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2 ���3�#43�	4��65 R 7*8:9<;
=?>A@CB�DE8GFIH�7)JK7L=?>�9:DEB�H6MONQP*R3FID S�>�=E7LH�T*7U7L9�FIH�7)JK7L=?>�9:DEB�H6MONQB�JKMVJK7XWZY[= =E7U7*8K9�MIB�H�T)7LH]\�>�J:9:DETLFI= DE7LJ
JKP_^�7_`�D Sa7XbI8Kc3dePL9:J:DER3F�7f7L9g>�H�9:DE8:c�dePL9:J:DER3F�7XW�hi7*TLD�PL9j>�H�9kS�F�bI8KB�DE7LH�9 x 7L9 y M�>�H�8 E W�l3FI\I\mBX8KB�H�8 xRy W�hiB�dnde7 R 7*8:9
8:c�dePL9:J:DER�F�7XbVB�H/><MIB�H�T yRx b�MIB�H�T xRy 7L9 xRy WIhiB�dnde7 R 7*8:9o>�H39:DE8:c�dePL9:J:DER�F�7XbIB�H
><MIB�H�T x = y WVpqP*TLD \IJKB3R3F�7_r
de7LH�9sb�8:FI\I\,BX8jB�H�8 x = y W�hiB�dnde7 R 7*8K9tJKP_^�7_`�D Sa7Xb xRx b�MIB�H�T xRy \IFIDE8KR3F�7 x = y W�u�>�JvMIB�FIwI=E7GD dn\I= DETs>�9:DEB�H�b,B�H
>xwIDE7LH
deB�H�9:JKP<R�F�7 xRy 8j8:D x = y W,y
2 ���3�#43�	4��/5z5 >a{�|�=,7*8K9iS�Jj>�DmR�F�7}8:D a 6= 3 b�D =mH�N cU>~>�F�TLFIH�7}8KB�= FI9:DEB�H�WIY[HAJK7LS�>�H�Tj��7XbVFIH/8:c�8K9K�Lde7g= D H�Ps>�D JK7G><9KB�F��:B�FIJK8� PLJKBIb�FIH�7vB�F)FIH�7qD HV��HID 9KPvMI7g8KB�= FI9:DEB�H�8sW�|�=�H�NQ7*8:9iMIB�H�Tg\�>�8�\,BX8j8:D wI=E7gR3F�7t\mB�FIJ a = 3 =E7v8:cV8:9K�Lde7g>�D 9i9:JKB�DE8�8KB�= FI9:DEB�H�8zW
Y[H�B�FI9:JK7XbI=E7*8g8KB�= FI9:DEB�H�8t\IJKB�\mBX8KP*7*8kH�7G8jB�H�9t\�>�8t8jB�= FI9:DEB�H�8tMVF�8:cV8:9K�Lde7XWI�

w�{kl3D a 6= 3 bVD =OH�N c/><\�>�8tMI7f8KB�= FI9:DEB�H�8sW�l3D a = 3 bVD =Oc�>x\I= F�8KDE7LFIJK8kJKPL\,B�H�8j7*8oS�>�=?>�wI=E7*8��.wIDE7LH$8:�IJkP*R�FID SX>�=E7LH�9K7*8�{f�
S = {(x,−x/5, 1 − x/5), x ∈ R} = {(−5y, y − 1, 1 + y), y ∈ R} = {(5 − 5z, z − 1, z), z ∈ R} W-�
2 ���3�#43�	4��]5#5z5 � {v��7eMVDE8KTLJ:D dnD H�>�H39<7*8:9 ∆ = 4 − 4i = 4(1 − i) = 4

√
2e−iπ/4 = (25/4e−iπ/8)2 WO��7*8�8KB�= FI9:DEB�H�8

8KB�H�9qMIB�H�T z1 = −1 − 21/4e−iπ/8 7L9 z2 = −1 + e−iπ/8 W� {tl�B�DE7LH39 P ∈ C[X] 7L9 n ∈ N 9K7L=ZR�F�7 n ≥ deg(P ) W�u�B�FIJg9KB�FI9 a ∈ C b P =
∑n

k=0 P (k)(a) (X−a)k

k! WV�� >a{f�qH�9:JKB�FISa7/� P (1) = 0 b P ′(1) = 0 b P ′′(1) = 12 + 4i b P ′′′(1) = 48 b P (4)(1) = 48 7L9 P (k)(1) = 0 \mB�FIJ
9KB�FI9g7LH�9:DE7LJ k ≥ 5 W� w�{t�qH�> P (1) = P ′(1) = 0 7L9 P ′′(1) 6= 0 bIMIB�H�T 1 7*8:9kJj>�TLD H�7�MIB�FIwI=E7GMI7 P � m = 2 W���7}\mB�= c3H���de7 (X − 1)2

MVD S3DE8j7fMIB�H�T P WI��7fJK7*8:9K7�MI7}=?>nMVD S3DE8KDEB�H
7LF�TL= DEMVDE7LHIH�7�MI7 P \�>�J (X − 1)2 7*8:9tMIB�H�TfH�FI=�W� Tz{o�~N�>�\IJK�*8k=?><@CB�J:d�FI=E7GMI7��Z>*c�=EB�Jq>�\I\I= DER3F�P*7�>�F/\mB�D H�9 1 7L9tT*B�dn\I9K7f9K7LH3F�MVFA@�>�D 9tR�F�7 P 7*8K9tMI7fMI7L�XJKP 4 b�B�H�>
P =

∑4
k=0 P (k)(1) (X−1)k

k! WIY[H�FI9:D = DE8j>�H�9q=E7*8kS�>�=E7LFIJK8gMVF
w�{iB�H�B�wI9:DE7LH�9x�
P = (6 + 2i)(X − 1)2 + 8(X − 1)3 + 2(X − 1)4 = (X − 1)2[6 + 2i + 8(X − 1) + 2(X − 1)2]

Y[H�MIPLSa7L=EB�\I\�>�H39q=�NQ7_`V\IJK7*8K8:DEB�H
7LH39:JK7�TLJKB�TK��7L9K8t\IFIDE8g7LH�8:D dn\I= D���>�H�9qD =OS3DE7LH39��
P = (X − 1)2(2X2 + 4X + 2i) = 2(X − 1)2(X2 + 2X + i)

� M�{o|�=�8:FID 9gMI7f=?>nR3F�7*8:9:DEB�H � {kR�F�7 X2 + 2X + i = (X − z1)(X − z2) b�B�� z1 7L9 z2 8KB�H�9t=E7*8gT*B�dn\I=E7_`V7*8qMIP_��HIDE8v>�F� {_W��qH�>nMIB�H�Te�
P = 2(X − 1)2(X + 1 + 21/4e−iπ/8)(X + 1 − 21/4e−iπ/8)

2 ���3�#43�	4��x5_��� {�Y[HxFI9:D = DE8j>�H39�=?>gdePL9:��B�MI7�MI7k�f>�F�8K8�r���B�JKM�>�H/�.SaB�D J[T*B�FIJK8�{-B�Hx9:JKB�FISa7�R3F�7 P 7*8:9ZD H�Sa7LJK8:D wI=E7oMON D H�Sa7LJK8j7
P−1 =







1 2 3

0 1 0

0 0 1






.

� {q|�=�c�>�7_`�>�TL9K7Lde7LH�9 8 d)>�9:J:DET*7*8GMVD?>��aB�H�>�=E7*8GMI7~Ts>�J:JKP D �,T*7~8KB�H�9f=E7*8vd)>�9:J:DET*7*8GMVF 9�c�\m7 Diag(x, y, z) >sSa7*T
x ∈ {1,−1} b y ∈ {

√
2,−

√
2} b z ∈ {1,−1} W¡�qH]\,B�FISX>�D 9<MIB�HIH�7LJ<H�N D dn\,B�J:9K7U=?>�R�F�7L= =E7UMI7)T*7*8�d)>�9:J:DET*7*8sb-=?>
\I= F�8

\,B�\IFI=?>�D JK7<>*c�>�H�9vPL9KP M = Diag(1,
√

2, 1) W� {�l�B�D 9 Q ∈ M3(R) FIH�7¡d)>�9:J:DET*7¡D H�Sa7LJK8KD wI=E7XWzu�B�FIJ�9KB�FI9-7LH�9:DE7LJZH�>�9:FIJK7L= k bLH�B�9KB�H�8 Hk =?>i\IJKB�\IJ:DEPL9KPg� (Q−1BQ)k =

Q−1BkQ W�¢$B�H39:JKB�H�8t\�>�JkJKP*TLFIJ:JK7LH�T*7�R3F�7 Hk 7*8:9kS�Jj>�DE7f\mB�FIJk9KB�FI9g7LH�9:DE7LJqH�>�9:FIJK7L= k W
|�HID 9:D?>�= DE8j>�9:DEB�H]�IB�H�> Q−1B0Q = Q−1I3Q = Q−1Q = I3 = (Q−1BQ)0 bIMIB�H�T H0 7*8:9kS�Jj>�DE7XW£ PLJKP*MVD 9KP¤�i8jB�D 9 k ∈ N Wkl3FI\I\mBX8KB�H�8 Hk S�Jj>�DE7XWoY[H¥FI9:D = DE8j>�H�9 Hk \,B�FIJA=?>¦MI7LFV`VDE�Lde7�PL��>�= D 9KPXbkB�H¥B�wI9:DE7LH�9§�

(Q−1BQ)k+1 = (Q−1BQ)kQ−1BQ = Q−1BkQQ−1BQ = Q−1BkI3BQ = Q−1Bk+1Q WI�}B�H�T Hk+1 7*8:9gS3Jj>�DE7XW¨C©�ª�«C¬�ªj­�®C¯Q«�¯�°z¯Q«�±¡²z³
R

­�´ ªiµ�ªj®-±�«�±·¶#«�¯�¸�¯�®C±�³_¹º�»,³:ª�¶#¼�½_¶#µ}²a´ ³¾­s«C¬�³�°L½_¶#®m®C³�¿iÀ#¸�³�­*«O¼¾¬�½_¯Q¬�³iÁaÂ:ÃmÄs¶�´ ¶�­g®ÆÅ#®Æ«�Ç¾¿k³�¸�¯�­�±:ªj¯�¬�³¡²z³
n

±:Ä*¶�ªK«�¯�½_­�®�È
n

¯�­�¼�½�­�­s¶�³�®�ª¡«�½_¶jÉÆ½_¶z¬�®O³¾Ê#ª�¼¾«�³¾¿k³�­*«O¶�­#³®C½�¸Ë¶z«�¯�½_­xÌ ¼�´ ³¾®Æ«mÍ ªj¶#ÊaÎs¶�­k«�³�¸a®ÆÅz®Æ«�Ç�¿k³-µX³�¶#«,±�ÏLªj¸Ë³¾¿k³�­*«O­�³-µ�ªj®Oª:°L½_¯Q¬-²#³-®C½_¸�¶z«�¯Ë½�­�®�Îz½_¶g³�­qª:°L½_¯Q¬O¶#­�³-¯Ë­zÐ�­#¯�«�±�Ñs¸ËªÒ¼¾½_­#ÍÓ¶�®C¯�½_­q®C³�¿iÀ#¸�³Z°L³¾­�¯Q¬²a´ ¶#­�³O¼�½�­#ÍÓ¶�®C¯�½_­t³�­*«C¬�³O¸�³O¬�ª�­�Ï¡²a´ ¶�­o®ÆÅz®Æ«�Ç�¿k³O³¾«�®C½�­k­�½_¿�À#¬�³�²a´ ±�Äs¶�ªj«�¯�½_­#®�¯Ë­#¯Q«�¯Ôªj¸ Îsª:°_ªj­s«�²z³-¸�³O«C¬�ª�­#®ÆÍ�½j¬�¿k³¾¬,³�«,²a´ ±�¸�¯Ë¿k¯�­#³¾¬,¸�³�¼:ªj®�±�¼�Õ�±�ª�­*«²z³�®O¸�¯ËÏ�­�³�®�¬�³:²z½_­�²#ª�­*«�³�®�Ã�ÑXÖ�ÃOÄs¶�´ ¶�­g®ÆÅ#®Æ«�Ç¾¿k³�¸�¯�­�±:ªj¯�¬�³Òª:°L³�¼�®Æ«C¬�¯Ë¼�«�³�¿k³�­*«�µ�¸�¶�®�²a´ ¯Ë­#¼�½_­#­s¶�³�®�Ä*¶�³·²�´ ±:Ä*¶�ªK«�¯Ë½�­�®-ªÒ«�½�¶�É.½_¶#¬�®�¶#­�³·¯�­#Ð�­�¯Q«�±[²z³®C½�¸Ë¶z«�¯�½_­�®ÒÌ ¼_´ ³�®Æ«�Í ªj¶#ÊaÎ#¼�³¡Ä*¶�¯a³�®Æ«-°*¬�ª�¯�¼_´ ³�®Æ«ZÄs¶�´ ¶�­t«�³�¸3®ÆÅz®Æ«�Ç�¿k³�®C½_¯Q«�­�´ ªoª�¶#¼�¶�­#³·®C½_¸�¶#«�¯�½�­3Î�®C½�¯Q«Z³¾­}ªi¶#­�³·¯�­#Ð�­�¯Q«�±KÃ�¹×¾ØO«C«�³¾­s«�¯�½�­<Á#ÀX³:ª�¶#¼�½_¶#µ}²�´ ³�­*«C¬�³·°_½_¶�®�±�¼�¬�¯Ë°_³�­*«
S = {(x ∈ R,−x/5, 1 − x/5)}

ª�¶q¸�¯Ë³¾¶G²#³
S = {(x,−x/5, 1 − x/5), x ∈ R}

¹Ù�Ú ³�¶#ÊxÄ*¶�¯�­3´ ½_­*«¡µ�ª�®¡µ#¬�±�¼¾¯Ë®C±gÄ*¶�³
n

±¾«�ªj¯Q«�¸�³g²#³¾Ï�¬�±t²#³
P

½_¶x¶#­x³�­*«�¯�³¾¬Ò®C¶�µX±�¬�¯Ë³¾¶#¬Ò½_¶~±¾ÏLª�¸,ª�¶n²z³�Ï�¬�±t²z³
P

½_­*«¡³�¶~¸Ëªv¿k½�¯Q«�¯Ë±t²z³�®µX½�¯Ë­*«�®�¹



�}B�H�T Hk 7*8:9<S�Jj>�DE7U\,B�FIJx9KB�FI9n7LH�9:DE7LJ~H�>�9:FIJK7L= k W�Y[H¤>�\I\I= DER�F�>�H39eT*7)JKP*8KFI= 9j>�9n; Q = P 7L9n; Q = P−1 bZB�H
B�wI9:DE7LH�9vR�F�7}\mB�FIJt9KB�FI9t7LH�9:DE7LJqH�>�9:FIJK7L= k b (P−1BP )k = P−1BkP 7L9 (PBP−1)k = PBkP−1 WÛ {[l�B�D 9 C M�>�H�8 M3(R) WX�xN�>�\IJK�*8 � {_b�>sSa7*T k = 2 7L9 B = C b (PCP−1)2 = PC2P−1 WX�}B�H�ToD =V8KFVÜe9¡MI7�deB�H39:JK7LJ
R�F�7 C2 = A 8j8:D PC2P−1 = D W

l3D C2 = A B�HÝ> PC2P−1 = PAP−1 = D W·pgP*TLD \IJKB�R3F�7Lde7LH�9sb¡8:D PC2P−1 = D b�B�H�> C2 = I3C
2I3 =

P−1PC2P−1P = P−1DP = P−1PAP−1P = I3AI3 = A u·>�J)MIB�FIwI=E7/D dn\I= DETs>�9:DEB�H�b�B�H�>$wIDE7LHÝdeB�H�9:JKP
R3F�7
C2 = A 8K8:D PC2P−1 = D W�Þß {Òl�B�D 9 C M�>�H�8 M3(R) W��~N�>�\IJK�*8�=E7 Û {_b C2 = A ⇔ (PCP−1)2 = D MIB�H�T C2 = A ⇔ (PCP−1)2 = M2 W3àgH�7
T*B�H�MVD 9:DEB�H$8:FVÜ)8�>�H�9K7)�.d)>�DE8g\�>�8kH�P*T*7*8K8j>�D JK7[áË{i\mB�FIJgR3F�7 C2 = A 7*8:9tMIB�H�TGR3F�7 PCP−1 = M W�âv|�=�8:FVÜe9gMIB�H�T�R�F�7
C = P−1MP WIu�B�FIJ M = Diag(1,

√
2, 1) B�H�B�wI9:DE7LH39

C =







1 −2 + 2
√

2 0

0 2 0

0 0 1







ß {�l�B�D 9 E =�NQ7LH�8K7Ld<wI=E7kMI7*8Zd)>�9:J:DET*7*8·MI7 M3(R) MI7iTs>�J:JKP A W�ãqB�F�8[>�= =EB�H�8�deB�H�9:JK7LJ¡R3F�7 E >v>�F<deB�D H�8 8 PL=EPLde7LH�9K8sb
MIB�H�Tg8:9:J:DETL9K7Lde7LH39�\I= F�8iMI7gMI7LFV`OW3l�B�D 9 F =�NQ7LH�8K7Ld<wI=E7qMI7*8Òd)>�9:J:DET*7*8�MI7 M3(R) MI7gTs>�J:JKP D W3hiB�dnde7v7_`�\I= DER3F�Pq>�F � {_b
F >U>�F�deB�D H�8 8 PL=EPLde7LH39K8sW�u�B�FIJ}deB�H�9:JK7LJ}R�F�7 E >)>�F�deB�D H�8 8 PL=EPLde7LH39K8sb,D =Z8:FVÜe9vMIB�H�T<MI7�deB�H�9:JK7LJfR3F�N D =Z7_`VDE8:9K7
FIH�7)8:FIJÆ�:7*TL9:DEB�H¦MI7 E M�>�H�8 F W·l�B�D 9 f : E → F 9K7L= =E7UR3F�7e\mB�FIJ�9KB�FI9 C M�>�H�8 E b f(C) = PCP−1 WZ�xN�>�\IJK�*8x=?>
R�F�7*8K9:DEB�H Û {_b f(C) ∈ F MIB�H�T f 7*8:9ÒwIDE7LHAMIP_��HIDE7XW�¢$B�H39:JKB�H�8kR�F�7 f 7*8:9�8KFIJÆ��7*TL9:D Sa7XWIl�B�D 9 B ∈ D W�l�B�D 9 C = P−1BP W
Y[H�d<FI= 9:D \I= D?>�H�9�;e��>�F�TK��7<\�>�J P 7L9};eMVJKB�D 9K7<\�>�J P−1 B�H�B�wI9:DE7LH39x� PCP−1 = B b�MIB�H�T C ∈ E MON�>�\IJK�*8 Û {t7L9vMI7
\I= F�8 f(C) = B W B >nMIB�H�T<>�F/deB�D H�8tFIH$>�H39KP*T*P*MI7LH�9v\�>�J f WI�vB�H�T f 7*8:9t8KFIJÆ��7*TL9:D Sa7Xb�T*7�R�FIDO9K7LJ:dnD H�7f=?>n\IJK7LFISa7XW�ä
2 ���3�#43�	4�� � �¡NQ7_`I7LJKTLDET*7n>ePL9KP<9:JK�*8qd)>�=�JKPLF�8K8:D�W��a7<JKP*MVD �a7xMIB�H�TxMI7<d)>�HIDE�LJK7<9:JK�*8vMIPL9j>�D = =EP*7XWm�a7<H�7�SaB�F�8vMI7Ld)>�H�MI7
\�>�8tMI7fJKP*MVD �a7LJgMI7Gd)>�HIDE�LJK7�>�F�8K8:D�MIPL9j>�D = =EP*7Xb�d)>�DE8g>�F
dnD HID d�FId�R�F�7fT*7�R�F�7}SaB�F�8tP*TLJ:D S�DE7 � >�D 9tFIH$8K7LH�8sW� {f¢�B�H�9:JKB�H�8x9KB�FI9~MON�>�w,B�JKM]R�F�7U8:D f 7*8K9�D H��:7*TL9:D Sa7�>�=EB�JK8sb-\,B�FIJ<9KB�FI9K7*8x\�>�J:9:DE7*8 A 7L9 A′ MI7 E b f(A ∩ A′) =

f(A)∩f(A′) WXl3FI\I\mBX8KB�H�8 f D H��:7*TL9:D Sa7XWal�B�DE7LH�9 A 7L9 A′ MI7*8�\�>�J:9:DE7*8�MI7 E W�ãvB�9KB�H�8�R3F�7XbsH�B�H~\�>�JKT*7iR�F�7 f 7*8K9ZD H��:7*TL9:D Sa7
d)>�DE8[\�>�JKT*7tR3F�7kTXNQ7*8:9[9KB�F��:B�FIJK8[S3Jj>�D�7L9¡M�>�H�8[SaB�9:JK7tT*B�FIJK8sb f(A∩A′) ⊂ f(A)∩f(A′) WX�}7k\I= F�8sbX8:D y ∈ f(A)∩f(A′) b
>�=EB�JK8 y ∈ f(A) 7L9 y ∈ f(A′) W-|�=�7_`VDE8:9K7)MIB�H�T x M�>�H�8 A 9K7L=�R3F�7 y = f(x) 7L9 x′ M�>�H�8 A′ 9K7L=E8xR�F�7 y = f(x′) W
hiB�dnde7 f(x) = f(x′) 7L9fR�F�7 f 7*8:9}D H��:7*TL9:D Sa7XbOB�H§> x = x′ WO�}B�H�T x ∈ A ∩ A′ WO�}B�H�T f(x) ∈ f(A ∩ A′) Wm�}B�H�T
y ∈ f(A ∩ A′) W��vB�H�T f(A) ∩ f(A′) ⊂ f(A ∩ A′) 7L9t\�>�JgMIB�FIwI=E7GD H�TL= F�8:DEB�H f(A ∩ A′) = f(A) ∩ f(A′) W

pgP*TLD \IJKB�R3F�7Lde7LH�9sbIdeB�H39:JKB�H�8gR3F�7f8:D f H�NQ7*8:9k\�>�8oD H��:7*TL9:D Sa7Xb�>�=EB�JK8oD =�7_`VDE8:9K7}MI7*8k\�>�J:9:DE7*8 A 7L9 A′ MI7 E 9K7L= =E7*8tR3F�7
f(A ∩ A′) 6= f(A) ∩ f(A′) W

l3FI\I\mBX8KB�H�8 f H�B�HåD H���7*TL9:D Sa7XWk|�=}7_`�DE8:9K7�MIB�H�T x 7L9 x′ M�>�H�8 E 9K7L=E8/R3F�7 x 6= x′ 7L9 f(x) = f(x′) WouZBX8jB�H�8
A = {x} 7L9 A′ = {x′} W,�qH�> A ∩ A′ = ∅ MIB�H�T f(A ∩ A′) = ∅ W�¢ >�DE8 f(A) = {f(x)} = {f(x′)} = f(A′) MIB�H�T
f(A) ∩ f(A′) = {f(x)} 6= ∅ W��}B�H�T f(A ∩ A′) 6= f(A) ∩ f(A′) W� {oæiDE7LH�8:�IJsbI8KD f 7*8K9kwID ��7*TL9:D Sa7XbI\�>�Jq7_`V7Ldn\I=E7G8KD f = IdE WIæo7s>�F�T*B�FI\$MONQ7LH�9:JK7�SaB�F�8gT*B�H39:D H�F�7LH�9f;nTLJKB�D JK7GR3F�7f8:D
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