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Abstract

For first-order optimization of non-convex functions with Lipschitz continuous gradient
and Hessian, the best known complexity for reaching an e-approximation of a stationary point
is 0(6_7/ 1). The existing algorithms achieving this bound are based on momentum, but are
always complemented with safeguard mechanisms that erase the accumulated momentum if
a certain condition is violated. Whether such momentum-control mechanisms are fundamen-
tally necessary has remained an open question. We show that randomizing the parameters
enables to achieve this complexity in expectation when using momentum without any of such
mechanisms, and we improve the numerical constant factor of the bound in the case of a
large enough number of iterations. From an analysis perspective, we do so leveraging the con-
tinuized method, that interprets the algorithm as a realization of a continuous-time stochastic
differential equation (SDE) involving a Poisson process. We show that this SDE converges in
probability to the Heavy Ball ordinary differential equation when the stepsize goes to zero,
paralleling the behavior of more classical instances of Nesterov momentum.

1 Introduction

Many real-world problems can be formulated as the minimization of a function f : R* — R, that is,
as mingcpa f(x). Yet, without structural assumptions - such as convexity of f - computing a global
minimizer is generally intractable [22] Section 2.2]. In this work, assuming f is lower-bounded and
differentiable, our goal is thus to find a stationary point of f, i.e. approximate z* € R¢ such that

Vi(z*) = 0.

The rising computational cost and expanding data scales in modern applications-ranging from
machine learning to signal processing - have made first-order optimization algorithms widely used.
These algorithms rely on gradient information to compute their iterates with gradient descent being
a classic example. Among existing acceleration techniques designed to improve their convergence
speed [38],[44], one of the most influential is momentum, whose idea dates back to the seminal work
of [60].

Nesterov momentum The Nesterov momentum algorithm [53], sometimes called Nes-
terov accelerated gradient, is known to achieve optimal convergence bounds among first-order al-
goritfhms in various settings in convex optimization [52] 55], see Appendix for a more detailed
discussion. There exist several ways to write Nesterov’s momentum, see [24] for a discussion in the
strongly-convex case, or see [36, Appendix B.2] in a more general setting. Among these different
formulations, we consider the following

Uk =Ty + ar(Zr — Tp),
Tryr =G — YV (Uk)s (NM)
Zke1 = 2k + Br(Ur — Zx) — V'V f (k).
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We note that {Zj}ren in reduces to gradient descent for the choice ap = 0, for all
k € N. Because a wide range of applications is formulated as a non-convex optimization problem
[32, 14}, 23] 1Tl 27, 26, 45], an important question is whether the benefits of momentum extend
beyond convex optimization. Empirically, it is often observed that the use of momentum improves
the speed of convergence for non-convex minimization tasks such as neural network training [66]
33]. Theoretically, acceleration has been shown in some mild non-convex settings where finding a
global minimizer remains tractable, see e.g. [37, B35, [31]. In this work, we only adopt smoothness
assumptions, which fall outside regimes where guarantees of global minimization can be obtained.
Lipschitz Gradient When the objective f has a Lipschitz continuous gradient, finding an &-
stationary point, i.e. € R? such that ||V f(z)|| < ¢, can be achieved by gradient descent in at most
O(e7?) gradient evaluations [55, (1.2.22)]. This bound is worst-case optimal among first-order
algorithms [I7]. The momentum mechanism thus does not provably accelerate gradient descent,
achieving a similar rate [28]. This impossibility result suggests that the class of functions with
merely Lipschitz-continuous gradients does not provide an adequate framework for understand-
ing the acceleration mechanisms observed in practice. This motivates the study of higher-order
smoothness assumptions.
Lipschitz Hessian Assuming in addition that the Hessian is Lipschitz continuous, the afore-
mentioned bound can be improved to @(5*7/4) [15, [41], up to some logarithmic factor further
removed by [46] to achieve the bound O(s~7/4). This class of functions therefore admits accel-
erated bounds, while still encompassing important non-convex problems. Examples include the
symmetric low-rank matrix factorization problem, as long as the domain is a compact set [40], or
squared loss regression of a neural network whose activation functions are with Lipschitz first and
second derivatives, e.g. if using SoftPlus activations [62, Proposition 2].

The existing first-order algorithms achieving the 0(8_7/ 4) or @(6_7/ 4) complexity rely on the
following update as a core mechanism
Z{k =Tk ~+ ag(Ty ~$k—1)7 (NMD)

Tpy1 =T — YV (Gr)-

can be described as a Nesterov momentum algorithm, with fewer degrees of freedom com-
pared with the 3-sequence version . This can be seen as can be written as a 2-sequence
form that reduces to for some parameter choices [35, Proposition 11}, or by considering that
the high-resolution limit-ODE associated to and can be written in the same form
[34, Proposition 27]. However, these methods achieving the improved complexity do not rely on
only; they also need to perform a safety check at each iteration. If it fails at iteration k,
the momentum built up so far is erased, which is practically done by setting ap, = 0. At a
conceptual level, these procedures can be summarized as follows:

Algorithm 1: Structure of existing algorithms achieving the O(e~7/*) complexity

1 if Safety check succeeds then

2 | Run update rule (NM)

3 else
4 ‘ Erase accumulated momentum (4 potentially trigger alternative mechanisms)

In [T5] 41], the safety check monitors the level of non-convexity between consecutive iterates.
When it exceeds a given threshold:

14
F@x) < F(o) + (VF @), B — Gk) — 5 13— 3l” £>0,

accumulated momentum is erased, and a negative-curvature exploitation step is triggered as an
alternative mechanism. An alternative is provided in [46], which employs a safety check based on
the length of the trajectory residual. Exceeding a given threshold

k-1

B> |lEke — 3> > B, B >0,

t=0
it activates a restart mechanism, thus erasing the accumulated momentum. See detailed algorithmic
descriptions and further discussion in Appendix



In both cases, failing the safety check triggers a momentum reset. Momentum resets, or
momentum restarts, can be interesting. They have been shown to provide benefits in the convex
setting, for example by enhancing practical behavior in some situations [68, [62], or by helping
in the design of parameter-free algorithms [6]. However, such mechanisms are not mandatory to
achieve theoretical acceleration in the convex setting. More generally, mechanisms that restart or
control momentum do not seem to be necessary for momentum methods to perform well in many
practical non-convex problems. It may be somewhat contradicted by the existing results, which
suggest that these momentum control are needed to ensure accelerated convergence. This raises
the following question:

Does momentum fundamentally requires control mechanisms to achieve the O(s~7/4)
complexity?

In a recent result, [57] shows that in the case of the vanilla Heavy Ball ordinary differential
equation (ODE)
Ii’t + Oti’t + Vf(xt) = 0, (HB)

a suitable averaging of its solution T; verifies ming<;<7 ||V f(Z:)|| = O(T~*7), which in turn
implies an e-stationary solution is achieved in at most O(¢~7/4) execution time. Importantly, the
Heavy Ball ODE can be viewed as a continuous-time analogue of momentum algorithms [65] [64].
It means that this continuous-time momentum dynamic does not require such mechanisms, and
naturally raises the question of whether a similar result can be established in the discrete setting.
To the best of our knowledge, no such discrete counterpart is currently knownEI

The continuized method Even, Berthier et al. [25] introduce the continuized Nesterov equations

drzy =n(z — x)dt — YV f(x4-)dNy,
{ dz =1 (s — z0)dt — 'V f(z,- )dN,, (CNE)

where n,7/,7v,7" are real constants, ¢ € Ry and NN, is a Poisson process with intensity dt. The
fundamental feature of this process is that it can be analyzed through continuous-time Lyapunov
strategies using tools from stochastic calculus theory, while still yielding a computable algorithm
that writes as , with the specificity that the sequences {ay}ren and {Sk}ren are random.
These stochastic sequences are simple, in the sense that they can be readily generated at the
beginning of the algorithm. Later, [34] argued that, in non-convex settings, this continuized system
helps narrow the gap between convergence results derived for momentum ODEs, such as ,
and those obtained for their algorithmic counterparts. Our motivation combines this perspective
with the absence of a discrete counterpart to the result of Okamura et al. [57].

1.1 Contributions

We draw inspiration from the ODE-based analysis of [57] to analyze the solution of (CNEJ|), which
yields our main result, stated as follows (see Theorem [5| for the formal version).

Theorem 1 (Informal version). Let f be with Lipschitz gradient and Hessian, and let € € (0,1/2).
For a number of iterations n large enough, (NM)) with a suitable stochastic parameterization outputs
a point &

E Ly, V(@] = O(n="7),
where A, is a subset of the realizations that satisfies P(A,) >1—¢.

It further implies that a stochastic parameterization of is able to achieve a point that
satisfies B [||[14, V£(Z)]]] < € in at most O(¢~7/*) gradient evaluations, without any momentum-
reset mechanisms. We note that for n large enough, the hidden numerical factor of our bound
improves over the best existing bound from [46]. Conceptually, our result indicates that by
itself can achieve the complexity O(¢~7/4), at the cost of randomizing parameters, and thus, of a

'In an independent work, [67] use the Performance Estimation Problem framework to show that a deterministic
discretization of (HBJ) achieves this complexity without restarts. Yet, their algorithm still incorporates a momentum-
control mechanism, that does not set its value to zero but reduces it when the velocity ||Zx4+1 — Zk| exceeds a
threshold.



result in expectation. We also show that under Lipschitz gradient only, our algorithm recovers in
expectation the best existing complexity O(s~2).

The presence of stochastic parameters in the algorithm raises the question of the conceptual
relation between the continuized method and more classical, deterministic parameterizations of
(NM]). We show that in the vanishing stepsize limit, a time-rescaled version of converges in
probability to . This parallels the fact that classical deterministic parameterizations of
converge to the same ODE in this vanishing stepsize limit [65] [63]. In this sense, may be
seen as an alternative, stochastic way to discretize the Heavy Ball ODE.

1.2 Related works

First order acceleration under Lipschitz gradient and Hessian The @(6_7/ 4) complexity
for first-order algorithms was first achieved by [I5]. The proposed nested-loop algorithm com-
bines with negative-curvature exploitation and the minimization of a regularized surrogate
function. This approach is subsequently simplified in [41], where the algorithm reduces to
combined with negative-curvature steps. Replacing the negative curvature exploitation with a
restart mechanism, [46] achieves the O(¢~7/4) bound, improving by a logarithmic factor. This
restart-based line of work has since been extended to a parameter-free algorithm [47], a forward-
backward version [62] and a universal algorithm under Hélder continuous Hessian [48]. A different
line of work, based on online-learning techniques rather than momentum, was initiated by [21], who
achieved the complexity bound O (5*7/ 4) under the supplementary assumption that f is Lipschitz.
Their idea was later extended by [39], improving the dependence on € to O(d'/*e~13/%) at the cost
of an explicit dimension dependence, without this supplementary Lipschitzness assumption on f.
These online-learning based methods are somewhat intricate, relying on nested algorithms and/or
nested loops, but they show that in some settings, alternatives to momentum can achieve this
accelerated bound. The first known lower-bound on the number of gradient evaluations needed
to find an e-stationary point in this setting was (9(5_12/7) [18], and was recently improved to
O(e~7/*) [70], closing the gap with the upper-bound.

Second-order stationary points In contrast to our setting, several works have focused on
second-order stationary points, which under suitable assumptions correspond to local minimizers,
see a formal definition in Appendix With probability 1 — §, such a point is found in at
most O(e~7/4 1og(%)) gradient and Hessian-vector product evaluations [Il [I6], or with gradient
evaluation only [41l 46]. Procedures based on first-order information have been designed that
transform algorithms for finding first-order stationary points into ones that find second-order sta-
tionary points [69, [B]. Even though designing methods that achieve second-order stationary points
efficiently is an important avenue of research, we do not consider this direction in this work.
Continuized Nesterov The continuized Nesterov equations are introduced in [25], motivated
by the study of asynchronous algorithms. They show that the continuized Nesterov algorithm
recovers, in expectation, the existing rate of the classic Nesterov Momentum for (strongly)-convex
functions, further generalized to (strongly)-quasar convex functions [68, 34]. This method has
known some extensions in the specific field of decentralized asynchronous algorithms [51], [50], but
remains largely unexplored in optimization.

2 Background

In this work, we fix an underlying probability space (£2, F,P). We denote by £(1) the exponential

distribution with parameter 1, I'(k, 1) the Gamma distribution with shape parameter k and rate

1 and P(A) the Poisson distribution with parameter A\. For ¢ : R — R, t € R, we note ¢(t7) :=

limsitt ¢(s) the left-limit. || - || denotes the Euclidean norm for vectors and | - ||, denotes the
S

spectral norm for matrices. We use the notations f* := min,cga f(z) and Ay := f(zo) — f*.
We consider the two following assumptions.

Assumption 1. (Lipschitz gradient) f is such that Va,y € R, ||V f(z) — Vf(y)| < Lz —y].

Assumption 2. (Lipschitz Hessian) f is such that Va,y € R?, |[|[V2f(z) = V2f ()], < L2 |z — y.




For functions satisfying Assumption |1] and/or Assumption [2} a critical point could be a non-
global minimizer, a saddle point, or a maximizer. As mentioned in Section [I} Assumption [I] alone
is sufficient to find an e-stationary point with first-order methods [55] 28], but the complexity of
gradient descent cannot be improved [I7]. Considering Assumptions together allows for such
improvement. In existing analysis [41], [46], Assumption |2| enables working with local quadratic
approximations, on which momentum is known to be effective [59]. Our analysis does not rely on
such approximations.

2.1 Continuized Nesterov Algorithm

In this section, we briefly describe the process studied in this work, and the resulting algorithm.
We refer to [34, Section 3] for a more detailed presentation of the continuized framework. An
intuitive way to present the process is as follows: consider a sequence of random times {7} }ren
such that Ty = 0 and Ty41 — Tk ES E(1) for k € N. For some constant parameters n,n’,v,7’,
we define a continuous-time process (¢, z¢)ier, on each interval (T, Tj41) as the solution of the

following equation

dey =n(zy — x)dt,
dzy  =n'(zy — z)dt.

At t = Ty, the process jumps by performing gradient steps,
Iy = T = ’va(ka*), AT, = Ars T ’Y/vf(xT;)~

This defines the continuized Nesterov equation, where we assume xg = z9. It can be written in a
more compact form as the following stochastic differential equation

{ dve =z — x)dt — YV f(2,-)dNy, (CNE)
dzy  =n'(z¢ — z)dt — 'V f(z-)dNy,
where dN; = 3", ., 07, (dt) is a Poisson point measure with intensity dt. It mixes the continuous
component, the dt factor, with the gradient component that acts at discrete random times, the
dN; factor. Replacing dN; by dt in would yield a momentum ODE, close to the classic
Heavy-Ball ODE, see [34, Appendix E.2].

A remarkable property of is that, upon defining the sequences §jj, := Ty Ty = 7,
and Z := 27, k € N, it satisfies a recursive relation that takes the form of a Nesterov momentum
algorithm, with stochastic parameters depending on the random times {7} }ren-

Proposition 2 ([34], Proposition 5). Let (2, z)ier, follow (CNE|) with n +n' > 0 and with
underlying jumping times {Ty}ren. Define gy := T Tpi1 = 27, and Zpy1 = 2T,,, GS
+

evaluations of this process. Then, (Jx, Xy, Zx) writes as a specific parameterization of (NM), that
we call the continuized Nesterov algorithm (CNA)), namely

gk :ik+ﬁ(1*6k)(§kffk)
Tpt1 =G — YV f(Gk) (CNA)

Zent = A g (e = 2) = 7'V ()
where e = e~ 1) (Tt =Ti)

In words, is an exact evaluation of a realization of . Intuitively, exact access to
the continuous process is possible because gradient information is only queried at discrete
times. This direct correspondence between (CNA)) and (CNE)) is powerful: it enables convergence
guarantees for a discrete algorithm to be derived via continuous-time analysis. This comes at the
cost that even with deterministic gradients, the resulting algorithm is inherently stochastic, thus
leading to non-deterministic convergence guarantees.

Practical implementation of From a practical point of view, compared to a determin-
istic parameterization of (NM]), the randomization procedure in does not introduce any




significant additional difficulty. This is because, for any k € N, the increments 7)1 — T} are inde-
pendent and identically distributed following an exponential law of parameter 1, and can therefore
be easily and independently simulated. As a consequence, to run (CNA)) with n € N* iterations,

we can first generate at once n random variable Ay oy E(1), and save the vector {Ag}re(1,... .n}-
Then, for fixed parameters 7,7’,~, and v/, the algorithm (CNAJ]) can be implemented in the same
way as (NM]J), using the sequences

1 — e—(ntn)Ax

= Ui — 7(77+77/)Ak) _ g rme _
ak_n+7]/ (1 € ’ Bk_nn’Jrne*(ﬁJrn’)Ak’ k—l,...,n.

Link between (CNA) and (NM)]) Former results that achieved the O(s~7/%) complexity used
a two-sequence formulation (NM’) as their momentum component. Using [35, Proposition 11], we
can rewrite (CNAJ]) as a two-sequence algorithm:

/

o (—enen o n g m+nex\ . -
= T (B — T 1-— A A A .
Yk = Tk + - (T — Tu—1) + s 7)'( er) ~ n(1—en1) @k — Gr-1),

Tpr1 = Uk — YV (),

with e, = e~ 1) (Ter1-Tk) - Compared with , there is a supplementary term, factor of
Tk — Yk—1 = =YV f(Jr—1). This supplementary term appears in algorithms that get an improved
constant in the convergence bound in the smooth strongly convex setting, such as the Optimized
Gradient Method (OGM) [43]. It also appears in results that achieves acceleration in the non-
convex regime of strongly quasar-convex functions [35, Proposition 4]. With our choice of parameter
in Theorem [5] this supplementary factor does not reduce to zero. It may indicate that algorithms
of the form @ are unable to achieve the O(e~"/*) complexity by their own, even if randomizing
the parameter.

3 Convergence Result under Lipschitz Gradient Only

We derive a convergence result under Assumption [1] only.

Proposition 3. Assume T1,..., T are random variables such that T;11 —T; are i.i.d. of law E(1),
with convention Ty = 0. Under Assumption |1, iterations of with v < %, v =+ \/g,
n=+/3 and n’ > —n verify
4 A
E| min |Vf@)?] < ==L
i 19| < 25

Proposition [3| implies that we find, in expectation, an e-stationary point in at most O(e~2)
gradient evaluations. Perhaps surprisingly, the parameter 7’ can be chosen freely in (—n,400),
without affecting the result. This is a new result for the continuized algorithm , which shows
it recovers the known bound of the classical Nesterov momentum algorithms in this setting, see
[28]. Proposition [3|is a consequence of the following bound, established using Lyapunov analysis
for the continuous-time system .

Lemma 4. If (2, 2 )ier, 45 solution of under Assumption with v < %, v =+ \/g,
n=+"—~ and n’ > —n, we have

o gl .
B | [ )l sl + LIV @)1 ds| < Elf(ao) - 1] m

Sketch of Proof. We set Ty = (x¢,2) as a concatenation of (x¢);>¢ and (2¢)¢>0, which satisfies
dft = C(Et)dt + G(Et)dN(t), where

o= (e 5) - e = (i)



We set the Lyapunov function

ole,2) = f@) + 5 o — 2

Intuitively, one can stochastically derivate ¢(Z;) using an It formula, yielding the following relation

(@) = p(T0) + / (Voo (@), () ds + / o(To + G(T)) — p(Ea)ds + M,

where (M,;);>0 is a martingale verifying E [M;] = 0 for all ¢ > 0. Using Assumption [1| and the
parameter choice, we compute that

(Vo(@,), £@,)) + (@s + G(T)) — (@) < —(n+ 1) ||zs — z|° - % IV £ (o),
which yields .
L =P+ IV ) ds < fan) = £+ M @
One can conclude using E [M,;] = 0 for all ¢t > 0. See the complete proof in Appendix O

From Lemma it follows that Eiminse[o,t] ||Vf(;1;s)‘|2} = O(1/t). We note that a similar
i

bound is obtained under Assumption [1] for a continuized system in [50, Proposition 6], but with

different dynamics from (CNEJ), specifically adapted to asynchronous algorithms. With simple
terms, because Zj, in (CNA)) is exactly 2, in (CNE)) evaluated at the time T}, Proposition [3] follows

from evaluating at t = T}, from which will follow a convergence result for , up to some
technical considerations, see Appendix (Bl Lemma [4] in particular 7 is not only an intermediate
result for Proposition [3] It also serves as a key building block for proving our main theorem in the
Lipschitz Hessian setting (Theorem [5)).

4 Main Results

We state in Section our acceleration result for (CNA). In Section we show that a time-
rescaled version of the continuized system (CNE|) converges in probability to the Heavy Ball ODE
(HB]) as the stepsize v goes to zero.

4.1 Convergence Result
We show that (CNA]) achieves the O(s~7/4) complexity under Assumptions It may be seen
as a discrete-time version of a convergence result that considers the Heavy Ball ODE (HB) [57].

Theorem 5. Let {T}}ren such that Ty = 0, Ty1 — Tk S E(). Let € € (0,1/2], and cypp > 1

such that it satisfies 1 — & —log(1 — &) = cypp — log(cupp), which implies cupp <14 2&. Under
Assumptions consider the iterations of (CNA|) with v = %, v = L + 4/ 2L, n = \/ﬁ,

/
2/7 1
_ V3 - 64cyppe / LEAFN\T
(1—¢)? L3n

n"=a-— 2L, where
-1

Then, if n is large enough to ensure 2((1 4+ 26)n)~' < a < 1, we have

B (L, min IVF@OI| < B3 iatn 0
S
A

where Ty, = Zf o ikl with N = >3 uT1+;T , P(A,) > 1—¢, and B, is such that it is uniformly
\1/7
bounded with n and lim,,_, 1 o B, < 9.2(1 + 2¢)? ((%fg)i‘) .



A more general statement can be found in Theorem in which we provide a result while
relaxing the constraint of the value of n, to the cost of a less clean bound. From Theorem [5 we
deduce that (CNA) outputs a point & := argmin g1,y | V.f(Tr)| that verifies E[14, |V f(2)]]] <

. L'20y*A . . .
€ in at most O <E7r7’4f gradient evaluations, as long as ¢ is small enough. We may remove the

expectation and obtain a result with a given probability, the Markov property being a direct way
to do so. The stochasticity induced by the process created significant challenges in the analysis,
that we solved by deriving new concentration inequalities. One of these establishes that for any
€ € (0,1) and n € N*| there exists C,, such that with probability 1 — &

i i
Vie{l,...,n}, Ze‘o‘(Ti_TJ’) <C,E Ze‘a(T’i_Tﬂ') ,
= =1
where C,, is uniformly upper-bounded with n and T; — T} ES I'(i — j4,1). The set A,, arises from
these inequalities, see details in Theorem

Numerical factor and asymptotic improvement The factor B,,, explicitly stated in ,
has a somewhat intricate finite-time expression. Choosing a € value close to zero increases the
size of the set A,, on which our result holds, at the cost of a poorer constant B,, in finite time.
However, asymptotically with n, the factors that deteriorate the bound when ¢ is small vanish. So,
in this asymptotic regime, we can choose € small enough to ensure for instance lim,,_, 1 o B, < 10.

Then for € small enough, from Theorem [5| we deduce that we reach in expectation a e-solution
107/4LY2 LY A A 56LY/2LY A

in at most 71 A =73 gradient evaluations. The best existing bound [46] is
827402 LY A 2234L'/2 YA . . .
712 LS 7 L such that we considerably improve the numerical constant factor

in the asymptotic regime.

Remark 6. We note that as the analysis of [57] requires knowledge of the terminal time T to tune
parameters in the continuous setting, our result uses the final iteration n to tune ' in Theorem @
There is a possibility that this dependence can be removed by using an iteration-dependent schedule
of the form nj, = O(k='/7) — \/~/2, at the cost of significant additional technical complexity. In
a similar way, prior works achieving the (9(577/4) complezity involve e-depending parameters [15,
/1), [46]], with the notable exception of the parameter-free restart method of [47], or the independent
work [67].

4.2 Convergence of the continuized system to the Heavy Ball equation

Compared with more classical momentum algorithms, the continuized method may seem somewhat
atypical. In this section, we draw a link with a more classical object of the momentum literature:
the Heavy Ball equation . In the L-smooth, convex/strongly convex case, [25] uses the
heuristic dN(fyfl/Qs) ~ v~ /25 in the limit v — 0 to argue that , parameterized with values
ensuring acceleration, converges to the Heavy Ball equation. We provide a rigorous statement in

our setting. To do so, we want to consider (CNE) with 0 <~y < 1/L, v =~ 4+ /v/2, n = /7v/2,

1

7 = ar — \/7/2, where a = (%)2/7 (%) ", and study the limit of this system as
v goes to zero after a suitable time-rescaling. We recall that Theorem [5] is obtained using these
parameters, with the special choice v = % However, we will provide a modification on these
parameters. Because « is tuned to optimize discrete quantities, it involves n € N that corresponds
to a number of iterations. We did not derive a convergence result for in continuous time,
but it is reasonable to make the correspondence between the final iteration n and a terminal time
T € R, such that we replace n by 7" in the definition of a.

Theorem 7. Let (x4, 2¢)ter. be solution of (CNE)), which we recall to be

{ dry =mn(ze — x)dt — YV f(x4- )d Ny,

dzy = 77/(9515 — 2¢)dt — W/Vf(xt—)de (CNE)
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Figure 1: We plot one run of gradient descent, one run of a deterministic instance of (NM)), and
ten runs of (CNAJ on a matrix factorization problem. On the left, we choose v according to
the theoretical result of [40, Lemma 6]. On the right, we chose a more aggressive stepsize and

momentum parameter «, i.e. smaller. We note that because we pushed the parameters closer to
the stability limit, one of the 10 runs of (CNA) diverged and is not plotted.

where ' =+ (7/2)%, n = (7/2)%, 11 = gy jay-1/20 — (7/2)%, with

2/7 1 1
o V3 - 6dcyppe YL3Ar \T _ I L3ALN\T Y
(~v/2) T (1 — 5)2 T(’7/2)_1/2 €,Cupp \/§T ;

2/7
for some T > 0, ¢ € (0,1/2] and K¢, = (%) . Then, the time-rescaled process
T 1= T(y 9)-1/24 converges uniformly in probability on [0,T] to the Heavy Ball ODE as v — 0,

S
namely

P
sup || X5 — a][| =400,
s€[0,T]

where

Xs + 23/7K€,cupp

2 /7
(Z) x+vion) o

as long as xo = Xg.

See the proof in Appendix This result indicates that we may view (CNE) as a specific,
stochastic discretization of (HBJ). It provides a strong theoretical connection with more classical,

deterministic parameterization of Nesterov momentum, which converge to the same kind of ODE
[65, 63]. Empirically, we observe that in the small stepsize regime, the behavior of is
indeed very close to a deterministic version. On Figure [}, we run on a matrix factorization
problem, that satisfies Assumptions [1] and [2] on a subspace of the domain, see [40, Lemma 6] for
admissible values of L and Ls. We also run a deterministic instance of by approximating

the parameters of (CNAJ), designed as follows. We have nf?ﬂ (1 — e~ ALY & Ay if 40 s

;1o 40, n' (n+n) Ak

small, while n Replacing roughly Ay by its expectation 1, we

n'+ne- N8 Ty 4n(1—=(n+n) Ay
then chose a, = n and By = % as our deterministic sequences of parameters for (NM)).
7’ +n(1—(n+n'))

We observe on Figure [I] that in the small stepsize regime, the continuized version behaves very
similarly to the deterministic version, with function values curves being superposed. Behaviors start
differentiating when increasing stepsize and choosing a more aggressive momentum parameter.

5 Overview of the proof of Theorem

This section provides a proof outline of Theorem [5| with most technical details deferred to the
appendix. We recall that (¢, z;)icr, are defined as follows

{ dzy =mn(ze — x)dt — YV f(x- )dNy,

dzy = n’(wt — 2¢)dt — ’Y/Vf(xt—)dNt, (CNE)



with dNy = >, < 07, (dt) for {T} }ren a sequence of random variables satisfying Tj+1 —Tk i E(1),
with convention Ty = 0. Throughout the proof, we note o := n+7’ and use the shorthand notation
fo = f[o, 4 to save space. Inspired from the averaging [57, Equations (4)-(5)], we consider a Poisson-
average of the trajectory x;

7= / (s, dN., (3)

_ ae™?®
T J§ cexs"dN(s')
that Poisson integrals are stochastic sums. Namely, for a measurable function ¢,

/0 S(s)N, = 3 6(T:)
i=1

where Ny = 3,0, Tz, <; ~ P(t). So, we can also write T, = Y.~ wy(T; )z~ . In particular, at t =

where we set w;(s) . To readers unfamiliar with Poisson processes, we emphasize

T,, by definition N7, = n and the number of terms in the sum is fixed, becoming " | wy(T} )z -

To ensure fg wi(s)dNs = 1, we assume N; > 1 (otherwise the integral is zero). This is not a
restriction, because Ny < 1 would imply no jumps occurred, i.e. the underlying algorithm has not
started yet.

Plan of the Proof Our proof strategy is the following, divided into seven steps.

I. We establish some upper-bounds on trajectory-depending quantities, that follow from the
Lyapunov control of Section [3] which uses the Lipschitz gradient property. These controls
are used in step III and IV.

II. We upper-bound by three terms an expected weighed average E [ fOT" AV (T dNt], for

some weighting parameter A;. It uses the Hessian Lipschitz property, and a stochastic inte-
gration by part formula.

ITI. We bound the first of these three terms, by a quantity of the order O(y/an). The main
argument is the Cauchy-Schwartz inequality and our Lyapunov control from I.

IV. We bound with high probability the two remaining terms, by a quantity of the order O(a~3).
This part is the most tedious of the proof. Apart from our Lyapunov control from I, it requires
to use a concentration inequality on the underlying jump times {T} } ke, thus a result holding
on a subset of realization A,,.

V. We combine the bounds derived in IIT and IV, and show that with the choice a = O(n=1/7),
we obtain a result of the form

=0n3).

2
VI. We obtain a lower-bound of the form fOT” (f(;5 aea(sft)st) dN; > Cn for some constant
C < 1, that holds with high probability.

VII. We state our final convergence results. The final key argument it that although it involves
the continuous-time process Ty, argminye¢r, . 7.3 [|[Vf(Z¢)]|, can in fact be computed by
(ICNAJ.

Difference and similarities in the analysis with Okamura et al. [57] Some of our argu-
ments are directly inspired from [57]. This is the case for our definition of averaging , that is
essentially [57, Equations (4)-(5)] with ds replaced by dNs. Our Part IT is also directly inspired:
Lemma [8]is a continuized-adapted version of Lemma 1 in [57], the difference in our analysis mainly
coming from the Poisson process and the fact that is a two-trajectory system, in contrast
with the Heavy Ball equation . Similarly, our Lemma |§| provides a stochastic integration by
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part, inspired by the integration by parts [57, Equation 18], but in our case the stochastic nature of
the process requires some care when using such arguments. Beyond these directly-adaptable points,
the rest of the analysis differs because the stochasticity induced by the process create non trivial
difficulties. In particular, Theorem provides new concentrations inequalities that specifically
address such difficulties, and is an essential argument of the proof.

5.1 Part I - Lyapunov Controls from Section

In this first part, we establish bounds on trajectory-depending quantities that we can deduce from
the analysis carried in Section Under Assumption |1} we proved in Lemma H| inequality ,
namely

t
[t o= 2+ J IV @I ds < fao) = 1+

with M; a martingale such that E[M;] = 0. From this, we deduce
! 2
| )l =zl ds < fao) = £ 4 M,
0
t
[ 219G PN, < fan) - £+ 0 (@
0
t
[ )l = 2 P dN < fao) — £+ Vi o)
0

where for some martlngales Uy, V; with mean zero, (4 and (b)) hold because fo n+n') ||zs — zs|| ds =

fo n+1')||zs- — 24 ||> Ny and fo IV f () ds = fg HVf —)|I? dN,, up to martingales ad-
ditive terms whose expectations are zero. Now, using Theorem ., evaluating these bounds at
t =T, they become

Tn
E / (0 +17) | 2s — 22 ds
0

< E[f(x0) — /7], (6)

T
B[ 3195 .
0

<E[f(zo) = f7], (7)

Tn
E / (n+ 1) 2y — 2|2 dN, | <E[f(zo) - f7. (8)
_0

The three inequalities @7 , will play a central role. A large part of the remainder of the
proof is devoted to preparing the ground for the application of these inequalities.

5.2 Part II - Using the Hessian Lipschitz Property to Obtain a Three
Terms Upper-Bound

We adapt the analysis of carried by [57] to derive an analysis of @ Ultimately, our
goal is to obtain a control of the norm of the gradient of the average (]3' , namely of ||V f(Z:)]].
The Lipschitz Hessian property (Assumption [2|) allows us to control the distance of V f(Z;) to a
quantity of interest, namely the average of the gradient.

Lemma 8. Let (2, 2)er, be solution of (CNE). Under Assumption@ we have

\ [ w9 s v, - 95z

0
<. | e — P ( / t [ oot a)ngdNT) ds 9)
+L2/ V2V f(z </ / we (o) we (T N[,)dNadNT> dN.,. (10)

11




See the proof in Appendix The quantities ||z, — z,* and ||V f(z,-)||* appearing in () and
(10) are interesting. Indeed, as showed in Section we can bound the expectation of integrals
of these quantities.

In contrast, we do not have a direct control of ft wi(s)V f(x4-)dNs. However, because of the
choice of averaging w,(-) and the definition of , a stochastic integration by parts formula
reduces it to a more tractable quantity.

Lemma 9. If (x4, 2)ier, is solution of (CNE|), fort > 0 we have

wy(t) (2 — 74)
Y-y

/0 wy(5)V (20 AN, = — (1)

See the proof in Appendix Combining Lemmas [§ and [9] and using a triangular inequality
yields the following upper-bound

wy () |20 — 24|
)| < ————
v =7

w1 [ nllee =l ([ [ ot - oyinan. ) ds
+L2/7 IV /(s (//wt oYy (1) (V- Na)dNUdNT>dNS.

This bound is nonetheless not sufficient to use our controls of Section in particular, we do not
have a bound involving the non-integrated quantity ||z; — x¢||. So, we integrate between ¢ = 0 and
t = T, and take the expectation on the above inequality, after multiplication of each side by a
suitable quantity.

IVf(Z:

2
Lemma 10. Noting A; := (fot oze“(sft)st) , for (x4, zt)ier, solution of (CNE) under Assump-

tion @ we have

T, T,
n 1 n
E / At ||Vf(ft)|| dNt‘| S 7 Atwt(t) ||Zt — Zl'tH dN;|
0 Y= 0
Term 1
[ Tn, Tn t S
+a*’LyE / ll2s — x> ( / / / eXTDealo=t) (7 _ a)ngdNTdNt> ds}
0 s s JO
Term 2
[ rTn
+ o®y2L, E / |V f (- (/ / / Ar=t)ealo=t) (N __ Nc,)dNadNTdNt> dNS] )
0
Term 3

(12)
See the proof in Appendix Section [5.3] is devoted to the control of Term 1. Section [5.4] is
devoted to the control of Term 2 and Term 3, these two terms sharing a similar analysis.
5.3 Part III: Control of Term 1
We obtain the following control of Term 1 in .

Lemma 11. Under Assumptions and@ let (x4, 2)ier, be solution of (CNE) with v < %,
Y =v+%. n=/3 and ' =a —n for a > 0. Then, we have

[ (oo [ on] <o

with A, =12 (14 3a) (14 2a).

E

12



Sketch of Proof. The main idea is to use Cauchy-Schwartz inequality and our controls from Sec-

2
tion Indeed, using the notation A; := (fot ae("(s_t)st) and the definition wy(t) = ftaofeﬁ’
O S

Ty t
_ V — (/ ozeo‘(St)st) ||zt—xt||dNt]
o V=7 0
T, Ty
IE/ AN, El/ ||zt—xt||2dNt],
0 0

where we used the Cauchy-Schwarz inequality. |/E [ fOT" Atht] can be computed explicitly. For

at

Term 1 becomes

IR

‘dNt
7=

(13)

the other term, we still cannot use our controls from Section Before, we use that
Tn 2 T’Vl 2
[ = ani = [ a0 - 07 =01 aN,
0 0

T Th
<2 / lze — 2 |2 dN, + 207 — ) / IV £ (e )2 dNs
0 0

We note here that this step is necessary because our control ({5 . ) holds when integrating ||z;— — x4— ||2,
not [z; — x||>. The reason is that the relation fo $)dN, = fo s)ds + M, for some centered
martingale (M;);>o holds as long as ¢ is a previsible process with respect to N, namely if ¢(¢) is
measurable with respect to the filtration {N,}o<s<y. While ||z~ — 2, || is previsible, ||z, — :L‘t||2
is not.

See Appendix for the full proof.

5.4 Part IV: Control of Term 2 and Term 3

Compared with Term 1, the remaining Terms 2 and 3 from are more challenging. When using
the classic deterministic (HBJ) equation, the analogue of the triple integrals inside the parentheses
are deterministic, and can be directly computed [57]. In our case, if the expectation of these triple
integrals can be computed, we have to deal with the expectation of the full expression. To do so,
we are faced with the lack of independence between the trajectory-dependent factors and these
triple integrals.

To illustrate this, we consider Term 3, namely

/ |V f(x (/ // ar=tealo=t) (N __ —Ng_)dNadNTdNt> dN;.
0

It can be rearranged as

/ </ / A=) (=) |7 f (2 || / ale=s)(N. _No)dNUdNTdNt> dN,

Writing it as a sum, it becomes

ZZZG”‘(T’“ Ti) g (Ti =) HVf T H Zeo‘(T T) — 7). (14)

=1 l=1 k=i

Taking the expectation, we have

n n l 9 i 1

E[([d)] = E zzzea (Te=T1) po(Ti=Th) ‘Vf - H Zea(TfTi)(kfj)
1=1 l=1 k=1t Jj=1 _

n n l 2 i 1

_ Z E | eo(Te—T) q(Ti=T1) ‘Vf - H Zea(Tj—Ti)(kfj)

1=1 l=i k=1t Jj=1 i

13



Importantly, the increments of {T}ren are independent, namely for any integers 1 < ¢y < {1, we
have Ty, — Ty, L ¢(T1,--- , Ty, ), for any measurable function ¢. In our case, as I,k > 4, we have

T T, L ”Vf(xr)" and T, — Ty L HVf(fo)H. So, we deduce

XZ:E[ o010 & |9 7g | Z ot =T _

1=1 l=i k=1t

The challenge we face here is that V f(z,-) and 22:1 e®Ti=T) (k — j) are not independent. We
address this difficulty in the next section.

5.4.1 Splitting the expectations

In the previous section, we showed that we arrive at a point where trajectory-dependent factors are
multiplied with some trajectory-independent terms, from which they are no independent, which
prevents to separate the expectations. Precisely, the problematic trajectory-independent factors
we obtain are
K3

> (T, = Ty)em 1o, Z —o(Ti=T5) Z i—f)e =T e {1, n}.

Jj=1 j=1
Our solution is to show that with high probability, these terms can be upper-bounded by their
expectation multiplied by a constant factor. The trickiest part is to find a probability and a
constant that do not become trivial as n grows. In particular, it cannot work by directly using the
Markov property.

Theorem 12. Letn € N*, ¢;5,6 € (0,1), a € (0,1). Let K = {(cmf — 1 —log(cinys)) *log (2%)],
and cypp > 1 be chosen such that cypp — 10g(Cupp) = Cing — log(ciny). Let

Cp = 32(4+4C, + C2) 225 where C,, = cinpalK.
-
inf
There exists a set A, C Q of realizations satisfying P(A,) > 1 — e such that the three following
assertions hold

(1) Yie{K+1,....n}, Y. (T;—T)e BT <C,E {23 (T —T))e —a(Ti—Tj)} 7
(2) Vie{l,...,n}, 2321 o—a(Ti=T;) <C.E {Z;:l e—a(TﬁTj)} 7
(3) Vie{l,...,n}, Z; (i — j)e=Ti=T) SC”E{ZJ (i — j)e=o(: T):|

Section [E] is devoted to the complete proof of Theorem [I2] One of its key step is to use
concentration inequalities to obtain that with a high probability that does not depend on n, we
ensure both an upper and lower-bound on the increments 7; — T}, of the form

CinfE [T = T;] = cing K < T — Tj < cuppB [T} — T} + CuppK,

where K = O(log(n/e)). Precisely, the set A, is the set on which the above holds. These bounds
then allow to relate the sums with their expectations.

Thanks to Theorem with high probability one can fully separate the expectation of the
factor that depend on the trajectory from those who do not. This is formalized in the following
result.

Lemma 13. We assume the same setting as Theorem [13

1. Noting Ay, := fm ] fm q f[o - ea(Tk*t)ea(Tft)eOl(Uka)(7— — 0)dNydN,dN;, we have

Th T, t s
1a, / n? ||zs — x4 ( / / / e“(T‘t)e"‘("‘t)(r—a)dN(,dNTdNt> ds]
0 S s 0
Th )
|-l ds]
0

14

E

(15)

<C, max E[A]E
ke{l,...,n}




2. Noting By, := f;;" f;, fOTk T ex(Tk=t) ga(o=Tk)(N__ — N, )dN,dN,dN;, we have

1y, /OT V2|V f(x (/ // alr=tealo=t) (N, —Ng)dNadNTdNt> dNS]

/0 IV f ()| st]

E

<C, max E[B]E
ke{l,...n}

(16)

The proof of Lemma uses the ideas introduced in the beginning of Section such as
writing the integrals as sums (see ) See Appendix for the complete proof.

5.4.2 Final Control

Thanks to Lemma we see that we can control separately the expectations of trajectory-
dependent factors, and the factors maxye(i,. .y E[Ax] and maxgeqy .. ny E[Bg]. The first can
be dealt with using the Lyapunov controls of Section For the two other terms, we note that
we can write the quantities Ay and By as sums, for instance in the case of By

Ty t s n k i
[ [ et e N NN N, = 303 Y e ),
s s JO

i=k j=11=k
The expectation of the terms in this sum can be computed using basic properties of Gamma laws.
Indeed, as T; — T; ~ T'(l —4,1), we recognize that E [62"(T1_Ti)] is the characteristic function
of a gamma law evaluated at 2, whose value is (1 4+ 2a)~ (=%, The terms appearing in E [A}]
are not significantly more difficult. Then, maxie(a,... ny E[Ax] and maxgeqo . ) E[By] can be
upper-bounded with basic algebraic manipulations, yielding the following bounds.

Lemma 14. Consider Ay and By, as defined in Lemma[13. Then

1. maxke{g’wn}E[Ak] S w.

2
..... 2y E[Bi] < wy#

See the proof in Appendix Combining Lemma [14] with our controls from Section we
finally obtain the following bound on Terms 2 and 3.

Lemma 15. Assume the same setting as in Theorem [I3  Under Assumptions [1] and [3, let

(21, 2)1er, be solution of (CNE) with v < 1, v =~v+ /3, n= /7 andy = o —n for
€ (0,1). Then, we have

Ty Ty t ps
]lAn/ llzs — x| (/ / / Tt lo =) (7 a)dNadNTdNt> ds]
0 s s 0
Th
+ a?y2LyE lnAn/ |V f(xq- </ / / (T=t)ealo=t)(N, —Na)ngdNTdNt> dNS]
0

< CnLQ'Y
S5

27’]2L2E

B,Ay,
with By, := $(1 + a)(1 + 20a) (14 a8(1 + a)).
See the proof in Appendix

5.5 Part V: Tuning o

Combining Lemma and the controls provided by Lemma [L1| (Term 1) and Lemma [15| (Terms
2 and 3), we obtain that under the statement of Theorem |5, we have

E l“" / " (/ t aea<st>cuvs)2 19 7@l dNt] < M\/{@ an

CnL
I 327

BuA;

15



with, 4, :=12 (1 + 2a) (14 2a) and B, := (1 + a)(1 + 2a) (1 + a8(1 + a)).
Because we integrate with respect to dN; on [0, T},], we have

n T, t 2
e {mln |V f(z H/ </ e (5= t)dN) dN, g/ (/ ozea(St)st> |V f(Z)| dN.
Ty,...,T, 0 0

Therefore, from , it follows that

T, t 2
1y, mm HVf 7 H/ </ e(s= t)dN> dN;
17 ) n
T, t 2
<E nAn/ </ae“(5th>
0 0

) lAn nL
2 van 7\/Af + %BnAf

=n3/7 <\/AncaL1+a1L52Afl+a3 + Bnca—?’an—l—f*alL;3“2Af1—3a3) :

2

E

V@) dNt]
(18)

where in the last inequality, we chose v = 1/L and defined
a=Con VTLM LAY,

where C,, > 0, a1,as2,a3 € R are defined such that o < 1. The choice o = O(n_1/7) is derived
from a trade-off between \/a and a~3. Tt is consistent with the choice made in [57], in the case of
studying the Heavy Ball ODE.

We exhibit two admissible choices of a, subject to the constrain a < 1. We note that in general,
this forces to set a condition on the value of the number of iteration n, which may depend on L,
Ly or Ay. If one wants to avoid such conditions, one can choose C, =1, a1 = az = az = 0.

Corollary 16 (Choice I). Let a =n~"7 < 1. In this case, we have

T, t 2
E[]lAn min_ ||V £(Z)|| / ( / aeo‘(St)st> dNt]
te{Tl"“an} 0 0

< 16(1 + 20~ V7Y (1 +8(1+ 2n*1/7)) (4+4C), + C2) CC";PG (1 JTA; + L*lLQAf) n3/7
inf

with C,, = cmfn*l/7 [(Cinf —-1- IOg(CinJ")r1 log (2gﬂ :

Otherwise, if we set a condition of n, we can obtain a cleaner result.

(19)

Corollary 17 (Choice II). Let

2/7 1
. V3 - 64cyppe LiAy 7
- c?nf Ln
If a <1, we have

2
E ]lA mln ||Vf (T¢) H/ (/ aea(s_t)dNS> dNt]

1/7 1/7
< (1+Cy + C2/4) H(a)76~5/712%/7641/7 (Cc’g’”’e> (C“;pe> LELIA;# 037,
inf

Cinf
with Cr, = Cinga [(Cing — 1 —10g(cing)) " log (22)] and H(a) = (14 a)(1 + 20)(1 + a8(1 + ).
The proofs of Corollary [T6] and [T7] are in Appendix
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5.6 Part VI: Control of the double Poisson integral factor
Up to now, we managed to get an upper-bound of the form

2
14, min_ |[|[Vf(T: ||/ (/ e(s= t>dN> dN;
tE{ 1, Tn

where we recall that by Theorem |12} A,, is such that P(A,) > 1 —&. As we chose a = O(n~1/7),
we have (see Lemma [40}(i4))

T t
E / ( / aea<st>st>
0 0

which heuristically suggests that E [14, miner, 7.1 [[Vf(Z2)||] = O(n=%7). However, the two
factors inside the expectations in (20]) are not independent, as they both depend on the n first
jump times. We therefore cannot separate the expectation. To circumvent this difficulty, we use
the following result.

E =0n*"), (20)

2

dNt‘| = O(TL),

Lemma 18. Let n € N*, cing,e € (0,1), a € (0,1] and K = [(cing — 1 — log(cins)) ' log (22)].
Let cypp > 1 be chosen such that cing —10g(Cing) = Cupp — 10g(Cupp) and Cy, = cinrad. Then, with
the same set A, as in Theorem[I3, we have

Tn ¢ 2 n —2%wrc, 2
1, / ( / aea<s—t>st> dNy > 1y, —5—e ~“ind (1— )
0 0 Cupp CuppQTl

The proof of Lemma [1§| borrows arguments used to prove Theorem see full proof in Ap-
pendix

5.7 Part VII: Final Results

We now state our final result. There is a result with our first choice a = n~'/7, that (almost) does
not require any restriction on n, at the cost of a less clean bound. A second result holds with a
more careful choice of «, but it induces a contraint on n that has to be large enough.

Theorem 19 (Complete Version). Let {Ty}ren such that To = 0, Tpy1 — Tk ey E(1). Let
Cing,€ € (0,1), and cyupp > 1 such that it satisfies cin — log(cinf) = Cupp — 10g(Cupp)-

Under Assumptions consider the iterations of (CNA|) with v = i ~ = % 1/ \/

Y
N =« 3L

(i) Let o =n=7. If n > 3, we have

where

2 -1 I Cupp
A, = 16(142n" /) (1 +8(1 + 2n*1/7)) (44+4C,+C?) (1 - 6/7) e eng "
CuppT Cing

with Cp, = cinpo ((Cmf -1- IOg(Cinf))il log (Q%H

2/7 2 i
(ii) Let a = (W) (Lfgﬁlf) " Ifn is large enough to ensure 2(cuppn)t < a < 1, then
Cin f

we have

1 4
E |1 i ZI| < B,LFLIA ;7047
L min (V7@ < B3 iAo
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with

Cupp

_ 1/7
, 2 ! y
By = (14Cp+ C2/4)H(a)7675/7123/7(64e) /7 <1 - > ¢ <‘32m’> ¢ eins

upp
CuppON Cinf

with Cpy = Cinga [(Cing — 1 —10g(Cins)) " log (22)] and H(a) = (14a)(1+20) (1+a8(14a)).

In both statements, Tj, = Zi:ol Xi ki with A; j, = ,ViLZlT, and P(A,) > 1—c¢.

j=1¢€¢

While the constant € determines the size of the set A,,, the role of ¢, s and ¢y, might be more
difficult to grasp. These two constants appear during the proof of Theorem Choosing c¢;y, ¢ close
to one, which makes ¢y, close to 1, makes (), increase. Choosing c;,r < 1, inducing cypp > 1,

reduces C;, but still hurts the bound because of factors such as cﬁpp.

Proof. Corollary 16| and (17| provide bounds that involve minyc(p, .. 7,1 ||V f(Z¢)||, which is about
the continuous-time process T;. We have to make sure that the bound will be achievable by our
algorithm, precisely, we have to show that the point arg min,_r, .. 7, [|Vf(Z)| can be outputted

by (CNA] m We have

Tk =T, :/ wr, (8)xs-dNs = ZwTk Tp- = ZwTk i+1)Tis
[0,T%]

using Ty = 7i—1 by Proposition Also, recall that w(s) = such that we fix

e
JS e@sdN,’
eTit1

ik = wr, (Tip1) = =

Ej:l eaT]- ’

_ k—1 ~ Tiy1
SO7 for Tk = Ei:o )‘i,k‘yia Ai,k Zk Sk oty we have
J=1

min - ([Vf(7)[| = min (V@)

te{Ty,....,Tn} ke{l,...n}

Then, the result is a direct combination of the bounds provided Corollary and with
Lemma We just have to make sure that (1 — ) > 0. In the case a = n~ Y7, it
holds as long as n > 3. More generally it is verified as long as o > —2

Cuppn’
(f64cum,e) 2/7 (LgAf

Cing Ln

CuppQn

In the case @ =

1
) 7, it induces the following constraint on n

—-1/3 1
> V3 - G4cuppe L3A/N° 97/6,. 77/6
oy L

O

We can conclude with the proof of Theorem [5 which can be seen as a corollary of Theorem [19]

Proof of Theorem[5 1t is a direct application of (iz) in Theorem fixing cjny = 1 — €. Then,
recalling the expression of B,

upp

— 2 -1 Cu 1/7 Ccu
By = (1+Cp+ C?/4)H(a)76%7123/7(64¢)"/7 (1 - ) A <(1””)2) 2 TECn,

CuppOT — £
(21)
with C,, = (1 — &)a [(—& —log(1 — &))" log (22)] and H(a) = (1 + a)(1 + 2a)(1 + a8(1 + «)).
-1
As a = (9(1/711/7)7 we have that C,, =, 100 0, H() 2t 1, and (1 — Cupiom) —n—stoo 1.
So,
. 17 . 17
5 p—6/T103/7 1/7,.2 upp 2 upp
It remains to show the bound ¢y, < 1+ 2, which is done in Lemma
O
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6 Conclusion

In this work, we show that with randomized parameter achieves the 0(6*7/ 4) complexity
with high probability, demonstrating that it is not necessary to safeguard momentum with reset
mechanisms. Prior to this work, the lack of necessity of such mechanisms was known in the
continuous case [57], but not in the discrete case. It was argued in [34] that in general, the
continuized method can tighten the gap between result derived for ODEs-such as (HB)-and for
algorithms. In this work, we provide a new concrete example for the class of functions with
Lipschitz gradient and Hessian.

In another line of work, we note that [I5] showed that for functions with Lipschitz gradient,
Hessian and third derivative, one can further improve the complexity to @(¢~%/3). The underlying
algorithm is arguably complicated, but still based on as a core component. It is of inter-
est whether simpler algorithms—such as fcan achieve this complexity, even with a certain
probability.
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A Complementary details to Section

A.1 Accelerated gradient algorithms under convexity

A seminal work [60] shows that the heavy ball momentum algorithm
Tpt1 = Tn + Ty = Tn—1) = BV f(2n)

can significantly improve over the convergence speed of gradient descent when minimizing strongly
convex quadratic functions. [563, 54] further shows ensures an acceleration result for L-
smooth (strongly)-convex functions. As mentioned in Section [I} the corresponding bounds are
optimal among all first-order algorithms [52 [55]. There exists a rich literature building upon these
contributions. Far from being exhaustive, it includes new interpretations of the algorithms [65] (4],
extensions to the non-smooth case e.g. via composite proximal optimization [I0, 19l [5], exten-
sions to the stochastic gradient case [28] [2] [36], and acceleration results under relaxed geometrical
assumptions [37, 8, [7]. To add some nuance, it is worth noting that even in the convex setting,
inertial methods do not necessarily ensure accelerated convergence [29] [30].

A.2 Second-order stationary points

We provide a rigorous statement of the notion of second-order e-stationary point, mentioned in
our introductory section. We then briefly comment on it.

Definition 20 (Second-order e-stationary point, [56]). For a Lo-Lipschitz Hessian function f, x
18 an e-second-order stationary point if

V@) <& Amin(V2f(x)) > —\/eLo.

A second-order e-stationary point approximates a second-order stationary point, namely a point
x* such that

V@) =0, Amin(V2f(")) 2 0.

In particular, such points are ensured to avoid strict saddle-points, that is, stationary points such
that Apin(V2f(2*)) < 0. The 1d function x — 2® is a simple example of a function that has
a second-order stationary point (in x = 0) that is not a local minimizer, thus called non-strict
saddle-points. Fortunately, several works indicate that many applications are prevented from such
pathological stationary points [20, [42], @] [49, [13], 111 27 26].
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Algorithm 2: Negative curvature exploitation and Nesterov momentum - Detailed version
[41]
IanIt: To, 1, 97 Y5 $
1990
2 fort=0,1,... do

3 Y < T + (1 — O)vy;

4 Tep1 < Yo — NV F(Yr);

5 Vt41 = Tep1 — Tt;

6 | if f(zi) < fy) + (V). —y) — % ||z — u]|” then
7 ‘ (441, ve41) < Negative-Curvature-Exploitation(xy, vy, s)
8 Negative-Curvature-Exploitation(z;, vy, s)

9 if ||v¢]] > s then

10 ‘ Tip1 < Ty
11 else
12 0=s- v/ |ve
13 Typ1 & AIGMIN e fp45.0,—53f (T)
14 return (z;41,0);

A.3 Detailed formulations of existing safety check and alternative mech-
anisms

0(6*7/ 4). Algorithm [2| is a detailed version of an algorithm that performs a negative curvature
step [4I]. Algorithm [3|is a detailed version of an algorithm that uses a restart mechanism [46]. We
make a few remarks:

For completeness, we give detailed versions of existing algorithms that achieve the complexity

e We chose to state Algorithm [2| as the version from [41] rather than the earlier one from [I5],
because of the significant length and trickiness of the latter.

e In its original statement, Algorithm [2] also involves a ”stochastic perturbation step”, used
to find an e-second-order stationary point (Definition [20). Because we do not study this
concept, we avoided this step in our presentation.

e In the convergence result associated with Algorithm [3| [46, Theorem 1], the restart threshold
is set to B = \/&/ Lo, where € denotes the target accuracy and Lo is the Lipschitz constant of
the Hessian. As noted by the authors, this value of B can be very small in practice, causing the
algorithm to restart at nearly every iteration. In such cases, the method effectively reduces
to standard gradient descent, which eliminates the practical benefit of momentum. This
behavior is confirmed by numerical experiments, showing little to no empirical acceleration
due to the near absence of momentum steps.

To address this issue, the authors propose an alternative restart scheme [46, Algorithm 2],
in which restarts are allowed to occur less frequently. While keeping B = \/e/Ls, the user is
permitted to initialize a larger value By, potentially satisfying By > B. The restart condition
is then replaced by

k—1
EY ot — o2 > max{B?, B3},
t=0

and By is gradually decreased until By < B, at which point the algorithm reduces to Al-
gorithm It is shown [46, Theorem 2] that this modification introduces an additional

(’)(Ll/ 2¢-1/ 4L§/ * log(%)) term in the gradient complexity, which does not significantly
degrade the overall rate. This modification shows great empirical behaviour, enabling accel-

eration over gradient descent. However, this alternative scheme requires additional function
evaluations, leading to a total complexity of O(¢~3/2) function queries.
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Algorithm 3: Restarted Nesterov Momentum - Detailed version [46]
Input: 2! =2 B >0, K, n, 6.

k<0

while £ < K do

y¥ b 4+ (1 - 0)(2F — 2R

oMyt =V (YY)

k< k+1

Uk W N

k—1
6 | if kY [lz'*" — 2| > B then
t=0

b 2k,
8 z0 — z*,
k<« 0
: k+1
10 Ko < argmin g o <p<x—1/|2"7 — 2

Il

~ Ko k
(_
S A oens PYEY]
12 return g

B Proof of Lemma 4] and Proposition

Under Assumption [I} we have this classical descent lemma [54].

Lemma 21. Under Assumption if v < %, we have

fa=291@) - fa) <7 (537 -1) VS

To perform Lyapunov analysis, our tool is the following It6 formula, which intuitively allows
stochastic derivation.

Proposition 22 ([25], Proposition 2). Let ¢ : R — R be a smooth function. Let x; € R? be a

solution of
dxt = C(l‘t)dt + G(Z‘t—)dNt

where ¢ : RY — R? is a locally Lipschitz function and G : R — R? is measurable. Then,

o(z0) = plao) + / (Vep(a), () ds + /[ Pl Gl — (s + My (22

where My is a martingale such that E [M;] =0, Vt > 0.

We first restate Lemma [4]

Lemma 4. If (x¢, 2 )ier, 45 solution of under Assumption withy < L, v =~ + /T,
n=7"—~ andn > —n, we have

t

B | [ )l = sl + FIV @I ds| < BLf(wo) - 1] 0

0
Proof. Let Ty = (x4, z;) where (x4, 2¢)¢er, satisfies (CNE). It satisfies dz, = ((7,)dt + G (T;)dN (1),
where
— n(ze — x4) - —%Vf(l‘t)>
= (e ) emo= ()

We apply Proposition [22| to ¢(Z;), where

ol ) = f(@) + 5 o = =l
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inducing

o(Tr) = (o) + / (Veo(Ts), ((T)) ds + / o(Ts+ G(@)) — p(E)ds + My, (23)
0 0
where M, is a martingale.

Computations We compute (Vp(Zs),((Ts)) and ¢(Ts + G(Ts)) — ¢(Ts). We have

g—i:Vf(x)—kx—z, g—i =z—ux.
So,
<v§0(fs)a C(Te» = <Vf(dfg) + Ts — Zs, 77(29 - 179)> + <Zs — Ts, n,(xs - Ze)>
=0 (Vf(zs), zs —xs) — (n+1') ||l _ZS||2~ (24)
Also,

o(Ts + G(Ts)) — o(Ts) = fws — vV f(xs)) — f(zs)
+ 3 (los =7V 1) = (o = A VI @I = 17— 2l

= fle =19 ) ~ fag) + TS0

+ (V=AY f(®5), 25 — 25)
< (0 = =22~ L) 5 IV S|P
+ () =NV f(s) s = ) -
The last inequality uses Lemma [21] assuming v < . We combine and
Vo(Ts), C(Ts)) + ¢(Ts + G(T5)) — »(Ts)
<= (Y = IV ) 26 — ) = (+7) |l = 2| (26)
(=2 =@~ 1) IV )P

IV f ()]

—~

Parameter tuning We now choose the parameters driving (CNE|) such that we obtain the
desired result. We set n =+’ — 7 to cancel scalar product. Then fixing 7/ = v + /7 ensures

(Y =)? —7(2—Lv)<%—7——%

The latter holds because v < 7 = —y(2 — Ly) < —y. We thus have
(Vo). CE)) + 9(F + ) — o) <~ -+ 1) 2 — 2l = LIVF@IIP. (@27)
Conclusion Combining , and , we get
o@) <o)+ [ k) =l = LIV A b+ 0
= [ ) le = l? + IS b < fGaw) — 7+ 0 (28)
using ¢(To) — () < f(xp) — min, f(x) and that g = 2. It remains to take expectation on
B [ / ) e — 2 + LIV G| ds| < E(f@0) - 7.
where we used E[M;] = E[M,] = 0. O
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We now prove the discrete version of the result, which we first restate.

Proposition 3. Assume T4, ..., T are random variables such that T;1 1 —T; are i.i.d. of law (1),
with convention Ty = 0. Under Assumption |1}, iterations of with v < %, v =+ \/g

n=+/3 and n’ > —n verify

)

, o] AN,
; <=L
E {Ogrggg_llvf(yz)ﬂ ] "

Proof. From , we have

| 319 s as < slaa) = £+ i

Also, we have
"y 2 "y 2 "y 2
[ 3ivseoltas = [ 2195 P an+ [ 31V @s—av). (29)
0 0 0

where fot TIVf(xs-) |? (ds — dN,) is a centered martingale. Then, there exists a centered martin-
gale U, such that
t
| 31Vt aN. < &, + .
0
We use the following stopping theorem.

Theorem 23 ([34], Theorem 6). Let (¢¢)icr, be a nonnegative process with cadlag trajectories,
such that it verifies
or < Ko + My,

for some positive random variable Ky, some martingale (My);>0 with Mo = 0. Then, for an almost
surely finite stopping time T, one has

E [907'] <E [KO] :

Applying Theoremwith T =Ty ot = fg 2 |V f(zs-)||> dNs, Ko = A and M, = U, we
obtain

Ty 4
E [/0 IIVf(st)HQst] < ;Af-

Finally, we have

<i<k—1

Ty k k
|1t an, = Y [v s | = S Iv sG>k min 195G,
i=1 i=1

thus the result. O

C Proof of Theorem [Tl

Recall v =~ + (v/2)2, n = (v/2)2, 1y = Q(yj2)-1/27 — (v/2)2. From the proof of Lemma we
have

Ef(ze) = f*] SE[f(zo) — f*].

Also, by L-smoothness we have |V f(z)||* < 2L(f(z) — f*) for any = € R? [54] Section 1.2.3], such
that for any ¢ > 0,

E[IVf(@)l?] < 20(f(x0) - 7).
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Taking the sup on ¢, we get
suplE |1V ()| < 2L(f (o) — ). (30)

We define the rescaled process (27, 2]) 1= (T(y/2)-1/2¢; 2(y/2)-1/25) and NJ 1= N, j5)-1/2, on the

s8717s

interval s € [0,7]. This means that the process (z;);>0 has to be define on the interval of time
s € [0, (v/2)"'/2T), which justifies the choice of terminal time in Q(y/2)-1/27- We also have that

MY := NY — (v/2)~"/2s is a martingale, whose predictable quadratic variation is
(M) = (v/2)7"s. (31)
The rescaled process satisfies

{ dz} = (y/2)712(2] —aQ)ds — (v/2)/*V f(x] )ds - V(] )dM7
dz = (7/2)7 2 (aY — 27)ds — o/ (7/2) "2V f (a2 )ds — 'V f(a]- )M,

which becomes, once the parameters are replaced by their dependence in ~

dn} = (7 —al)ds — (v/2)/2V f(2))ds — 4V f(a]-)dM],
{dzz :(2%K~ (B20)"" 1)@ - 22)ds — ()2 + DV () )ds — 7'V (@)D,

E,Cupp

By , we deduce

e[ [ 1w a] = [E[ivsee) o )

< tAy.

In the following step, we show that some of the component converges uniformly to zero in proba-
bility as v goes to zero.
Step 1. We have

E | sup

s€[0,T]

T
o7 / IIVf(xZ)QdT] ,

N / Vf(a])dr
0

2
] [sup 75/ IV 5 @) dr]_
s€[0,T]

where we used Cauchy-Schwartz. Using , we obtain

E | sup < 'yTQAf —y—0 0,

s€[0,7

S 2
W2 [ Vi
0

which implies that supco 7 |72 [ V f(22)ds|| converges to zero in probability.
Then, by Doob’s inequality, we get
2
] <E

E | sup

s€[0,T]

[ s 2

/ V f(2)dM)

By an isometry theorem and , we deduce

T 2 T
N / Vi@)aMy| | = 4E |42 / IV £ @) d (M)
0 0

T
=4E [73/2/0 IIVf(JJZ)IQdT]-

Using again , we obtain

E| sup

s€[0,T]

/ Vf(z))dM

2
] < 73/2TAf —y—=0 0,
which implies sup,¢(o,7 v fy Vf(@))dM)|| —+-0 0 in probability.
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There remains one term, for which we use the same arguments.

E | sup
s€1[0,T]

v [ Viapa
0

2] <4E [7’2 /O IIVf(wl)||2d<M?>} =4E

T

7’27‘”2/ IIVf(JJZ)IQdT]-
0

Using , it becomes

E | sup

s€[0,T]

¥ / VF()dM
0

2
] <42y TVPTA < VA 0 0.

Which implies sup ¢, 1) |V J5 Vf(x?)dM7|| — 0 in probability.
Step 2. Now, we define

dXs = (Zs— X,)ds,
{ (33)

17
iz, =(2%K:., (LTAf) —1)(X, — Zy)ds — Vf(X,)ds,

We want to show that the rescaled process converges in probability to this system with v — 0. We
note AX) := X, — 27 and AZ) := Z; — z). We have

AXT = / (AZY — AXD)dr + Ry A(s),
0
where Rx (s) := —(v/2)"/2 [§ Vf(27)ds — v [; V f(z])dM, and

AZ) = A/S(AX,Y — AZY)dr — /S(Vf(Xr) —Vf(a}))dr + Rz ~(s),
0 0

) 2 1/7 s s
denoting A := (27 Kz, (LzTAf> —1)and R(z)(s) = —(2N)Y2 [J Vf(@))ds—' [ V f(2))dM].
Using several time the triangular inequality, and || [ -ds|| < []| - ||ds, we get

S

lAX7] < /0 AZH + [AX))dr + [ Rx (s)]]-

Similarly,

18221 < 4 [ AZ I+ 1AX)Ddr + [T 19606) = T Fa)dr + 1Rz (0],
and using also that V f is L-Lipschitz

1Az < 4 [ QAZ + 1aX2dr+ L [ 1AX dr + |z ()]

Using the rough inequality ||AX) || < [|AZY|| + |AX] ], we get

[AXI] +[[AZ]] < (A+ L) /OS(HAZ?H +IAXDDdr + [|Rx () + [RzA ()]l (34)
We take the sup on [0, s], denoting D (r) := sup,¢(o,,([[AX]|| + [|AZ7]]), and use Fatou’s Lemma

to obtain

Dv(S)S(AJrL)/ Dy(r)dr + sup [|[Rx(s)l[ + sup [[Rz,(s)l|.
0 s€[0,T] s€[0,T]

Using the Gronwall Lemma, we deduce

D,(T) Se“‘“”( sup [|[Rxy(s)[[ 4+ sup ||RZ,W(5)||>-
s€[0,T s€[0,T]
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Yet, from Step 1 we can deduce

sup ||Rxy(s)[[ + sup [[Rz(s)] =y-00
Se[ovT] SE[OvT]

in probability. We can conclude that in probability, D (T) —,—0 0, or

P P
sup || Xs — 2]l =400,  sup [[Zs — 2| =4-0 0.
s€[0,T) s€[0,T)

To conclude, we use [34], Proposition 27], to deduce that X, can be rewritten as the solution of the
following ODE

L3Af
T

1/7
X, + 27Kz, ( > X, + Vf(X,) =0.

D Proof of the Lemmas stated in Section [5
We prove formally all the Lemmas used in Section [5] to prove Theorem

D.1 Proof of Lemma

The proof follows similar steps as for Lemma 1 in [57]. We show the following inequalities

/0 wy(5)V (2~ AN, — V f(z)

<2 [ o) o~ an, (33)
- % / / o)) | dNaN, (36)
<o [P - 2 ( [ [ wtoratri - o)dNadNT) ds

+L2/ 2|V (2o (/ / wy (0 )wn(r Ng)ngdNT> dN.. (37)

Inequality . Using Taylor expansion of the gradient, we have
Vi(zs-) = V(@)
1
— [ V(= o) 0w ey T
0

1
= V(@) (x5~ —T0) + / (V2F((1 = 0)Ty + ows-) = V(@) (w5~ — Ty)do.

0

Multiply both sides by w;(s) and integrate with respect to dN(-) on s € [0, ¢]
t
[ o)V s - Vs @an
0
t
— [ we) V@) (e, ~ . (38)
0
t 1
+ / wt(s)/ (V2F((1 = 0)Z + 0wy ) — V2 (T1)) (25— — Tt)dodNs.
0 0
Because fot wy(s)dNs = 1, we have

/0 wi(3)(Vf(2a-) — V(7)) AN, = / wi(3)V f (s )dN, — Y (70),
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and because T; = fg w(s)xs—dNg, we get

/0 wy(5)V2f (@) (o — )N, = 0.

Also,

| ws) [0 0)m 0.0 - V@) @ -7

0

t 1
g/ wt(s)/ IV2£((1 = 0)Ts + 02s-) — V2 F(@)||, e — T dodN,
0 0
t 1

§/ wt(s)/ oLy |zs- — Z||> dodN,  (Assumption )
0 0

t
5 [ wils) ||z | dN.

Finally, taking the norm, becomes

Equality . We have

¢
‘ / wi(0)xe-dNy
0

/ wi(5)V (- YN, — V()| < 2 / wi(s) lzs — To|2dN,.
0 0

2

</twt( )V, ,dNa,/ we(7)z, dN>

//o 0,42 T){Tg—, 2+ ) ANgdN;. (39)

// w(o)we(7) ||#,— — 24— ||> AN, dN,
0<o<7<t

// )2 — xg- H dNydN,

Ot]2

- / wi(0) llzg- |2 dN, / / ) ooy AN dN,
0,4]2

where the last equality is obtained by developing the squared norm, and because

// o)w (T ||xT_|| dN,dN, /wt ||acT_|| dN, / wi(0)dN, /wt ||;vT_|| dN,.
0t]2

Also
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Then,

t
/wt(J)HxU—HZdNU—// we(0)wi (1) (2o, 27— ) AN,dN-
0 [0,¢)2
2

t t
= / wi(0) || zg- ||2 dN, — ‘ / wi(o)xs-dNy|| , using
0 0

t
2 — 2
- / wi(0) |lzo- || ANy — |12
0

t
2 — 2 = 2
:/O wi(0) 2o [ ANy — 2 7]® + |7

t t t
:/ wi() ||xg_||2ch,—2</ wt(a)xg—ng,/ wt(a)xa—ng>
0 0 0

=T+

t
Tz / wi(0)dN,
0
—_———
=1

t t ¢
— [ (o) oo 7 dNo =2 [ (o) (g 7) Ny + [ o) il N
0 0 0
t
- / wi(0) |2 — 7| AN,
0
Inequality (37). By definition of (z¢);>0, for all o € [0,t] we have
t
Ty = Tg- —l—/ N(zs — xs)ds —/ YV f(x4-)dNs
o {o,t]
Taking the left-limit at t, it becomes
t
Tpe = Ty —I—/ N(zs — x5)ds —/ YV f(zs-)dNs
o [o,t)

For 0 < o <7 <t, using |la—b|*> < 2|ja||* + 2||b||* for a,b € R? and Cauchy-Schwarz inequality,
we have

2
|zr- — 2o ||2 = ‘ / n(zs — x5)ds — /[ )’va(xs—)st
T 2 2
<2 ‘ / n(zs — xs)ds|| +2 / YV f(xs-)dNs
o [o.7)

<2( [ - ds)2 +2 ( [ s st>2
<2 (/U In(zs — zs)2ds) (/U ds) +2 (/{m st> </M ||'ny(a:S)|2st>

<2(r o) ( [ i - xs>||2ds) F2N- = Npo) [ 195 N
(10)
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In the last inequality, we used f[g M 7V f(ze-)|* dNy < f[a T] |7V f(z5-)||* dNs, recalling our
notation [T dN, = f[g ;- Then, we have

// wy(o)wy(7) ||wr- — x5 ||> AN, dN,

0<o<7<t

({40) T

g // wi(o)w(17)2(1 — o) </ 0 ||zs — x| ds) dN,dN,
0<o<7<¢t o

+ / / wi(@)wi(r)2(N,- = N,-) ( / % ||Vf<:cs>2dzvs) AN, dN,
0<o<7<t o

= // wi(o)wi (1)2(7 — o)n? || 25 — acs||2 dsdNydN,
0<0o<s<7<t

+ / / (@) (2N, - — Ny )72 [V f (2, )||2 dNodN,dN,
0<0<s<7<t

=2 [l ([ [ oot - opanax) s

=3 IV o)l ( / t / " wn (o wn (r) (V- — Ng->ngdNT) aN..

D.2 Proof of Lemma

We set w(s) = ae®®, such that s — w(s) is differentiable, satisfying

dw(s)
ds

Summing the two lines of (CNE) and using 7+ n' = «, we get

= aw(s).

drs — dzs = a(zs — xs)ds — (v — ')V f(xs- )dNs. (41)
We multiply each side of by w(s) and use dw(s) = cw(s)ds to get

() (drs — dz) = G(s) (2 — 22)ds — D(3)(y — 7)Y (e )N,
= (25 — x5)dw(s) — w(s)(y =)V f(zs- )dNs.

By rearranging, we obtain
w(s)(drs — dzs) + (x5 — 25)dw(s) = —w(s)(y — ¥ )V f(xe-)dNs. (42)

We write in an integral form, such that

t

/0 (s)(des — dzs) + / (2 — 20)di(s) = — (v —7) / ()Y f(z,- )N, (43)

We use the following integration by part formula for stochastic integrals, see a precise statement
in [61) p.83].

Corollary 24 ([61]). Let X, Y be semimartingales with at least one of X or'Y continuous. Then
¢ t
XYy = XoYp +/ Xs-dYs +/ Y,-dX;.
0 0

We apply Corollary to X; = 2y — z; and Yy = w(t), such that XYy = 0, and so

/ w(s)(dxs — dzs) —|—/ (x5 — 25)dw(s) = W(t)(xs — 2¢). (44)
0 0
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We combine with , and multiply both sides by ( fot aeanNs> to conclude. Note that we

can use Corollary [24] as t — w(t) is deterministic and continuous, and x; — z; is a semimartingale
as a difference of semimartingales. To see that (z;);>0 is a semi martingale, remark that it writes

:ct_xo—i-n/ot(zs—xs)ds— /tVf( -)dN;,

t
=z + /(n(zs—xs) YV f(xs))ds —'y/ Vf(zs-)(dNs —ds),
0

adapted + continuous + bounded variation martingale

which is a semimartingale by definition. The same argument holds for (z):>o.

D.3 Proof of Lemma [10]

From Lemma[8] we have

MENE H / ()Y f - )N

i t s
+ L2/ 0 ||z — xs||2 (/ / wi(o)we (1) (T — O’)ngdN.,.> ds
+Lz/ VIV f(x (/ / wy (o) wy(7) (N, - NU)dN(,dNT) dN,

:H“’t(“(t‘ z4) +L2/ 0 N2 — s (/ / wt(a)wt(T)(T—a)ngdNT> ds

+L2/ VIV fas- (/ / wi(o)wy (7)(Ny- — g)dNUdNT) dN;,

Y=
2
where the equality is because of LemmaH Multiplying both sides by A; := (fg ae"(s_t)dNS>
and integrating on [0, T;,] with respect to dN;, we get
wy(t) (2 — a4)

T, Ty
[ avsEan < [ At\ ,
0 0 -
Tn t t s
+ Lg/ At/ 772 lzs — a:s||2 (/ / wi(o)we(T) (T — a)ngdNT> dsd N,
0 0 S 0
Ty t t s
—I—L2/ At/ V2V )2 (/ / wi (o) we(7) (N, —NG)dNUdNT> dAN.dN,
0 s 0
<>/ A, wt(t)th 74)
+a2L2/ / 72 ||zs — zs? (/ / Ar=t) (o=t (7 — 5)dN,dN, ) dsdN,
+a2L2/ / V|V f ()| (/ / e Tt elo (N __ —N(,_)ngdNT) dN,dN,
0 0 s 0

(;) /Tn At ‘wt (t)(zt — xt)
0

Y=
Tn Th t s
+042L2/ n? ||,zs—3[;5||2 / // ea(T_t)ea(”_t)(T—J)dNUdNTdNt ds
0 s s 0
+a2L2/ V||V f(x </ / / Ar=t)ealo—t)(N, _ —NU_)dNGdNTdNt> dN;,.
0
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2 2
Equality (i) holds as A; = (fot aea(s_t)st> = (f(f aeasts) e~22t such that

2

¢
Awi(o)we(T) = </ ae"‘sts> e 20t
0

oo T

ae 5
- - = o’e
Jo ae**dN; [ caesdN;

ae

72at€aoear .

Equality (ii) holds by Tonelli, enabling to swap the integration order of s and t. We conclude by
taking the expectation.

D.4 Proof of Lemma [11]

aeat

Recalling wy(t) = T acasdn,» One has
0 s
we(t) (2 — x¢) ae 1
/ = t HZt - xt”
Y = (v =) ) aev=dN;
o 1
= 20 — 2|

(V' =) [F aers=DdN,
0

2
So, using the notation A; := (fot ae”‘(S*t)st) , we have

T, T t
n t _ n
E / Ay Hwt()/(ztxt) ‘dNt =E / /a (/ aeo‘(s_t)st) |zt — 2¢]| AN
0 Y= o 7V —7\Jo
45
) — - — @)
<> |E / AN || E / 21— 2|2 AN |
Y= 0 0
where we used the Cauchy-Schwarz inequality. We have
T, ) T, )
| =l ani = [ a0 - (0 = 0 o) dN,
0 0
T, , T, )
<2 [l — e P20 = [ 19Ol dN,
0 0
Then, from , we have
T,
n 4
E [ / ||Vf<xt>|2dNt] <Zay. (46)
0 Y
and from , we have
Tn 1 1
E / o — 2 |PdN,| < ——A; = ZA,. (47)
o “n+n o
Combining and , we obtain
n 2 1 4(y —9)?
B[ = al? | < y2E; 2+ 0
’ (48)

! _ 2
< /QQ*IAf 1+M7
Y

the last inequality using a=* > 1. Note that we assume v’ = v + 1/v/2, such that @ = %7
and /1 + M = /1+2 = /3. Combining this with , Lemma (1) and , we deduce
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E

/oTn A HWH dNt] s 3 (1 + za> (1+ za)n@

_m\/6(1+3a)(1+2a)m

= \/%\/7\/7’ (49)

where we used v/ =~y + f and defined A,, = 12 (1 + ‘ga) 1+ 2a).

D.5 Proof of Lemma [13

We prove each statement separately.

Equation (15) We have

Tn Tn ot ps
/ n? |2 — x| (/ / / e Dea(o=t) (7 _ o)ngdNTdNt> ds
0 s s JO
—Z / 7 |z — 24 ( / / / ATt (r — >dNadNTdNt> ds,
T Tit1)

where we used that integration with respect to ds on a singleton is zero.
Then, noting U; := f(T_ Tii1) 72 ||zs — x4||* ds, we have

3 TSR § o PR P
T, Tit1)
oy (/ 7 Nz ol ds> </ [ [ ettt - gyanan dM)
i=0 (T:,Tit1) Tit1 JTigr
w Z / 0 ||zs — % ds / / / 7077 (7 — 0)dNydN,dN,
i—1 (T3, Tit1) Tit1 JTiya
1 T;
/ / / ea(Tft)ea(”ft)(T—U)ngdNTdNt
z+1 'L+1
/ / / T Vet (7 — YU, dN,dN,dN; |, (50)
z+1 L+1

where (i) uses the fact that ng" f: Jy T Hexlo=D) (T—a)dN dN,dNy is constant for s € (T}, Tj11),

as no new jump occurs on this interval. (ii) uses that fo - dNy = fo dN; = 0, as almost surely

no jumps occur at ¢ = 0. Because we integrate over [0,7),] with Poisson integrals, we can write
(50) as a sum

B9 = Z > Z Zeam T (Ti=T0) (T, — T)U. (51)

=1 l=i+1 k=i+1 j=1
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We multiply each side of by 14, ,

n

E[la, - (BI)] =E |14, Z

>

and take the expectation

>

%

Z (T =T1) o1 =T1) (Ty, — T;)U;

l=i+1 k=i+1 j=1
n—1 n l i
_ Z Z E ]lAnea(Tk—Tl)ecx(Ti+1—Tz) Z ea(Tj—THl)(Tk _ ]’])Ul
i=1 l=it+1 k=it+1 =1
) n—1 n l i+1
< Z F ]lAneoz(Tk—Tl)ea(Ti+1—Tz) Z ecx(Tj—T,;+1)(Tk _ Tj)Ui
i=1 I=it+1 k=i+1 =1
n-1 n 1 [ it+1 i
_ Z E eoz(Tk—Tl)ea(Ti-H—Tz)UiﬂAn Z ea(Tj_T“'l)(Tk _ Ti+1)
i=1 I=i 1 k=it1 j=1
n-1 n ! I it1 i
+ Z E ea(Tk—Tz)ea(TiJrl—Tz)Ui]lA" Z ea(Tj—T,;+1)(7-;+1 _ Tg)
=K l=it1h=it+1 | = |
K—1 n i+1
Z eo‘(Tk—Tl)ea(TiJrl_Tl)Ui Z ea(Tj_Ti+1)(Ti+l _ Tj)
i=1 =i+1 Jj=1

(i) uses that Z; 165 < ZH aj;, as long as a; > 0 for any j € {1,...,7+ 1}. The last line uses
14, < 1. Now, we use Proposmon 2| to deal with the third term, and Theorem [I2] to deal with
the first and second term, such that

n—1 n i i1 - -
E[1 Z Z Z E ea(Ti+1—Tl)eC!(Tk—Tl)(Tk — Ty 1) U;C,E Z e(Ti=Tit1)
i=1 l=i+1 k=i+1 L =1 1]
n-l n ! [ i+1 17
+ Z Z Z E |e2Tit1—T) e(Ti=T) gy .0 T Z ea(Tj—THl)(Ti_i_l —Ty)
=K l=i+1 k=i+1 = /]
K—-1 n l
#33 B B[ e ey, K]
i=1 l=i+1 k=i+1
n—1 n l i+l
< Cn Z Z E [ea(TiHiTl)ea(TrTl)(Tk - Ti+1)U¢] E Ze"‘(TJ'*THl)
i=1 l=it1 k=it1 =
n—1 n l it+1
+C, E {ea(THl*Tz)ea(kaTl)Ui} E Z ea(Tj,THl)(TiJrl B Tj)
i=K l=i+1 k=i+1 j=1
K—-1 n l
+ Z ]E[ a(Ty—T7) ,a(Tit1 Tl)Ui} CuPPK
i=1 I=i+1 k=i+1
i+1

i=1 l=i+1 k=1i+1

eES 5

=1 l=i+1 k=i+1

E {ef’é(Ti-H—Tl)ea(Tk—Tl)(Tk —

Z ea(T —Ti+1)

H—l :|

i+1

|:eOé(T,;+1—Tl)eOL(Tk—Tl)Ui:| E Z eOL(TJ —T,j+1)(Ti+1 _ T])
j=1

(i) uses that for i > K and by Lemma[35] we have

i+1

a(T;—T; € 1 ) 1 ¢
E Ze (=T ) (T — Ty) | > 32m1n{(1+ 1)270[2} = 32

Jj=1

—1 -1

2 -1
1} Z Cinfe K2

min{ K2,
o}
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the last inequality using the assumption a~! > ¢;, K. So, we deduce

ol c2 et
Zea(T (T - Th) | > inf CuppK? > Cp eupp K2,
32¢upp
which implies
i+1
CuPPK2 S CnE Z ea(Tj_Ti-H)(jji-‘rl - T])
j=1

Then, U; depends on {1} }req1,....i}, as it depends on @, and z, for s € (T3, Tiy1), which depend on
{Tx}requ,....iy- Also, U; depends on the length of the interval (7}, T; 1), such that U; also depends
on Tiy1. So, we have that U; only depends on {7y }req,...,i+1}- Because the increments of {7} }ren
are independent, because k,l > i+ 1, we have T;,1 —T; L U; and T}, —T; L U;. So, becomes

n—1 n l i+l
Efls, -GEDI<Cd > > E [e“(Tﬂl‘Tl)ea(T’v‘Tﬂ(Tk Tin } Zea(T ~Tie)
i=1 l=i+1 k=i+1 |
n—1 n ! it+1 T
e, Z E [ea(ml—n)ea(n—m} E[U,]E Z e Ti=Tie)) (T, | — T)
i=K l=i+1 k=i+1 Jj=1 ]
n-l i+1
=C, Z E Z Z [ a(Tit1—T1) ga(Th— Tl)(Tk — Ty } Zea(T —Tit1)
=1 l=i+1 k=i+1 |
n-l i+1 T
+C, Z E[U, Z Z { @(Ti+1—Tz)ea(Tk—Tz)} E Z ea(Tj—Ti+1)(Ti+l —Tj)
i=K l=i+1 k=i+1 j=1 |
1+1
De. ZJE Z Z E | (T @ty — 1y ) $ e (TiTi)
l=i+1 k=i+1 Jj=1
n-1 n i+1
+C, Z E[U;] Z Z E | e¥(Ti1=T1) (T =T1) Z (T TL+1)(Tl+1 T. )
i=1 l=i+1 k=i+1 j=1
n—1 i+1
-6, EwIE| 5 3 et man o S e, -
i=1 l=i4+1 k=i+1

(53)
where in (i) we used the independence of the increments of the {7} }ren. Finally, writing the sums
as Poisson integrals, notlng

i+1

Ajyq = Z Z Tit1—T) po(Tk—T1) Zea(Tj*Tiﬂ)(Tk _ Tj)

l=i+1 k=i+1 Jj=1

= / / e Tir1=t) ga(r—1) / e~ Ti1) (7 — 5)dN,dN,dNy,
[Tit1,Tn] J[Tit1,t] [0,Ti+1]

and recalling U; := f(T,_T_H) 0 ||z — ]| ds, becomes

n—1
E[ﬂAn']<C"ZEl/ 772 ||zs—x8||2d8
i=1 (T3, Tig1)

E[Ai]

n—1
<C max  E[A4; ]E/ 21, 212 ds
tielt o) | ZH]; (Ti,Ti+1)T] I =2

<C, max E[A]E
ie{l,...,n}

T’IL 2
/ 7 12 — a|* ds| -
0
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Equation (/16))

Tn
/ V2|V f(x (/ / / Ar=tealo=t)(N, _ —No_)ngdNTdNt> dN,
0
/ (/ / =)= ||V f (2 ||/ e T=I(N —NU_)dNUdNTdNt> dN,

Because we integrate over [0,T5,], (54) can be written as a sum

n n l
') Zzzea (Tr—T7) a(T1 Tl)"}/ va iCT H Zeoc(TJ T1 . ) (55)

i=1 l=1 k=1

(54)

We used that NTf NTf = (k—1)—(j —1). Multiplying by 14, and taking expectation, we have

Ela, - (4] =E |14,

Z Zea(T’“_Tl)ea(Ti_Tl)’}’Q va(«TTf)HQ Zea(Tj_Ti)(k _ ])
= ' j:1

=i k=i

K2

—

l

I
M=

N
Il
-
Il
=
=~
Il
-

E |1, e(Te=T0 oo (Ti=T0) 2”fo - H Zea(T —-T;) (k — §)

e (Tk=T) (T Tz) 2 va xT H k—i)lg, Zea(Tj_Ti)
j=1

~

Il
M=
M=

N
Il
-
Il
=
=~
Il
-

l

3

2 7
E |2 TeeoT |7 f(a, )| 14, 3 e - )
j=1

@
I
-
Il

i
Ngh

=

i k=1

Now, Theorem [12] ensures that there exists a constant C,, such that we have

n n

E[L ZZZE e Te=T1) (T, le va - H Zea(T -T)

i=1 l=i k=i

n o n l
+ZZZE e(Tk=T) ga(Ti=T1) 2HVf T H C,E Zeo‘(T T) (t—37) ]

i=1 l=i k=i

Sann:zn:zl:E[ea(T" 7) p(Ti—T1) 2va - )H } Zea(T —Ty)
k=i

i=1 l=i

n l

+CHZZ E [ea(n T1) po(Ti =) 2va T )HQ]]E Zea(n—n)(i—j)
i=1 l=i k=1t Jj=1

(56)

Now, because the increments of {Ty}ren are independent, as I,k > i, we have T, — T} L
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va(fo)H and T; — Tj L HVf(a:T[)H. So, becomes

E[l,, - (B4)] <C, iiiE {ea(kaTz)ea(Tile)} ,YQE [va@n)m (k—)E iea(TjTi)]

i=1 =i k=i =1
n n l 2 i

+C YN IEFaUkzwewﬂﬂxf}E{vamTiw’]E E:ednnniji
i=1 l=i k=i j=1

I=i k=i j=1

[HVf(le)HQ} i iE [ea(Tk*Tl)ea(Ti*Tz)} (k—i)E i 6a(TjTi)]
+Cn ZH:WE {HVf(xTi)Hj i XZ:E [ea(kaTl)ea(Tile)] 5 ZZ: o TT) (j j)]
i=1

l=1i k=1 j=1
. n n l
3 ot 3 S o gom )
=1 =i k=1
(57)

where (i) used the independence property of the increments of {7} }ren. Rewriting as Poisson
integrals, we note

Zze (T —T1) Ot(T Tz)zea(T T) )

=i k=1
= / / e(T=t) ga(Timt) / (N,- — N, )e*"~T)dN,dN,dNy,
i i 0

such that

EL,, - (2] < cniﬁE Mv‘f(%)m E[B
=1
SCnZe%rllax E[B 272E [HVf Top- H }

=C, max E[B/]E
i€{l,...,n}

Ty
/0 )2 ||Vf<ws->|2dzvs]

D.6 Proof of Lemma [14]
‘We recall

A ;:/ / / ¢ (Te=0)a(r—1) ga(e—T) (+ _ o) AN, AN, dN},
[Tk ,Tn] [T}c ,t] [O,Tk]

n T
By, = / / / e DTt palo=T)(N__ — N__)dN,dN,dNy.
Tw JTy
We will split the proof in several sub lemmas. We first bound maxyegy,... 5y E[By].
Lemma 25. We have

1+ a)%(1 +2a)

max E[Bg] < ( 1

ke{l,...,n} o
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Proof. Let k < n.

= izzea(TPTi)ea(TJ‘*Ti)(l — )
— =

eza(Tl—Ti)ea(Tj_Tl) (l _ ])

M-
(]

@
[
el

<.
Il
—
Il
el

&=
o)
il
Il
=

S S E [ech(Tl*Ti)} E {ea@*m} (1 - 3) (59)

\rFVj: ﬁ[v13
b >
R

(1+20)7 1 +a) 1 -7

[
™=

= (1+20)"" (1 +a) "' (1~ )

n

= (1+a)j—l(l_j)2(1+2a)l—i

,Us.t. =l
We have Y7, (1+2a)' " < S P (1+2a)!~% = 1+ 5=. We plug this inequality in the above, such

that )
EB < (1+— 1 ImH—
Bl < (14 5 ) PORKIERVEE .
1<jSk<i<n

Now, we do the change of variable (j,1) — (j,{ — j) := (j,d), such that

n—1 min{k,n—d}

E[By] < (1 + 22{) o> (+a)a (61)

d=0 j=max {1,k—d}

Indeed,foraﬁxedk,webothhave1Sjgk,andk‘§l§n:>k—d§l—d(2j§n—d,where

N . . min{k,n—d — k —
(4) is due to the change of variable. Then, as Zj:ria:{lyk}fd}(l +a) % < dimk—a(l+a) ad, we

deduce
1 n—1 k J
E [By] < (1+20) | (1+a)"%d
d=0 j=k—d
< (1 1) ni:l(l + )~ %d(d +1)
- 2c
d=0
+oo
1 (62)
< . —d
< (1 + 2@) > (14 a) d(d+1)
d=0
B 1Y 2 )
B <1+ 2a> a3(1+a)
(1+a)?(1+ 2a)
O
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We now turn to maxgeqi,... ) E[Ax]. The computations are similar, thanks to the following
elementary result.

Lemma 26. If T, ~T'(n,1), then

n

E [Tne_aTn:I = (1 +a)n+1

Proof. Let ¢(a) = E [e=*T»] the moment-generating function of T,,. As T,, ~ I'(n,1), we have
dla)=1+a)™ = ¢'(a) =-n(l+a)™" L So

"
1+ a)ytt’

p(a) = —E [Tpe ] = E [The "] =
Lemma 27. We have

max E[A4] < w
ke{l,...,n} Q

Proof. The proof is almost identical to the one of Lemma The only difference lies in (59)),
where [ — j is replaced by 1; — T;. Then, a direct application of Lemma (26| gives E [Tne_"‘T" =
(1+a)7'E [ne‘O‘Tn] for some T;, ~ I'(n,1). O

D.7 Proof of Lemma [15]
1. Bounding Term 2. Using Lemma [I3] and Lemma [T4] we have

Tn Tn, t S
E [MHJLQ / n? ||zs — z4? ( / / / e ealo=t) (7 _ a)ch,dNTdNt) ds]
0 s s 0

., (63)
1 142 "
< CnLQLME l/ n* ||zs — xs||2d5] .
@ 0
From @, we have
E /T"z CnPds| < ——A; =1 (64)
0 s s = 77+77/ f= a f-
So, combining and , we deduce
Tn Th t s
E lnAnaQLQ / n? ||zs — z4? ( / / / eX(TDealo=t) (7 _ a)dNUdNTdNt> ds]
0 s s JO
1 142
S CHLQ,',)Q( + a)(3 + Oé) Af (65)
@
1+ a)(1+2«w)
=CpLloy—FF—— Ay,
2 203 !
where the last equality uses n = /4.

2. Bounding Term 3. Using Lemma [I3]and Lemma [I4] we have

Tn Tn t S
1y, %Ly / V|V f ()| < / / / T ealo—tl (N No_)ngdNTdNt> dNS]
0 s s 0

(1+ a)2(1 + 2a)

E

S CnLQ E

T,
/0 )2 ||Vf<ws->||2st]

(66)
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From , we have
T,
" 4
E l /0 IIVf(SUs)IQst] < JAs. (67)

So, combining and (67)), we deduce

Ty Thn t s
Ta,’Loy / VIV f (2 ( / / / eTealo=t) (N NU_)dNJdNTdNt> st]
0 s s 0

(1+a)?(1+ 2a)
2

E

S 4CnL2’)/ Af.

(68)
Combining and , we obtain the desired result.
D.8 Proofs of Section [5.5]
Proof of Corollary From

2

Ty t
1 in_ V(@ a“—“dzvs) dN
h o i | f““)”/o (/o o “

= 1%/ (VAL + BaCal ' LaAAy) (69)
< 4V3BC, (VIAS + L7 LaAp ) 0

E

where we use C,, > 1 and VA4, = 2\/3\/(1 +3a)(1+20) < 2V3(1+2a) < 2v3(1 +20)(1 +
@) (1+a8(1+a)) = 4V/3B,,. Using a = n~'/7, we have

BnCr = 2V3(1 + 20~ Y1) (1 +n~V/7) (1 +n H78(1 + n_1/7)) 32(4 + 4C, + C2) St

Cinf
with C,, = cinfn_1/7K.

Proof of Corollary From

T, t 2
1 i Vfz a<s—t>st> dN,
i 195 [ ( [ o t

<n?/7 <\/AnCaL1+a1L§2Afl+“3 + Bnca3an13a1L;—3a2Af13a3> :

E

(70)

with, A, :=12(1+ 2a) (1 4 2) and B, := 3(1 + a)(1 + 2a) (1 + a8(1 + «)). We want to find
a1, as,az such that the exponents in the left and right term are the same. Therefore, we solve

1—|—a1

2 S 321
as
?:1—302, - (a17a27a3): (_77777)
1
J;% — 1 — 3a,
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Then, becomes

2
E []IA mln |Vf Ty) H/ </ aeo‘(s_t)dNS> dNt}
<n?/7 (, [A, (1 + 2) Co + BnCa‘?’Cn) L3L] A

(@) <\/A Co + BnCa —3(326“””6(4+4c +02))> LEL] A3/ (71)
znf
(i) L
< (1+C, +C2/4) <\/A Co + 1288, C"ppeca—3> LAL5 Ap# 3/
znf
(444) 1
< (1+C,+C2/H)H <\/120 +64C“””e 3) L%LSAﬁn?’/?
lnf

In (i) we use the definition of C,,, namely C,, = 32(4+4Cy,+C2) <2<, In (ii) we use (44+4C,+Cr) =
4(14+C, +C2/4) and (14 C,, 4+ C2/4) > 1. In (iii), replace A, and B,, by their values and we set
H(a):= max{\/(l +3a)(1+42a),(1+a)(14+2a)(1+a8(1+a)} = (1+a)(1+2a)(1+a8(1+a)).

We then optimize on C,. Note that we keep implicit the dependence on C,, in H(«), and do not
consider it in the optimization of C\,. Denoting a = 12, b = 64°%2° we want to minimize

Gt
VaCy +bC, 2.

The function ¢ : t — vat + bt 3 is derivable on R, and ¢'(t) = 2—‘/\2 - %f It follows that ¢ reaches
its minimum on R* at the point
6b \ 27
Pt)=0&t= () :

Ja

Then, the minimum of ¢, denoted ¢min, is

()

Va
= M2 GUTHH T 1/14 |y (B/T6=6/Ty=6/T
— QUGBTI o g=6/T 3/ Tl T
_ (61/7 +6—6/7> Q3T

— 766/T g3/ Tl T
7
ﬁ) , and replacing a and b by their values, we obtain
Cupp€ 2/7
Co = (6[7)2/7 = 76 o :lpf — V3 64cyppe
o \/a B V12 a sznf 7

which in turn implies
1/7
\/W_FMC“I’P C, 3 =7676/7123/T641/7 (Cugppe) .
C*
inf

Then, choosing Cy, := <6b

2/7
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Finally, we deduce that with the choice
2/7
o V3. 64cyppe L%Af 1/7
N o L3n ’

2

we obtain

Th t
E . V(T oc(s—t)st dN,
ki 19500 [ ([Lae t

1/7 1/7
< (1 + Cn + 0721/4)}[(0()7676/7 123/7641/7 <Cu2pp6> <Cu2pp6> L%LQ%Af%ngﬁ (72)

cinf cinf

1/7
~9.2(1+ C, + C2/4)H (o) (Z;‘m’> L%LjAﬁnW

D.9 Proof of Lemma [18

‘We note )
Ty t 2 n i
An = / (/ Oé@ods*t) st> dNt = Z Zaefo‘(Tiij)
0 0 i=1 \ j=1
By Proposition 29] on the set A,,, we have that for all j <i <n,
T; = Tj < cupp(i — J) + cupp K.
Hence,
, 2 4
n ? n 1
s An > 14 o Z Z efcuppo‘(i*J*K) =1, a2672cuppaK Z Zefcuppa(i*j)
=1 \s=1 i=1 \j=1

Set r := e “wrr®, Then

i

i—1 1— Ti
e—cuppa(i—j) — Tl _ )
> ZZ_; -

j=1

Therefore,

2 n

o —2c a E 7

]lAn,ATL Z ]lAn (1 _ T)Qe 2 “r K (1 -r )2'
=1

Using 1 — e ™ < x for all z > 0, we get

o? o? o? 1
2 —Cuppt\2 — 2 7 2
(1 - T) (1 —¢€ pr ) (cuppa) cupp
Moreover,
_9Cupp
e—2cum,o¢K —e 2 Cinf Cn
Hence,
1 2furr 0,
- ” n \2
1a,An > ]lAncTe cint E (1—=7r")"
upp i=1
Now,

S D S S 1
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Therefore,

1 _oCupp Ch 2

Ip, Ap 21y, 5—e s " (n— —— ).

Cupp eCupp® — 1

Finally, since e* — 1 > z for all x > 0,
2 2
< ;
eCurr® — 1 7 cyppa
such that
1 ZC“”p Ch 2 n _QCUPP Ch 2
]lAnAnZ]]'AnTe Cinf n — :]]'AnTe Cinf 17 .

upp Cupp® upp CuppOT

E Proof of Theorem [12

We prove Theorem [12|in this section, which we restate now.

Theorem 12. Letn € N*, ¢;5,6 € (0,1), a € (0,1). Let K = [(cmf — 1 —log(cinyf)) ' log (22)],
and cypp > 1 be chosen such that cypp — 10g(Cupp) = Cing — log(ciny). Let

C, =32(4+4C, —|—02) Cupp® , where C, = ¢cinsakK.
c?
inf

There exists a set A, C Q of realizations satisfying P(A,) > 1 — e such that the three following
assertions hold

(1) Vie{K+1,...,n}, Zzzl(Ti—Tj)e—a(Ti—Tﬂ <C.E {Z] (T, = Tj)e _O‘(Ti_TJ‘):|7
(2) Vie{l,...,n}, Zj‘=1 e—(Ti—T}) <C,E {Z » 7a(Ti7Tj)} ’
(3) Vie{l,...,n}, Z;:l(i — jlemo(T=Ty) <C,E {Z (i — e T Ty )} _

Sketch of Proof. Define

% %

Hé — Z(,T? B Tj) e—a(Ti=Ty) Z —a(T; T) Hz .7 Z(Z 7j)efa(TifT]~).

Jj=1 Jj=1 J=1

Hs

The proof follows the same five-step strategy for each of the three sums H}, Hi, Hj.

Step 1 — Choice of block size K. Since T; — T; = Zk_ Ap with Ay, " &(1), the Chernov

inequality controls deviations of a sum of fized length K from its expectation, whose value is K.
However, we need a bound valid for all gap lengths ¢ — j simultaneously. The key device is to fix a
block size K (whose value will be determined in Step 2) and decompose each sum into consecutive
blocks of size K plus a residual block.

Step 2 — Concentration of T; — T; (Proposition . Applying Chernov to each block of
size K, combined with a union bound over the O(n) possible block starting points, gives with
probability 1 —e, forall 1 < j <i < n:

Cinf(i = J) = cinf K < Ti = Tj < cupp(i = j) + Cupp K.

The value K = [(cing — 1 —log ciny) "' log(2n/e)] is chosen to make the failure probability of each
block at most £/(2n), so that using a union bound implies a probability over all the blocks of €/2,
that does not grows with n.

Step 3 — High-probability upper-bounds on H; (Propositions 32). Substituting
the bounds of Step 2 into each sum yields upper-bounds with high probability on {Hﬁ}ke{0¢1,2}-
These upper-bound involve terms that depend on K.
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Step 4 — lower-bounds on expectations (Lemmas 34). Computing the character-
istic function of the Gamma distribution, E[H}] is computed exactly in closed form, then lower-
bounded by quantity whose form matches those of the upper-bound in Step 3.

Step 5 — Conclusion (Section . The upper-bounds from Step 3 involve terms that depend
on K, while the lower-bounds from Step 4 do not. We define C,, such that K = O(C,,/«), allowing
to combine these bounds. We obtain that the sums H}C are upper-bounded by their expectations,
up to constants involving C,,. As long as o = n~? for some § > 0, the constant C,, will be
uniformly upper-bounded with n, and will verify C,, =, 1 0.

O

E.1 Upper-bounding the sums

A key result for our proof is based on a rather classical concentration inequality called the Chernov
inequality. We use it in the case of gamma laws, see e.g. [12], Section 2.4].

Lemma 28 (Chernov inequality). For k € N*, let T, ~T'(k,1), 0 < ciny <1 < cypp. Then,
(Z) P(Tk S clnfk) S e_(cinf_l_h)g(cinf))k.
(ZZ) P(Tk > Cuppk) < 6_(("“'1’1’_1_10g(cupp))k_

Proposition 29. Let €, ¢iny € (0,1), n > 0, and K := [(ciny — 1 —logciny) ' log(2n/c)|. Let
Cupp > 1 be chosen such that cypp such that cupp —1og(Cupp) = Cing —log(cinyg). Let the set A, such
that we have for any 1 < j <i<n

Cmf(i —j) — Cme <T;— Tj < Cupp(i — ]) + CuppK.
Then, we have P(A,,) > 1 —¢.
Proof. We note Ay := Ty4+1 — T} such that

i—1
T,—Tj = A,
k=j

where A, %! E(1). Let an integer K > 0, to be further fixed.

Lower-bound. The idea is to decompose 22;1] Ay into | (i — j)/K | blocks of size K starting at
J,J+K,j+2K,..., plus a residual block of size (i — j) mod K < K. Chernov is applied to each
complete block; the residual block is non-negative (A > 0 a.s.) and is simply dropped, at the cost
of the term —c;,, s K in the final bound.

We have Zi;;ﬂ( Ay = Tj+ g — T; which follows the same law as Tk ~ I'(K,1). Therefore, for
any cing € (0,1), applying Lemma ] (i),
J-1+K

> Ak < cingK, (73)

k=3
with probability at most e~ K(¢ins=1=18¢ins) = Choosing K = [(ciny — 1 — log cing) ™' log(2n/e)],
this probability is at most £/(2n). By a union bound over j € {1,...,n — K}, with probability
1—¢/2, fails for all such j, namely

Go1+K
Z Ay > Cian. (74)

k=j

Now, consider the following decomposition

i1 | -1 j4(s+ 1)K —1 i1
SFVL S SHNREES SRPNS
k=j s=0 k=j+sK k:J+L1—T7JK

[(i—j)/ K| complete blocks residual block
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For s € {O,-~ , L%J 71},We have j+sK € {j,---,i— K} Cc{l,--- ,n— K}. So, gives
that with probability 1 — e/2, for any such s we have Zf;gﬁlgg{_l Ay > cinfK. The residual
block can be dropped, at it is nonnegative. Then,

= -1+ s+ 1)K -1 i1
zAk— XY A Y A
k=j s=0 k=j+sK k=j+| % | K

Z Clan

) (75)
. V [_(]J
> cinf K (K—l) (] 22 —1)

= Cznf(l 7]) - Cian-

Upper-bound. As for the lower-bound, the strategy for the upper-bound exploits the following
decomposition

i1 | % =14 (s+ 1)K —1 is1
k=) s=0  k=jtsK hit | | K

[(i—j)/ K] complete blocks residual block

However, a difference is that the residual block cannot be dropped by a non-negativity argument,

because here we want to obtain an upper-bound. A simple strategy is to bound a residual block
by a complete block of size K, namely

i—1 ([ +1) K-t
Z A < Z Ay
k=j+| % | K k=j+| % | K

However, some terms in the sum of the right-hand side are not defined if j + (L%J K+ 1) -1>

i. So, for the purpose of the analysis, we introduce {Ag}n<k<nir—1 L £(1), independent of
{Ak}k<n—1, such that we can write

i—1 L= =1 (s+1) K1 i1
Y= > oM+ D A
k=j s=0 k=j+sK k=j+| iR | K
L""J*ly+(s+1)K 1 it ([ +1) K-t
Z Z Ay + Z Ay (76)
k=j+sK k=j+| F | K

| =] g+ (s K1

Then, applying Lemma 28| (i¢), we have that for any cyp, > 1 and for j € {1,--- ,n — 1}

J—1+K

> Ak = K, (77)
P

with probability at most
e_K(Cupp_l_IOg(Cumz)).
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Choosing c¢,pp such that cupp —log(cupp) = Cing — log(cinys), we obtain

[(cupp — 1 —log(cupp)) ' log (2%)} = [(cmf — 1 —log(cins)) 'log (2%)1 = K,

and it follows that this probability is at most €/(2n). By a union bound over j € {1,...,n — 1},

with probability 1 — £, we have
j—14+K

> Ak < cuppK (78)
P

So, from 7 we deduce that with probability 1 — €/2, we have

L= i+ (s K1 =] i
D S S e (-0 ) ELT Rt

s=0 k=j+sK s=0

(79)

Conclusion. The claim follows by combining (75) and (79, each holding under probability

1- £, O
2

Proposition 30. Letn € N*, ;5,6 € (0,1), a € (0,1] and K = [(cins — 1 — log(cing)) ' log (22)].
With probability 1 — e, we have

2
Vie{l,...,n}, Ze (T T)<m1n{z +K}.

QCin, f

Proof. We bound
— Z aTi=Ty)

We note that as long as i > K, the i — K first terms of H} can be controlled using the lower-bound
on T; =T} from Proposition@ It remains the last terms, whose amount is at most K; these terms
can be bounded by 1.

Let 1 < K. We have

i
D e << min{i,

j=1

+ K} . (80)

QCin f

Let ¢ > K. With probability 1 — ¢, we have

i i—K i

ZB*Q(TFTJ‘) — Z e—a(li=T5) 4 Z e—a(Ti=Tj)
j=1 j=1 j=i—K+1
i— K

For step (i), we apply T; — Tj > Cing(i — j) — Cing K. This is due to Proposition valid with
probability 1 — ¢, for any j < i — K since i — j > K. For step (ii) we set the change of variable
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K-1 e*acmf@ 1 Cinf (- K)
B 1—e~ “Cinf

¢ =1i— K — j, and simplify e*¢insKe=acins K — 1 (4ij) uses Zz;o <
2
O

(iv) uses e~ < 1—1/2 for t = aciny € (0,1], giving 1—e*1“°‘inf < s

1—e %Cinf *

Proposition 31. Letn € N*, cinyp,e € (0,1), a € (0,1] and K = [(cing — 1 — log(cins)) " log (22) ]
With probability 1 — €, we have

: 2 4 2K K2
et 3 T < mind iy
Vie{l,...,n}, Z(z je < miny 5, (acn 2 acimy + >
j=1
Proof. We bound
By Y- e
j=1

Compared with Hi, the weight (i — j) adds a linear factor. When treating Hj, the main difference
is that the sum >, ¢ ¢’ is handled via Y_,2, " = q/(1 — ¢)°.
Ifi <K,
2 { i? 4 2K K? }
+ :

HﬁSZ(i—j)ZZ(ZQ )S%Smin
j=1

2’ (aCinf)?  QCing 2

If ¢« > K, with probability 1 — ¢, we have

%

i—K
H = (i _j)efa(T,ﬁTj) + Z (i _j)efa(:r,-f:rj)
J=1 j=i—K+1
() "X o i
< (Z - j)e_o‘(cinf(Z—J)—Cian) + Z (Z _ j) (82)
Jj=1 j=i—K+1
(i) T ELT K2
< (¢+ K)q" + -

Step (i) uses T; —Tj > Cing(i—J)—cins K , holding with probability 1—e, thanks to Proposition
It also uses e~*(Ti=T5) < 1. In step (i1) we set ¢ := e~ *“nf and the change of variable { = i—j— K.

Thus,
i—K—1 i—K—1 K2
Hi < " + K ¢t + - (83)
£=0 =0
Now,
m—1 . m—1 00 ) m(m - 1) q
lq" < / 14 =
= q < min Pz:; ,éz:;)q mln{ 5 7(1—q)2}’
and
m—1
) . 1
Z qg < mln{m7 }
I—q
£=0

Applying this with m =i — K, we obtain

1 < mind L0 - K —
i< {(z K)(2 K 1)7(1_(])2}
+Kmin{z‘K7 1;}}+K2'q2 (84)

Using min(a, b) + min(e,d) < min(a + ¢, b+ d), we get
. —K)i—K—1 K?

Hégmin{(l )(22 )+K(i_K)+77
(85)

q n K +K2
(1-¢? 1-q¢ 2|
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The first term is equal to * ”‘K Since ¢ > K, it follows that % < % Then,

. i2 q K K?
Hy<mind —, ——— +—— + — 86
2_mm{2’(1—q)2+1—q+2} (80)
As moreover acjpr < 1, then
1l—g=1—¢e % > Lcmfv
2
hence
12 ¢ __ L _ 4
1—q ™ acinf’ (1-q)? = (1-9)? ~ (acing)?
Therefore,
. i2 4 2K K?
2= mln{ 27 (acing)? + QCin f + 2 } (87)
O

The following proposition differs from Propositions [30] and [31] for two reasons. First, because
the weights (7; —7}) are random, we need both the upper bound (T; — T < Cuppi— )—l—cuppK ) and
the lower-bound (T T; > cing(i — j) — cinsK) from Proposition The upper-bound controls
the weight, the lower bound gives exponential decay. Then, a difﬁculty is that for small i, there
is no direct upper-bound of (T; — 7}) that depends on ¢, which will lead to a crude upper-bound
in this case that does not depend on i. Fortunately, it will be sufficient to prove our main result
(Theorem [5]).

Proposition 32. Let ¢z, € (0,1), cupp and K defined as in Proposition . With probability
1 — ¢, we have
Vie{l,....K}, Y (T; = Tp)e "™ < ¢ K2,
j=1

and

4eypp n deyppK

(acinf)2 QCin f

Vie{K+1,...,n}, Z<TZ - Tj)e_a(T"_Tf) < min{cuppiQ,

j=1

+ cuppK2 }

Proof. We bound

%

Hy =Y (T; = Ty)e ™o T),
j=1

We recall ¢;pr < 1 < cypp are chosen such that

K = [ = 1= 08(cupy)) 022} | = | oy = 1~ tonteing)) 108 2.

€

If « < K, with probability 1 — € we have

& () &
Hj < E (T; - Ty) < E Cupp K < Cuppi K < upp K.
j=1 j=1

(¢) uses that as i — j < K, we have T; — T; < Tj1x —Tj < cyuppkK, the last inequality being due to
the Chernov inequality (see (78)).
If ¢ > K, we write

i

i—K
D (T = Ty)e * B = 3 (T~ Ty)e*D) 4 Z (T; = Ty)e (1T, (88)
j=1 j=1 j=i—K+1
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For the second sum, with probability 1 — ¢,

i %

T (@)
Z (Ti = Ty)e~ 1) < Z (T; = Tj) < cuppK>.
j=im K41 j=i-K+1

Again, (i) uses that as ¢ — j < K, we have T; — T; < Tjix — T < cyppK.
Then, with probability 1 — ¢, we have by Proposition [29]

T, —T5 > cing(i — j) — cing K,

and
Ti — Tj S Cupp(i —]) + CuppK-

We use both inequalities simultaneously, the upper-bound controls the factor (T; — T;), the lower-

bound gives exponential decay in e~ *(Ti=7T5) Let g := e~“¢ns . Therefore,

i—K
Hé < Z (Cupp(i - j) + CuppK)e_Ot(Cinf(i—j)_Cian) + C’u,ppK2
Jj=1
i—K—1
=

K2

INS

Z (Cusz + QCuPPK) ¢+ CUPPK2'
0

In (i) we set the change ¢ =i — j — K. Then,

i—K—1 i—K—1
Hy < cupp Y, 4"+ 2cuppK D q' + cuppK”.
£=0 (=0
Now,
m—1 m—1 0o m(m _ 1) q
£q* < min l, lqt s = mln{ , } ,
Soemn{Ses T -
and

Applying this with m =i — K, we obtain
(-K)i-K-1) g
2 "(1-q)?

1
+ QCum,Kmin{i — K, 1} + CuppKQ-
—q

Hj < cupp min{

Using min(a, b) + min(c,d) < min(a + ¢, b+ d), we get

)  —K)i—K -1
Hj < min{cupp @ )(22 ) + 2€upp K (i — K) + cupp K2,

q 2cypp K 9
u w7
Cpp(l_q)2+ 1—¢ + Cupp

. . . ;2 —q y — 2
The first component in the min is equal to cupp%. Then,

P?—i+ %K+ K- K? i2—i+(i+1/2)2 — (K —i—1/2)?
Cupp 5 = Cupp 5
2 — i (i 4+1/2)% - (1/2)?
SO AT YU
= Cupp-
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So, we deduce

) 2Cupn K
Hj < min{cuppiz, Cupp a _qq)2 + iipq + cuppKz} . (93)

As moreover acipr < 1, then

1—g=1—¢ o > 2L
hence
L2 ¢ __ 1 _ 4
l—q = aciny’  (1=9)2 = (1-9q)? = (acins)?*
Therefore,
. 4c dcypp K
4 . ] U, U, 2
Hj < mm{cum,z , (acmz,):)z + ozci:f + cupp K } (94)
O

E.2 lower-bounding expectations
The three lemmas below compute or lower-bound the terms E[H}], recalling

% %

Hé::Z(Ti_Tj) —a(T;—Ty) Hl._zefaT —Tj) Hz,_z(z_]) —a(Ty=Ty)

j=1 Jj=1 j=1

Since T; —T; ~ I'(i—4, 1), the Laplace transform of the Gamma distribution gives exact closed-form
expressions, which are then lower-bounded using elementary inequalities.

Lemma 33. We have
; —1 ) 4 (- )¢
e F [Hé] _ 1-i(l+a) ;'( D(1+a)

[e3%

. —i a —(i—1) i— a —1
o E[Hi] = (1+ ) =0t —z1)(ta)

Proof. Applying Lemma [39] we have
% i—1

E[Hé]:Z(’L—])E[_aT T):| ZZ_J 1+a —(i—j) — k(l—i—a)_k

j=1 j=1 k=1
By Lemma applied to v = (1 4+ a)~!, we have
1=+ @) V4 (- D1+ a)”

(= {1+

L—i(l+a) 4 (i -1 +a)"

E[H;]=(1+a)

=1+a)

(67

By Lemma [26] since T; — T ~ I'(i — j,1) and setting k =i — j:

i i—1
E[H)] =) E [(Ti - Tj)e*“(Ti*Tﬂ] =3 k(14 a) D
Jj=1 k=1
1+a)” Zk1+a :(1+a)_1]E[HZ.2]

_1-a(1 +a) (D4 G-1D1+a)!
- — .
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Lemma 34.
. 1
E[H]] > (1 —e ) mini, — .
[ 1} >(l-e )mln{z,a}
Proof. Applying Lemma [39] and bounding the discrete sum by an integral, we have:

i—1 i—1

EH]]=> (1+a)7>) e > / eatg — 17
j=0 §=0 0 @

e

We also applied the standard inequality log(1 + z) < x to = «, which implies (1 + a)~! > e,
then (1 + )7 > e~%. Now, we split the proof between the case i < a~! and i > o~ L.
Case i < a~!. Then ai € [0,1]. By concavity of t = 1—e~% on [0,1], we have 1 —e~t > (1—e 1)t

Applying it to t = ai we deduce

1— efai

> (1—e i
5 >(L—e )i

Case i > a~'. We have ai > 1, which implies 1 —e~%" > 1 — e¢~!. Hence

1—e 1—e?
>
« a

From the two cases, we deduce

E[H{]>(1-e") min{i, ;} .

O
Lemma 35. We have | - .
E[H{] > 7 min{i2, a?} .
Proof. Writing r = (1 + o)1, Lemma [33] gives
il (s i i1y ,
]E[Hé]:l_zr a—;—(z—l)r _1-r (za;r(z—l)).
Since ali— 1)
i—(i—l)r:1+(i—1)(1—r):1+1+7a,
noting y := aﬁ_al), it follows that
e
We use log(1 +z) > z/(1 + x) at = «, which induces
piml = g=(i=Dlog(lta) < o~z — eV,
and hence i
E[H}] > %
Now, we note the following integration by part property: [Jte™'dt = [—te™']§ + [J e tdt =

—ye ¥+ (1—e¥)=1—(1+y)e Y. We lower-bound this integral form, depending on the value
of y.

oy <1 [Ytetdt> e [Vidt = ¢ yP

-1

o y>1: [Yte tdt> [l te tdt > .
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From this we deduce .

BIH]) > & miny2, 1)
As 0 < a < 1, then y > a(i — 1)/2, so min{y?, 1} > min{a?(i — 1)?/4,1}. This implies
o1

? m{(i—1)2,:2}.

For i > 2, we have (i — 1) > /2 so (i — 1)* > i2/4. We then conclude

i et [, 1
E[H{] > 32m1n{z2, 042}'

E[H| >

O
Lemma 36. We have . .
E[H}] > 3— in{z'?, a2}
Proof. The claim can be deduced from Lemma [35] Indeed, recall
1—1 1—1
H
z:l 1+a) z:l 1+a) E[H3],
where we used a > 0. O
E.3 Combining lower and upper-bounds
We conclude the proof of Theorem [12[in this section.
We define n
C, = {(cmf — 1 —log(cins)) 'log <2g)—‘ Cinrov = Keiprar (95)

In the proof, we will replace K with C},/(ac;, ). Therefore, C,, measures the cost of replacing
K by (acins)~! in the upper-bounds of Section Note that for our convergence result, our final
choice of o will be of order 1/n'/7, such that C, will be of order log(Z)n~'/7. Therefore, we will
have C,, — 0 as n — 400, and that C), is uniformly bounded on n € N*.

The proof for the 3 sums are similar, it combines the upper-bounds from Section [E-I] and the
lower-bounds from Section [E.2}
(1st step.) From Proposition with probability 1 — &, we have

; 4c, deypp K
Vie {K+1,...,n}, H5<min{0uppi2, Cupp I Cupp

+ ey K2 Y.
(acing)?  acing e }

Using the definition of C,,, this becomes

Vie {K+1,...,n}, Hj < mm{cuppz (4+4C + 02) (aiuw)z}'
in f

As (44 4C, + C’n)/cfnf > 1, it implies that with probability 1 — e, Vi € {K + 1,...,n}, we have

, 1
Hi < S92 (44 4C,, + C )min{iQ,}, (96)

znf a?
Now, from Lemma [35] we have
i et (41
E[H{] > 7 m1n{z2, 052} . (97)
Combining and (@, we deduce that with probability 1 —e, Vi € {K + 1,...,n}, we have

> (T — Ty)e 1) < 32(4 4 4C, + CP) CuppCp > (T = Ty)em T Ti)
C
j=1 inf j=1
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(2nd step.) From Proposition with probability 1 — e

. 2
Vie{l,...,n}, H{Smin{i, —i—K}.
QCin f
Using the definition of Cp,, we get that with probability 1 —e, Vi € {1,...,n},
, 2+C,
Vie{l,...,n}, Hy §1rnin{i7 + } (98)
QCin f
Now, from Lemma for any i € {1,...,n},
. 1
(1—e Y 'E[H]] > min{i, } : (99)
«
Combining and (99), we deduce that with probability 1 — e,
240, ,
vie{l,....n}, Hi <2291 — e )R (1]
Cinf
(3d step.) By Proposition with probability 1 — ¢,
. j2 4 2K
Vie{l,...,n}, H§<min{z7 + +K2}.
27 (aciny) OCinf
Using the definition of Cy,, we get that with probability 1 — e, Vi € {1,...,n},
, 2 4+ 2C, + C?
Hi < min{Z, ++2n}
2 (aciny)
Because 1/2 < 4+ 2C,, + C?, we deduce that with probability 1 —¢, Vi € {1,...,n},
. 4+ 2C, 2 1
Hi< HCQ—JFC")min {i2,2}. (100)
Cing «@
Now, from Lemma for any i € {1,...,n},
i et o 1
E[H3] > 3z Win % 5 - (101)

Combining (100]) and (101]), we deduce that with probability 1 — ¢,

Vie{l,...,n}, Hi<32(4+2C, + C,%)C%E [H].

inf
Conclusion. We conclude by defining
upp 2+ Cp 1y
C,, = max {32(4 40, + )l ZECn g =11 3904 4 90, + cg)f} .
c ci c
inf inf inf

It follows that

Cn = 32(4 +4C,, + C2) 2

Cinf

F Additional technical Lemmas used to prove Theorem

In this section, we state and prove lemmas used to prove Theorem |5} but not explicitly stated in
Section ol We start with some elementary results.

56



Lemma 37. Let a >0, i > 1. We have for ¢ >0

i _ —i+1
Z(l + ea)=-9) = 1+ ca—(1+ca)
= ca ’
Proof.
i il
Z(l +ca)” 079 = Z(l + ca)~*
j=1 k=0
C1-(1+ca)
S 1—(1+eca)?
14 ca— (14 ca)™ !
B ca
O
Lemma 38. Let v # 1, n € N*. We have
n
1—(n+1)y" +nyntt
Z kyF =~ ( 1 ) 2 . (102)
= (I=7)
Proof. Define () := > p_, 7" = 7_11':1 . We have
o' (y) = zn: S ol (U 0 0 | et Y 1- (41" ey
— (1—7)? (1—=7)?
Multiply by « allows to get (102)).
O

Lemma 39. Ifi < j, we have
E [e—Of(Tf—Ti)} — (14 a)~i+i,

Proof. 1t is trivially true if i = j. If i < j, we have

j—ie1
e~ (Ti=Ti) — H e~ (Thtit1=Tr+i)

k=0

By independence of the Ty — T} for all k, we have

j—i—1 j—i—1
E[ H ea(Tk+i+1Tk+i)] — H E [e*a(TiHﬂ*Tiﬂ') )
k=0 k=0

Recall Tx41 — T} for all k follows an exponential law with parameter 1, such that we have
E [e—a(Ti-%—j-%—l_Ti-%—j)} =(1+ a)_l. So,

j—ie1 j—ie1
H E |:e—(x(Tqi+j+1—Ti+j):| — H (1 +04)_1
k=0 k=0
=(1+a) 7t

Lemma 40. Forn > 1, a > 0, we have
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(i) The following upper-bound

Ty t
E / ( / aea<5—t>st>
0 0

(i) The following equality

Tn t
/ </ aea(st)ng>
0 0

2+ a)(1+2a) (1+2a)(1+3a)
- 2 n 20
2(1+ o) (1 4 2a)

- - )™

2

dNt] < (1 + ga) (14 2a)n.

2
E

dNt]

1-01+20)™)

n [

Proof. Point (i) We have
Zaea(TjiTi)
j=1

T, t 2
/ </ aeo‘(St)st) dN; =
0 0

— o2 zn: Z o 20(Ti=T)) + 9202 zn: Z e~ UTi=T5) g —a(Ti=Ty)
i=1 j=1

i=11<j<I<i
(103)

=1

We focus on the first term in (103)). We have by using Lemma [39| and Lemma [37] (¢ = 2)

E | a2 Zn: 27: e—20(Ti=Ty) | _ 2 Zn: ZZ:E [672a(Ti7Tj)}

i=1 j=1 i=1 j=1
=a®) ) (1+2a)"0)
i=1j=1
_ aQi 1420 — (14 2a)7"+!
p 2a

Omitting the non positive term, we have

E QQiie*%‘m*Ti) §om1+22a.

i=1 j=1

We focus on the second term of (103)). We have

20‘22 Z —oz(Tl TJ —a(T;—Ty) _20‘22 Z 20 (T:— —a(Tz—Tj)

=1 1<5<1<i =1 1<5<1<i

We take expectation and we use Lemma [39]

202F. Z Z o(Ti=Ty) g—o(T; ~T1) *20422 Z [72a(Ti7Tl)efa(Tlij)}

1 1<j<i<q =1 1<5<1<i

:2@2 Z E[e_mn—:n)]]E{e—am_m}

i=11<5<I<i

n
=20 Y (1+20) (A4 a) D

i=11<5<I<i

n i -1
=202 3" (14 20)7 0D (1 4 a)70D,

i=1 I=1 j=1
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Now, using twice Lemma [37| with ¢ = 1 and ¢ = 2, and omitting non negative terms

: -1
QQQZZZML?“ )01+ )70 ”—2a2221+2a DN (14 ) )
j=1

i=1 =1 j=1 i=1 =1
n_ i ) 1 —(1 —i+1
:za2zz<1+za)<w>( ta-(+a) )
o
=1 [=1

< 2a(1 +a) En: 22:(1 + 20) 0D

=1 [=1
" <1 +2a— (1+ 2a)i+1>
1

=2a(l+ a)

2

<

< (14 a)(1+2a)n

We then deduce that

n
20°E Z Z e~ Ti=Tj)e—a(Ti-T) | < (1+ a)(1+ 2a)n.

i 1<<I<i

Finally, we have the bound

T, t
/ (/ aea(St)st>
0 0

2 1+ 20
n

2

= (1 + ‘;’a> (1+2a)n.

2
Point (ii) Let Y}, = ( Jiozu aea@*Tk)st) . We have

2
Yip1 = / ae®C T N,
[0,Tk+1]

2
= e‘l(T’“_T""“)/ aea(S_Tk)dNS+/ ae®C=TergnN, | .
(0,T%] 1T, Tiet1]

ae5=Te+1) N, = o. So

E

+ (1+a)(1+2a)n

dNt‘| § «

We have ‘[]Tk Tei]

Vg1 = 2T Ter)yy 4 90T =Tht) / ae®"TIIN, 4 o2,
[0,T%]

We take the expectation

E[Yit1]) =E 2Te=Tr1)y; 4 20Tk —Tht1) / ae®C=TR) AN, + o
[0,T%]

= E [Ty, ] 4 20 o?

¢ (Te=Tis1) / =T g\,
[0,T%]

/ e TR N,
(0,T%]

= (1420) 'E[Vi] +2a(14+a) "1+ a— (14 a) %) +a?
(1+42a) 'E[Vi] 4+ 2a(1 — (1 + a)7%) + a?
(1+20) "EYi] = 201+ 0) 7" + a2+ a).

= E [¢2(Te=Ter)]| E [y] + 20E [T =Tt | B
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Noting uy := E[Y%], we get a recursive formula of the form
Upt1 = aug + by + ¢,

whose solution is given by

k—1
b +c —i—
uk_ak§ e => (bi+ )" (104)
=0

We compute (104)) in two steps. We start with

k-1 k—1
E ca* "l =¢ E a’
i=0 j=0

_ 1—ak
T 1l-a (105)
1—(1+2a)"
= 2 _—_—
o +a)1—(1—|—2a)—1
:(2+a);1+2a)_2—}2—a(1+2a)_k+1.

Then, we have

k—1 k—1
b; 1+ 2«
k—1 ? k—1
— =2
a a’ aa Z(1+a>

=0 1=0
-1
1 2 1 2
=2aa" 11— + a 1-— +la
1+oz 1+a (106)
=2(14a) (" —a M (1+a)™")

=2(14+a)(1+ 2a)(( + 2a)7F - (1 +a)7F)
=2(1+a)(1+2a)(1 +2a)F =201+ a)(1 + 2a)(1 + )"

Injecting ([105)) and ( - ) into (| 7 we get the following expression for uy
_ 2+ +2a) 2+a
2
214 a)(1 4+ 20)(1 + a)
24+ a)(1+2a) 24+ a)(1+ 2a)
- o 7 (‘2
—2(1+a)(1+2a)(1+a)7*
2+ a)(l + 2a)

(14 22)7* 4 2(1 + @) (1 + 2a)(1 + 2a)*
+2(1+a)(1+ 2a)> (14 2a)~"

+ (14 2a)(1 + ga)(l +20)7F —2(1 +a)(1 +2a)(1 +a)7*

It remains to sum over kK = 0,...,n, to get

n

(2+a)(1+2a (14 2a)(1+ 3a)
Zuk == ; - )n—i— 200
C2(I4a)(1+ 20()(1 (1 +a) .

(0%

1-0+20)™)

To conclude, remark that

T, t
/ </ aeo‘(St)st>
0 0

2
E

n 2 n n
dNt] =>E (/ aea<5Tk>st> =Y EW]=> .
[0,T%] =

k=1
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Lemma 41. Let € € (0,1/2], and cupp > 1 such that it satisfies 1 —&—1log(1—¢€) = cupp —log(cupp)-
Then, we have cypp < 1+ 2€.

Proof. We denote h(t) = t —log(t). By assumption, we have h(c,p,) = h(1 —¢). We have that h is
non-decreasing on [1,+00). Then, if we show h(1 + ¢o&) > h(1 — &) for some ¢y > 1, it will induce
Cupp < 1+ coé. First,

CoE
t
h(1 ) — 1 = coé — log(1 5) = — dt.
(1 + coé) co€ — log(1 + cgé) /0 11
Since t — (1 + t)~! is decreasing, for ¢ € [0, cpé], %_H > ﬁ%é, therefore,

1+ cod) —1> — /cogtdt %"
Co€) — =—.
0 = 1+cf )y 2(1 + coé)
On the other hand,
8 N 3 <t
h(l—¢&)—1=—-¢—-log(l—¢)= —dt.
o 1—t

Since ¢ — (1 —t)~! is increasing on [0,&], &5 < 2=, thus

I &
h(1—8)—1< ~/tdt:7~.
1-¢J, 2(1—¢)

0852 &2

Consequently, it is enough that STt > s0=a) OF equivalently c3(1 — &) > 1+ cpé. This is

equivalent to

2
- cg—1 1
< 20 =1-—.
cH+co Co

Therefore, for any ¢ > 1, choosing a := 1—% gives, for all € € (0,a], h(1+co€) > h(1—E) = h(cupp),
from which we deduce
Cupp < 1+ coé.

The result is the particular case co =2 =€ € (0, %] O
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