Devoir : le théoreme de Cauchy-Lipschitz

Corrigé

l.a) Let € > 0 be such that [ty; ¢y + €] C H; and
— for all t € [to;to+ €| NJy, ui(t) € Hy;
—forallt € [to;to + 6] N JQ, UQ(t) € Hy.
Such € exists because Hy is a neighborhood of w;(ty) = ua(tg) = uo and
U1, Ug are continuous.
For all t € [to;to + €] N Jy1 N Ja,

[y (t) — usy()]|2 = [[f(t,ur(t)) — f(E uz(t))]]2
< Clur(t) — ua(t)|]2-

For the inequality, we used the fact that ¢t € H; and uy(t), us(t) € Hy.

b) Let ¢ € [to;to + €] N J; N Jo be arbitrary. Notice that, since [tg;to + €], Ji,
and Jy are intervals, [to;t] C [to;to + €] N J1 N Jo.
The fundamental theorem of calculus and the triangle inequality for inte-
grals allow us to write

[[uy (t) — ua(t)]]2

s (fo) — ua(to) + / (t(5) — ub(s))ds

to

0
t
< [ lui(s) = (s
to

2

(since uq(tg) = ua(ty) = uop)

[ 66—t

2

For all s € [to;t], since s € [to;to + €] N Jy N Jy, we can use the previous
question to say that ||u}(s) — ub(s)||2 < C|lui(s) — ua(s)||2. Consequently,

[lua () — uz(B)]]2 < C/t [lur(s) = ua(s)|l2ds.
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c) Let ¢ : t € [to;to+e|NJiNJy — ||us(t) —usa(t)|]2. According to the previous
question, we have, for all ¢,

¢@so[%@m

which means that ¢ satisfies the hypothesis of Gronwall’s lemma, where ¢
is the zero function and a is the constant function with value C. Therefore,
by the lemma, for all ¢ € [to;to + €] N J3 N o,

t
o(t) <0 +/ els CITC % 0ds = 0.
to

Thus, ¢ is zero, which implies that uy — ug is zero (i.e., uy = ug) on [to; to +
efNJynNJs.

d) Similarly to Question a), we can show that there exists € > 0 such that, for
all t € [to — & to] N Jy N Jo, ||uf(t) — ub(t)]]2 < Cllur(t) — ua(t)]]2. With a
reasoning similar to Question b), we deduce that, for all t € [ty — &t N
Jl N JQ,

|mw—wwmsclmmm—w@mw

We can then apply Gronwall’s lemma, which implies that u; = ug on [ty —
g; to] M Jl M JQ.
By setting ¢ = min(e, €), we have the desired result.

2. Let n > 0 such that [ty — n;to + 1] C H; and B(ug,n) C Hy. The map || f]|
is continuous on [ty — n; to + 1] x B(ug,n), which is a compact set. Therefore,
it is bounded. Let M be an upper bound and define H; = [ty — n; to + 1] and
Hy; = B(uo,n)-

3.a) Let n € N*. We will prove by induction on & that, for all k = 0,...,n, u,

is well-defined, M-Lipschitz and piecewise C' with values in B(ug, M¢) on
[to — ge;to + %e]

For k = 0, it is true : ug is a fixed element of U so the definition “u,,(tg) = ug”
is valid. Moreover, any function defined on a singleton set is M-Lipschitz
and piecewise O ; we also have ug € B(ug, Me).

Let us assume the property is true for some k € {0,...,n — 1} and prove it
for k + 1.

By the induction hypothesis, u, is well-defined on [to — %6; to + %6} Let’s
show that it is also well-defined on }to + %e; to + %e] . A similar reasoning
would show that it is well-defined on [to — ket — %e[

n
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According to the mductlon hypothesis, w, (to + —e) € B(ug, Me) C H,
U. Furthermore, [to + —6 to + k“ ] [to — €;to + €] C 1. So the functlon

k; k+1 k
[to + + } -  f <s,un <t0 + —6)) eU
n n

is well-defined. Moreover, it is continuous (since f is continuous). Conse-
quently, the definition

k t k
Un(t) = up [ to+ —€ | + flsu,|tot+—€]| |ds
n totke n

is valid for all t € }to + %e;to + k—j;le] Thus, we have shown that wu,, is

well-defined on ]to + %e; to + %e}

Now let’s prove that w, is M-Lipschitz, piecewise C', and with values in

B(ug, Me) on [ty — Hle; by + Etle].

It is piecewise C'! because it is deﬁned, piecewise, as the integral of a conti-

nuous function. Furthermore, it is continuous. Indeed,

— it is continuous (since it is M-Lipschitz) on [to — %e; to + %e} ;

— it is continuous at tg + %e . its right limit is w, (to + %6) according to
the properties of the integral, and its left limit is the same (due to the
continuity of u, on [to — %6; to + %e}) :

— it is continuous at ty — ﬁe for the same reason ;

— it is continuous on [to — k“e to — —e[ and }to + e to + k“ } as the
integral of a continuous functlon

Moreover, at any point of [to — k“e to + k“ } where u,, is differentiable,

its derivative is of the form

o (25)

for some t € [to — k“e to + kL e} and some k' < k. We have already seen
that, for such Values of t and k;’

kl
(t,un (to + —)) € H; x Hy,.
n

It follows that, for any point t € [to — %e; to + %e] where u,, is differen-
tiable,

[l (B)]]2 < M. (1)
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As u,, is continuous and piecewise C*, this inequality suffices to guarantee
that it is M-Lipschitz on [to — %e; to + %e} .
Finally, for any t € [to — %e; to + %e],

[|un () = woll2 = [lun(t) — un(to)|ls < M|t —to|| < Me,

meaning that w,(t) € B(ug, Me).
b) According to the definition of u,, and the fundamental theorem of calculus,
u,, is differentiable on

n—1
[tg—e;to—i—e]\{to—e,to— e,...,to—l—e}.
n
and, for all ¢ in this set,
(1) = f (tun (to+ te)) (2)
n

where m; = F <@) ift >tgand my = F (@) + 1 otherwise. For

n(t—to)

<1 so

my
‘(toJr—e)—t‘g
n

any t, |m; —

3o

Since u, is M-Lipschitz,

my Me
Uy, (to + —6) — un(t)’ < —.
n n

Furthermore, u, ([to — €;to +¢]) C B(ug, Me) C Hj, C Hy. Using the
assumption that f is C-Lipschitz with respect to its second variable on
H; x Hy, we can assert that, for any t,

o (o 75) - st < 2

n

According to Equation , this is exactly the desired result.

1. Since u,, is continuous and piecewise C', it holds for any a,b € [to — %; to + %}
that u,(b) — un(a) = [ bl (t)dt. From the triangular inequality and Equation (T]), this
implies, for any a, b such that a < b : |u,(b) — un(a)| < f; [lul,()||dt < M(b— a).

a n



c) Let ny,ne € N* and t € [ty — €;t9 + €] be fixed. If the inequality from the
previous question holds for n = n; and n = ny (which happens for all ¢ but
a finite number of values), then, by the triangle inequality,

[t (8) = i, (D) |2 < (i, (8) = f (8 iy () |2+ |]f (& v, (£)) = S (E, 1y ()12

Ity (8)) — i, (8
< Cé‘fe I, (1)) — F (g ()] + S

Now, as previously seen, ¢ belongs to H; and wu,, (t), u,,(t) belong to Hy,
SO

CMe CMe
+ Ol (1) — n, (£)]|2 + :

[t (1) = 2, ()] |2 <

d) Let ny,ny € N* be fixed. We will prove the requested inequality for all
t € [to;to + €] ; a similar reasoning can be used to prove it for ¢ € [ty — €; to|
(as in Question 1.d)).

For any t € [to; to + €],

[ty () = tny (1)]2

tny (t0) = wny (t0) + [ (uy,, (5) — uy,,(s)) ds

< /t (CMe (; + ;2) -, (5) — um(s)ng) ds

— OMe (i + i) (t—to) + /t O[ttm, (8) = tny ()] ols.

ny  Ng to
We apply Gronwall’s lemma with
u:t € [toyto + €] = ||un, (t) — un, (t)]]2,
a:téeltyty+e — C,
c:t €ty to+ € — CMe (i—l—i) (t —to).

ni ng

5



It tells us that, for any ¢ € [to; to + €],

ey (£) — s (0)| |2 < CMe (i ; i) (t—to)

ni no

t 1 1
+ / C*Me (— + —) eCU=9) (s — ty)ds

to

=CMe <i+i> (t —to)

ni no

1 1
+ Me <_ + _) [_Oec(t—S)(S — o) — eC(t—s)}t

ni no

= CMe <i+i> (t —to)

ni No
1

+ Me (i + —) (eCtt0) — Ot — t9) — 1)
nq N9

= Me (i 4 i) (eo(t—to) _ 1) )

nq N9
e) According to the previous question, for all n,m € N*

Qsup(Un, Um) = sup [t (t) — un ()] 2
te[to—e;to+e]

1 1
< sup Me (— + —) (eclt_tol — 1)
]

tEto—€to+e n m

:M6<l+l) (e“—1).

n m

In particular, for any n,

2M
SUP A (U, ) < ———
m>n n

().

which goes to 0 as n — +o0.
f) The set B(ug, Me) is compact, hence complete. The set C} ([t — €t +
€], B(ug, Me€)) of continuous and bounded functions from [ty — €;tg + €] to

B(ug, Me) is also complete. This set is equal to CO([tg—e€; to+¢€], B(ug, Me))
(since [t — €; g + €] is compact and a continuous function on a compact set

is always bounded). Therefore, C°([ty — €;to + €], B(ug, Me)) is complete.
As (uy)nen+ is Cauchy, it has a limit in this set (for the uniform distance).
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u (s)ds—/t f(s,un(s))ds

SA;JWH@—f@mM@NMS

M
< / ¢ “ds (by question b))
[tost]

n

CMe

[t — 1o
CMe
< .

n

h) For any s € [ty — €;to + €],

| f(s,un(s)) = f(s,ue0(s))| < Cllun(s) — uco(s)]l2
< COdgup (U, Uso)-

So, for any t,

/t:f(saun(s))ds _/t:f<37uoo(8))ds

SAﬂHﬂ&%@D—f@mﬂ@MMs

< Cdsup(una u00)|t - t0|
— 0 asn — 4o0,

which implies that fti Fs,up(s))ds "=55° ft (8, Uoo(8))ds.
For any t, u,(t) — us(t) and un(to) — uoo(to) as n — +oo, SO

t) — up(to) — / f(s,un(s))ds
mar — Uno (o) / f(s,us(s))ds.

Now, as seen in the previous question,

£) — un (to) — /t F(5,un(s))ds "5 0.



So, for any ¢, by the uniqueness of the limit,

oo (£) — s (Fo) —/t F(5,tso(5))ds = 0.

Therefore uq, is a primitive of (t — f(t, ux(t))), which is continuous. As a
consequence, ., is differentiable and, for all ¢ € [ty — €;to + €],

U (1) = S (£, uoo(t)).

Moreover, tq(to) = limy, s 4 oo un(tg) = U, SO U 18 a solution of the Cauchy
problem.



