wey(Vitly) = via(@)® = Cr, (1.11)
x,Yy€Z: x~vy

where

Cp= inf S wey(Vay) - vi(x)®. (1.12)

eEM (B
’ 1(Br) z,yEB: z~y

Here we have trivially extended p to the whole Z¢ and therefore we can include also in
the sum in (1.12)) all z,y € Z¢, with x ~ y.

A proof of the theorem similarly stated can be found in [K06].
It was not possible for us to find references addressing the same problem when the

conductances are also random.

1.2.2 Local times large deviations for an RWRC

As pointed out in Section no LDP for the local times ¢;(z) = f(f dx,(z)ds had been
proven before in the case of random weights on the bonds. In [KSW12|] we derive the
annealed analogon of Theorem in the random environment setting. As a byproduct

we obtain the asymptotics of the non-exit probability from a finite set B C Z¢ (not
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necessarily a box) and the lower tails of the principal (i.e., smallest) eigenvalue A\“(B)
of —A¥ in B with zero boundary condition, which can be seen as a Schrdadinger operator.
We concentrate on the interesting case where the conductances are positive, but can
assume arbitrarily small values. Here the annealed behaviour comes from a combined
strategy of the conductances and the walk, and the description of their interplay is the
focus of our study. Loosely speaking, the optimal joint strategy of the conductances
and the walk to meet the non-exit condition X|o, C B for large ¢ is that the conduc-
tances assume extremely small ¢-dependent values and the walker realizes very large
t-dependent holding times and/or trajectories that do not leave B. We will informally
describe this picture in greater detail.

Our main assumption on the i.i.d. field w of conductances is that, for any {z,y} € E,

Way € (0,00) and essinf (wgy) = 0. (1.13)

More specifically, we require some regularity of the lower tails, namely the existence of

two parameters 1, D € (0,00) such that
log Pr(wgy <€) ~ —De™", e} 0. (1.14)

That is, the edge weights can attain arbitrarily small values with prescribed probabili-
ties.

Our main theorem is the following large deviation principle for the normalised local
times before exiting B. That is, we restrict to the event { Xy, C B} = {supp(¢;) C B}.
By

Ep:={{z,y}: 2 € B,y c 2%y ~ z} (1.15)

we denote the set of edges connecting the sites of B with their neighbours both in B

and outside.

Theorem 1.3 (Annealed LDP for %Et). Assume that w satisfies (1.13) and (1.14]). Fiz
a finite connected set B C 7% containing the origin. Then the process of normalized local

times, (+0¢)¢>0, under the annealed sub-probability law (P§(- N {Xp, C B})) satisfies

an LDP on M(B), the space of probability measures on B, with speed 71 and rate

function J given by

2n

J(@®)=Kyp > lgly)—g@)|"1,  ge (2%, supp(g) C B, |gl2 =1, (1.16)
{x,y}GEB
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1 L
where K, p = (1+ 5)(D77)n+1.
The proof of Theorem is given in Chapter 2l More explicitly, it says

R ol w (1 . 2
htrgg)lft 7+ log <]P’0 (;Et €0, Xy C B>> > —gl;éfo J(g%) for O C M;(B) open,

(1.17)
limsup ¢~ 77 log <IP>5” (%ét € C, Xy C B)> < —inf J(¢?)  for C C My(B) closed,

t—o0 g2eC
(1.18)
and that the rate function J has compact level sets. Our convention is to extend
any probability measure on B trivially to a probability measure on Z%; note the zero
boundary condition in B that is induced in this way.
Interestingly, we can see how the boundary case n = oo formally reconstructs the
result of Theorem

Remark 1.4. As can be seen from its proof, Theorem holds literally true if Z% is
replaced by an (infinite or finite) graph and B by some finite subgraph.

A heuristic explanation of the speed and rate function is given in Section It
turns out there that the conductances that give the most contribution to the LDP are
of order ¢t~/ and assume a certain deterministic shape.

With the special choice O = C' = M;(B), we obtain the following corollary.

Corollary 1.5 (Non-exit probability from B). Under the assumptions of Theorem

N "
Jim 71 log <IP’0 (X C B)> = —K, pL,(B), (1.19)
where
. 21
Ly(B)= _inf > |g(y) - g(z)|". (1.20)
g2eM1(B)
{z,y}EEB

From Theorem [1.3] we also derive the precise logarithmic lower tails of the principal

(i.e., smallest) eigenvalue \*(B) of —A“ in B with zero boundary condition.

Corollary 1.6 (Lower tails for the bottom of the spectrum of A¥). Under the assump-
tions of Theorem

lifg e"log Pr(\“(B) < &) = —DL,(B)"".

The proof of this Corollary is postoponed to Section
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1.2.3 Law of large numbers and the point of view of the particle

While the question of the convergence of RWRC’s to some continuous diffusion is pretty
delicate to handle, the law of large numbers (LLN) is much more well understood.
If (X,)nen is our RWRC, call
. X
lim —
n—oo N
the limiting speed, or just speed, of the walk. We ask: What are the conditions on the
distribution P of the conductances in order to guarantee that such limit exists and is
the same for P-almost every environment w and Fg-almost every trajectory?
Let us consider the Z? grid. The following result is well known, see [BisI1], Theorem

2.4, for a more general case including the possibility of finite-mean jumps of the walk.

Theorem 1.7. Let {wyy}, yeza be nearest neighbor conductances sampled from a shift-
ergodic elliptic distribution P with E|wg,| < co. Then

P(‘)"( lim % = 0) =1 for P-almost every w € €.

n—o0

The proof of this fact involves a quite standard tool for RWRE’s, namely the so called
motion from the point of view of the particle (see [KV86], [Koz85], [PV81] and [PV82] for
some earlier results). The technique consists in looking at the Markov chain (7x, w)nen

defined on the space of the environments 2 with transition probabilities

K(w,&) =Y P§(X1 = 2)0r,0(@).

z~0

This chain has, in the setting of the previous theorem,

mo(w)

Q(dw) :== WP(dw)

as a stationary measure, which is (as the formula shows) absolutely continuous with re-
spect to the original measure (this in general doesn’t happen for non-reversible RWRE’s).
The price paid for moving to a much bigger state space is rewarded with the stationar-
ity of the increments of the chain, which the original dynamics did not have. It can be
shown that the chain (7x,w)nen is ergodic and the result of Theorem follows then
quite easily from the usual ergodic theorem and representing (X, ),en as an additive

functional of (7x,w)nen-
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A similar result can be easily proven for the simple random walk on the percolation
cluster. A much more interesting model is that of the biased random walk on the
percolation cluster (in which the walker 'prefers’ to go in one direction), where atipical
and unexpected behaviors of the speed occur: It may happen that the model switches
from a ballistic to a subballistic regime as the drift in the preferred direction increases.
The literature for physical motivations and background includes [Dha84] and [DS9§],
while a mathematical coverage can be found in [BGP03], [Szn03], the more recent [Eril0]
and [FHI11], and others.
Note that the conditions of Theorem [I.7] do not require any restriction on the mixing
properties of the environment, i.e. on how much far-away conductances are correlated.
A complementary well known result deals with the strongest mixing condition possible:

the i.i.d. case.

Theorem 1.8. Let the environment w be sampled with an i.i.d. law. Then

P( lim %2 =0) =1.

n—oo

It is important to underline that no assumptions on the distribution of a single conduc-
tance were made.

We could not find any reference of such result in the literature. In Section [3.4] we will
give a sketch of the proof in two dimensions (for which we thank Prof. Noam Berger).

Both Theorem and Theorem give sufficient conditions for the RWRC to have
almost sure zero speed. To our knowledge there were no examples of walks among
ergodic random environments in Z¢ exhibiting non-zero speed in the literature before
[BS12].

Finally we would like to mention that a lot of research has been carried out for
RWRC’s when the underlying graph is other than the square lattice. One of the most
remarkable examples are random walks on Galton-Watson trees. For this model the
speed (defined as the limit of the distance from the root divided by the number of steps
performed) shows somewhat unexpected features: It is not monotonous in the strength
of the bias when the tree is allowed to have leaves (see [LPP96] and [A11]), while its
behavious is still not fully understood in the no-leaves case (|[BAFSII]).
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1.2.4 Moments conditions for non-zero speed of RWRC’s

For this result, we let P be a measure on € which satisfies the following two conditions:
(i) P is invariant and ergodic w.r.t. the group of spatial moves in Z2.

(ii) The marginal distribution of w, is the same for all choices of the edge e, i.e. vertical

and horizontal edges have the same distribution.

Note that this is weaker than invariance w.r.t. rotations. Condition (ii) can be weakened
significantly, but for simplicity we keep it as is.

The two Theorems and give as result an almost sure zero-speed. There seems
to be two types of criteria involved: The first is moment conditions that control the size
of the conductances, and the second is mixing conditions saying that if the environment
mixes fast enough then the speed is zero. In [BS12] we only consider the first type,
and show that the sharp condition is that the logarithm of the conductances has high
enough moments.

Our main result is as follows.
Theorem 1.9. Let e be an edge in E2.

1. If there exists o > 1 such that

Ellog® we] < o0, (1.21)
then
P(lim X"zO) =1.
n—oo N

2. For every a < 1 there exists a distribution P on environments such that E[log® we| <

P(lim X":O):().
n—oo n

Furthermore, in this case it is possible to choose P so that either
]P) <

X
P < lim =2 does not exz’st) =1.

n—oo mn

oo, but

X
lim —”H >0> —1
o, ¢]

n—oo N

or
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Remark 1.10. Our proofs will deal with conductances bounded away from zero, but
would work in the same way including the possibility of zero conductances. Note also
that the choice of dimension 2 has been made in order to have easier and more intu-
itive proofs. We are confident that the same results can be proven with the very same

techniques in higher dimensions, with critical o equal to d — 1.

1.2.5 Effective conductance and homogenization theory

As is well known, most materials, regardless how pure they may seem at the macro-
scopic level, have a rather complicated microscopic structure. It may then come as a
surprise that physical phenomena such as heat or electric conduction are described so
well using differential equations with smooth, sometimes even constant, coefficients. An
explanation has been offered by homogenization theory (see the monograph by [JKO94]
for an overview on the subject and its history): rapid oscillations at the microscopic
level average out, or homogenize, at the macroscopic scale. However, this does not mean
that the microscopic structure is simply washed out. Indeed, while it disappears from
the structure of the resulting equations, it remains embedded in the values of effective
material constants, e.g., the coefficients.

An illustrative example of a homogenization problem is that of effective conductance
for the RCM. For any A C Z¢, let B(A) be the edges with at least one endpoint in A.
Given an f: Z¢ — R and a finite A C Z¢, let

2

Qaf) = ). wnl[fl) - f@)], (1.22)
(z,y)€B(A)
where each pair (z,y) is counted only once. This is the electrostatic Dirichlet energy for
the potential f with Dirichlet boundary condition on the boundary vertices of A (note
the analogy with , where zero boundary conditions were considered instead).
For simplicity we will consider the square box Ay, := [0, L)?NZ<. A quantity of prime
interest for us is the effective conductance, which we already defined in the context of
electrical networks (compare with ,

CEu(t) == inf{Qa, (f): flx) =t -z, Yo € OAL}, (1.23)

where ¢t € R% and where OA are those vertices outside A that have an edge into A.
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By Kirchhoff’s and Ohm’s laws (see, e.g., [DS84]), C£f(¢) is the total electric current
flowing through the network when the boundary vertices are kept at voltage ¢ - x.

For homogeneous resistor networks, i.e., when wg, := a for all (z,y), the infimum
is achieved by f(z) := t-z and so Cf(t) = alt|*L4(1 + o(1)). A question of
(reasonably) practical interest is then what happens when the conductances {w,,} are
no longer constant, but remain close to a constant.

A comparison of Qx with these w;,’s and the homogeneous case shows that C L"H(t)
is still of the order of [t|2L%. Moreover, thanks to the choice of the linear boundary

condition, by subadditivity arguments the limit
1
ce(t) == lim — CFE(t) (1.24)

exists almost surely for any ergodic distribution of the conductances. The problem left
to resolve is thus a computation of the limit value.

Although ceg(t) can be computed only in a handful of (periodic) cases, it can be
characterized in large generality: Suppose that w is a sample from a shift-ergodic law P
1]B(Zd)

on the product space  := [\, x indexed by edges of Z%, for some X > 0. As is well

known,
. 2
Cof(t) =  inf E( Z a07m(w)|t cx+ Vzg(w)‘ ) (1.25)
geL>=(P) £=81,..84
Here é1,...,é4 are the unit coordinate vectors in R and V,g(w) := g o 7,(w) — g(w)

is the gradient of ¢ in direction of € Z% The expression in can be inter-
preted as the Dirichlet energy density with the spatial average naturally replaced by
the ensemble average. This object has not been introduced in the form of the limit
[1.24] (see [PV82], [K0z86], [Kiin83] and the book [JKO94]), and proving the equivalence
with the original formulation requires a bit of work (it can be deduced, e.g., through

Proposition of Chapter .

Once the (deterministic) leading-order of C'£(t) has been identified, the next natural
question is that of fluctuations. It is obvious e.g., by checking the explicitly computable
d = 1 case — that no universal limit law can be expected for general conductance
distributions, but progress could perhaps be made for the (physically most appealing)
case of i.i.d. conductances. However, even here establishing just the order of magnitude

of the fluctuations turned out to be an arduous task. Indeed, more than a decade ago
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Wehr [Weh97] showed that Var(C£f) > cL? for some ¢ > 0 but a corresponding upper
bound has been furnished only recently by Gloria and Otto [GO11]. Both of these results
contain important technical caveats: Wehr requires continuously distributed w,,’s while
Gloria and Otto express their results under a “massive” cutoff.

Gloria and Otto drew important ideas from an earlier unpublished note by Naddaf
and Spencer [NS98] where (optimal) upper bounds on the variance are derived for
certain correlated conductance laws. The main tool of [NS98] is the Meyers estimate
(cf Meyers [Mey63]), to be used heavily in the proof of Theorem as well. Other
noteworthy earlier derivations of (suboptimal) variance upper bounds include an old
paper by Yurinskii [Yur86] and a more recent paper by Benjamini and Rossignol [BROS§].
Closely related to these estimates are recent derivations of quantitative central limit
theorems for random walk among random conductances and approximations of the
limiting diffusivity matrix, e.g., Caputo and Ioffe [CI03], Bourgeat and Piatnitski [BP04],
Boivin [Boi09], Mourrat [Moul2], etc. Incidentally, the Meyers estimate is also the key
tool in [CI03].

1.2.6 A central limit theorem for the effective conductance

In the article [BSW12] we prove that, for i.i.d. conductances which are (deterministi-
cally) not too far from a constant, the asymptotic law of Cf(¢) (defined in (L.23)) is
in fact Gaussian. Let A(u,0?) denote the normal random variable with mean p and

variance o2. Then we have:

Theorem 1.11. Suppose the conductances wyy are i.i.d. For each d > 1, there is
A = A(d) € (0,1) such that the following holds: If (1.1) is satisfied P-a.s. with this A,
then for each t € R? there is 07 € [0,00) such that

CE™(H) ~BCE(1) v
|AL|1/2 L—o0

N(0,02). (1.26)

Whenever the conductance law is non-degenerate we have o? > 0 for all t # 0.
The proof also immediately yields:

Corollary 1.12. Under the conditions of Theorem [1.11

1 eff 2
‘AL‘Var(CL (t)) Pz (1.27)
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where o? is as in (1.26)).

A few remarks are in order:

Remarks 1.13. (1) Notice that does not give us much information on the “order
expansion” of C£E(t). Indeed, we know that EC{E(t) is to the leading order equal to
cef(t)|AL| but when this order is subtracted, the next-order term is (presumably) of
boundary size. In d > 3, this is still larger than the typical size of the fluctuations.
Notwithstanding, what does tell us is the character of the leading order random
term.

(2) There is in fact a formula for o2, see Theorem below, which also shows that
t v 02 is a bi-quadratic (and thus smooth) function of t. However, the formula involves
complicated conditioning and does not seem very useful for practical computations.

(8) There is no restriction on the single-conductance law other than . In par-
ticular, this law can have a non-absolutely continuous part including atoms. Certain
technical problems do arise at this level of generality; see Section which, we be-

lieve, is of independent interest.

We prove Theorem by reducing it to the Martingale Central Limit Theorem.
There are two main technical ingredients: homogenization theory (which enables a sta-
tionary martingale approximation of C I‘fﬁ(t)) and analytical estimates for finite-volume
harmonic coordinates (by which we control the errors in the martingale approximation).
The restrictions to rectangular boxes, linear boundary conditions and small ellipticity
contrasts permit us to encapsulate the analytical input into a single step, the Meyers
estimate, cf Proposition [4.4] and Theorem [4.15] These restrictions can be relaxed but
not without additional arguments not all of which have been handled satisfactorily at
the time [BSW12] was uploaded on the arXiv. These are deferred to a follow-up paper.
We remark that two recent preprints have been brought to our attention at the time
this work was first announced in conference talks. First, Nolen [Noll1] has established
a normal approximation to the effective conductance defined over a periodic environ-
ment, in the limit when the period tends to infinity. Second, in a preprint that was
posted at the time of writing the present note, Rossignol [Ros12] formulates and proves
a central limit law for the effective resistance for the corresponding problem on a torus.

Nolen’s defines the problem over continuum, albeit with a rather strong assumption on
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an underlying Gaussian i.i.d. structure. Rossignol’s setting is based on minimizing the
electrostatic energy over currents (rather than potentials) subject to a restriction on the
total current flowing around the torus. By a well known reciprocity relation between
effective conductance and resistance, these papers appear to address similar problems
(see Section [L.1.3).

Our work differs from both Nolen [Nolll] and Rossignol [Rosl2] primarily in its
emphasis on fixed (Dirichlet), as opposed to periodic, boundary conditions. Indeed, a
majority of our technical work is aimed at controlling the resulting boundary effects.
Also the way a Gaussian limit law is established is quite different: Nolen appeals to
Stein’s method, Rossignol uses concentration of measure while we invoke the Martingale
Central Limit Theorem. A deficiency of our result compared to [Nolll] and [Ros12] is
the limitation on ellipticity contrast. Nolen overcomes this by an appeal to Gloria
and Otto |[GO11], although this ultimately precludes the most interesting conclusion
in d = 2. Rossignol’s approach appears to work seamlessly for all elliptic product laws.

While the Gloria-Otto method can be adapted to our situation as well, just as for
Nolen [Nolll] it fails to deliver the desired conclusion in d = 2 (the issue is that the
method yields bounds on the moments of the corrector, which diverge in d = 2, while
we need only moments of the gradients of the corrector). The moment bounds thus
seem to be a separate technical matter, so for our first paper we decided to sacrifice
on generality of the distribution and derived the CLT only in the simplest, albeit still

physically interesting, case.



Chapter 2

Large deviations for the

occupation measure

In Section we present a heuristic derivation of Theorem Section is dedicated
to the rigorous proof of the main result: Subsection covers the lower bound
while Subsection takes care of the upper bound . Finally we prove Corollary
in Section Section offers a brief outlook of possible future research on the

subject.

2.1 Heuristic derivation

We now give a formal derivation of the LDP in Theorem Given a fixed realisation
o = {pzy: {7y} € Eg} € (0,00)F5 of the conductances, the probability that the

normalised local time resembles some realisation g2 € M1 (B) is roughly

Pg(%ft ~ g2> ~ exp{ — tISD(g2)}, (2.1)

where the corresponding Donsker-Varadhan rate function is given by

Io(*) = (- A%9,9) = Y eulg(z) — g (2.2)

This is a formal application of the LDP for the normalized occupation times of a Markov
process with symmetric generator A¥ as in [DV75b] and |G77] (see Theorem ; by

24
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(-,-) we denote the standard inner product on £2(Z%). Note that the event { X, C B}
is contained in {%ét ~ ¢°}, therefore we drop it from the notation.
Taking random conductances into account, we expect an LDP on a slower scale than
t, as small t-dependent values of the conductances lead to a slower decay of the annealed
probability of the event {%Et ~ g*}. Therefore, we rescale w by a factor ¢ with some
r > 0 to be determined later, and approximate
Pr (trw ~ gp) =Pr (V{m,y} € Ep: wyy &~ t_Tnpzy) = H Pr (wxy ~ t_rgpzy)
~exp{ —t"H(p)}, (2.3)
where the rate function for the conductances is given by
H(p):=D Y ¢ (2.4)
Here we made use of the tail assumptions in ([1.14]). Hence, combining (2.1)) and (2.3)),
T -
(PE (100~ %) Uprumpy ) X PG (3~ %) Pr (w = £77p)
~exp{ = (%) — 7 H(p)
_ 2 _
~ep{— 3 (B wu(9@) - o)’ + Do) |

{J,‘,y}EEB
(2.5)

We obtain the slowest decay by choosing r such that =" = ¢, which means r =
(1 +n)~!. Then the right-hand side has scale t#, which is the scale of the desired

LDP. In order to find the rate function, we optimize over ¢ and obtain that the choice

¢ = ¢ with

1 _2
iy = (D)7 gly) — g(a)[ 77, {=z,y} € Ep, (2.6)
contributes most to the joint probability. Therefore, we have the result
<]P"()J(%€t ~ g2)> ~ exp{ — t#J(QZ)},

where the rate function is identified as

T(g%) = inf [Lo(g*) + H(0)] = L (%) + H() = Kyp - 3 lg(y) = g(a)[7.
{z,y}eEp
2.7)
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The tail assumptions we have made on the environment distribution lead to a fairly
remarkable interaction between the random influences of the environment on the one

hand and the random walk on the other. Under more general assumptions, e.g.,
log Pr(wgy <€) ~ —al(e), e—0

for some sufficiently regular nonincreasing function a: Ry — R4, we would expect an
analogous result to hold. However, if a(g) is not a polynomial in ¢, the scale and rate

function of a corresponding LDP certainly would not have such an explicit form.

2.2 Proof of Theorem [1.3

In this section, we prove Theorem This amounts to showing the two inequalities in
(1.17) and (|1.18)), since the compactness of the level sets follows immediately from the
continuity of J and compactness of the space M1(B). The two inequalities are proven

in the next two sections.

2.2.1 Proof of the lower bound

In order to prove (1.17)), we need to control the transition from one realization of the
environment to another. To this end, we first identify the density of this transition on
process level. We feel that this should be generally known, but could not find a suitable

reference. For ¢: E — (0,00) we abbreviate ¢(x) := ) (x,y). We also write ¢,

gz
instead of ¢(x,y).

Lemma 2.1. Assume that p,1¢: E — (0,00) are bounded both from above and away
from zero. Denote by S(t) the number of jumps the process X = (Xs)sejo,) makes up
to time t and by 0 < 71 < ... < 7g() the corresponding jump times. Fix some starting
point x € Z* and put 1o = 0. Then, for all t € [0,00),

5(t)

(%) =[] ((‘O(XTZ'1’XTi)e—(ﬂ'—n—ﬂ[@(Xr,-_l)—MXn_l)]) o (=T [B(X0) ~B(X0)]

i=1 ¢(X7i71, XTZ)

is the Radon-Nikodym density of Py with respect to PY with time horizon t.
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Proof. We will write ®; instead of ®4(X). Obviously, ®; > 0 almost surely. We
start showing that, for all ¢ > 0, the expectation of ®; under PY is one. Then, we
use Kolmogorov’s extension theorem to show the existence of a measure P, such that
P,(A) = EY(®,1,4) for all A € F;, where (Ft)te[0,00) 18 the natural filtration generated
by X. It remains to show that the process X under P, is a Markov process and that it
is generated by A¥, which implies P, = PY.

Let us start by showing that the expectation of ®; under PY is one. Consider the
discrete-time process
ﬁ( P15 X)) (X ) (X, n])
Xry, Xry)

=1

We have, for x € Zd
Z wxy (ny/ 'QZ} 1], —(p(z) 1[; dS _ Z pry _

Combining this equation with the strong Markov property, we see that (Z,,), is a mar-

tingale with respect to the filtration (F

n

Jnen generated by the jumping times and that

@(Xta XTS ) = 7
EY O+ (s ()+1—)[P(Xe)=P(X1)] F| =E% [Z] =1 (2.8)
[w(Xt’ X5 X
Pf-almost surely for all z € Z?. Then, we obtain
EY[®] = EY[Zswy11), @ €27,

by inserting the first term of (2.8) under the expectation and using that ®; is F-
measurable. Consequently, it remains to show that Ef[Z S(t)+1] =1. As S(t)+1is
an unbounded, but almost surely finite stopping time with respect to the filtration

(7.

n

JneN, the optional sampling theorem yields that E%[Zs(t)“] < 1. On the other
hand, for all integers k& > 0,

EY [ Zsw+1] = BY[Zswy+1 sy +1<k] = BY [ Zsy+1a6) —EY [ Zels@ysk] = 1-EY [ZiDg4)>k)-
(2.9)

To show that the last term is arbitrarily close to one for large k, we recall that on

{5(t) = k}

k

max

Zk < < rCZ4, y~x @w) etmax{|<pxy—¢my\: {z,y}eE} = oy,
mMin,czd yog Yy
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SO Ef[Zk]lS(t)Zk] is bounded from above by aP¥(S(t) > k). As all jumping times are

exponentially distributed with a parameter smaller than v := max,czq ¥ (x), we may

estimate

PU(s() > k) <o 3

The tail of an exponential series is super-exponentially small, which means aka(S (t) >
k) — 0 for k — oo. Since 1) was true for all k, we see that EY [Zst)+1] = 1.

For arbitrary k¥ € N and t,...,t; > 0 define £ = max;c(1,.. k) ti and a measure
k
Qt17~“1tk on (Zd) by

Qtlv-“atk (xlﬁ s 7'%'16) = E%[(I)f]l{th:x1,...,th:a:k}]a T1,...,Tk € Zd-

We verify without much effort that Ef[@HS]IA] = Ef [@14] for all A € Fy and t,s >
0, which implies consistency of the family of measures above. Thus, by Kolmogorov’s
extension theorem, there exists a measure P, with finite-dimensional distributions as
above, and we have P,(A) = Ef[fbt]lA] for all t > 0 and A € F;. We show that the

process X under P, satisfies the Markov property, i.e.,
Eo[lix,, .=y} |Fi] = Px,(Xs =y) Ppas. forally ez s,t>0 (2.10)

where E, denotes expectation with regard to IP,. Note that Py, is defined as we have
considered an arbitrary starting point z in what we have shown so far. Indeed, for all
Ac .7:15

E, [Ew[ﬂ{Xt+s:y}|~7'—t]ﬂA] = Eo[lix,, =y 4] = Eﬁ [@r4sTix, =y} a]

= BY [EY [ @451, , —yy | Fe) 4]

*)
= EY[EY, [0 (x,—)]14]

= Eq [Ex, [T x,=y)]14],

where equation (x) is due to the fact that X satisfies the Markov property under PY
and Oy P, 1]1{ Xi+s—y} depends only on X4 . Consequently, we have shown (2.10)
and X is a Markov process under PP, with a unique infinitesimal generator. Elementary

calculations show that

S (BP0 - f(@) 2% A%f(2)
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for arbitrary « € Z¢ and f: Z% — R. This implies P, = P¥ and the proof is complete.
O

Now we use Lemma to compare probabilities for two environments that are close

to each other.

Corollary 2.2. Let ¢,9: E — (0,00) with 0 < gy — € < @uy < yy + € for some
e >0 and all {z,y} € E. Moreover, let F' be some event that depends on the process
(Xs)selo,q) up to time t only. Then

Bf (F) > By (F).
Proof. Let ®; denote the Radon-Nikodym density of P with respect to Pg_a up to time
t. Employing the representation given in Lemma [2.I] we have

(I)t > H ( T —Ti— 1 (Xri71)—1/7(Xri71)+2dE]) ei(tiTS(t))[@(Xt)*d_)(xt)«kng]

S(t)
> H ( 7' —Ti—1 4d£> (t—TS(t))ZldE 2 e—4d£t'

The desired inequality follows immediately. O

Remark 2.3. If the event A is contained in {supp(¢;) C B}, it suffices to require
0 < Ygy — € < Pay < gy + € for some e >0 and all {z,y} € Ep.

Let us now show (1.17). Fix an open set O C My(B). As the event {X|o, C B} is
contained in {1¢; € O}, we omit it in the notation. Observe that the distributions of

%Et under P¥ and tl%rﬁﬂ_r under P§“ coincide for all 0 < r < 1. Hence

lim inf
t—o0 t 7]+1

log <P“<i€t € O)> = hmmf log <Ptnw<ift € O>>,

which will simplify the application of a classical Donsker-Varadhan LDP for random
walks in fixed environment later. Choose an element g2 € O arbitrarily. For M > 0
define ¢} : Eg — (0,00) by

2

1 2
" (Dn) 7T g(y) — g(@)| 1 if [g(y) — g(z)| >0,
o (T,y) =
M otherwise.
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Next, we introduce the set
A={p: Eg— (0,00)| ¢} —e <o <}, (2.11)
where € > 0 is picked smaller than %minEB goﬁ\gj. By dint of Corollary
1 1
tmw (1 tnw
(v~ (30 0)) = (B (30 €0,y )

1
> ingpg (%Et € O) Pr(tnw € A)

o€
(9) 1
> eI T (L € O) Pr (7w € A). (2.12)
Using the tail assumption in (1.14)), we see that
1 1
: (9)
tlggoglogPr (thw e A) = —H(oY)),
where H is given in (2.4). Furthermore, we apply the lower bound of the classical
Donsker-Varadhan LDP (see [DV75b] or [G77]) to get
liminf > log PEY (14, € 0) > —inf I
fioo e (e 0) = —inf
where I, is given in (2.2). Hence, from (2.12) we obtain

1
£ : (9)
hgg)lf;log <IP ( 0 e o)> > —4de —inf L — H(g))
_ s _ (9)
> —4de 1gf]¢551) H(p)
—4de — 1 () (9%) = H(#W),
M

since ISD@) R IQO@,) and ¢g? € O. Now we send ¢ to zero and M to oo, to obtain
M M

1
timinf +log (B (0 € 0)) > ~1u(6%) ~ Hpw) = ~J(s"),
t—o0

where @ = lim /00 ] is given in (2.6), and we used (2.7). The desired lower bound
follows by passing to the infimum over all ¢ € O.

2.2.2 Proof of the upper bound

In this section we prove (1.18)). Let us first fix some configuration ¢ € (0,00) and
start with an estimate for the probability Pg(%ﬁt € ). This approach has actually
been used by other authors before, but we provide an independent proof for the sake of

completeness.
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Lemma 2.4. Fiz an arbitrary set A C My (B). Then

Pg( b € A) f(O)f exp {t sup Z A¢’f(:v)h2(m)} (2.13)

min 2 )
for arbitrary f: Z% — [0, 00) with supp(f) = B and t > 0.

Proof. We consider the Cauchy problem

Opu(z,t) = APu(x, t) + V(z)u(x,t), reZt>0,

2.14
u(z,0) = f(x), x €7, ( )

with

Obviously, u(-,t) = f(-) solves (2.14)). On the other hand, by the Feynman-Kac formula,

any nonnegative solution u satisfies
u(z,t) = E? [efé V(Xs)dsu(Xt,t)], zeZd t>0. (2.15)

Therefore, we may estimate

APF(Xs) g

£(0)=E [ - Js 555 f(Xt)]
Eg[e Seen S7EE ﬂ”)f( )ﬂ{%zteA}}

> mEi;nf exp{ —t sup Z A f(@) h2(x)}IP’g (%Et € A),

nzea =, 1)

A\

which is a rearrangement of the assertion. O

Now fix some closed set C' C M;(B). As a closed subset of a finite-dimensional
space, C' is compact with respect to the Euclidean topology. We are going to apply a
standard compactness argument, which is in the spirit of the proof of the upper bound
in Varadhan’s lemma [DZ98, Thm. 4.3.1]. The idea is to cover C' with certain open
balls, where ‘open’ refers to the Euclidean topology.

Fix 6 > 0. For ¢g? € C define

dg = min {|g(y) — g(z)|: {z,y} € E, g(x) # g(y)} € (0,00),
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where we recall that g2 is defined on the entire Z¢ and is zero outside B. Consider the
open ball in M;(B) of radius ¢4 := min{d‘gl,é} centered at g?. Fixing a configuration

€ (0,00)¥, we can apply Lemmawith f() :==g(-) + \/d41p and obtain

P(f (%& c Bég (92)> 1 —i;/Z» exp { h2esBlg)(92) IGZB g + f\;lﬁ (CU)} (2.16)

In what follows, we show

sup A?(g + Vo, lip)(x)
nzeBs, () S 9(x) + Vo,

() < ~I,(g*)(1 - 761), (2.17)

where we recall from (2.2) that I,(g%) = > (zyrer Paylg(z) — agy)|? = —(A%g,9). To
that end, we replace h? by (g + /69]13)2 and control the error terms.

<1 9 + \/ ]13
p h?(z)
h?€Bsy(9°) 2B )+ al

-3 = g+f;15 (9() + V/57)?
zeB

b o Y AEVEINE o0 ) o ) - ).

neBs, () i 9(@) + /9y

(2.18)

The first sum is easily estimated against the standard Donsker-Varadan rate func-

tion:

2 Mi&)i@; o) + VB = (%G04 VB Bs)0-+ /5, 15)
z€B g

< (Awgng) = _LP(QQ)a
where we have used the symmetry of the operator A¥ and that g = 0 outside B. In

order to estimate the last term in (2.18)), we treat the contribution of every summand
within the square brackets separately. We begin with the first part and observe that
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|h*(z) — ¢*(2)| = |h(z) — g(2)||h(x) + g(x)] < 244 for all h* € Bs,(g°) and = € B. Thus

Mg+ BB @) o o
Y e )

> %yj(y)‘g(%?(:c)—g?(:c))— S () - ¢*()

{z,y}eE (@) + /% {z,y}eE:
x,yeB z€B,y¢B
x J—
< Z Soxy‘g( ) 59(9)’25g+ Z Puy20,
{zy}eE V"9 {z,y}eE:

< 4635 1,(g%).
1
The last step is due to the fact that 6; < g(z)—g(y) whenever g(z)—g(y) > 0. Secondly,

ZA"O(Q—F\[ ]1B 2f

zeB + \/>
2 24/0
< Z @xy|g |‘ \/79 - (ﬁg(yé) ‘ + Z @myQ\/gg(l‘)
{ey}eE: Vo 9ly 9 (ayleE:
z,yeB r€B,y¢B

26
< Y %ylg(w)—g(y)\Q\/é»"d + Y en2/0lg(x) —
{z,y}EE: 979 {z,y}EE:
z,yeB x€EB,y¢B

< 2635 1,(g%).

1
Here, we have used d; < dy. The only part left is

A?(g +/3y1p)(z)
Q;B g(x) + /5, (%)

S R e +f g(y)i@\éﬁ S ol

{zy}ek: {z.y}eb:
z,yeB r€EB,y¢B
1
< Z Paylg(T) — g(y)\zﬁ% + Z Paylg
{z,y}eE: 979 {z,y}eE:
z,yeB r€B,y¢B

< §1L,(g").

Combining (2.18)) with the last three estimates, we obtain (2.17) and in particular

Pg (34 € Bs(e?) < 1% [T e f{-teuls@ —g@)lPa-150}  (2.19)
g {z,y}eFE
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The balls Bs, (g%) with g% € C cover C and since this set is compact, we may extract a
finite subcovering of C'. Denote by (912 )i=1,....n the centers of the balls in this subcovering.
1
Then, applying (2.19) for ¢ = t7w, we obtain
1 1
lim sup— log <]P’6" v (%& € C’) >

t—o00

1 1
< max limsup — ; log <P6nw(%€t € Bs,, (912))>

1= 17 7N t—o0

1 L+
< max Z lim sup — log<exp{ —t nnwzy]gz( ) — gi(x)\2(1—75%)}>.
N fayyemy %

According to de Bruijn’s exponential Tauberian theorem [BGT89, Theorem 4.12.9],
the tail assumption is equivalent to the condition that, for any M > 0 and
{z,y} € E,

lim — log < exp { — t wzyM}> Kn,DMﬁ, (2.20)

t—o0

where we recall K, p = (1 + 5)(D77)W from Theorem Thus, with ¢ so small that

1— 767 > 0, we obtain

limsupllog <Pt%“’(l€t € C’)> < max Z —K, plgi(y) — g(m)|12Tnn(1 — 75i)$
PR ¢ = i=1,...,N Kt ’

—(1—75%)T inf J(g
( 4)"12120()

with J as in (2.7). Since we may choose 0 arbitrarily small, the proof of (1.18) is

complete.

2.3 Proof of Corollary

Proof. A Fourier expansion shows that, Pr-almost surely,

|B| |B|
P (Xioq © B) = 3o N up0)ut 1) < 3 e8] < BP9,
=1

where 0 < A¥(B) = Ay < --- < Al are the eigenvalues of A¥ with zero boundary
condition in B and (v;")i:h_.,‘ B| & corresponding orthonormal base of eigenvectors. We
also have, Pr-almost surely,

|B]
NI < 3 (0, 12 < 3 P(Xppy © B)

=1 zeB
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Applying Theorem [I.3] to B — z and using the shift-invariance of w, we see that the
expectation of the right-hand side has the same logarithmic asymptotics as (Pg (X 0,4 C

B)). Therefore, the two above inequalities show that
log <e*t)‘w(3)> ~ log <IP"6’(X[0¢] C B)>, t — oo. (2.21)

Now de Bruijn’s exponential Tauberian theorem [BGT89, Theorem 4.12.9], together
with (1.19) yields the desired asymptotics. O

2.4 QOutlook: growing domains

The LDP in Theorem [I.3]is formulated for the simplest domain possible, that is a finite
set of points. What happens if we let the domain grow with time?

Imagine for simplicity to have a box B and to blow it up by a factor a;. We require
of course that oy grows in time, but also that oy < ¢'/2 in order to give to the random
walk the time to fill the whole blown up box a; B. The problem emerging from this new
scenario is the meaning of an LDP on a sequence of different spaces (the box changes
its size as the time passes). In order to make sense out of it, we must rescale the boxes
mapping them to a common space, say the initial box B. This brings to highly non-
trivial analytical problems, as we pass from a discrete to a contionuous setting, wishing
to replace discrete gradients with a derivatives. )

An interesting choice for the rate of growth could be oy = td+2. In fact, this
guarantees that the exponential rate of decay of the probability for the random walk
to stay in the box a;B (of the order ai%) matches the exponential rate of decay for the
probability of ”controlling” the value of the d - of conductances in the box.

Konig and Wolff have already investigated the case when the i.i.d. conductances have
a double stretched exponential tail near zero as in Theorem [1.3| and found a variety of

very interesting possible behaviours.

Theorem 2.5. Assume that w satisfies (1.13)) and (L.14]) with n > % m>1ifd=1),

and in addition that wyyly,, <<y has for some € > 0 a continuous increasing density.
1

Suppose 1 < ay < td+2 is increasing and fir a set G C R? that is open, connected,
bounded, with sufficiently regqular boundary and containing the origin. Let F := {f? :
f € L2(G), ||fll2 = 1} equipped with the weak topology of integrals against bounded
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continuous functions. Then the process of (properly rescaled and normalized) local times
d
Li(z) == S0 ([aga]) satisfies

1
lim inf — log (P (L; € O|suppl; C auG) > — fiQn{;) Jo(f?) for all O C F open,
€

t—o00 ’}/t

d—2n

_n
where the speed is v, = t1+n atHn , Jo=J —infyerJ and

Kyp XL, [o10if ()| Tady i f € HYG)

00 otherwise

J(f?) = (2.22)
K, p is the same constant as in Theorem . Furthermore, Jo has compact level sets
and for the non-exit probabilities also the corresponding upper bound holds:

1
lim inf — log (P¥ 0y C ayGY < — inf J(f?). 2.23
im in - og< G (suppl; C oy >_ flgfé]__ (f%) ( )

The proof of this theorem can be found in the Ph.D. thesis of Tilman Wolff [Woll13].
In fact, it is expected that a full LDP with the rate function described in holds.
For the non-exit probability it is also shown therein that the exponent 1 = % is critical:
below this threshold the speed of the LDP is no longer the same. This is due to the
fact that, thanks to the fat tails, it is possible for the conductances to assume extremely
small values in bounded regions, trapping the random walk.

While in the finite-box case the assumption of conductances that can attain arbi-
trarily small values was fundamental in order to have interesting results, this is not
true anymore for the growing-box case. The limiting shape of the local times is hard to
predict even in the simplest settings, for example when the conductances can assume
only two values, say 1 and 2. Homogenization Theory may be the key ingredient (see
e.g. the harmonic coordinate technique in Chapter to be combined with the tools
provided in the previous sections.

It is also worth noticing that the growing-domain case brings as a natural question
the quenched behaviour of the local times, which was trivial in the finite-domain setting.

The simplest case, i.e. strongly elliptic conductances, has also been treated in [Woll3].



Chapter 3

The speed of the RWRC

In Section [3.1] we show Part [I] of Theorem which ends up being a simple application
of the Varopoulos-Carne Theorem. In Sections [3.2] and [3.3] we show Part [2] of Theorem
The construction builds upon the example constructed by Bramson, Zeitouni and
Zerner in [BZZ06].

Finally, in Section we give a proof of Theorem

3.1 Moment conditions for speed zero

In this section we prove Part [I] of Theorem
In order to prove it, we will use the well known Varopoulos-Carne bound. For proof

see, e.g., [Car85].

Lemma 3.1 (Varopoulos-Carne). Let L be an irreducible Markov transition kernel with
reversible measure w. For states x and y, denote d(x,y) = min{n : L"(x,y) > 0}. Then
for every x, y and n,

_d(z.y)?

L'(z,y) < 2¢/2W e~ 750 (3.1)

7(x)
Proof of Part[d] of Theorem[1.9. The measure 7 on Z2, defined by 7(z) = >y Wiz,
is a reversible measure for our random walk. As in , let

D = E [log® w,] < .

For n € N, consider the points € Z? such that ||z||sc = n, and call E,, the set of
edges having at least one end in these points. Note that |E,| = 24n.

37
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Then by Markov’s inequality, for every n € N and K > 0 we get

P(3e € E, s.t. we > &) <24an—— .
( n € 4) — loga(%)

In particular, if K = e"” with 1/a < B < 1, then
P (Ele € FE, s.t. we > %) < Cnl_aﬁ,

for some constant C' > 0.
Observe that 1 — a8 < 0. Therefore, by Borel-Cantelli lemma, for an integer x >
(aB —1)71, as. for all n large enough and every edge e € E,~, we have

We < ie"ﬁﬁ.
Therefore, for every z s.t. ||z]|c = n", we have that 7(z) < e’

Now fix M € N and assume that M is large. For every n large enough,

P(||Xansfloo > n®) < P(3k < Mn" : || Xagnr oo = ")

MnF
<> D PUXp=ux)

k=1 z:||z||co=n"

n2

MnF “

m(z) .~ 5%

ST
k=1 z:||z||co=n"

K

_ KB
< C'm(0)" P exp {7 — 3571}

for some constant C’ > 0.

Therefore, again by Borel-Cantelli, almost surely for all n large enough,
[ X nrnslloo < 07

From here we immediately get that almost surely

. [Xnllo _ 2
limsup —— < —
n—>oop n - M

and in fact, since M is arbitrary,

IP( lim ﬁ:o)zL

n—oo n
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3.2 Trees

In this section and in the next one we prove Part 2] of Theorem|[I.9] The section is divided
into two different subsections. In Subsection [3.2.T]we create the structure for the random
environment where, with probability one, the sequence (%) does not converge, and in
Subsection we create another example where with probability one the sequence
(%) converges to a speed which is not zero. In both cases F[log® w,] < oo for arbitrary
a < 1. The example in Subsection [3.2.1]is a direct application of the tree construction
of Bramson, Zeitouni and Zerner [BZZ06]. For the construction in Subsection we
need to modify the tree of [BZZ06]. The construction is inspired by the construction in
[BZZ06], but we need to change quite a few details in order for the speed to converge.

In both cases, we adapt trees into environments for the random walk in the exact

same fashion. This is done in Section Now, we give a short introduction with the

necessary terms from [BZZ06], and then, in Subsection [3.2.1| and |3.2.2 we create the

actual trees.
An ancestral function is a (in our case random) function a : x € Z? — a(z) € Z*

with the following properties:

e z and a(z) are nearest neighbours;

e a(a(z)) # x;

e the set of edges F, := {{z,a(z)} : z € Z%} is a forest (i.e. the graph (Z% F,)

contains no cycles).

Every connected component of F, is an infinite tree. a(z) can be seen as the parent
of  and we denote by a™(z) the n-th generation ancestor of z, for n > 0 (with the
convention a’(z) = ).

We also say that an ancestral function is directed if for some ,j € {+1,—1} and for
every x € Z2, a(x) — x € {(0,14), (§,0)}.

The length of the longest branch starting in x (or the distance from z of its farthest

descendant, if one prefers the genealogical metaphore) is

h(z) := sup{n > 0: Iy € Z* such that a"(y) = x}. (3.2)
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We are interested in the distribution of ~(0) in the case of a random translation
invariant ancestral function.
Theorem 1 in [BZZ06] says that for any stationary ancestral function there exists a
constant ¢ > 0 such that
liminf 1P > n) >
iminf 7 (h(0)>n)>c

(3.3)

In the same article the authors show that this is in fact the best lower bound achiev-

able. We give the 2-dimensional version of Theorem 2 in that paper:

Theorem 3.2 ([BZZ06], Theorem 2). There exists a stationary directed ancestral func-
tion (a(x))geze that is polinomially mizing of order 1 and for which

lim sup nP(R(0) > n) < co. (3.4)

n—oo

We now describe the BZZ tree, as appearing in [BZZ06].

3.2.1 The BZZ tree

We provide now the construction of the ancestral function used in [BZZ06], restricted
to the 2 dimensional case. We will make use of the same notations as [BZZ06] with an
additional tilde.

Let {e1,e2} be the canonical basis of Z2, with e; parallel to the z-axis. Fix two
constants  and 7p € N such that 2v/2 < § < 7. For every = € Z? let L(z) be i.i.d.
random variables with atomless distribution and satisfying

; _¢

P(L(z) >t)=—5  fort > fi. (3.5)

~~

We define an umbrella of intesity ¢ to be
U= J Ui (3.6)
i=1,2
where

Ut ={y=(y1,12) €Z%: y; = 0,y; € (0,1],j # i} (3.7)

are the sides of the umbrella. The strength of the umbrella is also defined to be

equal to its intensity.
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For every z € Z? we will open the umbrella 2 + ﬁi( )" Informally, one can think of
the ancestral function as a drop of rain trying to fall towards the up-right direction of the
plane and sliding on the sides of the umbrellas. Whenever two or more umbrellas overlap,
the water will consider only the strongest of them and penetrate the perpendicular ones.
Formally, one defines for every x € Z? the strongest umbrella passing through that
point perpendicular to direction e;, for i € {1,2}, as
Xi(x) = sup  L(y). (3.8)
yeZQ:zeerUm(y)
Note that the sup is taken over a non-empty set and it is easy to show that S\z(ac) is
also a.s. finite.
Since the distributions of the L(z)’s are atomless, the direction I(z) € {1,2} such
that
5\1(@ (z) = min{j\i(az),i =1,2}

is well defined. The ancestral function we are looking for is
a(r) =z + ej(y)- (3.9)

The set of edges {{z,a(x)}, x € Z*} through which the drops of rain have flown forms
a random forest (which can be shown to be in fact a random tree spanning the whole
7?). This is the ancestral function used to prove Theorem m and we will call the
graph obtained with it the BZZ tree.

3.2.2 The Diagonal tree

We will now slightly modify the example seen in the previous subsection. Our aim is to
build a new tree for which the behaviour of h(0) is essentially the same as in the BZZ
tree, but with a different shape of the graph. Roughly speaking, it will not allow to have
long strips that are ”too horizontal” or ”too vertical”. This feature and its importance
will become more clear when we will describe the dynamics on these trees.

Fix suitable constants 6 and ng € N such that 10 < 8 < ng and so that following
equation makes sense. For every z € Z2 consider i.i.d. random variables L(x) > 1
with atomless distributions fulfilling
_ Ologt
-

P(L(0) > t) for all t > ng. (3.10)
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Figure 3.1: Both in the straight umbrellas case a) and in the narrow umbrellas case
b) the drop of water follows the side of the biggest umbrella met. Note that in b) the

longest umbrellas are also the ones that are the narrowest.

The new umbrellas we want to open are a bit different from the tilde-umbrellas of
the previous section.
Define an umbrella of intensity t as

U= J Ui (3.11)

i=1,2

where Us; is the best Z2-grid lower approximation of the open segment of length ¢ that

% with the z-axis, living in the first quadrant and starting

makes an angle of 7 — ;
in the origin. Uj; is the reflection of Us; with respect to the bisecting line of the first
quadrant. Uy and U are the sides of the umbrella. Note that this time the intensity
gives us the strength, the length but also the width of the umbrella. In particular, the
longer the umbrella, the more narrow it is.

We can think once more that drops of rain pouring from every point of the lattice
try to fall towards the up-right direction and that every time they reach a new vertex,
they are deflected by the strongest umbrella that passes through that vertex (see Figure
31).

In analogy with the straight-umbrellas case we define the strongest umbrella through
x perpendicular to direction e;, for 7,5 € {1,2} and ¢ # j, as

Ai(x) = sup L(y). (3.12)
YEZ2: [z,x+e5]€ y+UL ()



43

Note that since L(0) > 1 and since we are taking the lower (for the first component)

and upper (for the second) approximations of the segments described above, [z, x+e1] €

U, L(z—e;) and [x,2 + ea] € Ul L(z—ep)» SO that the sup on the right hand side of

is taken over a non-empty set. It requires slightly more work compared to the straight-
umbrellas case to prove that it is also a.s. finite and therefore well defined.

We need some more notations. Similarly to [BZZ06|, for m,n € Z call S}, the slab
Sy = {a:: (z1,22) € Z% :m < 21 + xo Sn}.
The protecting area G (see Figure is defined as

G = {x: (r1,22) € —N2’E|n€N:

x€ ST and —x; € [yn-cos (%—an),yn-cos (%4—04”)}}, (3.13)
where «,, = arctan 31‘({; —and y, = 3 f’}o —V 24+ 9log? n. These values guarantee that

V2m

Tog m points of Z? (up to

every segment S_" NG is

long, and therefore contains

310gm
one unit, at most).

Note that every umbrella z + Us with * € G, —(z1 + 73) = n and s € [n,n?],
"protects” the origin O, meaning that O lies inside the ”Z2-triangle” generated by the
sides  + Uy s and x 4 Usg s.

Lemma 3.3. There is a constant ¢ such that for i = 1,2 and t > ny,

logt

P\ (0) > 1) < ¢ (3.14)

Proof. This is a straightforward calculation.

P(N(0) > 1) < C/ logs

00 p2ktlt k
log s log2t
oy [ < oy R
k=0
Ix1 k logt

b
Il
o
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Figure 3.2: The protecting area G is the region of the plane from which we can have um-
brellas that protect the origin. In particular, having a suitably strong umbrella starting

in the part of G delimited by the slab S”} will ensure h(0) < n with high probability.

Also in this case, the fact that the distributions of the L(x)’s are atomless guarantees

the uniqueness of a direction I(z) € {1,2} such that
(@) (7) = min{\;(x),i = 1,2}.

For example, if I(z) = 1, it means that the strongest vertical umbrella through z is
weaker than the strongest horizontal one. I(z) is the direction which the drop of water
will follow.

We can therefore define the new ancestral function
a(r) =x + €1(z)- (3.15)
By its construction, it follows automatically that a : Z% — Z? is stationary and directed.

Theorem 3.4. The random ancestral function described in (3.15|) is such that

lim sup P(h(0) > n) < co. (3.16)

n—r00 IOg n
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3.2.3 Proof of Theorem [3.4]

We closely follow the proof of Theorem 2 in [BZZ06].

We say that an umbrella U penetrates a weaker umbrella V in point 2 € Z? if one
side of U intersect one side of V and x is the upper-right point of their intersection.
The following lemma bounds the probability that an umbrella of intensity ¢ starting in

the origin gets penetrated by another umbrella in a given point z.

Lemma 3.5. Fiz any t > ng. Let z € 72 such that [z,z + ¢;] € Ujt, for some i,j €
{1,2}. Then there exists a constant ¢ > 0 independent of t such that

P(I(z) #4|L(0) =t) < clOTgt. (3.17)

Proof. For convenience, we shift the umbrella so that z is translated to the origin. We
look first at the event Ej that the umbrella gets penetrated in the origin by an umbrella
of intensity s € [k, k+1], for k+1 > t. Note that such a penetrating umbrella can come
m € {—k —1,...,—1}, there are almost

only from 5:11—1' Furthermore, on every S/,

surely at most four points that can generate it, since for all the others the slope of the

sides would prevent them from penetrating the original umbrella in the origin. Hence

k+1
Ologk Olog(k+1) , logk
P(E;) < 4 — <d—=-
(B < > < 2 k+12 )= w2

m=1

for some constant c'.

It is now easy to see that

- log t
P(I(0) #i|L(~2) =) < > P(Ey) < c%.
k=|t]
O
For n > ng, define now the random variables
M, :=max {m € {ng,...,n}: Iz € ST)" NG with m < L(z) < mQ}, (3.18)

with the convention M,, = ny — 1 whenever the set on the right hand side is empty.
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Proving that, for some constant c,

P(h(0) > m, M, =m) <c¢ 3 VYm = ng, ..., n, (3.19)
would imply
P(h(0) >n) < Y P(h(0) > m, My =m) <c Oi i3 (3.20)

m=ng—1
that is the statement of the theorem.
We first prove (3.19)) in the easy case m = ng — 1.

P(h(0) > m, M, =ng — 1) <P(M,, =ng — 1)
=P(for all m =ng,...,nand z € SZ' NG, L(y) € (m,m + 1])

n

- H (1 —P(L(0) > m) + P(L(0) > m2))#(5:$mG)

m=ng
2 m
- Glogm  Ologm?\ 3 loem
- H (17 7 T 1 )
m m
m=ng
- logm
2 3 logm
m=ng
2 \v2 1
—0(1 2 L
<e ( ”3) 3 Lim=no in <en? (3.21)

by the choice of 6, for some ¢ > 0.
For the more complex cases m = ny, ...,n we faithfully follow [BZZ06] once again.

For m,n,r € Z, x € Z?, define the events
At (zyr)={Ly) ¢ (—y-T+r,(~y-T+r)?) forallye SN (z+G)}.  (3.22)
Firstly note that
P(h(0) > m, My =m) < > P(h(0) >m, L(z) € (m,m?), A, (0,0))

zeS” NG

= > P(h(—x) >m, L(0) € (m,m?), AL, (—2,m))

y “im—n
zeS”NG

= Y P(h(x) > m, L(0) € (m,m?), Ayl (2,m)),
zeSMN—-G
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where we have used stationarity to obtain the second line and we write —G = {x =
(z1,22) : (=1, —22) € G}.

Take now the segment 5] N —G and divide it in eight parts of the same length
and call them Iy,...,Is. For every j € {1,...,8}, consider 2/ and i/, the points with
respectively the highest and the lowest y-coordinate on I;. Draw the cones CJ and CY
with amplitude log% whose bisector makes an angle of %77 with the z-axis and with

vertices 27 and %7 respectively. Observe that the points in the area Cincins-l

n+m
are contained in S7)",, N (z + G) for every x € I7. Therefore the event
Ej(m,n) = {L(y) & (— (g1 +y2) +m, (—(y1 +y2) +m)?)
for all y = (y1,42) € ¢V NCI N S:7ll+m}
is contained in the event A1 (x,m) for all x € I;. Hence
> P(h(x) > m, L(0) € (m,m?), AL, (x,m))
reSmN—-G
8
<> P((x) > m, L(0) € (m,m?), AL, (z,m))
7=1 melj
8
<> P(h(x) > m, L(0) € (m,m?), Ej(m,n))
7=1 (EGIJ‘
8
= ZE{#{@” € I; : h(z) > m}; L(0) € (m,m?); E;(m,n)]|. (3.23)
j=1

The interval (m,m?) can be divided in a finite number of disjoint subintervals such
that the Z? approximation of every umbrella with intensity in a given subinterval looks
the same at least up to the first m edges. More precisely, there exists M € N and
there exist {m; = m < mg < ... < my; = m?} such that, for any k& € {1,2,..., M},
Vh,l € (mg, mgy1), one has Up|p = Ujlm, where Uy, is the umbrella of intensity h
whose sides are restricted to the first m edges (going from bottom-left towards up-right).
Therefore, we can rewrite as

8 M
E[#{x €1, h(z) > m}; L(0) € (my, mus1); Ej(m,n)] (3.24)

Jj=11=1
For any point x € S}’ N—G to have h(x) > m, there must be a branch coming out of

x that perforates the protecting umbrella generated by the origin (since L(0) € (m,m?)).
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That is, at least one point z on Ul must be penetrated by another umbrella. On
the other hand, every penetrated z can give rise to at most one of such z’s. Hence, for

any | = 1,..., M, given L(0) € (m;, mi41),

#{r e SN -G : h(z)>m} < ) > L r(2)24)- (3.25)

i=1,2 [2,2+¢€;]€UL ) Im

Plugging this in (3.24]) gives

P(h(0) > m, M, =m)

8 M
<> > P(I(z) # i, L(0) € (my,my41), Ej(m,n)).
j:l =11=1,2 [Z,Z-‘rei]EUL(O)‘m
The intersection of the first two events inside the last probability is not independent
of Ej(m,n), but there is a negative correlation between them. We obtain therefore the

upper bound

8 M
<>y > P(I(2) # 4, L(0) € (my, my41))P(E;(m,n)).

j=11=11i=12 [27Z+€i]€UL(0)|m

We can now directly compute the right hand side of last expression. For [z,z + ¢;] €
UL(0)|lm we have, by Lemma

" B(1(2) = i|1(0) = 1) (PO < 1)

P(1(:) = is L(0) € (mi.misn) = [ 4

M+ Jogt 6

(Mg —my), (3.26)

for some constant K.
Summing over the directions i = 1,2 and over all the z € Z? such that [z,z + ¢;] €
UL(0)lm and then summing over [ = 1,..., M, one is left with a factor of order lofn#.
In order to evaluate the probability of any Ej(m,n), note that every E; N S:,’:
contains more than i& points of the lattice. In fact, each cone CJ and C7 intersects

S(k), the hyperplane containing S:,’j, on the segments H ,ﬁ and H ,{, each of length bigger
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k (it is the double of the length of the cathetus of a right triangle, whose

log k

2
than 3

opposite angle measures ;- g(mQ) degrees and with the other cathetus % long). The

J J 3y k _ 23
intersection of H and H is therefore longer than ( T — 1—6) Togk — 18 log -

distance between close points on E; N Sk —p s V2, the total number of points is bigger

than \1[?12 lo’;k > 1 logk By the independence of the (L(z)),cz2

Since the

P(Emm) < [] (1- 2oEkyies

k=m-+1
<en{-5 3 i}
< exp{ — Z/mr:_lids}
_0
- (mj—l) ! (3.27)

Putting all together we finally obtain, for some constant c,

)
1

B log?m no\-

<c(m+ 1)2727173 log®m

< en2log?n. (3.28)

3.3 The environment

The two random trees constructed in the previous sections will provide, in some sense,
the support for our random environments. In both cases, the w’s are constructed in the
following way.

Sample a realization of the tree as described above. For every z € Z2, the edge
{#z,a(2)} will have a conductance value of wy; 4(;)y = DY where a : Z2 — 72 is
the ancestral function used for constructing the sampled tree and A > 1 is a constant.
We set all the other conductances to be equal to one.

For both the BZZ and the Diagonal tree, the conductances have infinite a-logmoments
for any « > 1. On the other hand, choosing appropriately the constant A > 1, we can

obtain conductances with finite a-logmoments for « arbitrarily close to 1 from below.
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Proposition 3.6. Take a < 1. Then, the conductances of the random environments

described above with 1 < A < L are such that

[0}

E[log®we| < o0 Va < a (3.29)

and
E[log®" we] = o0 Va > 1. (3.30)

Proof. We first prove it for the random environment built on the BZZ-tree support.

o
Ellog® we] = / P(log® we > t)dt
0

00 a(k+1)aA
= /k ) P(log® we > t)dt
k=0 "

P(log® we > kN ((k + 1)1 — ko)

e

=
Il
o

P(R(0) > k)((k + 1)1 — ko4) (3.31)

o

i

0

By equations (3.3)) and (3.4) we know that for all sufficiently large k € N, say k > K,

< P(h(0) > k) < 2

> o

Therefore, on the one hand, taking o < @,

x
E[log®we| < C + Z %aA(k + 1)1 < o0,
k=K

where C' > 0 is the finite contribution of the first K — 1 terms of the sum, while, on the
other hand, when o > 1 we obtain, with a minor modification of (3.31]),

oo
c
E[log®we] > Y —aAk** ™! = cc.
[ og we] Z e 00
k=K
Note that the very same proof is valid for the random environment built over the

Diagonal tree structure, since the log?-correction in Theorem doesn’t change the
behaviour of the series (3.31)). O
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Proposition 3.7. For almost every environment w sampled from the constructions of
the previous section, the random walk among the conductances w will eventually follow
the tree. This means that almost surely there exists i < oo such that for all n > n, if
X, =z then X411 = a(x), where a : 72 — 72 is the ancestral function used to construct

the tree underlying the environment.

Proof. The probability that, starting in a point 2 € Z?2, the random walk will follow the
tree forever is, by the independece of the jumps, bigger than

o0 k‘A

(§]
: 32
kl;[l 2ek=D4 4 bt 1 (3:32)

It is easy, in fact, to get convinced that this is a very pessimistic estimate. It represents
the case in which we start from a leaf of the tree (that is, a vertex that is ancestor of
no other vertices) and where every time wyy, (x,)} is of order k (that is, equal to ekA),
then the two edges under and at the left of X,, are of order k — 1.

Call Ty, T5, ... the times in which the random walk doesn’t go in the direction of
the ancestral function. After each of these times, a new attempt to follow the tree is
performed. Therefore if we show that the product is a constant strictly bigger
than zero, than the sum of the probabilities of succeeding in following the tree in one of
the attempts is infinite. By Borel-Cantelli lemma, this means that almost surely there
will be a finite time from which we will always follow the tree.

We are left to show that (3.32)) is bigger than zero, or, equivalently, that its log is

)

bigger than —oo:
ok N

(o9}
log<H2e +ekA>:—Zlog<1+2

k=1
G s
k=1

[e.9]

> 243 e DT S oo (3.33)

where we have used the mean value theorem for the bound k4 — (k—1)4 > A(k—1)4"1.
O

Proposition 3.8. The random walk among random conductances with environment

built on the BZZ tree, as described above, has almost surely no limiting speed.
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Proposition 3.9. The random walk among random conductances with environment
built on the diagonal tree, as described above, has almost surely a limiting speed which

1S not zero.

Proof of Proposition[3.8 From Proposition we know that with probability 1 there
exists a finite time from which the random walk will use only edges pointing the right or
up direction with respect to its current position. Without loss of generality we can think
this time to be time 0. In order to study the limiting speed of the process, we have to
go back to the underlying structure of the tree on which we have built the environment.
Note that every time the random walk makes a step in the direction of the ancestral
function, it finds several new umbrellas perpendicular to its previous step and a new
parallel one. If the strongest perpendicular umbrella is stronger than any other umbrella
on the direction of the previous step, the branch of tree changes orientation and the
next step of the random walk will follow it; otherwise, it will perform another step in
the same direction as before.

The distribution of the length L of the new perpendicular umbrellas met at each

step is easy to calculate:

P(L(0) > t) = P(3j € N such that L((0, —j)) > max{t,5})

1t] o
=1- [P0, —5) <t) [ PEL0,—5) <)
j=1 j=[t]+1
NG 0
—1- (1 - ?2) | 1T (1 - ]—2) (3.34)
J=lt]+1

<P(L(0) > t) < % (3.35)

for some ¢, " > 0.

Now, being on a branch of the tree, what is the probability of passing from the
umbrella that has generated that part of the branch to a stronger one before the umbrella
itself ends? Suppose that that the random walk is on a branch of the tree generated
by an umbrella of length k& > Qn%. Then the probability of not meeting a stronger

perpendicular umbrella or a stronger umbrella on the same direction of the current one
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before leaving the present umbrella is bigger than

(D) By e
that is a constant strictly smaller than 1 and independent of k.

Considering only the strongest umbrellas through each point, call rush a sequence
of intersecting umbrellas each bigger of the previous one that determines a part of the
final tree.

Starting on any rush, the probability of leaving it (that is, of travelling the whole
length of one of the umbrellas without meeting a stronger one) after having visited

N € N different umbrellas is

P(Leave the rush after more than N umbrellas) < (1 — ce_QC")N, (3.36)

for some ¢ > 0.

This means, by Borel-Cantelli lemma, that with probability 1 the random walk will
leave any rush in finite time. Given a realization of the walk, call 7(1) € N the time in
which the random walk leaves the first rush, 7(2) the time in which it leaves the second
one and so on. 7(1) < 7(2) < ... is a sequence of (almost surely finite) integer stopping
times that goes to infinity.

Fix T > 1 and define the times 71 = T, 7 = min;—; 2 {7(¢) : 7(i) > T1} and

recursively

Ty = i1 + 11 T" Yk > 1,
7 = min {7(¢): 7(¢) > Tr_1} VEk > 1. (3.37)

i=1,2,...

Our aim is now to show that in the intervals of the form (7j_1,T)), the longest
umbrella met is of length of the order 7,_;7%. We don’t want the longest umbrella to
be much longer than this, otherwise it could ”interfere” with the next intervals: consider

the event

Ex = {In the interval (Ty_1,T}) the longest umbrella met

is stronger than T"+17;}.
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Its probability can be bounded from above by

P(E) < 1— (1 _ L)T’“

T TE+1
y
_9oZkT
<l—¢ “w'*
c
< Tk+1’

for some constant ¢ > 0, since T} < 7. By Borel-Cantelli lemma, P(Ej, i.0.) = 0.

On the other hand, we don’t want the longest umbrella to be shorter than that. This
is because we want it to be long a positive fraction of the entire time interval (Tj_1, T}).
In fact, the interval (T;_1,T}) is long about Tk—1T*. Furthermore, we want the random
walk to follow this umbrella for a positive fraction (say an € > 0 fraction) of its length
before leaving the time interval. This two events guarantee a relevant contribution to

the speed up to time Tj. Therefore take, for a fixed £ > 0 small,

Fi, = {In the interval (T;_1,T;(1 — €)) the longest umbrella met is stronger
than 7,_1T" and is bigger than the biggest umbrella in (Tj(1 — ), Ty) }-

By the independence of the new umbrellas discovered at each step, we have, for all
keN,

P(F})) > (1 — ¢)P(one of the Ty, — T}_; umbrellas is longer than 7,_,T*)

/

1 1 < )Tk*Tk—l <1 9~ )Tk*Tk—l)
¢ Th— 1Tk TgilTQk

I
a-a(-(1-2 )
(1=

(Tk71+7'k—1Tk)>

1 — —2 Th— 1Tk
=C (3.38)

where C' > 0 is a constant not depending on k. By the second Borel-Cantelli lemma,

there are almost surely infinitely many intervals (Ty_1,Tx) for which Fj happens.
Hence, almost surely there exists a k € N (depending eventually on the realization

of the environment and of the random walk) such that Ej does not happen for every

k > k while F}, holds infinitely many times. Take now the strongest umbrella met up
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to time 7. Its length L > 0 is almost surely finite, so that x := min{k : T), > T}, + L}
is well defined. Note that Vk > k + 1, in the interval (T}, T)+1) there is no umbrella
longer than 717, met in the past.
Take the infinite subsequence k < k1 < k2 < ... such that Fj, holds true for every
i € N and such that the longest umbrella met in the k;’th interval (Ty,_1, Tk, ) is followed
by the random walk at least for a positive fraction 0 < 1 < € of its length. Note that
since there is no longer umbrella coming from a previous interval, once the random walk
meets this umbrella it follows it until its end or at least until the end of the interval
itself, and the probability of meeting the umbrella before the last n fraction of its length
is strictly positive. This implies that we have such a sequence (k;)i=12 .. almost surely.
Suppose now that a limiting speed v = (v[1],v[2]) existed. We want to show that in
each of those intervals there is at least one time ¢ at which the ratio 22:1 X/t is far
from v, bringing to a contradiction. Call ¢; € N the time at which the longest umbrella of
the interval (T}, 1, Tk, ) is met and ' = {"Time of the last point of the umbrella” AT}, }.
By definition, this umbrella is longer than 7, 7%, it is met before time T}, (1 —¢) and

before the last n-fraction of its length. Call

and

the partial speeds up to time ¢; and #* respectively. Without loss of generality suppose
that we met the longest umbrella on its horizontal side. Note that
1, . .
’Uz'[l] = ;(vz[l]tl — '+ ti)
i
and that ) N
' N7k —11" n
—>1+ . >14 0
t; (1 —&)7p,—1(Tk + 1) 2(1+¢)

Further suppose v[1],v[2] € {0,1}. Then if v[1] > v[1]

=: 03> 0.

1] — vi[1]] = v[1] = o'[E + £ —1> (8- 1)(1—v[1]) >0, (3.39)



56
while if v[1] < vi[1]

max {|o[1] — o'[1]], [o[1] = wi[1][} > F(0"[1] — wi[1])
= (] - o [E + £ - 1)
> 3(B—1)(1 —v[1]). (3.40)

In both cases the distance from the limiting speed is bigger than a constant that is
independent of k; and strictly bigger than zero.

The cases v[1] = 1 and v[1] = 0 have probability 0. In fact, the probability of
meeting in any interval (Ty, ,,(1 —¢)T},) a vertical (respectively, horizontal) umbrella
of order 14, T% that is stronger of any other horizontal (vertical) umbrellas met before
(and of following it for a time of O(t)) is strictly positive, for the reasons mentioned
above.

O

Proof of Proposition[3.9. Let v = (0.5,0.5). We claim that, almost surely,

. Xy
lim — =w.
n—oo N

As in the previous proof, let Ny be such that for every n > Ny, we have X,,11 = a(X,,),
where a is the ancestral function. By a minor modification of Proposition Ny is
almost surely finite. We need to prove that for every ¢ > 0 there exists a (random)
finite M such that for every n > M, we have || X,,/n — v| < ¢, where we write || - || for,
e.g., the usual £!-norm. To this end, we need to understand the various umbrellas that
the random walk traverses. By the construction of the diagonal tree, there exists K > 0
such that for every umbrella which is stronger than K, for every two points x and y on
the umbrella whose distance is larger than some U = U(e), we have

o=

7 — <e.
ly — ||

For umbrellas which are not stronger than K, their distribution is symmetric w.r.t. the
diagonal, and their directions are i.i.d. and therefore they give an average of v.

Therefore,
. Xn
lim — =w.
n—oo N
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3.4 Proof of Theorem [1.8

Here we give a sketch of the proof of Theorem for the two dimensional case.

Fix a threshold M > 0 such that P(wg, < M) is bigger than the critical probability
for bond percolation. For any configuration of conductances w, an edge is good if its
conductance is smaller or equal to M and bad otherwise. Standard percolation estimates
tell us that all the connected components of bad edges are finite and that for any bad
edge e one has P(|U.| > n) < e " for some constant ¢ > 0, where |U,| is the number
of bad edges in the component of e. Now we define a new set of conductances w’ such

that
2M (|Ue| + |0U,|) if e is bad or a boundary edge

)
We otherwise

where a good edge is a boundary edge if it shares an endpoint with a bad edge (i.e. it
is its neighbour) and OU. is the set of all (good) neighbours of the bad edges in the
component of e.

Note that the new environment w’ is ergodic and that

oo
Elw),] <Y 2Mn*P(|[Ue| + [0U.| = n) + M < 0.
i=1
Hence, the well known Nash-Williams criterion (see, e.g., [LP12]) implies easily the
recurrence of the random walk on w’. This is equivalent to say (compare Section |1.1.3))
that for every flow 6 the dissipation energy E(‘Q’I/S(H) in relative to w’ must be infinite.
If we show that for every flow 0 we have E%_(0) > E%_(6), then we are done.

For v = w,w’ we have

26 26
ROETED DI AT S S At

Ve Ve
€ good not boundary € bad or boundary
2 2
AT 5 0
= b
Ve Ve
€ good not boundary U bad connected component ecUUOU

where one should be careful not to count more than once boundary edges in order to
have exact equality (in any case, counting them more than once does not change the

finiteness of EY.).
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We just need to show that for every bad component U one has

6% (e) U U
Z w =: E;)is 2 E(U;ls :
ecULOU ¢
Note that for every e € U U QU one has |6(e)| < > .cqp |0(¢))| by the definition of
dissipation energy and therefore 62(e) < [OU|>", cop 0%(€'). One finally obtains

: 62(e)
w' U
Edis = Z o'
ecUUOU €
ZeeUuaU 6°(e)
T 2M(|U| + |oU)?
U UU||OU| Y cou 62(e)
- 2M(|U| + [oU])?

1
S > 6%(e)
ecoU
0*(e) _ 1w
< > =37, (3.41)

ecUUOU €



Chapter 4

A Central Limit Theorem for the

effective conductance

In Section 4.1 we discuss the strategy of the proof of Theorem and state its principal
ingredients in the form of suitable propositions. In Subsection we describe the
organization of the rest of the chapter.

Note that in this chapter we will make use of the sign a,, for the conductances rather

than w,,, being the first notation more used in the Homogenization Theory Iterature.

4.1 Key ingredients

4.1.1 Martingale approximation

A standard way to control fluctuations of a function of i.i.d. random variables is by way
of a martingale approximation. Let us order the random variables {az,: (z,y) € B(Ar)}
in any (for now) convenient way and let Fj, to be the o-algebra generated by the first k
of them. (Since we only aim at a distributional convergence, the o-algebras may depend

on L.) Then
IB(AL
CET(t) —ECET () = )

k

=1

)l
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where
Zy =E(CF ()| F1) —E(CE(t)| Fur). (4.2)
Obviously, the quantity Zi is a martingale increment. In order to show distributional

convergence to A (0,c2), it suffices to verify the (Lindenberg-Feller-type of) conditions
of the Martingale Central Limit Theorem due to Brown [Bro71]:

(1) There exists o2 € [0,00) such that

m Z E(leu:k—l) — 0'2 (4 3)
k=1
in probability, and
(2) for each € > 0,
1 [B(AL)]
2
m ; IE(ZkIl{lZic|>€\/\L|1/2}|‘7:‘k—1) L::o 0 (4.4)

in probability.

The sums on the left suggest invoking the Spatial Ergodic Theorem, but for that we
would need to ensure that the individual terms in the sum are (at least approximated
by) functions that are stationary with respect to shifts of Z?. This necessitates the

following additional input:
(i) a specific choice of the ordering of the edges, and
(ii) a more explicit representation for Zj.

We will now discuss various aspects of these in more detail.

4.1.2 Stationary edge ordering

Recall that B(Z?) denotes the set of all (unordered) edges in Z¢. We will order B(Z%)
as follows: Let < denote the lexicographic ordering of the vertices of Z%. Explicitly, for
x = (z1,...,2q) and y = (y1,...,yq) we have x < y if either x = y or  # y and there
exists ¢ € {1,...,d} such that z; = y; for all j < i and z; < y;. We will write z < y if
xz#yand z <y.
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For the purpose of defining a stationary ordering of the edges, and also easier nota-
tion in some calculations that are to follow, we now identify B(Z¢) with the set of pairs
(z,i), where x € Z% and i € {1,...,d}, so that (z,i) corresponds to the edge between

the vertices x and = + é;. We will then write

) o either z <y
(z,1) = (y,4) if o (4.5)
or x=vyandi<j.
Again, (z,i) < (y,7) if (z,1) < (y,7) but (z,7) # (y,7). It is easy to check that < is a
complete order on B(Z?). A key fact about this ordering is its stationarity with respect
to shifts:

Lemma 4.1. If (z,i) =< (y,4) then also (x + z,i) = (y + z,7) for all z € Z¢,

Proof. This is a trivial consequence of the definition. O

Now we proceed to identify the sigma algebras {.%} in the martingale representation
above. Recall that Q := [, 1/,\]B(Zd) denotes the set of conductance configurations
satisfying (I.I). Writing w for elements of Q we use azy = aqzy(w), for (z,y) € B(Z9),
to denote the coordinate projection corresponding to edge (z,y). Given L > 1, set
N := |B(AL)| and let by,...,by be the enumeration of B(Az) induced by the ordering
of edges < defined above. Then we set

Ty

o(wp: b =< b), kE=1,...,N, (4.6)
with

Fo = a(wb: b= bl). (4.7)
By definition %y is independent of the edges in B(Az) while #x determines the entire
configuration in B(Az). Note also that .Z; includes information about edges that are

not in B(Ar). This will be of importance once we replace Zj by a random variable that

depends on all of w.

4.1.3 An explicit form of martingale increment

Having addressed the ordering of the edges, and thus the definition of the o-algebras
F, we now proceed to derive a more explicit form of the quantity Zj from (4.2)). Given
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w € , define the operator £, on (R or R%valued) functions on the lattice via

(Lof)@) = D amy(@) [fy) - f2)]. (4.8)
y: (x,y)EB(Z4)
This is an elliptic finite-difference operator — a random Laplacian — that arises as the
generator of the random walk among random conductances {a,,(w)} (see, e.g., Biskup [Bis11]
for a review of these connections). The existence/uniqueness for the associated Dirichlet
problem implies that for any finite A C Z? there is a unique ¥p: Q x (AU JA) — R?
such that z +— Uy (w, x) obeys
L, ¥p(w,x) =0, x €A,
(4.9)
Up(w,x) =z, x € OA.
It is then easily checked that f(z) :=t- ¥ (w,z) is the unique minimizer of f — Qa(f)
over all functions f with the boundary values f(z) = t¢-x for € JA. In particular, we
have

CET(t) = Qu, (- Un,) (4.10)

for all t € R% The function z + Wy (w,x) will sometimes be referred to as a finite-
volume harmonic coordinate. (The first line in justifies this term.)

The minimum value Q(¢- ¥, ) is a non-decreasing, continuous and concave function
of {agzy: (z,y) € B(A)}. Thanks to the uniqueness of the solution to (4.9), Qa(t - ¥s)

is also continuously differentiable in a,,’s with

0

Q- Ta) = [t-Up(w,y) —t-Ur(w,2)]?,  (z,y) € B(A). (4.11)

This relation is of fundamental importance for what is to come.

Abusing the notation slightly, let w1, ...,wy, with N := |B(A)|, denote the compo-
nents of the configuration w over B(A) labeled in the order induced by < defined above.
Let

q(wr,. .., wN) = Qa(t-Ty) (4.12)

mark explicitly the dependence of the right-hand side on these variables. The product

structure of the underlying probability measure then allows us to give a more explicit
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expression for the increment 7y, = Zg(wy, ..., wk):
Zy, = /P(dw}c) L P(dwy) [g(wr, - Wi Wy g - -2 W)
—q(wi, .., Wh—1, W, - - ., wiy)] (4.13)

WE B 8 B
—/P(dw;)...P(dwf\,)/ dag &Dkq(wl,...,wk,l,wk,w;Jrl,...,wﬁv),

’
k

with the inner integral in Riemann sense. A key point is that the last partial derivative
is (modulo notational changes) given by , i.e., Z) is the modulus-squared of the
gradient of ¢- W, over the k-th edge in B(A) integrated over part of the variables. To see
that Z; is a martingale increment note that the Riemann integral changes sign when

its limits are interchanged.

4.1.4 Input from homogenization theory

In order to apply the Spatial Ergodic Theorem to the sums on the left of , we
will substitute for Zj, a quantity that is stationary with respect to the shifts of Z¢. This
will be achieved by replacing the discrete gradient of Wy — which by enters as
the partial derivative of ¢ in the formula for Z; — by the gradient of its infinite-volume
counterpart, to be denoted by . The existence and properties of the latter object are

standard:

Proposition 4.2 (Infinite-volume harmonic coordinate). Suppose the law of the con-
ductances is ergodic with respect to the shifts of Z¢ and assume (L.1]) for some X € (0,1).
Then there is a function 1: Q x Z% — R? such that

(1) (¢ is Ly-harmonic) Lyp(w,x) =0 for all x and P-a.e. w.
(2) (¢ is shift covariant) For P-a.e. w we have 1)(w,0) := 0 and
Y(w,y) —Pw.z) =Y(nwy—z),  wyelZ’ (4.14)

(8) (W is square integrable)

E( 3 ao,x(w)\w(w,x)E)@o. (4.15)

T=€1,...,€q
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(4) (b is approzimately linear) The corrector x(w,x) := (w,x) — x satisfies
E 2
i ElX(@2)P)

|| o0 |22

= 0. (4.16)

Proof. Properties (1-3) are standard and follow directly from the construction of
(which is done, essentially, by showing that a minimizing sequence in converges
in a suitable L2-sense; see, e.g., Biskup [BisI1], Section 3.2] for a recent account of this).
As to (4), a moment’s thought reveals that it suffices to show this for x of the form né;,
where n — +o00. This follows from the Mean Ergodic Theorem, similarly as in [Bis11),
Lemma 4.8]. O

The replacement of (the gradients of) Wj by v necessitates developing means to
quantify the resulting error. For this we introduce an LP-norm on functions f: Q x (AU

OA) — R? by the usual formula

1

l/p
IVfllap = 2. Elflwy) - flw)]) . (4.17)
Al

(z,y)€B(A)

Analogously, we also introduce a norm on functions ¢: Q x Z¢ — R? by

IVelp = 3 Eletw.2) - olw,0)f)

r=e€1,...,6q

l/p

(4.18)

Here we introduced the symbol Vf for an R%valued function whose i-th component
at x is given by V;f(z) := f(z + é;) — f(xz) — abusing our earlier use of this notation.
It is reasonably well known, albeit perhaps not written down explicitly anywhere, that
the gradients of W and v are close in || - ||z,2-norm (see, however, Proposition 3.1 of

Caputo and Ioffe [CI03] for a torus version of this statement).

Proposition 4.3. Suppose the law P on conductances {azy} is ergodic with respect to
shifts of Z* and obeys (1.1]) for some X € (0,1). Then

V(s =)y, 2 O (4.19)

As we will elaborate on later (see Remark , this is exactly what is needed to
establish the representation (|1.25)) for the limit value ceg(t) of the sequence L*dCfH(t).
However, in order to validate the conditions (4.31{4.4) of the Martingale Central Limit

Theorem, more than just square integrability is required. For this we state and prove:
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Proposition 4.4 (Meyers’ estimate). Suppose P is ergodic with respect to shifts. For

each d > 1, there is A = A(d) € (0,1) such that if holds P-a.s. with this \, then
for some p > 4,

IVell, < oo (4.20)

and
ilg [V(¥s, — Q’Z))HAL,p < 0. (4.21)

Proposition [£.4] is the sole reason for our restriction on ellipticity contrast. We
believe that, on the basis of the technology put forward in Gloria and Otto [GO11], no
such restriction should be needed. To attest this we note that versions of the above
bounds actually hold pointwise for a.e. w €  satisfying ; i.e., for norms without
the expectation E. In addition, from [GO11, Proposition 2.1] we in fact know for
all p € (1,00) when d > 3. A torus version of Proposition appeared in Theorem 4.1
of Caputo and Ioffe [CI03].

4.1.5 Perturbed corrector and variance formula

Unfortunately, a direct attempt at the substitution of (the gradients of) ¥ by ¢ in
(4.13)) reveals another technical obstacle: As relies on the Fundamental Theorem
of Calculus, the replacement of Wy by v requires the latter function to be defined for w
that may lie outside of the support of P. This is a problem because ) is generally
determined by conditions (1-4) in Proposition only on a set of full P-measure. Im-
posing additional assumptions on P — namely, that the single-conductance distribution
is supported on an interval with a bounded and non-vanishing density — would allow
us to replace the Lebesgue integral in by an integral with respect to P(d@y) and
thus eliminate this problem. Notwithstanding, we can do much better by invoking a
rank-one perturbation argument which we describe next.

Fix an index ¢ € {1,...,d} and recall the notation V; f(x) := f(z + é;) — f(z). For
a vertex = € Z% and a finite set A C Z? satisfying € A or z + &; € A, let QS\i) (w,z) be
defined by

oV (w,2) ™ = f{Qa(f): flz+&) — flx) =1, fan =0}, (4.22)
where 07! := co. (In Section M we will see that gg\i) is also a double gradient of the
Green function for operator L,.) Note that (4.13]) and (4.11]) ask us to understand how
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ViV (w,x) changes when the coordinate of w over (x,z + é;) is perturbed. Somewhat

surprisingly, this change takes a multiplicative form:

Proposition 4.5 (Rank-one perturbation). Let A C Z? be finite and x,y € A be nearest
neighbors; y = x+é; for somei € {1,...,d}. For any w,w’ that agree everywhere except

at edge b := (x,y),
Vi¥a(w',z) = [1— (wy — wb)gs\i)(w’,x)]vi\ll/\(w,a:). (4.23)

For the prefactor we alternatively get
W

1— (w) — wb)gx) (W, x) = exp{—/ day g%) ((D,m)}, (4.24)

Wh

where & coincides with w except at b, where it equals @y. In particular, 1 — (w) —

wb)gx) (W', 2) is bounded away from 0 and oo uniformly in w € Q and A C Z.

It is worthy a note that (4.23)) is a special case of a more general rank-one perturba-
tion formula; c¢f Lemma which may be of independent interest. Incidentally, such
formulas have proved extremely useful in the analysis of random Schrédinger operators.

The A 1 Z%limit of the right-hand side can now be controlled uniformly in w € Q:

Proposition 4.6. Suppose (1.1)) holds for some X\ € (0,1). Then A — gg\i) (w, x) is non-
decreasing and bounded away from zero and infinity uniformly in A C Z¢ and w € Q.

In particular, for all w € Q and all x € Z% the limit

00w, 2) = lim o (w,2) (4.25)
exists and satisfies
0 (w,2)" = nf{Qza(f): flz + &) — f(x) = 1, [supp(f)| < oo}, (4.26)

where supp(f) := {x € Z¢: f(x) # 0}. In particular, (w,z) — g (w,x) is stationary
in the sense that g (r,w, x + 2) = g (w, x) holds for allw € Q and all x,z € Z°.

Before we wrap up the outline of the proof of Theorem let us formulate a
representation for the limiting variance o7 from Theorem m For z € Z% and i €
{1,...,d}, let b denote the edge corresponding to the pair (x,7) and let

h(w,z,i) = /P(dwg) /% day, [1 — (@ —wb)g(i)(d)?gj)]Q, (4.27)

/
b
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where @ is the configuration equal to w except at b, where it equals @,. Define the

matrix Z(z,1) == {Zjx(x,7)}jr=1. a4 by the quadratic form
(t, Z(z, i)t) = E(h(.,x,i)‘vi(t ), ‘ o (wy: b < (w,i))), (4.28)
where (z,1) represents the edge (x,z + ¢é;) and t € R%. Then we have:

Theorem 4.7 (Limiting variance). Under the assumptions of Theorem the matriz
elements of Z(m, i) are square integrable. In particular, o? from Theorem s given

by
d

o?=3 E((t, Z(O,i)t)z), t e R (4.29)

i=1
As an inspection of (4.28) reveals, the limiting variance is thus a bi-quadratic form in
t. Although concisely written, the expression is not very useful from the practical point
of view; particularly, due to the unwieldy conditioning in (4.28). The representation

using the A-function also adds to this; it is no longer obvious, albeit still true, that
]E((t, Z(x,)t) ‘ o (wy: ¥ < (z, i))) ~0, (4.30)

i.e., that (¢, Z(x,i)t) is a martingale increment. A question of interest is whether an

expression can be found for ¢ that is more amenable to computations.

Remark 4.8. Since t — C’Eﬁ(t) 18 quadratic in t, the above actually implies that, as

L — oo, the joint law of the random variables

eff _ eff
{CL (t|)AL|15§L )., c Rd} (4.31)

tends to the law of multivariate Gaussian {Gy: t € R} with

d
E(G) =0 and E(GiGs) =Y E((t, 2(0,i)t) (s, Z(0, i)s)), (4.32)

i=1

where Z(O, i) is as in (4.28). Naturally, t — Gy is a quadratic form as well.
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4.1.6 Organization

The proofs (and the rest of the paper) are organized as follows. In Section we
assemble the ingredients — following the steps outlined in the present section — into
the proofs of Theorems [T1.11] and and Corollary In Section we then show
that the finite-volume harmonic coordinate approximates its full lattice counterpart
in an L2-sense as stated in Proposition and establish the Meyers estimate from
Proposition A key technical tool is the Calderén-Zygmund regularity theory and a
uniform bound on the triple gradient of the Green function of the simple random walk
in finite boxes. Finally, in Section [4.4] we prove Propositions and dealing with

the harmonic coordinate over environments perturbed at a single edge.

4.2 Proof of the CLT

In this section we verify the conditions of the Martingale Central Limit
Theorem and thus prove Theorems and All derivations are conditional on
Propositions [£.3H4.6] the proofs of which are postponed to later sections. Throughout
we will make use of the following simple but useful consequence of Holder’s inequality:

2p'=p . pp=2
Py and B := L

HV(\IJAL - ¢>HAL7P SHv(\lj/\L - d])HiL,Z Hv(\IJAL o ¢)HﬁL7pl'

Lemma 4.9. For anyp’' >p> 2, a:=

Proof. Apply Holder’s inequality to the function f := |V (¥s, —1)|. O

Assume now the setting developed in Section [4.1} in particular, the ordering of edges
and sigma-algebras %) from Section and the martingale increment Zj from (4.2))
and its representation (4.13)) from Section In analogy with equation (4.27), we

also define

wp .

hali,0)i= [ Bdeh) [ a1 = (@ - )l @ )] (4.33)
wy

where b := (z,x + é;) and @ is the configuration equal to w except at b, where it equals

@p. By Proposition we may write the martingale increment Zj, as

Zy = E(hAL(.,xk,ik)\Vik(t . \I/AL)(-,xk)|2 ‘Fk), (4.34)
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where x; and i are the vertex and the edge direction corresponding to bg, i.e., by =
(zg, ) + &;,). Recall the notation for Z(x,7) from and note that this is well
defined and finite P-a.s. thanks to the estimates as well as boundedness
of h. Note the dependence of Z; on L.

Proposition 4.10 (Martingale CLT — first condition). Assume that the premises (and
thus conclusions) of Propositions @ hold. Then Z;, € L*(P) for all k and

IB(AL)I d

\AlLI 2 E(Z{IFi-) Lo ZE((taz(O,i)t)2) (4.35)
k=1 i=1

in P-probability and L*(P).

Proof. Fix t € R%. Thanks to Lemmaand Proposition (2)7 foreachi e {1,...,d},

the collection of conditional expectations
{E((t,Z(:c,i)t)Z‘a(wb: b < (x,i))):a:EZd} (4.36)

is stationary with respect to the shifts on Z¢ and, by Proposition uniformly bounded
in L'(P). Labeling the edges in B(Ar) according to the order <, the Spatial Ergodic
Theorem yields

B(AL)| d
A O B ZGeinAe) o YE(20007)
k=1 =1

with the limit P-a.s. and in L!(IP). To see how this relates to our claim, abbreviate

Ap = by (o @ i) | Vi (8- Ui, ) ()| (4.38)
By = h(- g, i) Vi (8- ) () [ (4.39)

and denote
Ry = E[E [Ar | )" — E[By }fkﬂfk_l} . (4.40)

By (4.34) we have Z, = E(Ag ’fk), while [#.28) reads (¢, Z(xk,ix)t) = E(Bj ‘fk)
Hence, as soon as we show that

1 [B(AL)I

1ALl Z E(|RLl) = 0 (4.41)
k=1
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the claim (4.35]) will follow.
The proof of (4.41]) will proceed by estimating E| R, ;| which will involve applications
of the Cauchy-Schwarz inequality (in order to separate terms) and Jensen’s inequality

(in order to eliminate conditional expectations). First we note

1 1
E|Rp| < (E[(Ax — Br)?]) 2 (E[(Ax + By)?]) ™. (4.42)
Writing Ay = By, + (A — By) and noting (a + b)? < 2a? + 2b2 tells us
E[(Ax + Bi)?] < 2E[(Ay — Bk)?] + 8E(B}). (4.43)
Summing over k& and applying Cauchy-Schwarz, we find that
1 B(AL)I
A > E(|Rpkl) < y/a(20+85), (4.44)
k=1
where
1 B(AL)I 1 IB(AL)|
o= E[(Ax — B)?] and B:i= — E(B}). 4.45

k=1 k=1
By inspection of (4.44)) we now observe that it suffices to show that § stays bounded

while « tends to zero in the limit L — oo.
The boundedness of § follows from (4.20)) and the fact that h(-,z,) is bounded;
indeed, these yield E(|By|?) < ||h||% [t[*|V4|[4 uniformly in k& and L. Concerning the

terms constituting «, using (a + b)? < 2a® + 2b we first separate terms as

2 2
E[(Ar—By)?] < QE(ihAL('aCUk»Zk)’ |V, (8- a, ) () P = [V (8- 0) (-, ) P >
. . 4
+ QE(\hAL(.,xk,zk) — h(y g i) |V (- ) ()| ) (4.46)
Since hp is uniformly bounded, the average over k of the first term is bounded by a
constant times the product of (|[VWa, [[a; .4+ ||Vi]la,.4)? and ||V (¥y, — ¢)||%L74. The
latter tends to zero as L — oo by Proposition Proposition and Lemma (with

the choices p := 4 and p’ > 4 but sufficiently close to 4).
For the second term in (4.46|) we pick p > 4 and use Holder’s inequality to get

IB(AL)I
L ' NP 4
I ; E(ihAL(‘,CUkka)—h(-7$k,lk)} Vi (8- ) (-, )| )

1 [B(AL)I

l/q

. . 2

< |t|4 ”vwi?\[ﬂp< |AL| Z E(ih/\L('7xkaka) - h(',&?k,lk)’ q>> ) (447)
k=1



71
where ¢ satisfies 4/,4+1/4 = 1. The norm of || V||A, , is again bounded by Proposition
as long as p is sufficiently close to 4; to apply , we need to invoke the stationarity
of Vi) to realize |V a, » = [V,

For the second term in we first need to show that for each € > 0 there is
N > 1 so that for all w € Q,

distyr(zay(z,AL) > N = | hay (w, @,8) — h(w, z,4)| <e. (4.48)
For this we use that, thanks to (4.27)), (4.33]) and ,
x ) )
| (@, 2,8) — h(w, 2,8)] < o/ a4y o (@, 2) — 9@, )| (4.49)
A

for some constant C' = C'(\) < oo. To estimate the right-hand side, by the monotonicity

of A — gX) (@, ) and its stationarity with respect to shifts, we have

0y (w.2) — 0D (w,2)| < [g}) (w,0) — gD (raw,0)],  weQ, (4.50)

assoon as £ +Axny C A. Then follows from and the fact that the difference
on the right-hand side of converges to zero uniformly in w € Q.

We now bound the last term in as follows. The terms for which zy, is at least NV
steps away from A are bounded by € thanks to ; the sum over the remaining terms
is of order NL%1 thanks to the uniform boundedness of hy — h. Hence, in the limit

L — oo, the second term in (4.47)) is of order el/q; taking € | 0 shows that « tends to zero
as L — co. Invoking (4.44)), this finishes the proof of (4.41)) and the whole claim. [

Proposition 4.11 (Martingale CLT — second condition). Assume that the premises
(and thus conclusions) of Propositions hold. Then for each € > 0,

IB(AL)I

2
I ; E(Zk]lﬂzkbemul/?}

}“k_l) — 0, (4.51)

—00
in P-probability.
Proof. This could be proved by strengthening a bit the statement of Proposition

(from squares of the Z’s to a slightly higher power), but a direct argument is actually

easier.
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First we note that it suffices to show convergence in expectation. Let p > 4 be such
that the statements in Proposition [4.4 hold. By Hoélder’s and Chebyshev’s inequalities

we have . -
E( 2811z, ) < <eIALI1/2) " E(1Z:P7). (4.52)

Since hy, is bounded, Jensen’s inequality yields

E(|Zx[P/?) < CE([E(}Vz’k(t ' ‘I’A)('vxk”? ‘fk>r/2> < CE(\Vz‘k(t : \I’A)('zﬂfk)‘p)'

(4.53)
It follows that
1 [B(AL)
B 2o E(Z2) < CuPIven, IR, , (4.54)
k=1
The right-hand side is bounded uniformly in L. Using this in (4.52)), the claim follows.
O

We can now finish the proof of our main results:

Proof of Theorems and [{.7 from Propositions [{.3{4.6. The distributional conver-
gence in is a direct consequence of the Martingale Central Limit Theorem whose
conditions are established in Propositions and The limiting variance
o? is given by the right-hand side of , in agreement with . It remains to
prove that o2 > 0 whenever ¢ # 0 and the law P is non-degenerate.
Suppose on the contrary that o2 = 0. Then for each i we would have E((t, Z(0,i)t)?) =

0 and thus (¢, Z(0,4)t) = 0 P-a.s. Denoting b := (0,&;), imply that, for P-
a.e. wp,

/ P(dwj) / "z B([1 - @ - w)ad @.0)|Vilt- 0)w.0) | Fop) =0, (455)

!
Wy

where Fg ;) 1= o(wpy). Let Q1 C [A, /)] be the set of wy, where this holds. Then P(Q;) =1
and, since IP is non-degenerate, {21 contains at least two points. The expectation in
is independent of wj; subtracting the expression for two (generic) choices of wy, in Q5 then
shows that the inner integral must vanish for all wy,w; € Q1. But tells us that
the prefactor in square brackets, and thus the conditional expectation, is non-negative

(in fact, it is bounded away from zero). Hence, this can only happen when

Vi(t-)(-,0) =0, P-a.s. for all i =1,...,d. (4.56)
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But then ceg(t) = 0, which cannot hold for ¢ # 0 when ({1.1f) is in force. O

Proof of Corollary from Propositions [{.344.6, Thanks to (4.1H4.2) and Proposi-
tion C fﬂ(t) is a martingale whose increments, Zj are square integrable. Therefore,

IB(AL)|
Var(C(t)) = > E(Z}). (4.57)
k=1
But the right-hand side is the expectation of the quantity on the left of (4.35). Since
the convergence in (4.35)) occurs in L!(P), the claim follows. O

4.3 The Meyers estimate

The goal of this section is to give proofs of Propositions and The former is
a simple consequence of the Hilbert-space structure underlying the definition of a har-
monic coordinate; the latter (to which this section owes its name) is a far less immediate

consequence of the Calderén-Zygmund regularity theory for singular integral operators.

4.3.1 L2 bounds and convergence

Recall our notation L, for the operator in (4.8). We begin by noting an explicit rep-
resentation of the minimum of f — Q\(f) as a function of the (Dirichlet) boundary

condition:

Lemma 4.12. Let A C Z% be finite and fix an w € Q. Then there is K: OA x OA —
[0,00), depending on A and w, such that for any h that obeys L, ,h(x) =0 for x € A,

=3 3 Kwy)[hy) - h()]* (4.5%)
z,y€OA
Moreover, K(z,y) = K(y,z) for all z,y € OA and

yEOA z€EA
(z,2)EB(A)

for all x € OA.
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Proof. “Integrating” by parts we obtain
Qa(h) = =D h@)(Lh)(H) + D> aay [h(y) — hx)]h(y).

yeA yEOA, xEA
(z,y)EB(A)

(4.60)

Employing the fact that A is £,,-harmonic, the first sum drops out. For the second sum
we recall that h(z) = >, _5p Pa(z, 2)h(2), where pj(z, 2) is the discrete Poisson kernel
which can be defined by pa(zx, z) := P%(X,,, = z) for 79p denoting the first exit time

from A of the random walk in conductances w. Now set

K(y,z) = Z (IxypA(LU,Z) (4.61)
TEA
(z,y)EB(A)

and note that }°.cop K(y,2) = Xpen, (ny)eB(a) Gay- 1t follows that
S [h) - @) = Y K@) - b)) (462
yEIN, zEA y,2E0N

(z,y)€B(A)

The representation using the random walk and its reversiblity now imply that K is

symmetric. Symmetrizing the last sum then yields the result. O

Remark 4.13. We note that Lemma holds even for vector valued functions; just
replace [h(y) — h(x)]? by the norm squared of h(y) — h(x). This applies to several

derivations that are to follow; a point that we will leave without further comment.

We can now prove Proposition dealing with the convergence of VW, to Vi in
| - ||a.2-norm, as A := Ay, fills up all of Z<.

Proof of Proposition [{.3 Abbreviate h(z) := ¢ (w,z) — ¥y, (w,z). The bound (LI]
implies
2 11 2
IV, =), < N B > awlhly) = h@)| ). (4.63)
(z.y)€B(AL)
Let f: AUOA — R? be the minimizer of

infe Y |f(y) - F@))? f(2) = x(2) for all z € aAL}. (4.64)

(z,y)E€B(AL)
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Since h is the minimizer of the corresponding Dirichlet energy with conductances {az,}
and boundary condition y, we get using (|1.1])

S anlh) -h@ [ < Y an|f@) - f@)

<x7y>EB(AL) 7y>eB(AL)

<f ) (4.65)
<y > Hw-r@f”
(z,y)€B(AL)
Writing the last sum coordinate-wise and applying Lemma we thus get
2 1 2
(z,y)€B(AL) z,yedAL

where the kernel K (z,y) pertains to the homogeneous problem, i.e., the simple random
walk. Note that these bounds hold for all configurations satisfying .

By shift covariance and sublinearity of the corrector (cf Proposition [4.2)2,4)), for
each € > 0 there is A = A(e) such that

E([x(a) = x(9)|") < A+ela — g, (4.67)
Using this and in yields
2 1 1 9
Vs = 0la,0 < 532 (ay ] %;AL K(z,y)(A+ele —yl?). (4.68)

But >, con, K(z,y) < 1 for each z € OAp while 3 o5,
Lemma the Dirichlet energy of the function x — x for conductances all equal
to 1. Hence, the last sum in is bounded by A|OAL| + ¢|B(AL)|. Taking L — oo
and ¢ | 0 finishes the proof. O

K(z,y)|z — y|* is, by

Remark 4.14. As alluded to in the introduction, the L?-convergence VU, — VY
permits us to prove the formula (1.25)) for ceg(t). The arqument is similar to (albeit
much easier than) what we used in the proof of Proposition |4.10. Indeed, we trivially

decompose

Cfﬁ(t) = QAL (t : \IJAL) = QAL (t : w) + (QAL (t : \I]AL) - QAL (t : w)) (469)

The stationarity of the gradients of ¢ and the Spatial Ergodic Theorem imply that for
any ergodic law P on conductances, P-a.s. and in L' (P),

LQAL(t-@u) — E< > ao,x(w)|t-¢(w,x)|2>. (4.70)

‘AL’ L—oo < N
r=€1,...,é4
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It follows from the construction of the harmonic coordinate that expression on the right

coincides with the infimum in . (There is no gradient on the right-hand side of

because ¥(w,0) := 0.) It remains to control the difference on the extreme right
of .

Using the quadratic nature of Qa, the ellipticity assumption and Cauchy-

Schwarz,

E[Qa(t-Wa) — Qa(t- )|
Al

1 2
< LRIV s =)}, + S HEIVOV(0r =), (4TD)

By Proposition — which holds for any shift-ergodic (elliptic) law on conductances
— the right-hand side tends to zero as A := Ay, increases to Z%. Since we know that
|AL]_1CLEH(t) is bounded and converges almost surely (e.g., by the Subadditive Ergodic

Theorem), it converges also in L'(P). We conclude that the limit value cog(t) is given

by (2.

4.3.2 The Meyers estimate in finite volume

Key to the proof of Proposition [£.4] is the Meyers estimate. The term owes its name to
Norman G. Meyers [Mey63] who discovered a bound on LP-continuity (in the right-hand
side) of the solutions of Poisson equation with second-order elliptic differential operators
in divergence from, provided the associated coefficients are close to a constant. The
technical ingredient underpinning this observation is the Calderén-Zygmund regularity
theory for certain singular integral operators in R?. (Incidentally, as noted in [Mey63],
Meyers’ argument is a generalization of earlier work of Boyarskii, cf [Mey63|, ref. 2 and 3]
for systems of first-order PDEs and a version of his result was also derived, though not
published, by Calderén himself; cf [Mey63], page 190]).

To ease the notation, in addition to (4.18)), we will use the notation |||, also for

the canonical norm in ¢P(A),

171 = (Slr@)) " (@.72)

TEA

throughout the rest of this section.
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Let us review the gist of Meyers’ argument for functions on Z%. Our notation is
inspired by that used in Naddaf and Spencer [NS98| and Gloria and Otto [GO11]. A

general form of the second order difference operator £ in divergence form is
L:=V*-A-V, (4.73)

where A = {A;;(x): i, =1,...,d, x € Z?} are x-dependent matrix coefficients, V f(z)
is a vector whose i-th component is V; f(z) := f(z + ¢é;) — f(x) and V* is its conjugate

acting as V7 f(x) := f(z) — f(z — é;). The above L is explicitly given by
d
(L)) = (Az‘,j(x) [f($+éi)—f($)]—Az‘,j(ﬂf—éj)[f(ﬂeréi—éj)—f(ﬂ?—éj)])- (4.74)
ij=1
Now, if A is close to the identity matrix, it makes sense to write

L=A+V*'-(A—id)-V, (4.75)

where we noted that the standard lattice Laplacian A corresponds to V* -id - V. This
formula can be used as a starting point of perturbative arguments.
Consider a finite set A C Z% and let g: A UOA — R Let f be a solution to the

Poisson equation
—Lf=V"g, in A, (4.76)

with f := 0 on 0A. Employing (4.75)), we can rewrite this as
~Af=V*"-[g+(A-id)-Vf]. (4.77)

The function on the right has vanishing total sum over A and hence it lies in the domain
of the inverse (A)Xl of A with zero boundary conditions. Taking this inverse followed

by one more gradient, and denoting
Ka = V(=A) 'V, (4.78)
this equation translates to
Vi=Kx-[g+(A-id)Vf]. (4.79)

A first noteworthy point is that this is now an autonomous equation for Vf. A second

point is that, if [[K4]|, is the norm of K, as a map (on vector valued functions) ¢P(A) —
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P(A) and ||A — id||« is the least a.s. upper bound on the coefficients of A(x) — id,

uniform in x, we get

IVFllp < ICAlIIIA = idlleo[V fllp + [IKAllp 91l (4.80)
Assuming [[ICa||p||A —id|lec < 1 this yields

IKallpllgll,
IKallpllA = id]

IVFlly < 7= (4.81)

Furthermore, the condition ||Ca|p]|A —id||sc < 1 ensures the very existence of a unique
solution V f to via a contraction argument; then implies the continuity of
g— Vfin P(A).

The aforementioned general facts are relevant for us because L, is of the form .
Indeed, set A;;(z) := 0;jaz z+¢, and note that reduces to . The finite-volume
corrector

XA(w,x) =V (w,x) — (4.82)
then solves the Poisson equation
—Loxa =V*-g, where g(z):= (aggzie,,---,00z+1é,) (4.83)

Thanks to (1.1), this g is bounded uniformly so, in order to have (4.81)) for all finite

boxes, our main concern is the following claim:

Theorem 4.15. For eachp € (1,00), the operator Ky, is bounded in £P(Ay,), uniformly
m L >1.

Proof of Proposition from Theorem . Let p* > 4. Since (in our setting) ||A —
idloc < A71—1, we may choose A € (0,1) close enough to one so that supy >y |Ka, [|p+[|A—

id||oc < 1. From the above derivation it follows
sup [|Vxa, l|la, p+ < oo. (4.84)
L>1

We claim that this implies

IVxlp <00,  p<p~ (4.85)
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Indeed, pick o > 0 and note that, for any € € (0, «),

D Uoxasar € Y Lwwa, Caysamed + O Livws, (o—vx(a)>e- (4.86)
zEAL zEAL zEAL

Taking expectations and dividing by |A|, the left hand side becomes P(|Vx(+,0)| > «),
while the second sum on the right can be bounded by €2||Vxa, — VxHiLg, which tends
to zero as L — oo by Proposition [1.3] Applying Chebyshev’s inequality to the first sum
on the right and taking L — oo followed by € | 0 yields

p*
P(VX(,0)| > a) < =% sup VxR, o (4.87)

Multiplying by a?~! and integrating over a > 0 then proves (4.85)).
Returning to the claims in Proposition inequality (4.85)) is a restatement of

(4.20). Since (4.84/4.85) imply the uniform boundedness of ||V (xa, — X)||a p, for each
p < p*, Lemma [4.9] then shows ||V(xa, — X)lla,p — 0, as L — oo for all p < p*. This

proves (4.21) as well. O

4.3.3 Interpolation

In the proof of Theorem [4.15| we will follow the classical argument — by and large due
to Marcinkiewicz — that is spelled out in Chapter 2 (specifically, proof of Theorem 1
in Section 2.2) of Stein’s book [Ste70]. The reasoning requires only straightforward
adaptations due to discrete setting and finite volume, but we still prefer to give a full
argument to keep the present paper self-contained. A key idea is the use of interpola-
tion between the strong £2-type estimate (Lemma and the weak ¢!-type estimate
for Ka, (Lemma [4.17)). Both of these of course need to hold uniformly in L > 1.

Lemma 4.16. For any finite A C 72, the £2(A)-norm of Ky satisfies |Kall2 < 1.

Proof. Let H be a Hilbert space and 1" a positive self-adjoint, bounded and invertible
operator. Then for all h € H,

(h,T7'h) = Su5{2(g, h)—(9,Tg)} (4.88)
ge
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We will apply this to H given by the space (of R-valued functions) ¢2(A), T := € — A
and h := V* . f for some f: A — R? with zero boundary conditions outside A. Then
(V- fi(e=A)'V* - f) = sup {2(9,V"- f) —e(g,9) + (9,09)}
geL2(A)

= sup {2(Vg, f) —e(g,9) = (Vg,Vg) = (£, /)} + (f, f)
geL2(A)

= sup {—(Vg—f,VQ—f)} +(f, 1)
geL2(A)

< (f, ),
(4.89)

where we used that V* is the adjoint of V in the space of R%valued functions £2(A) and
where the various inner products have to be interpreted either for R-valued or R%-valued
functions accordingly. Taking € | 0, the left-hand side becomes (f,Cy - f). The claim
follows. O

The second ingredient turns out to be technically more involved.

Lemma 4.17. Ky, is of weak-type (1-1), uniformly in L > 1. That is, there exists K
such that, for all L > 1, f € /*(Ar) and o > 0,

Hf\h

[{z € Ap: [Ka, f(2)] > a}| < Ki (4.90)

Deferring the proof of this lemma to the next subsection, we now show how this

enters into the proof of Theorem [4.15

Proof of Theorem [[.15 from Lemma[{.17. We follow the proof in Stein [Ste70, Theo-
rem 5, page 21]. We begin with the case 1 < p < 2. Let f € (A1) and pick a > 0.

Let f1 := f]l{‘f|>a} and fo := f]l{\f|§oc}' Then

[{z € Ap: [Ka, f(2)] > 20} < |{z € Ap: [Ka, f1] > o}
+|{z € ALt [Ka, fo] > a}. (4.91)

Lemmas and then yield

Hf1||1 ZHJ;22||27 (4.92)

[{z € ALt [Ka, f(2)] > a}| < K
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with K 1 and IA(Q independent of L. Multiplying by o?~! and integrating, we infer

1K, £I12 = p / " {z € Ar: [Ka, £(2)] > a}| da
<pZ/ K1ap FEgpsay + K2a 75| f(2)] ]1{|f\§a}> dov
SO \/ ot pRy 311 2/ o3 da
£2)

|
K K
= 2P+ o L

proving the assertion in the case 1 < p < 2.

(4.93)

For p € (2, 00), the fact that K, is obviously symmetric implies that ||[ICa ||, = [|[KCallq,
where ¢ is the index dual to p. Hence supy> ||Ka, ||, < oo for all p € (1, 00). O

4.3.4 Weak type-(1,1) estimate

It remains to prove Lemma The strategy is to represent the operator using a
singular kernel that has a “nearly ¢'-integrable” decay. Let Ga(z,y) be the Green

function (i.e., inverse) of the Laplacian A on A with zero boundary condition on OA.

Lemma 4.18. The operator Ky admits the representation

[Ka - fl ZZ VO Gz, £ ), (4.94)

yeA j=1
where the superscripts on the V'’s indicate which of the two variables the operator is

acting on.

Proof. Since both G and f vanish outside A, we have

i [Ka - F@)] =V (O C) (V- 1) (@)

yeEA

d
= 3 (@t +é0) ~ Calew) Yl — &) — 5(0)])

y€Z4 j=1
(4.95)

d
=Y > (Galw+ ey +&) — Gala,y+¢)) fi(y)

J=1yezd

_Z > (Gale +éi,y) — Gale,y)) ().

J=1 yezd
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This is exactly the claimed expression. O

Crucial for the proof of the weak-type (1,1)-estimate in Lemma is an integrable

decay estimate on the gradient of the kernel of the operator Ky:

Proposition 4.19. There exists C > 0 independent of L such that

C

2)v(1)o(2)
Vi ViV Gay (@, y)] SW

(4.96)

forall z,y € Ap and i, 5,k € {1,...,d}.

Although (4.96) is certainly not unexpected, and perhaps even well-known, we could
not find an exact reference and therefore provide an independent proof in Section |4.3.5

With this estimate at hand, we can now turn to the proof of Lemma [£.17]

Proof of Lemma from Proposition[{.19. To ease the notation, we will write A :=
AL (note that all bounds will be uniform in L) and, resorting to components, write Cp
for the scalar-to-scalar operator with kernel Kg\i’j)(x, y) = Vgl)Vgg)GA(w,y) for some
fixed i,j € {1,...,d}. For the most part, we adapt the arguments in Stein [Ste70),
pages 30-33].

Take some function f: A — R, extended to vanish outside A, and pick a > 0. Con-
sider a partition of Z¢ into cubes of side 3", where r is chosen so large that 37| f||; < a.
Naturally, each of the cubes in the partition further divides into 3¢ equal-sized sub-cubes
of side 3" !, which subdivide further into sub-cubes of side 3772, etc. We will now des-
ignate these to be either good cubes or bad cubes according to the following recipe. All
cubes of side 3" are ex definitio good. With Q being one of these sub-cubes of side 3",
we call @@ good if

1
= |f@)] <o, (4.97)
Q@ =5

and bad otherwise. For each good cube, we repeat the process of partitioning it into 3¢
equal-size sub-cubes and designating each of them to be either good or bad depending
on whether holds or not, respectively. The bad cubes are not subdivided further.

Iterating this process, we obtain a finite set B of bad cubes which covers the
(bounded) region B := (Jgcp Q. We define G := 7%\ B, the good region, and note that

|f(z)] <a,  z€G, (4.98)
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and
1
o< — Z‘f(z)‘ < 3%a, Q € B, (4.99)
Ql %
where the last inequality is due to the fact that the parent cube of a bad cube is good.

Next we define the “good” function

o) = 17 2eG (4.100)

Wllzzle(Z% z€eQeb.

The “bad” function, defined by b := f — g, then satisfies

b(z) =0, z €@,
S b(z) =0, QeB. (4.101)
z€Q
Since KCp f = Kpag + Kab, as soon as
K K
{2 1 [Kag(2)| > on}| < 12“5”1 AND  |{z: [Kab(2)| > 0} < 12”0{”1, (4.102)

the desired bound will hold. We will now show these bounds in separate argu-
ments.

Considering g first, we note that ||g||3 is bounded by a constant times a|| f||1. Indeed,
for z € B let Q. denote the bad cube containing z. Then

S g2 =% f2+ S g2

z€7Z4 2€G 2€B

<o X[+ X (g7 X 16)

z€G z€B yeQ, (4.103)
1
<alfli+3%d> TN > 1)

z€B YEQ:
< 3%+ Dallfl

by using (4.98) on G and ([4.99) on B. By Chebychev’s inequality and Lemma [4.16]

IKagll3 < B+ DIKAIZ £l
a2 o '

{z:1Kag(2)] > a}| <

(4.104)

Note that this yields an estimate that is uniform in A := A because [|[Cx|l2 < 1 by
Lemma [£.16]
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Let us turn to the estimate in (4.102)) concerning b. Let {Qr: k = 1,...,|B|} be
an enumeration of the bad cubes and let by := bllg, be the restriction of b onto Q.

Abusing the notation to the point where we write K, (z,y) for the kernel governing Ky,

from (4.101)) we then have

Kabi(z) = Y [Kalz.9) = Kalzu)]b(y), (4.105)
yeQk
where yy is the center of Q (remember that all cubes are odd-sized). Let Q. denote the
cube centered at y; but of three-times the size — i.e., Qy, is the union of Q) with the
adjacent 3¢ — 1 cubes of the same side. The bound now proceeds depending on whether
RS Qk or not.
For z ¢ Q. the distance between z and any y € (i is proportional to the distance

between z and y;. Proposition thus implies

diam(Qg) ~

KA (2,9) — Ka(z,m0)| < C Togin PGk (4.106)

Moreover, thanks to ,
Dbl > (fWI+lgwl) <2 > Ify (4.107)

yEQk YyEQk yEQk

Using these in (4.105]) yields

d
Kabi(2)] < la“;ji;; S 1 (4.108)

YEQK

Summing over all z € Qy, and taking into account that |z — y;| > diam(Qy) for z € Qy,

we conclude

> IKabr(2)| < Cdiam(Qr) > [£(y)] > |Z—y1k|d+1

eh\G yeQ) 2t |z—yp|>diam(Qr) (4.109)

<C>  Ifly)

YEQK

for some constant C. Setting B := Ug Qy, and summing over k, we obtain

> IKab()l < CY 1w < Clif |, (4.110)

ze€A\B yeB
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which by an application of Chebychev’s inequality yields

[{z € A\ B: [Kab(2)] > a}| < é‘(f”l. (4.111)

i.e., a bound of the desired form.
To finish the proof, we still need to take care of z € B. Here we get (and this is the

only step where we are forced to settle on weak-type estimates),

{z € B: [Kab(2)] > o}| < [B] <3 |Qx
k

4.112)
1 G LI
<31y "~ :
<oy LS ) < 2
k 2€Qk
The bound (4.90) then follows by combining (4.104)), (4.111)) and (4.112)). O]

4.3.5 Triple gradient of finite-volume Green’s function

In order to finish the proof of Theorem [4.15] we still need to establish the decay estimate
in Proposition This will be done by invoking a corresponding bound in the full
lattice and reducing it onto a box by reflection arguments. (This is the sole reason
why we restrict to rectangular boxes; more general domains require considerably more
sophisticated methods.)

For € > 0, let G° denote the Green function associated with the discrete Laplacian
A on Z¢ with killing rate ¢ > 0, i.e., G°(-,-) is the kernel of the bounded operator

(e — A)~! on £2(Z%). This function admits the probabilistic representation

2 P Xy, =y)

GE(:L,’y) = (1+€)k+1 )

(4.113)
k=0

where X is the simple random walk and P® is the law of X started at xz. This func-
tion depends only on the difference of its arguments, so we will interchangeably write
Ge(z,y) = G*(z — y). We now claim:

Lemma 4.20. There ezists C > 0 such that, for alle >0, all i,j,k € {1,...d} and all
x #0,

ViV ViG ()] < -

< T (4.114)
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Sketch of proof. This is a mere extension (by adding one more gradient) of the estimates
from in Lawler [Law91l Theorem 1.5.5]. (Strictly speaking, this theorem is only for the
transient dimensions but, thanks to ¢ > 0, the same proofs would apply here.) The
main idea is to use translation invariance of the simple random walk to write G¢(x) as
a Fourier integral and then control the gradients thereof under the integral sign. We

leave the details as an exercise to the reader. O

We now state and prove a stronger form of Proposition

Lemma 4.21. There exists C' > 0 such that, for all L > 1, ¢ > 0 and arbitrary
i,7,k € {1,...d},

IVAVITREE (2,y)] <

) (4.115)

|z — y|dt+T
for all xz,y € A and all i,j,k € {1,...,d}. Here, the superscripts on the operators

indicate the variable the operator is acting on.

Proof. Throughout, we fix L € N and denote A := Ap. The proof is based on the

Reflection Principle for the simple random walk on Z¢. To start, denote

Ao :=Ap =1{0,...,L}%,
A; =78 < {0,..., L} i=1,...,d—1, (4.116)
Ad = Zd,

(abusing our earlier notation), write X for the i-th component of X and let
74 = inf{k > 0: X,gi) =0}, 71 = inf{k > 0: X,Ei) = L}.
For y € A; with components y = (y1,...,yq), and integer-valued indices n € Z, put
() = (W20l 4 yis o Ya)
M1 (¥) = (W20 4+ )L = yis - a)-
Our first claim is that, for i € {1,...,d},

PP (X =y, 7 >k, > k) = Y _(—1)"P™(X}, = riy()). (4.117)
ne”L

In order to show (#.117)), fixi € {1,...,d} and x,y € A; and let A* for k,m € N denote
the set of paths of length k starting in = and ending in r?,(y) (for some n € Z) that visit
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the set {z; = LZ} exactly m times. Moreover, for a path p, let s(p) := 0 if the path p
ends in an even vertex (that is, 7%, (y) for some n) and s(p) := 1 if it ends in an odd

vertex. We note that, for m > 0,

> (-1 =o. (4.118)
pEAL,
To see this, we consider the mapping from A* onto itself defined by taking a path and
reflecting the segment between the last visit to LZ and the endpoint around the point
where it last visited LZ. This is obviously a bijection from A¥, onto itself which changes
the sign of (—1)*®). It follows that the sum must vanish. As all paths in A, have the
same probability, we may in each summand in multiply the probability of each

respective path and obtain

0= 3 (VPN s=p) = Y ()PP (X k= p Xe = ()

PEAL, peAE neZ
= 3 ()P (Ko =0, X =1(y)
pEAkL, nez
- Z 1)"P*(Xo,..k € Almek = T%(y)) forallm >0
nel

(4.119)
with Xq . x denoting the path of the random walk up to time k. We now verify
by

P* (X =y,75 >k, 7}, > k) =P*(Xo,.. 1 € Af)
_Z 1)"P*(Xo,..k EAIS,Xk:r;(y))

neZ
€09 3 (C)"PT(Xo.k € AL, Xp = 1 (y))
m>0,n€Z
= (1)"P*(Xy = ri,())-
nez

This obviously holds regardless of any restriction of the other components of the walk,
which means that we have in particular
P"(Xp=y, g >kri>k Vji>i)=> (-1)'"P"(Xp=ri"(y), i >kl >k Vj>itl)

nel
(4.120)
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for each i € {0,...,d—1}. Let us now establish the desired representation for the Green
function. For any ¢ € {0,...,d}, the Green function Gj, on A; with zero boundary

condition is given by
o
=N U+ P (X =y, ] > ko) > kY > ). (4.121)
k=0

Applying (4.120) to every probability term, we obtain for each i € {0,...,d — 1}

Gi,(wy) = D (-1)"G,, (&, r () (4.122)

nel

Consecutive application of this equality gives

Gilw,y) = D (F)* T F2G5(x, r2(y)) (4.123)

2€74

for all z,y € A, where we abbreviate r, = ril 0.0 rdd. From Lemma we thus

zZ,

obtain

~

@ g g® x ¢
|V V Vi Gaxy Z‘VVVGEQ:—TZ ‘_ZW(ZIIZL)
z€Z4 z€Z4
for all z,y € A. Now we are ready to conclude the argument. Let x,y € A and
abbreviate

d
Zmax = Max |z]|.
=1

Whenever zmax < 1, we have |z —r;(y)| > | x — y| as reflection always increases the dis-
tance between points in A. If zpay > 1, we may even estimate |z —7,(y)| > d~Y2L| 2| >
d='z — y|| z|. The latter is verified quickly using d"/?zmax > |2| > Zmax and the fact

that zpax is at least 2 in this case. Therefore, we obtain

dt1
@) o) o) ' c
ViV Galy)| < Z |z — ’d—f—l T Z |z — y|d+1] z[d+]
* Zmagq =t (4.125)
< g3d 4 gd+1 Z

> — o ldt1 d+1 )

|z —y| ( = | 2| )
which is the desired estimate. O

We are now ready to complete the proof of Theorem
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Proof of Proposition[[.19. Although the € | 0 limit of G€ exists only in d > 3, for gradi-
ents we have VG(z,y) = lim. o VG(x,y) in all d > 1. Since the bound in Lemma
holds uniformly in € > 0, we get the claim in all d > 1. O

4.4 Perturbed harmonic coordinate

In this section we will prove Propositions [4.5 and Abandoning our earlier notation,
let
G/\(w7y;w) = (_Ew)_1<$7y) (4'126)

denote the Green function in A with Dirichlet boundary condition for conductance
configuration w. (Thus, the simple-random walk Green function from Section cor-
responds to w := 1.) The Green function is the fundamental solution to the Poisson
equation, i.e.,

—L,GA(z, 2,w) = 64(2) it ze A,

(4.127)
Ga(z, z,w) =0, if z € OA,

where 0(z) is the Kronecker delta. Note that G is defined for all w € Q. The solution
to is naturally symmetric,

Ga(z,y;w) = Gy, Ty w), x,y € A, (4.128)

and so we can extend it to a function on A U JA by setting G (z,-;w) = 0 whenever
x € OA. Here is a generalized form of the representation (4.23)):

Lemma 4.22 (Rank-one perturbation). For a finite A C Z% let x,y € A be nearest
neighbors. For any w,w’ such that wj = wy, except at b := (z,y), and any z € AUIA,

Up (W, 2) — Uy (w,2)
= —(Why — Way) [Galz,y50") — Galz, 2;0")] [Pa(w, y) — Up(w, 2)]. (4.129)

Proof. Suppose w,w’ € Q) are such that w’ equals w except at the edge b := (x,y), where
wy, := wp + €. Define the function ®5: AUOA — R? by

Pp(z) = Up(w,2) — €[Galz, ;') — Galz, z;0")] [Ta(w,y) — Ua(w,z)].  (4.130)
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We claim that
LoPy=0  inA. (4.131)
Since for z € A we have ®p(z) = Up(w,z) = z, this will imply ®A() = TUp(W', ")

thanks to the uniqueness of the solution of the Dirichlet problem.

In order to show (4.131)), we first use (4.127H4.128)) to get
L ®p(2) = Loy Up(w, 2) — €[6y(2) — 0:(2)] [¥a(w, y) — Ua(w, 2)]. (4.132)

To deal with the term £,V (w, z), we think of of £, as a matrix of dimension |A|. For

its coefficients Ly, (z,2) := (32, L,0./)2(n) We obtain

Lo(2,2) = Lo(2,2') + €[6y(2) — 02(2)] [6,(2) — 62(2)]. (4.133)
Using that £,¥5(w,z) =0 for z € A, we now readily confirm (4.131]). O

Proof of Proposition . Set y := x + é; and denote V;f(z) := f(z + &) — f(2).
Lemma [£.22] shows

ViU (,z) = [1 — (W) — w) VIV Gy (o, x,w')}vi\lfl\(w,:n), (4.134)

where the superindices on V indicate which variable is the operator acting on. To prove

the claim we need to show

VIV Gr(z,z,w)] T = inf{QA(f): F(y) — f(z) =1, for =0}, (4.135)

where the conductances in Q5 correspond to w. For this, let f be the minimizer of the

right-hand side. The method of Largrange multipliers shows
—L,f(2) = al[dy(z) — 0:(2)]. (4.136)
Thanks to , this is solved by
f(z) = a|Ga(y, z;w) — Ga(, 2;w)] = onl(-l)GA(:Jc, Z;w) (4.137)

which in light of the constraint f(y) — f(z) = 1 gives a = [Vgl)Vf)GA(az,x,w)]_l.

Since also Qa(f) = (f, —Luf)e2a), (4.136) gives Qa(f) = o and so (4.135)) holds. The
correspondence (4.23)) then follows from (4.134H4.135)); the identity (4.24]) results by

differentiation of the left-hand side with respect to wy. O
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Finally, it remains to establish the limit (4.25)), including all of its stated properties:

Proof of Proposition . Thanks to ellipticity restriction (|1.1]), we have a bound on this
quantity in terms of the lattice Laplacian. This shows that, for some ¢ = ¢(A) € (0,1),

¢ < VIVPGy(r,0,0) < 1/c (4.138)

uniformly in A. Moreover, A — VEDVEQ)GA(Q:,:U,Q)’ ) is obviously non-decreasing in A
and so the limit exists. The formula (4.26)) and the claimed stationarity then follow as
well. O
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