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Abstract

We propose a reformulation of the convergence theorem of monotone numerical
schemes introduced by Zhang and Zhuo [32] for viscosity solutions of path-dependent
PDEs (PPDE), which extends the seminal work of Barles and Souganidis [1] on the
viscosity solution of PDE. We prove the convergence theorem under conditions similar
to those of the classical theorem in [1]. These conditions are satisfied, to the best of our
knowledge, by all classical monotone numerical schemes in the context of stochastic
control theory. In particular, the paper provides a unified approach to prove the con-
vergence of numerical schemes for non-Markovian stochastic control problems, second
order BSDESs, stochastic differential games etc.

Key words. Numerical analysis, monotone schemes, viscosity solution, path-dependent
PDE

1 Introduction

In their seminal work [1], Barles and Souganidis proved a convergence theorem for
monotone numerical schemes for viscosity solutions of fully nonlinear PDEs. Assuming
that a strong comparison principle holds true for viscosity solutions of a PDE, they
show that for all numerical schemes satisfying the three properties, “monotonicity”,
“consistency” and “stability”, the numerical solutions converge locally uniformly to
the unique viscosity solution of the PDE as the discretization parameters converge
to zero. They mainly use the stability of viscosity solutions of PDEs and the local
compactness of the state space. Due to their result, one only needs to check some local
properties of a numerical scheme in order to get a global convergence result. Also, their
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result and method are widely used in the numerical analysis of viscosity solutions to
PDEs.

It is well known that, by the Feynmann-Kac formula, the conditional expectation
of a random variable can be characterized by a viscosity solution of the correspond-
ing parabolic linear PDE. This relationship has also been generalized in the theory of
BSDE (corresponding to semi-linear PDEs), 2BSDEs (corresponding to fully nonlinear
PDEs) etc. However, the probabilistic tools have their PDE counterparts only in the
Markovian case. Recently, a theory of path-dependent PDE (PPDE) has been devel-
oped by [9, 11, 12] etc., which permits to study non-Markovian problems. In particular,
it provides a unified approach for many Markovian, or non-Markovian stochastic dy-
namic problems, e.g. BSDEs, second order BSDEs, stochastic control problems and
stochastic differential games, etc.

It would be interesting to extend the convergence theorem of Barles and Souganidis
[1] in the context of PPDE. The main obstacle for a direct extension of their arguments
is that the state space is no longer locally compact. Zhang and Zhuo [32] provided
recently a formulation of the convergence theorem of monotone schemes for PPDEs.
They mainly use the stability of the viscosity solution of PPDE, and overcome the
difficulty of non-local compactness by an optimal stopping argument as in the well-
posedness theory of PPDE. They also provide an illustrative numerical scheme which
satisfies all the conditions of their convergence theorem. However, this illustrative nu-
merical scheme is not applicable in the general case. Moreover, most of the monotone
numerical schemes in the sense of Barles and Souganidis [1], for example the finite
difference scheme, do not satisfy their conditions.

Our main objective is to provide a new formulation of the convergence theorem for
numerical schemes of PPDE. Our conditions are slightly stronger than the classical
conditions of Barles and Souganidis [1], as PPDEs degenerate to be PDEs. Never-
theless, to the best of our knowledge these conditions are satisfied by all classical
monotone numerical schemes in the optimal control context, including the classical
finite difference scheme, the Monte-Carlo scheme of Fahim, Touzi and Warin [13], the
semi-Lagragian scheme, the trinomial tree scheme of Guo, Zhang and Zhuo [15], the
switching system scheme of Kharroubi, Langrené and Pham [19], etc. Therefore, our
result extends all these numerical schemes to the path-dependent case. In particular,
it provides numerical schemes for non-Markovian second order BSDEs, and stochastic
differential games, which is new in the literature, see also Possamail and Tan [24].

Similar to [32], we use an optimal stopping argument to overcome the difficulty
of non-local compactness. Instead of looking into an optimal stopping problem of a
controlled diffusion as in [32], we consider a discrete time optimal stopping problem of
a controlled process. Therefore, our argument is quite different from that in [32].

The paper is organized as follows. In Section 2 we provide some preliminary nota-
tions used in the paper. In Section 3 we recall the definition of viscosity solution to the
path-dependent PDE, and present our main result, that is, a convergence theorem of
monotone schemes for PPDEs. Further we compare with the result of Guo, Zhang and
Zhuo [15] and that of Barles and Souganidis [1]. In Section 4 we review some classical
monotone schemes for PDEs, and verify that they satisfy the technical conditions of



our main convergence theorem, and thus can be applied in the PPDE context. Finally,
we complete the proof of the main theorem in Section 6.

2 Preliminaries

Throughout this paper let 7> 0 be a given finite maturity, Q := {w € C([0, T]; RY) :
wo = 0} the set of continuous paths starting from the origin, and © := [0, 7] x 2. We
denote by B the canonical process on 2, F = {F;,0 <t < T} the canonical filtration,
T the set of all F-stopping times taking values in [0, T], and Py the Wiener measure on
Q. Moreover, let T denote the subset of 7 € T taking values in (0,77, and for 7 € T,
let 7 and 75 be the subset of 7 € T taking values in [0, H] and (0, H], respectively.

Following Dupire [8], we introduce the following pseudo-distance on ©: for all
(t,w), (t' ') € O,

lwlle = sup |wl,  d((t,w), (o)) = [t =]+ |wir — win lI7-
0<s<t

Let E be a metric space, we say a process X : © — E is in C°(©, E) whenever
t = X;(w) is continuous for all w € Q. Similarly, L°(F, E) and L°(F, E) denote the
set of all F-measurable random variables and F-progressively measurable processes,
respectively. We remark that C°(0, F) C L%(F, E), and when E = R, we shall omit it
in these notations. We also denote by BUC(O) the set of all functions bounded and
uniformly continuous with respect to d.

For any A € Fr, £ € LO(Fr, E), X € L(F,E), and (t,w) € O, define respectively
the shifted set, the shifted random variable and the shifted process by

A ={ € Q:wew € A}, €9W) = Efwew'), XEW) = X+ s,w @ W)
where w ®; w’ is the concatenated path defined as
(w4 w')s = wsl[(),t](s) + (we + w;_t)l(tﬂ(s), 0<s<T.

Following the standard arguments with monotone class theorem, we have the following
results.

Lemma 2.1. Let (t,w) € © and s € [t,T]. Then A" € Fs_y for all A € Fs,
¢ € LY Fs_y, E) for all € € LO(Fs, E), X € LO(F, E) for all X € L°(F,E), and
b —t € To_y for all 7 € T,.

Next, let us introduce the nonlinear expectation. As in [11], we fix a constant
L > 0 throughout the paper, and denote by P the collection of all continuous semi-
martingale measures P on 2 whose drift and diffusion coefficients are bounded by L.
More precisely, a probability measure P € P if under P, the canonical process B is a
semimartingale with natural decomposition B = AP + MF, where AP is a process of
finite variation, M* is a continuous martingale with quadratic variation (M), such
that A” and (MF) are absolutely continuous in ¢, and

dAY  p  d(MF),

117 oo lla” oo < L, where p = =2b, ay = —— =, P-as. (2.1)




We then define the nonlinear expectations:

&l = EEEEP[-] and &[] := H})g?ijP[] (2.2)

3 Convergence of monotone schemes for PPDE

We consider the following PPDE

— Jwu(t,w) — G(-,u,@wu 9?2 u)(t,w) =0, forall (t,w)e€[0,T)xQ, (3.1)

r Y ww

with the terminal condition u(7),-) = &.

3.1 Definition of PPDE

As in the survey of Ren, Touzi and Zhang [25], one may define viscosity solution of
path dependent PDE by using the jets. For o € R, 3 € R?%, v € S¢, denote:

1
PPt x) =t + Bz + L (zzT) for all (t,z) € Rt x RY,

where A; : Ag := Tr[A;A3]. Then define the semijets of a function v € BUC(©) at
(t,w) €[0,T) x

)

Ju(t,w) = {(a, B,7) s u(t,w) = maxrer,, Eub — ¢2P7, for some § > 0}
Ju(t,w) := {(a,ﬁ,'y) cu(t,w) = min;e7,, §[ut7’“ - qﬁ?’ﬁ’y], for some ¢ > 0},

where Hy(w') := 6 Ainf{s > 0: [w)| > 6} € TT and ¢>77 := B (t, By).

Definition 3.1. Let u € BUC(O).

(i) w is a P-viscosity subsolution (resp. supersolution) of the path dependent PDE
(3.1), if at any point (t,w) € [0,T) x Q it holds for all (o, ,7v) € Ju(t,w) (resp.
Ju(t,w)) that

- G(tvwau(t7w)aﬁ)7) < (’F@Sp. 2) 0.

(il) w is a P-viscosity solution of the path dependent PDE (3.1), if u is both a P-
viscosity subsolution and a P-viscosity supersolution of (3.1).

There are equivalent definitions of viscosity solution of path dependent PDE, for
example in [25] we may find the definition in which one uses smooth test functions in
the time-path space ©. Here we are going to introduce another equivalent definition
using constant localization and test functions in (3’5’2(RJr x R%), i.e. the class of all
C12 scalar functions ¢ of which the partial derivatives d;¢, 0,9, 02,¢ are of compact
support. Consider the set of test functions:

Au(t,w) := {<p € C&’Q(R+ x RY) : (uh* — @) = rrg}_(?[(ut’w — )], for some ¢ > O},
T€T5

Au(t,w) = {go € C'S’Q(RJr x RY) 1 (ub® — @) = Tnéi%§[(ut’w —¢)r], for some § > 0},

where ¢, = ¢(t, By).



Proposition 3.2. Assume that G(t,w,y, z,7) is continuous in (t,w). A function u is
a P-viscosity subsolution (resp. supersolution) of Equation (3.1), if and only if at any
point (t,w) € [0,T) x Q it holds for all ¢ € Au(t,w) (resp. Au(t,w)) that

L@y := —0ypg — G(t,w,u(t,w),@xtpg,ﬁgx@o) < (resp. >) 0. (3.2)

We will report the proof of the above proposition in Section 6. The next lemma is
proved in Section 4.4 of [12].

Lemma 3.3. Let u € BUC(O) be a P-viscosity subsolution of PPDE (3.1). Then for
the constant L € R, u(t,w) := e tu(t,w) is a P-viscosity subsolution of the PPDE

—pii(t,w) — Li(t,w) — e MG (-, eMa, e, u, e 02,1) (t,w) = 0.
The similar result holds for supersolutions.

Since we only consider nonlinearity G(t,w, vy, z,7) uniformly Lipschtiz in y, it follows
from the previous lemma that without loss of generality we may assume that G is

non-decreasing in y.

Remark 3.4 (Examples of path-dependent PDE). One of the motivations of the
PPDE theory is to characterize the value functions of non-Markovian stochastic control
problems.

In particular, let consider a 2BSDE (Cheridito, Soner, Touzi and Victoir [4], Soner,
Touzi and Zhang [28]) with generator F': © x R x R? x K — R and the controlled
generating process with diffusion coefficient o : © x K — S;, where K is some set in
which the control processes take values. Then the solution of the 2BSDE corresponds
to a PPDE with the nonlinearity:

1
Gtw,y,2,7) = sup [5o%(tw k) iy + Fltw,y,oltw k)= k). (3.3)
kek L2

Another example is the application of PPDEs in the stochastic differential games (see

e.g. Pham and Zhang [23]), where the nonlinearity of PPDE turns to be of the form:

1
G(t,w,y,z,7v) := sup inf |:*O'2(t,k‘1,k'2) v+ F(t,w,y, o(t, k:l,krg)z,k:l,kg)}. (3.4)
k€K, k2€K2 L2

We refer to Section 4 of Ekren, Touzi and Zhang [11] for more details.

3.2 Main results

Definition 3.5. Let {U;,i > 1} be a sequence of independent random variables defined
on a probability space (Q, F,P). Every U; follows the uniform distribution on [0,1].
Let h > 0, K be a subset of a metric space, @y, : K x [0,1] — R be a Borel measurable
function such that for all v € K we have

[E[®(v,U)]| < Lh, Var[®,(v,U)] <Lh and E[®,(v,U)%] < LE*?.  (3.5)



Denote the filtration F := {F;,i € N}, where F,, == o{U;,i < n}. Let K = LO(F, K)
denote the collection of all F-adapted control processes taking values in K. For all
v e K, we define

X(hiill)h = Xi’;{l/ + ®p(vin, Us). (3.6)

Further, we denote by Xhv [0,T] x Q — Q the linear interpolation of the discrete
process {Xi};;l’,i € N} such that XZZV = XZ.};L’V for all i. Finally, for any function
¢ € LY(F), we define the nonlinear expectation:

Enlyl = infucuB[o(XM)] and Enlg] = sup,qBlp(X)]. (37)

We next introduce the numerical schemes T. Let (t,w) € [0,7) x Q and 0 < h <
T—t, ']T',fl’w be a family of functions from L°(F;; ) to R. We then define

ul(t,w) = TyCul,,
and assume that T satisfies the following conditions.
Assumption 3.6. (i) Consistency: for every (t,w) € [0,T)xQ and ¢ € Cy*(RT xR?),

lim 90(75,, w ¢ w,) - Tz’w(@tw [C)O(t/ + hv )]

= L.
(t' @' }h)—(t,0,0) h i

(ii) Monotonicity: there exists a nonlinear expectation £, as in Definition 3.5 such
that, for any @,v € LY(Fiyn), it holds that

TV le] — TV > inf &,[e (¢ — )] — hp(h). (3.8)

0<a<L

(iii) Stability: u" is uniformly bounded and uniformly continuous in (t,w), uniformly
on h.

Our main theorem is the following convergence result of the monotone scheme for
PPDE (3.1).
Theorem 3.7. Assume that

e PPDE (3.1) is parabolic, i.e. G(t,w,y,z,7) is nondecreasing in vy,

e the nonlinearity G of PPDE (3.1) and the terminal condition & are continuous
in all arguments, and G(t,w,y, z,7) is uniformly Lipschitz in y,

e the comparison principle of viscosity solutions of (3.1) holds, i.e. if u,v €
BUC(©) are P-viscosity subsolution and supersolution of PPDE (3.1), respec-
tiely, and u(T,-) <v(T,-), then u < v on O.

If the numerical scheme T satisfies Assumption 3.6, then PPDE (3.1) admits a unique
bounded viscosity solution u, and

u" = w locally uniformly, as h — 0. (3.9)



Remark 3.8. A comparison result of viscosity solutions of fully nonlinear PPDEs
is proved in Ekren, Touzi and Zhang [12] for PPDE (3.1) under certain conditions.
Further, in the case of semilinear PPDES, a comparison result is proved in Ren, Touzi
and Zhang [26] under very general assumptions.

Remark 3.9 (Comparison with Zhang and Zhuo [32]). Let us compare our Assump-
tion 3.6 with that in [32]. Our condition (i) is weaker and thus easier to verify com-
paring to that in [32]. The essential difference is between our condition (ii) and theirs.
Our condition (ii), although stated in a complicated way, is satisfied by all (to the best
of our knowledge) classical monotone scheme in PDE context. Moreover, by the in-
terpretation of the finite difference scheme for stochastic control problem as controlled
Markov chains (see Kushner and Dupuis [20]), this condition is consistent with the
classical one in [1].

Comparison with Barles and Souganidis’s theorem When a PPDE degen-
erates to be a PDE:
Lu(t,z) = — dw(t,x) — Go(-,u, dpu, D2, u)(t,z) = 0, on [0,T) x R (3.10)

»YrT

with the terminal condition u(7),-) = g. Note that the definition of viscosity solution of
PDE is slightly different from that of PPDE recalled in Section 3.1, but under general
conditions a viscosity solution of PDE (3.10) is a viscosity solution of the corresponding
PPDE.

Assumption 3.10. (i) The terminal condition g is bounded continuous.

(ii) The function Gy is continuous and Go(t,x,y, z,7y) is nondecreasing in ~y.

(iii) PDE (3.10) admits a comparison principle for bounded viscosity solution, i.e. if
u,v are bounded viscosity subsolution and supersolution of PDE (3.10), respectively,
and w(T,-) < v(T,-), then u < v on [0,T] x R%.

For any t € [t,T) and h € (0,7 — t], let TZ’I be an operator on the set of bounded
functions defined on R?. For n > 1, denote h := % <T—t, ty=1h,i=0,1,--- ,n, let
the numerical solution be define by

uMT,z) = g(x), u(t,x):=T" Wt +h,-)], t€[0,T), i=n,--,1.

Assumption 3.11. (i) Consistency: for any (t,z) € [0,T) x R? and any smooth
function p € CY2([0,T) x R%),

, (c+ )t 2) =T [(c+ @)t + h,-)]
lim
(t' 2’ ,h,c)—(t,z,0,0) h

= Lo(t,x).

(ii) Monotonicity: sz[go] < ’]I‘Z’gC [] whenever ¢ < ).
(iii) Stability: u" is bounded uniformly in h whenever g is bounded.
(iv) Boundary condition: 1imy 4 p)—y(7,2,0) uP (', 2") = g(x) for any x € R?,

We now recall the convergence theorem of the monotone scheme, deduced from
Barles and Souganidis [1] in this context of the parabolic PDE (3.10).

7



Theorem 3.12. Let the generator function Gg in (3.10) and the terminal condition g
satisfy Assumption 3.10, and the numerical scheme T';L’x satisfy Assumption 3.11. Then
the parabolic PDE (3.10) has a unique bounded viscosity solution and u" converges to
u locally uniformly as h — 0.

Remark 3.13 (Comparison with Assumption 3.6). (i) First, Assumption 3.6 (i) re-
duces exactly to be Assumption 3.11 (i) when the PPDE degenerates to a PDE.

(ii) Assumption 3.6 (ii) is stronger than Assumption 3.11 (ii). It is clear that the
bound (3.8) of the difference of numerical solutions, provided by the discrete sublinear
expectation, implies the monotonicity condition in Assumption 3.11 in the PDE case.
In their book of numerical methods for stochastic control problem, Kushner and Dupuis
[20] studied the classical finite-difference scheme, and highlighted that the monotonicity
condition is in fact equivalent to a controlled Markov chain interpretation, where the
increments of the Markov chain satisfy (3.5). Our formulation of the monotonicity in
Assumption 3.6 (ii) is consistent with this spirit. In particular, for concrete numerical
schemes, the two monotonicity formulations demand exactly the same conditions on
the coefficients. Moreover, it is satisfied by all classical monotone scheme, to the best
of our knowledge, in the context of stochastic control theory. See also our review in
Section 4.

(iii) The stability condition in Assumption 3.6 (iii) is also stronger than Assumption
3.11 (iii). Nevertheless, in the classical numerical analysis for parabolic PDE (3.10),
in order to check Assumption 3.11 (iv), one needs (explicitly or implicitly) to prove
a uniform continuity property of numerical solutions uniformly on the discretization
parameter, which leads to the same condition as in Assumption 3.6 (iii). See also our

review in Section 4.

4 Examples of monotone schemes

We discuss here some classical monotone numerical schemes in the stochastic control
context, and provide some sufficient conditions Assumption 3.6 to hold true. Let us
first add some assumptions on the functions G and ¢ for PPDE (3.1).

Assumption 4.1. The terminal condition & is Lipschitz in w, G is increasing in -y,
and G is Lipschitz in (y, z,7): i.e. there is some constant C such that for all (t,w) € ©
and (y,2,7), (¥, 2,7) € R x R x S,

G(t,w,y,z,v)*G(t,w,y,Z’,v’)‘ < C(\y*y’\ + |z =2 + h*v’!)

In this section, we denote t := hk for h = At > 0. Given x = (x¢y, X¢,, - ,X¢,) @
sequence of points in R¢, we denote by X € € the linear interpolation of x such that
X, = xy, for all 4. Further, for (t,w) € ©, h > 0 and z € R?, we define a path

h

s

—z, for 0<s<h;

(W 2) == w®y 2", where 2" = -
z, for s> h.



Let E be some normed vector space, then for maps ¢ : © — E, we introduce the
norm |¢|p and |¢|; by

|17ZJ|0 = Sup |¢J(t,w)| and ‘wh = sup ‘w(t’w>_¢(t7w>‘

(1)< (bt w') (|wen. — wion |+ [t — 2|12

4.1 Finite difference scheme

For simplicity, we assume that the state space is of dimension one (d = 1). Let Az > 0
be the space discretization size. For every (t,w) € O, h > 0 and F;p-measurable
random variable 9 :  — R, we define the discrete derivatives

Dpip(t,w) := (Dyo, Dy, Diah) (¢, w),
where

w h xT)— WEA-
DUVt w) = lwin), Dhip(t,w) = LLSEAD b

(weh Az) —20(win )+ (welh (~A2))
Ax? :

and Dip(t,w) =
Then an explicit finite difference scheme is given by
To“lul ] = P+ hwin) + hG (t,w, Dpulyp(t,w)). (4.1)

Proposition 4.2. Suppose that Assumption 4.1 holds true and G is Lipschitz in w, i.e.
there is a constant C' such that for all w,w' € Q and all (t,y,z,7v) € [0,T] xR xR%x Sy,

G(t7w7y7 Z77) - G(t7w,7 Y, 277)‘ < CHwt/\' - wllf/\-H'

Assume in addition the CFL (Courant-Friedrichs-Lewy) condition, i.e.
At|V,Glo 1

i I el -

- Ax? -2

and that VoG > € for some small constant € > 0. Then Assumption 3.6 holds true for
h

—¢, (4.2)

finite difference scheme (4.1). In particular, the numerical solution u" is %*H(')'lder m

t and Lipschitz in w, uniformly on h.

Proof. We will check each condition in Assumption 3.6. For the simplicity of presen-
tation, we assume that G is independent of y. Clearly, the argument still works if G
is Lipschitz in y.

(i) The consistency condition (Assumption 3.6 (i)) is obviously satisfied by (4.1) as in
the no path-dependent case.

(ii) For the monotonicity in Assumption 3.6 (ii), let us consider two different bounded
functions ¢ and 1. Denote ¢ := ¢ — 9, then by direct computation,

T ) = TRl = 6(w”) + h(GyDy'6 + G.D}'6 + Gy D}'o),

where G, G, and G, is some function depending on (¢,w) and (¢, ), but uniformly
bounded by the Lipschitz constant L of G. Let b € [-L, L] and ¢ < a < |V,G|o be

9



two constants, and ¢%® be a random variable defined on a probability space (Q, F, ]5)
such that
B(¢**=0) = 1-bRt — 20,

P = Az) = b%‘“@%ﬁz and P(¢% = —Azx) = a%.

The law of (% is well defined for At = h small enough, because every term above is
positive and the sum of all terms equals to 1 under condition (4.2). Further, we have

E[¢*] = bh, Var[¢**] =ah, and E[|¢*] < |Az]® < CR%?  (4.3)

where the last terms follows by Az ~ hs.
Then let F,(a,b,-) : R — [0,1] be the distribution function of ¢** and ®(a,b,") :
[0,1] — R be the generalized inverse function of Fj(a,b, ), i.e.

Oy (a,b,x) = inf{y: Fy(a,b,y) > x}. (4.4)

In view of (4.3), the monotonicity condition of Assumption 3.6 (ii) holds true.

(iii) To prove Assumption 3.6 (iii), we will prove that there is a constant C' independent
of h such that

‘uh(t7w) - uh(t,?w,)‘ < C(H(“ut/\' - w{”/\-H tv ’t/ - t|)7 V(t,w), (tlvw,) € @(45)

Let us first prove that u” is Lipschtiz in w. Denote

h h /
t,w)— t,w
b? = sup Y ( ’ ) Y ( ’ )

1 —wh 0}
(t,w), (' ,w)eO Hwt/\. — wéA.H {l|lwen. —wj . ||>0}

By direct computation, we have
ul(t,w) — uh(t,w) = hGulwin — win |l + Diufyp(t,w) — DFul,(tw'), (4.6)
where
Dguly, = ((1+ hGy)D}) + hG.D} + hGyD})ul',y,

with G, G, and G, uniformly bounded by L. Then there is a constant C' independent
of h such that

L} < (1+Ch)L}, +Ch.

Notice that the terminal condition £ is Lipschitz, it follows by the discrete Gronwall
inequality, we have L' < Ce®T for a constant C independent of h. Hence, there is a
constant C’ independent of h such that

!uh(t,w) - uh(t,w')| < Clwin —wipll, V€ [0,T], w0’ € Q. (4.7)
We next consider the regularity of u” in ¢. Let t := ¢h and ¢’ := jh > t. Note that

u(t,w) = u"(t + h,win.) + hG(t,w,0,0,0) + h(G(t, w, Dpul, ,(t,w)) — G(t,w,0,0,0)).

10



By a direct computation, we have

j—1
u(t,w) = E| Y Gltpw® X"0,0,00h + vt we X") |, (4.8)
k=i

where X" is a discrete process defined as X{)‘ =0,
Xh. o= X!+ ®(V,G, V.G, Uss1),

with ®j be given by (4.4), and X" is the linear interpolation of X”. Define

k—1
Ap =0, Al = E[®y(V,G, V.G, Uit1)|F], and M":=X"— A"
1=0

Clearly, M" is a martingale and A" is a predictable process. Further, it follows from
the property of ®j in (4.3) that

E’AZM — Al <Ih and Var [M,Z;H . Mtﬂ < Lh.
Then by (4.8), we have
lu(t,w) —u(t',win)] < CH —t) + CfE[ sup \Mtkﬂ. (4.9)
1<k<j

Further, by Doob’s inequality, it follows that

B[ sup 0] < \/E[ sup V] < 2(JRIORR) < v

i<k<j 1<k<j
Finally, combining the above estimation with (4.7) and (4.9), we obtain (4.5). [ |

Remark 4.3. We here assume that the PPDE is non-degenerate (V,G > ¢ > 0).
When V,G = 0 and V.G > 0, the scheme is still monotone. When V,G = 0 and
V.G <0, it is possible to redefine the first order discrete derivative by

P(win) — Y(w OF (~Ax))

Dji(t,w) = Ao

to obtain a monotone scheme.

Remark 4.4. In the multidimensional case, V,G is a matrix. If V,G is diagonal
dominated, then following Kushner and Dupuis [20], it is easy to construct a monotone
scheme under similar CFL condition (4.2). When V,G is not diagonal dominated,
it is possible to use the generalized finite difference scheme proposed by Bonnans,
Ottenwaelter and Zidani [2].
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4.2 The trinomial tree scheme of Guo-Zhang-Zhuo [15]

We consider the PPDE of the form (3.1). Let o¢ be some symmetric d x d matrix,
denote

1 ~ _
Ft,w,y,z,v) = G(t,w,y,z,7) — 50(2) iy, Gy = o 1G700 L

Let ¢ = ({1, - - - ,{4) arandom vector defined on a probability space (€, F,P) such that
Gi,i=1,---,dareiid and
P(¢ ) =2 BG=0)=1 ith p € (0,1)
) T = T T =) — % i = — —p, Wl , .
VP 2

For every Fyp-measurable function ¢ : Q@ — R, let us define D} (t,w) := INE|:1/J (w P
(Vhoo0)) Ki(Q)] with

R
—~
I
I
|~
SN—
|
N3

Kom 1, K= 008 . 901 =p)CT = (1 = 3p)Diagl¢C"] — 2pliloy !

Vh' (1-ph

where for any matrix v = [v; jl1<ij<d € Sq, Diag[y] denotes the diagonal matrix whose

(i,7)-th component is 7;;. Then the numerical scheme is defined as
T,  u(t + b, )] = Dju'(t,w) + hF (-, Dpufyy,)(t,w). (4.10)

Proposition 4.5. Let Assumptions 4.1 hold true and G is Lipschitz in w. Suppose
in addition that Assumption 3.3 in Guo, Zhang and Zhuo [15] holds true (where we
replace their notation C;’,y by Vvé in our context). Then the trinomial tree scheme
(4.10) satisfies Assumption 3.6.

Proof. The consistency and monotonicity condition in Assumption 3.6 (i) and (ii) can
be justified by almost the same argument as in [15]. Similarly to the finite difference
scheme, the monotonicity in sense of Barles and Souganidis [1] implies the interpre-
tation of the controlled discrete processes of the numerical scheme, which implies the
monotonicity condition (3.8) in our context. Further, using the same argument as in
Proposition 4.2, it is easy to show that

WP (tw) — ()| < C(me.—wQ/\,H—l—\/]t’—t\), V(t,w), (t',u) € O,

for some constant C' independent of h, which implies in particular (iii) of Assumption
3.6. |

Remark 4.6. As a PPDE degenerates to be a classical PDE, the conditions in Propo-
sition 4.5 turns to be exactly the same conditions in Theorem 3.10 of [15].

4.3 The probabilistic scheme of Fahim-Touzi-Warin [13]
We consider PPDE (3.1) in which G is in the form of

1
Gt,w,y,2z,v7) = plt,w) -z — §O'O'T(t,w) iy — F(t,w,y,2,7).

12



Before introducing the numerical scheme, we first define a random vector
X,(f’w) = u(t,w)h + o(t,w)Wh,

where W), ~ N(0, hly) is a Gaussian vector. For every bounded function ¢ € LO(F;,4),
we define

Dpo(t,w) = Ezﬁ(w@t)?‘(t’w))Hh(t,w)},

where Hy,(t,w) = (HE, HY', HM)T with

_  WyWE —hl;
HY =1, Hp = (0T (t,w) ' 02, HY = (o7 (t,w)) 1%—20 L(t,w).

Then the probabilistic scheme is given by
T [l (t + h,-)] = E[uh(t n m}?(t,w))} +hF (-, Dpul, ) (tw). (4.11)

Remark 4.7. The probabilistic scheme in [13] is inspired by the second order BSDE
theory of Cheridito, Soner, Touzi and Victoir [4], and extends the classical numerical
scheme of BSDE (see e.g. Bouchard and Touzi [3], Zhang [31]). In practice, one
can use the simulation-regression method to estimate the conditional expectation in
the above scheme (see e.g. Gobet, Lemor and Warin [14]). We refer to Guyon and
Henry-Labordere [16] for more details on the use of the scheme, to Tan [29] for an
extension to a degenerate case, and to Tan [30] for an extension to path-dependent
control problems.

Assumption 4.8. (i) The nonlinearity F is Lipschtiz w.r.t. (w,w,z,7) uniformly in
t and |F(-,-,0,0,0)|p < oc.
(ii) F is elliptic and dominated by the diffusion term of X, that is,

V., F<ool, on QxRxRIxS,. (4.12)

(iii) V,F € Image(VF) and |(V,F)'(V,F)"'V,F|, < 0.
(iv) |p|1, ol < 0o and o is invertible and £ is bounded Lipschitz.

Proposition 4.9. Suppose that Assumption 4.8 holds true. Then the probabilistic
numerical scheme (4.11) satisfies Assumption 3.6.

Proof. (i) Assumption 3.6 (i) is obviously satisfied in view of Lemma 3.11 of [13].
(ii) Further, using probabilistic interpretation of this scheme in Tan [30, Section 3.2],
we may verify (ii) of Assumption 3.6. See also the estimation given by Lemma 3.1 of
[30].

(iii) For (iii)of Assumption 3.6, we shall prove that the numerical solution u” is Lipschitz
in w and 1/2-Holder in ¢. In [13], the authors proved this property in the case of PDEs.
Their arguments for the Lipschitz continuity in w can be easily adapted to this path-
dependent case. For the regularity of u in ¢, they used a regularization technique,
which seems impossible to be adapted to the path-dependent case. However, we can
still use similar arguments as in Proposition 4.2, i.e. use the discrete-time controlled
semimartingale interpretation, to prove the Holder property of u” in t. |

Remark 4.10. As a PPDE degenerates to be a PDE, the conditions in Assumption
4.8 reduce exactly the same conditions as in [13] (see their Theorem 3.6).
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4.4 The semi-Lagrangian scheme

For the semi-Lagrangian scheme, we shall consider the PPDE (3.1) of the Bellman-Issac
type, i.e. the function G is in the form of

1
G(tvwvyaza’}/) = inf sup <7ak17k2(') : 7+bk17k2(') ! Z+Ck17k2(')y+fk17k2(')) (t,(.d),
k1€K1 kye Ky

where K| and K5 are some sets, (aF1#2 pF1:k2 cFike - fkik2) are functionals defined on
O.

Let ¢ be a random vector satisfying
E[¢] =0, Var[¢]=1; and E[[¢[] < oo. (4.13)
Then the semi-Lagragian scheme is defined as

Tz’w[uh(t +h,)] = inf sup {uh (t+h,w e, (Ukl’kQ (t,w)CVh + brrke (t,w)h))
ki1€K ko€ Ko

+ul (E+ hyw) R (1 w)h + fkl””(t,w)h}. (4.14)

Proposition 4.11. Suppose that |a|1 + |b|l1 + |c|1 + | f]1 < o0, and (4.13) holds true.
Then the semi-Lagrangian scheme (4.14) for the Bellman-Issac path-dependent equa-
tion satisfies Assumption 3.6.

Proof. (i) The consistency condition (Assumption 3.6 (i)) is easy to check.
(ii) Let E be a set, e : K1 x K9 — E be an arbitrary mapping, and ¢, ¢ : E — R be
two bounded functions. Note that

inf sup ¢(e(k1,k2)) — inf sup @(e(k1,ke)) < sup (¢ — p)(e(k1, k2)(4.15)
k1€K1 ke Ky k1€K1 kye Ky k1€K1 ko€ Ko

Notice that R is isomorphic to R, we can always consider the random vector o152 v/h+
bFuk2 ] as a one-dimensional random variable. By consider the inverse function of its

distribution function, then there is a family ®j,(ky,ks,-) such that ®"(ky, ke, U) ~

oFvk2 /b bRz in law with U ~ U([0,1]), for all (ky, ke) € Ki x Ko. Then it

follows from (4.15) that the monotonicity condition in Assumption 3.6 (ii) holds true

with (I)h(kil,kQ, ) and K = K1 X KQ.

(iii) Finally, by the same arguments as in Proposition 4.2, we can easily deduce that

u" is Lipschitz in w and 1 /2-Hélder in ¢, uniformly on h, and hence complete the proof

for the stability condition in Assumption 3.6. [ |

Remark 4.12. Solutions of path dependent Bellman-Issac equations can characterize
value functions of stochastic differential games (see e.g. Pham and Zhang [23]).

Remark 4.13. (i) For Bellman-Issac PDE, Debrabant and Jakobsen [5] studied the
semi-Lagrangian scheme with a random variable ¢ following a discrete distribution,
together with an interpolation technique for the implementation.

(ii) For Bellman equation (PDE), Kharroubi, Langrené and Pham [19] propose a
semi-Lagrangian type numerical scheme with ¢ ~ N(0,1), and provide a simulation-
regression technique for the implementation. It is worth of mentioning that [19] pro-
vides a convergence rate for the scheme, while we only prove in this paper a general
convergence theorem as in Barles and Souganidis [1].
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5 Numerical examples

In this section, we provide two toy examples of numerical implementation in low-
dimensional case. For more numerical examples (in high-dimensional case), we would
like to refer to [13, 15, 16, 19, 29], etc.

A first numerical example For a first numerical example, we consider the PPDE

—O0u — min pd,yu — max g@%wu = ft,w,w), u(T,w)= g(wr,wor). (5.1)
BE([p,a] a€la,al

where d = 1, @y = fotwsds,f: 0,7 x RxR — Rand g : R xR — R are two
functions.
The above PPDE (5.1) is motivated by a stochastic differential game:

T
uy = inf sup E |:/ f(t, X#7a7 Y}“va)dt + g(Xéfva, Y%va)] )
WSS g<ar<a 0

where X*? is controlled diffusion such that

t t
X = / wsds + / VasdWs, with W a Brownian motion,
0 0

and X1 = fg X£"ds (see e.g. Pham and Zhang [23] for more details).
We choose the terminal condition g(z,y) = cos(x + y) and the function

x — p)(sin(z — y))i + (z+7)(sin(z — y))+
(cos(:c — y))+ — %(COS(UU - y))iv

f(tvxay) - =
+

—~

VRIS

so that the solution of PPDE (5.1) is given explicitly by u(t,w) = cos(w¢ + @), which
serves as a reference value for the numerical examples. This idea is borrowed from
Guo, Zhang and Zhuo [15]. For numerical test, we implemented the finite difference
scheme in Section 4.1 and the probabilistic scheme (of Fahim, Touzi and Warin [13])
in Section 4.3. The results are reported in Figure 1.

A second numerical example The second example of PPDE we considered is
given by
—0yu — MaXg<a<a (%a@fwu — f(t,u, Oyu, a)) = 0, (5.2)
where f(t,y,2,a) = 3((vaz + b/\/@*)2 — zb—b%/2a,

which is taken from Matoussi, Possamai and Zhou [21]. The above equation is moti-
vated by solving a robust utility maximization problem using 2BSDE, which can be
instead characterized by a PPDE (see e.g. (3.3)).

We consider the terminal condition

T
w(T,w) = K1 + (0r — K1)T — (0r — K2)T, wr:= / wsds.
0

15



. %107 Numerical Error

—— Finite difference scheme L
7] —— Probabilistic scheme i

Error

0 0.01 0.02 0.03 0.04 0.05
Step length

Figure 1: For PPDE (5.1), we choose y = —0.2, i = 0.2, a = 0.04, @ = 0.09, T" = 1 and
wo = Wy = 0. Then the reference solution is given by u(0,0) = cos(0) = 1. We compute the
error between the reference solution and the numerical solutions, w.r.t. difference time step
length At.

Then the solution of PPDE (5.2) can also be characterized by the PDE, by adding an
associated variable y,

-0 — 20yv — MaXy<q<a (%a@%zv — f(t,v, 00, a)) =0, (5.3)

o(T,x,y) = K1+ (y — Ki)" — (y — K2)©.

We implemented the finite difference scheme (Section 4.1) and the probabilistic
scheme (Section 4.3) for PPDE (5.2). For reference, we implemented the classical finite
difference scheme of PDE (5.3). We also notice that the generator in PPDE (5.2) is
in fact not Lipschitz but quadratic in z, however, the convergence of the numerical
solutions can be still observed, see Figure 2.

6 Proofs

6.1 Preliminary results

In preparation of the proof of Theorem 3.7, we prove the following lemmas.
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Numerical result
0.145 ; : : .

0.135

0.13

0.125

Result

0.12

0.115

0.11

PDE finite difference 1
—*— PPDE finite difference
0.10% % probabilistic scheme

0.1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05

Step length

Figure 2: For PPDE (5.1), we choose K; = —0.2, Ky = 0.2, a = 0.04, @ = 0.09, b = 0.05
and T = 1. We provide all the numerical solutions w.r.t. difference time step length At. It
seems that the faire value is closed to 0.129. For finite-difference scheme, when At is greater
than 0.025, we need to use a coarser space-discretization to ensure the monotonicity (similar
to the classical CFL condition), which makes a big difference to the numerical solutions for
the case At < 0.25. However, the convergence as At — 0 is still obvious.

Lemma 6.1 (Fatou’s Lemma). Assume that the random variables X™ € C°(F) are
bounded. Then we have

lim £[X"] > £[ lim X"]

n—oo n—o0

Proof. In order to prove the Fatou lemma, it is enough to show the monotone con-
vergence theorem, i.e. given a sequence {X" : n € N} of increasing random variables,
we have

lim £[X"] = &[ lim X"]. (6.1)

n—oo n— oo
Since X" € C°(F) for each n, it follows from Theorem 31 in [6] that (6.1) holds true.
Recall the nonlinear expectation &, defined in (3.7).

Lemma 6.2. Let ¢ : Q@ — R be bounded uniformly continuous. Then there exists a
modulus continuity p : Ry — Ry which depends only on the continuity modulus of ¢
and |plo, such that

Ele] < Eple] + p(h).
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Proof. Denote p/ : R, — R, as a continuity modulus of . Let v € K and X" be
defined by (3.6) and X" its linear interpolation on [0,7]. Then under the condition
(3.5), it follows from Lemma 4.8 of Tan [30] (see also Dolinsky [7]) that we can construct
a process X" and another process X in the same probability space (Q,]:" , ]f”), such
that the image measure of X lies in P, and for some constant C' independent of A,

]'fb(\)?hv” -X|> h1/8> < Ch'E
Let p(h) := o/ (h/®) + 2||¢||h!/®, then it follows that
Ele] < Elp(X)] < E[p(X")] + p(h),

which concludes the proof by the arbitrariness of v € K. |

Lemma 6.3. Let ¢ : 2 — R be lower semicontinuous and bounded from below, then
it holds for all (t,w) € O that

lim &,[p] > Ele].
h—0

In particular, by defining H := inf{t > 0: |B;| > x} for some x > 0, we have
lim &,[1 < é&n §>0.
lim Enlucsy] = Elluesy] for any 6>

Proof. Define the approximation for the function ¢:

() = inf {oe!) +nllw -]}

Clearly, for each n € N, function ¢" is Lipschitz continuous, and ¢" 1 ¢. By Lemma
6.2, we obtain that

lim &, > Tm&e"] > ", forall neN.
h—0 h—0

Since ¢" 1 ¢, by Fatou’s lemma we have

lim £[p"] > E£ly].

n—oo

Therefore

lim &,[p] > &gl (6.2)
h—0

Then we easily get the symmetric result for upper semicontinuous function ¥, i.e.

m Z40] < Elel.

To conclude, it remains to prove that the function w — 1gy()<5y is upper semicon-
tinuous. Note that

<4il = B;| >
(1< 0) = {max |B| > )

Since the function ¢ : w + max,c(y ) | Bi(w)| is continuous, the set {H < d} is closed.
Consequently, the function 1g;<s) is upper semicontinuous. |
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Lemma 6.4. For any 6 > 0 and ¢ > 0, define x(0) = Ld\/g(\/ng \/—2In %) and

u»* = inf{t > 0: |B;| > z}. Then, for § small enough we have

sup P[® < 8] < &6. (6.3)
PeP
Proof. Note that
x
P[r° < J] = P B > <d P B
sup P| | = sup [ max 1B| 2 a] sup [mea | i= 5]

By the definition of P above (2.1), for all P € P, the canonical process B admits the

canonical decomposition B = A¥ + M¥ where A¥ = (A!,... | A%) is a finite variation
process and M = (M*',--- M%) is a P—martlngale. Moreover, for each i =1,--- ,d,
x
P B Al M| > =] < M} > ~—L
[JQ[S‘E‘ i=5]= @[33%’;‘ + M| ] @[trél[%l | ]

Further, by the time-change for martingales (see e.g. Theorem 4.6 on page 174 of [18]),
there is a scalar Brownian motion W defined on a probability space (Q2, F, P) such that

P M, > -—-Lé| = P W > - =1L
[tgl[g>§] M| > = = Lo [tgl[g>§] (Werrs,| > = — Ld]
< P[ max [W|>= —Lé]
te[0,L24]
—L
— 4P[W; > M]
LV§
Since 1 := J”/Ldi\;gm =4/—2In7; £0 > 1 when ¢ is small enough, we have
2 )
AP[W1 2] S4emF ==
We then conclude that supp.p P[H < §] < 0. [ |

6.2 Proof of Proposition 3.2

We only discuss the case of subsolution. The result about the supersolution follows
similarly.

1. We first prove the only if part. Let (t,w) € [0,T) x Q and («, 5,7) € Ju(t,w)
with a localizing time Hs. Clearly, there is a function ¢ € C'(%’Q(]RJr x R?) such that
© = ¢*P7 on the set [0,6] x {z € R?: |z| < x(5)}, where z(-) is defined as in Lemma
6.4. Thus,

(¢ —u)o = max E[(¢ —u)],

TET 6,0

where f%% := § A H%® with H>® be defined as in Lemma 6.4. We have
(p—u)o > Ellp—u)s] —E[(¢ —u)s — (¢ — u)gos]. (6.4)
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For the second term on the right hand side of (6.4), we have

Ellp —u)s — (¢ — u)gos]

IN

Ellp —w)s — (@ — w)gs.e|; B < 6]

< CsupP[H>® < 4].
PeP

Take ¢ > 0. By Lemma 6.4, there is a constant C'(¢) > 0 such that for all § < C(e) we
have suppep P[HY® < §] < %. Then it follows from (6.4) that

(o —wo > El(p —w)s] - 2.

We next consider the optimal stopping problem:

Yi(w) = sup El(p —u)® —erl.
T 5—t

According to Ekren, Touzi and Zhang [10], 7 := inf{¢ : Y; = ¢y —u; —et} is an optimal
stopping rule. Suppose that we always have %% < 7% < §. Then we obtain that

Ellp —u)pe —em™] < El(p —u)s — 8] + E[(p —u)re — (p —u)s — (7" = 9)]
< Ellp—u)s —ed] + Ell(p — u)rs — (p —u)s — (7% = 0)[; u>* < ]
< El(p —u)s — e8] + C sup P[H>® < 4]
PeP
< Elle-wil-5 < (p-up.

However, this is in contradiction with the optimality of 7. Therefore, there is w* such
that t* := 7" (w*) < %% (w*) and

_ o* — rd Nt Wt )
(p—we @) = max Elfp—u)™ —er]

So we have

( - 875%0 +e— G(7 Uu, 8&2907 aimgo))(t*,w*) < 0.

By letting 6 — 0 and then € — 0, we obtain
( - at(P - G(y u, am(Pa 8:3:030)) <07 O) S 0.

Finally, since o = 6158007 B = 8:13@07 Y= 8%1’900’ this provides that —OZ—G(O, u, B, 7) <0.

2. For the if part, one may apply the same argument as in Proposition 3.11 in [25].
For completeness, we provide the full argument. Let (t,w) € [0,T)xQ and ¢ € Au(t,w)
with a localizing time § € RT. Without loss of generality, we assume that (t,w) = (0, 0)
and (¢ —u)g = 0. Denote

a:= 0wpo, [:=0ppg, and vy:= nggoo. (6.5)

For any € > 0, since ¢ is smooth, by otherwise choosing a stopping time Hy < § we
may assume

|Ovpr — ] <€, |0z — B| <e, |8§z¢t—7’§2€, 0<t<Hy.
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Denote . := a + [1 + 2L]e. Then, for all 7 € Ty,

?[(u — (ﬁaa”g’V)T] —ug = ?[(u —ug — qbo‘f’*B’V)T]
< E[(u - ‘P)T] + E[(‘P_CPO_QS%’BW)T]
< E[ [ @upe—ads + (Oupu = ) dB. + 5B~ ) s d(B).].

where the last inequality is due to the Itd’s formula. Note that, for any ||u/co, ||@||c <
L, we have

T 1
EGe | / (Buips —az)ds + (Daps = B) - B, + 5(02,05 =) : d{B)s|
0

T 1
—E%r | /0 (05 — @+ (Doips = B) - s + 5 (Orutps =) : a)ds = [1+2Ljer| <o0.

By the arbitrariness of u, o, we see that
E(u— (baE’B’W)T] —uy < 0.
That is, (ae, 8) € Jup. Since u is a P-viscosity subsolution, it follows that

—O — G(0,0,UQ,B,’Y) < 0.

Let € — 0, then the desired result follows. |

6.3 Proof of Theorem 3.7

We first introduce two functions:

u(t,w) = lim v (t,w) and 7(t,w) = lim u"(t,w). (6.6)
h—0 h—0
Note that u, % inherit the uniform modulus of continuity of u”, so u,w € BUC(0). It is
also clear that v < u and up = wyr. Then it is enough to prove that w is a P-viscosity
supersolution and w is a P-viscosity subsolution, so that by the comparison principle
we may obtain u < u, to conclude the proof of Theorem 3.7.

Proposition 6.5. The functions u and u defined in (6.6) are P-viscosity supersolution
and subsolution, respectively.

Proof. We only prove the result for u. The corresponding result for @ can be proved
similarly.

1. Without loss of generality, we only verify the viscosity supersolution property at
the point (0,0). Let function ¢ € Au(0,0), and by adding a constant to ¢, we assume
that u(0,0) > ¢(0,0), so that

0<n:=(u—p)= ml%lé[(g —¢)7], for some d > 0. (6.7)
TE /s

Assume that u and ¢ are both bounded by a constant M > 0. Take a subsequence
still named as u” such that uy = limp_y0 ué‘. Now fix a constant € > 0, and denote
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©°(t,z) = p(t,z) — et. By Lemma 6.4, there is a constant C(¢) € (0,1/L) such that
for all 0 < 0 < C(g), we have

€

sup P[a%® <] < ————4. 6.8

sup Pl <0l < oo+ 9) (6.8)

Since u” is uniformly continuous uniformly in h, by considering § small enough we

may assume that u” — ¢° > 0 on [0, %], where 0%* := § A u%®. It follows from (6.7)
that

(u=9¥")o < Ellu—p)s] = E[(u—¢)s] —ed. (6.9)
In Step 2 we will show that

Elw—¢%)s] < lim Enl(u — %)) (6.10)

It follows that for h sufficiently small

32

. (6.11)

(W' — 9o < Epf(u" —¢%)s] -

Then by the optimal stopping argument in Step 3, we may find (¢*,w*) € © such that
%% (w*) A (6 — h) > t* € Ay, and

(" =)y = min &, [Br(u" — )], (6.12)
TETH v, B8eBm

where Ay, := {kh : k € N}, 7?4* = {7 € Ts_ : T takes values in A} and B" is the
[t/h]—1

. ] )
collection of all processes 3 defined by f; := e2=i=0 %" for some Fj,-measurable «;

taking value in [0, L]. In particular, (6.12) implies that

(O = S I Bl =

By (ii) of Assumption 3.6, we obtain
(Uh o @E)(t*,w*) S T,;:,W* [uh] . T,}f:,y.;* [4,06] 4 hp(h)
Since u”(t*,w*) = ’]I‘Z*’w* [u"], it follows that

T) " [0°] — ¢° (£, w*)
h

Further, by (i) of Assumption 3.6, letting A — 0, we obtain
—Op(t*,wi) + e — G-, 0, 0pp, 02,0) (t*,wi) > 0. (6.13)

We next let § — 0. Since t* < A%®(w*), we have (t*,w*) — 0 as § — 0. Therefore, it
follows from (6.13) that

—dypo + € — G(0, 1 — 1, Duipo, 2,00) > 0.

Finally, we can conclude the proof by letting ¢ — 0 and then n — 0.
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2. For the simplification of notation, we denote X := (u—¢°)s and X" := (u" —¢°);s.
It follows from (iii) of Assumption 3.6 that {X" : o > 0} is uniformly bounded and
uniformly continuous uniformly in h, and note that X = lim, ,, X”*. By Lemma 6.1
and 6.2, we obtain that

lim £,[X"] > lim E[X"] + lim (£,[X"] - E[X"))

h—0 h—0 h—0
> E[X]+ lim inf (EnlX] - €[XT) > E[X] + lim p(h) = £[X].

3. We consider the mixed control and optimal stopping problem in finite discrete-

time:

Yiw):= inf &, (ZME], where ZI:= (u" — %), t € Ay (6.14)
reTh ,,BEB T

By standard argument, we have

Y = érelgéh[ﬁT*Zf*], where 7% :=inf{t € A, : Y/ = Z"}.

Recall that Z" > 0 on [0, 1%%] for h small enough. Then since 7* < §, we have

izt < &,[Zh im0 > ) + £, 20 n0T < 6]
inf éh [Br Z0 10% > 8] + Ep[ 20 10" < )

< égf EnlBr 2] + supsz |Z0 ;15 < O]+ Ep[| 22 | 1% < 4]
< Vg 4+ <1+e”> [ ;10" < ]
< Y+ (14 eM)(2M + e)gh[l{H‘stSé}]'
Further, we obtain from Lemma 6.3 that for A small enough it holds
z z ed
h[l{Hé,zgd}] < [1{H5,z§d}] + m, (615)
So we get
- 0
EAlZL] < Y+ (L4 eP)2M + )€ L] + -

Further, it follows from (6.8) that (1 + e%9)(2M + £)E[Lysacsyl < %. Therefore,

Yot > E,[20] - %
Suppose that
A% (W) A (0 —h) < 7%(w) <6, for all w. (6.16)
Note that
ER[ZR] > EGIZE) + EZ2 = Z1y(5-1y)) + En[ZEeyi5-ny — Z3)- (6.17)
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Further it follows from (6.8) and (6.15) that

L = &0 = Zysom) = EnlZ = Z) 57t <6 -1

T*

= = €d gd
> —(4M + 2€)gh[1{H6,z§5}] > — (4M + 25)5[1{H6,z§5}] Y > - Ve

On the other hand, we have
IL:=¢&, [Zf*v((s_h) - Zg] 2 _gh[(Pu + pp)(h + 2||B(z$—h)/\- - BéA~||)] —¢h,

where p,,, p, are module of continuity of function u, ¢, and are chosen to be bounded
and continuous. Again by Lemma 6.3, we have for h sufficiently small that

Enllpu+ po)(h + 2| Bis_pyn. — Bsal)] < E[(pu + py)(h+
el

[ -
2| Bs—nyn. — Bsa.ll)] + 5= E[(pu+ p)(h 42| Bun.|l] + 5

It follows that limj_,o & [(pu + py)(h + 2[|Bpa.||] = 0 and therefore

Ir > —%, for h sufficiently small.

Finally, by (6.17) and (6.11) we have

gd 3ed
Y§ > 6,25 - 4 Thtl> &2} - o = 7z,
which contradicts the definition of Y in (6.14). Therefore, (6.16) is wrong, i.e. there
is w* such that t* := 7*(w*) < 0%%(w*) A (§ — h). Further, since Y+ (w*) = Zk (w*), we
obtain (6.12). [

7 Conclusion

We provide a convergence theorem of monotone numerical schemes for a class of
parabolic PPDE, which generalizes the classical convergence theorem of Barles and
Souganidis [1]. In contrast to the formulation of [32], our conditions are satisfied
by all classical monotone numerical scheme for PDEs, to the best of our knowledge.
Moreover, our results permit to deduce some numerical schemes for path-dependent
stochastic differential game problems and the second order BSDEs whose generator
depends on z (see (3.3), (3.4)), which are new in literatures.

Other numerical schemes, such as the branching process scheme of Henry-Labordere,
Tan and Touzi [17], are possible for some PPDE, but it is not analyzed by the monotone
scheme arguments.
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