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1 Exercises

Exercise 1: linear inverse problems

Let d, m be positive integers, with d < m. Let A € R™*? be a matrix. For a
given y € R™, we consider the inverse problem

find 2 € R? such that Az = y. (Lin-inverse)

1. Under which conditions on A and y does Problem (Lin-inverse) have
exactly one solution?

2. (Singular value decomposition) In this question, we show the existence
of orthogonal matrices U € R™*™ V € R%*? and nonnegative numbers
A > o> Mg € RT, such that

A=UDYV,

with

A 0O ... 0

0 X :

0

0 .0
This decomposition of A is called the singular value decomposition (SVD).
The numbers Ay, ..., \g are the singular values. They are uniquely de-
fined.
a) Let v; € R? be such that ||v;|] = 1 and

||Avi|lo = max  [|Av||s.
vER[|v]|2=1

Then, let vy, ..., vy be such that, for any k, v, € Vect{vy, ..., v},
|[vgl[2 = 1, and

|| Avg]] = max  [|Av]]s.
veVect{vy,...,u_1}+

[lo]l2=1

Show that this definition is valid (i.e. that the maximums exist) and
that (v1,...,vq) is an orthonormal basis of R,
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b) Show that, for any k, k" € {1,...,d} with k # k', (Avg, Avg) = 0.
[Hint: assume k < k’. Show that, from the definition of vy, it holds
for any 6 € R that ||A(cos(0)vy + sin(f)ve)|]2 < |[|Avk||2. Raise the
inequality to the square and show that the derivative of the left-hand
side with respect to # must be 0 at 6 = 0.]

c) For any k = 1,...,d, let us set A\, = ||Avi||2. Show that the A\ are
nonnegative, and that Ay > Xy > -+ > A4

d) Show that there exists an orthonormal basis (u1, ..., u,) of R™ such
that

Vk S d, Avk = )\kuk

e) Let D be defined as in Equation (1), U be the matrix whose columns

are ui, ..., Uny, and V' the matrix whose rows are vy, ..., vs. Show that
U,V are orthogonal matrices, and
A=UDV.

f) Show that the singular values are uniquely defined: if UV, M, M
is another SVD of A, then e = A for any k.

. We assume that A,y satisfy the conditions of Question 1, and denote

x, the solution of Problem (Lin-inverse). For e € R™ such that y + €

also satisfies the conditions of Question 1, we denote z. the solution of

Problem (Lin-inverse) when y is replaced with y + €.

a) Assuming y # 0, show that, for any e,

|z = @alla _ Au [lell2
1| P

b) Show that the inequality is tight (that is, it is not true anymore if :\\—;
is replaced with a smaller constant).
¢) Under which condition on A\; and Ay is Problem (Lin-inverse) stable?

Exercise 2: an example of linear inverse problem

Let d be a positive integer, and p a positive real number.
For a given y € R?, we consider the inverse problem

find z € R,
d

such that x; + u (Z%“) =y, Vie{l,...,d}.

k=1



1. Show that, for any y, the problem has exactly one solution.

2. For which values of ;1 can we say that the problem is stable?

Exercise 3 (2024 exam) We consider the problem

recover (r1,x,) € R

def
from y; =

o)
1+a}

d
and 1 e/

Is reconstruction unique? Stable?

Exercise 4: intersection of convex sets

Let d € N* be fixed. Let C},...,Cs C R? be closed convex non-empty sets.
We consider the problem

find = € R?,
such that x € (5, Vs < S. (2)

For any s < S, we denote P, the projector onto C;: for any z € RY, Py(2) is
the point of Cs; which is at minimal distance from z:

Py(2) — z||» = min ||a — 2|».
[1P:(2) = 2|2 = min|a — ||

It is a classical result from convex analysis that P; is well-defined (that is,
a point at minimal distance exists, and is unique). We assume that the
sets U, are sufficiently simple so that the corresponding projections can be
numerically computed.

The goal of the exercise is to present an algorithm to solve (2).

1. We consider any s € {1,...,5}.
a) Show that, for all z € R a € C,

(a — Py(z),z — Py(2)) <0
b) Show that, for all z, 2" € R,

(Py(2') — Py(2),2 — 2 = Py(2) + Ps(2")) <0



c) Show that, for all z, 2’ € R,
1Ps(2) = P()3 + ||Ps(2) = Po(2) = 2 + 2|5 < |2 = 2[5
d) Deduce from the previous question that, for all 2,2’ € R?,
1Pu(2) = Po(2)]]2 < Iz = 2|2,

and that the inequality is strict, unless Ps(z) — Ps(2') = z — 2.
The algorithm starts with an arbitrary initial point zy € R?. It then com-
putes iteratively a sequence of iterates (z)ren defined by

Vn € N,Vs € {1,...,5}, In5+5:PS(Jins+(s_1)).
We assume that Problem (2) has at least one solution:

CiNCyn---NCs # 0.

2. a) Show that, for any z. € Ns<sCs, the sequence (||zx — Zu||2)ken is
non-increasing, hence that it converges. Let us call /(z,) € R the
limit.

b) Show that (z15)ren has a converging subsequence. We denote x,, € R?
the limit.

¢) Show that x, € Ns<sCs.
[Hint: show that P;(zs) is a limit point of (zxs11)ken, then that, for
any T, € msSSCsa

|00 = 2ull2 = || P1(200) = ulfo = £(22).

Using Question 1.d), show that z,, € Cj. Iterate the reasoning to
show that z,, € Cy for any s < S|

d) Show that xy e Too-

Exercise 5: real phase retrieval

This exercise is about real phase retrieval problems, that is phase retrieval
problems where the unknown signal and measurement vectors have real (and
not complex, as in class) coordinates.

A real phase retrieval problem is any problem of the form

find z € R?



such that | (x,vs) | = ys, Vs < m, (Real-PR)

where vy, ..., v, is a known family of vectors in R%, v, ..., y,, are given and
“I.I” denotes the absolute value.

Since multiplication by —1 does not change the absolue value, a real phase
retrieval problem can, at best, be solved up to multiplication by —1.

We say that a family of vectors (vy, ..., v,,) satisfies the complement property
if, for any S C {1,...,m},

Vect{v,}ses = R?  or Vect{vs}s¢s = R,

1. In this question, we show that (vi,...,v,,) satisfies the complement
property if and only if, for any w,...,ymn, the solution of Problem
(Real-PR) (when it exists) is unique.

a) Let us assume that (vq,...,v,,) satisfies the complement property.
Let 41,...,Ym be any numbers. Let z, 2’ € R? be such that, for any
s <m,

[ (2, vs) | = ys = [ {2/, 05) |.

Show that x = 2’ or z = —2'.
[Hint: apply the complement property for S = {s, (z,vs) = (2/, vs) }.]
b) Let us assume that (vq,. .., v,,) does not satisfy the complement prop-

erty. Show the existence of 21, zo € R?\ {0} such that
Vs <m, (z,v5) =0 or (z9,u5) =0.

c¢) Define z = 21 + 29,2" = 21 — 2o and show that Problem (Real-PR)
may have a non-unique solution.

2. a) Show that, if (Real-PR) has a unique solution for any w1, ..., ¥, then
m > 2d — 1.

b) Conversely, we assume that m > 2d — 1. Show that, for almost any
(v1,...,vm) € (RY)™, Problem (Real-PR) has a unique solution for
any yi, ..., Ym.

3. Provide an explicit example of a family (vy,ve,v3) € (R?)3 and of a

family (v, v, vs3,v4,v5) € (R3)® for which Problem (Real-PR) has a

unique solution for any vy, ..., Y.



Exercise 6: correctness guarantees for Basis Pursuit

Let d, m, k be positive integers. For some matrix A € R™*?, we consider the
problem

minimize ||z||;
for z € R? (Basis Pursuit)
such that Ax = y.

We assume that the 4k-restricted isometry constant of A satisfies

1

54k < 4_1
Let z, be any vector with at most & non-zero coordinates. We consider
Problem (Basis Pursuit) for y = Ax,. Let xgp be any solution. The goal of

the exercise is to show that, necessarily,

TRp = Ty.
1. We define
h=xpp —
T, = {i,z. # 0}.
Show that

lhelly < [z [[1-

(For any vector z € R and E C {1,...,d}, zg is the vector obtained
from z by setting to 0 all coordinates corresponding to indices outside
2. Up to permuting the coordinates of z,,xgp and the columns of A, we

can assume that
T, ={1,2,...,Card(T})}

and the coordinates of h are non-increasing, in absolute value, outside
T,:
\hcara(ry+1] = |hcaramy+2| = - = |hal-

Let us partition {Card(T,) +1,...,d} into sets Ty, T5, ..., Ty, of size 3k:

T, = {Card(T\) + 1,...,Card(T}) + 3k},
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T, = {Card(T.) + 3k + 1,...,Card(7}) + 6k},

Ty, ={Card(T}) +3(L — 1)k +1,...,d}.
a) Show that, for any [ € {2,..., L},

1o, |13
g < Wl
[Hint: for each s € T}, show that |hs| < ”hTé;lHl ]

b) Show that

1

L

h
S s < 1P
=2

c¢) Deduce from the last question that

5

k

L
|2
[hg]]2 < —F=.

3. a) Show that Ah = 0.
b) Show that

L
1AR| |2 > (1= da)l|hz.om |2 — (L4 6ax) Y [ 2.
=2

c¢) Conclude.

Exercise 7: guarantees for nuclear norm minimization

Let dy, ds, m,r be positive integers. For some linear operator £ : R%1*d —y
R™ we consider the problem

minimize || X||.
for X € R (Nuclear-min)
such that £(X) = y.

We assume that the 5r-restricted isometry constant of £ satisfies

|
5o < —.
<10



Let X, be a matrix with rank at most . Let X s be a solution of Problem
(Nuclear-min) with y = £(X,). The goal of the exercise is to show that

XNM = X,.

To simplify notation, we assume d; > dy. If we multiply the matrices to
the left and to the right by suitably chosen orthogonal matrices (the inverse
of the orthogonal matrices of the SVD of X,), we can assume that X, is
diagonal:

A 0 ... 0
0 A2
X* - : >\d2 )
0
o o 0
with the Ay are nonnegative and ordered: Ay > Ay > ... > Ay, > 0.
1. Show that A\,y1 =--- = Xg, =0.
We set H = Xyy — X, and write its block decomposition
<L> d<2_—>7’
H— Hy Hip\lr
Hyy Hy ) Ldi—v

We set
_ (Hu Hi (0 0
Hy = <H21 0 ) and H.= (O H22) .

We assume that Hso is diagonal, with nonnegative ordered diagonal entries.
(This is only for simplicity. In the general case, the same reasoning is valid; it
suffices to add at the right place multiplications by the orthogonal matrices
appearing in the SVD of Has.)

pr 0 . 0
0 p2
H22 = ’ Hdy—r ) with M1 2 e Z Hdy—r Z 0.
0
0 .. .. 0

We define matrices H.1,..., H. such that, for any [, H.; is equal to H,,
except that coefficients p; have been replaced with 0 for all

se¢{3(l—1r+1,...,3lr}.
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With this definition, H. 1, ..., H. are a sequence of diagonal matrices, such

that
L
H,=> H,.
=1

2. Show that
|[Holl« > [|Hcl[«

[Hint: || X, + He||. = [|Xu||s + [|Hel]+ ]

3. a) Following the reasoning of the previous exercise, show that

L
|| Ho|-

[[Hegllp < :
; v/ 3r

b) Show that rank(H,) < 2r and

|| Holl. < V2r||Hol|p.

¢) Deduce that
- 2
Sl <211l
=2

4. a) Show that

L
IC(H)|2 = (1 = 85,)|[Ho + Heallp — (1+5,) D || Heallr-

=2

b) Conclude.
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Exercise 8: Prony’s method for super-resolution

Let S € N* be fixed. We want to recover a measure

S

Ho = Z a85T57

s=1

where aq,...,ag are non-zero complex numbers, and 71, ..., 7 are distinct

elements of [0; 1[. We assume that we have access to its 25 lowest-frequency

Fourier coeflicients:
s

1
fio[k] = / e Mdpu(t) = ae™ fork=—(S—1),...,8
0

s=1
In this exercise, we present a purely non-convex algorithm to perform the

reconstruction, called Prony’s method.
1. Show that there exists a unique polynomial P with degree S and leading

coefficient equal to 1 such that

P (™) =0, Vs=1,...,5

Express it as a function of 7, ... 7s.
2. Let P be the polynomial defined in the previous question. We call

,ps € C its coefficients:

S
P(X) =) p.X*.
s=0

Po, .- -

Po
The goal is to show that p il ( : > is the unique (up to scalar multi-
P
plication) element in the kernel o ’
fo[=(S = 1)] fu[—(5 —2) fuo[1]
of | fol—(S — o|l—(S — 3 102
M fiol )] fol—( )] Ho
fio[0] fio[1] fio[S]

a) Show that p € Ker(M).

12



q0

b) We now prove uniqueness. Let g = ( : ) be in Ker(M). We define

S
QX)=> q.X".
s=0

Show that, for any d =0,...,5 — 1,

S

Z efQﬂidTSa—sQ (6271”[7'3) —0.

s=1

¢) Deduce from the previous question that ¢ = Ap for some A € C.
[Hint: use the fact that the so-called Vandermonde matriz

1 1 - 1
6—271'1'71 e—27ri'r2 e—?m"rs
6—27”'(5'—1)71 6—271'1'(5—1)7'2 o 6—271'1'(5’—1)7'5

is invertible.]
3. Using the previous question, propose an algorithm to recover .

Compared to the total variation approach seen in class, this algorithm is much
simpler. In addition, it succeeds whatever the values of aq,...,ag,7,...,7s.
However, it is difficult to use as such in practice, since it is very sensitive
to noise, and therefore requires a high precision on the measures jig[k]. In
addition, it cannot handle some natural generalizations of the problem, like
the case where some Fourier measurements are missing.

Exercise 9: super-resolution as a semidefinite program

In this exercise, we discuss one method for solving the total variation mini-
mization problem

minimize ||y||rv
for e M([0;1]), (Min TV)
such that k] = yx, Vk = —N,..., N.

In the lecture, we have introduced the dual of (Min TV):

maximize Re (z,y)

13



for z € C*N ! (Dual TV)

N
§ Zk627rzk:t

k=—N

such that < 1,Vt e R.

We have said that both problems have the same optimal value, and (more or
less) that the minimizers of (Min TV) can be recovered from the maximizers
of (Dual TV). We can therefore focus on solving (Dual TV), which is a
convex problem with an infinite number of constraints.

We admit the following result.

Theorem 1: Fejér-Riesz

Let P(e2m) = S22V | pre?™™ be a trigonometric polynomial with
degree at most 2N. The following two properties are equivalent.

1. P has real nonnegative values on the unit circle (that is,
P (™) € RY for all t € R).

2. There exists a finite number of trigonometric polynomials
Q1,...,Q,, each with degree at most N, such that P (&™) =

2 k= 1IQ (e )"

. J

1. Let z € C*N*! be any vector. Show that |0\ 2z 62”’“‘ < 1 for

all t € R if and only if there exists a finite number of trigonometric
polynomials P, ..., P, with degree at most N such that

2

+3 P ()P =1, VteR. (3)
=1

N

E : 2k 627rzkt

k=—N

2. Let Py,..., P, be trigonometric polynomials with degree at most V. Let
pM. .. p™ € C*N*! be the vectors of their coefficients:

P, (627rit) _ Z p’(gl)eQm'kt.

Show that the polynomials satisfy Equality (3) if and only if the ma-
trix A = z2* + > pWOpl* € CEN+DXENHD gatisfies, for all d =

14



—9N,...,2N,

2N +1—max(0,—d)
> Apea=0ifd#0
k=1+max(0,d)
—1ifd=0.

3. Show that a matrix A € CENTUXCN+D) can be written as A = z2* +
S, pWpW* for some vectors p, ... p™ € C2N*L if and only if A —
zz* = 0.

4. Show that a matrix A € CEN+DXCN+1) gatisfies the inequality A—zz* >
0 if and only if

Z-N
A = 0.
ZN B
5. Deduce from the previous questions that Problem (Dual TV) is equiva-

lent to

maximize Re (z,y)

over all z € C?N*1 A e CEN+DXEN+)

2N+1—max(0,—d)
such that Z Agp—qa=0foralld e {-2N,... 2N} \ {0},
k=1+max(0,d)
2N+1

> A =1,
k=1

which is a classical (finite-dimensional) semidefinite optimization prob-
lem.

Exercise 10 (2024 exam)
Let d, k,m € N* be fixed, with k < d.
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For any E C {1,...,d}, we define ey € R? the vector such that

(6E)i = 17VZ € Ea
(€E>i = —17\V/l S {].,,d}\E

We say that a vector x € R® is k-regular if there exist £y, ..., Ey C {1,...,d}
and sq,...,s; € R such that

T = S1€g, + -+ Sk€E, .

Let &, C R? be the set of k-regular vectors.
For given A € R™*? 4 € R™, we consider the problem

recover z € R?
knowing that = € &, (Regular)
and Ax = y.

1. Is this problem convex or non-convex?

(@)

Show that the extremal points of {z € R?, ||z|| < 1} are the vectors
ep, for all E C {1,...,d}.

Propose a convex relaxation for Problem (Regular).

In the context of Problem (Regular), propose a reasonable notion of
k-restricted isometry constant for the matrix A.

a) Compute the dual problem to your convex relaxation.

b) In this question, we assume k = 1 and y # 0. Let xy be the (unknown)
solution of Problem (Regular) (that is, a 1-regular vector such that
Az = y). Let us assume that there exists ¢ € R™ such that

[A el =1
and (A%¢); > 0,Vi < d such that (z0); = ||20||oe,
(AT¢); < 0,Vi < d such that (20); = —||70||co-

Using the dual certificate strategy, show that z( is the unique mini-
mizer of your convex relaxation.

[Remark: actually, for £ > 1, and even for many ground truths when k£ = 1,
this relaxation is most often not tight. The goal of the exercise is to get more
familiarity with the notions of convex relaxations and dual certificates; the
considered convex relaxation is not interesting per se.|
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Exercise 11: alternating projections for phase retrieval

We consider a generic phase retrieval problem:

find z € C*
such that |Ly(z)| = ys, Vs < m, (PR)
where Ly,...,L,, : C* = C are known linear maps, and v, ...,y € R are

given.

We define A : 2 € C? — (Ly(2))s=1...n € C™ and
E = {h € C™ such that |hs| = ys,Vs =1,...,m}.

1. a) Show that, if x is a solution of (PR), then A(x) is a solution of the
following problem:

find z € Range (A) N E. (Set intersection)

b) Conversely, show that, if z is a solution of (Set intersection), then
z = A(z) for some solution z of (PR).

This shows that, to solve Problem (PR), it suffices to solve (Set intersection).

2. Give the explicit expression of a function proje : C™ — C™ such that,
Vz € C™, proje(z) € argming¢||h — z||2.

We call proje a projection onto £.

We define projr,pgea) the standard orthogonal projection onto Range(.A).
The alternating projections algorithm, introduced in [Gerchberg and Sax-
ton, 1972|, addresses Problem (Set intersection) as follows: it starts at an
arbitrary point z; € C™, and iteratively defines, for all ¢ € N,

Zt+1 = prOjRange(A) o projg(zt).
3. Show that the sequence of iterates (z;)ien is bounded and satisfies

|[proje(ze41) — z41ll2 < [|proje(ze) — 22, VE € N

This property does not guarantee that (z;);eny converges towards a solution of
(Set intersection) and, indeed, convergence does not always occur. However,
it occurs sufficiently often so that alternating projections are one of the most
standard phase retrieval algorithms.
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Exercise 12: rank 1 approximation (local convergence)

This exercise and the next one are inspired by [Chi, Lu, and Chen, 2019].
Let M € R%? be a positive semidefinite matrix. We consider the problem
of finding the rank 1 matrix which best approximates M in Frobenius norm.
As any semidefinite matrix with rank at most 1 can be written as zz? for
some vector x € RY, this amounts to finding a minimizer of

1
frzeR!— ZHx:UT—MH%

(The constant % is only here to make formulas slightly nicer.)

1. Let A1, Ao, ..., Ay > 0 be the eigenvalues of M, sorted in nonincreasing
order. We assume that 1 = \; > As.
Let (uq,...,uq) be an orthonormal basis of eigenvectors.

a) Show that, for any =, f(x) = § (|[z]3 — 2 (z, M=) + || M][}).
b) Show that f has at least one minimizer.
c¢) Show that, for all z € R,

V(@) = |lzll3z — Ma.

d) Show that the minimizers of f are u; and —u;.

We imagine that we run gradient descent on f, with stepsize 7 < %, starting
at a point 2y € R? such that
1— X

-

lzo — wil2 <

It yields a sequence of iterates (z;);en. We are going to show that it converges
to u; exponentially fast, more precisely that, for all t € N,

1— )7\’
o= wnlle < (1= S22 o = ()

For all ¢, we define o, € R, v, € R? such that

r, = oquy +v; and v € Vect{ug, ..., uq}.

2. For any t, express ||z; — u1||2 as a function of |ay — 1] and ||v]o-

18



3. a) Show that, for any ¢,

a1 = (1+ 7)oy — 7a) — Tou||ve]]3;
U1 = (1= 7(af + |[v]]3))ve + TM vy

b) Show that the first of these equalities is equivalent to
Oyl — 1= (1 — Tat<04t + 1)) (Olt — 1) — Tat”UtHg.

From now on, we assume that Inequality (4) is true up to some step t.
=) ) )
4. Show that 1 — (£=22) < oy < 14 (£2) and [|uy], < =22
5. Using Question 3.b), show that

5 8
| — 1 < (1= =(1 = X)7 | Jaw — 1| + —=(1 — Xo)7||ve] 2
7 49
6. a) Using Question 3.a), show that
[[veall2 < (1= 7(af + [Joell3 = A2))l[vell2-

[Hint: decompose v; onto the orthogonal basis (uq, ..., uq).]
b) Show that 0 <1 —7(af + [|v]]3 — A2) < 1—2(1 — A7
7. a) Combine Questions 5 and 6 and show that

1—Xo)T
Vi =18+ ol < (1= S527) o= 1+

b) Conclude.

Exercise 13: rank 1 approximation (global convergence)

We keep the notation of the previous exercise. In particular, we still consider
the function .
fizeR— ZH:ch — M]||%,

and still assume that 1 = Ay > Aq.
1. Show that, for any =z € R,

Hessf(z) = ||x||514 + 2v2T — M.

19



2. a) Compute the first-order critical points of f.
b) Compute the second-order critical points of f.

3. Show that, for almost any xg, if we choose a small enough stepsize, the
sequence of gradient descent iterates converges to a minimizer of f.

20



2 Answers

Answer of Exercise 1

1. Problem (Lin-inverse) has at least one solution if and only if y € Range(A).
This solution, which we denote x,, is unique if the set

{z € R? such that Az = Ax,} = {2, + h,h € Ker(A)}

is the singleton {z,}. This happens if and only if A is injective (that is
Ker(A) = {0}).
2. a) The application v € R* — ||Av||; € R is continuous. The unit sphere
of R? is compact. Therefore, the maximum
max  ||Avl|a
veERY ||v||2=1
exists (i.e. there is a vector v; at which the maximum is attained).
Similarly, for any k € {2,...,d}, the set

{v € Vect{vy,...,ve_1}",]l|v]|]2 = 1}

is compact (it is a bounded and closed subset of a finite-dimensional
vector space), and v € R? — ||Av||y € R is still continuous. Therefore,
the maximum in the definition of v, exists.
From the definition, the family (v1,...,v4) contains d vectors of RY,
which all have unit norm and are orthgonal one to each other: it is an
orthonormal basis.

b) Let k, k" € {1,...,d} be such that k # k’. We can assume that k < &'
Let us show that

(Avy, Avg) = 0.

From the definition of v,
Vg € VeCt{Ul, .. ,Uk/_l}L C \/Ye(jt{vk}L = <'Uk’7 Uk> = 0.

As a consequence, for any 6 € R,

|| cos(0)vy, + sin(@) vy ||z = \/COSQ(G)HUICH% + sinQ(Q)HUk/H% =1. (5)

In addition, vy is in Vect{vy, ..., vp_1 }* and vy is in Vect{vy, ..., vp_1}+ C
Vect{vy,...,vp_1}F, 50
cos(0)vy + sin(0)vp € Vect{vy, ..., vp_1}". (6)
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Equations (5) and (6), together with the definition of vy, imply:
|| A (cos(8)vg + sin(Q)vg) |2 < ||Avk]|2, VO € R.
We raise this inequality to the square: for all § € R,
|| A (cos(0)vg + sin(0)vi) |5
= cos?(0) || Avi||3 + 2sin(0) cos(8) (Avy, Avy) + sin?(0)|| Avi | |3
< || Avk]3-
This means that the map 0 — cos?(0)|| Avy|[3+2 sin(6) cos(0) (Avy,, Avy )+

sin?(0)|| Avy| |2 reaches its maximum at § = 0. In particular, its deriva-
tive at 0 must be 0:

0 = —2cos(0) sin(0) || Avg| |3 + 2(cos*(0) — sin?(0)) (Avy, Avy')
+ 25in(0) cos(0) || Avp| |3
=2 <A'Uk, Avk/> .
Therefore, (Avy, Avg) = 0.

c) The Ay are nonnegative because a norm is always nonnegative. To

show that (A, ..., A\g) is a nonincreasing sequence, we can reuse a part
of the reasoning of the previous question. For any k, k" € {1,...,d}
with k < k', we have seen that v, belongs to Vect{v,...,vp_1}*+, and
||ok||2 = 1. Hence, from the definition of vy,

Mo = [[Avg|l > [[Avp||a = Aw.

d) Let D be the smallest index such that A\p = 0 (it is possible that

Ar # 0 for all £ < d, in which case we set D =d + 1).
Forany k=1,...,D — 1, we set

_Ave | Ay,
T Al T A
This is an orthonormal family of R™: for any k < D, ||ug|| = 1, and
for any k, k' < D with k # k', it holds
(i i) = —<A2;“k’ f,i,”’“’> _
from Question 2.b). We define up, ..., u,, so that (u,...,u,) is an

orthonormal basis of R™.

For any k < D, we have Avy = A\yug by construction. And for any
k= D,....d, since \;, = ||Avg|| = 0, it also holds Avy, = 0 = A\puy.

22



e) The matrices U,V are orthogonal because their columns (resp. rows,
for V) form an orthonormal basis of R™ (resp. R?).
The equation
vk S d, Avk = )\kuk

reads, in matricial form,

A0 0
0 Ao
A(v1 vd):(ul um) - BV E
0
b b

which is equivalent to
AVT =UD,

which is in turn equivalent, since V'V = VVT =1d, to
A=UDV.

f) Let U, V, M, ..., A be another SVD of A. Let us denote

A O 0
0 X2
D = ' _
Ad
0
0o ... .. 0

From the definition of the SVD,

A=UDV =UDV
= ATA=VTDTDV =VTDTDV.

The matrix DT D is diagonal, with coefficients on the diagonal A2, ... \2.
The matrices V and V7 are inverse one from each other, since V is an
orthogonal matrix. As a consequence, VT (DT D)V is the eigenvector
decomposition of ATA and A}, ..., )\ are the eigenvalues of AT A.

For the same reason, 5\%, cee :\3 are the eigenvalues of AT A. Since the
eigenvalues of a matrix are uniquely defined and A2, ..., )\ as well as
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A2 ..., A% are ordered (they are non-increasing sequences), we must
have
2 _ 32 2 32
A=A, o A=A

which implies, since the A\, and A\, are nonnegative,

3. a) We assume that A,y and A, y+ € satisfy the conditions of Question 1,
that is A is injective, and y, y + € belong to Range(A).
We consider the SVD of A, as in Question 2. We observe that \; #
0,..., g # 0, otherwise D would not be injective, and A would not
be either.
We have

UDVzx,=Ax, =y and UDVzx.= Ax. =1y +e,
= D(Vz,)=U"y and D(Va)=U"(y+e)=U"y+U"e
(7)

We respectively denote (zv)k<d, (x%ﬁ’)k)kgd, (Yus)k<m and (euk)k<m
the coordinates of V., V., UTy and UTe. From Equation (7), for
all k < d,

(€)
ATy = Yo and )\kxv,k =Yukr + €uk,

. €
Yok ond 2 — YUk €Uk

= Ty = =
s )\k V.k /\k )\k

and, forall k =d—+1,...,m,

yur = €k = 0.

From these equalities we deduce

k=1 k=1
i 9 \ /2 m 1/2 .
Ytk 1 5 U yll2
> Uk - _ =z Jlz



and

V(@ =zl =

Therefore,
V(. —zll2 _ Au[[U el
WVadla 7 AUyl

and, since V,U are orthogonal matrices, hence preserve the norm of
vectors,

|z —xclla _ A1 [lef]2
lzalla 7~ Aallyll2
b) Let us consider the following y and e:

y="Ue;, e€=Uey,

where e1, e4 respectively denote the first and d-th vector in the canon-
ical basis of R™. Then

1 1 1
.= —VTe, z.=—=VTe +—VTé,,
A\ Mg

where €1, €4 respectively denote the first and d-th vector in the canon-
ical basis of R?. Therefore,

|z —aclla _ M [VTealla A A el

ledl: AallVTall:  Aa Aallyll

c¢) The inverse problem is stable if i—; is of order 1 (say < 10).
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Answer of Exercise 2
1. We are exactly in the same setting as the previous exercise, with
1w ..o p
o1
A=,
W R |
According to Question 1 of the previous exercise, we must show that A
is injective and surjective. Given that A is square, it is enough to show
that A is injective.

To show that A is injective, we consider z € Ker(A) and show that,
necessarily, z = 0. From the definition of the kernel,

d
zi+ [ (sz> =0,Vie{l,....d}
k=1

Therefore, all coordinates of z are equal:

d
21:2’2:..-zzd:—u<zzk)_

We plug this into the first equation:
(1+dp)z = 0.

Since > 0, we must have z; = 0, and therefore zo = -+ = z; = 0, that
is z = 0.

2. Following the previous exercise, we compute the singular value decom-
position of A. As A is a symmetric matrix, its singular values are the
absolute values of its eigenvalues. Let us compute the eigenvalues.

Let for the moment A € R be any eigenvalue, and let z be an associated
eigenvector. From the definition of A,

d
zi—i-u(sz) =Nz, Vi e {l,...,d}.

k=1
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Therefore, if A # 1, it holds

d
212222"':261:%<2:Zk)7

k=1

which means that z is a constant vector.

Conversely, if z is a constant vector, we see that it is an eigenvector,
with eigenvalue 1 + dpu.

Since the set of constant vectors has dimension 1, we conclude that
there is exactly one eigenvalue different from 1, which is 1 + du and has
multiplicity 1.

Since A are d eigenvalues (when counted with multiplicity), the only
other eigenvalue is 1, with multiplicity d — 1.

The eigenvalues are nonnegative, so they are the same as the singular
values.

From the previous exercise, the inverse problem is stable if the ratio
between that largest and smallest singular values is of order 1, that is if
1 4 dp is of order 1. In other words, reconstruction is stable when p is

at most of order é.

Answer of Exercise 3

[Caution: this is a non-linear inverse problem. Therefore, it cannot be ana-
lyzed using the results on linear inverse problems.|

Reconstruction is unique: for any (1, ;) € R? and associated measurements
(y1,v2), it holds (z1,72) = (y1, (1 + y3)y2). Therefore, the measurements
(y1, y2) uniquely determine (zq,x2).

Reconstruction is not stable. Indeed, for any € > 0, there exist pairs (z1, x2)
and (z), z%), with associated measurements (y1,y2), (v}, y4) such that

1y, 92) — (i, wa)llz (21, 22) — (23, 29) |2
(w1, y2)ll2 B (21, 22) ]2

To show it, we can consider the pairs (zq,x9) = (¢,t) and (2, 2)) = (¢,0),
for some ¢ > 0 to be defined later. Then

(21, 22) — (w1, 25)|la ¢

1
@)l V2t V2
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while

t
I 92) =)l e
1
(Y1, y2) |2 t /1+m
B 1
(L+12)\/1+ gy
1
< —.
<3

Consequently, if t > 21;2, it holds

1y, 92) — (i, wa)llz (21, 22) — (23, 29) |2
[y, y2)ll2 B (21, 22) ]2

Answer of Exercise 4
1. a) Let 2 € R?, a € C, be fixed. For any € € [0; 1], the vector

(1 —€)Py(2) + €a

belongs to Cy, since Py(z) and a belong to C and Cj is convex. There-
fore, from the definition of the projection,

1P5(2) = 2llz < [I(1 = €)Py(2) + ea — zI?
= |IP(2) — 2|I* — € {a — Pi(2), 2 — Pu(2))
+€*lla — Po(2)|l2-

Therefore, for any e €]0; 1],
(a = Py(2),2 = Py(2)) < ella — Py(2)][5-

If we let € go to 0, we get that (a — Ps(z), 2z — Ps(2)) < 0.
b) Let 2,2’ € R be fixed. We apply the previous question to a = P,(2'),
then to a = Py(2):

(Ps(2) = Pu(2), 2 — Ps(2)) <0,
(Ps(2) = Pu(2), 2/ Ps( ) <0

We sum the two inequalities and get the desired result.
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c) Let z, 2" € R? be fixed.

1Ps(2) = Po(2)l; + [|1Po(2) = Pul2) — 2+ 2|3
= |lz = Z|Iz + 21| Ps(2) — Po(2)|z +2(Ps(2) = Ps(¢'), 2" — 2)
= |lz = Iz + 2(P(2) = Pi(2), 2 — 2 — Pu(2) + Pu(&))

<Ilz = #llz-

The last inequality is a consequence of Question 1.b).
d) For all z, 2’ € R?, from the previous question, since ||P,(z) — P(z") —
z+2'||3 > 0, we must have

1P:(2) = Pu(2I[5 < [l2 = Z/ll,

hence ||Ps(2) — Ps(2')|l2 < ||z — #/||2- In addition, if the inequality
is not strict, it must hold ||Ps(2) — Py(2') — 2z + Z||3 = 0, so that
Py(z) — Ps(2') — 2+ 2/ = 0, hence Ps(z) — Ps(2') = z — 2.

2. a) Let k € N be fixed. Let n € N,s € {1,...,5} be such that k =
nS + (s —1). Then z441 = 515 = Ps(zx). In addition, z, = Py(z.
because x, is in C, so

k1 = 2l = [[Ps(2x) = Po(@a)lla < [lox — 2|2

The last inequality is true from Question 1.d). The sequence is there-
fore nonincreasing. It has a limit as any nonnegative nonincreasing
sequence of real numbers has a limit.

b) The sequence (zys)ken is bounded: for any k,

|zrslla < [lzu]l2 + [Joes — 2.2

< zullz + [lzo = 2.ll2-

From Bolzano-Weierstrass theorem, it has a converging subsequence.
c¢) As P is continuous (from Question 1.d), it is even 1-Lipschitz) and z,
is a limit point of (zs)ken, Pi(Too) is a limit point of (P (2ks))keny =

(Ths+1) ken-
Since ||xgs — 4|2 jmase l(x,) and ||Trsi1 — Til|2 jmary ((x,), we must
have

|00 = 2ull2 = £(2.),
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1P (200) = Prl@a)ll2 = [[P1(7o0) = 2|2 = ().

This implies that ||zo — Z«||2 = || P1(200) — Pi(24)]|]2. From Question
1.d), we must have

Too — Tu = Pi(2o) — Pr(@:) = Pi(7s0) — 2,

so that ., = Pi(x4), which is equivalent to x, € C}.
We can reapply iteratively the same reasoning: as oo, = P(Zs) i8
a limit point of (Zgsi1)ken, P2(Zoo) is a limit point of (Tggio)ken,
which allows to show that ||z, — Z4||2 = ||P2(Ze) — Pa(4)]|2, hence
Too = Po(Zs), so that zo, € Cy. And so on.

d) As x4 belongs to Ns<sCs, Question 2.a) tells us that (||zx — Tsol|2)ken
is nonincreasing. This sequence has a subsequence which goes to 0
(since x4 is a limit point of (z)ken). Therefore, the whole sequence

. k
goes to 0, which means that x; 2Ege Too-
Answer of Exercise 5

1. a) We set S = {s < m,(x,vs) = (2/,v5)}. From the complement prop-
erty, either Vect{vs}seg = R? or Vect{v,}s¢s = R%
First case: Vect{v;}scs = R?. For any s € S,

(x — 2! vs) = (x,vs) — (2',05) = 0.

Consequently, © — 2’ € Vect{v,},o; = {0}, meaning that = = .

Second case: Vect{vs}s¢s = R% Forany s, | (z,vs) | = | (2, vs) |, hence
202 = £(@,v.). Foramy 5 ¢ 5, (2, 0,) # (), s0 that {z,v,) =
— (7', vs), and

(x + 2’ v5) = 0.

/

Consequently, x + 2’ € Vect{vs}ﬁ¢§ = {0}, meaning that r = —x'.
b) Let S C {1,...,m} be such that

Vect{vs}ses # R? and Vect{v,}y¢5 # R%.

Then
Vect{ v, SL€§ # {0} and Vect{v SL¢§ # {0}.

Let 21 € Vect{v,}iq and 2, € Vect{vs}slgé§ be two non-zero vectors.
For each s < m,
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o if s € 5, then (z1,v,) =0,

oif s ¢S, then (z5,vs) = 0.
c) For all s < m, |(z,vs)| = |(2/,vs)|. Indeed, either (z;,vs) = 0, in
which case
<£B,Us> = <Z2aU8> == <$,>'US> )

or (z2,vs) = 0, in which case
<$7 Us> = <21,U5> = <CL’/, US) .

Therefore, = and z’ are two solutions of Problem (Real-PR) for y =
(| (z,vs) |)ses. But @ # 2/, since z9 # 0, and x # —a’, since z; # 0.

2. a) Let us assume m < 2d — 2. Let S C {1,...,m} have cardinality
min(d — 1,m). It must hold Vect{v,}.cs # RY, since Vect{v,},cs has
dimension at most Card(S) <d — 1.

On the other hand, {1,...,m} \ S has cardinality m — Card(S) =
max(0,m —d+1) < d— 1. It must therefore also hold Vect{v,}szs #
R<.
This shows that the complement property does not hold. From Ques-
tion 1., Problem (Real-PR) has a non-unique solution for some values
of y1,.. ., Ym-

b) For each n, let \,, denote the Lebesgue measure over R".
For any A C {1,...,m} with cardinality at most d — 1 and each
ae{l,...,m}\ A, we define

Eaa={(v1,...,vp) € (RY™ v, € Vect{vs}sea} -

Observe that, for each A, a,
Answer of Exercise 6

1. The vector x, is feasible for the problem (Basis Pursuit): Az, = v.
Therefore, its /!-norm is at least as large as the optimal value of the
problem:

|zllr = [lzsplls = |z + Al

As a consequence,

> lzal = el

1€Ty
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= Z | (s + D)l

1€y 1¢T,
> (sl = [hal) + > [Pl
1€T 1¢T
= <Z |iU*z'|> = [lhz. (|1 + |[hzels
This 1mphes ||hT* 1 2 ||hT*c 1

2. a) For any s € T, € T,_1, because the coordinates of h are non-

increasing outside 7},
’h8’| > |hs,~

This implies that, for any s € T,
1Az [l =Y |he| > (Card(Ti1))|hs| = 3k|hy|.

'€l

From this, we deduce that

1hg,|l5 = hsl?

seT;

Z IIth 1||1

seTy
. ||hTH||1
(3k)?
< HhTzf1H%
- 3k

(Card(T))

||th ||1 from the previous question

Mh

ZHhTsz

=1

Az [

ol- 8-
M) =

=1
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from the first question.

¢) By Cauchy-Schwarz,

1 S vV C&I‘d(T*)HhT*

Combined with the previous question, it yields

L
IZAIE
[hg ]2 < —%—.

3. a) As zgp is a feasible point of Problem (Basis Pursuit), we have Azgp =
y= Az, = A(xgp — h) = Azgp — Ah. Consequently, Ah = 0.
b) As h = hr,ur, + hr, + -+ + hr,, we have

||, 2 < \/EHhT*

2.

L
|1Ah|l2 = ||Abg,uzy + Abgy +- - -+ Al |2 > || Aha,um 12— Y || Al |2
=2

The vector hr,ur, has at most Card(7) + Card(7y) < k + 3k = 4k
non-zero coordinates. From the definition of the restricted isometry
constant,

| Ahrun[l2 = (1 = dap) [ hreom [ |2-

Similarly, for any [ € {2,..., L},
|Ahg;[[2 < (14 dar) ||y |2-

This gives the desired inequality:

L
1AR| |2 > (1= 6a)l|hz.om |2 — (L4 6ax) Y [z ]2

=2

c¢) Together, the previous two subquestions imply

L
(1= Sa)llhrum 2 < (14 61) > |1l
=2
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Using also Question 2.c,

(1 = 0ar)|| P,

2 < (1= oup)||hrom ]2

h
§(1+64k)”;*§2

Since 045 < 1/4, this implies

3f

5“ T HhT

2_4\/§
3

Since % > 1, this implies ||hz,||2 = 0: the coordinates of h with
indices in T, are zero. From the first question, the coordinates of h
with indices in T} are therefore also zero, so h = 0 and

—||hT*

< [lhr. ]2

rpp = Tx.

Answer of Exercise 7

1. Since all non-zero columns of X, are linearly independent, the rank of
X, is the number of non-zero columns, that is the number of non-zero A,.
Since rank(X,) < r, at most the r largest singular values are non-zero.

2. The matrix X, + H, is diagonal. The coefficients on its diagonal (which
are its singular values, since they are nonnegative) are A1, ..., A\p, fi1, - -+, fldy—r-
Therefore,

do—r

|1 X + He ZA +ZMS—I|X [l + [ Hel].

In addition, since Xy is a solution of Problem (Nuclear-min) and X,
is a feasible point of this problem,

X[ = [[Xnarl ]
= [| X\ + H|.
= || X, + He + Holl.
> || Xu + Hell« — [[Holl«
= [| Xl [« + [[Hel [« = |[Holl+-

Therefore, ||Hol|. > ||Hellx
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3. a) Forany l € {2,..., L},

|| e,

1/2

IN

r
s=3(l-1)r+1 t=3(1—-2)r+1

3(1-1)r 12

1
3_’/" Z s
t=3(1-2)r+1
| |Hc,l—1 | |>;<

\/5

Therefore,

L L
>l < 3 Wt 'H” 1”
(=2 =2

~

y ||H0||*.
= Ve

b) The rank of Hy is the dimension of the vector space generated by its
columns. The first r columns, which form the matrix (g; ), generate
a space with dimension at most r. The last dy — r columns, which
form the matrix (H12) generate a vector space which is included in
R" x {0}%~" and therefore has dimension at most r. Therefore, the
two sets of columns generate a set with dimension at most r+r = 2r,
hence

rank(Hy) < 2r.

Let us denote ay,...,aq, the singular values of Hy, ordered by de-
creasing order. Then, for the same reason as in Question 1., ag.11 =
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- = ag, = 0, so that

1ol Zas

. 1/2
<Vor <Z a?) by Cauchy-Schwarz
s=1
= V/2r|| Ho[ -

|[Remark: since multiplying a matrix with an orthogonal matrix does
not change its Frobenius norm, the Frobenius norm of any matrix is
equal to the Frobenius norm of the diagonal part of its singular value
decomposition. It is therefore the ¢*-norm of its singular values.]

L H \/7 H
Q) Sty 1Hellp < Uil < Ul [2) 1, .
4. a)

IL(H)|l2 =

2

L
c (HO +Ho+ > Hc,l>

> ||L(Ho+ He)ll2 = D |I£(He) ]2
=2
L

> (1= 85| [Ho + Hoallr — (14 05) S [ Hell

=2

We have used the definition of the restricted isometry constant, the
fact that rank(H.;) < 3r for any [, and that rank(Hy + H.;) <
rank(Hy) + rank(H.1) < 2r + 3r = 5r.

b) From the previous two questions,

2
VEl > (1 )1 Ho + Holle — (14 85y 2110l
2
> (1= Bl — 1+ )y 2Ll

9 11 /2
> 2= = = /2 ) 11 Holl .
—<10 10\@>H oll7
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For the second inequality, we have use the facts that the non-zero
coeficients of Hy and H.; are at different positions, hence ||H, +
Heallr = /I Holl% + [[Heal[7: = || Hollp-

As L(H) = 0 (Xyn and X, are feasible for Problem (Nuclear-min))

and % — 5\/5 > 0, this implies ||Ho||r = 0.

10 10\3
As a consequence, Hy = 0. From Question 2., H. = 0. This means

that H = 0 and Xy = X..

Answer of Exercise 9

1.

- . N ;
which is equivalent to ‘Z ey 2ReZTR

N
Z 22X <1, Yt eR,
k=—N

N
= | ) ™ <1, VteR,
k=—N

2
eR" VteR.

N

2 : Zk€27mkt

k=—N

—=1-

From Fejér-Riesz’ theorem, this property holds if and only if there exists
trigonometric polynomials Py, ..., P, with degree at most N such that,
for all t € R,

1— ?

N A 2 n '
Z Zk€27rzkt _ Z |]3[ (62mt)
k=—N =1

2 .
+ 20 [P (e = 1.

Let a_sn,...,asn denote the coefficients of the polynomial in Equal-
ity (3):

2N N 2

Z ad627rzdt _ Z Zk627rzkt + Z |B (627rzt) ‘
d=—2N k=—N =1

N N
— § Zk€27mkt § Z—kemekt
k=—N k=—N
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n N
+ o) eQﬂzk:t) ( p(l) e—27rikt>
() (£
- Z Z (Zkzk/—i—Zp ) 2mi(k—k' )t

—NKk=-N

— Z Z (Zkz_lc"FZp;(fl)}E) p2midt

d=—2N —N<k,k'<N =1

k—k'=d
2N n
_ E : E : — E : O, 1) | 2midt
= ZkZk—d t+ P Pip_q )€
d=—2N  —N<k<N =1
s.t. —N<k—d<N

N—max(0,—d)

- Z Z (Zkzk d+zpk p® | ezmiat

d=—2N k=—N+max(0,d)

2N N—max(0,—d)

2midt
= E E ApyN41k+N+1-d | €

d=—2N \ k=—N+max(0,d)

2N 2N+1—max(0,—d)

— E E Akk J e27ridt

d=—2N k=14max(0,d)

2N+1—max(0,—d)
As a consequence, ag = ), _ 1+max(0d Akk g foralld = —N,...,N,

and Equality (3) holds if and only if, for any d = —N,..., N,

2N+1—max(0,—d)

Qg = Z Ak,k—d =1lifd= 0,

k=1+max(0,d)
= 0 otherwise.

I A =22+ 30 pOpB for some vectors pt), ... p™ € C2VFL then
A—zzr =30 pOp®* which is semidefinite positive:

Vo € CN* p¥ (A — 22%)x = Z | (p", 2) > > 0.

Conversely, let us assume that A — zz* = 0. Let B € CEN+DxEN+1) he
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a square oot of A — zz* (that is, a matrix such that BB* = A — 22*).!
Let pM, ..., p@®N*D be the column vectors of B. Then

2N+1

=1

which implies A = 2z* + Y-, pUpO* for n = 2N + 1.
4. Let us denote

c C@N+2)x(2N+2)

and show, as required, that A — zz* > 0 if and only if G > 0.

(G = 0) <= (Vh e C™*2 1h*Gh > 0)
— (vhec™uec (1) G (k) =0)
— (Vh € C*M+ y e C, " Al + 2Re <E z>) +uf? > o)
— (vﬁeCQN“,teR,d)eR,
R* Al + 2Re (tew <h, z>> +[te’]? > 0)
— (VIEE(CQN“,teR,ngER,

It Ah + 2tRe ( <h z>> b2 > 0)

vie € o e R A - (Re (¢ (h))) 2 0)

[=
N

PUN (vn € CN+ f* AR — < > o)
— (v}zeCzN“,ﬁ*(A Z)h > )
— A—2z">0.

Equivalence (a) is true because, for any h and ¢, it holds that the poly-
nomial t — h*Ah + 2tRe (ew5 <iL, z>> + t? is nonnegative over R if and

L All semidefinite positive matrices have square roots; it is most easily proved by writing
the semidefinite matrix in an eigenvector basis.
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only if its discriminant is nonpositive:
, ~ 2 ~ ~
4 (Re (e’¢ <h, z>>> — 4 AR <0,
. s 2
which is exactly h*Ah — (Re (e’¢ <h, z>>) > 0.

- - . s 2
Equivalence (b) is true because, for any h, we have h* Ah— (Re <ez¢ <h, z>>> >
0 for all ¢ € R if and only if the minimum over ¢ of this quantity is non-
negative, and the minimum is precisely

h* AR — | <hz> B

. Since both problems have the same objective function, it suffices to show
that z is feasible for (Dual TV) if and only if z is feasible for the other
problem, that is there exists A € CENTUXEN+1) gych that
2N+1-—max(0,—d)
> Apg_a=0foralld € {-2N,....2N}\ {0},

k=1+max(0,d)

and

Let us first assume that z is feasible for (Dual TV): ‘foz_ N zkezmkt‘ <1

for all ¢ € R. From Question 1, there exists trigonometric polynomials
with degree at most N, Py,..., P,, such that

2

+Z ‘Pl (627rit)‘2 -1

=1

N

E 2k62mkt

k=—N

We denote p, ..., p™ the vectors of their coefficients and set A =
2z + > pWp®*. From Question 2, we have

2N+1—max(0,—d)
> App_qg=0for all d € {—2N,..., 2N} \ {0},

k=1+4+max(0,d)
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2N+1

Z A = 1.
k=1

From Question 3, A — zz* > 0, hence from Question 4,

The existence of A is proved.
Conversely, let us assume the existence of A, and show that ZkN:_ N k€

1 for all t € R. From Question 4, A — zz* = 0. Therefore, from Ques-
tion 3, there exist p™, ..., p(™ such that

A = ZZ* + Zp(l)p(l)*
=1

Let us denote Py, ..., P, the corresponding trigonometric polynomials.
From Question 2, they satisfy Equality (3)

2

+3 P ()P =1, VvteR.

=1

N

E 2k 627rzkt

k=—N

From Question 1, this means that ‘fo:_ N 2Tkt

<1foralltelR.

Answer of Exercise 10

1. It is a non-convex problem, because & is not-convex. Indeed, & contains
Rep for all E C {1,...,d}, therefore Conv(€y) D Vect ({eg}pcq,...ay) =
R?. But & # R? (it is a finite union of k-dimensional vector subspaces
of R, and k < d), so & is different from its convex hull.

2. First, let x be any point of this set, which we denote M. We assume that
x # eg for all £ and show that x is not extremal. For all i, z; € [—1;1].
Since z # ep for all E, there exists an index ¢ such that z; # —1 and
z; # 1 (i.e. z; € — 1;1[). We define y, z € R? such that

Yj = %5 :l’j,Vj 7&27
yi:17
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Then z = (1 — ¢)y + tz for t = 15% € [0;1]. The vectors y, z belong to
M and are different from x. Therefore, x is not extremal.

Now, let us fix E C {1,...,d}. The vector eg is in M. Let us show that
it is extremal. Let y,z € M and ¢ € [0; 1] be such that ep = (1—t)y+tz.
We must show that either y or z is equal to eg.

Ift=0,theny =eg. If t =1, then 2 = eg. Let us assume 0 <t < 1
and show that y = z = ep. For all i < d, if i € F, then (eg); = 1. Since
y; < 1and z; <1, it holds

The inequality must be an equality, meaning that y; = z; = 1 = (eg);.
The same reasoning applies if i ¢ E. It shows that y, z and ep are equal.

3. The problem we want to solve is (assuming that a solution exists)

minimize ||z|eg
over x € R? such that Az = v,
where, for any z, ||z||,, = min{s € {1,...,d},z € &}.
Following the intuition discussed in the lectures, since the vectors ep are

the extremal points of the ¢* ball, it makes sense to approximate |[|.||,¢
with the infinity ball, yielding the convex problem

minimize ||z||s
over z € R? (Relax-Reg)
such that Az = y.

4. Mimicking the definition of k-restricted isometry constant for sparse
recovery, we could define the k-restricted isometry constant of A as the
smallest positive number d; > 0 (if it exists) such that, for all z € &,

(1 =)o < [[Azla < (1 + 05)[|z][2-
5. a) Problem (Relax-Reg) can be rewritten as a min-max problem:

min max|zlloo + (y — Az, 2)
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_ : T
= min max (y, 2) + ||| - (x,A"z)

We compute the dual by exchanging the minimum and maximum:
: _ T
max min {y, 2) + ||2]joc — (z,4"2)

— ; _ T
= max (y, z) + min (|[zles — (2, 4"2))

= maXx Z).
z€R™ <y7 >
[[AT2|[1<1

Indeed, min,cga [|z||w — (z, AT2) = —oc if [|AT2]|; > 1: denoting
h € R? the vector such that h; = 1 if (AT2); > 0 and h; = —1 if
(AT2); < 0, we have, for all t > 0,
[th]|oo — (th, ATz) =t — t|| A"z
= —t(|[A2]l: - 1),

which goes to —oo when t goes to oc.

On the other hand, if ||ATz||; < 1, then ||z]| — (2, AT2) > ||z]|s —
|2]|oo||AT2]|1 > 0 for all z € RY. Since x = 0 yields the value 0, the

minimum is zero.
The dual problem is

maximize (y,z),
over z € R?
such that ||ATz||; < 1.

b) First, we observe that (x,, z,) € R?x R™ is primal-dual optimal if and
only if

[olloo = max {y, 2) + llzolloo — (20, ATz)

= (¥, 20) + 1ol loc — (20, A" 20)

== i y 20 + co 7AT 0
min (y, 2o) + ||zl = (2, A 20)
= (Y, %) .

This is equivalent to
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e 1, is primal feasible: y = Ax,;

o [|AT ]|, = 1;

o (7,); = sgn((AT2,):)||To]|0o for all i such that (AT2,); # 0.
We observe that (xg,c) is primal-dual optimal. Indeed, xy is primal
feasible and ¢ is dual feasible. For any i, (z9); = %||7o||s (because
k = 1, hence xq is proportional to eg for some set F). Therefore, from
the definition of ¢, (AT¢); # 0 and (A¢); has the same sign as (x);,
meaning that

(20)i = sgn((A"¢))[|zo]oo-

Therefore, o is a minimizer of (Relax-Reg).

Let us show that the minimizer is unique. Let x, be any minimizer
of (Relax-Reg). Then (z,,c) is primal-dual optimal. Therefore, y =
Az, and

(2.); = sgn((A%¢)y)||2+||o for all i such that (A”¢); # 0.
This means that

(4); = ||74]|00,Vi < d such that (x¢); = ||Z0]]o,
(4)i = —||74]| 0,V < d such that (zq); = —||zo]|o-

Consequently, z, is proportional to zy. Since Az, =y = Az and y #
0, the proportionality constant is equal to 1, meaning that x, = x,.

Answer of Exercise 11

2. Let z belong to C™. Let us determine argmin, ¢||h — z||]2. A vector h
belongs to £ if and only if there exists ¢1,..., ¢, € R such that

hs = yse'®s, Vs=1,...,m.

Therefore,

m 1/2
. - _ . 2
I}?El?Hh 2|2 mi <Z|hg %l )
7j=1
m 1/2
— ; o5 |2
oMo (jZ e = )

=1
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m 1/2
_ . 2 —id; 2
b1 eR <Zj:1 Yj e(y;ze”'") + |zl )

-----

This formula is minimized exactly when —Re(y;z;e*%) is minimized for all
j=1,...,m. When y; = 0or z; = 0, —Re(y;z;e %) = 0 for all real numbers
®j, so all real numbers ¢; are minimizers. When y;, z; # 0, the minimum is
attained when

¢; = phase(y;z;) [27],
which is equivalent to ¢; = phase(z;) [27], since y; is a positive real number.
To summarize, an element h of & minimizes the distance to z if and only if,
for all 7 < m,
hj — yjeiphase(zj) if Y, % 7& 07
hj =0 if Yy; = O,
hj = yjei‘f’j for some ¢; € R if z; = 0.

Therefore, a possible expression for proje is to define, for every z € C™,

proje(z) = (™)

j=1,...m’

with the convention that ePhase(zi) = 1 if »; = 0.
Answer of Exercise 12
1. a) For any € R?,

1
fl@) = gllea” — MR

I
|
=

((xxT — M)(a:xT — M)T)
Tr (:m:Tm:T — Mzxz" —x2™ M + MMT)

(Tr (mxT:CxT) —2Tr (an:T) + Tr (MMT))

(Tr (z"za"z) — 2T (27 (Mz)) + || M]|[7)

e e S B e e B e

(llzll2 = 2 (2, M) + || M][F) -
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b) For any = € R4, [|Mx||2 < M\i||z||2, hence | (x, Mz) | < A\i||z||3, and

o ellz - AMallll

flay > 2 - 2
RETYEE
—TZ(TQ—Q

— +oo  when ||z||s = +oc.

This shows that f is coercive. It is also continuous, hence has a
minimizer.
c) For all z,h € R,

fl@+h) =2 (llz+hll; = 2 (z +h, Mz + h)) + ||M][})

g I N

(12l + 2 (z, B + [|7113)°

— 2 ({z, Mz) + (h, Mz) + (x, Mh) + (h, Mh)) + || M||7)
= % (llllz + 4ll|[3 (x, k) — 2 {, M) — 4 (Mx, k) + || M|[% + o(][]]2))
= f(z) + ([lzl[3z — Mz, 1) + o(|[A]]2).

Therefore, V f(z) = ||z||3x — Mz.
d) Let us first consider an arbitrary minimizer z,,;,. We must have

As a consequence, MZin = ||Zmin||32min, Which means that z,,, is
an eigenvector of M, with eigenvalue ||x:,||3. In particular, there
exists k = 1,...,d such that

® 1., is an eigenvector of M with eigenvalue \;

o ||Zmin||3 = A&, that is, ||Tmin]| = VA
This shows that minimizers of f are necessarily of the form z,,;, =
VArv, for v a unitary eigenvector associated to the eigenvalue \j.
Now, we compute the minimizers. For k < d and v as above,

1 (V) = (VA =2 (Vawaryaw) + i

1
= L)
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This is minimal if and only if Ay = A\ (= 1) and v is an eigenvector
associated to the eigenvalue A, that is to say v = +wu;. Therefore,
the minimizers are u; and —uy.

2. Asxy—uy = (o — )ug + v, and uy L v, the norm is

e = wrll2 = 4/l — 112 + [[ur] 3
3. a)

T4l = T — va(xt)
= ayuy + vy — 7(||2||370 — May)
= aqyuy + v — 7(||ze| [ (apur +v) — cpMuy — Muy)
= ay(1 = 7llz][3)ur + (1 = 7llw|[*)vr + Towu + 7 Mo,
— (1 — {0+ [[uel) + TYus + (1 — 70 + [[o|P))ee + 7M.

As v, and Mo, belong to Vect{us, ..., uq},

a1 = (1 —7(a2 + v [3) +7) = (1 + 7))y — 7 — 7o v 3;
Vi1 = (1 — 7(a + ||ve] |P))ve + 7M.

b)
(14 7)oy — 10 — Tay||ve|[3 =1+ [(1 + 7)oy — 1o — Toyl|v 3 — 1}

=1+ [Oét — 14 TOét(]. — Oétz) — TOétHUtH%]
=1+ [(1 — 1oy + 1)) (o — 1) — TOétHUtH%] )

4. We have

11— ay| <oy — ]2
<|lro —ui[|z from Eq. (4)
1— X
-

Therefore, 1—(%) <l-l—a<a<1+][1—ay <1+(%)‘

And [Jv|] < [ — wl2 < 252
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5. From Question 3.b),
ey = 1] < 1= Tag(a; + )] ay — 1 +7ay] [Jod] 5.
We prove the result by showing

5
1 —71ay(ay + 1) < 1—?(1—)\2)7'; (8a)

8
7la] [|vd |2 < 1oL~ A)7lvell2. (8b)

For Equation (8a), we must show

— (1 — 2(1 - )\2)7> <l-7agap+1)<1- g(l — AT

The left-hand side is equivalent to

T (at(at +1 1 — o) )
<

which is true because 7 § cop <1+ (1 /\2)

5 1 /8 15 5 155
21 — < (22 2) 222 g
T(at(at+1)+7(1 )\2)) <3 <7>< - +7) 03 <2

The right-hand side is equivalent to

g and 1 — Ay < 1, hence

| Ot

a(ag +1) > =(1 = Ng),

Whichistruebecauseatz1—(%)zgandaleZl,so
6 _5_ 5
D>=>=>—(1-=X).
at(at+)_7_7_7( 2)

Equation (8a) is proved.
For Equation (8b), we must show that

8
o] lluellz < 5 (1 = Ao).

We have already said that oy < %, and we know from the previous

8 1—X 8
<2 - —
| [[ve]2 < = x 19

1 - Ao).

\]
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6. a) From Question 3.a), v;11 = Hyv,, where
Hy = (1—7(cf + ||ve|3)) Id + 7M.

On the subspace Vect{us, ..., uq}, which v; belongs to, M represents a
symmetric linear operator with eigenvalues X, ..., \;. Therefore, H,
is a symmetric linear operator, with eigenvalues (1 — 7(a? + ||v][3)) +
TN, for k=2,....d.

All these eigenvalues are nonnegative,? hence the operator norm of H;
(still restricted to the subspace Vect{ua, ..., us}) is its largest eigen-
value:

(1= 7(af +|[ul3)) + TAe = 1 = 7(af + [Juel[5 = A2),
which implies
[verallz < (1= 7(af + [ul3 = A2)) [[vell2-

b) We have seen in the previous question (in footnote) that 0 < 7,
1 —7(a? + ||ve]|3 — A2). Let us show that 1 — 7(a? + |ve||3 — Xo)
1 — 5(1 — Ay)7, which is equivalent to

We recall that oy > 1 — (%)

11—\’
i > (1- (152))

2
:1_21—)\2+(1—>\2)

7 7
5 2 1— X\
=242
7+72+< - )
5 2
>4 =
_7—1-7)\2




7. a) Combining the last questions, we get
o =11 < (1= 200 2)7 ) o = 1]+ (1= Aol
Q41 — -l = T |0 — — 7|Vt |2;
t+1 < - 2 t 19 2 tl]2;
5
forslle < (1= 20207 sl

Expressed in terms of ¢?-norms, this implies

[[(awa = 1], o ll2)1

@—?u—x»ﬁu%—mumma+<gu—w»ﬂwm,)

8
ng)mm—ummmm -

2

o= A2)7 v |2
(triangular inequality)

<(1-
< (1= 20 =20+ 1= 207 has = 1, el
O——&—M ) e = 1. el

sQ-<“;ﬂ7)m%—ummmm.

b) We prove Inequality (4) by iteration over t. For ¢t = 0, it is true. Now,
if it is true for some ¢, the previous question implies

e = wnlle = 3/l = 12 + [oea|

1—X)T
< (1-5527) Via =12+ i

= (1= U520 o wl

1—X)7 i+l
§(1—%> 2o — 1|2
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Answer of Exercise 13

1. In the previous exercise, we have seen that, for all z € RY,
Vf(z) = |3z — Ma.

We compute the Hessian of f using the Taylor expansion at order 1 :
Vf(z+h) = Vf(zx)+ Hessf(x)(h) + o(h), for all z € R? and h € R?
going to zero. For any z, h € R,

Vf(x+h)= ||z +h|3)(x+h)— M@+ h)
= (||z||* + 2 (x, k) + o(h))(x + h) — Mz — Mh
= VF(@) + ||z|]Ph + 2 (x,h) x — Mh + o(h).

Therefore, for any x, h € R,

Hessf(z)(h) = ||z||*h + 2 (x,h) z — Mh
= ||z|[*h + 222" h — Mh
= (||=||*14 + 2z2" — M)h,

which implies the desired result.
2. a) We first observe that, for any x € R?, if z is first-order critical, then
Vf(xz) =0, hence
Mz = ||z,
so that x is an eigenvector of M. We can therefore restrict our search

for first-order critical points to the set of eigenvectors, which we will
more conveniently write

{rv,r € R" v is a unit eigenvector of M}.

Let v be a unit eigenvector, and r be in RT. Let us denote A\ the
eigenvalue associated to v. When is rv a first-order critical point?

Virv) =0 < |[|rv||*(rv) — M(rv) =0

3

< r’v—rxv =0

< r(r* =\ =0.

Therefore, v is a first-order critical point if and only if r = 0 or®

r =V

3As r is in RY, it is impossible that r = —v/A.
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The set of first-order critical points is
{0} U {v/Av, v unit eigenvector of M, X associated eigenvalue}.

b) A second-order critical point is a first-order critical point at which the
Hessian is positive semidefinite.
First, we see that 0 is not a second-order critical point:

Hessf(0) = —M,

which is not semidefinite positive, since 1 is an eigenvalue of M, hence
—1 is an eigenvalue of —M.

Now, let v be a unit eigenvector of f and A its associated eigenvalue.
Let us determine when v/ Av is a second-order critical point.

Hess f (\/Xv) = My + 2 w0 — M.

If A\ = )\, then this matrix is semidefinite positive, hence v v is a
second-order critical point. Indeed, for any h € R,

<h, Hessf(\/Xu)h> = A|A|[? + 2) (v, h)? — (h, MR)
> AP+ 2X (v, h)* = A |2
= 2X\ (v, h)?
> 0.
Conversely, if A # Aq, then the matrix is not semidefinite positive.
Indeed, let h be an eigenvector associated with eigenvalue A;. Then

(h,v) = 0 (since M is symmetric, the eigenvectors associated with
different eigenvalues are orthonormal). Therefore,

<h, Hessf(\/Xv)h> = M[A|? + 2X (v, h)? — (b, MR)
= M||[* = (h, Mh)
= A|[A[[* = Ml[n]?
< 0.
Consequently, v/Av is a second-order critical point if and only if A =
A1 = 1. Therefore, f has exactly two second-order critical points,

which are u; and —uy, where u; is a unit eigenvector associated with
eigenvalue 1.
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3. The map f is polynomial in the coordinates of z, therefore analytic. It is
also coercive, as shown in Question 1.b) of the previous exercise. There-
fore, we can apply a theorem seen in class (more precisely, the remark
after the theorem: the theorem requires f to have a Lipschitz gradient,
but the remark removes this assumption): for almost any xzq, provided
that the stepsize is small enough, gradient descent on f starting at xg
converges towards a second-order critical point. Since the second-order
critical points are the global minimizers (recall that we had computed
the minimizers in Question 1.d) of the previous exercise), the result fol-
lows.
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