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In the whole lecture, we imagine that we want to find a minimizer of a
function f: R" — R :

find z, such that f(x,) = m%&n f(z). (1)
z€R™

We assume that at least one minimizer exists (which is for example guaran-
teed if f is continuous and coercive!) and denote one of them by ..

Throughout the lecture, we will assume that f is differentiable. Minimiz-
ing non-differentiable functions is is called non-smooth optimization. It is of
course also of interest, but it requires a specific theory, which we will not
have time to cover here.

1 Basic gradient descent

1.1 Reminders

Definition 1.1

For any z, the gradient of f at x is

V(z) Y (g—i(x),...,gi(x)) € R".

(It exists, because we have assumed that f is differentiable.)
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If f is twice differentiable, we also define its Hessian at any point = as

o0 f
il = o
ess f(x) (Gxiaxj) 1<i,j<n )

As explained in a previous lecture, the gradient at a point € R™ provides
a linear approximation of f in a neighborhood of f: informally,

Vyclose tox,  f(y) ~ f(z) + (Vf(a)y—a). (2)

Consequently, —V f(z) is the direction along which f decays the most around
x. This motivates the definition of gradient descent: starting at any zy, € R,
we define (z;)en by

Ty = 2y — oV f(2y), Vi e N.

Here oy is a positive number, called the stepsize. In this lecture, we will
restrict ourselves to constant stepsizes, except in Subsection 1.5, where we
discuss better ways to choose the stepsize.

Input: A starting point xg, a number of iterations 7', a
sequence of stepsizes (ou)o<t<r-1
fort=20,....,T—1do
| Define x41 = 2y — oV f ().
end

Output: zr
Algorithm 1: Gradient descent

Since our goal is to find a minimizer of f, we hope that

t—4-00
Ty — Tk

or, at least,
Flan) 75 f(x)

The goal of today’s lecture in to understand under which assumptions on f we
can guarantee that this happens, and, when it does, what is the convergence
rate.



Before stating the main results, let us review what you have seen in
the previous lectures about the convergence of gradient descent when f is
quadratic.

Let n > 0 be an integer, C' a symmetric n X n matrix, and b € R" a
vector. Let f be defined as

1
Ve e R, f(x)= 3 (x,Cz) + (z,b) .
We assume that f is convex, which is equivalent to

C=0.

In this case, you have seen that, when Ay, (C') > 0, gradient descent
converges to a minimizer and the convergence rate is geometric (that is,
fast). When Ayin(C) = 0, this may not be true but (f(z;));en nevertheless
converges to (f(x.)), with convergence rate at least O(1/t). This is what the
following theorem says.

Theorem 1.2

Let us consider the sequence of iterates (x;);cn generated by gradient
descent with constant stepsize a < )\L(C)

o If \nin(C) > 0, it holds for any ¢ that

flae) = f(@) < p'(f (o) — f(2))

for some p €]0;1].

(Actually, you have even seen that the sequence of iterates (x;)en
converges geometrically to z.,.)

e Even if \;,(C) = 0, it holds for any ¢ that

fla) — fz) < o2l

1.2 Convergence guarantees for general functions

The goal of this lecture is to extend to general convex functions the results
stated in the quadratic case. More precisely, we will show the following
guarantees.



e When f is convex and V f is Lipschitz, (f(x;)):en goes to f(x,) at speed
O (1) (Theorem 1.11). This result generalizes the situation where f is
quadratic and A, (C) may be zero.

e When f is strongly convex and Vf is Lipschitz, (f(x;))ien goes to
f(z.) at a geometric rate (Theorem 1.14). This result generalizes the
situation where f is quadratic and Ay, (C) > 0.

1.2.1 Smooth functions

Let us first see what we can say of the behavior of gradient descent without
assuming that f is convex. Consequently, we let f be a general differentiable
function, and make only one hypothesis: f has some amount of regularity.
More precisely, we assume that V f is Lipschitz.

Definition 1.3 : smoothness

For any L > 0, we say that f is L-smooth if V f is L-Lipschitz, that is
v,y eR", ||V f(z) - Vi)l < Lllz —yl].

For any L > 0, when f is twice differentiable, it is L-smooth if and
only if, for any z € R",

|[[Hess f(z)||| < L.

[The notation |||.||| stands for the operator norm: for any
symmetric n x n matrix C, [|[C|]| = supj,,= [|Culls =

max (| Amin (C)], [Amax(C)]).]

Proof. Let us assume f to be twice differentiable.
If f is L-smooth, then, for any x € R", it holds for any h € R"™ that

[ (Hess f(a)h, ) | = [l (VF(x + k) = (), )
195tz + eh) - V()]

€

< ||h]] lim sup
e—0

< L||h|%,



which implies that |||Hess f(z)||| < L.
Conversely, if |||[Hess f(z)||| < L for any x € R", it holds for any x,y € R"
that

HVf@»—Vf@m:{

/0 Hess f(z + t(y — x))(y — x)dtH
f;A ([ Hess £z + t(y — 2)I||ly — ]|t

1
gmm—yw/lw
0
— Lz I

]

Example 1.4

For any L, our quadratic function f : z — % (x,Cz)+(z,b) is L-smooth
if and only if
el < L,

that is —L < Apin(C) < Amax(C) < L.

When f is smooth, the main two statements about gradient descent (with
suitable constant stepsize) are given by Corollary 1.7.

e (f(2¢))ten is nonincreasing (in particular, it converges);

o (Vf(xy))ien goes to 0.

Let us state and prove these results.

Let L > 0 be fixed. If f is L-smooth, then, for any =,y € R",

F(v) < F@) + (VF(@),y — ) + 2 lly ]




Proof. For any z,y € R”,

F) = 1@+ [ ity =)y - o)
= I+ (Vi =)+ [ Sty - 0) = Vi@ -
< J@+ S+ [ IS+t —2) - VIl - ol
< I+ (VS =)+ [ il

= @)+ (V@) — )+ 2y —

O
Corollary 1.6

Let f be L-smooth, for some L > 0.
We consider gradient descent with constant stepsize: a; = % for all ¢.
Then, for any t,

Flen) < F(@) =~ sV IR

Corollary 1.7

With the same hypotheses as in the previous corollary, and additionally
assuming that f is lower bounded,

1. (f(x¢))ien converges to a finite value;

2. ||V f(a)l| 57 0.

Proof. The first property holds because, from Corollary 1.6, (f(z;))en is a
non-increasing sequence, which is lower bounded because f is. The second
one is because, from the same corollary,

vteN, [V f(z)|[* <2L(f(z:) — f(zes1))



Therefore, for any T' € N,

T-1

S IV (@)P < 2L (f(x0) — f(xr)) < 2L(f(x) — inf f).

=0
Therefore, the sum Y-, ||V f(2)|[* converges, and (||V f(z;)||)ien must go

to zero. O

The guarantee that ||V f(z;)|| — 0 when ¢t — 400 is quite weak (although
useful in some settings, as we will see in the lecture on non-convex optimiza-
tion). In particular, it does not imply that (f(z;))ien converges to f(x,). To
guarantee convergence to f(x,), we need stronger assumptios on f. This is
where convexity comes into play.

1.3 Smooth convex functions

Definition 1.8

We say that f is convex if

Ve,y e Rt €[0;1], f(1—-t)z+ty) <1 —1t)f(x)+tf(y). (3)

Proposition 1.9

When f is differentiable, it is convex if and only if

Vr,y € R f(y) = f(z) +(Vf(2),y — ). (4)

Convezity is a strong structural property. From Equations (3) and (4), if
we have access to the value of f and V f at a few points, then we have upper
and lower bounds for the value of f at many other points. This allows to
precisely estimate the minimum and minimizer of f from only a few values.
This is why optimization is possible for convex functions, while it is quite
difficult for non-convex ones.

When f is twice differentiable, it is convex if and only if, for any x € R",

Hess f(z) = 0.




The quadratic function f : & — 5 (z,Cz) + (z,b) is convex if and only
if C > 0.

As announced, if we assume that f, in addition to being smooth, is con-
vex, we can prove that (f(z;))wen converges to f(z.). Moreover, we have
guarantees on the convergence rate, as described by the following theorem.

Theorem 1.11

Let f be convex and L-smooth, for some L > 0.
We consider gradient descent with constant stepsize: a; = % for all t.
Then, for any t € N,

2L||zo — x.|?

fle) = fla) < =0

Proof. First step: We show that the sequence of iterates gets closer to the
minimizer x, at each step: For any ¢t € N,?

|z — o] < e — 2]

Let t be fixed. We find upper and lower bounds for f(z,) using the
convexity and L-smoothness of f. First, by convexity,

() > f(xe) + (Vf(me), 20 —20) = f0) + L(2¢ — Tpp1, T — 7).

Then, using L-smoothness through Corollary 1.6, and also the fact that z,
is a minimizer of f,

fz.) < f(wega)
1

< flw) — iva(ﬂﬁt)H2

= fl(@) — §||xt+1 — x|”.

ZWe do not need it for our proof, but a stronger inequality actually holds: V¢ € N, ||z, —
Trprl]? <o — 2| = [Jorn — 2.



Combining the two bounds yields

L
(@) + Ly — 21, 00 — ) < fl2) < fly) — §||13t+1 — x|

= 2 <5Ut — T41, Tx — xt> + thﬂ - xtH2 <0

=l =zl <o — 2

Second step: We can now find an inequality relating f(z:y1) — f(x.) and
f(z) — f(x,) which, applied iteratively, will prove the result. First, from
corollary 1.6,

Flaen) = @) < fw) — f(.) = 5 IV F @I )
In addition, because f is convex, as we have already seen in the first part,
fla) = fz) < (Vf(xe), z —z).
Using now Cauchy-Schwarz as well as the first step of the proof:
f(@e) = fa) <NVl |z = 2.l < [V f ()l lzo — ..
In other words, ||V f(z,)|| > £44=1E) We plug this into Equation (5):

[[zo—||

Taking the inverse (and defining, by convention, ; = 400), we get
1 S 1 1
Fen) — J@n) = Fo) — flo) 1= L feat

For the second inequality, we have used the fact that ﬁ > 1+ x for any
x € [0;1].
Consequently, by iteration, it holds for any ¢ € N that
1 1 t
> + >
fla) = fl) = flzo) = f(2)  2L|Jwo — .|




Corollary 1.6, together with the fact that V f(x,) = 0, ensures that

Flao) = F(z.) < Sllmo — .,

so for any t € N,

1 2 t
> +
f(x) = f(xy) = Ll|zo — 2] 2L||xo — |2
 tt4
B 2L||xg — x|

that is 21| ||2
Ty — Tk
_ L) < ==
f(xt) f(a: ) > P
O

If we treat ||zg — x.|| as a constant, the previous theorem guarantees that
fzy) — f(z.) = O(1/t). Therefore, if we want to find an e-approximate
minimizer (that is, an z; such that f(z;) — f(x.) < €), we can do so with
O(1/e) iterations of gradient descent. This is nice for problems where we
do not need a high-precision solution, but when € is very small, this is too
much. Unfortunately, Theorem 1.11 is essentially optimal: There are smooth
and convex functions f for which the inequality is an equality (up to minor
changes in the constants).

1.4 Smooth strongly convex functions

We will now see a subclass of smooth convex functions for which gradient
descent converges much faster than the slow O(1/t) rate described in the last
section: the class of smooth strongly convex functions. It generalizes the case
of quadratic functions when the smallest eigenvalue is strictly positive (see
Example 1.13).

Definition 1.12

Let p > 0 be fixed. If f is differentiable, we say that it is p-strongly
convex if, for any x,y € R”,

) = f@) + (Vi(@),y - ) + Slly - ol3

10



We observe that, if f is strongly convex, then it is convex. But strong
convexity is a more powerful property than convexity: If we know the value
and gradient at a point x of a strongly convex function, we know a quadratic
lower bound for f (which, in particular, grows to +oo away from z) instead
of a simple linear lower bound as for simply convex functions.

For any p > 0, a differentiable function f is p-strongly convex if and
only if the function f, :  — f(z) — &||z||* is convex.

Proof. The function f, is convex if and only if, for any z,y € R",
fuy) = fu(@) +(Vfu(z),y — x);
= f) = SllB 2 J@) = Sllell3 + (V) - pay — o)
= fy) = f(@) +(Vf(2),y —z) + g (yll3 =2 (z,y — x) = [[]]3) ;

= W) 2 @)+ (V@) -y — o) + Slly - |3

[l

As a consequence from the previous remark, as well as the one following
Definition 1.8, a twice differentiable function f is p-strongly convex if
and only if, for any x € R,

Hess f(z) — pld > 0,

or, in other words, all eigenvalues of Hess f(z) are larger than pu.

Example 1.13

We consider again the quadratic function f : z € R" — %(x, Czx) +
(x,b). Its Hessian at any point is C. We denote A\ > Ay > --- >\,
the ordered eigenvalues of C'. From the previous remark, if A\, > 0, f
is A,-strongly convex. If A\, <0, f is not u-strongly convex, whatever
the value of u > 0.




Theorem 1.14

Let 0 < p < L be fixed. Let f be L-smooth and p-strongly convex.
We consider gradient descent with constant stepsize: a; = % for all t.
Then, for any ¢t € N,

/J/ t
= £) llzo — 2.1z (6)

M2t
(1-2)" oo — a3

Proof. 1t is enough to prove Equation (6). Indeed, if this equation holds, it
implies (from Lemma 1.5 and because V f(z.) = 0),

L L t
Fa) < fe)+ glle—alf = )~ ) <5 (1 2) e~ woll}

To prove Equation (6), it suffices to prove that, for any t € N,

lees = aulla < (1= %) lla = ]l

Let us fix t € N and establish this inequality:.
Given that ;41 = x; — 7V f(2;), we must simply upper bound

1
||90t+1 - x*||2 = 7 ||Vf<55t) - L(xt - x*)||2

with a multiple of ||x; — z.||2.

We must therefore establish an inequality involving only z;, z, and V f ().
For this, we first look at which inequlities we can write on these quantities. In
particular, we consider the inequality defining u-strong convexity (Definition
1.12), at . = x; or z = x,: for all y € R™,

F() = )+ (Vf )y =) + Slly = il (7a)
I) = ) + Slly = .5 (7h)
And considering also the inequality of Lemma 1.5, we have, for all y € R",
F) < £l + (V) y — 2 + lly — ol (8a)
Fw) < £+ lly — .l (sh)

12



In particular, for all y € R™, combining (7a) and (8b), it holds that

L
F@) + Flly =23 = F(@) = (Vf @)y =2 = Slly — = 0.

Lay—pxi+Vf(xe)

T , and its

The minimum of this expression is reached at y =
value is

[lze—a.[5 = 0.

F)— fla) - L L(z, - xt>>_2< Ly

2(L — p) <Vf($t)’ L—p L—p)

Similarly, combining (7b) and (8a), we get for all y € R”

L
P + (Vo) y =2+ S lly = il = Fla) = Slly = .3 > 0.

The minimum of this expression is reached at y = th_”i*f_;f(m, and its
value is
IV f ()3 ple — @) Ly 2
e , - —n]]2 > 0.
fla)—flz) 2L—p) V f () T Q(L—M)th .f3

If we combine the two minima, we get

(L + ) (Vf(e), 20— 20) 2 |[V ()3 + Lplwe — .3
L+p L—p
(z1 — 24)

<
2

[l = ]2

= HVf(xt)—

Together with the triangular inequality, this proves the result:

N9 — D)l

1 L+ 1| L+
SZHVf(a:t)— M(a:t—x*) —i—ZH 2M(xt—x*)—L(xt—x*)
2 2
L — L —
< =B — o + =2y — 2l

- 2L
= (1= 5) lla = .l

2L

13



Hence, when f is smooth and strongly convex, (f(x;) — f(2.))ien decays
geometrically, with rate at least (1 — %)2 An e-approximate minimizer can
be found in O((loge)/log(l — /L)) gradient descent iterations, much less
than the O(e) obtained without the strong convexity assumption.

We call ﬁ > 1 the condition number of f. The closer to 1 it is, the faster
the convergence.

The rate (1 — %)2 in the previous theorem is tight, in the sense that
it is not possible to establish the same theorem for a strictly smaller
convergence rate. Indeed, when applied to a pu-strongly convex and
L-smooth quadratic function, the gradient descent iterates go to zero
at this exact rate.

1.5 Choice of stepsizes

Properly choosing the stepsizes (ay)ien is crucial: if they are too large, then
T4 is outside the domain where the approximation (2) holds, and the al-
gorithm may diverge. On the contrary, if they are too small, x; needs many
time steps to move away from xy, and convergence can be slow.

What a good stepsize choice is depends on the properties of f. Let us
however mention some common strategies:

1. Fized schedule: the stepsizes are chosen in advance; «; generally de-
pends on t through a simple equation, like

Vt, «a; =mn, for some n > 0, (Constant stepsize)

1

=T (Monotonically decreasing stepsize)

or Vt,
2. Exact line search: for any t, choose a; such that

flzy — )V f(xy)) = Icfleiﬂgl flzy —aVf(xy)).

3. Backtracking line search: unless f has very particular properties, it is
a priori difficult to minimize f on a line. The exact line search strategy
is therefore difficult to implement. Instead, one can simply choose oy

14



such that f(z;, — oV f(z;)) is “sufficiently smaller than f(z;)” The
approximation (2) implies, for a; small enough,

flae =V f (@) & fla) — aul [V f (@)

If we consider that “being sufficiently smaller than f(z;)” means that
the previous approximation holds, up to the introduction of a multi-
plicative constant, the following algorithm describes a way to find a
suitable .

7

Input: Parameters ¢, 7 €]0; 1[, maximal stepsize value
amaa}

Define a; = a0z
while f(z; — o,V f(x;)) > f(x) — cou||[V f(z4)|]* do

‘ Set Oy = TOg.
end
Output: oy

Algorithm 2: Backtracking line search

2 Gradient descent with momentum

Gradient descent is by far the most well-known optimization algorithm. Be-
cause of its simplicity and flexibility, it is a method of choice for many prob-
lems. However, it is oftentimes unconveniently slow. In this lecture, we will
see that it is possible to speed up gradient descent by incorporating in it a
term called momentum. We will present two forms of momentum, leading to
the following two algorithms:

e heavy ball, which is the simplest form of gradient descent with momen-
tum, and already provides significant speed-ups,

e Nesterov’s method, which is slightly more complex, but performs much
better than gradient descent on a larger range of problems than heavy
ball.

2.1 Motivation of momentum

In this section, we motivate the introduction of momentum: we consider a
simple function f for which gradient descent converges slowly, explain why

15



convergence is slow, and why momentum can speed it up.
Let f be a simple quadratic function over R?:

V(Z‘l, .I'Q) € RQ, f(xl, Ig) = (/\L’E% + )\21’3) s

N | —

for parameters 0 < A\; < Ay. The unique minimizer of f is
z, = (0,0).
The gradient of f is
V(x1,29) € R? Vf(x1,22) = (Ma1, Aoa).

If we run gradient descent with a constant stepsize a > 0, the relation be-
tween iterates x; = (21, 2) and Ty = (Teg11, Tep12) 18

(Teg1,1, Teg12) = 20 — aV f(2y)
= (xt,b ﬁt,2) - Oé()\lxt,h )\2It,2)
= ((]_ — Oé/\l)JZtJ, (1 — O{)\Q)Z[‘tg) 0

Since we want the iterates to go as fast as possible to zero, we would like
to choose a such that

1 —a)\| <1 and |1 —a)] < 1.

If Ay and Ay are of the same order, this is fine: it suffices to pick « of the

order of /\% ~ /\iQ
But if A; is much smaller than Ay (that is, the problem is ili-conditioned),

there is no good choice of a. If we set a ~ Ail, then

and the second coordinate of the iterates, x5, diverges when ¢ — oo. If, on
the other hand, we set a ~ 7127 then the second coordinate goes to 0, and
fast, but the first one converges very slowly:



1' _/

T © T T T
-0.2 0j0 0.2 0.4 0.6 N 1.0 12

(a) Standard gradient descent (b) Gradient descent with momentum

Figure 1: First 15 iterates of gradient descent, for A\; = 0.1, Ay =1

In this situation, gradient descent is slow. Figure 1a displays the first fifteen
iterates in the case where A\; = 0.1 and Ay = 1, for a = 4/3 (that is, of the
order of /\—12) As expected, the second coordinate goes fast to zero, but the
first one decays only slowly.

A possible remedy to this slow convergence is to use the information
given by the past gradients when we define x;,; from x;: instead of moving
in the direction given by —V f(z;), we move in a direction m;,; which is a
(weighted) average between —V f(z;) and the previous gradients —V f(xy),
ey =V f(24_1). Concretely, this yields the following iteration formula:

mipr = g+ (1= 7))V f(z),
Tip1 = Tp — OMMygqq.

Here, v; and a; are respectively the momentum and stepsize parameters.
The quantity m,, which is the average of all gradients until step t, is called
momentum.

An equivalent iteration formula is

Tep1 = T — &V f(xe) + Bt(xt — T_1), (10)
with dt = (l/t<1 — "}/t) and Bt = %.

17



Proof of the remark. From the second equation in the iteration formula:

Ty — X
Vt€N7 mt+1:t—t+17
Qi
Ty 1—T
= VteN-—{0}, m, =11
1

We plug these equalities into the first iteration formula:

T+ — X Ti_1 — X
vieN_ {0y, LT (—) (1= )V (),

ay a1

(07
= VieN-— {0}, Ti41 = Tt — at(l - ’Yt)vf(xt) + Oét’)/t

(ZL’t — xt—l) .
t—1

O

Using momentum instead of plain gradient in the iteration formula al-
lows to use a larger stepsize. Indeed, for large stepsizes, o,V f(x;) diverges
when ¢ grows, which causes the divergence of plain gradient descent. But
it is possible that a;m; stays bounded, in which case gradient descent with
momentum does not diverge: a;m; is an average of potentially large gradi-
ents pointing to different directions, which may therefore compensate each
other. This can be seen in Figure 1b: compared to Figure 1a, the stepsize is
larger; consequently, the first coordinate converges faster towards zero, but
the second coordinate does not diverge.

2.2 Heavy ball

The simplest version of gradient descent with momentum is when the mo-

mentum and stepsize parameters are constant. It is due to Polyak, and often
called heavy ball®.

3The name comes from the fact that the momentum term can be seen as an inertia
term, which reminds of the movement of a heavy ball falling down a mountain towards a
valley.

18



Input: Starting point xg, number of iterations T', stepsize «,
momentum parameter .

Set mo = V f(x);

fort=0,...,7—1do

define
Mypr = Ymye + (1 = 7)V f(24);
Ti41 = Ty — QM4 .-
end
return

Algorithm 3: Heavy ball

For proper choices of parameters, heavy ball exhibits a faster convergence
rate than plain gradient descent on many natural problems. We will prove
this fact for quadratic strongly convex functions.

Theorem 2.1: heavy ball - quadratic case

Let 0 < p < L be fixed. Let f be a quadratic function, which is
L-smooth and p-strongly convex. We set

(YR
Vi’ T \VI+yE)

There exists a constant C), ;, > 0 such that, for any ¢ € N,

2 ‘/Z_\//_L ! _ 2
f(@) = flz.) < Cprt (\/Z+\/ﬁ> [E

o =

Before proving the theorem, let us compare the convergence rate with gra-
dient descent. From Theorem 1.14, gradient descent converges geometrically,

with decay rate

0
1—=—.
L

Theorem 2.1, on the other hand, guarantees for heavy ball a convergence

19



with decay rate

2
T —
u ~1 -4, /H when p < L.
VL + /i L
For ill-conditioned problems, \/% is much larger than £, resulting in a sig-

nificant speed-up. As an example, if £ = 0.01, dividing f(z;) — f(z.) by a
factor 10 necessitates around

In(1
& ~ 230
~In(1-%)
iterations with gradient descent, and only
In(10
0o

N (E=)
VIt
with heavy ball.

Proof of Theorem 2.1. Up to a change of coordinates, we can assume that f
is of the form

(Alﬁ +- 4+ )\nxi) )

N | —

flzy,. ... x,) =

where
L>XN2>X>--2X2>2u1>0

are the eigenvalues of the matrix representing f.
Denoting @ = (z¢1,%t2, - - ., Ttn), we have, for each ¢,

Vf(:vt) = ()\11‘15,1, ce ey /\nmt,n)a
hence the evolution equation of heavy ball is, for each ¢t € N,

VEk <n, muprp=mes + (1 — ) \eeg;

Tetk = Tk — WMy g = (L — (1 = Y)Ap) 2 — aymyy.

This can be written in matricial form: for each t € N,k € {1,...,n},
Miy1k My . Y (1 =)
> — M ’ s Wlth M -
($t+17k) K (xtk) K (—047 1 —a(l—9)A\
= (mtv’“) = M! (m°k> .
Ttk X0,k

20



For any k, the matrix M}, can be triangularized in a (complex) orthonormal
basis: for some unitary matrix Gy, we can write it under the form

0(1) .
(mt,k> yen (J]Ejl))t Gtk a1 <m0,k)
Tk 0 (a,@)t P\ oy )’

with gox = ((00) 1+ (0207 + -+ (07) .

For all t € N,

As G}, is unitary, it does not change the norm:

Uk gkt mOk
I'Ok

(The triple bar denotes the spectral norm.)
For some constants C,C’ > 0, the spectral norm can be upper bounded

by
Uk gkz t
))t
1 (2

We must compute max <|a,£,1)|, |O'](€2)‘>, where we recall that 0,7, 0,” are

mtk:
ZUtk

< C'max (\a,gl)|t, ‘O'/(f)|t7 ‘gk,t|>

t
< Ctmax (|of), o)

the eigenvalues of M;. These eigenvalues are the roots of the characteristic
polynomial of M. A (slightly tedious) computation shows that the polyno-
mial has a negative discriminant. The eigenvalues are therefore complex and
conjugate one from each other:

o2 = |02 = oMo = det(M,) = .
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In particular, max (|a,(€1)|, \0,&2)]) = /7, and we get

vk Mk mo.k
’ Ttk Lo,k
= |z < C'ty'2, [ad ) +mG,, < C'tY2N/1 4 L2) 2o

= flw) = flw) =) Mty < L(L+ LP)CPE||xo| .
k=1
If we set C), ;, = L(1 + L?)C" and recall that

(#=5)
=\ Virva)

we get the announced result:

VLB oy o
\/Z+\/ﬁ 0= Tx||”-

fze) = f(z.) < CM,LtQ <

]

The theorem we just proved does not extend from strongly convex quadratic
functions to general strongly convex functions. Indeed, there are unfavorable
strongly convex functions, on which gradient descent with momentum is not
faster than its standard version (or even where it diverges whereas plain
gradient descent converges). Fortunately, many “interesting” functions are
either quadratic or, more frequently, approximately quadratic in the neigh-
borhood of a minimizer. For these functions, heavy ball is usually better
than plain gradient descent.

2.3 Nesterov’s method

In the previous section, we have said that heavy ball has a faster convergence
rate than gradient descent for quadratic problems, but not for all strongly
convex problems. In addition, it does not apply when the objective function
is not strongly convex. In this final section, we present an algorithm which
solves both these issues. As it has been found by Yurii Nesterov, it is often
called “Nesterov’s method”.
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The iteration formula for this algorithm is

Tir1 = T — V[ + Bi(wy — 201)) + Be(we — 201), (11)

for a proper choice of parameters oy, 5;. We see that it is very similar to the
general form of gradient descent with momentum, as described in Equation
(10), with the (important) difference that the gradient is not evaluated at
point z;, but at x; + 5y (x; — z4_1).

If f is assumed to be L-smooth and p-strongly convex, a simple choice is
possible for coefficients ay, S;:

1 VL - Vi

Vt, o, =— and =
t I Bt \/E—F\/I[_,L

This yields the following algorithm.

Input: Starting point xg, number of iterations 7', smoothness
parameter L, strong convexity parameter .

Vi-Ji,

VL+yi'

_ _ 1 _
Set 1y =xp,a= 7,6 =

fort=0,...,7—1do
define

T = T — aV f (@ + Bz — 24-1)) + B(@ — 24-1).

end

return rp
Algorithm 4: Nesterov’s algorithm with constant parameters

With this choice, Nesterov’s method converges to the minimizer linearly,

with decay rate
i
1- T
L
which is similar to the convergence rate of heavy ball, but true for all strongly
convex functions, not only quadratic ones!
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Theorem 2.2: Nesterov’s method: smooth strongly convex

case

Let 0 < p < L be fixed. Let f be an L-smooth and p-strongly convex

function.
Let (z;)ien be the sequence computed by Algorithm 4. For all ¢ € N,

f@e) = flz,) <2 (1 - \/%)t (f(z0) = f(=.))-

When f is not strongly convex, it is not possible to set parameters a; and
B; to constant values. A more complicated (and admittedly mysterious, at
first sight) definition must be used, described in the following algorithm.

Input: Starting point xg, number of iterations 7', smoothness
parameter L.

Set v_1 = xg, 0 = %,)\_1 = (0

fort=0,...,T—1do

define
N SRV R oY
t = )
2
5t - )\—ta
Ti41 = T — CEVf (I’t + Bt(zt — Jlt_l)) + ﬂt(l‘t — ZL’t_l).

end

return zr
Algorithm 5: Nesterov’s algorithm with changing parameters

The convergence rate of this algorithm is given in the following theorem.

Theorem 2.3 : Nesterov’s method: smooth convex case

Let L > 0 be fixed. Let f be an L-smooth convex function.
Let (z;)ien be the sequence computed by Algorithm 5. For all ¢ € N,

2L
fxe) = f(z) < meO = a{|"-
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Comparing the rates in Theorems 1.11 and 2.3 shows the superiority of
Nesterov’s method over gradient descent for smooth convex functions f:

1
gradient descent rate: O (;) :

Nesterov’s method rate: O (t%) .

Actually, it is possible to show that Nesterov’s method is optimal for

smooth convex functions among all first-order algorithms. In other words, for

any first order algorithm (that is, an algorithm which only exploits gradient

information about f), there exists an “adversarial” objective function f,
which is L-smooth and convex, such that, after ¢ steps,

3L
3llwo — 2|,

flxe) = f(z.) > 32(75—4‘1)

This means that, up to the constant, no first-order algorithm can achieve a
better convergence rate than the one in Theorem 2.3.

Nesterov’s method is also optimal for smooth strongly convex functions
among all first-order algorithms: no first-order algorithm can achieve a better
convergence rate, for L-smooth and p-strongly convex functions, than the one
guaranteed by Theorem 2.2.

3 References

The main references used to prepare these notes are the original article where
Polyak introduced the heavy ball algorithm,

e Some methods of speeding up the convergence of iteration methods,
by B. T. Polyak, Ussr computational mathematics and mathematical
physics, volume 4(5), pages 1-17 (1964),

three classical books on optimization,

e [ntroductory lectures on convex optimization: a basic course, by Y.
Nesterov, Springer Science & Business Media, volume 87 (2003),

e Convex optimization, by S. Boyd and L. Vandenberghe, Cambridge
University Press (2004),
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e Optimization for data analysis, by S. J. Wright and B. Recht, Cam-
bridge University Press (2022).

and two blog posts by S. Bubek on Nesterov’s method for smooth convex
functions,

e http://blogs.princeton.edu/imabandit/2013/04/01/accelerat
edgradientdescent/,

e http://blogs.princeton.edu/imabandit/2018/11/21/a-short-p
roof-for-nesterovs-momentum/.

Interested readers can read the following research article for more infor-
mation on the convergence issues of Heavy Ball on non-quadratic functions:

e Provable non-accelerations of the Heavy-Ball method, de B. Goujaud,
A. Taylor et A. Dieuleveut, arXiv preprint arXiv:2307.11291, 2023.

For another presentation of the advanced aspects of gradient descent, the
reader can also refer to

o Lecture notes on advanced gradient descent, by C. Royer, https://ww
w.lamsade.dauphine.fr/%7Ecroyer/ensdocs/GD/LectureNotesOML
-GD.pdf (2021).
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