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Abstract

We generalize a result from Volkov (2001,]23]) and prove that, on a large
class of locally finite connected graphs of bounded degree (G,~) and symmet-
ric reinforcement matrices a = (a;;j); jev (), the vertex-reinforced random walk
(VRRW) eventually localizes with positive probability on subsets which consist
of a complete d-partite subgraph with possible loops plus its outer boundary.

We first show that, in general, any stable equilibrium of a linear symmetric
replicator dynamics with positive payoffs on a graph G satisfies the property that
its support is a complete d-partite subgraph of G with possible loops, for some
d > 1. This result is used here for the study of VRRWs, but also applies to other
contexts such as evolutionary models in population genetics and game theory.

Next we generalize the result of Pemantle (1992,[14]) and Benaim (1997,[2])
relating the asymptotic behaviour of the VRRW to replicator dynamics. This
enables us to conclude that, given any neighbourhood of a strictly stable equi-
librium with support S, the following event occurs with positive probability: the
walk localizes on S U S (where 0S5 is the outer boundary of S) and the density
of occupation of the VRRW converges, with polynomial rate, to a strictly stable
equilibrium in this neighbourhood.

1 General introduction

Let (Q2,F,P) be a probability space. Let (G,~) be a locally finite connected
symmetric graph, and let V(G) be its vertex set which we sometimes also denote
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by G for simplicity. Let a := (a;;); jev(q) be a symmetric (i.e a;; = a;;) matrix
with nonnegative entries such that, for all ¢, j € V(QG)

iwj(:)a,-7j>0.

Let (X,,)nen be a process taking values in V(G). Let F = (F,)nen denote the
filtration generated by the process, i.e F,, = o(Xy,...,X,,) for all n € N.

For any i € V(G), let Z,(i) be the number of times that the process visits
site ¢ up through time n € NU {oo}, i.e

Zn(i) = Zo (i) + Z Lix,,=i}s
m=0

with the convention that, before initial time 0, a site i € V(G) has already been
visited Zy(i) € R4 \ {0} times.

Then (X, )nen is called a Vertez-Reinforced Random Walk (VRRW) with
starting point vo € V(G) and reinforcement matriz a := (a; ;); jev(a) if Xo = vo
and, for all n € N,

O S e, 0%, 6 Zn ()

These non-Markovian random walks were introduced in 1988 by Pemantle
[13] during his PhD with Diaconis, in the spirit of the model of Edge-Reinforced
Random Walks by Coppersmith and Diaconis in 1987 [4], where the weights
accumulate on edges rather than vertices.

Vertex-reinforced random walks were first studied in the articles of Pemantle
(1992,[14]) and Benaim (1997,[2]) exploring some features of their asymptotic
behaviour on finite graphs and in particular relating the behaviour of the empir-
ical occupation measure to solutions of ordinary differential equations when the
graph is complete (i.e. when all vertices are related together), as explained below.
On the integers Z, Pemantle and Volkov (1999,[16]) showed that the VRRW a.s.
visits only finitely many vertices and, with positive probability, eventually gets
stuck on five vertices, and Tarres (2004,[18]) proved that this localization on five
points is the almost sure behavior.

On arbitrary graphs, Volkov (2001,[23]) proved that VRRW with reinforce-
ment coefficients a; ; = I;~j, 4, j € V(G) (again, i ~ j meaning that ¢ and j
are neighbours in the nonoriented graph G) localizes with positive probability
on some specific finite subgraphs; we recall this result in Theorem 4 below, in
a generalized version. More recently, Limic and Volkov [8] study VRRW with
the same specific type of reinforcement on complete-like graphs (i.e. complete
graphs ornamented by finitely many leaves at each vertex) and show that, almost
surely, the VRRW spends positive (and equal) proportions of time on each of its
non-leaf vertices.

The VRRW with polynomial reinforcement (i.e. with the probability to visit
a vertex proportional to a function W (n) = n” of its current number of visits)
has recently been studied by Volkov on Z (2006,[24]). In the superlinear case

P(Xn+1 =J | fn)




(i.e. p > 1), the walk a.s. visits two vertices infinitely often. In the sublinear case
(i.e. p < 1) the walk a.s. either visits infinitely many sites infinitely often or is
transient; it is conjectured that the latter behaviour cannot occur, and that in
fact all integers are infinitely often visited.

The similar Edge-Reinforced Random Walks and, more generally, self-interacting
processes, whether in discrete or continuous time/space, have been extensively
studied in recent years. They are sometimes used as models involving self-
organization or learning behaviour, in physics, biology or economics. We pro-
pose a two pages review of the subject in the introduction of [12]. For more
detailed overviews, we refer the reader to surveys by Davis [5], Merkl and Rolles
[10], Pemantle [15] and Téth [19], each analyzing the subject from a different
perspective.

Let us first recall a few well-known observations on the study of Vertex-
Reinforced Random Walks, and in particular the heuristics for relating its be-
haviour to solutions of ordinary differential equations when the graph is finite
and complete (i.e. when all vertices are related together), as done in Pemantle
(1992,14]) and Benaim (1997,[2]) .

Let us introduce some preliminary notation, without any assumption on
(G, ~) locally finite connected symmetric graph, possibly infinite. For all z =
(z:)iev(c) € RV, let

S(x) == {i e V(G)/ i # 0}

be its support. For all z € RV() such that S (x) is finite, let

NZ(:E) = Z A 5L, H(:E) = Z QT T5 = Zl‘ZNZ(:E) (1)

FEV(Q),jri i,j€V(Q)irj ieG

0 = {x e RV@ gt [S(x)| < oo} ,

and, if H(z) # 0, let

Let

and let

A=<Lzxc RK(G)

be the nonnegative simplex restricted to elements = of finite support.
Assume for now that G is a general finite graph, and define, for all n € N,
the vector of density of occupation of the random walk at time n

v(n) = <f:7%>iev(G) ’

where 19 := > ey () Zo(j) > 0, taking values in the nonnegative simplex A.



Let L > 1. For all n € N, the goal is to compare v(n+ L) to v(n). If n > L,
then the VRRW between these times behaves as though v(k), n < k < n+ L,
were constant, and hence approximates a Markov chain which we call M (v(n)).

Then w(v(n)) € A is the invariant measure of M (v(n)), which is reversible
(trivially H(v(n)) > since v(n); > 0 for all i, so that w(v(n)) is well-defined).
If L is large enough then, by the ergodic theorem, the local occupation density
between these times will be close to m(v(n)). This means that,

(n+ L)v(n + L) = nv(n) + Lxw(v(n)), (3)
hence I
vin+ L) —v(n) =~ WF(U(n)), (4)
where
F(x) = (2i[Ni(z) — H()])iev(c)- ()

Up to an adequate time change, (v(k))ren should approximate solutions of
the ordinary differential equation on A

X~ F) 0
also known as the linear replicator equation in population genetics and game
theory.

However, the requirement that L be large enough so that the local occupation
measure of the Markov Chain approximates the invariant measure 7(v(n)), com-
petes with the other requirement that L be small enough so that the probability
transitions of this Markov Chain still match the ones of the VRRW, so that the
heuristics breaks down when the relaxation time of the Markov Chain is of the
order of n, which can happen in general on non-complete graphs and is actually
consistent with the fact that the walk will indeed eventually localize on a small
subset. An illustration of how such a behaviour can occur is given in the proof
of Lemma 2.8 in Tarres [18]. The study of the a.s. asymptotic behaviour of the
VRRW on an infinite graph is even more involved in general.

Let us yet study the replicator differential equation (6) associated to the
random walk on A for general locally finite symmetric graphs (G, ~).

It is easy to check that H is a strict Lyapounov function for (6) on A, i.e.
that it is strictly increasing on the non-constant solutions of this equation: if
x(t) = (xi(t))iec is the solution at time ¢, starting at x(0) := zo, then

o >, on (@) F(2(t): = J(z(t))

() =
1€S(x)
where, for all z € A,

J(x):=2 ) Ni(@)F(z); =2 > a;(Ni(zx) — H(z))*. (7)

1€S(x) 1€5(x)



Note that the restriction of H to the equilibria of (6) takes finitely many values
if G is finite (see [14] for instance).

Let us now deal with the equilibria of this differential equation: a point
T = (7;)iev(q) € Ais called an equilibrium if and only if F'(z) = 0. An equilibrium
is called feasible provided H(x) # 0.

The reason why we only consider feasible equilibria z € A is that, for all
n € Nand i€ G, Z,(i) < >_;.; Zn(j) + no, so that an accumulation point x of
(v(n))nen in A would satisfy N;(z) > (minj~; a; ;)z; for all i € V(G), hence

mm{zyjes‘(:c), jri} Qig
H(x) > min x; 8
> ety ) 2 s ®

by Cauchy-Schwarz inequality.

By a slight abuse of notation, we let DF'(x) = (0F;/0x;); jev () denote both
the Jacobian matriz of F' at x, and the corresponding linear operator on ©. Since
A is invariant under the flow induced by F, the tangent space

TA:=Sve®©/ Z v; =0
ieV(G)

is invariant under DF'(x). We let DF(x)|7a denote the restriction of the operator
DF(z) to TA.

When z is an equilibrium, it is easily seen that DF(z) has real eigenvalues
(see Lemma 1). Such an equilibrium is called hyperbolic (respectively a sink)
provided DF(x)|7ra has nonzero (respectively negative) eigenvalues. It is called
a stable equilibrium if DF(x)|ra has nonpositive eigenvalues. Note that every
sink is stable. Furthermore, by Theorem 1 below, every stable equilibrium is
feasible.

We will sometimes abuse notation and identify arbitrary subsets H of G to
the corresponding subgraph (H,~). Given 2 € V(G) and a subset A of V(G),
we write & ~ A if there exists y € A such that x ~ y. Given two subsets R and
S of V(G), we let

OR={yeV(G)\R : y~R}, 0sR={ye S\ R : y~ R}

OR is called the outer boundary of R.

A site i € V(G) will be called a loop if ¢ ~ i, and we will say that a subset H
contains a loop iff there exists a site in it which is a loop.

We will say that x is a strictly stable equilibrium if it is stable and, furthermore,
for all i € 9S(x), N;(z) < H(x). We let & be the set of strictly stable equilibria
of (6) in A. Note that x stable already implies N;(z) < H(z) for all ¢ € 95(z),
by Lemma 1.

Given d > 1, subgraph (S,~) of (G,~) will be called a complete d-partite
graph with possible loops, if (S, ~) is a d-partite graph on which some loops have
possibly been added. That is

S=Viu...uVy
with



(G) Ype{l,...,d}, Vi, j€EV, ifijthenitj
(i) Vp,ge{l,....d}, p#q, Vi€V, Vj eV, i~ j.
For all S C G, let (P)g be the following predicate:

(P)g(a) (S,~) is a complete d-partite graph with possible loops.
(P)g(b) If & ~ a for some a € S, then the partition containing « is a singleton.
(P)g(c) If V3, 1 <@ < d are its d partitions, then for all 4, j € {1,...,d} and

a, o eV, B, 3 € Vi, Gap = Qo -

Theorem 1 Ifz € A is a stable equilibrium of (6), then x is feasible and (P)S(I)
holds.

In the case a = (ai;); jev(a) = (Linj)ijev(a) the following Theorem 2 pro-
vides a necessary and sufficient condition for z € A being a stable equilibrium.
Theorems 1 and 2 are proved in Section 2.2.

Theorem 2 Assume a;; = L;; for alli, j € G, and let x = (x;)icq € A.
If (S(z),~) contains no loop, then x is a stable (resp. strictly stable) equilib-
rium if and only if there exists d > 2 such that

(i) (S(x),~) is a complete d-partite subgraph, with partitions =: V1, ... Vg,
(ii) > ey, @i =1/d for allp € {1,...,d},
(iii) Vi € 9S(z), N;(x) < (resp. <)1—1/d (= H(x)).

If (S(z),~) contains a loop, then x is a stable (resp. strictly stable) equi-
librium if and only if (S(x),~) is a clique of loops (resp. with the additional
assumption: Vj € 0S(x), N;j(x) <1 or, equivalently, 0{j} 2 S(x)).

Remark 1 Jordan [6] independently shows, in the context of preferential du-
plication graphs, that conditions (i)-(iii) in Theorem 2 are indeed sufficient for
x € A being a stable equilibrium when loops are not allowed.

Remark 2 A connection between the number of stable rest points in the replica-
tor dynamics (or of patterns of evolutionary stable sets (ESS’s)) and the numbers
of cliques of its graph was made by Vickers and Cannings [21, 22], Broom [3] et
al., and Tyrer et al [20], motivated by the study of evolutionary dynamics in
biology.

A consequence of Theorem 1 is that supports of stable equilibria are generi-
cally cliques of the graph G. More precisely assume that the coefficients (a; ;)i jec
are distributed according to some absolutely continuous distribution w.r.t. the
Lebesgue measure on symmetric matrices. Then the supports of stable equilibria
are a.s. cliques of the graph G (i.e. any two different vertices are connected), as
a consequence of (P)g,)(a) and (c).



The following Theorem 3 states that, given any neighbourhood N (z) of a
strictly stable equilibrium z € &; then, with positive probability, the VRRW
eventually localizes in

T(z) := S(xz)UdS(x),

and the vector of density of occupation converges toward a point in N (x), which
will not necessarily be x (there may exist a submanifold of stable equilibria in
the neighbourhood of z). Note that this will imply, using Remark 2, that the
VRRW generically localizes with positive probability on subgraphs which consist
of a clique plus its outer boundary.

More precisely, let us first introduce the following definitions. For all § C
V(Q), let

S(S) :={veAst. Sw) =5}

For any open subset U of A containing = € A, let £L(U) be the event

L(U) :={v(c0) := lim v(n) exists and belongs to & NS(S(z)) NU}.

n—oo

Let R be the asymptotic range of the VRRW, i.e.
R :={i € Gs.t. Zo(i) = 00}.

For any random variable v taking values in A, let

Zn(i)

Aa(v) = {VZ S 85(21), W

converges to a (random) limit € (0, oo)} .

Theorem 3 Let x € A be a strictly stable equilibrium. Then, for any open
subset U of A containing x,

P({R = T(z)} N L(U) N As(v(c0))) > 0.

Moreover, the rate of convergence is at least reciprocally polynomial, i.e. there
exists v := Cst(z,a) such that, a.s. on L(By,(€)),

lim (v(n) —v(c0))n” = 0.
n—oo

Theorem 3 is proved in Section 2.3. It naturally leads to the following ques-
tions.

Firstly, are all the trapping subsets always of the form 7'(x) for some z €
Es? The answer is negative in general: let us consider for instance the graph
(Z,~) of integers, to which we add a loop 0 ~ 0 at site 0, with a;; = T;~;.
Then z := (][{i:O})iEZ is a stable equilibrium, but is not strictly stable since
N_i(z) = Ni(z) = 1 = H(x). However Proposition below (proved in Appendix
A.2) shows that v(n) converges to x with positive probability, by combining
an urn result from Athreya [1], Pemantle and Volkov [16] (Theorem 2.3) with
martingale techniques from Tarres [18] (Section 3.1).



Proposition 1 Let (G,~) be the graph of integers defined above, and a;; :=
I;~j. Then, with positive probability, the VRRW localizes on {—2,-1,0,1,2},
and there exist random variables o € (0,1), C and C' > 0 such that

020
o D2

(iii) (Z"(_Z) Zn(2) >—>(C,C’).

(logn)®’ (logn)l=® ) n—oo

We conjecture that, conditionally on a localization of the VRRW on a finite
subset, its vector of density of occupation on the subset converges to a stable
equilibrium z of (6), that the asymptotic range R is a subset of S(z) U dS(x) U
0(0S(z)), and is equal to T'(x) = S(z)U0S(z) if x € &, which occurs generically
on a; recall that S(x) then is a complete d-partite subgraph with possible loops
for some d > 1, by Theorem 1. A proof would require a deeper understanding
of the dynamics of (Z (i))icy (@) (see Lemma 4). Note that, on the integers Z
(with standard adjacency, unlike Proposition 1) with a; ; = I;~;, the result that
the VRRW a.s. localizes on five sites [18] implies that stable equilibria which are
not in & are ruled out (otherwise six sites would be possible as well); this can
be related to the property in this case that every neighbourbood of any stable
equilibrium x contains a strictly stable one.

Secondly, which subsets are of the form T'(x) = S(z)UdS(z) for some x € &7
We know from Theorem 1 that subsets S(z) satisfy (P)g(,) and thus always con-
sist of a complete d-partite subgraph with possible loops and its outer boundary
for some d > 2. But (P) S(z) 18 not sufficient, and the occurrence of such subsets
also depends on the reinforcement matrix a = (a;;);jev(q)- Even in the case
a = (aij)ijeva) = (Ling)ijev(a) Theorem 2 provides explicit criteria for z € &,
but the corresponding condition (iii) (when (S(z),~) has no loops) is on , thus
not explicitly on the subgraph.

We introduce in the following Definition 1 the notion of strongly trapping
subsets, which we prove in Theorem 4 to always be such subsets T'(z) for some
x € & -and actually for all z € X, where ¥ C & is defined in the statement
of the theorem. As a consequence, by Theorem 3, the VRRW localizes on these
subsets with positive probability. The result is thus a generalization to arbitrary
reinforcement matrices of Theorem 1.1 by Volkov (2001,[23]) when a; ; := T,
in which case the assumptions of Definition 1 obviously reduce to (c¢) or (c)’.

Definition 1 A subset T C V(G) is called a strongly trapping subset of (G, ~)
if T =SUdS, where

a) (i,7) — a; ; is constant on {(i,7) € S% s.t. i ~ j}, with common value =: ag,
7-7

b max a;; <ag, and
( ) (€850 1,7 X A4S,



either (c) (i) S is a complete d-partite subgraph of G for some d > 2,
with partitions Vy, ..., Vg,
(if) Vj€0S, Ipe{l,....d} and i€ S\V, such that j # V, U{i},
or ()’ S is a clique of loops, and ¥Vj € 3S, d{j} 2 S.

Theorem 4 Let T be a strongly trapping subset of (G,~); then the VRRW has
asymptotic range T with positive probability.

More precisely, assume T = S U S, where S satisfies conditions (a)-(c) or
(c)’ of Definition 1, and let us use the corresponding notation. Let

Si=qae8(S) st Y wi=1/d foralll <qg<d
i€V,
rd ‘= d/(d—l)

if (S,~) contains no loops, and ¥ := S§(S), rq := 1 otherwise.
Then, for any x € ¥ and any neighbourhood N(x) of x in X, with positive
probability there exists random variables y € N (z) and Cj; > 0, j € 9S, such that

(i) VRRW eventually localizes on T, i.e. R =T
(ii) Z,(i)/n — y; for alli € S

(iil) Z,(j) ~ CjanZiNjai,jyi/as
n—oo

Theorem 4 is proved in Section 2.2.3. We provide in Example 1 (illustrated
in Figure 1) a counterexample showing that Theorem 3 is stronger, even in the
case a = (Ljnj)ijea-

Thirdly, which conditions on the graph and on the reinforcement matrix a
do ensure the existence of at least one strictly stable equilibrium z € &, thus
implying localization with positive probability on T'(z)? First note that, trivially,
this does not always occur, for instance on Z when ¢(n) = agy, 41y is strictly
monotone, in which case we believe the walk to be transient.

In the case a = (I;~;)i jeq, Volkov [23] proposed the following result, using
an iterative construction on subsets of the graph.

Proposition 2 (Volkov,[23]) Assume that a = (1;~;)ijeq, and that (G,~) is a
locally finite graph without loops. Then, under either of the following conditions,
there exists at least one strongly trapping subset:

(A) (G, ~) does not contain triangles;
(B) (G, ~) is of bounded degree;
(C) the size of any complete subgraph is uniformly bounded by some number K.

PROOF: Start, for some d > 2, with any complete d-partite subgraph (S, ~) of G
with partitions Vi, ..., Vg (for instance a pair of connected vertices, d = 2). Let
xeds, S=Vu...uVy



1) First assume that « ~ V), for all 1 < p < d. Then, forall 1 <p < d, let j, €
Vp, be such that « ~ jp; iterate the procedure with the subgraph Ui <p<a{jp fU{x},
which is a clique, and thus a complete (d + 1)-partite subgraph.

2) Now assume there exists p such that « ¢ V,, with 9{z} D S\ V,,. Then
we iterate the procedure with the complete d-partite subgraph S U {z} with
partitions Vi, ..., V; U{z}, ..., Vg

3) Otherwise we keep the same subgraph S and try another x € 0S.

If S has remained unchanged for all x € 95, this implies that T'= S U JS is
a strongly trapping subgraph in the sense of Definition 1, so that the VRRW has
asymptotic range T" with positive probability. O

Using a similar technique, we can obtain the following necessary condition for
the existence of a strongly trapping subset in the case of general reinforcement
matrices a, when the graph does not contain triangles or loops. Let us first
introduce some notation. Let ¢ be the distance on E(G) defined as follows:
for all e, ¢ € E(G), let c(e,€') be the minimum number of edges necessary to
connect e to € plus one (and 0 if e = ¢’). For all e = {7, j}, let C(2,¢€) be the set
of maximal complete 2-partite subgraphs S C V(G) such that ¢, j € V(G) and,
for all k, 1 € S with k£ ~ [, ap; = a; ;.

Proposition 3 Assume the graph does not contain triangles nor loops. If, for
some e € E(G),
min max apj < Qe, 9
SeC(2,e) kes, leas S e 9)
then there exists at least one strongly trapping subset.

Note that (9) holds if

max G < Qe.
c(e,e’)<2

Remark 3 If, for all e € E(G), (9) does not hold then there exists, for all
e € E(G), an infinite sequence of edges (e)nen, such that eg = e, e, ~ ept1
and, for alln € N, ae, < ae, , and ae, < ae,,,. However, even in this case, there
can exist a strictly stable equilibrium x € £ (but no strongly trapping subset).

PROOF OF PROPOSITION 3: By assumption, there exist e = {i,j} and a maximal
complete 2-partite subgraph S C V(G) containing ¢ and j, with partitions V; and
Vs, and satisfying conditions (a), (b) and (c)(i) of Definition 1. For all k € 95,
k is adjacent to at most one of two partitions, say V7, since otherwise G would
contain a triangle; if £ were adjacent to all vertices in V;, then it would be in
V3, since S is assumed maximal. Hence (c)(ii) holds as well, and S is a strongly
trapping subset. O

When the graph contains triangles, the property outlined in Remark 3, i.e.
the existence of an infinite sequence of edges with increasing labels when there
is no strongly trapping subset, does not hold anymore. The maximum of the
Lyapounov function on a complete subgraph with more than two vertices takes
a nontrivial form, which can lead to counterintuitive behaviour.
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Figure 1: We show in Example 1 that T := {A, B,C, D, E} does not satisfy the assumptions of
Theorem 4, but is a trapping subgraph with positive probability by Theorems 2 and 3. The numbers
indicated in superscript of vertices represent the limit proportions of visits to these vertices if v(n)
were to converge to the equilibrium « in the example. In this case the walk would asymptotically
spend most of the time in the bipartite subgraph S := V; U Va, where V; := {A,C}, V5 := {B, D},
evenly divided between partitions V; and V5, and vertex E would be seldom visited, of the order of
v/n times at time n.

We show for instance in Example 2 a case where the reinforcement matrix a
has a strict global maximum at a certain edge, but where however there is no
stable equilibrium at all. We believe the walk to be transient in this example.

Example 1 Let us show, in the case a = (1;~;); jeq, that Theorem 3 is stronger
than Theorem 4. Consider a graph G on six vertices A, B, C', D, F and F, with a
neighbourhood relation ~ defined as follows (see Figure 1): A~ B~ C ~ D ~ A,
C ~FE ~ D and E ~ F (recall that the graph G is symmetric). Let = =
(xa,zB,zc,zp,xE,xp) = (3/8,3/8,1/8,1/8,0,0), then S(z) = {A,B,C,D}
and 0S(z) = {E£}. Also,  is an equilibrium of (6), (P)g(, is satisfied with
Vi ={A,C}, Va = {B, D}, and Ng(z) = 1/4 < H(x) = 1/2, which implies that
x is a strictly stable equilibrium by Theorem 2, hence subsequently by Theorem
3 that R = T'(x) with positive probability.

Now let us prove by contradiction that T'(x) with such x does not satisfy
the assumptions of Theorem 4 above. Indeed, if T(z) = S U JS, then S C
{A, B,C, D} since, otherwise, F' would belong to T'(x). Now the condition that
for all « € 95, Fi € {1,...,d} and 5 € S\ V; such that a % V; U{B} implies in
particular that a vertex in 0.5 is not connected to at least two other vertices in
S, so that a € 95 cannot be A, B, C' or D which are are connected to all other
but one vertex in {A, B,C,D}. Hence S = {A,B,C,D}, but then o := E is
connected to both partitions of S, and does not satisfy the condition mentioned
last sentence, bringing a contradiction.

Example 2 Let us first study the case of a triangle (G,~), V(G) := {0, 1,2},

0~ 1~ 2~ 0, with reinforcement coefficients a := ag 1, b := a1 2, c:=ag2 > 0.
If a < b+ ¢, then the equilibrium = = (xg, z1,22) = (1/2,1/2,0) is not stable,
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since Na(z) = (b+¢)/2 > H(z) = a/2. Hence, if we assume that
a<b+c b<a+c, c<a-+b, (10)

then a stable equilibrium has to belong to the interior of the simplex A. A simple
calculation shows that there is only one such equilibrium:

x = (z9, 71, 22) = <c(a +5b - c)7 b(a +5c - 5)7 a(b —1—50— a)) |

where
§:=(a+b+c) —2(a®+ b+ ),

§ > 0, which can be shown by adding up inequalities (b — a)? < 2, (¢ — a)? < b?

and (¢ —b)? < a?. Then H(z) = 2abc/s.

0 "% 1 D2

[\

q0 q0 P q1 q2 q2

0 Po 1 q1 2 P2 3

Figure 2: On the infinite graph on the figure, with reinforcement coefficient sequences (py, )n>o strictly
decreasing and (gy)n>0 strictly increasing, we show in Example 2 that, even if py = Sup,, >0 Pn >
Sup,, >0 ¢n, We can choose these sequences in such a way that there is no stable equilibrium in A, and
therefore no trapping subgraph.

Let N := Z,. Let us now consider the following graph (G, ~) with vertices
V(G) = {i,i,i € N} and adjacency i ~i+1,i~i+1,4~iand i~ i+ 1, for
all i € N.

Fix ¢, m, p, ¢ > 0, p € (0,1), which will be chosen later. Let, for all n € N,

n—1 n—1
pni=p [[(1 =), gno=q [+ 1Fn). (11)
k=0 k=0

Note that, for all n € N,

€ _n_
p<1—1_ﬂ> SPn <P, ¢S Gn S qetr.

Now assume that the reinforcement matrix (ax,)r ev () is defined as follows,
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depending on (py,)nen and (g, )nen, for all ¢ € N:

A2i,2i+1 = P2is G937 50i41) *— P2(i+1)>

A5 551 = 02i41,2(i+1) *= G2i+1

Q9i2i = A2j 2i+1 = 42
A9i+1,2i+1 = P2i+1

377 2(i+1) *— 42i+1-

Let x € A be a stable equilibrium of (6). Then, by Theorem 1, (P)S(I) holds,
so that S(x) consists of two vertices or a triangle (it cannot be made of four
vertices, because of (P)g(,(c)). Assume

p < 2q, nqelnﬂ<p<1—1f ) (12)
7

Then, for all i € N,

Di < 2¢i, piv1 < @i+ Git1, Qi1 < G + Dit1,

so that S(x) has to be a triangle.
Assume S(z) := {2i,24,2i + 1} for some i € N; the argument is similar in
other cases. Then

2

H(z
Tyt = 5, v V% = 53 (240 ~Pi) T2it1 = 2()

2q; q; 7’
and

Nai(7) = qivg; + piz2iy1 = H(x)
and, therefore,

Ny (2) = qip 195 + piv122i01 = H(w) + (g1 — 4:)(2¢; — pi) + (Piv1 — Pi) ]

27
= H(z) + Iéég)ﬂi[n%(?% —pi) — epiqi] > H(z)
if
n > €2q — (13)

using that p/(2q — p) > p;/(2¢; — p;) for all i € N.
Hence x is not a stable equilibrium, which leads to a contradiction.

2 Introduction to the proofs

2.1 Notation
We let N:=Z,, N*:= N\ {0}, R* := R \ {0}.
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For all y = (y;)icq € RY and for any finite subset A of G, let

Yya = Z Yi-

€A

Given r € N* let (.,.) (resp. |.|, ||-]lcc) be the scalar product (resp. the
canonical norm, the infinity norm) on R”, defined by

s
(CL, b) - ;aibiv ’a‘ -V (a7 a’)? ”CLHOO = 112?‘%(71‘@%"
if a = (ay,...,a,) and b= (by,...,b).

Given a real r x r matrix M with real eigenvalues, we let Sp(M) denote the
set of eigenvalues of M. When M is symmetric we let M].] denote the quadratic
form associated to M, defined by M[a] = (Ma,a) for all a € R".

Given v, ..., yr, we let Diag(yi,...,y,) be the diagonal r x r matrix of
diagonal terms y1, ..., Y.

For all u, v € R, we write u = O(v) if |u] < v. Given two (random) sequences
(un)n>k and (vn)p>k taking values in R, we write w,, = vy, if u,, — v, converges
a.s, and Uy, ~p— o0 Uy iff Uy /Uy —p—oo 1, with the convention that 0/0 = 1.

Let Cst(ay,as,...,a,) denote a positive constant depending only on aq, as,
... ap, and let Cst denote a universal positive constant.

2.2 Proof of Theorems 1, 2 and 4

Theorems 1 and 2 are a consequence of the more general three following Lemmas
1, 2 and 3 below.

2.2.1 Lemmas 1, 2 and 3, and proof of Theorem 1

By the following Lemma 1, if an equilibrium z € A is stable, then the eigenvalues
of [a; j —2H (2)]; jes(z), Which depend only on a, S(z) and H(z), are nonpositive.
This property will subsequently imply (P) ()’ by Lemmas 2 and 3.
Lemma 1 Let v = (7;)icy(q) € A be an equilibrium. Then
(a) DF(z) has real eigenvalues.
(b) The three following assertions are equivalent:
(i) z is stable
(ii) maxSp(DF(z)) <0
(iii) max (Sp <[am — 2H(a:)]i’jes(x)> U{Ni(z) — H(x),i € 85(3:)}) <0
(c) If x is stable, then it is feasible.

The following Lemma 2 yields an algebraically simpler characterization of
assertion (P)g for S C V(G); recall that, given subsets S and R of V(G), OsR,
defined in Section 1, is the outer boundary of R inside S.
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Lemma 2 The statement (P)g is equivalent to

(P)s Ifj, k € S are such that j # k, then, for alli € S, a;; = a;
(so that 0s{j} = 0s{k} in particular).

Lemma 3 states that (P)g(, holds if the eigenvalues of [a;; — 2H (2)]; jes(x)
are nonpositive, with equivalence if a = (I;~;); jec-

Lemma 3 Let v = (7;)icy(q) € A be a feasible equilibrium. Then

maxSp ([as; — 2H (2], jes ) <0 = (P)igy)-

If, for some ¢ >0, a; ; = cl;~; for all i, j € S(x), then the above implication is
an equivalence.

Lemmas 1, 2 and 3 are proved respectively in Sections 3.1, 3.2 and 3.3. They
obviously imply Theorem 1.

2.2.2 Proof of Theorem 2

Suppose a = (I;j)i jeq, and let x € A.

First assume that (S(x), ~) contains no loop. If x is a stable equilibrium, then
(P)g() and thus (i) holds by Theorem 1; let Vi, 1 < k < d be the partitions of
S(z). Then d > 2 (otherwise H(x) = 0 and x is not feasible, thus not stable by
Lemma 1) and, for all 1 < k < d, j € Vg,

ve =Y ai=1-Nj(z) =1- H(z),
1€Vy,

so that vy = 1/d (since ), vy = 1) and H(z) = 1 — 1/d, and subsequently (ii)-
(iii) hold by Lemma 1. Conversely, assume (i)-(iii) hold; then N;(z) =1—1/d
for all i € S(x), so that H(z) = > ,cg(,) 2iNi(z) =1 —1/d and z is a feasible
equilibrium. Now (i) implies (P)g/,) and thus (P)/S(x) by Lemma 2. Hence, using
Lemmas 1 and 3, x is a stable equilibrium.

Now assume on the contrary that (S(x),~) contains one loop i ~ i. If z is a
stable equilibrium then N;(z) =1 = H(x) (z equilibrium), which implies that,
for all j € S(z), N;(z) = 1 so that j ~ j and, subsequently, that (S(x),~) is a
clique of loops by (P)S(x)(b). Conversely, if (S(z),~) is a clique of loops, then
(P)g(s) obviously holds so that, by Lemmas 1 and 3, z is stable (since H(z) = 1,
then N;(z) < H(z) for all i € V(Q)).

2.2.3 Proof of Theorem 4

First observe that
Y=89)N¢&s.

Indeed, the proof of Theorem 2 implies that ¥ O S(S5) N &, and, conversely, that
if € ¥, then « is a equilibrium and, by (c)(ii), for all j € 95(z), Nj(z) < H(x)
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(= as(1—1/d) if (S(z), ~) contains no loops, = ag otherwise), using assumptions
(a)-(b) and (c)(ii) or the second part of (c)’. Also (P)g, holds by (c) or (c)’,
and therefore z is strictly stable by Lemmas 1-3. The rest of the proof follows
from Theorem 3.

2.3 Proof of Theorem 3

Firstly, we provide in Lemma 4 a rigorous mathematical setting for the stochastic
approximation of the density of occupation of the VRRW wv(n) by solutions of
the ordinary differential equation (6) on a finite graph G, heuristically justified
in Section 1 (see (4)). Secondly, we make use of this technique and of an entropy
function originally introduced in [9] to study the VRRW on the finite subgraph
T'(z) when its density of occupation is in the neighbourhood of a strictly stable
equilibrium z, in Lemmas 5-10. Thirdly, we focus again on a general graph G -
possibly infinite - and prove in Proposition 4, assuming again that the density of
occupation is in the neighbourhood of an element x € &, that the walk eventually
localizes in T'(x) with lower bounded probability.

In the first step, we make use of a technique originally introduced by Métivier
and Priouret in 1987 [11] and adapted by Benalm [2] in the context of vertex
reinforcement when the graph is complete (Hypothesis 3.1 in [2]). In Sections
4.1-4.3, we generalize it and show that a certain quantity z(n), depending only
on a, v(n), X, and n and defined in (36), satisfies the recursion (37):

1 F(n)

z(n+1) = z(n) + n+ng+ 1 H(v(n))

+ €nt1 + "ot

where E(e, 41 | Fr) = 0. The following Lemma 4, proved in Section 4.3, provides
upper bounds on the infinity norms of €,41, 41 and z(n) — v(n), and on the
conditional variances of (€,+1);, 7 € G.

More precisely, let us break down the set of vertices of G as V(G) = SU IS,
where (S, ~) is finite, connected, and not a singleton unless it is a loop. Let, for
all a € Ry \ {0},

Ay = {v = (vj)jec € A s.t. v; > a for all j € S}. (14)
Lemma 4 For all n > Cst(a) and i € G, if v(n) € Ay then

Cst(a, a, |G]) 9 Cst(a, a, |G|)v(n);
Tno (b) E((En-‘rl)i ‘ Fn) < (n +no)2
Cst(a,a, ‘GD < CSt(Oé,a, ’G’))

(@) () ()l < T

(a) llent1lloo <
(€) Irns1lloo <

Note that, if G were a complete d-partite finite graph for some d > 1, or more
generally if G were without loop and, for all ¢, j € G with ¢ ~ j, {i,j}Ud{i,j} =
G, then the constants in the inequalities of Lemma 4 would not depend on o > 0
and, as a consequence, the stochastic approximation of z(n) by (6) would hold
uniformly a.s. Indeed, for all n € N, by the pigeonhole principle there exists at
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least one edge {i,j} i, j € G, i ~ j, on which the walk has spent more than
n/|G|? times, so that v(n); Av(n); > ﬁﬁnno and, under the assumption on G,
Lemma 4 with S := {4, j} would yield the claim.

In the second step, we define an entropy function Vj(.), measuring a ”distance”
between ¢ and an arbitrary point (as can be seen by (15) below), originally
introduced by Losert and Akin in 1983 in [9] in the study of the deterministic
Fisher-Wright-Haldane population genetics model, and to our knowledge so far
only used for the analysis of deterministic replicator dynamics. Note that it
is not mathematically a distance however, since it does not satisfy the triangle
inequality in general.

In the following, until after the statement Lemma 10 - and in particular in
Lemmas 5-10 - we assume that x € & and G = T'(z) = S(x) UdS(x); this choice
will be justified later in the proof. Note that if ¢ € N (z) N Es, where N (x) is an
adequately chosen neighbourhood of z, then ¢ € S(S(x)) since = € &, so that
T(q) =T(z). Set S := S(z), T :=T(z), and S := S(S(x)) for simplicity.

Lemmas 5 and 6 below will imply that, given any stable equilibrium ¢ €
N(z) N & as a reference point, V,(z(n)) decreases in average when z(n) is close
enough to z. Therefore, martingale estimates will enable us to prove in Lemma
7 that, starting in the neighbourhood of z, v(n) remains close to x with large
probability if n is large, and converges to one of the strictly stable equilibria in
this neighbourhood.

For all ¢ = (¢;)icq € S and y € RV let

V,(y) = = ies @ilog (yi/ai) + 2yas if yi > 0, Vi€ S
7 . oo otherwise.

Let, for all g € S and r > 0,

By,(r) :=={y € As.t. Vy(y) <r}, Bolqg,r) ={y € Ast. |ly —qllec <7}

Then, we will prove in Section 4.4 that, for all ¢ € S, there exist increasing
continuous functions u 4, uz 4 : R4 — Ry such that u; 4(0) = u2 4(0) = 0 and,
for all » > 0,

Boo(q,u1,4(r)) € By, (r) € Boo(q, uz,q(r))- (15)
Let, for all ¢, z € RV(©),
I(2) ==Y qilNi(2) — H(2)] +2 Y z[Ni(2) — H(2)]. (16)
ieS icds

The following Lemma 5, also proved in Section 4.4, provides the stochastic
approximation equation for V(z(n)), ¢ € S N &s; we make use of notation u =
O(v) <= |u| < v, introduced in Section 2.1.

Lemma 5 Letq € SNEs. There exist an adapted process ((n)nen (not depending
on q and a), and constants ny and € (depending only on q and a) such that, if
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n = ny and v(n) € By,(€), then Vy(z(n)), Vo(z(n + 1)) < oo, E(Cut1 | Fn) =0
and

Iy(v(n))

Vale(n+ 1)) = Vet + o),

(n+mnp)?
(17)

- (Qy <n+1) + 2(€n+1)85’ + 0O <

Lemma 6 below, proved in Section 3.4, provides estimates of the Lyapounov
function H, and of I (.), in the neighbourhood of a strictly stable equilibrium.
It will not only be useful in the proof of Lemma 7 below, stating convergence of
v(n) with large probability, but also for Lemma 8 on the rate of this convergence.

Lemma 6 There exists a neighbourhood N (z) of x in A such that, for all q €
N(@)Né&, yeN(x),

(a) Cst(x,a)J(y) < H(q) — H(y) < Cst(z,a)J(y), (18)
(b) —[H(q) — H(y) + Cst(z,a)yas] < I,(y) < —[H(q) — H(y) + Cst(z, a)ya(s] )< 0.
19

Remark 4 Lemma 6 implies that y € N (x) is an equilibrium iff H(y) = H(z).
Also note that the maximality of H at z € & is not global in general. For in-
stance, in the counterexample at the end of Section 1, z := (3/8,3/8,1/8,1/8,0) €
Es but, letting y := (0,0,1/3,1/3,1/3), H(y) =2/3 > H(z) =1/2.

The following Lemma 7 is shown in Section 5.1. A key point in its proof is
that the martingale term —(q, (u11) + 2(€n+1)as in Lemma 5, is a linear function
of (41 and €,41 which do not depend on ¢, so that the two corresponding
convergence results of these martingales will apply from any reference point ¢ €
Es NN (z). It will enable us to prove that, if r is a accumulation point of v(n),
then V;.(v(n)) a.s. converges to 0 if r € N (x) although r is random.

Lemma 7 There exist €y := Cst(z,a) and ny := Cst(z,a) such that, if for some
e < e and n = ny, v(n) € By, (¢/2), then

P(L(By,(€)) | Fn) =1 — exp(—€e*Cst(z,a)(n + ng)).

Next, we provide in the following Lemma 8 some information on the rate of
convergence of v(n) to v(co), which will be necessary for the asymptotic estimates
on the frontier Ay(v(o0)) in Lemma 10.

Lemma 8 There exist €, v := Cst(x,a) such that, a.s. on L(By,(¢€)),

lim (v(n) —v(c0))n” = 0.
n—oo
The proof of Lemma 8, given in Section 5.2, starts with a preliminary estimate
of the rate of convergence of H(v(n)) to H(v(cc)). To this end we make use of
Lemma 9 below, giving the stochastic approximation equation of H(z(n)). It
implies, together with Lemma 6 (a), that the expected value of H(z(n + 1)) —
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H(z(n)) is at least Cst(z,a)(H (z) — H(2(n)), so that we can then estimate the
rate of H(v(n)) to H(x) by a one-dimensional technique.

Finally, this estimate implies similar ones for the convergence of J(v(n)) and
I(s0)(v(n)) to 0 by Lemma 6, so that we conclude using entropy estimates for
the rate of convergence of V,,)(2(n)), using again that only two martingales es-
timates are necessary, given the linearity of the perturbation in (17) with respect
to the reference point ¢ € & NN (z).

Lemma 9 For alln € N,

L Jim)
n+no+ 1 H(v(n))

H(z(n+1)) — H(z(n)) = + &gt + Sni1s (20)

where E(§n11 | Frn) = 0 and, if for some a > 0, v(n) € Ay and n > Cst(«), then

Cst(a, a, |G
(1) sl < SEEELED 2y ) <

Cst(a,a,|G])
(n 4 ng)?

Lemma 9 is proved in Section 4.5.

The next Lemma 10 yields the asymptotic behaviour on the border sites
0S5. This behaviour is similar to the one one would obtain without perturbation
(i.e. with (€n)nen = 0 in (37)). Indeed, if ¢ € 9S, then N;(z) — H(z) < 0 is the
eigenvalue of the Jacobian matrix of (6) in the direction (d; ;) ecv(q) (see the proof
of Lemma 1), and the renormalization in time is approximately in H(z) ! logn
(see equation (37)), so that the replicator equation (6) would predict that i € 9S
is visited of the order of n®i(@/H (@) times at time n. This similarity with the
noiseless case is due to the fact that the perturbation (€,),en+ is weak near the
boundary (see Lemma 4 (b)).

Lemma 10 There exists € :== Cst(z,a) such that, a.s. on L(By,(¢€)), Aa(v(c0))
occurs a.s.

The proof of Lemma 10, given in Section 5.3, makes use of a martingale
technique developed in [18], Section 3.1, and in [7] in the context of strong edge
reinforcement. We could have shown this Lemma 10 by a thorough study of the
border sites coordinates of the stochastic approximation equation (37), but it
would lead to a significantly longer - and less intuitive - proof.

Now we do not assume anymore that V(G) = T'(x) for some z € A, in
other words we let the graph (G, ~) be arbitrary, possibly infinite. The following
Proposition 4 obviously implies Theorem 3.

Let, for all n, k € NU{oo}, n > k, R,, 1 be the range of the vertex-reinforced
random walk between times n and k, i.e.

Rk :={i € Gst. X;=1ifor some j € [n,k|};

note that, for all n € N, R C R, oo.
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Proposition 4 Let x € &. There exists € := Cst(z,a) such that, for all n >
Cst(x,a), if v(n) € By, (€/2), then

P({Roco = T(2)} N L(By, (€)) N Aa(v(o0)) | F) > 0.

Moreover, the rate of convergence is at least reciprocally polynomial, i.e. there
exists v := Cst(x,a) such that, a.s. on L(By,(e)),

lim (v(k) — v(00))k” = 0.

k—o0
Proposition 4 is proved in Section 5.4. Observe that, if G = T'(z), then it is
a direct consequence of Lemmas 7, 8 and 10. The localization with positive
probability in this subgraph T'(z) results from a Borel-Cantelli type argument:
the probability to visit 07 (z) at time n starting from S(z) is, by Lemma 10,
upper bounded by a term smaller than n®~2, where o ~ max;cyg N;(x)/H (z) <
1L, and ) oy n®2 < oo. Technically, the proof is based on a comparison of
the probability of arbitrary paths remaining in 7'(x) for the VRRWs defined
respectively on the graphs T'(x) and G.

2.4 Contents

Section 3 concerns the results on the deterministic replicator dynamics: Lemmas
1-3 and Lemma 6 are proved, respectively, in Sections 3.1-3.3 and 3.4.

Section 4 develops the framework relating the behaviour of the vector of den-
sity of occupation v(n) to the replicator equation (6): we write the stochastic
approximation equation (37) in Section 4.1, establish in Section 4.2 some prelimi-
nary estimates on the underlying Markov Chain M (v), prove Lemma 4 in Section
4.3, prove Lemmas 5 and 9 (stochastic approximation equations for V,(z(n)) and
H(z(n))) and inclusions (15) in Sections 4.4-4.5.

Section 5 is devoted to the proofs of the asymptotic results for the VRRW:
Lemma 7 in Section 5.1 on the convergence of v(n) with positive probability,
Lemma 8 in Section 5.2 on the corresponding speed of convergence, Lemma 10 in
Section 5.3 on the asymptotic behaviour of the number of visits on the frontier of
the trapping subset, and Proposition 4 in Section 5.4 on localization with positive
probability in the trapping subsets.

Finally, we show in Appendix A.1 a Lemma on the remainder of square-
bounded martingales, which is useful in the proofs of Lemma 8 and Proposition
1, whereas Appendix A.2 is devoted to the proof of this Proposition 1.

3 Results on the replicator dynamics

3.1 Proof of Lemma 1

Note that DF(z)v = —H (z)v if S(v) N T(x) = (), so that it is sufficient to study
the eigenvalues of DF(z) on {v € RV(®) s.t. S(v) C T(x)}; hence we can assume
that V(Q) is finite (equal to T'(x)) w.l.o.g.
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Let S := S(z) for convenience. For all 4, j € V(G),

N;(z) — H(x) ifz;=0and j=1
oF; 0 ifx; =0and j #i
Oxj | wilai; — 2H(x)]  ifx; #0and z; # 0

zila;; —2Nj(x)] ifx; #0and z; =0

Let us now consider matrix DF(z) by taking the following order on the indices:
we take first the indices i, j € V(G) \ S, and second the indices i, j € S:

Diag(Ni(7) — H(%))iev(ans  (0)
() DB

where

B =la;; — 2H(z)| D = Diag(z)ies-

1,j€S?
The matrix DB is easily seen to be self-adjoint with respect to the scalar
product (u,v)p-1 := (D~ 'u,v). Hence DB has real eigenvalues. This proves the
first statement of the lemma.
Remark that, if we consider (6) as a differential equation on RY (%) then

d(x(t), T)

(F), 1) = =22

lt=0,2(0)=2 = —((#, 1) = 1) H(z).
This implies, if z € A (so that (x, I) = 1), that, for all vector u € RV(G),
(DF(x)u, 1) = —H(x)(u, I). (21)

Hence p : u — (u, 1) is an eigenvector of !DF(x) with eigenvalue —H (z). This
makes —H (x) an eigenvalue of DF'(z) and, more precisely,

Sp(DF(x)) = {—H(z)} USp(DF(x)[ra);

indeed, by (21), an eigenvector u of DF(x) with eigenvalue \ # —H (x) belongs
to Ker p = T'A. Therefore, the stability of an equilibrium z of (6) on RV(©) ig
equivalent to the stability restricted on A, which completes the proof of the first
equivalence in statement (b).

Claim. Let M = Diag(y1,...,y,) be a diagonal r x r matrix, with yi, ...
yr € R, and let N be a symmetric r x r matrix. Then minSp(N) > 0 <~
min Sp(M N) > 0 and, under this assumption,

min Sp(MN) > min Sp(N) min{y; }1<i<r-

Proof of the claim. It suffices to prove that minSp(/N) > 0 implies
minSp(MN) > 0 and the corresponding inequality, since the inverse statement
is symmetrical.
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Recall that, for any r X r symmetric matrix R with nonnegative eigenvalues,
there exist a diagonal matrix D and orthogonal matrix Q such that R = QT DQ,
hence

inSp(R) = inf (Dt,t) = inf (DQt, Qt) = inf (Rt,1t).
min Sp(R) ‘;&1( ) ‘an)l( Qt, Qt) |i\n>1( )

Let us define L = Diag(\/y1,.-.,/¥r). Observe that L?> = M. Now MN =
L(LNL)L™! implies Sp(MN) = Sp(LNL).

LN L is symmetric; therefore

min Sp(MN) = minSp(LNL) = li‘nf (LN Lt,t) = li‘nf (NLt, Lt)
t>1 t>1

- \u|2mir§1<fl<r \/E(Nuy u) N 1%’1%« Yi |il\1>fl(NU7 U) N 1%127« yZSp(N)
O

To complete the proof of statement (b), we apply the claim to M := D and
N :=—-B.

It remains to prove that a stable equilibrium in A is feasible. Let x € A
be such an equilibrium. Assume that H(x) = 0. If z; = 0 for some ¢, then (by
Lemma 1 (b)), N;(xz) = 0 so that x; = 0 for all j ~ i. Hence = 0, which is
contradictory. If now x; # 0 for all ¢, then G is necessarily finite (by definition
of A), and a = (a;;); jev(e) = 0 since its eigenvalues are nonpositive (Lemma 1
(b) again) and its trace is nonnegative. This is again contradictory.

3.2 Proof of Lemma 2

Let 0 := Js, (P) := (P)g4 and (P)" := (P) for simplicity.

Assume (P) holds for some d > 1. Let us prove that, if i, j, k € S are such
that ¢ ~ j ¢ k, then a; ; = a; .

If i = j, then ¢ = j # k implies, by (P)(a)-(b) that & ¢ S - and therefore
a contradiction - since if k were in S, it would be in the partition of ¢, which is
a singleton. If i # j # k, then j and k are in the same partition of S. Hence
a;j = a; by (P)(c), which completes the proof of (P)’.

Assume now (P)’. Let us prove that the relation R defined on S by

iRj<=igdjori=j

is an equivalence relation on S. It is clearly symmetric and reflexive. Let us
prove that it is transitive: let i, j, k € S be such that iRj and jRk, and prove
iRk. This is immediate if i = j or j = k; hence assume that i # j and j # k;
then (P)’ implies 0s{i} = 0s{j} = 0s{k}. If we had i ~ k, then it would imply
k € 0s{i} = 0s{j}, and therefore j ~ k, which leads to a contradiction.

Now let us prove that there is only one element in the partition of a loop.
Assume that iRj, i ~ i and j # ¢ for i, j € S; (P)’ implies in this case that
a;; = a;; > 0, so that ¢ ~ j, hence i = j since i/2j holds, which leads to a
contradiction.
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Let V;, ¢ = 1, ... d be the partitions of R: elements of different partitions
are connected, by definition, and (P)(a)-(b) holds for some d > 1. Let us prove
(P)(c): let 4, j € {1,...,d} be such that i # j, and assume a € V;, § € V}. Let

’ﬁ = {( ) € 52 S.t. o pr = aa,ﬁ}.

By applying (P)’ twice, we firstly obtain that W, 3 O {a} x V}, and secondly
that W, 3 2 V; x V;, which enables us to conclude.

3.3 Proof of Lemma 3
Let S := S(z) and (P)" := (P)/S(x) for simplicity. Let

B = [aiyj - 2H(x)]i7j65’7

and maxSp(B) < 0 <= Vt € RY BJ[t] < 0. Observe that, for all t = (t;)ics €
R,

B[t] = Z (ai,j — 2H(3§‘))tit]‘ = — 2H <Zt >

1,JES 1€S

Let us assume that (P)’ does not hold, and deduce that B[t] > 0 for some t € R,
which will prove the first statement.

There exist i, j, k € S such that j ¢ k and a; j # a; 1, (otherwise (P)’ would
be satisfied). Let, for all A € R,

tx = (Lppmsy + Mgy — (1 + N Tmpyues € R,

then
Blt)] = 2\ (aij — aik) — 2a;k,

so that Blty] > 0 for some A € R, which yields the contradiction.

Let us now assume that (P)’ holds, and that a; ; = cl;~;, with ¢ = 1 for
simplicity. First assume S contains no loop. Then, by Lemma 2, S is a d-partite
subgraph for some d > 1 ((P)g(a) holds); let Vi, ... Vg be its partitions, then

2
B[t] = Z (][iwj — 2H(:L')) = —2H <Zt ) + Z ]Iithitj

1,j€S €S 1,j€S
d 2 d 2 4
= —2H(x) (Z Uk> + (Z Uk> — Zvi,
k=1 k=1 k=1
where, for all i € {1,...,d}, vg = > _;cy; ti. Therefore
d 2 4
B[t] = —(2H(z) — 1) (ka> —ZUESO,
k=1 k=1

23



where we use the fact that H(z) > 1/2, since H(z) =1 —1/d and d > 2 (see
proof of Theorem 2, Section 2.2.2).

Now assume that S contains one loop; then, again by the proof of Theorem
2, Section 2.2.2, it is a clique of loops and H(x) = 1; thus

3.4 Proof of Lemma 6

Let us first prove (a) in the case ¢ := x, which will imply H(q) = H(z) for any
equilibrium ¢ € N (z) and therefore imply (a) in the general case. Let z € &,
and let y € TA be such that x +y € A. Let S := S(z) for simplicity.

Then

Hx+y) = > agl@i+y) (e +y;) = Hz) +2 Z x)y; + H(y)
ije V(G) iev(G
(22)
)+2 Z @)y + Y (ai;— 2H(z))yiy;
= H(z)+2 Z (Ni(z) — yH—Z (ai; — Nyiy;  (23)
i€V (G)\S i,j€S
+ ) wily
i€V (G)\S
SH@)+2 > (N@)-H@)yi+ >, wily)
ieV(G)\S i€V (G)\S

In the third equality, we make use of the identity ZieV(G) y; = 0, whereas in
the fourth equality we notice that N;(x) = H(x) for all ¢ € S and that the
reinforcement matrix a := (a;;); jev(q) is symmetric, and let

wi(y) =vi | 2 (ai; — Nyj+ Y. (ai;—2H(@))y; | = oy—o(v:)
jes JEV(G)\S

= 0‘y|—>0(y83)7

using that, for all j € 95, y; > 0. Finally, we apply in the inequality that
B :=(a;; —2H(x)); jes is a negative semidefinite matrix.

Using that, for all i € 95, N;(x) < H(z) (and y; > 0), we deduce that
there exists a neighbourhood N (z) of x in A such that, if z +y € N (z), then
H(x+y) < H(z).

In order to obtain the required estimate of H(x + y) — H(x) we observe that,
if z := (y;)ies then, by semi-definiteness of B symmetric,

—Cst(x,a)|Bz|* < (Bz,z2) = Z (a;; — 2H(z))yiy; < —Cst(z,a)|Bz|*.  (24)
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But

Bz = < —2H(z Z%) = (Ni(y) + 2H (z)yas )ies
i€S

€S
where we use that ygs = —yg in the second equality, since y € TA. Hence
1B2|* =Y (Ni(y) + 2H (2)yas)? = > _ Ni(y)* + opyj—o(yas) (25)
€S €S

and, if we let

= Z Ni(y)* + vos
€S
then, by combining identities (23), (24) and (25) (and using that w;(y) = 0jy|—.0(yas)
for all i € 05), restricting NV (x) if necessary,

~Cst(z,a)K (y) < H(z +1y) — H(z) < —Cst(z, a) K(y). (26)
On the other hand, let

:Z i(@+y) = H(z+9))? + yos-
1€S
Then, again by restricting A/(x) if necessary,
Cst(z,a)L(y) < J(x +y) < Cst(z,a)L(y), (27)
where we use again that N;(x) < H(x) for all i € S. But
L(y) = Y [Ni(y) = (H(z +y) — H(@)))* + yos

€S
= K(y) + oy —o(|H(z +y) — H(z))). (28)

Combining inequalities (26), (27) and (28), and further restricting N (z) if
necessary, we obtain inequality (18) as required.
Let us now prove (b). If ¢ € S(S(x)) and y € A, then

=Y alNiy) — H(y)l = H(y) = Y a:Ni(v)

€S €S

Z a:Ni(y) = Z%‘Ni(y) = ZyiNi(Q) = H(q) + Z yilNi(a) — H(q)],

i€S ieG 1eG 1€0S

and

where we use that (a; ;)i jec is symmetric in the second equality, and that ¢ is
an equilibrium in the third equality. Therefore

I(y) = H(y) - H(@) + > wil2(Niy) = H(y) = (Ni(9) = H(@)-  (29)

€08

If g, y € N(x) then, by restricting N (z) if necessary, = € & implies that for all
i €08,

~Cst(z, 0) < 2(Nily) — H(y)) — (Ni(q) — H(q)) < —Cst(z, 0).
Inequality (19) follows.
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4 Stochastic approximation results for the
VRRW

4.1 The stochastic approximation equation

The main idea is to modify the density of occupation measure

o= ()

into a vector z(n) that takes into account the position of the random walk, so
that the conditional expectation of z(n + 1) — z(n) roughly only depends on
z(n) and not on the position X,,. This expectation will actually approximately
be F(z(n))/(n + ng), where F' is the map involved in the ordinary differential
equation (6).

For all z € A, let M(x) be the reversible Markov Chain with transition
probabilities

o gty
YT
Note that M (v(n)) provides the transition probabilities from the VRRW at time
n. Recall that 7(x) in (2) is the invariant probability measure for M(x).

Let us denote by G (resp. H) the set of functions on V(G) taking values in R
(resp. in RY). Let I be the function identically equal to 1. Let M(z) and II(x)
denote the linear transformations on G defined by

(M(x)f)(0) =Y M(2)(i, ) f (j) (31)

JjeG

I(z)(f) = (Z 77(96)(1')1’(1')) L (32)

1€G

M (z)(,j) : (30)

Note that, by a slight abuse of notation, M (x) equally denotes the Markov Chain
defined in (30) and its transfer operator in (31); II(z) is the linear transformation
of G that maps f to the linear form identically equal to the mean of f under the
invariant probability measure 7(x).

Any linear transformation P of G (and in particular M (x) and II(x)) also
defines a linear transformation of H: for all f = (f;)icq € H,

Pf = (Pfi)icc- (33)

Let us now introduce a solution of the Poisson equation for the Markov Chain
M(x). Let us define, for all t € R,

Gy(z) i= e HU-M(@) — o~ Z t’M(aj)”
0

il
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which is the Markov operator of the continuous time Markov Chain associated
with M (x). For all z € Int(A), M(z) is indecomposable so that G¢(z) converges
towards II(x) at an exponential rate, hence

Q) = /0 " (Gula) — () d

is well defined. Note that

Qx)I =0,
and that Q(z) is the solution of the Poisson equation
(I = M(2))Q(z) = Qz)(I — M(x)) = I —I(x), (34)

using that M (x)II(z)f = (x)f =(z)M(z)f for all f € G (or f € H).
Let us now expand v(n + 1) — v(n), using (34). Let (e;);ec be the canonical
basis of R, i.e. e; := (Ij—;)jec for all i € G. Let « € H be defined by

t: G —RY
T — e
By definition,

Zi(n)+L(Xn+1)> _ <1_ 1 )v(n)Jr U Xnt1)
n+ng+1 icq n+ng+1 n+ng+1’

o=

so that, using that II(z). = m(x)1 for all x € A,

n+no+1)(v(n+1) —ov(n)) = u(Xpg1) —v(n)
= [I = II(v(n))]e(Xpn+1) + (7(v(n)) — v(n))
= [I — H(v(n))]e(Xnt1) + F(v(n)),
where F' is the function in definition (5).
Now,
[ = (w(m)]e(Xns1) _ (Qu(n)) = M(v(n)Q(v(n)))«(Xn1)
n—+mng+1 n+mng+1
= €nt1 + Mnt1 + Tnt1,1 + Tnti2, (35)
where
oo Qum)uXng1) — M(v(n))Q(u(n))u(Xn)
LT n+mno+1
o 1 1 _ M((n)Q(v(n))u(Xn)
Ll = (n +no+1 n+ no> M{v(n)Qv(n))H(Xn) = - (n+mng)(n+ng+1)
. M(v(n)Qv(n)u(Xy) M(v(n+1))Q(v(n + 1))u(Xni1)
el n + ng n+ng+1
. _ M +1)Qv(n+1)) — M(v(n))Q(v(n))]e(Xnt1)
w2 n+no+ 1 '
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Let, for all n € N,

o) = o) + 2SI, (36)
and
e 1 F(u(n) - F(z(n))
n+1,3 -—
n+mng+1 H(v(n))
Tp+1 = Tn+1,1 + Tn+1,2 + T"nt1,3-
Then, for all n € N, it follows from equation (35) that
1 F
zin+1)=z(n)+ (2(n)) + €nt1 + Tnt1- (37)

n—+ng+1H(v(n))

Note that E(ep4+1 | Fr) = 0, since E(Q(v(n))t(Xn+1) | Frn) = M(v(n))Q(v(n))e(X,);
also observe that

i€V (G) i€V (G) o

We provide in Section 4.2 estimates of the conditional variance of €, and of
Tn+1, which will be sufficient to prove localization of the vertex-reinforced random
walk with positive probability.

4.2 Estimates on the underlying Markov Chain M (v)

For convenience we assume here that V(G) = S U JS, where (S,~) is finite,
connected, and not a singleton unless it is a loop. Let @ := max; jeqg,i~j @i j,
@ 1= MiNG e ing Ui j-

Let us first introduce some general notation on Markov Chains. Let K be
a reversible Markov Chain on the graph (G, ~), with invariant measure u. Let
< .,.>, be the scalar product defined by, for all f, g € G,

< f,9>p=>_ f(@)g(@)u(x).
zeG

On G, we define the /P(u) norm, 1 < p < oo by

1/p
[fllew () == <Z If(:'«")lpu(ﬂ?)) ;

zeG

and the infinity norm
1flloo := max | (x)].

We also define the infinity norm on H: if f = (f;)icq € H,

IFlloo = masx £ = ma |:(2)]. (39)

)
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Let E,, be the expectation operator

Euf = Z f@)u(r) =< f,1 >

zeG

where 1 is the constant function equal to 1.
We let £k be the Dirichlet form of K

5K(f>g) =< (I_K)f>g >,ua

and let Var, be the variance operator

Var,(f) = |f - Euf”?zw) = HfH?z(u) - (Euf)z-

Simple calculations yield that

Ef ) = 3 S — £GPt
and )
Va(7) = 3 3200~ FOIPHOAG)
Let A(K) be the spectral gap of the Markov Chain K,
A(K) := min {% s.t. Var,(f) £ 0} .

The following Lemma 11 states that the spectral gap of the Markov Chain
M (v) is lower bounded on A, (defined in (14)).

Lemma 11 For all v € Ay, A(M(v)) > Cst(a, a, |G]).

PROOF: Let M := M (v) and 7 := m(v) for simplicity. Let us first observe that,
for all i € G, j € S such that ¢ ~ j,

M(i,7) > avj/a > aa/a and M(i,j)n(i) = 7(j)M(j,i) > ac*Lies/a,  (39)
where the second inequality comes from

2
a; jvj viN;i(v)  a;vv; _ ao Les
=z — LiesS-

M(i,j)ﬂ(i):Ni(v) H(v) — H(v) a

Now, by connectedness of (S,~), for all i, j € G, there exists | < |G| and a
path (ng)i<k<t € V(G) x S'=2 x V(G) such that i = ny, j = ny, ng ~ ngpq for
all ke {l,....0—1}.
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Hence, for all k € {1,...,1}, using inequalities (39),
m(@m(G) () = F()? <le@)x(@) D (Flm) = fF(nrg))?

<@ (f(0) = f(n2)* + In()(FG) = Flu-0)P +1 D (Fla) = fner))?

+ f—l Z (f(nk) = f(npeg1))* M (nge, ngega ) (ng)

— ke{2,...0-2}
< S () — Flm) M (o)) < T (£,
— ke{1,.-1}
Therefore
G3
Vare(7) = 3 Y- wlOr ) 0) = S < Doeur(.).
1,jEG

a

The following Lemma 12 provides upper bounds on the norms of Q(v), M (v)Q(v)
and their partial derivatives on A, which will be needed in the estimates of 7,41

and of the conditional variance of €,41 in Lemma 4.
The norm on linear transformations of G will be the infinity norm

HAfHoo‘
feg.f£0 |1 flloo

[A]loo :=

Note that, for any linear transformation A of G, the corresponding linear trans-
formation of H (still called A) defined in (33) still has the same infinity norm

(the ||.]|oc on H is defined by (38))

Al = sup 1Al
rernfz0 1fllo

Lemma 12 For allve Ay, i, j €G, fe€QG,

Varrw ()£l
() 1RO e < “Sazeen < AGIGH
(©) HQ( Jse < Cst(a,a, |G, [M©)Q()]|0 < Cst{er.a, |G])

(@ 122 . < st 6, 12X < st anli),
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PROOF: Let M := M(v), Q := Q(v), m:= 7w(v), X\ := A(M(v)) for simplicity.
Inequality (a) is obvious: for all j € G,

o agv; wNj(v) ai H(v) a\* n(j)
MG3) = Fw) = "H ) NN S <i> a?

2
Let us now prove (b). For all f € G,

IGef — 7 (f)Iery < €M Vara(f),

by definition of the spectral gap (see for instance Lemma 2.1.4,[17]), so that

1QW) e H/ (Gu(v)f — TI(v)f) dt

< /0 (Ge(0)f —TL(0) )l g2y dt

()

< \/\W/O e~ M dqt — Va/{w(f) < HfH/lf(ﬂ) (40)

Inequality (c) translates this upper bound of the ¢?(7) — £?(7)-norm of Q(v)
into one involving the infinity norm for M@, using (a):

IMQF(@)| = > M(i, ))QF())

jea

< & (3) Srorerg - (7)) le

(7 2||Qf||z2(7r)< a\? I/l
a a? a a2

Hence, using Lemma 11,

s < (2) e o (T) Wlke < oo ienisie

a2 Aa?

Then the same upper bound for [|Q(v)f||c follows from the Poisson equation
(34):
Q(v) = M(v)Q(v) + I —II(v).
Let us now prove (d). Given i € G, let us take the derivative of the Poisson
equation Q(v)(I — M(v)) = I —II(v) with respect to v;:

9Q(v)
(%Z-

OM(v)  Oll(v)
(%i (%Z- ’

(I = M(v)) = Q(v)

This equality, multiplied on the right by Q(v), yields, using now the Poisson
equation (I — M(v))Q(v) = I —II(v),

2 S0 - (o0 ).

31



where we use that, for all f € G,

9Q(v) .,
ov;

since Q(v)I =0 for all v € A.
The equality (41) implies the required upper bound of || ag—g’) loo- Indeed, the
following estimates hold: for all i, j, k € G, j ~ k,
8’UZ' Nj(v) Nj(’U)2 avi

gl |2 (35
2a < 2a

8’UZ'
S 7S —,
Nj(v) = aax

()f <f>][>7r(v a—]I:Oa

Ovg ajk a; kv ONj(v)

where we use that a; vy < Nj(v) and ON;/0vi(v) = a;;, and that there exists
[ € S with [ ~ j, given the assumptions on S. Also,

877(1))(3')‘ _ |9 <1’ij(@)>‘ _ ‘3(%]\’]‘(@)) 1 vN;(v) 9H (v)

v, ov; \ H(v) ov;  Hw) H@)? v
4da da

S ') < a2’

where we note that ]aH(U | = 2N;(v) < 2a@. The upper bound of H—a(M(;ng(v)) lloo
follows directly. O

4.3 Proof of Lemma 4

The estimates (a) and (d) readily follow from the definitions of €,+1 and z(n),
and Lemma 12 (c).

Let M := M(v(n)), Q := Q(v(n)), 7 := w(v(n)), A := A(M(v(n))) for sim-
plicity. Let us prove (b):

(n+10)’E((en+1) | Fo) S E([Qei(Xns ) | Fo) = D M(Xn, 5)[Qei(4)]

Jj~Xn
<$<Z>2§wu>@eiu>]2=(é) 1€y

CSt(Oé a, |G|)Hel||32 (v(n)) < CSt(avaa |G|)U(n)la

where we use Lemma 12 (a) and (b) respectively in the second and in the third
inequality.
In order to prove (c), let us first upper bound ||75+411|lcc using Lemma 12

(c):
1M (v(n)Q(v(1)e(Xn)lloc _ Cst(a,a,|G])
(n +ngp)? S (n+mnp)?

||rn+1,1||oo <
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Let us now bound ||rp41.2||oc:

O(MQ)(Ov(n) + (1 —O)v(n+1))
a0

(n+ nO)”Tn-i-l,?Hoo < sup
0el0,1]

HOO

I(MQ)(fu(n) + (1 —O)v(n +1)) H
X 1) — i
) zeZG ol 31) = viw) |ieG,Slel£[0,1} ov; -
< St a |Gl
n+ ng

where we use Lemma 12 (d) in the last inequality.
It remains to upper bound ||r,4+1 3]/ First observe that, for all y = (y;)icq,
z = (Zi)iEG eA ieq,

OF;(x)
&Tk

< 252 |2 — yil,

1€G

IFi(2) = B() < |z —y| sup
jea keG, zeA

where we use the explicit computations of 0F;/0x; in the proof of Lemma 1.
Hence

1F(2) = F(y)lloo < 2a|Gll|z = ylloo,

which implies

1 |G|

<] Cst(ar a, |G)
n—+mnyg a

(n 4 ng)?

I7n413l0 < 2a|Gl[lv(n) = 2(n)]|oc <

where we use that, by inequality (8), H(x) > a/|G]| for all z € A.

4.4 Proof of Lemma 5 and inclusions (15)

Let us first prove inclusions (15). If we let g : Ry \ {0} — Ry be the function
defined by g(u) := u — log(u + 1), nonnegative by concavity of the log function,
then, for all y € A such that y; > 0 for all i € S,

i — i i — i
Vq(y)Z—Zqz-log<1+y : >+2985:Z%’g<yq >+3yas7 (42)

i€S a €S '

7

which implies the inclusions.
Let us now prove Lemma 5; let, for all n € N,

Cnyl i= <(€n+1)i][ies> >
z(n); ieG@

with the convention that (,+1 = 0 if z(n); = 0 for some ¢ € S. Fix € > 0 such
that By, (2¢) C A, for some o = Cst(q) > 0, and assume v(n) € By, (¢) for some
n = ny. Thus ||z(n) —v(n)||e < Cst(q,a)/(n + ng) by Lemma 4 (d); we assume
in the rest of the proof that e < Cst(¢q) and ng > Cst(q,a) so that, using (42),
z(n) € By,(2¢) C A,.
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Note that [[v(n) — v(n + 1)||ec < (n +ng)~!, which implies, using Lemma 4,
that ||z(n) — z(n 4+ 1)|lse < Cst(q,a)(n + ng)~*. Hence, using that z(n) € A,,

Valz(n +1)) = qu ( +)1) > +2[2(n + 1)as — 2(n)as]
€S ?
(n+ 1 Cst(q.a
= —;qz — z(n)i +2[z(n + 1)gs — 2(n)as] + O <(ns457qn0))2>’

where we again make use of notation u = O(v) <= |u| < v from Section 2.1.
Hence, using identity (37) and Lemma 4 (b), we obtain subsequently (recall
that I,(.) is defined in (16))

Vileltn+ 1) = Vo) = gt (.Guaa)
+ 2(ep+1)os + O <7(isf£i;§))2> .

4.5 Proof of Lemma 9
Using identities (22) and (37) (recall that J is defined in (7)),

H(z(n+1)) — =2 Ni(2(n)).(2(n + 1) — 2(n)); + H(z(n+ 1) — 2(n))
i€G

_ 1 J(z(n)

n+mno+1H(v(n))

+ én—l—l + Sp+1,

where
nr1 =2 Ni(2(n))(ens1)i
i€G
Sn1 =23 Ni(2(n))(rni1)s + H(z(n + 1) — 2(n)).
i€G
Let o > 0, and assume v(n) € A,. Inequalities (1)-(2) follow from Lemma 4

(a)-(c), and from ||z(n + 1) — 2(n)||c < Cst(a, a,|G])/(n + np) (see for instance
the beginning of the proof of Lemma 5).

5 Asymptotic results for the VRRW
5.1 Proof of Lemma 7

Fix € > 0 such that By, (e) C A, for some a > 0 depending on z, and assume
v(n) € By, (¢/2) for some n > n;.
Let us define the martingales (Ax)i>n, (Bk)k>n and (Kg)k>n by

k k
A=Y Glpnegomds Bri= Y (6)asTv,wi-1)<e)s
j=n+1 j=n+1

ki = —(q, Ax) + 2B,
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with the convention that A, := 0 and B, = k, := 0. Using Lemma 4 (a), it
follows from Doob’s convergence theorem that (Ag)k>n, (Bi)k>n and (Ki)rsn
converge a.s. and in £2. The upper bound |r), — k1| < T'/(k + no) a.s., for
some I' := Cst(x, a), implies that, for all kK > n+ 1 and 0 € R,

rz. g
E(exp(0(kr — kg—1) | Fr—1) < exp <7m> '

On the other hand, (exp(6kk))r>n is a submartingale since (kg )x>n is a martin-
gale, so that Doob’s submartingale inequality implies, for all 6§ > 0,

P (SUP K = ¢ | fn> =P (sup ek > ebe | .7-"n> < e R | F)

k>n k>n
6212
Lerp|—0Oc+ ——1.
i < 2(n + no>>

Choosing 6 := c(n + ng)/T'? yields

2
P (Sup K = ¢ | fn> < exp <—%(n + n0)> . (43)

k>n
< €
= SUup R — N
A TN

P(Y | F) > 1 — exp(—e2Cst(z, a)(n + ng)).

inequality (43) implies that

Now assume that T holds, and let T" be the stopping time
T :=inf{k > n s.t. Vy(2(k)) > 2¢/3}.

Note that, using Lemma 4 (d), if n > Cst(x, a), then for all k € [n,T), V. (v(k)) <
€. We upper bound V,(v(T')) — Vi (v(k)) by adding up identity (17) in Lemma
5 with ¢ := =, from time n to T — 1: this yields, together with Lemma 6, that
Va(2(T)) < 2¢/3 if T < oo, if we assume n > ny := Cst(z, a) large enough and
€ < €g := Cst(z,a) small enough.

Therefore V. (v(k)) < € for all k£ > n. Using again inequality (17), we obtain
subsequently that

liﬂng(a:) — H(v(k)) +v(k)ss = 0 as.

since, otherwise, the convergence of (ki) as k — oo would imply limy_,» Vi (2(k)) =
limg oo Vz(v(k)) = —oo, which is in contradiction with V,.(v(k)) > 0.
Hence, there exists a (random) increasing sequence (ji)r>0 such that

lim H(v(jx)) = H(z), lm v(ji)os =0.

k—oo
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Let r be an accumulation point of (v(jk))k>0. Then H(r) = H(z) and rag = 0.

Note that V,(r) = limg_. Vo(2(jx)) < e. By possibly choosing a smaller
o := Cst(z,a), we obtain by Lemma 6 that r is an equilibrium, and by Lemma
1 that it is strictly stable.

Let, for all j € N,

€ €
Aj = Ap — Aj] < — Br—Bj| < — ¢
o= Lt < N g ime < 5 )

There exists a.s. j € N such that A; holds; let Iy (which is random, and is
not a stopping time) be such a j.

Let k € N be such that ji > lp and V,.(2(jx)) < €/2. Then Lemma 5 applies
tor € SN&s and a similar argument as previously shows that, for all j > j > ji,
Vi (v(j)) < € and

Cst
Vi(2(5") < Vi(2(4)) + sup |Ap — A; |+28up|Bk—B |+M

: ;o (44)
k>j k> J+no

if ny := Cst(z,a) was chosen sufficiently large.
Now, liminf; .o V;(2(j)) = 0 and

lim sup |4y — A;| = hm sup]Bk — Bj| = lim Cst(a)

=0,
J—00 k> j—0o0 J + ng

hence limj_. V;(v(j)) = 0 which implies lim; .o v(j) = r and completes the
proof.

5.2 Proof of Lemma 8

Let us start with an estimate of the rate of convergence of H(z(n)) to H(x). Let,
for all n € N,
J(2(n))

Xn = H(z) — H(z(n)), v,:= m,

with the convention that v, := 0 if x,, = 0.

By Lemma 6 there exist €, A, p := Cst(z, a) such that, for all n € N such that
v(n) € By,(2€), v, € [\, u]. On the other hand, for all n € N, using Lemma 9
and the observation that J(z(n)) = 0 if x,, = 0 by Lemma 6,

1 “n ¢
pr— _—— J— — S
Xn+1 n+ng+ 1 Xn n+1 n+1
A
< <1_n+n0+1>Xn_§n+l+3/n+17 (45)

where
Spg1 = —Sn41 + (U — A) max(—xn, 0)/(n + ng + 1).
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If v(n) € By, (2¢) for sufficiently small € := Cst(z,a) then, by Lemma 9,

Cst(z,a) Cst(z,a)

—, 46
n 4+ ng (n +no)? (46)

”gn-i-l”oo X ) H +1Hoo X
where we use in the second inequality that max(—xp,0) < Cst(z,a)/(n+no+1),
since [|[v(n) — z(n)||eo < Cst(z,a)/(n +no+ 1) by Lemma 4 (d), and H(v(n)) <
H(z) by Lemma 6.

Let, for all n € N,

= A
Bn ::H <1_n+no>'

k=1

Note that 3,n* converges to a positive limit. Inequality (45) implies by induction
that, for all n € N,

n
Xn < Bn XO_Z Z_
j:l j= 1

Assume L(By;, (€)) holds so that, in particular, v(n) € L(By, (2¢)) for large n €
N. The upper bounds (46) yield, assuming w.l.o.g. A < 1/2, that ZJ 1 ]/ﬁ]
oo and > i1 E(ﬁ?) / 6]2 < o0; the latter implies, by Doob convergence theorem in
L2, that Zyzl &;/B; converges a.s. Therefore xnn? is bounded a.s.

We deduce subsequently, by Lemma 6 (a), that for all A < Cst(x, a), J(v(n))n*
converges a.s. to 0, so that lim,, . U(n)asn)‘ = 0 in particular. This implies that
limy o0 Ty(oo) (v(n))n* = 0 by Lemma 6 (b).

Now apply Lemma 5 with ¢ := v(oc0): for large n € N,

o0 Iv o v k o o0
Vi(oo) (2(n)) = =D k:(++ogr)1)+ (”(OO)= ) Ck) —2 ) (eos
k=n

k=n+1 k=n+1
Cst(
+ Cs :17 a (Z: /<;+n0 )
=o(n?) as.,

if we still assume w.lo.g. A < 1/2, so that Y ;0 . (ex)as = o(n™) as by
Lemmas 4 (a) and A.1. This completes the proof of the Lemma, using (42).

5.3 Proof of Lemma 10
Let, foralln € Nand ¢, j € G, i ~ 7,

> Iix, ,=ix iy - Iix, =i
Yr?j — k—1=0,Ak=] k—1 )
kzzl Zi-1(J) Zzwamzk 1(v)

Then, by definition of the vertex-reinforced random walk,

2V v 2 IS Vo
Mb =Y — a; Y]
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is a martingale, and

ZOO Z][{Xk = z} a; i Zr—1(7) < a; i Zr—1(J) )
E — v 1 _ 1,)
— ( Zi—1(9)% Dy W,iZk—1(v) Y i O,i Z—1 (V)
1 o
{Xk—1=1,Xp=5}
< s o JJ
<E (;;:1: o ) <o (47)

so that, by Doob convergence theorem in £2, M, M

Hence, for all i € 95,

Lix z} Ly =y w(k—1);
log Zn( = Yt = Y = ; b1 =) J
8 Z Z—1( Z Za] Zaj Z Zk-1(j) Nj(v(k —1))

converges a.s.

jrvi I~ k=1

Lix, = a} _ Ni(v(e0))

= E E 1
’JN Zi_1(3) — H(v(c0)) o8 ™,

J~,j €08

using Lemma 8, the symmetry of a and Nj(v(co)) # 0 for all j € G = T(x)
in the third equivalence, and H(v(00)) = Nj(v(oc0)) for all j € S in the fourth
equivalence (v(o0) being an equilibrium).

5.4 Proof of Proposition 4

We can assume w.l.o.g. that X, € T'(z). First recall that, if G = T'(x), then
the proposition is a consequence of Lemmas 7, 8 and 10. We will now compare
the probability of arbitrary paths remaining in 7'(z) for the VRRWSs defined
respectively on the graphs T'(z) and G.

Let us introduce some notation. For all k € N and A C V(G), let P4 := AN
be the set of infinite sequences taking values in A, and let ’Z}CA be the smallest
o-field on P4 that contains the cylinders

CAk —{wEPAst Wo = Vg, ..., Wg = Uk}, ve AF.

Let 74 = vkeN%A. Finally, let ( )geN be the random walk restricted to
remain in the subgraph A after time n
For all k > n and v € T(z)*,

P(Xpp1s- s Xp) =0 | Fo) = P(XIS L xTy = o | 7)Y

n,k’

where

k—1 3 tonZ()

~a, yEV(G\T (z) Gy 4n\Y

Yo = H H (1 —Iix;=a} e s ' ) € (0,1), (48)
j=nacdS(z) ’ > Ga,3Z5 ()

and Yé? denotes the value of Y;, ; at (Xy41,...,Xk) = v, where Z;(w), w €
V(G), n < j < k— 1, assumes the corresponding number of visits of X to w.
This enables us to prove the following claim.
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Claim For all E € 77®) P((Xj1n)jen € E | Fn) = IE(]I(XT(JC))JE e Yoo | Fu)-

Let us first prove the claim in the case £ = CT(w) = CV(G N{Rnoc C T(x)},

for some k € N and v € T'(z)*. Indeed, we deduce from (48) that, for all [ > n,
V(G
P({(Xjen)jen € Cyi”} 0 {Rug € T@)} | Fa) = B(Lgre  core Yo | Fo),
so that

P((Xj-i-n)jEN ek ’ fn) = l]iIgE(][(XT(x))'GNEEYn’l ’ fn)

j+n /1

= E(][(XT(x)) EE n,oo ‘ fn)

where Y, o = lim;_, Y}, ;. The claim follows by uniqueness of extension of finite
measures on mw-systems.

We now apply the claim for E := {R;, o = T'(x)}NL(By,(¢))NAg(v(c0)) and
prove that, a.s. on E, Y, o > 0, which will complete the proof of the proposition:
for all & € 9S(x), a.s. on E, if € is sufficiently small, then

][{XJ =a} (Oé)
]z:;g Zﬁwa aaﬂZ ﬁ Z Zﬁwa Ga QZ (ﬁ)

> 1
X Zj
< ]Z:;g ](a) <Zﬁ~a aa,ﬁzj(ﬁ) ZﬁNOL aaﬁz‘]+1 >

gaz Zj() 51X, 1~va) < GZ Nv :8 )))? =
j=k <Zﬁ~a ta,52;(8 )) !

where we use that, since Ag(v(c0)) holds, v(j)a ~joe CjNeEN/H@=1 for

some random C' > 0, so that W ~joo C%, and Ng (v(00)) <

H(v(c0)) = H(x) is € is sufficiently small.

A Appendix

A.1 Remainder of square-bounded martingales

The following Lemma provides an almost sure estimate of M,, — M, for large n,
when M,, is a martingale bounded in L?(Q), F,P).

Lemma A.1 Let (M,),>0 be a bounded martingale in L?, and let f : Ry — Ry
be a nondecreasing function such that fol(f(az))_2 dx < 0o. Then

M, — My = o( f(E((M,, — My.)?)) a.s.
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PROOF: For all n > 0, let s, := E((M,, — My)?) and let

Mk_Mkl B
n'—z f nl 7 =0

Then, for alln > 0
Sk—1 —Sk S0 dx
—_— < Q.
Z f(sr-1) /0 (f(x))?

Therefore (My,)n>0 and (N,)n>0 are martingales bounded in L?, and thus con-

verges a.s.
Now, letting O,, := N,, — N4 for all n > 0,

My — Moo = f(5£)(Ok — Op41) = n+ Z f(85-1))O
k=n k=n+1

=o(f(sn)) a.s.

A.2 Proof of Proposition 1

Assume X := 0 for simplicity. Let, for all n € N,
Ap = Zn(=1) 4+ Zp(—1), o = Z,(£1)/A,,
Zn(—1) _ ay,
R, :=Z,(0)/A, —log A,, S, :=log < 7o) ) = log < _) )

1—oap

Let a € (0,1), e < [aA(1—a)]/2. Given ng € N with Z,,(0) sufficiently large
and X, = 0, assume that Z,,(—2)/log Z,,,(—1), Z,,(2)/log Z,,(1) € (1/3,1/2),
a,, € (a—¢€/3,a+¢€/3) and Ry, € (—¢/3,¢/3), which trivially occurs with positive
probability.

Let us define the following stopping times

To = inf{n > ng s.t. X,, € {-3,3} or X,, = X,,_2 € {—2,2}},

= 1inf{n > ng s.t. Z,(2) vV Z,(—2) > log Z,(0)},
T2 =inf{n > ng s.t. a,, € (a —€/2,a+¢/2) or R, & (—€/2,¢/2)},
T:=ToNT1 NT5.

For all n € N, let t,, be the n-th return time to 0, and let ¢/, :=t, A T.

It follows from elementary estimates that, as long as ng < t, < T, for suf-
ficiently large Z,,(0), Z:,(—1) € ((a — €)n/logn, (a + €)n/logn) and Z;, (1) €
(1 —a—e€)n/logn,(1 —a+e)n/logn).

We successively upper bound P(Ty < Ty ATs | Fy), P(Th < To AT | Fry) and
P(Ty < To ATy | Fry), which will enable us to conclude that P(T" = oo|F,,) > 0
for large Z,,(0).
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First, for sufficiently large Z,,(0),

]P(TO <Th NT5 ’ fno)
< > P(Xp, 14 = Xip2 = £2 | Fg) + P(Xp, 43 = £3 | Fny)

N>Zng (0): tn<T

< Cst(ae) Y

nZZno (0)

logn

< (49)

Wl

n2

Let G := (Fy )n>Zn0 (0), and let us consider the Doob decompositions of the
G-adapted processes Ry and Sy , n > Z,,(0):

Rtgl = Rno + Ap + Uy,
Sy = Spg + P + Zp,

where AZnO(O) = @Zno(o) = \I/Zno (0) = EZnO (0) =0 and, fOI' all n > Zno (O),
Ay —Apy = E(Sn — Sn—1 ‘ E;—l)’ P, — Py_1 = E(Tn —Th ’ E;—l)’

and (‘I’n)n>zn0 (0) and (En)n>zn0 (0) are G-adapted martingales.
Easy computations yield that, for all n > Z,(0),

3 1 2
1A, — Apq| < cst(loi;’) . | @, — p_1| < Cst(a, €) < °§"> . (50)

logn)* _ _ logn\ 2
E((\Ifn+1—\1'n)2|,7-'t;l)<Cst( 52) , E((:n+1—:n)2|.7-};1)<Cst(a,e)( i > .

(51)

Hence, by Chebyshev’s and Doob’s martingale inequalities, for all 6 > 0,

Gt 5~ llogn)! _ Cst (o5 20, 0))"

52 2 = T2 )
0 =T ©) n o Zny(0)

]P’( max |[Wg| >0 | fn0> <
k>Zn4(0)

and a similar inequality holds on the maximum of |Z|, k > Z,,(0), so that, for
sufficiently large Z,,(0), P(To < To ATy | Fpy) < 1/3.

Let us now make use of notation Y, Y,f and M, from Section 5.3 (with
aij = Tij), and let UE = V72 VE = VE and WE = Ma ™2 = UF -V
Then the processes (U7 ),>o are martingales and, using (47), for all n > no,

1

" Tix, i1 x—t2
E(Wi—Wi) | Fo) <E| Y =2z ) oy =

(52)
2
oy 21 (£2) 522y (£2)

so that, if T := {maxjzn, |W} — Wi | <6,i € {+,—}} then, for all § >0,

1 1 1
C <_
P (Y| Fny) < 52 (Zno(2)—1+Zn (_2)_1> <

41
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for sufficiently large Z,,(0).
Now, on T, for all n < T, choosing 6 = (log2)/3, and again for sufficiently
large Z,,(0),

log Z,(£2) <log Zpy(£2) + Uy — Up, + 6 < 26 + log Zy,o(£2) + V,F = Vi
Zn—1(£1)

<20 +10g Zng(£2) + Y
k=Zny(£1)

Lix, =ty
Z1-1(0)

<20 +1og Zng (£2) + Y
k=ng+1

Zny (£2)
log Z,,,(£1)

klog k

< 30 + log < > +log(log Z,,(+1)) < log(log Z,(£1)) < log(log Z,(0)),

where we use in the fourth inequality that, if n < T, then T,, > —¢/2 and
a, € (a —¢€/2,a + ¢/2) so that Z,(0) > Z,(£1)log Z,(£1) if Z,, > Cst(a,¢).
This completes the proof P(T7 < Ty ATy | Fpy) < P(YC|F,,) < 1/3 for large
Zno(0).

The estimates (51) (resp. (52)) imply that the G (resp. F)-adapted martin-
gales (Yn)n>z, (o) and (En)nzz, (o) (resp. W:E) are bounded in L? and hence
converge a.s.

Therefore, on {T" = oo}, (i)-(ii) hold, (ay)n>0 and (Ry)n>o0 converge a.s.
Note that Lemma A.1 implies more precisely, for all v < 1/2, £, —E, = o(n™"),
hence ay, — ae = 0(Z,(0)7"). Thus, on {T = oo},

n—1

log Z,(£2) = U =V =

n—1
Ty, 1
— 4+ {Xp==1}
— e kzzo Zi(£1) log Z;,(£1) (1 o <log Zk<i1>>>

= o log(log Z, (1)) = aZ log(logn),

Iix,—+1)
£2) 1 Z,(0)

which proves (iii).
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