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Exercise 1. We consider the homoscedastic linear model without an intercept, i.e., for i € [1,n],
)/; = /sz + €,

where z1,...,z, are fixed, and the errors €1, ..., &, are independent, have mean zero and common
variance o2. We assume that

n n
fo > 0, sz # 0.
i=1 i=1

We define
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1. Interpret Bn and Bn as Z-estimators by specifying their estimating functions. Which of these
estimators coincides with the least squares estimator?

Compare the properties imposed on the residuals by these two methods.
Show that both estimators are unbiased for .

Compare the variances of these estimators. When are they equal?

LA o

Interpret the result in terms of the weights assigned to the observations.

Exercise 2. We consider simple linear regression, i.e., for i € [1,n],
Yi = Bo + Brxi + &,

where x1,...,x, are fixed real numbers that are not all equal, and the errors €1,..., ¢, are inde-
pendent, have mean zero and common variance 0. We want to determine the line that best fits the
observations in the least squares sense, that is, solve

(Bon, B1m) € arg min > (Vi —a—bxy)*.
(a,b)ER? ;1

We write

Zn:Y?E’ Soz = zn:(x’ - 7)27 Sxy = zn:(.%'z - Y)(K — ?)
' ' i=1

1. Write down the design matrix X of this model. Show that it has rank 2 and deduce that the
least squares estimator exists and is unique.

2. Give the two equations satisfied by 50 n and ,6’1 n for the minimization problem. Use one of them
to express ﬁo n in terms of 51 n, X and Y.
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3. Establish the identities

n n
Spe = Z 12 — nyz, Sy = ZxZY; —-nXY.
i=1 i=1

Deduce the expressions for £y, and 31,y.

4. Show that the fitted line passes through the centroid (X,Y) of the scatter plot and that the
residuals sum to zero.

Exercise 3. We consider the homoscedastic linear model
Y =Xg+e, Eyle] = 0,, Covgle] = 01,

where 8 € RP and X € R"*P is a deterministic matrix of rank p, with n > p. Let Bn denote the
least squares estimator and

H=XX"X)"'X", M=I1,-H

Recall that H and M are the matrices of the orthogonal projections onto Im(X) and Im(X)*,
respectively.

1. Show that
2 T
SCR = HY _ XﬁnH — ¢ Me.
2. Using the properties of the trace, show that
Eg[SCR] = o2 tr(M).

3. Show that the trace of an orthogonal projection matrix equals its rank. Deduce the value of
tr(M).

4. Construct an unbiased estimator of o2 from SCR. Compute the bias of SCR /n and explain
why we divide by n — p rather than by n. Does this result require Gaussian errors?

Exercise 4. Let p > 1 be fixed. We consider a sequence of fixed-design regression models, i.e.,
for every n > p, we consider the model

Y, =X,8+¢e,, Eyle] = 0,,, Covgle] = 01,

where 8 € RP, X,, € R"*P is a deterministic matrix whose ith row is denoted by XL-, and o2 € R%.
We assume that X,, has rank p for every n > p and that

Lo
pXnXn T2 Q
where Q is a positive definite matrix. Let Bn denote the least squares estimator.

Part I — Consistency.
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1. Recall the expression for Bn Show that
B\n ﬁ XTX Z Xn,i€i-

Deduce that 3, is unbiased and determine its covariance matrix.

2. Show that

sl ol | = 7o (xix) "} o

Deduce the consistency of Bn

Part II — Asymptotic normality. We now assume that the variables (&;);>1 are i.i.d., in
addition to having mean zero and variance o2, and that the design also satisfies

%0l
1<z<n V/n  n—oo 0.

3. Show that
Vil ~ B) = (X1 X )‘1 Ly~
n — =\ n - Xn,i€i-
n ~Xa i i€

Why can the usual central limit theorem for 4.i.d. variables not be applied directly to the sum
in this expression?

4. Let u e RP\ {0,}. Define

uTxmé‘i
ZTL,'i = T.
Check that Z, 1, ..., 2, are independent, have mean zero and are square-integrable. Show that

ZV&r[ZM —0 2u"Qu > 0.

5. Let § > 0. Show that

XR:E{ZELJ]I{\ZWDQ} < {iz:: u xp,;) } |:€%]1{€1|> NG }

i=1 Tallmax; < <p %7 1

6. Deduce that the Lindeberg condition holds.

7. Apply the Lindeberg—Feller theorem and then the Cramér—Wold criterion to establish
1
\FZXT”& n—>./\/ (Op,a Q).

Conclude that

= L

\/ﬁ(ﬂn_ﬂ)—>N( ) T Q )

n—oo
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Part IIT — Why control the weights of the observations?
8. Consider the case p =1 and the design
Tn1=Vn,  Tni=0, i€ [2,n].

Check that the first assumption on the design holds, but not the second. Compute Bn — f and
Vn(Bn — B). If the errors take the values —1 and 1 with probability 1/2 each, is the estimator
consistent? Is it asymptotically normal at rate y/n? Interpret.

Appendix

Lindeberg—Feller theorem. For each n, let Z, 1,...,Z,, be independent, mean-zero,
square-integrable real random variables. Suppose that

n
> Var[Z,;] —— s> €]0,+00]
and that, for every § > 0,

n

Z E |:Z721,i]1{|Zn’i‘>6}:| — 0.

; n—00
=1

Then,

n
/&

Z Znﬂ' —_— N(O, 82).

i1 n—oo

Cramér—Wold theorem. Let (Z,),>1 be a sequence of random vectors in R? and let Z
be a random vector in RP. Then,

L L
Z, —— 7 — VueRP, u'Z, ——>u'Z.
n—oo n—oo




