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Abstract

A classical approach to the Calderón problem is to estimate the unknown conductivity by solving a
nonlinear least-squares problem. It leads to a nonconvex optimization problem which is generally believed
to be riddled with bad local minimums. We revisit this issue in the case of piecewise constant radial
conductivities and prove that, contrary to previous claims, there are no spurious critical points in the
case of two scalar unknowns with no measurement noise. We also provide a partial proof of this result
in the general setting which holds under a numerically verifiable assumption. Finally, we investigate
whether a recently proposed approach based on convexification yields better reconstructions. For the
first time, we propose a way to implement it in practice and show that it is consistently outperformed
by some least squares solvers, which are also faster and require less measurements.

1 Introduction

1.1 Electrical impedance tomography and the Calderón problem

Electrical impedance tomography is a non-invasive imaging technique that consists in reconstructing the
electrical conductivity of a medium from current-voltage boundary measurements. It was formalized in
Calderón (1980) as an inverse problem for a partial differential equation (PDE), and is hence often called the
Calderón problem. More precisely, the unknown of this inverse problem is modeled as a positive bounded
function γ : Ω → R in a domain Ω. The application of an electrical current g on the boundary of the domain
induces an electric potential u in Ω which is the unique solution to the following conductivity equation:{

div(γ∇u) = 0 in Ω,

γ∂νu = g on ∂Ω.

The Calderón problem consists in recovering γ from the current-to-voltage map (also called Neumann-to-
Dirichlet map) Λ(γ) : g 7→ u ∂Ω.

Although the map Λ can be shown to be injective (given sufficiently many measurements, see the ref-
erences in the section below), it is highly ill-posed. As only boundary measurements are available, large
variations of the unknown γ away from the boundary might result in very small variations of the measure-
ments Λ(γ). Coupled with the issue that the forward map Λ is nonlinear, the numerical resolution of the
inverse problem is difficult, as reconstruction algorithms are potentially prone to the presence of local mini-
mums and they might have to be carefully initialized. It is often mentioned that, due to the nonlinearity, the
classical least squares approach leads to a nonconvex optimization problem which is riddled with bad local
minimums. Some recent references where this claim was reiterated include Lazzaro et al. (2024); Brojatsch
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and Harrach (2024); Klibanov et al. (2025); Harrach and Meftahi (2025). However, there is a lack of precise
characterization in the literature on the nature of this non-convexity.

In this work, we revisit the non-convexity issue in the case of piecewise constant radial conductivities.
We find that some least squares solvers always converge to a global minimizer. We provide a proof of the
absence of spurious critical points in the case of two scalar unknowns. We also prove this result in the general
case under a numerically verifiable assumption. In the absence of noise, our numerical simulations suggest
that local minimums are not present and that the nonconvexity issue for the Calderón problem is far more
nuanced than the literature suggests. Instead, the real challenge seems to be the ill-posedness of the inverse
problem. Motivated by these findings, we also investigate whether the recently proposed convexification
approach of Harrach (2023) can still lead to improved reconstructions. We propose a way to implement it in
practice and conduct an extensive numerical comparison with the least squares approach, showing that the
former is consistently outperformed by the latter.

1.2 Previous works

Theoretical study of the Calderón problem. The landmark results of Sylvester and Uhlmann (1987);
Nachman (1996) (see also the later works Astala and Päivärinta (2006); Bukhgeim (2008); Caro and Rogers
(2016)) show that, under suitable assumptions, the unknown conductivity γ is entirely determined by the
Neumann-to-Dirichlet map Λ(γ). We stress that this amounts to assume that one has access to infinitely
many measurements. More recently, identifiability from finitely many measurements has been investigated
in Alberti and Santacesaria (2019, 2022). Regarding robustness to measurement noise, the ill-posedness of
the problem only allows for weak stability results (Alessandrini, 1988; Mandache, 2001), unless some strong
a priori information on the unknown is available (Alessandrini and Vessella, 2005; Bacchelli and Vessella,
2006; Beretta et al., 2013; Beretta and Francini, 2022).

Reconstruction methods. The most common approach to solve the Calderón problem is to rely on
Landweber iteration, which amounts to performing gradient descent on a nonlinear least squares objective.
As this objective is non-convex, convergence to a global minimizer is not guaranteed. Many works have
been devoted to the introduction of conditions under which local convergence can be proved (see for example
Hanke et al. (1995); Neubauer (2000); Kaltenbacher et al. (2008)). Whether these conditions are satisfied
in the context of the Calderón problem is, to our knowledge, an open question (see Lechleiter and Rieder
(2008); Kindermann (2022); Kaltenbacher (2024) for some partial results). In this setting, global convergence
seems very difficult to prove. Another class of reconstruction techniques are direct methods Nachman (1996);
Siltanen et al. (2000), which however are not considered in this work.

Convex programming approaches. In Harrach (2023), it is proved that, when the number of measure-
ments is sufficiently large, the sought-after conductivity is the unique solution of a convex program which
depends on the unknown only through the measurements. This property is particularly interesting, since
convex optimization problems can be solved with globally convergent algorithms (that is to say, whose con-
vergence is guaranteed for every choice of initial point). To our knowledge, this is the first convexification
result that is valid in the finite measurements and noisy setting. However, the proof of this result is not
constructive, and no procedure to find the minimal number of measurements is proposed. In addition, the
property only holds under strong conditions on the parameters defining the convex program. How to find
admissible values for these parameters in practice is not discussed. As a result, this reconstruction method
has not been implemented and numerically compared with existing approaches. Let us also mention that
other convexification methods based on Carleman estimates have been proposed in Klibanov et al. (2017,
2019) in the case of infinitely many measurements and diminishing noise. Finally, a convex approach based
on lifting is discussed in Alberti et al. (2025).

Radial conductivities. Numerous works were dedicated to the special setting of radial conductivities (see
for instance Sylvester (1992); Knudsen et al. (2007); Barceló et al. (2024); Daudé et al. (2024)). In Siltanen
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(a) (b)

Figure 1: plot of the least squares objective (a) and its second derivative (b) in a one-dimensional setting.
The objective is not convex (its second derivative is not nonnegative), but it has a single critical point, which
is its global minimum.

et al. (2000), the explicit expression of the forward map for radial and piecewise constant conductivities is
computed. Assuming infinitely measurements are available, Garde (2020, 2022) develops a reconstruction
algorithm based on a series of one-dimensional optimization problems for a particular class of piecewise
constant conductivities, which covers the radial setting. To our knowledge, the only work studying the
optimization landscape of least squares in this setting is Harrach (2023, Section 2).

1.3 Contributions

We focus on the simple setting of piecewise constant radial conductivities, which allows us to obtain a finite-
dimensional inverse problem. We prove two new properties in the case of conductivities that are defined by
two scalar unknowns. We show that they are uniquely determined by two scalar measurements, and that
the corresponding least squares objective in the noiseless case has no spurious critical points. We also prove
that these results can be extended to the higher dimensional case under a numerically verifiable assumption.
We visualize these facts in the simpler setting with a one-dimensional unknown and one scalar measurement
in Figure 1: despite the non-convexity, the squared loss has a single critical point, corresponding to the true
unknown, and there are no local minima.

Concerning the convex reformulation of the Caderón problem introduced in Harrach (2023), we propose
a numerical procedure to evaluate this formulation. We first introduce a method to estimate the parameters
of the convex program by exploiting its optimality conditions. We then show that the convex program can
be solved efficiently with interior point algorithms. We extensively compare this approach with the classical
least squares approach. We provide an open source Julia package called RadialCalderon.jl1 which allows
one to reproduce all our experiments (see Bezanson et al. (2017) for more background on the Julia language).
This package can be used to benchmark different reconstruction methods and study numerically this radial
piecewise constant version of the Calderón problem.

Our results suggest that the convex programming approach only allows for an accurate estimation of
the unknown for problems with a very small size. It is consistently outperformed by the least squares
approach, which is faster and more accurate while requiring less measurements. We argue that circumventing
the nonconvexity of the problem without addressing its ill-posedness cannot yield an accurate estimation
procedure.

1https://github.com/rpetit/RadialCalderon.jl (see also https://rpetit.github.io/RadialCalderon.jl for tutorials and the full
documentation).
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Figure 2: schematic description of the piecewise constant radial setting when n = 4. The conductivity
γ : B(0, 1) → R is such that, using the polar coordinates (r, θ), it holds γ(r, θ) = σi for every ri < r < ri−1

for some σ = (σi)1≤i≤n ∈ (R>0)
n.

Plan of the paper. In Section 2, we introduce the setting of piecewise constant radial conductivities. In
Section 3, we analyze the case of conductivities that are defined by two scalar unknowns, and discuss the
extension of our results to the higher dimensional setting. In Section 4, we introduce the resolution method
proposed in Harrach (2023) and propose a method for estimating all the parameters of the related convex
program. In Section 5, we perform an extensive numerical comparison of this method with the least squares
approach. Finally, some concluding remarks are discussed in Section 6.

2 Piecewise constant radial conductivities

In this section, we introduce the setting of radial piecewise constant conductivities, which has all the impor-
tant features of the full Calderón problem. Its main interest is to allow the evaluation of the forward map
without having to rely on finite element methods to solve the underlying PDE. This allows us to decouple
the study of the inverse problem and its ill-posedness from the effect of numerical errors in the evaluation of
the forward map.

2.1 Setting

We work on the two-dimensional open unit ball Ω = B(0, 1) and assume that the unknown conductivity is
piecewise constant on a known partition of Ω made of concentric annuli. More precisely, we use the polar
coordinates (r, θ) and assume that γ(r, θ) is equal to a positive constant σi > 0 for every ri < r < ri−1 with
0 = rn < rn−1 < ... < r0 = 1 (see Figure 2 for a schematic description). For every vector σ ∈ (R>0)

n, we
denote by γσ the associated function, where R>0 denotes the set of positive real numbers.

As noticed in Siltanen et al. (2000, Lemma 4.1), taking the Neumann data to be cosine functions allows us
to obtain a diagonal Neumann-to-Dirichlet map. To be more precise, we fix a number of scalar measurements
m, and, given j ∈ {1, ...,m}, we define gj : ∂Ω → R by gj(θ) = cos(jθ). We notice as in Siltanen et al. (2000,
Lemma 4.1) that if uj(r, θ) = (αi,jr

j + βi,jr
−j)cos(jθ) for every ri < r < ri−1 then uj is a solution to the

Neumann problem for the conductivity equation{
div(γσ∇uj) = 0 in Ω,

γσ∂νuj = gj on ∂Ω,
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provided βn,j = 0, σ1j(α1,j − β1,j) = 1 and{
αi,jr

j
i + βi,jr

−j
i = αi+1,jr

j
i + βi+1,jr

−j
i ,

σi(αi,jr
j
i − βi,jr

−j
i ) = σi+1(αi+1,jr

j
i − βi+1,jr

−j
i ),

(1)

for every 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ m. It is shown in Siltanen et al. (2000, Lemma 4.1) that the solution of
(1) satisfies βi,j = Ci,jαi,j with

Cn,j = 0 and Ci,j =
ρir

2j
i + Ci+1,j

1 + ρiCi+1,jr
−2j
i

, (2)

where ρi
def.
= (σi − σi+1)/(σi + σi+1).

Since uj ∂Ω = (α1,j+β1,j) cos(jθ), we obtain that the Neumann-to-Dirichlet map introduced in Section 1.1
satisfies Λ(γσ)gj = λj(σ)gj with

λj(σ)
def.
=

1 + C1,j

jσ1(1− C1,j)
. (3)

Finite-dimensional forward map. Abusing notation, we also denote by Λ the following truncated
Neumann-to-Dirichlet map:

Λ: (R>0)
n → Rm

σ 7→ [λj(σ)]
m
j=1.

In the following, we focus on the recovery of σ from the knowledge of Λ(σ), which is an inverse problem with
a finite-dimensional unknown and finitely many measurements.

In practice, the forward map Λ can be evaluated by computing C1,j using (2) and plugging the result
in the expression of λj(σ). The Jacobian and the Hessian of Λ can also be computed efficiently via au-
tomatic differentiation. To compute them, we use the package ForwarDiff.jl (Revels et al., 2016) via
DifferentiationInterface.jl (Dalle and Hill, 2024; Hill and Dalle, 2025; Schäfer et al., 2022).

The following proposition gives some properties of the forward map Λ, on which we crucially rely.

Proposition 2.1 The mapping Λ is convex. In addition, it is strictly decreasing, meaning that for every
σ, σ′ ∈ (R>0)

n with σ ≤ σ′ (pointwise) and σ ̸= σ′, it holds λj(σ) > λj(σ
′) for every 1 ≤ j ≤ m.

Proof. The convexity of Λ is proved in Harrach (2023, Lemma 4.1). From the same reference, we have that
the partial derivative of λj with respect to its i-th variable (that is σi) satisfies

∂iλj(σ) = − 1

π

∫
Ai

∥∇uj(τ)∥22dτ, (4)

where Ai denotes the annulus ri < r < ri−1. We claim that this quantity is negative for every 1 ≤ i ≤ n
and 1 ≤ j ≤ m. To see this, we notice that, since γσ is lower bounded by the positive constant min1≤i≤n σi,
the differential operator div(γσ∇·) is uniformly elliptic. As a result, the strong unique continuation principle
(see for instance Alessandrini (2012)) ensures that, if uj vanishes on a non empty open set, it is identically
zero. Since the boundary data gj is not identically zero, we obtain that uj is not identically zero. If uj was
equal to a constant on a non empty open set, the same argument could be applied to uj minus this constant,
which still solves div(γσ∇uj) = 0. As a result, we obtain that ∇uj cannot vanish on a non empty open set,
which yields the result.

2.2 Numerical study of the inverse problem

In this section, we present several experiments suggesting that this simple piecewise constant radial model
exhibits all the important features of the classical Calderón problem. In particular, the estimation problem
becomes increasingly ill-posed away from the boundary. In the following, we take ri = (n−i)/n (i = 0, ..., n).
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Figure 3: mean error on the i-th annulus among 100 pairs σ†, σ̂ ∈ [a, b]n such that ∥Λ(σ̂)−Λ(σ†)∥∞ ≤ 10−15

with (a, b) = (0.5, 1.5) and n = m = 10. The error on the outermost annulus is several orders of magnitude
smaller than the error on the innermost annulus.

Our first experiment shows that the estimation of the conductivity is much harder on annuli that are
distant from the boundary. We take n = m = 10 and draw 100 random true conductivities uniformly in
[a, b]n with a = 0.5 and b = 1.5. Then, we use a trust-region algorithm to solve the nonlinear equation
Λ(σ) = Λ(σ†) for each true conductivity σ†. For each instance, we require that the estimated conductivity
σ̂ satisfies ∥Λ(σ̂) − Λ(σ†)∥∞ ≤ 10−15, where ∥ · ∥∞ denotes the euclidean ℓ∞ norm (the maximum of the

absolute values of the coordinates). Then, we compute the mean of |σ̂i − σ†
i | for each i ∈ {1, ..., n}. The

result is given in Figure 3. We notice that the average error increases by several orders of magnitude as i
grows. This is consistent with the well-known fact that the reconstruction quality deteriorates as one moves
away from the boundary, see e.g. Winkler and Rieder (2014); Garde and Knudsen (2017); Alessandrini and
Scapin (2017); Garde and Hyvönen (2020). Taking m much larger than n yields similar results.

Our second experiment shows that the inverse problem becomes more and more ill-posed as n grows, as
expected given the severe ill-posedness of the infinite-dimensional inverse problem, see Rondi (2006). Indeed,
given ϵ > 0, we notice that the quantity

sup
σ,σ′∈[a,b]n

∥σ − σ′∥∞ s.t. ∥Λ(σ)− Λ(σ′)∥∞ ≤ ϵ

significantly increases as n increases. To show this, we run the same experiment as above with n = m
ranging from 2 to 10. The results are displayed in Figure 4. Again, taking m much larger than n yields
similar results.

Finally, we notice that Λ′(σ) (the Jacobian matrix of Λ at σ) seems to be always invertible when m = n,
but that its smallest singular value goes to 0 as n increases (see Table 1 in Section 3). When m > n, there
are always n nonzero singular values.

3 Identifiability and absence of bad critical points

We prove in this section that, when n = 2 and m ≥ 2, the forward map Λ is injective. We also show that,
when n = 2 and m ≥ n, for every σ† ∈ (R>0)

n, the least squares objective σ 7→ ∥Λ(σ)−Λ(σ†)∥22 has a unique
critical point, which is σ†. Finally, we provide a discussion concerning the case where n > 2. Our results
suggest that, in this piecewise constant radial setting, the main difficulty for solving the inverse problem is
not the nonconvexity of the least squares objective, but rather the ill-posedness of the problem.

Throughout, given Λ : σ ∈ (R>0)
n → (λi(σ))

m
i=1, its Jacobian is denoted by Λ′(σ) ∈ Rm×n with its

(j, i)-th entry in row j and column i being ∂iλj(σ).
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Figure 4: mean ℓ∞ error as a function of the number of annuli n. The mean is computed on 100 pairs
σ†, σ̂ ∈ [a, b]n such that ∥Λ(σ̂)− Λ(σ†)∥∞ ≤ 10−15 with (a, b) = (0.5, 1.5) and m = n measurements.

3.1 The two-dimensional case

In the particular case of two scalar unknowns (n = 2), (2) and (3) yield

λj(σ) =
1 + ρ1r

2j
1

jσ1(1− ρ1r
2j
1 )

(5)

for every 1 ≤ j ≤ m.
We first state the following useful lemma.

Lemma 3.1 Let n = m = 2 and consider Λ : σ 7→ (λ1(σ), λ2(σ)). Then, the determinant of the Jacobian is
negative, that is to say det(Λ′(σ)) < 0 for all σ ∈ (R>0)

2.

Proof. As shown in the proof of Proposition 2.1, we have ∂iλj(σ) < 0. Let

hj(σ)
def.
=

∂1λj(σ)

∂2λj(σ)
.

Then, one can check (we obtained this expression by relying on a symbolic computation tool) that for every
σ = (σ1, σ2) ∈ (R>0)

2, it holds

hj(σ) =
1

4σ2
1

(
1

r2j1
(σ1 + σ2)

2 − r2j1 (σ1 − σ2)
2 − 4σ1σ2

)
, (6)

which is clearly increasing in j, since r1 ∈ (0, 1) implies that each of the terms is increasing in j. It follows
that

det(Λ′(σ)) = ∂1λ1(σ)∂2λ2(σ)− ∂1λ2(σ)∂2λ1(σ) = ∂2λ2(σ)∂2λ1(σ)[h1(σ)− h2(σ)] < 0,

where we have used also that ∂iλ1(σ) < 0 (i = 1, 2).

Now, we prove that the unknown conductivity can be recovered from two scalar measurements. To our
knowledge, the best identifiability results that are currently available require a number of measurements
which is exponential in the number of unknowns (Alberti and Santacesaria, 2022).

Proposition 3.2 If n = 2 and m ≥ 2, the forward map Λ is injective.

7



(a) (b)

Figure 5: graph of the functions g and h constructed in the proof of Proposition 3.2, with σ† = 1. The
function h is strictly monotone, showing that the forward map is injective.

Proof. It is enough to prove the result in the case m = 2. Let σ†, σ̂ ∈ (R>0)
2 be such that σ† ̸= σ̂ and

Λ(σ†) = Λ(σ̂). By strict monotonicity (Proposition 2.1), we can assume without loss of generality that

σ†
1 < σ̂1 and σ†

2 > σ̂2.

We first show that there exists a function g : [σ†
1, σ̂1] → [σ̂2, σ

†
2] such that λ1(σ1, g(σ1)) = λ1(σ

†) for every

σ1 ∈ [σ†
1, σ̂1]. For visualization purposes, the graph of this function, as well as the graph of the function h

that we compute below, is given in Figure 5 in the case where σ† = 1. Define f(σ) = λ1(σ)− λ1(σ
†). Then,

by monotonicity,

• f is negative on (σ†
1, σ̂1)× {σ†

2},

• f is positive on (σ†
1, σ̂1)× {σ̂2}.

It follows by the intermediate value theorem that for all σ1 ∈ (σ†
1, σ̂1), there exists σ2 ∈ (σ̂2, σ

†
2) such that

f(σ1, σ2) = 0. This shows that g is well defined. Moreover, since ∂2λ1 < 0, it follows by the implicit function
theorem that g is of class C1 and g′(σ1) = −∂1λ1(σ, g(σ1))/∂2λ1(σ1, g(σ1)).

Now consider h(σ1) = λ2(σ1, g(σ1)). Since g(σ†
1) = σ†

2 and g(σ̂1) = σ̂2, by assumption, h(σ†
1) = h(σ̂1).

Observe also that

h′(σ1) = ∂1λ2(σ1, g(σ1)) + ∂2λ2(σ1, g(σ1))g
′(σ1) =

(∂1λ2∂2λ1 − ∂1λ1∂2λ2)

∂2λ1
,

where each term on the right-hand side is evaluated at (σ1, g(σ1)). We have h′(σ1) > 0 for every σ1 ∈ (σ†
1, σ̂1)

by Lemma 3.1, which contradicts the assumption that h takes the same value on two distinct points.

Finally, we prove that, when n = 2 and m ≥ 2, the least squares objective does not have any spurious
critical point.

Proposition 3.3 If n = 2 and m ≥ 2, for every σ† ∈ (R>0)
n, the least squares objective

f : σ 7→ 1

2
∥Λ(σ)− Λ(σ†)∥22

has a unique critical point on (R>0)
n, which is σ†.

8



Proof. First, let us stress that the result for m = 2 follows directly from Proposition 3.1. Indeed, if σ
is a critical point then ∇f(σ) = [Λ′(σ)]T (Λ(σ) − Λ(σ†)) = 0. Since [Λ′(σ)]T ∈ R2×2 is injective (by
Proposition 3.1), this implies Λ(σ) − Λ(σ†) = 0. By injectivity of Λ (Proposition 3.2), we obtain σ = σ†.
This argument does not carry on to the general case, as [Λ′(σ)]T ∈ R2×m cannot be full rank when m > 2.

For the general case (m ≥ 2), we define

Φ: (R>0)
2 → R>0 × (−1, 1)

(σ1, σ2) 7→
(

1

σ1
,
σ1 − σ2

σ1 + σ2

)
and

µj : R>0 × (−1, 1) → R

(x, y) 7→ x

j

1 + r2j1 y

1− r2j1 y

as well as (x†, y†) = Φ(σ†) and g : (x, y) ∈ R>0 × (−1, 1) → (1/2)
∑m

j=1(µj(x, y)−µj(x
†, y†))2. As f = g ◦Φ

and Φ is a diffeomorphism, a point σ is a critical point of f if and only if Φ(σ) is a critical point of g.
Therefore, we only have to prove that (x†, y†) is the only critical point of g.

Let (x, y) ∈ R>0 × (−1, 1) be fixed. We will show that, if (x, y) ̸= (x†, y†), then (x, y) is not a critical
point of g. Let us first assume that

(x− x†)

(
x
1 + y

1− y
− x† 1 + y†

1− y†

)
< 0. (7)

Let R be the unique real number in (0, 1) such that

x
1 +Ry

1−Ry
= x† 1 +Ry†

1−Ry†

which exists and is unique by (7). Then, for every r ∈ R, it holds (from the factorization rules for degree
two polynomials)

x
1 + ry

1− ry
− x† 1 + ry†

1− ry†
=

x† − x

(1− ry)(1− ry†)
(r −R)(yy†r + 1/R).

As a result, for every 1 ≤ j ≤ m, it holds

µj(x, y)− µj(x
†, y†) =

1

j

x† − x

(1− r2j1 y)(1− r2j1 y†)
(r2j1 −R)(yy†r2j1 + 1/R).

For every 1 ≤ j ≤ m and (α, β) ∈ R2, it holds

dµj(x, y) · (α, β) =
1

j(1− r2j1 y)

[
α(1 + r2j1 y) +

2r2j1 βx

1− r2j1 y

]
.

We evaluate this expression at α = −2Rx/(1−Ry) and β = 1 +Ry and obtain

dµj(x, y) · (α, β) =
1

j(1− r2j1 y)

[
− 2R(1 + r2j1 y)x

1−Ry
+

2r2j1 (1 +Ry)x

1− r2j1 y

]
=

2x

j(1− r2j1 y)2(1−Ry)
(r2j1 −R)(1 +Rr2j1 y2).

Now, it holds that

dg(x, y) · (α, β) =
m∑
j=1

(µj(x, y)− µj(x
†, y†))dµj(x, y) · (α, β)

=

m∑
j=1

1

j2
2x(x† − x)

(1− r2j1 y)3(1− r2j1 y†)(1−Ry)
(r2j1 −R)2(yy†r2j1 + 1/R)(1 +Rr2j1 y2).
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All terms inside the sum have the same sign as x†−x. Indeed 2x, 1− r2j1 y, 1− r2j1 y†, 1−Ry and 1+Rr2j2 y2

are all positive and yy†r2j1 + 1/R ≥ −|y||y†|r2j1 + 1/R > −1 + 1/R > 0 (since R ∈ (0, 1)). The terms in the

sum can only be zero if r2j1 = R, which occurs for at most one value of j. Therefore, we have a sum of real
numbers which have the same sign and are not all zero, meaning that dg(x, y) · (α, β) ̸= 0 and (x, y) is not
a critical point.

Now, we consider the case where (7) does not hold. This case is easier, as one can show that the sign of

r ∈ [0, 1] 7→ x
1 + ry

1− ry
− x† 1 + ry†

1− ry†

does not change. Indeed, the fact that (7) does not hold means that this map has the same sign at 0 and 1.
If yy† ≤ 0, it is a monotonic function, so it cannot change sign over [0, 1]. If yy† > 0, one can check by an
explicit computation that it has two zeros, with opposite signs, so that it cannot cancel more than once in
(0, 1). If it has the same sign at 0 and 1, it therefore does not cancel in (0, 1) at all, and the sign does not
change over the interval.

Hence µj(x, y)− µj(x
†, y†) has the same sign for all values of j. Therefore, we have that

dg(x, y) · (1, 0) =
m∑
j=1

(µj(x, y)− µj(x
†, y†))

1 + r2j1 y

j(1− r2j1 y)

is a sum of terms with the same sign. Unless µj(x, y) = µj(x
†, y†) for every 1 ≤ j ≤ m (which is possible

only if (x, y) = (x†, y†)), not all terms are zero, hence the sum is also non-zero and (x, y) is not a critical
point.

3.2 The higher dimensional case

In this section, we discuss the extension of the above results to the case n > 2. We restrict ourselves to the
case m = n. Given σ ∈ (R>0)

n, we denote by Λ′
[n−1](σ) ∈ R(n−1)×(n−1) the submatrix of Λ′(σ) ∈ Rn×n

obtained by removing its last row (corresponding to the last measurement) and its first column (corresponding
to the outermost annulus).

3.2.1 Main result

Our main result shows that, provided the following two conditions hold, the least squares objective has a
unique critical point, which is the unknown conductivity. We discuss these conditions in greater details at
the end of this section.

(i) Jacobian invertibility: for every n ≥ 2 and every σ ∈ (R>0)
n, Λ′(σ) and Λ′

[n−1](σ) are invertible.

(ii) Alternating signs: for every n ≥ 2, if σ†, σ̂ ∈ (R>0)
n are such that σ†

1 < σ̂1 and λj(σ
†) = λj(σ̂) for

every j = 1, . . . , n− 1, then sign(σ†
i − σ̂i) = (−1)i for every 2 ≤ i ≤ n, that is to say σ†

2 > σ̂†
2, σ

†
3 < σ̂†

3,
and so on.

Proposition 3.4 Assume that conditions (i) and (ii) hold. Then, for every n ≥ 2 and m = n, the least
squares objective f : σ 7→ (1/2)∥Λ(σ)− Λ(σ†)∥22 has σ† as its unique critical point in (R>0)

n.

Proof. Just as in the n = 2 setting, since condition (i) guarantees that Λ′(σ) is invertible, it is sufficient to
show that Λ is injective. We prove the injectivity by induction on n. For n = 2, this follows by Proposition 3.2.
Assume now that the result is true for n − 1. Suppose by contradiction that there exist distinct σ† and σ̂
such that Λ(σ†) = Λ(σ̂). Note that σ†

i ̸= σ̂i for all i, otherwise, this contradicts our induction assumption on

the injectivity of Λ. Without loss of generality, we assume that σ̂1 > σ†
1. By the alternating signs condition

(ii), we have σ†
2 > σ̂†

2, σ
†
3 < σ̂†

3, and so on.
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Let I
def.
= [σ†

1, σ̂1]. We first claim that for all σ1 ∈ I, there exists a differentiable function g : I → (R>0)
n−1

such that
∀j = 1, . . . , n− 1, λj(σ1, g(σ1)) = λj(σ

†).

Certainly, any such g satisfies g(σ†
1) = (σ†

i )
n−1
i=2 and g(σ̂1) = (σ̂i)

n−1
i=2 . Note also that by the implicit function

theorem, any such g has differential

g′(σ1) = −(Λ′
[n−1])

−1 (∂1λj)
n−1
j=1 , (8)

where, as a slight abuse of notation, we write Λ′
[n−1]

def.
= Λ′

[n−1](σ1, g(σ1)). Note that, by assumption (i),

Λ′
[n−1] is invertible.
We now claim that g is well defined on I and maps into the cuboid

B = [σ̂2, σ
†
2]× [σ†

3, σ̂3]× [σ̂4, σ
†
4]× · · · .

Indeed, since C = {σ ∈ (R>0)
n : ∀j = 1, . . . , n− 1, λj(σ) = λj(σ

†)} is a closed set, the only reason why g
might not exist on I is that g(σ1)i diverges to infinity or converges to 0. This cannot happen because we
can apply the implicit function theorem at σ̂ (and σ†) to conclude that g exists on a neighborhood around

σ̂ (respectively σ†). So, there exists ϵ > 0 such that g(σ†
1 + ϵ) and g(σ̂1 − ϵ) are well defined and are strictly

inside the set B by the alternating signs assumption. Note also that since the set C is closed, if it is made
of disjoint closed intervals inside B, then we can apply the implicit function theorem to the end points of
these intervals to extend g. So, there exists a continuously differentiable function g : I → B.

Now consider h : I → (R>0)
n−1 defined by h(σ1) = λn(σ1, g(σ1)). We aim to show that h′(σ1) ̸= 0 for all

σ1 ∈ I which would lead to a contradiction by Rolle’s theorem since we know that h(σ†
1) = h(σ̂1) = λn(σ

†).
Indeed,

h′(σ1) = ∂1λn + ⟨(∂iλn)
n
i=2, g

′(σ1)⟩ = ∂1λn − ⟨(∂iλn)
n
i=2, (Λ

′
[n−1])

−1(∂1λj)
n−1
j=1 ⟩ =

det(Λ′(σ))

det(Λ′
[n−1](σ))

,

where the final equality is due to the determinant formula for block matrices. Since Λ′(σ) is invertible, we
must have h′(σ1) ̸= 0 for all σ1 ∈ I.

Remark 3.5. We mention here that if condition (i) was relaxed to Λ′(σ) is invertible for every n ≥ 2 and

every σ ∈ B
def.
= [a, b]n for some 0 < a < b and σ† is in the interior of B, then our proof implies that the least

squares objective f has only one critical point in the interior of B. As we discuss in the following section, in
practice, we observe numerically that the Jacobian Λ′(σ) has non-zero determinant for every σ ∈ (R>0)

n.

3.2.2 Discussion on the assumptions

Now, we go back to the two conditions under which the result of Proposition 3.4 holds.

Condition (i). We first rigorously prove that this condition is satisfied in the case where σ = 1. The
proof makes use of the fact that, in this case, we only need to deal with harmonic functions, whose explicit
expression is simple.

Lemma 3.6 If σ = 1 and m = n then

(−1)
n(n+1)

2 detΛ′(σ) > 0 and (−1)
n(n−1)

2 detΛ′
[n−1](σ) > 0. (9)

Proof. Since σ = 1, we have that uj(r, θ) = j−1rj cos(jθ) (see Section 2.1), so that ∥∇uj(r, θ)∥22 = r2(j−1),
for j = 1, . . . , n. Thus, by (4), we have

∂iλj(σ) = − 1

π

∫ ri−1

ri

∫ 2π

0

∥∇uj(r, θ)∥22r dθdr = −j−1(r2ji−1 − r2ji ).
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Number of annuli n 2 3 4 5 6

Order of min. of (−1)n(n+1)/2 detΛ′(σ) 10−2 10−4 10−7 10−11 10−15

Order of min. of (−1)n(n−1)/2 detΛ′
[n−1](σ) 10−1 10−2 10−4 10−7 10−11

Order of min. of min1≤k≤n (−1)n(n−1)/2 detMk(σ) 10−1 10−3 10−6 10−9 10−13

Order of min. of σmin(Λ
′(σ)) 10−2 10−3 10−4 10−5 10−6

Order of min. of σmin(Λ
′
[n−1](σ)) 10−1 10−2 10−3 10−4 10−5

Table 1: order of the minimum value of (−1)n(n+1)/2 detΛ′(σ), (−1)n(n−1)/2 detΛ′
[n−1](σ),

min1≤k≤n (−1)n(n−1)/2 detMk(σ), σmin(Λ
′(σ)) and σmin(Λ

′
[n−1](σ)) over a discretization of [a, b]n as a

function of n, with m = n and (a, b) = (0.5, 1.5).

Let Ai ∈ Rn be the column vector given by (Ai)j = Rj
i , where Ri = r2i . Note that An = 0. Then, using that

the determinant is a multilinear function, we obtain

detΛ′(σ) =
(−1)n

n!
det[A0 −A1, A1 −A2, . . . , An−2 −An−1, An−1] =

(−1)n

n!
det[A0, A1, . . . , An−2, An−1].

Therefore

detΛ′(σ) =
(−1)n

n!
det


R0 R1 · · · Rn−1

R2
0 R2

1 · · · R2
n−1

...
... . . .

...
Rn

0 Rn
1 · · · Rn

n−1

 =
(−1)n

n!

(
n−1∏
i=1

Ri

)
det


1 1 · · · 1
R0 R1 · · · Rn−1

...
... . . .

...
Rn−1

0 Rn−1
1 · · · Rn−1

n−1

 .

The latter is a Vandermonde matrix, for which the determinant can be explicitly computed. More precisely,
we have

detΛ′(σ) =
(−1)n

n!

(
n−1∏
i=1

Ri

) ∏
0≤i<j≤n−1

(Rj −Ri) = (−1)n+
n(n−1)

2
1

n!

(
n−1∏
i=1

Ri

) ∏
0≤i<j≤n−1

(Ri −Rj).

This concludes the proof of the result concerning the sign of detΛ′(σ), since Ri > Rj for i < j.
Concerning the sign of detΛ′

[n−1](σ), we stress that removing the row corresponding to the outermost
annulus corresponds to removing the column A0 − A1 in the computation above. As a result, the same
argument applies.

Unfortunately, we have been unable to prove this rigorously in the general case. This may require
studying the dependence of the integrals of ∥∇uj∥22 on j and on the radii of the subdomains quantitatively,
see Garofalo and Lin (1986); Di Cristo and Rondi (2021). As stated in Section 2.2, we always observe
numerically that (9) holds, regardless of the value of n and of σ. In Table 1, we show the minimum value
of (−1)n(n+1)/2 detΛ′(σ), (−1)n(n−1)/2 detΛ′

[n−1](σ), σmin(Λ
′(σ)) (the smallest singular value of Λ′(σ)) and

σmin(Λ
′
[n−1](σ)) over I

n
k , where Ik = {a+(i/(k−1))(b−a) : 0 ≤ i ≤ k−1} with k = 5 and (a, b) = (0.5, 1.5).

The minimum of (−1)n(n+1)/2 detΛ′(σ) seems to be reached at b1, so that increasing b would result in an
even smaller value for the minimum.

Condition (ii). The alternating signs condition can be shown to hold locally under a slightly stronger
Jacobian invertibility assumption, which we also verified numerically for small values of n (see Table 1): for
every n ≥ 1, every σ ∈ (R>0)

n and every k ∈ {1, . . . , n}, det(Mk(σ)) has constant sign (independent of k
and σ), where Mk(σ) ∈ R(n−1)×(n−1) is obtained by removing the last row and the k-th column of Λ′(σ).
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As in the proof of Proposition 3.4, by the implicit function theorem, there exists a C1 function g around
σ†
1 taking values in (R>0)

n−1 such that

∀j = 1, . . . , n− 1, λj(σ1, g(σ1)) = λj(σ
†).

Moreover, locally around σ†, its derivative satisfies (8). By Cramer’s rule, g′(σ1)k = −det(Ak)/ det(Λ
′
[n−1])

where Ak is Λ′
[n−1] with its k-th column replaced by (∂1λj)

n−1
j=1 . By assumption, det(A1) and det(Λ′

[n−1])

have the same sign; det(A2) and det(Λ′
[n−1]) have opposite signs (since we need to swap the first and second

columns of A2 to have the columns and rows correspond to increasing annulus position and increasing
measurement frequency). Likewise, det(A3) and det(Λ′

[n−1]) have the same signs (two column swaps needed)

and so on. As a result, we obtain that sign(g′k(σ1)) = (−1)k.

4 A convex programming approach

In the last decades, various convexification strategies have been proposed Klibanov et al. (2017, 2019).
More recently, Harrach (2023) showed that the Calderón problem can be formulated as a convex nonlinear
semidefinite program (SDP). To our knowledge, this is the first convex reformulation that is valid in the
finite measurements and noisy setting. Given our finding that the least-squares objective has no spurious
critical points, it is natural to compare the performance of the two approaches. As pointed out in Section 1.2,
the method introduced in Harrach (2023) has not been implemented numerically, as the main result of this
work is not constructive and how to find the minimal number of measurements and the parameters defining
the convex program is not discussed. In this section, focusing on the case of radial piecewise constant
conductivities, we propose a way to estimate these parameters and to solve the convex nonlinear SDP.

4.1 Description of the approach

Given an unknown conductivity σ† and a priori bounds a, b ∈ R>0 such that a < b and σ† ∈ [a, b]n, it was
proposed in Harrach (2023) to recover σ† by solving the following problem

min
σ∈[a,b]n

⟨c, σ⟩ s.t. Λ(σ) ≤ y, (Pc(y))

where c ∈ (R>0)
n is a suitably chosen weight vector and y = Λ(σ†). Owing to the convexity of Λ, problem

(Pc(y)) is convex. This is particularly appealing, as the nonlinearity of the forward map typically leads to
the resolution of non-convex optimization problems (such as nonlinear least squares), which are in principle
considerably harder to solve.

The main contribution of Harrach (2023) is to show that, if m is sufficiently large, there exists a vector
c ∈ (R>0)

n such that, for every unknown conductivity σ† ∈ [a, b]n, problem (Pc(y)) with y = Λ(σ†) has a
unique solution, which is σ† (see Theorem 3.2 in the above reference). In the following, we say that such a
vector c is universal. The main issue with this result is that its proof is not constructive, and hence, c is
unknown in practice.

4.2 Numerical implementation

We now present a numerical procedure to estimate a universal vector c, which can then be used to investigate
the properties of (Pc(y)) for practical purposes. We first discuss an equivalent characterization of universality
of the weight vector c by first order optimality conditions and will exploit this characterization.

Optimality conditions. Since problem (Pc(y)) is convex, it is natural to investigate whether strong dual-
ity holds (we refer the reader to Boyd and Vandenberghe (2004, Section 5) for more details on strong duality,
constraint qualification and optimality conditions). If y = Λ(b1), then (Pc(y)) has a unique admissible point,
which is b1. Otherwise, one can show that Slater’s condition holds, which implies that strong duality holds.
As a result, we obtain the following necessary and sufficient first-order optimality conditions.
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Lemma 4.1 Let σ ∈ [a, b]n and y ∈ Rm be such that yj > λj(b1) for every 1 ≤ j ≤ m. Then σ is a solution
to (Pc(y)) if and only if there exists z ∈ Rm and λ, µ ∈ Rn such that

λ, µ ≥ 0 and z ≥ 0,

λi(σi − a) = 0 and µi(σi − b) = 0 for every 1 ≤ i ≤ n,

zj(λj(σ)− yj) = 0 for every 1 ≤ j ≤ m,

c+ µ− λ+
∑m

j=1 zj∇λj(σ) = 0.

(10)

Proof. Since Λ is continuous, there exists δ > 0 such that, for every σ ∈ (R>0)
n with ∥σ−b1∥∞ ≤ δ, it holds

λj(σ)− λj(b1) ≤ [yj − λj(b1)]/2, 1 ≤ j ≤ m.

Taking σ = (b− δ)1, we obtain for every 1 ≤ j ≤ m that

yj − λj(σ) = yj − λj(b1) + λj(b1)− λj(σ)

≥ (yj − λj(b1))/2

> 0.

As a result, we have proved the existence of σ ∈ (a, b)n such that λj(σ) < yj for every 1 ≤ j ≤ m, which
shows that Slater’s condition holds. The necessary and sufficient optimality condition then follows from the
convexity of Λ.

4.2.1 Estimation of the weight vector

We propose to estimate c by exploiting the optimality conditions (10). To be more precise, we fix nσ a set
of conductivities {σl}1≤l≤nσ ⊂ [a, b]n and try to find a vector c such that σl is a solution to (Pc(y)) with
y = Λ(σl) for every 1 ≤ l ≤ nσ. By Proposition 4.1, this is equivalent to the existence, for every 1 ≤ l ≤ nσ,
of (λl, µl, zl) ∈ Rn × Rn × Rm such that (10) holds. The crucial point is that this constraint is linear in c.
As a result, given the problem parameters (n,m, a, b) and {σl}1≤l≤nσ

⊂ [a, b]n, one can check that c is such
that every σl is a solution to (Pc(y)) with y = Λ(σl) by solving a linear feasibility problem, for which efficient
solvers exist. If this holds and {σl}1≤l≤nσ is a sufficiently fine discretization of [a, b]n, one can moreover hope
that the estimated c is universal. The resulting linear feasibility problem reads as follows:

max
c∈Rn

λ,µ∈Rnσ×n

z∈Rnσ×m

cn

s.t. c ≥ 0 and c1 = 1,

λ, µ ≥ 0 and z ≥ 0,

λl,i(σl,i − a) = 0 and µl,i(σl,i − b) = 0, 1 ≤ i ≤ n, 1 ≤ j ≤ nσ,

ci + µl,i − λl,i +

m∑
j=1

zl,j∂iλj(σl) = 0, 1 ≤ i ≤ n, 1 ≤ l ≤ nσ.

(11)

The constraint c1 = 1 allows us to circumvent the fact that solutions of (Pc(y)) are unchanged by the
multiplication of c by a positive constant. The maximization of cn is optional (that is to say, one can
simply find a feasible tuple (c, λ, µ, z)). Maximizing cn allows to ensure that, if ĉ is a solution to (11), then
any universal vector c must satisfy cn ≤ ĉn, as the constraints of (11) is a subset of the constraints that
any universal weight vector must satisfy. As a result, maximizing cn gives us an upper bound on the last
coordinate of any universal weight vector.
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Number of annuli n 2 3 4 5

Min. num. of measurements m 3 7 13 20

Smallest coefficient of c 7.8 · 10−2 1.5 · 10−3 3.6 · 10−6 1.1 · 10−10

Table 2: minimal number of measurements required for the existence of the vector c and smallest coefficient
of c as a function of the number of annuli n (a = 0.5 and b = 1.5).

Number of annuli n 2 3 4 5 6

Min. num. of measurements m 2 5 8 13 19

Smallest coefficient of c 1.8 · 10−1 2.1 · 10−2 3.3 · 10−4 1.9 · 10−6 2.8 · 10−9

Table 3: minimal number of measurements required for the existence of the vector c and smallest coefficient
of c as a function of the number of annuli n (a = 0.75 and b = 1.25).

Numerical evaluation. We take (a, b) = (0.5, 1.5) and assess the performance of this estimation procedure
as follows. We take {σl}1≤l≤nσ

to be (Ik)
n\{b1} where Ik = {a+(i/(k−1))(b−a) : 0 ≤ i ≤ k−1} and k = 5.

We solve the feasibility problem for increasing values of m starting from m = n until it becomes feasible. We
use the package JuMP.jl (Lubin et al., 2023) to model the feasibility problem, which allows us to try a large
number of solvers seamlessly. The results of this experiment are reported in Table 2. The coefficients of the
estimated vectors c are displayed in Figure 6a. The minimal number of measurements seems to grow linearly
with n and is significantly greater than n even for small values of n. The smallest value of c (which is always
cn, the value corresponding to the innermost annulus) rapidly decreases with n and becomes very small even
for small values of n. This means that the estimation of an unknown conductivity with this SDP approach
will necessarily enjoy poor stability, as large variations of σn will result in small variations of the objective
⟨c, σ⟩ of (Pc(y)). This phenomenon illustrates the ill-posedness of the inverse problem, which increases with
the distance to the boundary and is not resolved by this convex programming approach. For n = 6, all
the linear programming solvers we have tried (HiGHS (Huangfu and Hall, 2018), SCS (O’Donoghue et al.,
2016), Clarabel (Goulart and Chen, 2024), Gurobi, MOSEK) struggled to solve the problem. This could
be due to the fact that cn must be close to machine precision for n = 6. Let us stress that our approach
for estimating c is also limited by its computational cost. As an example, the linear program we would
need to solve for (n,m, k) = (7, 27, 5) involves more than three million variables with more than one million
constraints. The results of this experiment heavily depend on the choice of the a piori bounds a and b on
the unknown conductivity. If instead of taking (a, b) = (0.5, 1.5) as above we take (a, b) = (0.75, 1.25), the
minimal number of measurements is smaller and the smallest coefficient of c is larger. The results in this
setting are reported in Table 3 and Figure 6b.

Handcrafting the weight vector. As a final experiment, we investigate the universality of several hand-
crafted weight vectors c with a decay similar to that of the estimated one. We take n = 5, m = 13,
(a, b) = (0.75, 1.25) and draw 100 random conductivities uniformly in [a, b]n. We solve (Pc(y)) with the
estimated vector c and the vector c = (10ki)1≤i≤n with ki linearly interpolating between k1 = 0 and kn for
several value of kn (see Figure 7 for a plot of the different choices of c). The histograms of the ℓ∞ estimation
error for the different choices of c are displayed in Figure 8. The first two guesses, which have a faster decay
than the estimated c, are approximately universal but yield errors that are slightly larger. On the contrary,
the last two guesses, which decay slower than the estimated c, are not universal (they yield errors that are
close to that of random guessing on several instances). Still, on the majority of instances, they allow us to
obtain an estimation error which is smaller or approximately equal to the one obtained with the estimated
c. This suggests that designing the weight vector c by hand instead of relying on the estimation procedure
proposed above could be difficult.
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(a) (a, b) = (0.5, 1.5) (b) (a, b) = (0.75, 1.25)

Figure 6: coefficients of the estimated vector c in two settings. For each n, the number of measurements m
is the one reported in Table 2 (a) or Table 3 (b).

Figure 7: plot of four handcrafted vectors c along with the estimated one for n = 5, m = 13 and
(a, b) = (0.75, 1.25).
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(a) estimated (b) guess 1 (c) guess 2

(d) guess 3 (e) guess 4

Figure 8: histograms of the ℓ∞ estimation error for n = 5, m = 13 and (a, b) = (0.75, 1.25) with different
choices of c (see Figure 7).

4.2.2 Numerical resolution of the convex nonlinear semidefinite program

Using the proposed procedure to estimate a universal weight vector c, the resolution of the convex nonlinear
semidefinite problem (Pc(y)) can be carried out using standard optimization solvers. Since the first and
second order derivatives of the forward map Λ can be efficiently computed via automatic differentiation, we
propose to solve (Pc(y)) by relying on interior point methods. These algorithms consist in solving (Pc(y))
by applying Newton’s method to a sequence of equality constrained problems. We refer the reader to Boyd
and Vandenberghe (2004, Chapter 11) for more details on this family of algorithms. In practice, we use the
package Optimization.jl2 to model (Pc(y)) and solve it with the Ipopt solver (Wächter and Biegler, 2006).

5 Numerical comparison of several reconstruction methods

In this section, we perform a comparison of various reconstruction methods, both in the case of noiseless
and noisy measurements.

5.1 Comparison of the convex approach with least squares

In this subsection, we compare the convex nonlinear SDP approach of Harrach (2023) to the classical least
squares approach. In agreement with the results of Section 3, we find that the latter does not suffer from
the problem of local convergence, and that, in addition to requiring less measurements and being faster, it
always outperforms the convex nonlinear SDP approach. In what follows, we use Powell’s dog leg method
to solve the least squares problem. This trust-region method combines the steepest and the Gauss-Newton
descent directions, and performed best among all the solvers we tested.

2https://github.com/SciML/Optimization.jl
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(a) n = 2, m = 3 (b) n = 3, m = 7

(c) n = 4, m = 13 (d) n = 5, m = 20

Figure 9: histograms of the ℓ∞ estimation error of the least squares and the SDP approaches on 1000
instances with (a, b) = (0.5, 1.5).

Noiseless setting. To assess this, we take (a, b) = (0.5, 1.5) and n ∈ {2, 3, 4, 5}. For each value of n we
take m to be the value reported in Table 2. Then, we draw 1000 unknown conductivities σ† uniformly at
random in [a, b]n. On each instance, we compare two methods for estimating σ†:

1. using the least squares solver initialized uniformly at random in [a, b]n to find an approximate solution
of Λ(σ) = Λ(σ†);

2. solving (Pc(y)) with an interior point method with y = Λ(σ†) and c estimated as in Section 4.2.1.

The results of this experiment are displayed in Figure 9. We notice that the least squares approach con-
sistently outperforms the SDP approach. The performance of the latter degrades much faster than the
performance of the former as n grows. We also stress that the least squares approach is still able to accu-
rately recover the unknown if m is taken to be equal to n instead of 3 (n = 2), 7 (n = 3), 13 (n = 4) or
20 (n = 5). Finally, the least squares approach is significantly faster than the SDP approach, especially for
larger values of n.

Noisy setting. We also conduct a similar experiment in the noisy setting, where we only have access to
noisy measurements z = Λ(σ†)+w, where w ∈ Rm is an additive noise. In this case, Harrach (2023) proposes
to solve (Pc(y)) with y = z + δ1, where δ > 0 is an estimate of the noise level. We compare this method
to the approach that consists in using the least squares solver initialized uniformly at random in [a, b]n to
minimize σ 7→ ∥Λ(σ)−z∥22. The experimental setting is the same as above, the coordinates of the noise being
independent and uniformly distributed in (−δ, δ) with δ = 10−4. The results are reported in Figure 10. The
difference of the estimation errors is smaller than in the noiseless setting, but the least squares approach still
consistently outperforms the SDP approach.

Influence of the box size. One could argue that enlarging the box size could result in more failures of
the least squares approach, as it could suffer from the problem of local convergence. This does not seem to be
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(a) n = 2, m = 3 (b) n = 3, m = 7 (c) n = 4, m = 13

Figure 10: histograms of the ℓ∞ estimation error of least squares and the SDP approach in the noisy case on
1000 instances with (a, b) = (0.5, 1.5). The dashed black line indicates the mean estimation error of a naive
random guessing strategy, which is (b− a)/3.

(a) n = 8 (b) n = 9 (c) n = 10

Figure 11: histograms of the number of solver iterations for n ∈ {8, 9, 10}. As n increases, the number of
instances for which the solver runs for a large number of iterations increases. Still, in most cases, a solution
is found in about ten iterations.

the case. When the box is enlarged (for example taking (a, b) = (0.1, 1.9)), the performance of the nonlinear
SDP approach significantly deterioriates: the minimal number of measurements m significantly increases
and the smallest value of c is several orders of magnitude smaller. On the other hand, the performance of
the least squares approach is almost unchanged.

Convergence of the least squares solver. When n ≤ 9, we observed that the least squares solver
(Powell’s dog leg method) always converges to a global minimum of the least squares objective. When
n ≥ 8, for some worst-case instances, the solver runs for a very large number of iterations, its iterates going
far away from the global minimum while keeping a low objective value (the maximum number of iterations
over all instances for n ≤ 7 is 22 and the histograms of the number of iterations for n ∈ {8, 9, 10} are given
in Figure 11). After a large number of iterations, the iterates finally converge to the true conductivity. This
behavior is showcased in Figure 12 for a specific instance with n = m = 9. When n = 10, the solver fails to
converge on very few instances (of the order of 1 out of 100), after running for several million iterations. The
gradient of the objective at the last iterate is non-zero, but its coordinate corresponding to the innermost
conductivity is close to machine precision. Our experiments suggest that allowing for more iterations would
lead to convergence. Moreover, this phenomenon is likely caused by the ill-posedness of the inverse problem,
which allows conductivities that differ by several orders of magnitude to yield measurements that are close.
We also stress that convergence failures are never caused by the existence of spurious critical points. Finally,
let us recall that, for n ≥ 6, the SDP approach becomes infeasible, since the the smallest coordinate of c
rapidly reaches machine precision as n increases.
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Figure 12: convergence of the least squares solver (Powell’s dog leg method) after a large number of iterations
for an instance with n = m = 9. The iterates reach a maximum distance to the unknown of 104 while keeping
a small value for the residual ∥Λ(σ)−Λ(σ†)∥∞ (of the order of 10−4). Eventually, we reach a regime where
the iterates quickly converge towards the true solution.

5.2 Comparison of least squares and Tikhonov regularization

In this subsection, we investigate the impact of adding a squared ℓ2 norm penalization to the least squares
objective (Tikhonov regularization). Namely, we solve

min
σ∈[a,b]n

∥Λ(σ)− y∥22 + λ∥σ − [(a+ b)/2]1∥22 (Qλ(y))

for several values of λ. We stress that (Qλ(y)) is a non-convex optimization problem who could have spurious
local minima. We are mainly interested in understanding whether the introduction of the regularization term
could introduce additional spurious local minima.

We draw a large number of random unknown conductivities σ† uniformly in [a, b]n. Then, for each un-
known conductivity, we draw a random guess uniformly in [a, b]n and run a trust-region algorithm initialized
with this guess on (Qλ(y)) for several values of λ. The least squares estimate σ̂ls is defined as the estimated
conducitivity obtained for λ = 0 and the Tikhonov estimate σ̂tk as the estimated conductivity yielding the
smallest ℓ∞ estimation error among all tested positive values of λ.3

We take n = 3 and m = 5, as well as (a, b) = (0.5, 1.5). The number of unknown conductivities is
100 and the noise is a centered Gaussian with standard deviation 10−3. We consider values of λ in the
set (10αi)1≤i≤20 with (αi)1≤i≤20 a uniform discretization of (−7,−2). The results of this experiment are
displayed in Figure 13. We notice that, on average, Tikhonov regularization yields a lower estimation error
than least squares. Yet, for about half the instances, least squares performs slightly better and the optimal
λ is the smallest tested value (which is 10−7). Athough the addition of the squared ℓ2 norm term could in
principle add new spurious local minima to the objective, we still observe that it is on average beneficial.

If the unknowns are small perturbations of the constant conductivity [(a + b)/2]1, then Tikhonov reg-
ularization is even more beneficial. This is evidenced in Figure 14, which displays the results of the same
experiment as above, but with the unknowns being drawn uniformly at random in [(a+b)/2−ϵ, (a+b)/2+ϵ]
with ϵ = (b− a)/20.

3This scenario favors Tikhonov regularization as the true ℓ∞ estimation error would not be available in a practical scenario,
making the choice of λ more difficult.
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(a) estimation error (b) diff. of the estimation errors (c) optimal λ

Figure 13: histograms of the estimation error ∥σ̂− σ†∥∞, of the difference ∥σ̂tk − σ†∥∞ −∥σ̂ls − σ†∥∞ of the
Tikhonov estimation error and the least squares estimation error, and of the value of λ yielding the smallest
estimation error (n = 3, m = 5 and (a, b) = (0.5, 1.5)). The dashed black line in (a) corresponds to the
average estimation error of a random guess (that is (b− a)/3).

(a) estimation error (b) diff. of the estimation errors (c) optimal λ

Figure 14: same as Figure 13, with unknowns being small perturbations of the constant conductivitiy
[(a+ b)/2]1.
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6 Conclusion

We carried out an extensive numerical investigation of the least squares approach in the context of the
piecewise constant radial Calderón problem. Contrary to previous claims, this approach does not seem to
suffer from the presence of spurious local minimums and we observed a good convergence behavior even
in the presence of noise. Furthermore, we observed numerically that the Jacobian of the forward map has
always full rank. Under this assumption and an additional monotonicity condition (both rigorously verified
in the case of n = 2 unknowns) we have proved that exact recovery is achieved whenever the number of
measurements m is at least the number of unknowns n. Under the same assumptions, we have showed that,
when m = n, all critical points of the least squares objective are global minimums.

Our results suggest that the optimization landscape of the least squares objective warrants further in-
vestigations. An interesting and challenging future direction is the study of this landscape in the noisy
regularized setting. The codebase we developed might also serve as a useful benchmark for further studies
on this topic.
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