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Hilbert space:

Basis:

Definition of Uqe:

( Ucc|27, 2k)

_ o (125.2k—1)
Uccl2i + 1,2k — 1)) 7 722\ |25 + 1, 2k)

<: Ucc|2j + 1, 2k)

lhd%+22k+n);:&ﬁmk0%+&2k+n

S - (], ]f) —> Sj)Qk- - U(Q)

Chalker-Coddington Model ;/f'
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AN

(2% C)
Sojr1,2k
{14, k>}(j,k)€Z2
mas
127, 2k)
25 + 1, 2k)
27 + 2, 2k) i )
SZj,Zk 125'+ 1,2k — 1) |
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Basis: U7 k) Y wyeze
N | s
Definition of U.: oo
Ucc|2j, 2k) o (123,2k=1) 27 +1,2k)
Uccl2j + 1,2k —1) )~ 722\ |25 + 1, 2k)
Uccl2] +1,2k) \ _ o 25 +2,2k) /
Uoc|2j -+ 2,2k +1) ) 7= 224126 |25 11,2k + 1) Soiok 2j+ 1,2k —1) |

Lemma: Ucc = Ucc(S) is unitary, v S
|Ucc(S) = Ucc(S)| < ¢S — 8|«

ETH Zurich 3/9/18
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COﬂﬁg. S:(, k) S € U(2) \
Hilbert space: ¢%(z? C)
Soj11,2k
Basis: U7 k) Y wyeze
N | s
Definition of U.: oo
Ucc|2j, 2k) o (123,2k=1) 27 +1,2k)
Uccl2j + 1,2k —1) )~ 722\ |25 + 1, 2k)
Uccl2] +1,2k) \ _ o 25 +2,2k) /
Uoc|2j -+ 2,2k +1) ) 7= 224126 |25 11,2k + 1) Soiok 2j+ 1,2k —1) |

Lemma: Ucc = Ucc(S) is unitary, v S
|Ucc(S) = Ucc(S)| < ¢S — 8|«

Questions: UZ. as n — oo, nature of o(Ucc) ?
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Sois1,2k i °
|t j+1.2K) | |t j+1.2k) |
’7//
S2j+1,2k
. t2j21)| - Y
) "2j,24) | 12,24
/ \ S22k
Soj ok (2j+1,2k) ) 3 o
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Red <-> If T ol T ol T
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S o Off-diag. T
—» @
O <-> scat. mat.
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—» @

O'(Ucc) pure POin'I'
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Ea*:z:zi;r: Localised phases ] L/f\ NSTITUT

All j K T > J’ T—>J‘ T—
O O

F;2c=0 Irj,Zkl =1

O «—0© ®o<«<—0o ® <a—
SJ,ZK dlag o 5

&o—»0 o—>» 0 o—

bolet e
O <-> scat. mat.

o<«——¢o o<«——o o
"Right movers” 0 o

&—»© o——» 0 ®o—

e
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! Previous results Xé/ﬁ INSTITUT

,:}: 2Irsgsoble FOURIER

Random iid phases, constant amplitudes (|r[,t|) € S'

 Numerics: localisation if || # ¢ CC "88+...

delocalisation if Ir| = It = %

e On a strip & periodic b.c. ABJ 10

o (ch(w)) = Opp (UCC(w)) a.s.
Vr,t =
finite localisation length
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& Alpes

Random iid phases, constant amplitudes (|r[,t|) € S'

e Numerics: localisation if |r] #|t] CC "88+...

. . . B B L
delocalisation if |7| = [t| = 7

e On a strip & periodic b.c. ABJ 10

Vr.t = o (UCC(M)) — Opp (UCC(W)) a.s.
| finite localisation length
* On Z° ABJ '12

et <1 = { 7 Uco(w)) = opp (Ucc(w)) a.s.

dynamical localisation
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ff-diagonal if j < nr,
< ' ©
Let nr<nr & 5 { diagonal  ifj > ng

=> focus on U;:=Uccli,, ., T, nn =0 ({ng, nr} x Z)
n, Np (even)
(O3 (O; EUN I R I )
oo e O [O
Ol Qe Lo Ly Ly e e
S e O 1O
K_).T o K_),T Ty ,A 5 ,A 8 : gy )
oLl L e O 1O
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Ur ~ shift

Special interfaces

B
-
- 1O
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o INSTITUT
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nL= nR =1
O
B L\ O)
Oled o 2
B L\ O)
Ofef o =,
I L |O)

Ur ~ shift

Transport & o(Ur) = 0a.(Ur) = S'
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(¢:=U;QU - Q)

flux through k=1

(n,,1)

(.0

Flux observable

® INSTITUT
l FOURIER

o= o= o= o= 0 = o= [
A A A
1
Y Y Y
o= o= o= o= o= o= [ ]
A A A
Y Y Y Y
[ ] [ ] [ ] [ ] [ ] >0 >0
A A A
Y Y Y Y 1
o= o= o= o= o= o = [ QJ_
A A A
Y Y Y Y
[ [ [ [ ] [ ] >0 >0
A A A
1
Y Y Y Y
o= o = o= o= 0 = o= [ ]
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Let @ mult. by x(k=>1)
(¢:=U;QU - Q)

flux through k=1

Prop. e @ is finite rank
e Tr(®)=-1

o Tr(d)=
where

(n,,1)

(.0

index(U;QU;, Q)

Flux observable

INSTITUT
FOURIER

index(P, Q) := dimKer(P — @ — 1) — dim Ker(P — Q + 1)

& index(U;QU, Q) =

index(U;QUy, Q)

Avron, Seiler, Simon '94

if P—Q cpct.

if U, — U CPC"'.
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e GivenU;+ S, let U; < 8" s.t. _

S;',o — (

2% = 952k, elsewhere

S’

J

= I finite rank

I 0
0 1

Deformation UizUI +F

), j odd

(n,1)

(n,.,0)

1

1

N

o INSTITUT
[ f FOURIER
o= o= o= o= o= [
A A A
Y Y Y Y
o= o= o= L B o= o< o
o
! > @ > @ >0 >0 >0
A A A y
Y Y Y Y QL
o= o= 0= o= 0= o= L
A A A
Y Y Y Y
[ ] > @ > @ >0 >0 >0
A A A -
1 ]
Y Y Y Yo
o= o= o= o= o = o= L
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e GivenU;+ S, let U; < 8" s.t. _

o 1 14 °* = :4 o= 24 °
A I Y Y Y Y
SJ,O . <O 1>1 J Odd ° »z >0 »: >0 »z > o Q
/ 1
Sj,2k — J,2k, €|S€Wh€l"€ (n ’1) !4 o= !4 o< !4 o< !
. L 1 o) o) o)
— F ﬁ n I'|'€ ran k (n L'O) ! > @ >0 > @ >0 >0 >0
A A A 1
/ / / !< o= !< o= !< = ! QJ‘
¢ =U"QU; —Q = —|ng,1)(ng, 1 ’ A A A
Y Y Y Y
= TI’((I)/) — _1 — Tf(@) o »z >0 »Z >0 »x »01 ]
!< o= !4 o= !4 o= ! :
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= Alpes FOURIER

e GivenU;+ S, let U; < 8" s.t. _

o 1 14 °* = :4 o= 24 °
A I Y Y Y Y
SJ,O . <O 1>1 J Odd ° »z >0 »: >0 »z > o Q
/ 1
Sj,2k — J,2k, €|S€Wh€l"€ (n ’1) !4 o= !4 o< !4 o< !
. L 1 o) o) o)
— F ﬁ n I'|'€ ran k (n L'O) ! > @ >0 > @ >0 >0 >0
A A A 1
/ / / !< o= !< o= !< = ! QJ‘
¢ =U"QU; —Q = —|ng,1)(ng, 1 ’ A A A
Y Y Y Y
= TI’((I)/) — _1 — Tf(@) o »z >0 »Z >0 »x »01 ]
!< o= !4 o= !4 o= ! :

e Moreover:

Q. mult. by x(k>¢)
(I)C — U;QCUI _ Qc

=  Tr(®.) = Tr(®), Ve € Z
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° L’emma: It ((I)c) 7é 0 = Ucont(UCC) # @)

Proof: ¢ ev. of U = (»(UQU -Q)p) =0 = Ti(B,(U)2F,,(U)) =0

Tr(®) = Tr((Pop(U) + Peont(U)) 2((Epp(U) + Feont(U)))) = Tr(Feont(U) P Peont (U)) 7 0
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° L’emma: It ((I)c) 7é 0 = Ucont(UCC) # @)

e Theorem I: Tr(®)=-1 o shift

= Ly, =H.oH & (Ur=5eVv+F), with ¢ V unitary
F' finite rank
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l FOURIER

° L’emma: It ((I)c) 7é 0 = Ucont(UCC) # @)

e Theorem I: Tr(®)=-1 o shift

= Ly, =H.oH & (Ur=5eVv+F), with ¢ V unitary
F' finite rank

e Corollary: (aaC(UCC):S?
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° L’emma: It ((I)c) 7é 0 = Jcont(UCC) # @)

e Theorem I: Tr(®)=-1 < shift
5 Ly, =HoOHE & (Ur=SeV+F], with { v unitary
F' finite rank
¢ COrO“ary: (O-ac(UCC) — S?
e Theorem II: S, =5, v(j,k) cZ’ Transl. invar.

= USC(UCC) — @ & Oac(UCC) — Slj
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Consider U, =U;+F :

N

Proof of Thm I o [ nsTiTuT
[ FOURIER
o= z< o= x< (B z< °
17 Y Y Y
° >z >0 >: >0 »z >o1 Q
Y Y Y Y
(n,1) 1
y o
(nL'O) [ »z >0 »x > »x >o1
Y Y Y Y 1
1o< 24 (B 14 ® 24 ° Q
! >0 >! >0 »! >0 »!
[ N O O O
!< o= !4 (B !4 (B !
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Consider U, =U;+F :
QUIQ™ =0
QLU}Q — P ‘nLa O> <nL7 1’

peS!

Proof of Thm 1

N

o INSTITUT
[ FOURIER

o= o« o= o= 0= =« °
A A A
1
! »z »! »z »! »z »!1 Q
Y Y Y Y
(n 1) o= o o= o« o= o« °
K
1 0
(nL'O) ! »z >0 »x > »x >o1
!< o= !< 0= !4 0= ! QJ‘
A A A
1
Y Y Y Y
° >0 >0 >0 >0 >0 >0
R
Y Y Y Y
o= o= o= o= o= o= °

ETH Zurich 3/9/18



UNIVERSITE
« Grenoble
& Alpes

Consider U, =U;+ F

QUIQ™ =

QLU}Q —p ‘nLa O> <nL7 1’

0

pesSt

(n_,1)

(n,.0)

e Let L :=span{|ng,1)} then

UL L L

Vn > 1

S
o=

Proof of Thm 1

N

o [\ INSTITUT
l FOURIER

< < < ° < ° < ° < o

A A A
! »z »! »z »! »z »!1 Q
Y Y Y Y
L = L ° < L ° = o

(o)
> o >0 > o > > >

A A A 1
Y Y Y Y QJ_
L ° = L P ° < ° < ° < o

A A A
Y Y Y Y
° >0 >0 >0 >0 > o >
Y Y Y Y
L ° = L ° < L L o
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e Consider U;=U;+F : P N S B S D
Y Y Y Y
QUIQ* =0 R A
Ly (n 1) !4 o= !4 ° < !4 [ !
Q UIQ:p\nL,(D <TLL,1’ K y ]
D & Sl (nL'O) ! >z > 0 »x >0 »x >0
1
e Let £:=span{|n., 1)} then e S s et e SR N Ok
1
U}nﬁ 1 L YV'n > 1 ! >0 >! > o »! >0 »!
T O T
!4 o = !4 o = !4 o = !

UL LU™L, VYn#m

l.e. £ wandering subspace
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Consider U, =U;+F :
QUIQ™ =0
Q U;Q =png,0) (ng, 1|

p e S!

(n.,1)

(n,.0)

e Let L :=span{|ng,1)} then

e Set H, :26

UL LL Vn > 1

UL LU™L, VYn#m

l.e. £ wandering subspace

nez

U

D U;"L, invariant

Proof of Thm 1

N

o INSTITUT
[ f FOURIER
o= o= 0= L 0= o< o
A A A
Y Y Y Y
o= o= o= o= o= o< o
O
>0 >0 >0 >0 >0 >0
A A A y
Y Y Y Y QL
o= 0= o= o= o= o= L
A A A
Y Y Y Y
[ ] > @ >0 > @ >0 > @ >0
O O O
Y Y Y Y
o= o= o= o= o= o= L

n, =S shift & Ujlyr =V unitary
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gg;gggb'e Translation invariant case M ST
e Assume [sj,% = 5;, V(j, k) € Zz]

Fourier F:0*(7%C) — [A(S") @ *(Z;C) @ C?

F 7, 2k) = e™®]j)®|+)
Flj,2k+1) = e™]j — 1)®|-)
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= Alpes FOURIER
e Assume [sj,% =5, V(j,k) € Zz]
Fourier F:0*(7%C) — [A(S") @ *(Z;C) @ C?

F 7, 2k) = e™®]j)®|+)
Flj,2k+1) = e™]j — 1)®|-)

D

. d
° PrOP. ]:UCCJT_lz/ UQw(y)—y on L2(81;€2(Z)®C2)

g1 27T

where Ugw(y) :=8C(y) is a 1D Quantum Walk
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! Translation invariant case \L/ﬁ INSTITUT
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= Alpes FOURIER
e Assume [Sj,% =5, V(j,k) € Zz]
Fourier F:0*(7%C) — [A(S") @ *(Z;C) @ C?

Fj,2k) = e™Q]j)®|+)

Flj, 2k +1) =™l — 1)®|-)
() Prop: .FU JT_'—l — . @ 2 1. p2 2

cc Uow(y) 5~ on L*(85£(2) & C°)
Sl

where Ugw(y) :=8C(y) is a 1D Quantum Walk

Sl @) =[1£1)®[%)
Cly)lj) ®v:=1j) @ Cj(y)v You € C?
—t. oY . o
C25(y) = Go ( | ?iy T2j—€, ) ;o Co1(y) = @i ( T2+ 29“) .
J

—t2j+1 T2j+1
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! Translation invariant case \Lf]?\ INSTITUT

’;}: A(ilrsggble FOURIER

e Assume (Sj,% = S;, V(Jj, k) € Zz]

Fourier F:0*(7%C) — [A(S") @ *(Z;C) @ C?

F 7, 2k) = e™®]j)®|+)
Flj,2k+1) = e™]j — 1)®|-)
D

* Propr FUeer = [ Uawiy) 5 on 12(8h @) @)

g1 27T

where Ugw(y) :=8C(y) is a 1D Quantum Walk

S|j@lL)=j£1) &+
Cly)lj) ®v:=1j) @ Cj(y)v Yu € C?

—t. oY . o
C25(y) = Go ( R A ) o Coa(y) = q2j1 ( F2+ 2”1) .

roje Y to; —tloj+1 T2j41

o Interface [0,27) >y~ Ugw(y) finite matrix, analytic

~ Thm II: @SC(UCC):@ & aac(UCC)zglj
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o Kitaevs Spectral flow formula: on (*(z;C?
=2 Uywl) st UG y)lus < - _Cw o> 2
yel
index(U*QU, Q) = Tr (U*QU — Q) YF‘ (1U Gz 9)lEs = Uy, 2)lls)
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e Kitaevs Spectral flow formula:

Up(z) = Ulz,y)vly) st (U y)|as <

YEL

index(U*QU, Q) = Tr (U*QU — Q) = >: >:

N

o INSTITUT
[ f FOURIER

on /(? (Z; (Cd)

¢ a > 2

=yl

Uz, ) las — 1U(y, 2) 1 5rs)

O O @I @ P @ @ @ i @ - @

perturb. of: o

|
|
Y et S0 et S S .
=> (0uc(Ucc) =8 o7 4 DRORCNL st
|
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Remarks:

 No conjugate operator for Mourre estimate
e Extensions to other Quantum Walks in Z¢

e Reminiscent of Iwatsuka type situations

e Bulk-edge correspondence for Floquet operators:

Carpentier et al ‘15, Graf-Tauber 17, Sadel-Schulz-Baldes ‘17, Delplace et al ‘17,
Shapiro-Tauber ‘18.

e Inspiration Kitaev and Werners group work on 1D QWS
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