Gradient descent with momentum: exercises
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Exercise 1

Let p, L be real numbers such that 0 < u < L. Let f : R®* — R be a
L-smooth and p-strongly convex function.
We consider Nesterov’s algorithm applied to f: for any xy € R, we define

Tiy1 = Ty — %Vf (@ + B(xy — 2421)) + B2y — 24-1),

VI-y
VIt p
We assume that f has a minimizer. The goal of this exercise is to prove

the theorem seen during the class on the convergence speed of Nesterov’s
algorithm to the minimizer.

Without loss of generality, we assume that the minimizer is 0, and f(0) = 0.
For any t € N, we define

where we have set x_1 = xg and § =

Y = Ty + /6(1'75 - fﬂt—l),

(e

1. (a) Show that, for any a,b € R",

2

%:f(xt)+§

fla)=f(b) + /0 (Vf(b+t(a—D>)),a—0)dt.
(b) Deduce that

Fla) < )+ (VF(b),a—b)+ 5 lla b
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2. (a) Show that, for all ¢,

L
flre) < flye) — §||$t+1 — ||

(b) Deduce that
m
Visr < f(ye) + L <90t+17yt - (1 - Z) $t>
2
L L
w5 (1= /%)t = Sl

3. (a) Show that, for all ¢,

m
fly) < L{ye — g1, y0) — §||yt||2

[Hint: apply the strong convexity assumption at points 0 and y;.]
(b) Deduce that

xalg(r—V%)<ﬂm»+L@Hh%—x»
+§Q—¢§)mW—§Q—¢%—%)mw)

4. (a) Show that, for all ,

m
Jye) < f@e) + Ly — 21,0 — x4) — §||Z/t — .

[Hint: apply the strong convexity assumption at points x; and y;.]

(b) Deduce that

s (o) 10+ o

—%@@f+wum—%m>

2
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5. (a) Show that, for all ¢,

(e (D
(b) Deduce that
Vigr < (1 — \/%) Vi.

6. Show that, for all ¢, f(z,) < 2 (1 — /E)" f(a0).

Exercise 2

Let L > 0 be fixed.

The goal of this exercise is to show that, up to a multiplicative constant, no
first-order algorithm has a better convergence rate than Nesterov’s method
on the class of L-smooth convex functions.

Let Alg be a first-order algorithm. For any n € N, L-smooth convex function
f:R"™ — R and starting point xy, we denote (xi)keN the sequence generated
by Alg. We make a simplifying assumption on Alg:

(H): For any n, f,x, for all k € N, 2] — 20 € Vect{V f(x0),..., Vf(zr_1)}.

[Remark: standard gradient descent and heavy ball, for instance, satisfy this
assumption. Nesterov’s method does too, after slight reformulations.]
Let k be fixed. We define

f . R2k+1

(817 e ,82k+1)

R

_>
= E(F+ 1R i — s+ B2 - )
4 i=1\"i+1 2 Ly

1. Show that f is convex.

2. Compute Vf and show that it is L-Lipschitz.

3. Show that the only minimizer of f is
1
To = ——(2k+1,2k,..., 1)
_'_

and that



. We set o = 0. Show that, for any t =1,..., 2k,

xfe{(51,...,st,O,...,O)|sl,...,stER}.

. Compute
min{ f(s1,...,8k,0,...,0)|s1,...,s, € R}.

. Show that
f(xk) — f(z.) >

. Deduce that

3L
Ty — > _ 0
[On rappelle que, pour tout £ € N, Y 2 = {EHUEED |

. (Difficult) Show the same result without Assumption (H).



