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OPTIMAL TRANSPORTATION UNDER CONTROLLED
STOCHASTIC DYNAMICS!

By X1A0LU TAN AND NIZAR TOUZI
Ecole Polytechnique, Paris

We consider an extension of the Monge—Kantorovitch optimal trans-
portation problem. The mass is transported along a continuous semimartin-
gale, and the cost of transportation depends on the drift and the diffusion co-
efficients of the continuous semimartingale. The optimal transportation prob-
lem minimizes the cost among all continuous semimartingales with given
initial and terminal distributions. Our first main result is an extension of
the Kantorovitch duality to this context. We also suggest a finite-difference
scheme combined with the gradient projection algorithm to approximate the
dual value. We prove the convergence of the scheme, and we derive a rate of
convergence.

We finally provide an application in the context of financial mathematics,
which originally motivated our extension of the Monge—Kantorovitch prob-
lem. Namely, we implement our scheme to approximate no-arbitrage bounds
on the prices of exotic options given the implied volatility curve of some
maturity.

1. Introduction. In the classical mass transportation problem of Monge—
Kantorovich, we fix at first an initial probability distribution p¢ and a terminal
distribution 1 on R?. An admissible transportation plan is defined as a random
vector (Xp, X1) (or, equivalently, a joint distribution on R? x R9) such that the
marginal distributions are, respectively, (o and w1. By transporting the mass from
the position Xo(w) to the position X|(w), an admissible plan transports a mass
from the distribution po to the distribution w1. The transportation cost is a func-
tion of the initial and final positions, given by E[c(X(, X1)] for some function
c:RY x RY - R*. The Monge—Kantorovich problem consists in minimizing the
cost among all admissible transportation plans. Under mild conditions, a dual-
ity result is established by Kantorovich, converting the problem into an optimiza-
tion problem under linear constraints. We refer to Villani [36] and Rachev and
Ruschendorf [32] for this classical duality and the richest development on the clas-
sical mass transportation problem.
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As an extension of the Monge—Kantorovitch problem, Mikami and
Thieullen [30] introduced the following stochastic mass transportation mechanism.
Let X be an R¢-continuous semimartingale with decomposition

t
(1.1) &=m+AAM+m,

where W, is a d-dimensional standard Brownian motion under the filtration FX
generated by X. The optimal mass transportation problem consists in minimizing
the cost of transportation defined by some cost functional £ along all transportation
plans with initial distribution ¢ and final distribution p1:

1
V (o, 1) := infE / 0(s, Xy, By) ds,
0

where the infimum is taken over all semimartingales given by (1.1) satisfying IP o
X, - o and Po X 1_1 = 1. Mikami and Thieullen [30] proved a strong duality
result, thus extending the classical Kantorovitch duality to this context.

Motivated by a problem in financial mathematics, our main objective is to ex-
tend [30] to a larger class of transportation plans defined by continuous semi-
martingales with absolutely continuous characteristics:

t t
X, =X0+/0 ﬂsder/O oy dW,,

where the pair process (« := ool B) takes values in some closed convex sub-
set U of R?*4 x R?_ and the transportation cost involves the drift and diffusion
coefficients as well as the trajectory of X.

The simplest motivating problem in financial mathematics is the following.
Let X be the price process of some tradable security, and consider some path-
dependent derivative security £(X;, ¢ < 1). Then, by the no-arbitrage theory, any
martingale measure P (i.e., probability measure under which X is a martingale)
induces an admissible no-arbitrage price EF[£] for the derivative security . Sup-
pose further that the prices of all 1-maturity European call options with all possible
strikes are available. This is a standard assumption made by practitioners on liquid
options markets. Then, the collection of admissible martingale measures is reduced
to those which are consistent with this information, that is, ¢ (y) := IE]P[(X 1=y
is given for all y € R or, equivalently, the marginal distribution of X; under P is
given by 1y, 00) := —93 " c1(y), where 9™ c| denotes the left-hand side derivative
of the convex function c;. Hence, a natural formulation of the no-arbitrage lower
and upper bounds is inf EP [€] and sup IEP[S ] with optimization over the set of all
probability measures P satisfying P o (Xo) ' =68, and Po (X;)~! = 1, for some
initial value of the underlying asset price Xo = x. We refer to Galichon, Henry-
Labordere and Touzi [21] for the connection to the so-called model-free super-
hedging problem. In Section 5.4 we shall provide some applications of our results
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in the context of variance options £ = (log X); and the corresponding weighted
variance options extension.

This problem is also intimately connected to the so-called Skorokhod Embed-
ding Problem (SEP) that we now recall; see Obloj [31] for a review. Given a one-
dimensional Brownian motion W and a centered |x|-integrable probability distri-
bution ©1 on R, the SEP consists in searching for a stopping time t such that
Wz ~ p1 and (Wiar)r>o0 is uniformly integrable. This problem is well known
to have infinitely many solutions. However, some solutions have been proved
to satisfy some optimality with respect to some criterion (Azéma and Yor [1],
Root [33] and Rost [34]). In order to recast the SEP in our context, we specify
the set U, where the characteristics take values, to U = R x {0}, that is, trans-
portation along a local martingale. Indeed, given a solution t of the SEP, the pro-
cess X; := Wrar/(1—1) defines a continuous local martingale satisfying X1 ~ 1.
Conversely, every continuous local martingale can be represented as time-changed
Brownian motion by the Dubins—Schwarz theorem (see, e.g., Theorem 4.6, Chap-
ter 3 of Karatzas and Shreve [26]).

We note that the seminal paper by Hobson [23] is crucially based on the connec-
tion between the SEP and the above problem of no-arbitrage bounds for a specific
restricted class of derivatives prices (e.g., variance options, lookback option, etc.).
We refer to Hobson [24] for an overview on some specific applications of the SEP
in the context of finance.

Our first main result is to establish the Kantorovitch strong duality for our semi-
martingale optimal transportation problem. The dual value function consists in the
minimization of wg(lg) — w1(A1) over all continuous and bounded functions A,
where Ag is the initial value of a standard stochastic control problem with final
cost A1. In the Markovian case, the function A¢ can be characterized as the unique
viscosity solution of the corresponding dynamics programming equation with ter-
minal condition Aj.

Our second main contribution is to exploit the dual formulation for the purpose
of numerical approximation of the optimal cost of transportation. To the best of
our knowledge, the first attempt for the numerical approximation of an intimately
related problem, in the context of financial mathematics, was initiated by Bonnans
and Tan [10]. In this paper, we follow their approach in the context of a bounded
set of admissible semimartingale characteristics. Our numerical scheme combines
the finite difference scheme and the gradient projection algorithm. We prove con-
vergence of the scheme, and we derive a rate of convergence. We also implement
our numerical scheme and give some numerical experiments.

The paper is organized as follows. Section 2 introduces the optimal mass trans-
portation problem under controlled stochastic dynamics. In Section 3 we extend
the Kantorovitch duality to our context by using the classical convex duality ap-
proach. The convex conjugate of the primal problem turns out to be the value
function of a classical stochastic control problem with final condition given by the
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Lagrange multiplier lying in the space of bounded continuous functions. Then the
dual formulation consists in maximizing this value over the class of all Lagrange
multipliers. We also show, under some conditions, that the Lagrange multipliers
can be restricted to the subclass of C°°-functions with bounded derivatives of any
order. In the Markovian case, we characterize the convex dual as the viscosity so-
lution of a dynamic programming equation in the Markovian case in Section 4.
Further, when the characteristics are restricted to a bounded set, we use the prob-
abilistic arguments to restrict the computation of the optimal control problem to a
bounded domain of R9.

Section 5 introduces a numerical scheme to approximate the dual formulation
in the Markovian case. We first use the finite difference scheme to solve the control
problem. The maximization is then approximated by means of the gradient projec-
tion algorithm. We provide some general convergence results together with some
control of the error. Finally, we implement our algorithm and provide some numer-
ical examples in the context of its applications in financial mathematics. Namely,
we consider the problem of robust hedging weighted variance swap derivatives
given the prices of European options of all strikes. The solution of the last problem
can be computed explicitly and allows to test the accuracy of our algorithm.

NOTATION. Given a Polish space E, we denote by M(E) the space of all
Borel probability measures on E, equipped with the weak topology, which is also
a Polish space. In particular, M(R?) is the space of all probability measures on
(R?, B(R?)). S, denotes the set of d x d positive symmetric matrices. Given u =
(a,b) € S x R?, we define |u| by its L2-norm as an element in RY°+4 Finally,
for every constant C € R, we make the convention co 4+ C = oo.

2. The semimartingale transportation problem. Let  := C([0, 1], R¢) be
the canonical space, X be the canonical process

Xi(w) = wy forall r € [0, 1],

and F = (F;)1<:<1 be the canonical filtration generated by X. We recall that
F: coincides with the Borel o-field on 2 induced by the seminorm |w|eo  :=
SUPg<s<; lws|, @ € 2 (see, e.g., the discussions in Section 1.3, Chapter 1 of Stroock
and Varadhan [35]).

Let P be a probability measure on (€2, F1) under which the canonical process X
is a [F-continuous semimartingale. Then, we have the unique continuous decom-
position w.r.t. F:

(2.1) X, =Xo+B ' +M", re€[0,1],P-as.,

where BT = (BFD)OStsl is the finite variation part and MF = (M,P)oftfl is the lo-
cal martingale part satisfying Bp = Mo = 0. Denote by At]P> := (MP), the quadratic
variation of MY between 0 and 7 and AY = (A,P)oftfl. Then, following Jacod and
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Shiryaev [25], we say that the P-continuous semimartingale X has characteristics
(A, BY).

In this paper, we further restrict to the case where the processes A” and BY
are absolutely continuous in ¢ w.r.t. the Lebesgue measure, P-a.s. Then there are
F-progressive processes v' = (', BP) (see, e.g., Proposition 1.3.13 of [25]) such
that

t t
(2.2) A?’:f al ds, B}P’:f pYds,  P-as.forallrel0,1].
0 0

REMARK 2.1. By Doob’s martingale representation theorem (see, e.g., The-
orem 4.2 in Chapter 3 of Karatzas and Shreve [26]), we can find a Brownian mo-
tion W (possibly in an enlarged space) such that X has an Itd representation:

t t
X,:X0+f0 ,Blpder/O ol dw?,
where o = (@)1 [ie., af =0F ()T

REMARK 2.2. With the unique processes (AF, BT), the progressively mea-
surable processes V¥ = (o, BF) may not be unique. However, they are unique in
sense dIP x dt-a.e. Since the transportation cost defined below is a dP x dt inte-
gral, then the choice of V¥ = (aF, B) will not change the cost value and then is
not essential.

We next introduce the set U defining some restrictions on the admissible char-
acteristics:

(2.3) U closed and convex subset of S; x Rd,

and we denote by P the set of probability measures P on €2 under which X has the
decomposition (2.1) and satisfies (2.2) with characteristics le = (a? , EP) )ye U,
dP x dt-a.e.

Given two arbitrary probability measures 1o and ©1 in M(R?), we also denote

(2.4) P(ro) :={PeP:PoXy' =wuo},
2.5) P, 1) := {P € P(ro) :Po Xi' = i }.

REMARK 2.3. (i) In general, P (o, tt1) may be empty. However, in the one-
dimensional case d =1 and U = R™ x R, the initial distribution po = 8y, for
some constant xo € R, and the final distribution satisfies [ |x|p1(dx) < oo, we
now verify that P (ug, 1) is not empty. First, we can choose any constant in R for
the drift part, hence, we can suppose, without loss of generality, that xo = 0 and 1
is centered distributed, that is, fR xu1(dx) =0. Then, given a Brownian motion W,
by Skorokhod embedding (see, e.g., Section 3 of Obloj [31]), there is a stopping
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time t such that W ~ w1 and (W;A¢):>0 is uniformly integrable. Therefore, M =
(M;)o<r<1 defined by M; := Wy xr/(1—) is a continuous martingale with marginal
distribution P o M| - ©1. Moreover, its quadratic variation (M), =t A ﬁ is
absolutely continuous in ¢ w.r.t. Lebesgue for every fixed w, which can induce a
probability on €2 belonging to P (uo, 41).

(i) Let d =1, U =R*" x {0}, o = 8y, for some constant xo € R, and
as in (i) with [xui(dx) = xo. Then, by the above discussion, we also have
P(po, 1) # 2.

The semimartingale X under P can be viewed as a vehicle of mass transporta-
tion, from the P-distribution of X to the P-distribution of X ;. We then associate P
with a transportation cost

1
(2.6) J(P) :=EF / L(r, X,vF)dr,
0

where EF denotes the expectation under the probability measure P, and L : [0, 1] x
Q, xU —> R. The above expectation is well defined on Rt U {400} in view of
the subsequent Assumption 3.1 which states, in particular, that L is nonnegative.

Our main interest is on the following optimal mass transportation problem,
given two probability measures po, (1 € M(R?):

2.7 Vo, = inf  J(P),
(2.7) (o, 1) pepd ()

with the convention inf & = oo.

3. The duality theorem. The main objective of this section is to prove a du-
ality result for problem (2.7) which extends the classical Kantorovitch duality in
optimal transportation theory.

This will be achieved by classical convex duality techniques which require to
verify that the function V is convex and lower semicontinuous. For the general
theory on duality analysis in Banach spaces, we refer to Bonnans and Shapiro [9]
and Ekeland and Temam [18]. In our context, the value function of the optimal
transportation problem is defined on the Polish space of measures on R?, and our
main reference is Deuschel and Stroock [17].

3.1. The main duality result. We first formulate the assumptions needed for
our duality result.

ASSUMPTION 3.1. The function L:(¢,x,u) €[0,1] x Q x U+ L(t,X,u) €
R is nonnegative, continuous in (¢, X, u), and convex in u.
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Notice that we do not impose any progressive measurability for the dependence
of L on the trajectory x. However, by immediate conditioning, we may reduce the
problem so that such a progressive measurability is satisfied.

The next condition controls the dependence of the cost functional on the time
variable.

ASSUMPTION 3.2. The function L is uniformly continuous in ¢ in the sense
that

L(s,x,u)— L(t,X,
A;L(g) := sup| (s, %, u) ( Ll —0 ase — 0,
1+ L(t,x,u)
where the supremum is taken over all 0 < s,¢ < 1 such that [t — s| < ¢ and all
xeQ,uel.

We finally need the following coercivity condition on the cost functional.

ASSUMPTION 3.3. There are constants p > 1 and Cg > 0 such that

lul? < Co(1 + L(t,%,u)) < oo forevery (r,x,u) € [0, 1] x Q x U.

REMARK 3.4. In the particular case U = {I;} X R4, the last condition coin-
cides with Assumption A.1 of Mikami and Thieullen [30]. Moreover, whenever U
is bounded, Assumption 3.3 is a direct consequence of Assumption 3.1.

Let C»(R?) denote the set of all bounded continuous functions on R¢ and
() = fd ¢()udx)  forall e M(RY) and ¢ € £ (o).
R

We define the dual formulation of (2.7) by

(3.1) V(io, 1) := sup  {uo(ro) — m1(A)},
A1 €Cp(RY)
where
1
3.2 A ::'fEP[/L,X,Pd )»X},
(3.2) 0(x) pant | A (s, X, vg)ds + 11 (X1)

with P(38,) defined in (2.4). We notice that (L) is well defined since A takes
value in R U {oo}, is bounded from below and is measurable by the following
lemma.

LEMMA 3.5. Let Assumptions 3.1 and 3.2 hold true. Then, Ag is measurable
w.r.t. the Borel o -field on R? completed by 1o, and

1
Ao) = inf EP[/ L(s, X, v5) ds + 2 (X }
1o (ro) ot A ( s ) 1(X1)
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The proof of Lemma 3.5 is based on a measurable selection argument and is
reported at the end of Section 4.1.1. We now state the main duality result.

THEOREM 3.6. Let Assumptions 3.1, 3.2 and 3.3 hold. Then

Vo, 1) =V(po, 1) forall juo, 1 € M(RY),

and the infimum is achieved by some P € P (o, 1) for the problem V (o, i41)
of 2.7).

The proof of this result is reported in the subsequent subsections.
We finally state a duality result in the space Cp° (R?) of all functions with
bounded derivatives of any order:

(3.3) V(o p1) := sup  {po(ho) — m1(r1)}.
A ECRY)

ASSUMPTION 3.7. The function L is uniformly continuous in X in the sense
that

|L(t,x', u) — L(t,x?, u)|

A L(g):=su — 0, ase — 0,
x L&) =sup o )
where the supremum is taken over all 0 <¢ < 1,u € U and all x!, x2 € Q such that
|X1 - X2|oo <e.

THEOREM 3.8.  Under the conditions of Theorem 3.6 together with Assump-
tion 3.7, we have V =V on M(RY) x M(R%).

The proof of the last result follows exactly the same arguments as those of
Mikami and Thieullen [30] in the proof of their Theorem 2.1. We report it in Sec-
tion 3.6 for completeness.

3.2. An enlarged space. In preparation of the proof of Theorem 3.6, we intro-
duce the enlarged canonical space

(3.4) Q:=C([0, 1, R? x RY x RY),

following the technique used by Haussmann [22] in the proof of his Proposi-
tion 3.1.

On Q, we denote the canonical filtration by F= (.7",)0351 and the canonical
process by (X, A, B), where X, B are d-dimensional processes and A is a d?-
dimensional process.

We consider a probability measure P on  such that X is an F-semimartingale
characterized by (A, B) and, moreover, (A, B) is P-as. absolutely continuous
w.rt.t and v; € U, dP x dt-a.e., where v = (c, B) is defined by
(3.5) a;:=limsupn(A; — A;—1y,) and B;:=limsupn(B; — B;—1/,).

n—oo n— 00
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We also denote by P the set of all probability measures P on (R, F1) satisfying
the above conditions, and

P(uo) :={PeP:Po XO_1 = 110},
P(o, 1) =P eP(uo):Po X7 =},

Finally, we denote

_ _ 1
7@ :=EP/ L(t. X, v,)dt.
0

LEMMA 3.9. The function J is lower semicontinuous on P.

PROOF. We follow the lines in Mikami [29]. By exactly the same arguments
for proving inequality (3.17) in [29], under Assumptions 3.1 and 3.2, we get

1
/ L(s,x,ng)ds
0

1 1—¢ 1 s+¢
> 4/ L<s, X, —/ N dt) ds — A, L(e)
1+ A;L(e) Jo e Js

forevery e < 1, x € 2 and R+ _yalued process 1.

Suppose now (P"),>; is a sequence of probability measures in 7 which con-
verges weakly to some P? € P. Replacing (x, ) in (3.6) by (X, v), taking expec-
tation under P", by the definition of v, in (3.5) as well as the absolute continuity
of (A, B) in t, it follows that

(3.6)

— ™ 1
J(F") = EF /O L(s, X, vy)ds

1 ol [l 1 1
E fo L(5: X~ (Aywe = A0, (Bose = B)) ) ds

T 1+ ALGe)
— ALe).

Next, by Fatou’s lemma, we find that
1—e¢ 1 1
(X,A,B)'_)/O L<S7X7 E(AS+€_AS)9 E(BA“FS_B.S))dS
is lower-semicontinuous. It follows by P — P° that

- — 1 50 1—¢ 1 ps+e
liminf7(F")> ——E [/ L(s, X, —/ v dt) ds} — ALGe).
n—oo 1+ A[L(S) 0 E Js

Note that by the absolute continuity assumption of (A, B) in ¢ under P°,

1 s+e _
- f vi(w)dt —> vg(w)  ase— 0, for dP° x dt-ae. (w,s) € 2 x [0, 1),
& Js
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and A;L(e) - 0 as ¢ — 0 from Assumption 3.2; we then finish the proof by
sending ¢ to zero and using Fatou’s lemma. [J

REMARK 3.10. In the Markovian case L(¢, X, u) = £(t, x(¢), u), for some de-
terministic function £, we observe that Assumption 3.2 is stronger than Assump-
tion A2 in Mikami [29]. However, we can easily adapt this proof by introducing
the trajectory set {X:Supy<; ;<1 —s|<e [X(t) — X(s)| < 8} and then letting &, § — 0
as in the proof of inequality (3.17) in [29].

Our next objective is to establish a one-to-one connection between the cost func-
tional J deﬁned on the set P(ug, ;1) of probibility measures on 2 and the cost
functional J defined on the corresponding set P (1o, i¢1) on the enlarged space 2.

PROPOSITION 3.11. (i) For any probability measure P’ € P(uo, jt1), there
exists a probability I’ € P(uo, t1) such that J(P) = J (P).
(ii) Conversely, let P € P (o, 1) be such that EP fol |Bs|ds < oco. Then, un-

der Assumption 3.1, there exists a probability measure P e P(uo, ;1) such that
J(P) < J(P).

PROOF. (i) Given P € P(ug, (1), define the processes AP, B? from decom-
position (2.1) and observe that the mapping w € Q — (X;(w), A?(a)), B}P (w)) €
R24+4* is measurable for every t € [0, 1]. Then the mapping w € Q — (X (w),
AP (w), B¥ (w)) € Q is also measurable; see, for example, discussions in Chapter 2
of Billingsley [7] at page 57.

Let P be the probability measure on (L, F1) induced by (P, (X, AP(X),
BY(X))). In the enlarged space (2, 71, P), the canonical process X is clearly a
continuous semimartingale characterized by (AP (X), BP(X)). Moreover, (AT (X),
BP(X )) = (A, B), P-as., where (X, A, B) are canonical processes in Q. It follows
that, on the enlarged space (2, F,P), X is a continuous semimartingale charac-
terized by (A, B). Also, (A, B) is clearly P-as. absolutely continuous in ¢, with
vP(X), = v;, dP x dt-a.e., where v is defined in (3.5). Then P is the required
probability in P(uo, ;1) and satisfies J (P) = J (P).

(ii) Let us first consider the enlarged space Q, and denote by FX = (.7-' )o<t<1
the filtration generated by process X. Then for every P € P (i, 1), (Q, FX, P, X)
is still a continuous semimartingale, by the stability property of semlmartlngales
It follows from Theorem A.3 in the Appendix that the decomposition of X under
filtration FX = (?ZX )o<r<1 can be written as

_ _ ro_ _
X, = Xo + B(X), + M(X); = Xo +f0 By ds + M(X),,

with A(X), := (M(X)); = [3 @ ds, Bs = EF[B,|F¥] and & = o, dP x di-ace.
Moreover, by the convexity property (2.3) of the set U, it follows that («, 8) € U,
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dP x dt-a.e. Finally, since ?IX =F {9, C(0, 1], R x Rd)}, P then induces a
probability measure P on (€2, F) by

PIE]:=P[E x C([0, 1, R” x R))]  VE e 7.

Clearly, P € P(u0, 1) and J (P) < J(P) by the convexity of L in b of Assump-
tion 3.1 and Jensen’s inequality. [

REMARK 3.12. Let P € P be such that J(P) < oo, then from the coercivity

property of L in u in Assumption 3.3, it follows immediately that EP fol |Bs|ds <
00.

3.3. Lower semicontinuity and existence. By the correspondence between J
and J (Proposition 3.11) and the lower semicontinuity of J (Lemma 3.9), we now
obtain the corresponding property for V under the crucial Assumption 3.3, which
guarantees the tightness of any minimizing sequence of our problem V (g, i41).

LEMMA 3.13. Under Assumptions 3.1, 3.2 and 3.3, the map
(10, 1) € M(RY) x M(R?) —> V (10, 1) € R :=R U {00}

is lower semicontinuous.

PROOF. We follow the arguments in Lemma 3.1 of Mikami and Thieullen [30].
Let (ug) and () be two sequences in M(R?) converging weakly to uq, 1 €
M(R?), respectively, and let us prove that

. -
Hminf V (ug. 1) = V (1o, ).

We focus on the case liminf,, oo V (1, ) < 00, as the result is trivial in the
alternative case. Then, after possibly extracting a subsequence, we can assume
that (V (ug, w'f))n=1 is bounded, and there is a sequence (P;),>1 such that P, €
P (g, uy) for all n > 1 and

3.7  supJ(P,) < oo, 0<JPp) — V(ug, ) —0 as n — oo.

n>1

By Assumption 3.3 it follows that sup,, EPn Jo ! |v£P" |? ds < o0o. Then, it follows

from Theorem 3 of Zheng [38] that the sequence P, )n>1, of probability measures
induced by (P, X, APn BP") on (2, Fy), is tight. Moreover, under any one of
their limit laws P, the canonical process X is a semimartingale characterized by
(A, B) such that (A, B) are still absolutely continuous in . Moreover, v € U, dP x
dt-a.e. since %(At — Ay, B — By) € U, dP-as. for every t,s € [0, 1], hence,
P e P(uo, i1). We then deduce from (3.7), Proposition 3.11 and Lemma 3.9 that

. . n n _ . . _ . . e = T
lkrggng(uo, ) = I}ln_l)%)lcl)f.]([@n) = I}ln_'l)%)lcl)fJ(Pn) > J(P).
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Ey_Remark 3.12 and Proposition 3.11, we may find P € P(ug, (1) such that
J(P) = J(P). Hence, liminf, oo V (1, 1) = J(P) > V (10, i1), completing the
proof. [

PROPOSITION 3.14. Let Assumptions 3.1, 3.2 and 3.3 hold true. Then for ev-
ery |, 11 € M(R?) such that V (o, 11) < 00, existence holds for the minimiza-
tion problem V (1o, t1). Moreover, the set of minimizers {P € P(uo, n1): J(P) =
V (o, 1)} is a compact set of probability measures on 2.

PROOF.  We just let (i, ) = (1o, i41) in the proof of Lemma 3.13, then the
required existence result is proved by following the same arguments. [

3.4. Convexity.

LEMMA 3.15. Let Assumptions 3.1 and 3.3 hold, then the map (o, 1) —
V (o, 1) is convex.

PROOF. Given u}, ug, 1, n5 € M(R?) and po = 0pd + (1 — Oud, w1 =
Ol + (1 —0)u? with 6 € (0, 1), we shall prove that

V(o, 1) <OV () + (1 = 0)V (1, 113).

It is enough to show that for both P; P(;Lf), ,u’i) such that J(IP;) <o0,i =1,2,
we can find P € P (o, (1) satisfying

(3.8) J(P) <0J([P1) + (1 —0)J(P).

As in Lemma 3.13, let us consider the enlarged space Q, on which the probabil-
ity measures P; are induced by (P;, X, AP BP"), i =1,2. By Proposition 3.11,
P)) i=1,2 are probability measures under which X is a F—semimartingale charac-
terized by the same process (A, B), which is absolutely continuous in ¢, such that
J®)=TP),i=1,2.

By Corollary II1.2.8 of Jacod and Shiryaev [25], P:=6P; + (1 — 6)P; is also
a probability measure under which X is an F-semimartingale characterized by
(A, B). Clearly, v e U, dP x dt-a.e. since it is true dP; x dt-a.e. for i = 1, 2.
Thus, P € P (o, ;1) and it satisfies that

J(P)=0J(P1)+ (1 —0)J(P2) =60J(P1) + (1 —6)J (P2) < 0.

Finally, by Remark 3.12 and Proposition 3.11, we can construct I’ € P (o, 1)
such that J(P) < J(P), and it follows that inequality (3.8) holds true. [J
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3.5. Proof of the duality result. We follow the first part of the proof of The-
orem 2.1 in Mikami and Thieullen [30]. If V (ug, 1) is infinite for every u; €
M(R4), then J(P) = oo for all P € P(ug). It follows from (3.1) and Lemma 3.5
that

V (1o, m1) =V (1o, p1) = oo.

Now, suppose that V (ug, -) is not always infinite. Let M(R?) be the space of
all finite signed measures on (R¢, B(R%)), equipped with weak topology, that is,
the coarsest topology making u — w(¢) continuous for every ¢ € Cp (RY). As
indicated in Section 3.2 of [17], the topology inherited by M(R%) as a subset of
M(R?) is its weak topology. We then extend V (ug, ) to M(R?) > M(R%) by
setting V (io, 1) = 0o when p; € M(RY) \ M(R9), thus, p1 — V (o, 1) is a
convex and lower semicontinuous function defined on M(R9). Then, the duality
result V =V follows from Theorem 2.2.15 and Lemma 3.2.3 in [17], together with
the fact that for A; € Cp(RY),

sup  {ui(=A1) — V(no, 1)}
wiEM®RY)

1
=— inf EP[/ L(s, X, vf”)dstI(Xl)}
1 eM(RY) 0

PeP (1o, u1)

1
=— inf EP[/ L(s,X,v?)derxl(Xl)]
PeP(uo)  LJo ‘

= —po(20),
where the last equality follows by Lemma 3.5.

3.6. Proof of Theorem 3.8. The proof is almost the same as that of Theo-
rem 2.1 of Mikami and Thieullen [30]; we report it here for completeness. Let y €
CX([—1, 114, RT) be such that [ ¥ (x) dx = 1, and define ¥, (x) := e 49 (x /¢).
We claim that

- V(e * o, Ve * f11)
(3.9 V(ro, 1) = T F AL — AxL(e).

Since the inequality V >V is obvious, the required result is then obtained by send-
ing ¢ — 0 and using Assumption 3.7 together with Lemma 3.13.

Hence, we only need to prove the claim (3.9). Let us denote § := A, L(¢) in the
rest of this proof. We first observe from Assumption 3.7 that

L(s,x+2z,u)
146

where X 4 7 := (X(t) + 2)o<r<1 € Q. For an arbitrary A; € Cp(RY), we denote
Afi=(0+ 8) I = Ve € C;°. Let P € P(up) and Z be a r.v. independent of X

L(s,x,u) = §  forall z € R satisfying |z| <&,
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with distribution defined by the density function v/, under . Then the probability
P, on Q induced by (P, X + Z := (X; + Z)o</<1, A¥, BY) is in P(¥, * o), and

1
EP[/ L(s, X,v%) ds + Aﬁ(xl)]
0

U oef ! P
z—8+1—+8E Uo L(s,X+Z,us)ds+A1(X1+Z)]

1 — 1
=—-56+ mEPS |:/0 L(s, X,vs)ds +A1(X1)i|

1 AN 5
> 5+ —— inf EP[/ L(s, X, vP)ds HI(XI)],
1+38 Beperno)  LJO
where the last inequality follows from Proposition 3.11.
Notice that 11 (A]) = (1 + 81 (¥e * 1) (A1) by Fubini’s theorem. Then, by the
arbitrariness of A; € Cp(R?) and P € P (o), the last inequality implies (3.9).

4. Characterization of the dual formulation. In the rest of the paper we
assume that

L(t,x,u) =4€(t,x(t), u),

where the deterministic function £: (¢, x, u) € [0, 1] x RY x U > 0(t,x,u) e RT
is nonnegative and convex in u. Then, the function Aq in (3.2) is reduced to the
value function of a standard Markovian stochastic control problem:

1

(4.1) Ao(x) = inf EPU fz(s,xs,vf”)dsﬂl(xl)].
PeP(8x) 0

Our main objective is to characterize Ao by means of the corresponding dynamic

programming equations. Then in the case of bounded characteristics, we show

more regularity as well as approximation properties of Ao, which serves as a prepa-

ration for the numerical approximation in Section 5.

4.1. PDE characterization of the dynamic value function. Let us consider the
probability measures P on the canonical space (€2, 1), under which the canon-
ical process X is a semimartingale on [¢, 1], characterized by f, vip ds for some
progressively measurable process vF. As discussed in Remark 2.2, v* is unique
on 2 x [¢, 1] in the sense of dP x dt-a.e. Following the definition of P just be-
low (2.3), we denote by P; the collection of all such probability measures P such
that v¥ € U, dP x dt-a.e.on Q x [z, 1]. Let

4.2) Py ={PeP:PX;=x,0<s<t]=1}.
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We notice that under probability P € P, ,, X is a semimartingale with vgb =0,
dP x dt-a.e. on Q x [0, ¢t]. The dynamic value function is defined for any A| €
Cp(R?) by

(4.3) AL, x) = me EP[/ (s, X, v )ds+k1(X1)}
€Prx t

As in the previous sections, we also introduce the corresponding probability mea-

sures on the enlarged space (€2, F1). For all # € [0, 1], we denote by P; the collec-

tion of all probability measures P on (R, F 1) under which X is a semimartingale

characterized by (A, B) in Qand v eU, dP x dt-ae. on Q x [t, 1], where v is

defined above (3.5). For every (¢, x,a, b) € [0, 1] x RY x R% x R9, let
44y Pixap:={PeP:P[(Xy, Ay, By) = (x,a,b),0<s5s <t]=1}.

By similar arguments as in Proposition 3.11, we have under Assumption 3.1 that

— 1
4.5) Mt,x)=  inf EP[/ e(s,xs,us)dsﬂl(xl)]
Peph](,a,b t

for all (a,b) € RY x RY.

We would like to characterize the dynamic value function A as the viscosity
solution of a dynamic programming equation. The first step is as usual to estab-
lish the dynamic programming principle (DPP). We observe that a weak dynamic
programming principle as introduced in Bouchard and Touzi [12] suffices to prove
that A is a viscosity solution of the corresponding dynamic programming equa-
tion. The main argument in [12] to establish the weak DPP is the conditioning and
pasting techniques of the control process, which is convenient to use for control
problems in a strong formulation, that is, when the measure space (2, F) as well
as the probability measure P are fixed a priori. However, we cannot use their tech-
niques since our problem is in weak formulation, where the controlled process is
fixed as a canonical process and the controls are given as probability measures on
the canonical space.

We will prove the standard dynamic programming principle. For a simpler prob-
lem (bounded convex controls set U and bounded cost functions, etc.), a DPP is
shown (implicitly) in Haussmann [22]. El Karoui, Nguyen and JeanBlanc [19] con-
sidered a relaxed optimal control problem and provided a scheme of proof without
all details. Our approach is to adapt the idea of [19] in our context and to provide
all details for their scheme of proof.

PROPOSITION 4.1. Let Assumptions 3.1, 3.2, 3.3 hold true. Then, for all F-
stopping time T with values in [t, 1], and all (a, b) € Rd2+d,

T
Ar,x)=_ inf EPU 0(s, Xg, v5)ds + A(z, Xt)].
Pelpt,)nmb t
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The proof is reported in Section 4.1.1. The dynamic programming equation is
the infinitesimal version of the above dynamic programming principle. Let

1
4.6 H(t,x,p,[):= inf |b- —a-T+4(t,x,a,b
(4.6) ,x,p, 1) (a,llgeu[ p+2a +4L(t,x,a )]

forall (p,T') e R x Sy.

THEOREM 4.2. Let Assumptions 3.1, 3.2, 3.3 hold true, and assume further
that X\ is locally bounded and H is continuous. Then, A is a viscosity solution of
the dynamic programming equation

(4.7) —3,A(t,x) — H(t,x, DA, D*1) =0,

with terminal condition A(1, x) = A1 (x).

The proof is very similar to that of Corollary 5.1 in [12]; we report it in the
Appendix for completeness.

REMARK 4.3. We first observe that H is concave in (p, ") as infimum of
a family of affine functions. Moreover, under Assumption 3.3, £ is positive and
u +— £(t,x,u) has growth larger than |u|? for p > 1; it follows that H is finite
valued and hence continuous in (p, I') for every fixed (¢, x) € [0, 1] x RY. If we
assume further that (¢, x) — £(¢, x, u) is uniformly continuous uniformly in u,
then clearly H is continuous in (¢, x, p, ).

REMARK 4.4. The following are two sets of sufficient conditions to ensure
the local boundedness of A in (4.3).

(i) Suppose 0 € U, and let P € P; be such that v‘? =0, dP x dt-a.e. Then,
A, x) <Aoo+ ftl £(s, x,0)ds and, hence, X is locally bounded.

(i) Suppose that there are constants C > 0 and (ag,bp) € U such that
0(t, x, ag, bo) < Ce€¥! for all (¢,x) € [0, 1] x R4, By considering P € P; in-
duced by the process Y = (¥s)r<s<1 With Yy :=x +bo(s — ) + aé/z(Ws — W), it
follows that A(z, x) < |A1|eo + E[CeC M r=s=1 1¥%s]] < o0,

4.1.1. Proof of the dynamic programming principle. We first prove that the
dynamic value function A is measurable and we can choose “in a measurable way”’
a family of probabilities (Q; x 4.5) (tx.a.b) [0, 1] xR +2 which achieves (or achieves
with ¢ error) the infimum in (4.5). The main argument is Theorem A.1 cited in the
Appendix which follows directly from the measurable selection theorem.

Let A* be the upper semicontinuous envelope of the function A, and

- . —_ 1
Brvapi= {P e P,,x,u,bzlEP[ [ e xvas+ xl(xo} <X, x)},
t

P:={(t,x,a,b,P):PePyap)
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In the following statement, for the Borel o-field B([0, 1] x R2d+d2) of [0, 1] x
R24+4> with an arbitrary probability measure p on it, we denote by B*([0, 1] x
R24+4%) its ¢ field completed by L.

LEMMA 4.5. Let Assumptions 3.1, 3.2, 3.3 hold true, and assume that X is lo-

cally bounded. Then, for any probability measure . on ([0, 1] x R2d+d2, B([0, 1] x
R2d+d2))

(i) the function (t, x, a, b) — A(t, x) is B*([0, 1] x R2d+d2)—measumble,
(ii) for any & > 0, there is a family of probability (Qfsxs%b)(t,x,a,b)e[o,1]><R2dz+d2
in P such that (t, x, a, b) = Qf  , , is a measurable map from [0, 1] x R2d+d” ¢,

M(Q) and

= 1
E@t.x,a,b[f L(s, X5, v5)ds + Mg (Xl)] < A(t,x) +e¢, n-a.s.
t

PROOF. By Lemma 3.9, the map P> EF[LIZ(S,XS, vg)ds + A1(X1)] is
lower semicontinuous, and therefore measurable. Moreover, 75t, x.a.b 18 nonempty
for every (¢, x,a, b) € [0, 1] x R2d+d”, Finally, by using the same arguments as in
the proof of Lemma 3.13, we see that P is a closed subset of [0, 1] x R2d+d2 X
M(£2). Then, both items of the lemma follow from Theorem A.1. [

We next prove the stability properties of probability measures under condition-
ing and concatenations at stopping times, which will be the key-ingredients for the
proof of the dynamic programming principle.

We first recall some results from Stroock and Varadhan [35] and define some
notation:

e For 0 <t <1, let ,7_-",,1 =0 ((Xs, Ay, Bg):t <s<1), and let P be a prob-
ability measure on (Q, f,,l) with P[(X;, A;, B;) = n:] = 1 for some n €
C ([0, t],R2d+d2). Then, there is a unique probability measure §, ®; P on
(R, F1) such that 8, ®; P[(Xy, Ay, Bs) =1,,0 <s <t]=1and §, ® P[A] =
P[A]forall A e F 1.1- In addition, if Pisalsoa probability measure on (Q, FD.
under which a process M defined on Q is a F-martingale after time ¢, then M
is still a F-martingale after time ¢ in probablhty space (2, F1,n ®; P). In par-
ticular, for # € [0, 1], a constant ¢ € R24+d* and IP’ satisfying Pl(X;, A;, By) =
co]l =1, we denote 8., ®; P:=5 nco P, where 15" = co, s € [0, t].

e Let Q be a probability measure on (2, ) and t a F-stopping time. Then,
there is a family of probability measures (@w) ca such that w — Q,, is F,-
measurable, for every E € Fi, Q[E|F;](w) = Q,[E] for Q-almost every
w € Q and, finally, @w[(Xt, Ay, B) =w; it < t(w)] = 1 for all w € Q. This
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is Theorem 1.3.4 of [35], and (@w) weq 18 called the regular conditional proba-
bility distribution (r.c.p.d.)

LEMMA 4.6. LetPe 73, x.a.b, T be an F- -stopping time taking value in [t, 1],
and (@a))weﬂ be a r.c.p.d. of P|F.. Then there is a P-null set N € F, such that

8Cl)r(w) ®T(w) Qw € Pf(a)) W (w) fOI‘ all w ¢ N

PROOF. Since P € P,y 4.p, it follows from Theorem I1.2.21 of Jacod and
Shiryaev [25] that
(Xs — Biss<t,  ((X; = By —

S)t§s§1

are all local martingales after time ¢. Then it follows from Theorem 1.2.10 of
Stroock and Varadhan [35] together with a localization technique that there is
a P-null set N; € F; such that they are still local martingales after time 7(w)
both under @w and 8wr(w) Q1 (w) @w, for all w ¢ Nj. It is clear, moreover, that
veU,dQ, x dt-a.e.on Q x [t(w), 1] for P-a.e. w € Q. Then there is a P-null set
N € F, such that 8wy O1(w) Qw € ”Pf(w) o foreveryw ¢ N. [

LEMMA 4.7.  Let Assumptions 3.1, 3.2, 3.3 hold true, and assume that % is lo-
cally bounded. Let P € Pt xabT>ta F-stopping time, and (Qw)weQ a family of

probability measures such that Q,, € Py (y), (o) and © > Q,, is Fy-measurable.

Then there is a unique probability measure, denoted by P ®z() Q in 73; x.a,bs Such
thatP®.) Q. =P on F, and

(4.8) B ®r(@) Q) et isarcpd. of P Q.|F;.

PROOF. The existence and uniqueness of the probability measure P ®.) Q.
on (2, F1), satisfying (4.8), follows from Theorem 6.1.2 of [35]. It remains to
prove that IP’®T() Q. e Pt x,a,b-

Since Qw € Pr(w) ey X 18 8 80 Or(w) Qw—sennmartmgale after time 7 (w),
characterized by (A, B). Then, the processes X — B and (X — B)?> — A are lo-
cal martingales under &, ®¢(w) @w after time 7(w). By Theorem 1.2.10 of [35]
together with a localization argument, they are still local martingales under
P Q) @ Hence, the required result follows from Theorem I1.2.21 of [25]. U

We have now collected all the ingredients for the proof of the dynamic program-
ming principle.

PROOF OF PROPOSITION 4.1. Let T be an F-stopping time taking value in
[#, 1]. We proceed in two steps:
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(1) For P € f,, x.a.b» We denote by (@a))we§ a family of regular conditional
probability distribution of P|F;, and @f ‘= 8w, ®r(w) Qu- By the representa-
tion (4.5) of X, together with the tower property of conditional expectations, we
see that

AE, x)

—r rt 1

= inf EF / E(s,Xs,vs)ds+/ E(s,Xs,vs)ds+X1(X1)]
IED€7>t,x,a,b LJt T

(4.9)

- r7 —w 1
= inf EF / E(s,Xs,vs)ds+EPf{/ K(s,Xs,vs)ds+k1(X1)}]
IP)e,Pt,x,a,b LJ1t T

- rt
> inf EP/ E(s,xs,vs)dsﬂ(z,x,)],
]Pjelptyx,g,b LSt

where the last inequality follows from the fact that @Z) eP, (), 0 (@ DY Lemma 4.6.
(2) For & > 0, let (Q¢

and denote @fo = @i(w),wuw)' Then w = Q¢ is F.-measurable. Moreover, for all

Pe 5,,,6,“,;,, we may construct by Lemmas 4.5 and 4.7 P Rz () @ € ft,x,a,b such
that

x.a. b)[o,l]xR2d+d2_ be the family defined in Lemma 4.5,

_ _ 1
EFer@ [ [ e X0 v s + M(xo}
t

— T
< EP[/ 0(s, X5, v)ds + A(t, X,)} +e.
t

By the arbitrariness of Pe ft,x,a,b and ¢ > 0, together with the representa-
tion (4.5) of A, this implies that the reverse inequality to (4.9) holds true, and the
proof is complete. [

We conclude this section by the following:

PROOF OF LEMMA 3.5. By the same arguments as in Lemma 4.5, we can
easily deduce that Ag is B*0(R?)-measurable, and we just need to prove that

— 1
HoGho) = _ inf EP[/ as,xs,vs)dsHl(Xl)].
PeP (o) 0

Given a probability measure_@ € f_(uo), we can get a family of conditional prob-
abilities (Q,,)»ecq such that Q,, € P, «,, which implies that

_ 1 _ _
EP[ [ e v ds + mxo] > o) VP e P(uo).
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On the other hand, for every ¢ > 0 and o € M(R?), we can select a measurable
family of (Q% € Po,x,0,0) ,cre such that

= 1
E% [ /0 0G5, Xy, v5) ds +A1<X1>] <ho) 46 po-as.

and then construct a probability measure o ®go @? € 5(,uo) by concatenation such
that

= 1
EHo®oQ U £(s, X5, v5)ds + M(Xl)} < no(ro) +¢ Ve >0,
0
which completes the proof. [J

4.2. Bounded domain approximation under bounded characteristics. The
main purpose of this section is to show that when U is bounded, then Aq in (4.1) is
Lipschitz, and we may construct a convenient approximation of A by restricting
the space domain to bounded domains. These properties induce a first approxima-
tion for the minimum transportation cost V (o, (£1), which serves as a preparation
for the numerical approximation in Section 5. Let us assume the following condi-
tions.

ASSUMPTION 4.8. The control set U is compact, and ¢ is Lipschitz-
continuous in x uniformly in (¢, u).

ASSUMPTION 4.9.  fpa |x|(po + p1)(dx) < oo.

REMARK 4.10. We suppose that U is compact for two main reasons. First, the
uniqueness of viscosity solution of the HIB (4.7) relies on the comparison princi-
ple, for which the boundedness of U is generally necessary. Further, to construct
a convergent (monotone) numerical scheme for a stochastic control problem, it is
also generally necessary to suppose that the diffusion functions are bounded (see
also Section 5.1 for more discussions).

4.2.1. The unconstrained control problem in the bounded domain. Denote

(4.10) M = sup (Jul + [€(7,0, w)| + |Vil(t, x, u)]),
(t,x,u)€[0,1]xRE xU

where V. £(¢t, x,u) is the gradient of £ with respect to x which exists a.e. under
Assumption 4.8. Let Og := (—R, R)? C R? for every R > 0, a stopping time tg
can be defined as the first exit time of the canonical process X from Og,

g ;= inf{t: X; ¢ O},
and define for all bounded functions A; € Cp,(RY),

TRAIL
@11  AR@,x):= inf EPU e(s,Xs,uf”)dwxl(xfw)]
t

PGP{_X
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LEMMA 4.11. Suppose that )| is K-Lipschitz satisfying A1(0) = 0 and As-
sumption 4.8 holds true. Then ) and MR are Lipschitz-continuous, and there is a
constant C depending on M such that

IA(t, 0)] + [AR (2, 0)] + | Vir(z, x)| 4+ |[VerR(r, x)| < C(1 + K)
forall (t,x) € [0, 1] x R,

PROOF. We only provide the estimates for X; those for Ag follow from the
same arguments. First, by Assumption 4.8 together with the fact that 1| is K-
Lipschitz and 11 (0) =0, for every P € P; o,

1
EPU O(s, X, vF) ds + xl(xl)} <M+ (M+K) sup EP|X,].
t 1<s<l1

Recall that X is a continuous semimartingale under P whose finite variation part
and quadratic variation of the martingale part are both bounded by a constant M.
Separating the two parts and using Cauchy—Schwarz’s inequality, it follows that
EF|Xs| <M + /M, Vt <s <1, and then [A(t,0)| < M + (M + K)(M + /M).

We next prove that 2 is Lipschitz and provide the corresponding estimate. Ob-
serve that P; y = {P:=Po (X +y — x)l:Pe P:.x}. Then

A2, x) — A2, )|

< sup EF

1
/ £(s, X, v?) — (s, Xs+y—x, UED) ds
]I'DG'P[.X

t

+1(X1)—MX1+y—x)

<M+ K)ly —x|
by the Lipschitz property of £ and A in x. [J

Denoting Ag := AR(0, ), in the special case where U is a singleton, equa-
tion (4.14) degenerates to the heat equation. Barles, Daher and Romano [2] proved
that the error A — AR satisfies a large deviation estimate as R — oo. The next result
extends this estimate to our context.

LEMMA 4.12. Letting Assumption 4.8 hold true, we denote |x| := max?:1 |x; |

for x € R? and choose R > 2M. Then, there is a constant C such that for all
K > 0, all K-Lipschitz function A1 and |x]| <R — M,

AR —A|(t, x) < C(1 + K)e™ R=M—IxD?/2M

PROOF. _(1) For arbiprary (t,x) e]0,1] x RY and P e Prt.x, we denote Yi=
supg<s<1 |X§|, where X' is the ith component of the canonical process X. By
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the Dubins—Schwarz time-change theorem (see, e.g., Theorem 4.6, Chapter 3 of
Karatzas and Shreve [26]), we may represent the continuous local martingale part
of X' as a time-changed Brownian motion W. Since the characteristics of X are
bounded by M, we see that

S'(R):=P[Y' = R <P sup [W,|=R—|x;| - M]
0<t<M

4.12) 5219’[ sup WtZR_lxi|_M:|
0<t<M

=4(1 =N(R))).

where R| =(R— M — |x;|)/~/M, N is the cumulative distribution function of
the standard normal distribution N (O 1), and the last equality follows from the
reflection principle of the Brownian motion. Then by integration by parts as well
as (4.12),

EP[Yi1y:_ ] = RS'(R) +f §'(z)dz
- R

© 1 1 (z— M — |xi])?
=4/, mx/—znexp( )
4M (RN )?
27 exp( 2 )

= 4(lxil + M) (1 = N(R}Y)) +

We further remark that for any R > 0,
/OO 1 e_t2/2dt <. 1 o0 1 te _t2/2d _ 1 1 _R2/2‘
R /27 “ RJR V2m V27 R

(2) By definitions of A, AR, it follows that for all (¢, x) such that x| <R-—M,

(1-N(R)) =

rrl
L= 28|, x) < Sup EF f 1|13(S, X5, v;)|ds + [ (Xegar) — M(Xl)|]
€Pr x TRNA

< sup EP-<M+«/EKR+(M+K) sup |XS|)11R<1]
PePy x - t<s<l

(4.13)

rd
< sup EF Z(M-i-\/gKR-i‘\/g(M'i‘K)Yi)lYizR]
PGP[YX Li=1

< C(1 4 K)e™ B2

for some constant C depending on M and d. This completes the proof. [

With the estimate in Lemma 4.11, we have the following result.
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THEOREM 4.13. Suppose that Assumptions 3.1, 3.2, 3.3 hold true and H
given by (4.6) is continuous. Then the function AR in (4.11) is the unique viscosity
solution of equation

4.14)  —a,2%@, x) — H(t,x, DAR, D*AF) =0, (t,x) €[0,1) x Og,
with boundary conditions

(4.15) AR, x) =211 (x) forall (t,x) € ([0,1) x d0g) U ({1} x Og),
where 0 Og denotes the boundary of Og.

PROOF. First, it follows by the same arguments as in Theorem 4.2 that AR
is a viscosity solution of (4.14) with boundary condition (4.15). The uniqueness
follows by the comparison principle of (4.14), (4.15), which holds clearly true
from discussions in Example 3.6 of Crandall et al. [13]. O

4.2.2. Approximation of the transportation cost value. In the bounded char-
acteristics case, we can give a first approximation of the minimum transportation
cost. Nevertheless, a complete resolution needs a numerical approximation which
will be provided in Section 5. Let us fix the two probability measures o and w1,
and simplify the notation V (uo, 1) [resp., V(uo, n1)] to V (resp., V).

First, under Assumptions 3.1, 3.2, 3.3, 3.7 and 4.8, it follows by our duality
result of Theorem 3.6 together with Theorem 3.8 that

V=V:i= sup (ro(ko)—pi(r1))
1 E€CHRY)

=V:= sup (no(ro) — p1(r1)),
L ECP(RY)

(4.16)

where Ag is defined in (3.2).

Let Lip(l)< denote the collection of all bounded K -Lipschitz-continuous func-
tions ¢ : R?Y —> R with ¢(0) = 0, and denote Lip0 = Ugk=0 Lip(}(. Since v(A1 +
c¢) =v(Ay) forany A € Cp, (R?) and ¢ € R, we deduce from (4.16) that

V= sup v(r)) where v(A1) := uo(ro) — w1 (A1).
A1 €Lip?®

As a first approximation, we introduce the function
(4.17) vE.= sup v(n).
Al eLipS)(
Under Assumptions 4.8 and 4.9, it is clear that VX < 0o, VK > 0 by Lemma 4.11.

Then, it is immediate that

(4.18) (V) ¢ is increasing and VX — V as K — oo.
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Letting AR be defined in (4.11) for every R > 0, denote

vER.— sup vR(M) and

rreLipk

VB = mo(§10,) — r1010,).

Then the second approximation is on variable R.

(4.19)

PROPOSITION 4.14. Let Assumptions 4.8 and 4.9 hold true, then for all
K >0,

(4.20)

f;C<1+—K><6‘R”8M+R/2*'/;c (1++xn<uo4—u1xdx>).
R/2

PROOF. By their definitions in (4.17) and (4.19), we have

=‘ sup {no(Af10,) — 1 (kilop)} — sup {Mo(ko)—ul(kl)}‘
% €Lip rreLip}

fswlmuuw)/mmm+K/ 11 (doo).
A ELlpK

Now for all A; € Lip(}(, we estimate from Lemmas 4.11 and 4.12 that

o (A§10g) — 10(ho)]
= :““0(|)‘(1§ - )‘0|10R/2) + MO((|)‘§| + |)‘0|)1(0R/2)”)

<ca+x) (%Oﬁmwm+/’ (1 +l)o(@))

0R/2

Observing that (R\A;II)Z > R2/4M — R+ M on OR/2, this implies that
|10 (A o) — Ho(ho)]

=ca+ (e R“M”ﬂ+f (1+ bDmofe) ).

(Ogrp2)°

and the required estimate follows. [
5. Numerical approximation. Throughout this section, we consider the

Markovian context where L(¢, X, u) = £(¢, X(t), u) under bounded characteristics.
Our objective is to provide an implementable numerical algorithm to compute



SEMIMARTINGALE TRANSPORTATION PROBLEM 3225

VKR in (4.19), which is itself an approximation of the minimum transportation
cost V in (4.16).

Although there are many numerical methods for nonlinear PDEs, our problem
concerns the maximization over the solutions of a class of nonlinear PDEs. To the
best of our knowledge, it is not addressed in the previous literature. In Bonnans and
Tan [10], a similar but more specific problem is considered. Their set U allowing
for unbounded diffusions is out of the scope of this paper. However, by using the
specific structure of their problem, their key observation is to convert the uncon-
strained control problem into an optimal stopping problem for which they propose
a numerical approximation scheme. Our numerical approximation is slightly dif-
ferent, as we avoid the issue of singular stochastic control by restricting to bounded
controls, but uses their gradient algorithm for the minimization over the choice of
Lagrange multipliers A;.

In the following, we shall first give an overview of the numerical methods for
nonlinear PDEs in Section 5.1. Then by constructing the finite difference scheme
for nonlinear PDE (4.14), we get a discrete optimization problem in Section 5.2
which is an approximation of VX% We then provide a gradient algorithm for the
resolution of the discrete optimization problem in Section 5.3. Finally, we imple-
ment our numerical algorithm to test its efficiency in Section 5.4.

In the remaining part of this paper, we restrict the discussion to the one-
dimensional case

d=1 so that Og = (—R, R).

5.1. Overview of numerical methods for nonlinear PDEs. There are several
numerical schemes for nonlinear PDEs of the form (4.7), for example, the finite
difference scheme, semi-Lagrangian scheme and Monte-Carlo schemes. General
convergence is usually deduced by the monotone convergence technique of Bar-
les and Souganidis [4] or the controlled Markov-chain method of Kushner and
Dupuis [27]. Both methods demand the monotonicity of the scheme, which implies
that in practice we should assume the boundedness of drift and diffusion functions
[see, e.g., the CFL condition (5.3) below]. To derive a convergence rate, we usually
apply Krylov’s perturbation method; see, for example, Barles and Jakobsen [3].

For the finite difference scheme, the monotonicity is guaranteed by the CFL
condition [see, e.g., (5.3) below] in the one-dimensional case d = 1. However, in
the general d-dimensional case, it is usually hard to construct a monotone scheme.
Kushner and Dupuis [27] suggested a construction when all covariance matrices
are diagonal dominated. Bonnans et al. [8, 11] investigated this issue and provided
an implementable but sophisticated algorithm in the two-dimensional case. Debra-
bant and Jakobsen [15] proposed recently a semi-Lagrangian scheme for nonlinear
equations of the form (4.7). However, to be implemented, it still needs to discretize
the space and then to use an interpolation technique. Therefore, it can be viewed
as a kind of finite difference scheme.
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In the high-dimensional case, it is generally preferred to use Monte-Carlo
schemes. For linear and semilinear parabolic PDEs, the Monte-Carlo methods
are usually induced by the Feynman—Kac formula and backward stochastic dif-
ferential equations (BSDESs). This scheme is then generalized by Fahim, Touzi and
Warin [20] for fully nonlinear PDEs. The idea is to approximate the derivatives
of the value function arising in the PDE by conditional expectations, which can
then be estimated by simulation-regression methods. However, the Monte-Carlo
method is not convenient to be used here since for every terminal condition Aq,
one needs to simulate many paths of a stochastic differential equation and then to
solve the PDE by regression method, which makes the computation too costly.

For our problem in (4.19), we finally choose to use the finite difference scheme
for the resolution of Ag since it is easy to be constructed explicitly as a monotone
scheme under explicit conditions in our context.

5.2. A finite differences approximation. Let (I,r) € N> and h = (At, Ax) €
(R1)2 be such that /A7 = 1 and r Ax = R. Denote x; := i Ax, t := kAt and define
the discrete grids:

N = {x;:i € Z}, Nr:=NN(=R,R),
Mg = {(tx,xi): (k,i) € ZT x Z} N ([0, 1] x (=R, R)).
The terminal set and boundary set as well as the interior set of M7 g are denoted
by
IrMr g :={(1,x;):x; € Ng}, IRMr g :={(tx, £R):k=0,...,1},

/\;lT,R i=Mr g\ OrMr g UIRMT R).

We shall use the finite differences method to solve the dynamic programming
equation (4.14), (4.15) on the grid M7 g. For a function w defined on M7 g, we
introduce the discrete derivatives of w:

w (T, Xj+1) — w(tk, X;)
Ax

Diw(tk,xi) =
and
(bD)w:=b"D w+b D w for b € R,
where b := max(0, b), b~ := max(0, —b); and

w (T, Xit1) — 2w (T, x;) + w(te, xi—1)

D>w te, Xj) =
(k xl) sz

We now define the function AR (or AR o emphasize its dependence on the
boundary condition A1) on the grid M7 g by the following explicit finite differ-
ences approximation of the dynamic programming equation (4.14):

AR (4, xi) = A () on ay Mr g UOrMr7 R,
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o
and on M7 R,

~ ~ 1 N
_ (x“ + A inf U{e(-, W) + (DY F 4+ EaszhR})(mH,xo.

u=(a,b)e
We then introduce the following natural approximation of v*:
(5.2) ORG0) == po(in®[AFR]) — i in®[A1])  where AR := 37K (0, ),

and for all functions ¢ defined on the grid N’ we denote by lin® [¢] the linear
interpolation of ¢ extended by zero outside [— R, R].

We shall also assume that the discretization parameters h = (At, Ax) satisfy
the CFL condition

bl lal
. Atl —+— ) <1 for all .
(5.3) (Ax+Ax2)_ orall (a,b) e U

Then the scheme (5.1) is L°°-monotone, so that the convergence of the scheme
is guaranteed by the monotonic scheme method of Barles and Souganidis [4]. For
our next result, we assume that the following error estimate holds.

ASSUMPTION 5.1. There are positive constants L g g, p1, p2 Which are inde-
pendent of & = (At, Ax), such that
wo([lin (3 %] = holi—r.x1[) < L (A1 + Ax?)

for all A1 € Lip& and A1 = A|n.

Let Lipg ‘R be the collection of all functions on the grid N defined as restric-
tions of functions in Lip(])( :
(5.4) Lipé(’R = {):1 := A1|n, for some Aj € Lipd }.
The above approximation of the dynamic value function A suggests the following
natural approximation of the minimal transportation cost value:
VhK’R ‘= sup ﬁ,f (A1)
)21 eLip(I)( R

= sup ,uo(linR[)A\g’R])—,ul(linR[):l]).

)A\IGLip([)(’R

(5.5)

REMARK 5.2. Under Assumption 4.8 and the additional condition that £ is
uniformly %—Hélder in ¢ with constant M, then in spirit of the analysis in Barles
and Jakobsen [3], Assumption 5.1 holds true with p; = 11—0, 02 = % and Lx g =
C(1 + K + K R) with some constant C depending on M. This rate is not the best,
but to the best of our knowledge, it is the best rate which has been proved.
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THEOREM 5.3.  Let Assumption 5.1 be true, then with the constants L r, p1,
p2 introduced in Assumption 5.1, we have

(VER _VER| < Lg g(At" 4+ AxP?) + K Ax.

PROOF. First, given A1 € Lip(l)< , we take ):1 =Mlng € Lipé< ’R, then clearly
| linR[)Aq] — A|ro(—r,R)) < K Ax, and it follows from Assumption 5.1 and (4.19)
as well as (5.2) that vR (1) < OF (h1) + Lg r(At”' + Ax”?) 4+ K Ax. Hence,

VER < vER L [k r(A1P1 + AxP?) 4+ K Ax.

Next, given = Lipé< ’R, let A1 := lin[il] € Lipg be the linear interpolation of ):1.
It follows from Assumption 5.1 that ﬁf(il) <ok + Lk r(AtP' + AxP?) and,
therefore,

VER < KR L Lg p(AP + AxP2). O

5.3. Gradient projection algorithm. In this section we suggest a numerical
. K,R AR 2 . .
scheme to approximate V," " = SuP)lleLipé('R vy, (A1) in (5.5). The crucial obser-

vation for our methodology is the following. By B(Ng), we denote the set of all
bounded functions on NVg.

PROPOSITION 5.4.  Under the CFL condition (5.3), the function ):1 — f)ff ()A\l)
is concave on B(NR).

PROOF. Letting it = (iik i )0<k<l,—r<i<r» With iix; = (Gk;, b ;) € U, we in-
troduce A"%*1 (or just A if there is no risk of ambiguity) as the unique solution
of the discrete linear system on M7 g with a given A;:

M (b, xi) = A (x7) for (tx, x;) € 0 M7 g UORM7T R,
and on /\;lT,R
A (1, x;)
(5.6) ~h,i r ~h,i 27h,i
= (A" + Ar(€C, ug i) + (bri D)A"" +ag i D7A"")) (tk 11, ).
Let Xg’ﬁ = A0, +), and define
ﬁf’ﬁ(jq) = uo(linR[Xg"Z]) — U1 (linR[)Aq]).
We claim that

(5.7) oy = inf v, (ho).

uey'ter=
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Indeed, under the CFL condition (5.3), the finite difference scheme (5.1) as well
as (5.6) are both L°°-monotone in the sense of Barles and Souganidis [4]. More-
over, the linear interpolation )A»o > linR[)Axo] is also monotone. Then taking in-
fimum step by step in (5.1) and (5.5) is equivalent to taking infimum globally
in (5.7).

Finally, the concavity of ):1 — f),’f ():1) follows from its representation as the
infimum of linear maps in (5.7). U

By the previous proposition, VhK’R consists in the maximization of a concave
function, and a natural scheme to approximate it is the gradient projection algo-
rithm.

REMARK 5.5. Since U is compact by Assumption 4.8, then for every func-
tion A1, we have the optimal control &2(A1) = (itk i (A1))0<k<l.—r<i<r Such that

(5.8) IR ZFhAGDand HR(G) =1, RO ).

Now we are ready to give the gradient projection algorithm for VhK R in (5.9).
Given a function ¢ € B(Ng), we denote by PLipK,R(go) the projection of ¢ on
0

Lip(l)< ‘R where Lipé{ R« BWp) is defined in (5.4). Of course, the projection de-
pends on the choice of the norm equipping B(N\') which in turn has serious conse-
quences on the numerics. We shall discuss this important issue later.

Letting y := (¥n)n>0 be a sequence of positive constants, we propose the fol-
lowing algorithm:

ALGORITHM 1. To solve problem (5.5):

e (1) Let 39:=0.

e (2) Given )", compute the super-gradient Vﬁf ()A\’l’) of M > ﬁ}lf (A1) at )A»q’
o (3) Let Mt = Pyipin G+ YaVORGD)).

e (4) Go back to step 2.

In the following, we shall discuss the computation of super-gradient Vﬁff (A1),

the projection PLipK, r as well as the convergence of the above gradient projection
0

algorithm.

5.3.1. Super-gradient. Let )A\l € B(NR) be fixed. Then, by Remark 5.5, we
may find an optimal control i) = (ﬁk’i(il))0§k<[’_r§j§r, where ak,,-(il) =
(&k,i():l), Bk,,-(fxl)) € U, for system (5.7). We then denote by gj the unique solu-
tion of the following linear system on Mt g, for every —r < j <r:

g (te, xi) = 8: for (t, x;) € 0y M1 gr U R Mr R,
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and on /\le,R,
(5.9) g/ (tr,xi) = (g/ + At((br.i (1) D) g’ + ax.i (A1) D*¢’)) (thy1, xi).

Denote gé = gj(O, -) and §; a function on N defined by 8j(xi):=46; .

PROPOSITION 5.6. Let CFL condition (5.3) hold true, then the vector
(5.10) Vo () = (po(lin®[gg]) — s (lin®[8;1)) _, -,

is a super-gradient of ¢ € B(NR) — f)ff(go) eRat Ay.

PROOF.  Consider the system (5.6) introduced in the proof of Proposition 5.4.
Under the CFL condition (5.3), by (5.7), we have for every perturbation A €
B(Ng),

ORG+ Ad) =T, ”(MJFM‘)()A»l + AL <TRACD R 4+ ALy),

which implies that
O Gy 4 Ak = 0 G = oIV G+ AR =PIV G,

RO,

We next observe that for fixed ):1, the function ¢ —— vy, 1) (¢) is linear, and it

follows that

(5.11) @R G+ 8)) — B ROV )

—r<jsr

is a super-gradient of ¢ f) (p) at )A\] Finally, by (5.6) and (5.9), gj (t, x;) =
MACD2H8) (1 3y — )L“()‘l) M(tk x;), where ARG 4148 g the solution of (5.6)
with boundary condition kl +4;. By the definition of oy, R (Al) in (5.7), it follows
that the super-gradient (5.11) is equivalent to Vv (M) defined in (5.10). O

5.3.2. Projection. To compute the projection PLip(I)(,R((p), Vo € B(Ng), we

need to equip B(NR) with a specific norm. In order to obtain a simple projection
algorithm, we shall introduce an invertible linear map between B(Ng) and R¥+1,
then equip on B(NR) the norm induced by the classical L2-norm on R +!.

Let us define the invertible linear map 7 from B(NR) to R2+1 a9

p(xig1) — @(xi), i=1,...,r,
Vi =Tr(p)i := 1 ¢(0), i =0,
p(xi—1) — @(xi), i=—1,...,—-r,

and define the norm | - |g on B(NpR) (easily be verified) by

lplg = |TR(§0)‘L2(R2)'+1) Vo e B(NR)-
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Notice that
’TRLip([)(’R ={y=Trp:pc Lip(l)(’R}
= (¥ = W)—rzizr € [=KAx, KAX" Ty =0}
Then the projection PLip(I)(,R from B(Ng) to Lipg ‘R under norm | - | is equivalent

to the projection P

< Lipk-R from R+ to Tr Lipg ‘R under the L%-norm, which is
0

simply written as

0, ifti =0,
P . .=
( TR LIP(’)('R(W))Z { (KAx) A vV (—K Ax), otherwise.

5.3.3. Convergence rate. Now, let us give a convergence rate for the above

gradient projection algorithm. In preparation, we first provide an estimate for the
norm of super-gradients Vf),lf.

PROPOSITION 5.7. Suppose that CFL condition (5.3) holds true, then
19 (1) = O (@2)| = 2l1 — @2loo for every ¢1.¢2 € BWR). In particular, the
super-gradient Vﬁf satisfies

R R .
(5.12) VORGDlg <2/ =+ 1. forallki € BN).
X

PROOF. Under the CFL condition, the scheme (5.1) is L°°-monotone, then
Ay oo 3R < @1 — 2o, and it follows from the definition of 8% in (5.2)
that

(5.13) 0% (1) — DR (02)] < 2]01 — ¥2]00-

Next, by the Cauchy—Schwarz inequality,

lo1 — @2loo < maX<Z|TR(<p1 —02)il. > |Tr(p1 — (P2)i|>

i=0 i=0
<~vr+ g1 — @2|g.

Together with (5.13), this implies that (5.12) holds for every super-gradient
ViR(g). O

Let us finish this section by providing a convergence rate for our gradient pro-
jection algorithm. Denote

M:= max | —¢l% <2r(KAx)> <2K’RAx,
o1,92€Lipy
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and it follows from Section 5.3.1 of Ben-Tal and Nemirovski [5] that

. I+ 2(VRAM)2
OthK’R—maxv,f(k'{)f 2=t Ya Il VU DR
n<N

PN
(5.14) n=t
- 2K2RAX +4(R/Ax + 1) YN y2

We have several choices for the series y = (yn)n>1:
e Divergent series: y, >0, >_0° | y, =+oc and ) ;2 )/n2 < +00, then the right-
hand side of (5.14) converges to 0 as N — oo.

e Optimal stepsizes: ¥, = %, [5] shows that
h \*1

A max VoRGN -4/2I1
VhK,R —maxﬁf(k?) < Cl( l§n§N| Uh( ])|R)
n<N /N
K(R++RAX)
<C—————
~N

for some constant C independent of K, R, Af, Ax and N.

5.4. Numerical examples. We finally implement the above algorithm in the
context of an application in finance which consists in the determination of the
optimal no-arbitrage bounds of exotic options.

As discussed in the Introduction, this problem has been solved by means of the
Skorokhod Embedding Problem (SEP) in the context of some specific examples
of derivative securities. However, the SEP approach is not suitable for numerical
approximation. In Davis, Obloj and Raval [14], the authors consider a similar prob-
lem for the weighted variance swap option which can be included in our context. In
contrast to our constraint Po X 1_1 = 1 in (2.5), they impose the constraint of the
form IEP[¢>;<(X ] =pk,k=1,...,n for some functions (¢)1<k<, and constants
(Px)1<k<n- Then, they convert their problem into a semi-infinite linear program-
ming problem which can be solved numerically. We shall use some techniques
in [14] to derive an explicit solution for some examples in order to compare with
our numerical results.

5.4.1. A toy example. Suppose that £(¢,x,a,b) = a, and U := [a, a] x {0},
then under every P € P, the canonical process X is a martingale. Suppose that
P(o, 1) is nonempty, then it is clear that

1
V= inf EP[/ a?dl}
PeP(uo, 1) 0

=, EF[XT — X§] = w1 (¢0) — no(¢o),
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Numerical Error (in %) in Toy Example
301 1

10 1

0 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10
Iteration Number 4

FIG. 1. Numerical Example 1 (toy example): u; = N (0, aiz) with og = 0.1, 01 =0.2, K = 1.5,
R =1, Ax =0.1, At =0.025. The computation time is 56.38 seconds for 10 iterations.

where ¢o(x) := x2. In our implemented example, we choose p; as normal distri-
bution N (0, al.z) with 09 = 0.1, 01 = 0.2, a =0 and @ = 0.1. It follows by direct
computation that V = 0.03. In our numerical test, for 10° iterations, the compu-
tation time is 56.38 seconds, and it gives a numerical solution 0.029705, which
implies that the relative error is less than 1%; see Figure 1.

5.4.2. The weighted variance swap contract. Let S = (S;);>0 denote the price
process of an underlying stock. We assume that S is a scalar positive continu-
ous semimartingale. The variance swap contract is therefore defined by the payoff
(log S)1 at maturity 1, which is the quadratic variation of the process (log S;);>0 at
time 1.

Following Section 4 of [14], we shall consider an n-weighted variance swap,
for some Lipschitz function n:R — R. This is a derivative security defined by the
payoff at maturity 1:

1
/0 n(log S,)d {log S),.

Under no additional information, any martingale measure P (i.e., a probability
measure under which the process S is a martingale) induces an admissible no-
arbitrage price

EP[ /O l n(log(S,))d (log S),]
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Following Galichon et al. [21], we assume that all European options maturing
at time 1 with all possible strikes are liquids and available for trading, that is,
c1(y) :==E[(S] — y)T] is given for all y > 0. Then the marginal distribution of §;
under P is given by ji1[y, 00) = —3 " c1(y). In other words, for every A1 € Cp(R),
the derivative security with payoff A{(S1) at maturity 1 is available for trading
(long or short) at the no-arbitrage price (11 (A1). Under this additional information,
a no-arbitrage lower bound of the n-weighted variance swap is given by

1
(5.15) sup {infEP[/ n(log S;) d(log S); + )\1(51)] - ﬁl(h)},
rmeC,®R) L P 0
where the infimum is taken over all martingale measures for S.
This problem can be studied by our mass transportation problem. Suppose that
S; = exp(X;), where X is the canonical process on the canonical space €2. Suppose
further that

U:=|{(a,—1a) € S x R:a € [a,al},

with positive constants a < a < oo. Then under every [P € P [defined below (2.3)],
the process S; := exp(X;) is a positive continuous martingale. If we take the in-
fimum in (5.15) over P, it follows by our duality result (Theorem 3.6) that the
bound (5.15) equals

1
. P P
V= PGP%}QXE,M)E /0 n(Xt)at ar,
where xg = log So € R and p is the distribution of X| =log S; when S1 ~ i1 [or,
equivalently, it is derived from fi; by [p @ (x)p1(dx) := [ e(ogy)iii1(dy), Vo €
Cp(R)]. Furthermore, by similar techniques as in Section 4 of Davis et al. [14],
using Itd’s formula, it follows that when P(8,,, 11) is nonempty, we have

5.16)  V=__inf E'[¢p(X1)—$(X0)] =1 ($) — $(x0),
PeP(Sry. 1)
where ¢ is a solution to ¢ (x) — ¢’ (x) = 2n(x).

In our numerical experiments, we choose a =0,a = 0.1, xo = 1, 1t is a normal
distribution N(1 —a/2, a) witha =0.04 € [0, 0.1]. Then P(dy,, ;1) is nonempty
since the probability P induced by the process (1 — at/2 + /aW,;)o<i<1 (with
Brownian motion W) belongs to it. In a first example, we choose 11 (x) = 1, then
¢1(x) ;= —2x + C1€* + C; is the solution to ¢”(x) — ¢’(x) = 211 (x). It follows
by direct computation that the value in (5.16) is given by V| = 0.04. Our numer-
ical solution is 0.0395311 after 10° iterations, which takes 138.51 seconds. In a
second example, we choose 72(x) = x, then ¢, (x) := —x2—2x —Cie* + Cy is
the solution to ¢” (x) — ¢’ (x) = 22 (x). It follows that the value in (5.16) is given
by Vo =a —a*/4 = 0.0396. In our numerical test, the computation time is 142.23
seconds for 10 iterations and it gives the numerical solution 0.0391632; see Fig-
ure 2.
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0.05- Numerical Results for Weighted Variance Swap 7
0.045 (eta(x) = 1) A
S 0.04r =
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0.03| |
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0.02 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
Iteration Number x 10*
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FIG. 2.  Numerical Example 2 (weighted variance swap): 0 =0.2, K =15, R=2, Ax =0.1,
At = 0.025. For weight function n1(x) = 1, the numerical solution is 0.0395311 after 10 iterations.
For weight function ny(x) = x, the numerical solution is 0.0391632 after 103 iterations.

APPENDIX

We first give a result which follows directly from the measurable selection the-
orem. Let E and F be two Polish spaces with their Borel o-fields £ := B(E) and
F:=B(F). A€ & ®F is a measurable subset in the product space E x F sat-
isfying that for every x € E, there is y € F such that (x, y) € A. Letting t be a
probability measure on (E, £), we denote by £/ the u-completed o-field of £.
Suppose that f: A — R U {oo} is £ ® F-measurable, and denote

(A.1) g(x) :==inf{ f(x,y), (x,y) € A}.

THEOREM A.l1. The function g is E*-measurable. Moreover, for every & > 0,
there is a EH-measurable variable Y, such that for p-a.e. x € E, (x,Y.(x)) € A
and

1
(A2) f(x» Y&‘(x)) < (g(x) + e)lg(w)>—oo - glg(x):—oo'

REMARK A.2. Theorem A.1 is almost the same as Proposition 7.50 of Bert-
sekas and Shreve [6], and can be easily deduced from it. The key argument is the
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measurable selection theorem. We also refer to Section 12.1 of Stroock and Varad-
han [35], Chapter 7 of Bertsekas and Shreve [6] or Chapter 3 of Dellacherie and
Meyer [16] for different versions of the measurable selection theorem.

We next report a theorem which provides the unique canonical decomposition
of a continuous semimartingale under different filtrations. In particular, it follows
that an It6 process has a diffusion representation, by taking the filtration gener-
ated by itself. This is in fact Theorem 7.17 of Liptser and Shiryayev [28] in the
1-dimensional case or Theorem 4.3 of Wong [37] in the multidimensional case.

THEOREM A.3. Ina filtrated space (2, F = (F;)o<t<1, P) (here 2 is not nec-
essarily the canonical space), a process X is a continuous semimartingale with
canonical decomposition:

X, =Xo+ B+ M,,

where By = My =0, and B = (B;)o<:<1 Is of finite variation and M = (M;)o</<1
a local martingale. In addition, suppose that there are measurable and F-adapted
processes (o, B) such that

f 1 t
B; :/ Bs ds, / E[|Bs|]ds <oo and A;:= (M), =/ o ds.
0 0 0

Let FX = (.7:,X)05t51 be the filtration generated by process X and F= (.7:})05;51
be a filtration such that .7-"tX C F; C F;. Then X is still a continuous semimartin-
gale under F, whose canonical decomposition is given by

r_ - - - t
X[ = X() +/ ﬁs ds + M[ with Al‘ = (M)z :/ &S dS,
0 0

where

B: =E[B/|Fi] and & =a;,dP x dt-a.e.

PROOF OF THEOREM 4.2. The characterization of the value function as vis-
cosity solution to a dynamic programming equation is a natural result of the dy-
namic programming principle. Here, we give a proof, similar to that of Corol-
lary 5.1 in [12], in our context.

(1) We first prove the subsolution property. Suppose that (zg, xo) € [0, 1) x R?
and ¢ € C2°([0, 1) x R?) is a smooth function such that

0=@A —¢)(t0,x0) > (A —)(t,x)  V(t,x)F# (f0, x0).
By adding e(|t — 0] + |x — xo|*) to ¢ (¢, x), we can suppose that

(A.3) ¢ (t,x) = At x) +e(lt — 10]* + |x — x0/%)
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without losing generality. Assume to the contrary that

— 3,9 (to, x0) — H (to, x0, Dx¢ (to, x0), D2.$ (10, x0)) > O,

and we shall derive a contradiction. Indeed, by definition of H, there is ¢ > 0 and
(a, b) € U such that

—0tp(t,x) —b-Dypp(t,x)— —a D2 P, x) =L, x,a,b) >0
V(t7x) € BC(ZO’x0)9
where B (19, x0) := {(¢,x) € [0, 1) x R?: |(z, x) — (to, x0)| < c}. Let T := inf{s >
to:(t, X¢) ¢ Be(tg, x0)} AT, then

Mto, x0) = b0, x0) > _inf IEF[ [ e xovds Xa}

PeP1y,x0,0,0

— T
> inf EP[/ Z(s,Xs,vs)ds+A(r,Xf)]+n,
t

Pepto,xo,o,o

where 7 is a positive constant by (A.3) and the definition of t. This is a contradic-
tion to Proposition 4.1.

(2) For the supersolution property, we assume to the contrary that there is
(f0, x0) € [0, 1) x R¥ and a smooth function ¢ satisfying

=@ —@)(to, x0) < (A—¢)(t,x)  V(1,x) # (10, x0)
and
—3¢ (t0, x0) — H (to, x0, Dx¢ (t0. X0), D2, (t0, x0)) <O.
We also suppose without losing generality that
(A4) o1, x) < A(t,x) —e(lt — t0]* + |x — x0/%).

By continuity of H, there is ¢ > 0 such that for all (¢, x) € B.(f, xo) and every
(a,b) eU,

—0;p(t,x)—b-Dyp(t,x)— —a D2 L@, x)—L(t,x,a,b) <0.
Let t :=inf{t > 1y: (¢, X;) ¢ B.(t9, x0)} A T, then

Mo, x0) = (i, x0) < __inf EP[¢(r, Xo) +

PeEPiy.x0.0.0

T
(s, X, vs)ds]

fo

— T
0]

PEP[Q,XQ.O,O

for some n > 0 by (A.4), which is a contradiction to Proposition 4.1. [l
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