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Quantum Hall effect

2
ik,
maa)c

i —(x=p,I?

vy (X y) =€ (L)e 0D

Quantized Hall conductance

e2

Oy =V—

Landau gauge:

Chern number

2r 21
v=[dp, [dp,Q(p,.p,)  u
0 0

{

Q(p,,p,) =2imTf(P[pr’PpJ)

P=>ly,Xw,|
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Quantum Hall effect

2
ik,
maa)c

Wy, o () =€ () P

 Landau gauge:

bulk edge

A

« Confining potential:

Chiral edge modes .

/
Z
* Chern number /®/

Number of chiral edge modes

L

See Yasuhiro’s talk and references therein
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Laughlin/Halperin’s argument

Landau gauge:

dg /ot
Vo, (% y) =€ ()e - py”

Chern number

Number of charges moved over a

pump cycle




Laughlin/Halperin’s argument

2
ik,
maa)c

VX, Y) =€ () O

Landau gauge:

Chern number
Number of charges moved over a

pump cycle
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Hofstadter model

"

« Hamiltonian: ” “/

+ h.c.

T 1277bX A T
) (cx,ycxﬂ,y + h.c.) +t, (e Cl Cyyin

X,y
_ f f
= Zt (Cx,ky Cornk, + h.c.) +2t, cos(2zbx +k, )c, . Cy
XK,

e Spectrum:
Harper, PPSL A 68, 874 (1955)
Azbel, JETP 19, 634 (1964)
Hofstadter, PRB 14, 2239 (1976)

“SENS « 75
it G B G 4 el
2\ A YN\
< 4 S\
-4 \
Sl N




Hofstadter model
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X Cx,ky Cx+l,ky + h'C'

* Quantized Hall conductance:

TKNN, PRL 49, 405 (1982)

eZ

Oy =V—

e Chern numbers:

2r 27
v=[dp, [dp,Q(p,.p,)
0 0

Q. p )—ZiTr(P[PpX,PpJ)

7T




Hofstadter model
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y

« Hamiltonian:

I
:

Y
w7

)

X (CX,ky Cx+l,ky + h'C'

x,ky

* Quantized Hall conductance:

TKNN, PRL 49, 405 (1982)

eZ

T =V

« Chern numbers:
b — V
g
r=pv, +qm,
q

|Vr|<§

cos(2

hx +

ky)C;k

C
y XKy
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Topological pump (1+1)

« Harper model as a topological pump:
D. J. Thouless, Phys. Rev. B 27, 6083 (1983)

H(g)=>t, (c'x"‘cX+l + h.c.) +2t, cos(2zbx + g)c/c,

X t,
/-Ji\ F—0—J 6\

p=27 |7

 Spectrum:

Topological edge states of a 2D crystal

Boundary states of a
1D topological pump
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Photonic waveguide array

* A waveguide:

10,y =Vy

* A photonic crystal:

Lahini et al., PRL 103, 013901 (2009)
Iazl//x - tXWX+1 + 1:x—1'7”x—1 +Vx'7”x

tight binding model
propagation replaces time




Photonic waveguide array

Diagonal modulation:

a WX - t(WHl + WX—l) +VXWX

Off-diagonal modulation:

ETH:rich

/Z

—_— X

Iﬁ '7” _txl//x+l+t 1l//x -1 / //

C’)/(V L 4

—_—
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Experiment

Setup:
Input:  single site
output: distribution

Evolution:
overlap with eigenstates

expansion according to eigenstates

No chemical potential
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Generalizations — Other 1D models

« Off-diagonal Harper model:

Hig) =Y [tx +2t,, cos(27bx + ¢)] ¢! ¢ +hec.

X+1¥X

Phys. Rev. Lett. 109, 106402 (2012)
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Experiment 1: adiabatic pumping (1D+1)

 Pumping:

« Adiabatic pumping:
off-diagonal

intensity

H (¢) = Z[tx +2t,, cos(27zbx + ¢)] ¢! ¢ +hec.

X+1~X

Phys. Rev. Lett. 109, 106402 (2012)
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Quasiperiodic models

Systems with long-range order but
no translation symmetry.

1D Fibonacci chain: L
L > LS LS

S—>L LSL
LSLLS
LSLLSLSL

b,
4,6@-

tina- 1 gug s

2D Penrgge tiipg: 1 sadles,
n &’H@;'&ﬁ&gpﬂﬁ,&ﬂhﬂ

e un ety si%%g%’;“g% \

(7 7

AR AN S
SN K SE )T AN
- aEs Sas ! ara ag o Bus
Beto & O net s O e o'n s
TN T VA S T
SN B TN IS T
a*gﬁn%‘%a > TR
oA AT
N DLLILES
‘ ’ uge, N gl
Y




ETH:rich

Long-range order vs. translations

« Harper (or Aubry-Andre) model:

H(g)=>t (c:rfcn+l + h.c.) +2t'cos(2zbn + g)cic,

« Long-range order vs. translations
I Il I l

n=1..30 o a
cos(27zbn)/ I | I I
n=101..130 II"Ill III'II I.II|.|||_

The order determines the system up to
translations of the origin
(which have no effect on bulk properties).

Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and Oz, Phys. Rev. Lett. 109, 106402 (2012)
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Long-range order vs. translations

« Harper (or Aubry-Andre) model:

H(g)=>t (c:rfcn+l + h.c.) +2t'cos(2zbn + g)cic,

« Translations vs. ¢

b = p/q: (27zbn)mod 2~ € {0,272'-;-,272'-3,..}

irrational b;  (2zbn)mod 27~ < [0,27]

For the latter ¢ has no effect on bulk properties

Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and OZ, Phys. Rev. Lett. 109, 106402 (2012)
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Long-range order vs. translations

« Harper (or Aubry-Andre) model:

H($) =D t(cic,.. + h.c.) +2t'cos(2zbn + g)c'c,

* Translations vs. ¢
¢ — ¢+€ ISequivalentto n—n+ne

Hig+e)=TH@T =T, (>, E@|){|)T.
:Z| E, (4) Tg|><Tg|

independent of ¢ — flat bulk bands E m

Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and OZ, Phys. Rev. Lett. 109, 106402 (2012)
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Long-range order vs. translations

Harper (or Aubry-André) model:

H($) =D t(cic,.. + h.c.) +2t'cos(2zbn + g)c'c,

Projector P:
P~H  Pp+e)=T,PAT 0,P¢+e)=T.0,P@T,

* Berry curvature

QAP Afl(rléf@;ﬂ B)FLP(4+2).0,

1

— g Tr (Pg@gﬁgf&@ ¢@Q¢@ AP Q%sj '

Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and OZ, Phys. Rev. Lett. 109, 106402 (2012)
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Long-range order vs. translations
Harper (or Aubry-André) model:

H(#) = > t(cic,., + hc.)+ 2t 'cos(2zbn + g)clc,

Berry curvature

Q(¢,0) = Z%iTr(P[aqu,a@P]) = Q(6)

Chern number
y = jd¢ jd@g(¢ 0)= 27zjd@g2(9)

Chern numbers can be associated W|th the whole
We can asfg at{le_lﬁ)) ern numbers with any H(¢)!

Thouless, PRB 27, 6083 (1983)

Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and OZ, Phys. Rev. Lett. 109, 106402 (2012)
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Fibonacci-like chains

» Fibonacci quasicrystal:
d =+1

1 1
= Z(LH(n — Z)J—Lm(n +1)D—

« Off-diagonal Fibonacci
H=>[t+t'd,]cc, +hc.

n+1*n

« Diagonal Fibonacci

H=> t(clc,+hc)+t'dclc, |I|IIIIIIIIIIII

Y. E. Kraus and OZ, Phys. Rev. Lett. 109, 116404 (2012);
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Fibonacci-like chains

» Fibonacci quasicrystal:

%aw ) ﬁ%‘%ﬁéﬁ(ﬁmﬁgﬁbw)*xﬁ(ﬂb)]}

R BT N _
(i W i M

- p— 0. Harper
d,(8 — 0) =cos(2zbn+37b+¢)—cos(zh)
+ p—=:  Fibonacci

d (8 — )= 2@b(n+2+2¢)J—[b(n +1+ 2¢)D—1

T T

Y. E. Kraus and OZ, Phys. Rev. Lett. 109, 116404 (2012);
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Fibonacci-like chains

Off-diagonal:

—

— . ——
—— e e —
S —

Topological boundary states.

Zijlstra, Fasolino and Janssen, PRB 59, 302 (1999).
El Hassouani et al., PRB 74, 035314 (2006).

Pang, Dong and Wang, J. Opt. Soc. Am. B 27, 2009 (2010).
Martinez and Molina, PRA 85, 013807 (2012).

Y. E. Kraus and OZ, Phys. Rev. Lett. 109, 116404 (2012);
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Fibonacci pumping

=
(22}
c
O
+—
=

In atoms

M.. Lohse, Nat. Phys. 12, 350 (2016).
S. Nakajima et al. Nat. Phys. 12, 296 (2016)

M. Verbin , OZ, Y. Lahini, Y. E. Kraus, and Y. Silberberg, PRB 91, 064201 (2015)
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Further implications

« Topological phase transition:
H («)

E n E n
V2 2]
v, V,
0 194 1

« Topological phase transition in space:

A sharp edge breaks long-range order and the
boundary modes may not appear!!
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Bulk transitions

Adiabatic deformation:
( E.

boundah,I

A D

M. Verbin, OZ, Y. E. Kraus, Y. Lahini, and Y. Silberberg, Phys. Rev. Lett. 110, 076403 (2013)
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Bulk transitions

Adiabatic deformation:

Harper Fibonacci

2

:1+\@
LDOS:

—2.41

e Measurement:
(-

o
=
<
N
e
o
A=

1

M. Verbin, OZ, Y. E. Kraus, Y. Lahini, and Y. Silberberg, Phys. Rev. Lett. 110, 076403 (2013)
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X+1,y
X,y+1
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X,y
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P,
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y+
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cos(27b

Z

ty+2t

H(4,.4,) =D [t +2t, cos(2zb
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What about 2D quasicrystals?

Pump parameter ¢,

LT L M-Sl eoseaaeace.,

4 [ty +2t, cos(2zh, y + ¢y)] c'.c .. +hc.

XY X y+1 '
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4D quantum Hall effect

B

affyo
(I)O

1
(27)°

.” J‘-“BZ dkxdkydkzdka A €2

Z:

First derivations:

J. E. Avron et al., Comm. Math. Phys. 124, 595 (1989).

J. Fréhlich and B. Perdini, in Mathematical Physics 2000 (Imperial College
Press, London, United Kingdom)..

S.-C. Zhang and J. Hu, Science Vol. 294, 823 (2001):

X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057 (2011).
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4D quantum Hall effect

K. Kraus, Z. Ringel, and OZ, PRL 111, 226401 (2013)

e

— —B E
€ s 5
h “7 @,

1

(272')2 v”.”BZ dkxdkydkzdkaXZQyW

Z:

See also PRL 115, 195303 (2015), PRA 93, 043827 (2016), PRB 93 245113 (2016)



4D quantum Hall effect

K. Kraus, Z. Ringel, and OZ, PRL 111, 226401 (2013)

o
g//ﬁ )

e B
XByo L E5 :
()

0

Lorentz-type response

See also PRL 115, 195303 (2015), PRA 93, 043827 (2016), PRB 93 245113 (2016)
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4D quantum Hall effect

K. Kraus, Z. Ringel, and OZ, PRL 111, 226401 (2013) Lorentz-type response

Br+

///ityJW

B .
XByd Eo Ea’

Density-type response

:IX:IW:O
2 2
e B e
| =y———2E +—v._n_E :
y)(hq)owhywxzw

See also PRL 115, 195303 (2015), PRA 93, 043827 (2016), PRB 93 245113 (2016)
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4D QHE => 2D topological pumps

a3 /%

30./ot 1

H (4. 9,) = Z[t (€5 /Gy +NC.)+ 28, COS27 (D, X+ By, Y) +4,)c] €,

Ut ( . Xy+1+hc)+2t cos(27z(®,, +B,,)Y+4,)C.,Cy ]

K. Kraus, Z. Ringel, and OZ, PRL 111, 226401 (2013)
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2D photonic topological pump (2D + 2)

« Topological charge pump in each direction:

H(d,.¢,) = Zt +2t,, cos(27zb, X+ ¢,)]c) ,Cpuny
[ t, +2t, cos(27b,y +4,) |c]

oy Xy+l+hc.

Nature 553, 59 (2018)
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2D photonic topological pump (2D + 2)

« Topological charge pump in each direction:

Pump parameter ¢, = ¢,

Nature 553, 59 (2018)
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2D photonic topological pump (2D + 2)

Left-center injection Bottom-center injection

No pumping &

(g}

o
-~
—_
—

Pump ¢, and ¢,

Nature 553, 59 (2018)
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2D photonic topological pump (2D + 2)

Bottom-left corner injection

No plllll]lill‘,’1 P

-~
-~

b-

> ‘ o
) (Vg ,.H(l LT
=3

O =3
LY v

= e

=

"

Nature 553, 59 (2018)
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Atomic topological pumps

V,sin? (wz/ds + 7/2) + Visin® (wz/dy — ©/2)

Cool atoms into a Mott insulator state
Homogeneous delocalization over first
Brillouin zone

F “><“><><u
><7><“><u

Nat. Phys. 12, 350 (2016)
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Atomic topological pumps

(x) = [[ (va (k.. 1)) dk, dt = C d,

Nat. Phys. 12, 350 (2016)
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Atomic topological pumps

- Z (,]1(;)1;7,'(),,, T

nm

A(p) " T
_+_ .) Z ((’”I(I”f - I”fl)lll

—

I

C,=-1

Nat. Phys. 12, 350 (2016)
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2D topological charge pump

PRL 111, 226401 (2013), Nature 553, 55 (2018) & Nature 553, 59 (2018)
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2D topological charge pump

* An optical superlattice

Nature 553, 55 (2018)
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2D topological charge pump

An optical superlattice

Nature 553, 55 (2018)
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2D topological charge pump

Nature 553, 55 (2018)
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Bulk response

2
e B
| = w e
y Zh(l)oz

[ 7 =1.07(8) ]

1.0

N 0.8}

Nature 553, 55 (2018)
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6D QHE and 3D topological pumps
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|. Petrides, H. M. Price, and OZ, arXiv:1804.01871
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