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Chapter 1

Reminder on differential calculus

What you should know or be able to do after this chapter

Know the definition of the differential, and be able to use it.

Be able to compute the differential or partial derivatives of a function,
when given an explicit expression.

Be able to convert between the different expressions of the differential
(linear map <« Jacobian matrix <> partial derivatives).

Know that a differentiable map has partial derivatives, but be able
to give an example of a map which has partial derivatives, and no
differential.

Prove the classical result on the differentiability of a composition of
differentiable functions.

Be able to apply this result to an explicit example (with no error on
the point at which each differential must be computed!).

Know the definition of the gradient and Hessian.
Know the definitions of homeomorphism and diffeomorphism.

When you want to prove that a function is locally invertible, think to
the local inversion theorem, and be able to apply it correctly.

When you want to parametrize a set defined by an equation, think to
the implicit function theorem, and be able to apply it correctly.
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e Propose examples which show that the assumption “0, f(xo, yo) is bi-
jective” is necessary.

Know the definition of an immersion and a submersion.

Be able to apply the normal form theorems on explicit examples.

When you want to upper bound the values of a differentiable function,
or the difference between its values, think to the mean value inequality,
and be able to apply it.

1.1 Definition of differentiability

Let (E,||llg), (F,||-||F), and (G, ||.||¢) be normed vector spaces. We denote
the set of continuous linear mappings from E to F' by L(E,F) *.

Definition 1.1 : differentiability at a point

Let U C E be an open set, and f : U — F be a function.
If x is a point in U, we say that f is differentiable at x if there exists

L € L(E, F) such that

f(z+h) = fz) — L(b)||»
1Al
(or, equivalently, f(z + h) = f(z) + L(h) + o(||h]|))-
We then call L the differential of f at x and denote it df (x).

If (E,||.|lg) = (R,|.]), then the differential, when it exists, takes the
form

— 0 as||h||lg — 0,

heR — hz€F,

for a certain element z, in F. In this case, we write

f'(w) = 2o

'Recall that when E is of finite dimension, all linear mappings from E to F are con-
tinuous. This is no longer true if E is of infinite dimension.
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Ne}

We then recover the well-known formula:

flx+h)= f(x)+ f'(x)h+o(h) ash— 0.

J

Definition 1.2 : functions of class C"

Let U C E be an open set, and f : U — F a function.

The function f is said to be differentiable on U if it is differentiable at
every point of U.

It is of class C' if it is differentiable and df : U — L(E,F) is a
continuous mapping.

More generally, for any n > 1, it is of class C™ if it is differentiable
and df is of class C™ 1.

It is of class C*° if it is of class C™ for every n > 1.

We won'’t revisit the basic properties related to differentiability (e.g., the
sum of differentiable functions is differentiable, etc.), except for the one on
functions defined by composition.

Theorem 1.3 : composition of differentiable functions

Let U C E,V C F be open sets. Let f:U — V and g: V — G be
two functions. Let x € U.
If f is differentiable at = and ¢ is differentiable at f(z), then

e go f is differentiable at z;
e d(go f)(x) = dg(f(x)) o df (x).

1.2 Partial derivatives

In differential geometry, it is common to perform explicit calculations involv-
ing differentials of functions from R”™ to R™. For this purpose, it is useful to
represent differentials as matrices of size m x n (or vectors if m = 1) whose
coordinates can be computed. The concept of partial derivatives allows us
to achieve this.
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Definition 1.4 : partial derivative

Let n € N*. Let U be an open subset of R”, and f : U — R a function.
Let x = (xy,...,2,) € U. For any i = 1,...,n, we say that f is
differentiable with respect to its i-th variable at x if the function

y_>f(xlw"7x’i—1>y7x’i+lv"')

is differentiable at ;. We then denote the derivative as 0, f (), O, f(z),
of
or 52-(z).

If f is differentiable at x, then it is also differentiable at x with respect
to each of its variables. The converse is not necessarily true.

More generally, if Ey, ..., E,, F are normed vector spaces, U is an open
subset of Fy x --- x E,, and f : U — F is a function, we can define,
for all z = (z1,...,2,) € U and ¢ = 1,...,n, the partial derivative of

f with respect to x;,

Oy f(x) € L(E;, F).

Now let n,m € N* be integers, U an open subset of R”, and f: U — R™
a differentiable function. For any z, df(x) is a linear mapping from R" —
R™; we denote Jf(x) its matrix representation in the canonical bases. If
we identify R" (respectively R™) with the set of column vectors of size n
(respectively m), then

Vu e R", df(z)(u) = Jf(x) X u.

The matrix Jf(z) is called the Jacobian matriz of f at the point x.
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Proposition 1.5

Let fi,..., fin : U — R be the components of f. Then, for any =z,
g—ﬁ(x) g—g(x) %(QJ)
e = | @) &) .. e
aafT’f(a:) aafT’;(a:) ng’:(a:)

Proof. Fix © = (21,...,2,) € U. Let v € 1,...,n. Denote e, as the v-th
vector of the canonical basis of R" (i.e., the vector whose coordinates are all
0 except the v-th one, which is 1).

According to the definition of the differential,

flxy, . o 21,9y, Togr, .- ) = flz+ (y — x,)e,)
= [(z) + (y —x)df (x)(ev) + oy — x)
as y — T,.

For any p € 1,...,m, we have

S, w1,y tug, - ) = ful@) + (y — ) (df (z) () + oy — )
as y — x,.

Thus, according to the definition of the partial derivative,

9 f, () = Tim fulzr, .o 21, Yy, Tty - .. ) — fu(2)
K Y—Ty y - I‘l/

= (df (x)(ev))
By the definition of the Jacobian matrix, (Jf(z)),,., = (df(z)(e,)),, so

(JF (@) = O fu().
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Let f:R? — R? be such that, for every (zy, ;) € R?,
f(z1,22) = (2129, 11 + 22).

It is differentiable. Its Jacobian matrix is

thﬂiz) € RQ, Jf(l’bl'z) = (xf $11)

and its differential is

V(xl, ZL’Q), (hl, hg) € RZ, df(a:l, x2)<h1, hg) = (hlib’g + hg&?l, hl -+ hg)

In the particular case where m = 1, the Jacobian matrix has a single row:

Vr €U, Jf@):@-i(@ () ... %(w)).

Its transpose is then called the gradient:
Ve eU, Vf(x)=|2=

For all x € U h = (hy,...,h,) € R,

h n
1 8f
arwm =5 ( 1) =3 wm = (Vo).
hn i=1 "
where the notation “(.,.)” denotes the usual scalar product in R™.
Still assuming m = 1, let us consider the case where f is twice differen-
tiable. Its second differential can also be represented by a matrix. Indeed,
for any z, d*f(z) = d(df)(z) belongs to L(R™, L(R",R)). The map

(h,1) eR" x R*  — d2f(x)(h)(]) (1.1)

is therefore bilinear. As stated in the following property, it is even a quadratic
form (i.e., it is symmetric), and the matrix associated with it in the canonical
basis has a simple expression in terms of the partial derivatives of f.
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Proposition 1.7 : Hessian matrix

Let € U. The map defined in (1.1) is a symmetric bilinear form. The
matrix representing it in the canonical basis is

92 52 92
Fx{(‘r) 8:1?13};2 (.’E) T axlafmn (QU)
>’f 2%f >’f
H(f) (x) — (93:281':1 (x) 0x3 (x) Tt Oxadzn (x) (1'2)
92 ' 9? . 92 '
6xn8]c:c1 (l’) Baznafxg ($) ot ﬁ(l’)

It is called the Hessian matriz of f at point x.

Exercise 1: Proof of Proposition 1.7

1. Prove Equation (1.2).
In the rest of the exercise, we show that H(f)(z) is symmetric. For
this, we fix 7,5 € {1,...,n} such that i # j and show
0 of 0 of
—(z) = — =—(=).
(91:1- 837]' 895]- 8372

We denote e;, e; the i-th and j-th vectors of the canonical basis. For
any t,u € R such that x + te; + ue; € U, we define

O(t,u) = f(x + tei + uej) — f(x +te;) — fx + uey) + f().

2. a) Show that, for all ¢,u close enough to 0,

o(t,u) = /Ou {g—xfj(az + te; + se;) — g—i(x + SQj)] ds.

b) Let € > 0 be any positive number. Show that, for all ¢, s close

enough to 0,
of of 0 of
o, (x + te; + se;) o, (x + sej) t@xi o, (a:)‘ < e(|t| +|s])
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c¢) Deduce from the previous question that, for all ¢, u close enough
to 0,

0 of

8:&- ox j

\w, ) = i <x>\ < e(jt]fu + ul?).

d) Show that, for all ¢, u close enough to 0,

@‘ < e(ltlJul + 1),

e) Conclude.

. 7

1.3 Local inversion

Definition 1.8 : homeomorphism

Let U,V be two topological spaces”. A map ¢ : U — V is a homeo-
morphism from U to V if it satisfies the following three properties:

1. ¢ is a bijection from U to V;
2. ¢ is continuous on U;

3. ¢! is continuous on V.

“Readers not familiar with the concept of "topological space" can limit them-
selves to the case where U and V are two metric spaces, or even to the case where
U and V are subsets, respectively, of R™ and R™2 for ny,ns € N.

Definition 1.9: diffeomorphism

Let n € N* be an integer, U,V C R" be two open sets. A map ¢ : U —
V' is a diffeomorphism if it satisfies the following three properties:

1. ¢ is a bijection from U to V;
2. ¢is C' on U;
3. o7 tisCton V.
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If, moreover, ¢ and ¢! are C* for an integer k € N*, we say that ¢ is
a C*-diffeomorphism.

Theorem 1.10: local inversion

Let n,k € N* be integers, U,V C R" be two open sets, and xy € U.
Let ¢ : U — V be a C* map.

If dp(xy) € L(R",R™) is bijective, then there exist U,, C U an open
neighborhood of xy and V) C V an open neighborhood of ¢(z¢)
such that ¢ is a C*-diffeomorphism from Uy, to Vi(z)-

For the proof of this result, one can refer to [Paulin, 2009, p. 250].

An important consequence of the local inversion theorem is the implicit
functions theorem, which allows to parameterize the set of solutions of an
equation.

Theorem 1.11 : implicit functions

Let n,m € N*. Let U C R™ x R™ be an open set, f : U — R™ be a
C* map for an integer k € N*, and (z9, o) be a point in U such that

f(xo, o) = 0.
If 0, f(zo,y0) € LIR™,R™) is bijective, then there exist
e an open neighborhood Uy, 0y C U of (20, yo),
e an open neighborhood V,,, C R" of z,
e amap g: V,, — R™ of class C*

such that, for all (z,y) € R" x R™,

((x,y) € Ulzoyo) and f(z,y) = 0) — (reV,, andy=g(z)).

To get an intuitive feeling on this theorem, the condition " f(z,y) = 0"
should be interpreted as an equation depending on a parameter x, whose
unknown is y. The theorem states that, in the neighborhood of (zg,y), the
equation has, for each value of the parameter z, a unique solution (which is
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0.5 1

0.5 ¢

Figure 1.1: In blue, {(z,y) € R?, cos(mz) — cos(my) + 32%y> + & = 0}. This
set is not the graph of a function. However, the part of the set inside Uy /2
coincides with the graph of a function g : V; — R.

g(z)) and that this solution is C* relatively to .

Example 1.12

There exists an open neighborhood U179y C R? of (1,1/2) and an
open neighborhood U; C R of 1 such that the solutions of the equation

1
cos(mx) — cos(my) + 3z%y? + % =0

for (z,y) € Un,1/2) are exactly the points of the set {(x,g(x))} for a
certain function g : U; — R of class C'™°.
This is proven by applying the implicit functions theorem to

4
f:(z,y) eERxR — cos(mz) — cos(my) + 3xy* + xz e R.
The bijectivity assumption of d,f(1,1/2) is indeed satisfied:

0,f(1,1/2) =7 +3 #£0.

The set of solutions to the equation is represented in Figure 1.1.
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Proof of the implicit function theorem. Let us define

o : U — R'xR™”
(z,y) — (@, f(z,y)).

This is a C* function, and for all (h,l) € R® x R™,

dﬁb(%,yo)(hal) = (h,df(xo,yo)(h, l))
= (h, 0 f (w0, y0)(h) + Oy f (w0, Y0)(1))-

The map d¢(xo,yo) is injective. Indeed, for all (h,1) € R™ x R™ such that
d¢($07 Z/O)(ha l) = 07

h =0 and 0, f(xo, yo)(l) = 0.

Since 0y f (o, yo) is bijective, this implies [ = 0. Thus, d¢(zo, yo) is an injec-
tive map from R" x R™ to R™ x R™. Therefore, it is bijective (its domain
and codomain have the same dimension).

We apply the local inversion theorem at (z,yo). There exists an open
neighborhood Uy, 4,) of (20,y0), an open neighborhood V' of ¢(zg,y0) =
(0, 0) such that ¢ is a C*-diffomorphism from U, ) to V. Let

YV = U(Zmyo)

be its inverse.
For all (z,y) € V, we write ¥ (z,y) = (¢¥1(x,y), Yo (x,y)) € R™ x R™. For
all (z,y) € V,

(z,y) = pot(z,y)

- ¢(¢1($,y),¢2(l’,y))
= (¢1($ay),f(%(%y)a%(%y)))-

Therefore,
d)l ([E, y) = .
We set

Ve = {2 € R", (2,0) € V};
g:x € Vy — Pa(x,0) € R™.
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As required, V, is an open neighborhood of g and g is C*. For all (z,y) €
R™ x R™,

((,9) € Uwoe) and f(z,y) =0)
((x y) € U(mmyo) and ¢(x7y) = (5’770))
((x,y) € Ulzoyo) and (z,0) € Vet (z,y) = 1/1(95,0))
$70 eV and ($7y) = %U(%O) = (l‘ad}Z(ajaO)))
v and y = g(z)).

111

/QA
<\_/

1.4 Immersions and submersions

We now introduce two particular categories of differentiable functions: im-
mersitons and submersions. These functions will have an important role in
the remainder of the course because they represent two of the main ways of
showing that a given set is a submanifold.

Let n,m € N* be integers. Let f : U C R® — R™ be a C* map (for some
k > 1), with U an open set.

Definition 1.13: immersions and submersions

For any point € U, we say that f is an immersion at x if df (x) : R" —
R™ is injective. We say that f is an immersion if it is an immersion
at every point z € U.
For any point x € U, we say that f is a submersion at x if df (z) : R" —
R™ is surjective. We say that f is a submersion if it is a submersion
at every point x € U.

The function f can only be an immersion if n < m and a submersion
if n > m.

If f is an immersion at a point x, it is injective in a neighborhood of x (a
consequence of Theorem 1.14). However, being an immersion is a significantly
stronger property than local injectivity. Similarly, a submersion is locally
surjective, but not all locally surjective functions are submersions.
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When n < m, the simplest immersion from R™ to R™ is the function
(x1,...,2,) €ER®  —  (xq1,...,2,,0,...,0) € R™.

The following theorem asserts that, in the neighborhood of every point, up
to a change of coordinates in the codomain (i.e., a transformation of the
codomain by a diffeomorphism), all immersions are equal to this one.

Theorem 1.14 : normal form of immersions

Suppose that Og» € U and f(Ogn) = Ogm.

If f is an immersion at Og», there exists a neighborhood U’ of Og~» and
a C*-diffeomorphism 1 from a neighborhood of Ogm to a neighborhood
of Ogm such that

V(zy,...,2,) €U, o f(xy,...,2zn) = (x1,...,Ts,0,...,0).

Proof. Suppose that f is an immersion at Ogn.

Let eq,...,e, be the vectors of the canonical basis of R"”, and €q,...,€,
be those of the canonical basis of R™. Let us first prove the result under the
assumption that

Vre{l,...,n}, df(Ogn)(e,) =€,
Define
6 R" 5 R™
(1, Tm) — fr1, o x) + (0,0, 2000, -, Tn)-
We have ¢(0) = 0. Moreover, ¢ is a C¥ map, and for any h = (hy, ..., h,) €
R™,
¢(Ogm ) (h) = df (Ogn)(h1y. ..y hy) + (0,000, Apiay e v oy Bu)

From this formula, it can be verified that d¢(0)(e,) =€, for all r =1,...,m,
meaning that d¢(0) = Idgm. In particular, d¢(0) is bijective.

According to the inverse function theorem, there exist open neighbor-
hoods Vi, Vs of Ogm such that ¢ is a C*-diffeomorphism between them. Let

Y : Vo — Vi be its inverse. For any x = (xq,...,z,) € U’ def f(Va),

flz, .o xn) = o(x, ..., 2,,0,...,0),
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SO

Vo f(xy,...,x,) = (v1,...,7,0,...,0).

This completes the proof of the theorem under the assumption that df (0)(e,)
e forallr=1,... n.

Now, let’s drop this assumption. For any r € {1,...,n}, denote v, =
df (Ogn)(e,). As df(Ogn) is injective, the family (vy,...,v,) is linearly inde-
pendent; it can be completed to a basis of R™, denoted by (v1,...,v,). Let
L € L(R™ R™) be such that

Vre{l,...,m}, L(v.)=c¢.

It is a bijection since it sends a basis to a basis.
Let f = Lo f. We have f(Og:) = Ogm and df(Oge) = L o df (O»). In
particular, f(Ogs) is an immersion at 0. For any r € {1,...,n},

df(Orn)(er) = L(df (Orn)(er)) = L(vy) = €.
Thus, the function f satisfies our previous assumption. Consequently, there

exist U’ an open neighborhood of Og» and ¢ a diffeomorphism between two
neighborhoods of Ogm such that, for all (z1,...,z,) € U,

Vo flxy,...,xn) = (z1,...,2,,0,...,0),
meaning (Yo L) o f(x1,...,2n) = (T1,..., 2, 0,...,0).

We set ¢ = 1) o L to conclude. O

A similar result holds for submersions and has a similar proof. When
n > m, the simplest submersion from R" to R™ is the projection onto the
first m coordinates:

(x1,...,2p) €ER"  —  (x1,...,2,) € R™

Subject to a change of coordinates in the domain, all submersions are locally
equal to this one.
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Theorem 1.15: normal form of submersions

Suppose that Og» € U and f(Ogn) = Ogm.
If f is a submersion at Og», there exist U, U open neighborhoods of
Ogr» and a C* diffeomorphism ¢ : U; — U, such that

V(z1,...,2n) €U, fod(zy,...,xn) = (T1,...,Tm).

1.5 Mean value inequality

Let’s conclude this chapter with a useful inequality, the mean value inequality.
Let (E,||.||g) and (F,||.||r) be normed vector spaces. We equip L(E, F')
with the uniform norm: for any u € L(E, F),

U\T)||F
||u||E(E,F): sup M
wemnior ||7l|lE

Theorem 1.16: mean value inequality

Let U C F be a convex open set, and f : U — F a differentiable

function.
Suppose there exists M € RT such that

Ve e U, ||df(z)|leer <M.

Then,
Ve,y €U, ||f(z) = fWllr < M|z —yl[e-

For the proof of this result, one can refer to [Paulin, 2009, p. 237].

Be careful not to forget the convexity assumption. The theorem may
be false if it is not satisfied.

For example, the function f : R\ {0} — R defined by f(z) = —1 for
all 2 < 0 and f(x) =1 for all x > 0 satisfies

|f'(z)] <0 forall ze R\ {0}

(as its derivative is zero).
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However, it is not true that |f(x) — f(y)| =0 for all z,y € R\ {0}.

Exercise 2: classical application of the mean value inequality

Let n,m € N* be integers. Let f : R®* — R™ be a differentiable
function such that, for any z € R”,

|df (z)||cn rmy < 1.

Show that, for any = € R",

F @) < LF O + [[]]-




Chapter 2

Submanifolds of R"

What you should know or be able to do after this chapter

Have an intuition of what is a submanifold of R™. In particular, from
a drawing of a subset of R? or R?, be able to guess with confidence
whether it represents a submanifold or not.

Know the four definitions of a submanifold of R™.

When given the explicit expression of a set, be able to prove that it is
a submanifold of R", choosing the most appropriate of the four defini-
tions.

Know the definition of S"~!.

Be able to prove that a set is a submanifold using the fact that it is a
product of submanifolds.

Understand the proof that O, (R) is a submanifold (i.e. be able to do
it again alone, given only the definition of §).

Be able to use the submersion definition of submanifolds to prove that
sets are not submanifolds.

Propose a definition of the tangent space to a submanifold, then re-
member the “true” one.

Given a picture of a submanifold of R? or R3 be able to draw (a
plausible version of) the tangent space at any point.

23
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e Given the explicit expression of a submanifold, be able to compute its
tangent space, choosing the most appropriate of the four formulas.

e Know the tangent space to the sphere.

e Know that the tangent space of a product submanifold is the product
of the tangent spaces.

e Be able to use the tangent space to prove that sets are not submanifolds
(when possible).

e Be able to show that a map between submanifolds is C”, using the facts
that compositions of C” maps are C" and that, on a C*-submanifold,
projections onto a coordinate are C*.

In the whole chapter, let k,n € N* be fixed integers.

2.1 Definition

The simplest example of a submanifold of R” is
R x {0} = {(21,...,24,0,...,0)|21,...,24 € R},

where d is any integer between 0 and n. The concept of a submanifold of
R™ generalizes this example: a set is a submanifold if it is locally the image
of R x {0} under a diffeomorphism from R" to R™. Let’s formalize this
definition and provide other equivalent definitions.

Definition 2.1 : submanifolds

Let d € {0,1...,n}.
Let M C R™. We say that the set M is a submanifold of R™ of dimen-
sion d and class C* if it satisfies one of the following properties.

1. (Definition by diffeomorphism)

For every x € M, there exists a neighborhood U C R" of z, a
neighborhood V' C R” of 0, and a C*-diffeomorphism ¢ : U — V
such that

(M NU) = (R x {0} HNV.

2. (Definition by immersion)
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Figure 2.1: Illustration of property 1 in definition 2.1: there exists a local
diffeomorphism from R? to R? that maps the set M onto R x {0}.

For every x € M, there exists a neighborhood U C R" of x, an
open set V in R% a C* function f : V — R” such that f is a

homeomorphism between V' and f(V),
MNU=f(V)

and, denoting a as the unique pre-image of  under f, f is an

immersion at a.

3. (Definition by submersion)
For every x € M, there exists a neighborhood U C R" of z, a C*

function g : U — R"~% that is a submersion at x such that

MnU=g"'({0})

4. (Definition by graph)
For every x € M, there exists a neighborhood U C R™ of z, an
open set V in R%, a C* function h : V — R" % and a coordinate

system® in which
M NU = graph(h)

d
Y (@1, 20, b, . 2a), (@1, .. . 7a) € V]
., en) for R™. In this

@A coordinate system is the specification of a basis (ej,
., Zp) denotes the point x1e1 + - -+ + zpe,.

system, the notation (z1, ..
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The four properties in Definition 2.1 are equivalent.

Among the four equivalent definitions in the theorem, the definition by
diffeomorphism (property 1, illustrated in figure 2.1) is the one that most
clearly reveals the connection between a general submanifold and the "model"
submanifold R? x {0}"7¢. However, it is not the most convenient to manip-
ulate: when proving that a given set is a submanifold, the definitions by
immersion, submersion, or graph are generally more convenient, as we will
see in Section 2.2.

Pay attention to the fact that, in the definition by submersion (prop-
erty 3), the function g maps into R"~¢ and not into R%.

In a very informal way, in this definition, a submanifold is defined as
the set of points in R™ that satisfy a set of scalar equations

g(x)1 =0,9(x)2 =0, ...

Intuitively, we expect the set of solutions to have n — e "degrees of
freedom", where e is the number of equations. For the submanifold
defined in this way to be of dimension d, we need to have e = n — d,
meaning that ¢ maps into R"~¢.

We advise the reader to study the examples in Section 2.2 before reading
the proof of Theorem 2.2.

Proof of Theorem 2.2.

: Assume that M satisfies Property 1. We show that it satisfies
Property 3.

Let x € M. Consider U a neighborhood of z in R, V' a neighborhood of
0in R", and ¢ : U — V a C*-diffeomorphism such that

p(MNU) = (R x {0} HNV.

Denote pr, : R® — R"~¢ the projection onto the last n — d coordinates and
define

g=rpryo¢:U — R
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It is a submersion at x because dg(z)(R™) = pry(do(x)(R"™)) = pry(R") =
R4 (recall that ¢ is a diffeomorphism, and thus, d¢(z) is bijective, meaning
dg(z)(R") = R").

We verify that M NU = g~ 1({0}).

For every 2’ € MNU, ¢(z') € ¢(MNU) = (R¥x{0}"~H)NV C Re¢x {0},
so pryo ¢(z') =0, i.e., g(z') = 0.

On the other hand, if 2’ € g7'({0}), then pry(¢(z’)) = 0, so ¢(z') €
R? x {0}"~% Since 2’ € U, ¢(2') € V, and thus, ¢(2') € (R x {0} )NV =
(M NU), implying 2" € M NU.

: Assume that M satisfies Property 3. We show that it satisfies
Property 4.

Let z € M. Consider U a neighborhood of z in R", and g : U — R* ™ a
C* map, submersive at x, such that

MNU =g ' ({0}).
Let (e, ...,e,) be an orthonormal basis of R” such that

Vect{dg(z)(eqt1), ..., dg(x)(e,)} = R" ™4 (2.1)

(Such a basis exists because dg(z) : R — R"™? is surjective.) We now use
the coordinate system defined by this basis. In this system, we denote

r=(21,...,2,).

According to Equation (2.1), the derivative of g with respect to (411, ..., Zn)
is surjective from R"~? to R"~¢, hence bijective. Thus, by the implicit func-
tion theorem (Theorem 1.11), there exist U’ C U a neighborhood of z, V' a
neighborhood of (z1,...,24), and h : V — R"? of class C* such that

U'ng({0}) ={(t.h(t), t € V}.

Hence we have M NU' = U’ N g ' ({0}) = graph(h).

: Let’s assume that M satisfies Property 4, and show that it
satisfies Property 2.

Let x € M. Without loss of generality, we can assume x = 0 to simplify
notation. Let U be a neighborhood of z = 0 in R”, V' an open set in R?, and
h :V — R" % be a C* function such that, in a suitably chosen coordinate
system,

M NU = graph(h) = {(t,h(t)) |t € V'}.
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Note that 0 € V and h(0) = 0, since x = 0 belongs to M N U.
Define
f vV - R
t = (th().

This is a C* map. It is an immersion at 0 because, for any ¢ € R%, df(0)(¢)
is given by
(tla <o 7td7 dh(o)(t»?

which can only be zero if t = 0.

We have f(0) = 0 =z and f is a homeomorphism between V' and f(V)
(its inverse is the projection onto the first d coordinates, which is continuous).
Furthermore,

M NU = graph(h) = f(V).

2= 1] Let’s assume that M satisfies Property 2, and show that it
satisfies Property 1.

Let x € M. Let U,V be neighborhoods of z and 0 in R” and R? respec-
tively, and let f : V — R" be a C* map, which is a homeomorphism from V'
to f(V), such that

MU= f(V)

and f is immersive at a, where a is the unique preimage of x under f.
Without loss of generality, we can assume, for simplicity, that a = 0, i.e.,

f0) = .

According to the normal form theorem for immersions (Theorem 1.14),
there exist a neighborhood V’ C V of Oga and a C* diffeomorphism ¢ : A — B
between a neighborhood A of x and a neighborhood B of Og~» such that

V(tl,...,td)GV', ¢of(t1,...,td):(tl,...,td,O,...,O). (22)

An illustration of the various definitions in this proof is given in Figure 2.2.
Let E C ANU be a neighborhood of x such that

o fY(f(V)NE)C V' (such a neighborhood exists because f is a home-
omorphism onto its image, so f~! is well-defined and continuous on

FV));

e ¢(E) C V' x R4 (it also exists because ¢ is continuous, V’ x R"~% ig
open and ¢(x) = ¢ o f(0) =0 € V' x R*9).
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~

Figure 2.2: Illustration of the objects used in the proof of the implication

of Theorem 2.2

Let F = ¢(FE).
The map ¢ is a C*-diffeomorphism from E to F. Let’s show that

p(MNE)=(R?x {0} )NF. (2.3)

For any 2/ € M N E, we have ' ¢ M NU = f(V), so 2’ = f(t) for some
teV. Asa' € f(V)NE, tis an element of V' according to the definition
of E. Thus, by Equation (2.2), ¢(2') = ¢(f(t)) € R? x {0}"~%. Moreover,
o(x') € ¢(E) = F. Therefore, ¢(2') € (R x {0}"~9) N F, which shows

dp(MNE)C (R x {0} NF.

Conversely, if (t1,...,t4,0,...,0) € (R {0} NF, thent = (ty,...,t)
is an element of V' (because F' = ¢(E) C V' x R"™?). Therefore, according

to Equation (2.2),
(tlv"'>td707"'70) = ¢<f(t))
As f(t) € f(V) C M and f(t) € ¢~ '(F) = E, this shows that

(tl,...,td,O,...,O) EQS(MQE)

Hence the inclusion ¢(M N E) D (R x {0}"%) N F, which completes the
proof of Equation (2.3). O

2.2 Examples and counterexamples

As seen in the previous section, for any d € 0,...,n,

R? x {0}~
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is a submanifold of R" (of class C*° and of dimension d).

Open sets provide another simple example of submanifolds: any non-
empty open set in R” is a submanifold of dimension n of R".

2.2.1 Sphere

Definition 2.3

The unit sphere in R™ is the set

S"t = {(z1,...,2,) ER?23 + -+ + 22 =1}

Proposition 2.4

The set S*! is a submanifold of R™, of class C*°, and of dimension
n—1%

Tt is precisely denoted S™~! instead of S™ because its dimension is n — 1.

Proof. We will use the definition by submersion (Property 3 of Definition 2.1).

Let z € S, Consider g : (¢1,...,t,) ER" = 2 +---+t2 —1 € R. This
is a C* function. It is a submersion at x. Indeed, dg(z) is a linear map from
R™ to R, so it is either the zero map or a surjective map. Now,

YVt = (tl, e ,tn) € ]Rn, dg(l‘)(tl, v ,tn) == 2($1t1 + e+ Intn)

Since 3 + -+ + 22 = 1, = is not the zero vector, so dg(z) is not the zero

map; it is surjective.

Moreover, the definition of g implies that

57 = g7 ({0)).

Property 3 of Definition 2.1 is therefore satisfied (with U = R"). O
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2.2.2 Product of submanifolds

Proposition 2.5

Let ny,ne € N*,d; € {0,...,n1},ds € {0,...,no}. If M; is a subman-
ifold of R™ of class C* and dimension d;, and M, is a submanifold of
R™ of class C* and dimension dy, then

de
M1 X M2 :f {(1’1,1'2),1'1 € Ml,ZEQ € MQ}

is a submanifold of R™ ™2 of dimension d; + ds.

J

Proof. We use the definition by immersion (Property 2 of Definition 2.1).
Let x = (z1,22) € M.

As M is a submanifold, there exists a neighborhood U; of z1, an open
set V1 in R%, and f; : Vi — R™ of class C*, which is a homeomorphism onto
its image, such that

M, NU, = fi(Vh)

and f; is immersive at f; ().

Define similarly Us, V5, and fy @ Vo — R™2.

The function f : (t1,t2) € Vi x Vo = (f1(t1), fo(t2)) € R™ T2 ig of class
C*. It is a homeomorphism onto its image. Indeed, it is continuous (as each of
its components is continuous, since f; and f, are continuous). It is surjective
onto its image (from the definition of the image), and also injective (this can
be checked from the injectivity of f; and f;). Therefore, it is a bijection.
Denoting f; ! and f, ' the respective inverses of f; and f,), the inverse of f
is

71 fix V) — Vi x Vs
(21, 22) — (ffl<zl>af51(22))v

which is continuous because f;! and f, ' are continuous.
Furthermore,

(M1 X Mg) N (U1 X Uz) = (M1 N U1) X (M2 N UQ)

= f1(V1) x fa(V2)
= f(Vi x V4).

Finally, f is immersive at f~'(z) = (f;'(x1), f;*(22)). Indeed, for any
t= (tl,tg) € Rn1+n2,

df (f ), £~ (@2)) (b1, t2) = (dfy (f (@0)) (B1), dfa(f5 ' (22)) (E2)),
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which equals 0 only if ¢, = 0 and t, = 0, since df;(f; *(x1)) and dfa(f; " (22))
are injective.
Thus, the set M; x M, satisfies Property 2 of Definition 2.1. O

Example 2.6 : torus

The set T? = S! x S! is a submanifold of R*, of dimension 2. It is
called a torus of dimension 2.

2.2.3  O,(R)

Let R™*™ denote the set of n x n matrices with real coefficients. If we reindex
the coordinates, this set can also be viewed as R™. Several important subsets
of R™™ have a submanifold structure. Here, we focus on the orthogonal

group.

Definition 2.7 : orthogonal group

The orthogonal group is defined as

Ou(R) = {A € R™™ I, = tAA}.

Proposition 2.8

The set O,(R) is a submanifold of R™*", of class C'* and of dimension
n(n—1)
S et

Proof. We will use the definition by submersion. Let G € O, (R). We must
express O,(R) as g7*({0}), where g is a C* function, submersive at G.
A first idea is to define

g: ACcRY™ 5 TAA I, € R™",

The definition of the orthogonal group implies that O,,(R) = ¢g~'({0}). How-
ever, this function is not a submersion at G. Indeed,

VA € R™™  dg(G)(A) = 'GA +"'AG,
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so dg(G)(R™ ™) is contained in Sym,,, the set of symmetric matrices of size
n X n. We even have dg(G)(R") = Sym,, because, for any S € Sym,,,

GS\ 'GGS+'S'GG  S+'S
d9(C) (7)2 2 -T2 T

In particular, dg(G)(R™™) # R™*".
Therefore, we define instead

S.

n(n+1)
2

g=Triog: R”" - R ,

where Tri is the function that extracts the upper triangular part of an n x n

matrix:
n(n+1)

VA € Rnxn’ TI'I(A) = (Aij>i§j cR 2

The function g is C*. It is a submersion at G":

dg(G)(R™™) = (Trio dg(G)) (R™")
= Tri(dg(G)(R™™"))
= Tri(Sym,,)

n(n+1)

= 2

Furthermore, for any matrix A € R"*" 'AA = [, if and only if "AA—1I,, =
0, which is equivalent to Tri(*AA — I,,) = 0, since "AA — I, is a symmetric
matrix. Thus,

On(R) = g~ '({0}),

so O,(R) indeed satisfies Property 3, with U = R™*" and d = n — @ =

n(n—1)
n(n1), 0

2.2.4 Equation solutions and images of maps

Proposition 2.9

Let d € {0,...,n}. Let U be an open subset of R", and
g:U — R4

a C* function. Assume that g is a submersion over ¢~!({0}) (meaning
that g is a submersion at z for all z € g~ *({0})).
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[ Then g~'({0}) is a submanifold of R™, of class C* and dimension d.

Proof. This is a direct application of Definition 2.1, "submersion" version.
[

We have already seen two examples of submanifolds defined as in Propo-
sition 2.9:

e the sphere S"7! is equal to g~1({0}) for the function g : z € R" —
lz]]* =1 € R;

e the orthogonal group O, (R) is equal to g~*({0}) for the function ¢ :
A€ R™™ 5 Tri(*AA — I,,) € R*5™

Proposition 2.10

Let d € {0,...,n}. Let U be an open subset of R?, and f : U — R"
be C*. Assume that f is an immersion, and is a homeomorphism from
U to f(U).

Then f(U) is a submanifold of R", of class C* and dimension d.

Proof. This is a direct application of Definition 2.1, "immersion" version. []

Example 2.11: spiral

Let’s define

f R — R?
0 — (c”cos(2m0), e’ sin(276)) .

Its image f(R) is a submanifold. It is represented in Figure 2.3.
Indeed, for any 0 € R,

£(0) = € ((cos(270), sin(270)) + 27 (— sin(276), cos(276))) ,

which  never vanishes (we observe, for example, that
(f'(9), (cos(27h),sin(270))) = € # 0 for any § € R). Thus, the
map f is an immersion. Moreover, it is a homeomorphism from R to
f(R). Indeed, it is continuous, injective® and therefore bijective onto
f(R). For any 0 € R,

e = |If @I,
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Figure 2.3: Image of the map f defined in Example 2.11

so 0 = 1og (||f(F)]|*). As a consequence, the inverse of f is given by
the following explicit expression:

7t f(R) — R
(z,y) — 3log(a® +y?).

From this expression, we see that f~! is the restriction to f(R) of a
continuous function on R?\ (0,0), so f~! is continuous.

“For any 01,0, if f(61) = f(62), then e*t = ||f(61)[]> = [|f(02)|* = €%, s0
01 = 6s.

2.2.5 Submanifolds of dimension 0 and n

Proposition 2.12

Let M be any subset of R". The following properties are equivalent:
1. M is a C*-submanifold of R with dimension n ;

2. M is an open subset of R".

Proof. : We assume that M is a C*-submanifold with dimension n,
and show that it is an open set.
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Let x be any point of M. We use the “diffeomorphism” definition of
submanifolds: let U C R™ be a neighborhood of x, V' C R" a neighborhood
of 0, and ¢ : U — V a C*-diffeomorphism such that

d(MNU)=(R"x{0}"™™MNV=V.

Since ¢ is a bijection from U to V, this equality implies that M NU = U.
Therefore, M contains U, a neighborhood of z. Since this property is true
at any point x, M is an open set.

: We assume that M is an open set, and show that it is a sub-
manifold with dimension n.

Let = be a point in M. We show that M satisfies the “diffeomorphism”
definition of submanifolds. We set U = B(x,r), for » > 0 small enough so
that U € M. We also set V = B(0,r) and ¢ : y € U — y —x € V. This
map is a diffeomorphism (with reciprocal (y € V' — y+ 2 € U)). It holds

dMNU)=¢(U)=V =(R"x {0}""™)NV.

O

Let M be any subset of R™. The following properties are equivalent:
1. M is a C*-submanifold of R™ with dimension O ;

2. M is a discrete set.®

%The set M is discrete if, for any © € M, there exists U C R™ a neighborhood
of z such that M NU = {z}.

Proof. : We assume that M is a C*-submanifold with dimension 0,
and show that it is a discrete set.

Let x be any point of M. Let us show that there exists U a neighborhood
of x such that M NU = {x}.

We use the “diffeomorphism” definition of submanifolds: let U C R"™ be
a neighborhood of z, V' C R™ a neighborhood of (0,...,0) and ¢ : U — V a
C*-diffeomorphism such that

S(MNU) =R x {0 NV = {(0,...,0)}.
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Figure 2.4: The graph of the absolute value is not a submanifold of R2.

As ¢ is injective and ¢(M N U) contains only one point, M N U itself must
be a singleton. Since it contains x, M NU = {x}.

: We assume that M is a discrete set, and show that it is a
submanifold of R", of dimension 0.

Let x be any point in M. We show that M satisfies the “diffeomorphism”
definition of submanifolds in the neighborhood of x.

Let U C R™ be a neighborhood of = such that M NU = {x}. Let us set
V ={u—x,u € U} (the translation of U by —z) and ¢ : y e U - y—x € V.
This is a C*-diffeomorphism (with reciprocal (y € V. — y +z € U)). It
holds

HMNU) = o({z}) = {¢(x)} = {(0,...,0)} = (R” x {0}") N V.

2.2.6 Two counterexamples

The graph of the absolute value (Figure 2.4) is not a submanifold of R2.
Intuitively, the reason is that this graph has a “non-regular” point at (0, 0).

To prove this rigorously, the simplest way is to proceed by contradic-
tion. Assume that it is a submanifold and denote its dimension by d. Then,
according to the "submersion" definition of submanifolds (Property 3 of Def-
inition 2.1), there exists U C R? a neighborhood of (0,0) and g : U — R2~¢
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Figure 2.5: The "eight" is not a submanifold of R2.

a function, at least C'', submersive at (0,0), such that

{t,[t),t e R}NU = g~ ({0}). (2.4)
Such a map g must satisfy, for all ¢ close enough to 0,

ift <0, 0=g(t|t]) =g(t,—1),

Differentiating these two equalities, we get:

This implies that 9;¢(0,0) = d29(0,0) = 0, i.e., dg(0,0) = 0. As dg(0,0) is
surjective, this is impossible, unless R*~¢ = {0}, i.e., d = 2. But if d = 2,
then ¢g1({0}) = U, so Equality (2.4) implies that the graph of the absolute
value contains a neighborhood of (0,0) in R?, which is not true. Thus, we
reach a contradiction.

The "eight" (Figure 2.5) is also not a submanifold of R?. Here, the reason
is that the eight is a regular curve but with a point of "self-intersection" at
zero. This can be rigorously demonstrated using the same method as before.
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This example highlights the importance of the property " f is a home-
omorphism onto its image" in the "immersion" definition of subman-
ifolds (Property 2 of Definition 2.1), as well as in Proposition 2.10.
Indeed, the eight is equal to f(] — m;7[), where f is the map

f o ]l-mn — R?
0 —  (sin(@) cos(0), sin(A)),

which is an immersion, and a bijection between | —7; 7[ and f(]—; 7[),
but not a homeomorphism (its inverse is not continuous).

\. J

2.3 Tangent spaces

2.3.1 Definition

Intuitively, the tangent space to a submanifold M at a point z is the set of
directions an ant could take while moving on the surface of M starting from
the point x. More formally, the definition is as follows.

Definition 2.14 : tangent space

Let M be a submanifold of R”, and x a point on M.

The tangent space to M at x, denoted T, M, is the set of vectors v € R"”
such that there exists an open interval / containing 0 and ¢ : I — R"”
a C! function satisfying

o ¢(t) e M for all t € I;

Proposition 2.15

Keeping the notation from the previous definition, the set T, M is a
vector subspace of R", with the same dimension as M.

O

Proof. This is a consequence of the following theorem.
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The four equivalent definitions of submanifolds (Definition 2.1) each pro-
vide a way to explicitly compute the tangent space.

Theorem 2.16: computing the tangent space

Let M be a submanifold of R", and = a point on M. Let d be the
dimension of M.
1. (Computation by diffeomorphism)

If U and V are neighborhoods of z and 0 in R", respectively,
and ¢ : U — V is a C*-diffeomorphism such that ¢(z) = 0 and
H(MNU) = (R?x {0}"9) NV, then

T.M = do(x)(R* x {0}"9).

2. (Computation by immersion)

If U is a neighborhood of z in R”, V an open set in R and
f:V — R™ a C* map, which is a homeomorphism between V/
and f(V'), such that M NU = f(V) and f is an immersion at

- ~(z), then

T:M = df (20)(R)(= Im(df (z0)))

3. (Computation by submersion)

If U is a neighborhood of z and g : U — R"~% a C* map surjective
at = such that M NU = ¢g~'({0}), then

T.M = Ker(dg(x)).

4. (Computation by graph)

If U is a neighborhood of z, V' an open set in R, and h: V —

R"4 is a C* map such that, in a well-chosen coordinate system,
M NU = graph(h), then

T.M = {(tl,...,td,dh(l’l,...,:Ed)(tl,...,td)),tl,...,td S R}

J

Proof. Let’s begin with Property 1. Let U, V, and ¢ be as stated in the
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property.
First, let’s prove the inclusion T, M C d¢(x) 1(RY x {0}"~4). Let v be
an arbitrary element in T, M; we will show that it belongs to d¢(x) 1 (R? x

{0}"~9).

Let ¢ be as in the definition of the tangent space, i.e. a C* map from an
open interval I containing 0 to R™, with images in M, such that ¢(0) = x
and ¢ (0) = v.

For any ¢ close enough to 0, ¢(t) belongs to U, so ¢(c(t)) is well-defined.
Moreover, since ¢(M NU) C R? x {0}"4, we must have

0= (c(t))arr = -+ = o(c(t))n-

Differentiating these equalities at ¢ = 0 gives:

0 = d(c(0))(c'(0))arr = do(x)(v)ar1,

0 = do(z)(v)n-

Therefore, do(z)(v) € R? x {0} ie., v € dp(x) L (R? x {0}"79).

Now, let’s prove the other inclusion: d¢(z) 1(R? x {0}"~¢) C T, M. Let
v € dp(z) (R x {0}"~%); we will show that v € T, M.

Denote

w = do(x)(v) € R* x {0}

We must find a function ¢ as in the definition of the tangent space. We will
define it as the preimage by ¢ of a function v with images in R™ such that
v(0) = 0 and +'(0) = w.

Choose an open interval I containing 0 small enough, and define

v I — R”
t — tw.

This is a C* function satisfying
7(0) =0 and ~'(0) =w.
If I is small enough, (/) C V. Thus, we can define

c=¢ ltoy: I =R
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This is a C* function. It takes values in M because y(t) € R? x {0}"¢ for
all t € I (since w € R? x {0}"~%). Therefore,

ct)ye o (R* x {0} ) nV)=MnU.

Moreover,
c(0) = ¢ (7(0)) = ¢7'(0) = =
and
w =+'(0)
(¢oc)(0)

= d¢(c(0))(c'(0))

= do(z)(c(0)).
Therefore,

the map c satisfies the properties required in the definition of the tangent
space. Therefore,
veT,M.

This completes the proof of the equality
T, M = do(z) " (R* x {0}"9).

Before proving the remaining three properties of the theorem, let’s observe
that the equality we have just obtained already shows that T, M is a vector
subspace of R" of dimension d. Indeed, it is the image of a vector subspace
of dimension d of R" (R¢ x {0}"¢) under a linear isomorphism (d¢(z)~1).

This observation simplifies the proof of properties 2, 3, and 4. Indeed,
the sets

df (2)(R"), Ker(dg())
and {(tl, ey by dh(l‘l, .. ,$d)(t1, o ,td)),tl, .o, tg € R},

which appear in these properties, are vector subspaces of R" of dimension
d (the first is the image of R? by an injective linear map, the second is the
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kernel of a surjective linear map from R" to R"~%, and the third is generated
by the following free family of d elements:

(1,0,...,0,dh(z1,...,24)(1,0,...,0)),
(0,...,0,1,dh(xy,...,24)(0,...,0,1))).
To show that they are equal to T, M, it is therefore sufficient to prove either
e that they contain T, M,

e or that they are included in T, M.

Let’s prove Property 2. Let U, V, and f be as in the statement of the
property. We will show that

df (z0)(R?) C T, M. (2.5)

Let v € df(z)(R?) be arbitrary; let’s show that v € T,M. Let a € R?
be such that df(z9)(a) = v. Choose an interval I C R containing 0, small
enough, and define

c I — R"
t — f(z+ta).
the map c is well-defined if [ is small enough, as 2o +ta € V forallt € I. It
is a C* (thus C?) function. For all t € I, ¢(t) € f(V) C M. Moreover,

c(0) = f(z) ==

and
d(0) = df (z0)(a) = v.

This shows that v € T, M. Thus, Equation (2.5) is true.
Now let’s prove Property 3. Let U and g be as in the statement of the
property. We will show that

T.M C Ker(dg(z)).

Let v € T, M be arbitrary. Let us show that v is in Ker(dg(z)). Let [
be an interval in R containing 0, and ¢ : I — R"™ as in the definition of the
tangent space.
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For any t close enough to 0, ¢(t) is an element of U; it is also an element
of M. Since M NU = ¢g~*({0}),

0 = g(c(t))-
Differentiating this equality at 0,

0 = dg(c(0))(c'(0)) = dg(x)(v).

Therefore, v € Ker(dg(x)).
Finally, let’s prove Property 4. Let U, V, and h be as in the statement
of this property. Let

E:{(tl,...,td,dh(l’l,...,Z’d)(tl,...,td)),tl,...,tdER}

We show that
E cT,M.

Let (t,dh(xy,...,24)(t)) € E, with t € R Let us show that this is an
element of T, M.
Choose an interval I in R containing 0 small enough, and define

c I — R"
s = ((x1,...,2q) + st,h((x1, ..., 2q) + st)).

This function is well-defined if I is small enough, as (x1, ..., z4) + st belongs
to V for all s € I (since V' contains (z1,...,24) and is open). It is of class
C* (thus C). It is in the graph of h, and therefore in M. Moreover,

c(0) = (z1,...,xq,h(x1, ..., 24)) = x

and
C/(O) = (ta dh(‘xl? B 7xd)(t>>
This shows that (¢, dh(zq,...,x4)(t)) € T, M.
O

To finish with the definitions, let’s introduce the affine tangent space,
which is simply the tangent space, translated so that it goes through the
point z. This is not a notion that we will particularly use in the rest of the
course, except in the figures: it is much more natural to draw tangent spaces
that really touch! the submanifold they are associated with than tangent
spaces which all contain 0.

!The word "tangent" comes from the Latin verb tangere, which means "to touch".
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Figure 2.6: The sphere S? and its affine tangent space at a few points.

Definition 2.17

If M is a submanifold of R"™ and x € M, the affine tangent space to M
at  is the set
x+ T, M.

2.3.2 Examples

In this paragraph, we go back to the examples of submanifolds from Sec-
tion 2.2 and compute their tangent spaces.

Proposition 2.18: tangent space of the sphere

For any z € S" 1,

T,S" ' = {z}* = {t e R, (t,x) = 0}.

Proof. Let’s define, as in Subsection 2.2.1,

g : R™ — R
(t1, oo osty) — 24 12— 1.

It satisfies S"~! = ¢g~!({0}) and is a submersion at x. According to Property 3
of Theorem 2.16,
T,S" ! = Ker(dg(x)).

Now, for any t € R", dg(x)(t) = 2 (z,t). Therefore,

T,8" ' = {x}*.
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Proposition 2.19: tangent space of a product submanifold

Let ni,ny € N*. Assume M; is a submanifold of R™ and M, is a
submanifold of R™2. For any = = (x1,22) € My X My,

T$<M1 X MQ) = Tlel X TI2M2
= {(tl,tg),tl G Tle17t2 G szMQ}.

Proof. Let x = (x1,x5) € My X Ms.

We will use the expression for the tangent space associated with the
"immersion" definition of submanifolds (Property 2 of Theorem 2.16).

Let d; be the dimension of M;. Assume U, is a neighborhood of z; in
R™, Vi a neighborhood of 0 in R%, and f; : V; — R™ a map which is a
homeomorphism onto its image, such that

MyNU, = fi(V1)

and f; is immersive at z; = ().
Define similarly do, U, Vs, fo @ Vo — R™ and z,.
According to Property 2 of Theorem 2.16, we have

T, My, = df1(z)(R™) and T, M, = dfs(z)(R%).

Moreover, as shown in the proof of Proposition 2.5, the map f : (t1,%2) €
Vi x Vo = (fi(t1), fo(t2)) € R™T™2 is a homeomorphism onto its image,
satisfies
fVi x Vo) = (My x My) N (Uy x Uy)

and is immersive at (21, 22) = f~!(z). From Property 2 of Theorem 2.16, we
have

T:c(Ml X Mg) = df(Zl,Zg)(Rdl+d2)
= {df(Zl, 22)(251, tz),tl € Rdl,tg S RdQ}
= {(df1(21)(tr), dfa(22) (t2)), 11 € R 1, € R}

= dfi(z1)(R™) X dfa(2)(R™)
= Tlel X szMz.
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Example 2.20: tangent space of the torus

For any (z1,22) € T> =S' x S!,
Tior 00 T? = Ty, S' X Ty, St = {1} x {z2}

If we fix 6y, 0, such that x; = (cos(6y),sin(6;)), zo = (cos(6s),sin(6s)),

we have

{x1}+ = (sin(6,), — cos(6;))R
= {(tl sin(@l), —1 COS(Ql)), t, € ]R}

and similarly for z5. This allows us to write the previous expression
for the tangent to the torus in a slightly more explicit way:

T(ILIQ)TQ =S {(tl Sin(Ql), —1 COS(01)7 (2 sin(Hg), —19 COS(@Q)), ti,t9 € R}

Proposition 2.21: tangent space of the orthogonal group

For any G € O,(R),

TcO0,(R) = {GR, R € R™" is antisymmetric}.

Proof. Let G € O,(R).
As shown in the proof of Proposition 2.8, O,(R) is equal to g=*({0}),
where ¢ is defined as

iR ning)
A o TH(AA-1,).

The map g is a submersion at GG, with differential
dG(G) : A € R™™ 5 Tri('GA + 'AG) € R™5 .
According to Property 3 of Theorem 2.16,
T6On(R) = Ker(dg(G)) = {A € R™", Tri('GA + "'AG) = 0} .
Now, for any A,

Tri('GA+'AG) = 0 < 'GA+'AG =0
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(because ‘GA +"AG is symmetric)
— ('GA)+'('GA)=0
<= 'G A = R for some antisymmetric R
<= A = GGR for some antisymmetric R
(because G'G = I,,).

Therefore,

T60,(R) = {GR, R € R™" is antisymmetric}.

O
Proposition 2.22

Let d € {0,...,n}. Let U be an open set in R", and g : U — R""% be
a C* function. Assume that g is a submersion on g~*({0}).
For any = € g~ '({0}),

T.(9~'({0})) = Ker(dg(z)).

Proof. This is a direct application of Property 3 of Theorem 2.16. O

Proposition 2.23

Let d € {0,...,n}. Let U be an open set in RY, and f : U — R" be
an immersion, which is a homeomorphism from U to f(U).
For any z € f(U),

T.f(U) = df(2)(RY),

where z is the element of U such that x = f(2).

Proof. This is a direct application of Property 2 of Theorem 2.16. O

Example 2.24: tangent space of the spiral

Consider the map from Example 2.11:

f: R — R?
0 — (e’cos(2n6), e’ sin(2r0)) .
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Figure 2.7: The spiral from Example 2.24 and its affine tangent space at a
few points.

Let (z,y) € f(R). Denote § € R the real number such that (x,y) =
f(0). According to Proposition 2.23:

Twa)f(R) = f(OR
= ¢ ((cos(27h), sin(276)) + 27(— sin(276), cos(270)))R
= (x — 2wy, y + 2mx)R
= {((z — 2my)t, (y + 2m2)t), t € R}.

An illustration is shown on Figure 2.7.

2.3.3 Application: proof that a set is not a submanifold

Let us go back to the second set considered in Subsection 2.2.6, the “eight”,
represented on Figure 2.5. This set is

M {f(6),6 €] —minl}.

where f is defined as

f o ]-ma = R?
0 —  (sin(@) cos(d), sin(0)).
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Here, we prove that M is not a submanifold of R? using a different technique
from Subsection 2.2.6.
By contradiction, let us assume that it is a submanifold. We compute its
tangent space at (0, 0).
First, we define
c1=f:]—mna[— RL

It holds ¢ (t) € M for all t €] — m;7[, ¢1(0) = (0,0) and ¢; is C*. Therefore,

(1,1) = ¢1(0) € Tio.0)M. (2.6)
Second, we define
e |—mm] — R?
6 — (sin(@) cos(f), — sin(h)).

It holds co(t) € M for all t €] — m;7w[. Indeed, for any t €] — m;0[, c2(t) =
f(t+m) € M; c3(0) = f(0) € M and, for any ¢ €]0; [, co(t) = f(t—m) € M.
In addition, ¢;(0) = (0,0) and ¢y is C*. Therefore,

(1. —1) = &,(0) € T M. (2.7

As T{p,0)M is a vector subspace of R?, Equations (2.6) and (2.7) together
imply that
T(O,O)M == RQ.

In particular, since the dimension of the tangent space is the same as the
dimension of the submanifold, dim M = 2. In virtue of Proposition 2.12, M
must thus be an open set of R%. As this is not true (because, for instance,
M contains no element of the form (¢,0), except (0,0) itself, so it does not
contain a neighborhood of (0,0)), we have reached a contradiction.

2.4 Maps between submanifolds

2.4.1 Definition of C! maps

In this section, we consider functions between two submanifolds M C R™
and N C R™:
f:M — N.
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If M =R% x {0}~% and N = R% x {0}"27% f is essentially a function
from R% to R%. The notions of "differentiability" and "differential" are then
well-defined for f, in accordance with Chapter 1.

However, if M is not a vector subspace of R™ this is no longer the case:
Definition 1.1 involves linear maps between the domain and codomain, which
do not exist if the sets are not vector spaces.

To give a meaning to the notion of “differentiability” for f, one can use
the fact that M and N are identifiable with open sets in R% and R% through
diffeomorphisms. We say that f is differentiable if, when composed with these
diffeomorphisms, it is a differentiable map from an open set in R* to R%.
This is, in a slightly different form, the content of the following definition.

Definition 2.25: C!' map from a submanifold to R™

Let m € N.
Consider M a C* submanifold of R", and a function

f:M—R™

We say that f is of class C! if, for any integer s € N*, any open set V'
in R*, and any C' function ¢ : V' — R™ such that ¢(V) C M, the map

fog:V = R™

is of class C'.

Similarly, one can define the notion of function of class C" from M to
R™, for any r = 1,..., k. Simply replace “C"” with “C"™ in the above
definition.

It can be shown that a function of class C” is necessarily of class C"’
for any r’ < r.

Example 2.26: projection onto a coordinate

Let M C R™ be a C*-submanifold. For any r = 1,...,n, we define the
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projection onto the r-th coordinate

T, M — R

This is a C* map.

Proof. Let r € {1,...,n}. Let us fix s € N*, V' an open set in R®, and
¢ : V — R" of class C* such that ¢(V) C M. For any z € R®, denote ¢(z) =
(p1(x), ..., ¢n(x)). The components ¢, ..., ¢, are C*. Hence, 7,0 ¢ = ¢, is
C*. O

Definition 2.27: C! function between two submanifolds

Let M, N be two C* submanifolds, respectively of R™ and R"2. Con-
sider a function
f:M — N.

Since N C R", we can view f as a map from M to R" rather than
from M to N. We say that f is of class C' (more generally, C", for
r € {1,...,k}) between M and N if it is of class C' (more generally,
C") when viewed as a map from M to R".

Example 2.28: projection on a product submanifold

Let A, B be two C*-submanifolds, respectively of R® and R®. Recall
that A x B is a submanifold of R (Proposition 2.5).
We define the projection onto A as

T Ax B — A
(xa,z5) — xa.

This is a C* function.
Similarly, the projection onto B is C*.

Proof. Consider w4 as a function from A x B to R* and show that this
function is C*. Take s € N*, V an open set in R®, and ¢ : V — R a C¥
map such that ¢(V) C A x B.
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For any = € R® denote ¢(z) = (1(2),...,¢ass(z)). The functions
®1, ..., Pays are C*. The function 74 o ¢ is given by

Ve € R®, mao¢(x)= WA(ibl(x), . ,(ﬁa(:c),gﬁaﬂ(a:), . ,gbaﬂ,(x))J

VvV Vv
element of A element of B

= (¢1(2), -, Pa()).

Thus, 74 0 ¢ is equal to (¢, ..., ¢,), which is C*  and consequently, 74 o ¢
is OF. O

Definitions 2.25 and 2.27 are more abstract than the definition of differ-
entiability for a function from R™ to R™. However, one must not be intim-
idated. In practice, one rarely needs to resort to these definitions to show
that a map is C' (or, more generally, C"). Indeed, as is the case for maps
from R™ — R™, basic operations preserve differentiability. For instance, if
M is a submanifold and m an integer, the sum of two C" functions from M
to R™ is also C". Similarly, the product of two C” functions from M to R is
C". We will not state each of these properties here, only the one related to
composition.

Proposition 2.29 : composition of C' functions

Let M, N, P be three C* submanifolds of, respectively, R™  R"~ and
R"™”. Consider two functions

fliM—>N and f2N->P
If f; and f; are of class C”, for some r € {1,...,k}, then
faofi: M — P

is also of class C".

J

Proof. We view fy o f; as a function from M to R"™” and show that this
function is C". Let s € N* be an integer, V' an open set in R® and ¢ : V' —
R™ a C" function such that ¢(V') C M. We must show that fso f o ¢ is of
class C" on V.

Since f; : M — N is of class C", it is also C" when viewed as a function
from M to R™. From Definition 2.25, fio¢ : V — R™ is C". Moreover,
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(fioco)(V) C filM) C N. As fo : N — P C R" is C", the function
fao(fio¢)is C", also from Definition 2.25.
Since fy o fi0¢ = fy o (f1 0 ¢), this proves that foo fj0¢is C". O

Exercise 3

Show that the map

f: St — St
(z1,2) — (2], 220/1+23)
is well-defined and C*®°.

Definition 2.30: diffeomorphism between manifolds

Let M, N be two C* submanifolds of R and R™2, respectively. Con-
sider a map

¢: M — N.

For any r € {1,...,k}, we say that ¢ is a C"-diffeomorphism between
M and N if it satisfies the following three properties:

1. ¢ is a bijection from M to N;
2. ¢ is of class C" on M,

3. ¢ tis of class C" on N.

2.4.2 [More advanced] Differentials

Note that, contrarily to what we did for maps from R" to R™, we have defined
the notion of differentiable function between manifolds without introducing
the notion of differential. Nevertheless, one can still define this notion; this
is the aim of the following definition.

Definition 2.31: differential on manifolds

Let M, N be two C* submanifolds of, respectively, R" and R™. Let
f:M—N
be a C" function, where r € {1,... k}.




2.4. MAPS BETWEEN SUBMANIFOLDS 95

Let z € M. For any v € T, M, fix I, an open interval in R containing
0 and ¢, : I — R™ as in the definition of the tangent space (2.14), i.e.,
a C! function with values in M such that ¢,(0) = z and ¢, (0) = v.
The differential of f at x, denoted df (z), is the following map:

df(l?) s oM — Tf(x)N
v = (foe)(0).

J

The map df (z) is well-defined: foc, : I, — R™ is a C! function, with
values in N, such that f o ¢,(0) = f(z), so (f o¢,)(0) is indeed an element
of Tf(x)N.

If M is an open subset of R™, then f, viewed as a function from this
open subset of R"! to R™, is differentiable in the usual sense, and the
differentials defined in Definitions 1.1 and 2.31 coincide, as in that case,
denoting df (x) the usual differential,

(f 0 c)'(0) = df (c,(0))(c,(0)) = df (z)(v).

Theorem 2.32

We keep the notation from Definition 2.31.

The map df (x) does not depend on the choice of intervals I, and func-
tions c¢,.

Moreover, it is linear.

Proof. Let v € T, M. Show that df(z)(v) = (f o ¢,)'(0) does not depend on
the choice of I, and ¢,. To do this, we will give an alternative expression for
df (z)(v) that does not involve I, or ¢,.

Let d; and dy be the dimensions of M and N. We use the “diffeo-
morphism” definition of submanifolds (Property 1 of Definition 2.1). Let
U, Vir € R™ be neighborhoods of x and 0, respectively, and ¢, : Uyr — Vi
be a C*-diffeomorphism such that ¢ (z) = 0 and

or(M N Uy) = (RT x {0}~ )N V.
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Denote ¢, the restriction of ¢, to (R™ x {0} %) N Vy,. We have

df (x)(v) = (f © ¢)'(0)
= (f © darg 0 dar ©¢,)'(0)
= ((f © ¢hz) © das ©)'(0).

The map f o ¢;4{0 is defined on an open subset of R% (actually, on (R% x
{0}™=41) N Vyy, but this is exactly an open set of R% if one ignores the
(ny — dy) zeros). It is of class C" on this subset, since it is the composition
of two C" maps. Thus, the maps f o ¢X41,0, ¢y and ¢, are defined on open
subsets of R™ (for different values of n) and differentiable in the usual sense.
The usual theorem on the composition of differentials then gives

df (x)(v) = (d(f © Prro)(Pm © cu(0)) 0 dpar(c,(0)))(€,(0))
= d(f © ¢210)(0) 0 ddr (z)(v).

As announced, this expression does not depend on ¢, or I,,, which completes
the first part of the proof.

The linearity of df (z) follows from the same argument. Indeed, our rea-
soning shows that

df (x) = d(f © $11,0)(0) 0 dons (),
i.e., df (z) is the composition of two linear maps. Therefore, it is linear. [

As the notion of differentiability, the notion of differential for maps be-
tween manifolds is governed by almost the same rules as for maps between
R™ and R™. Let’s state, for example, the rule of composition of differentials.

Proposition 2.33

Let M, N, P be three C* submanifolds of R"», R"~ and R"”, respec-
tively. Consider two C! maps,

fIZM—>N and sz—>P

For any x € M,

d(fz0 f1)(z) = dfa(f1(z)) o dfi(2).
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Proof. Let v € T, M. Show that

d(fz o fi)(x)(v) = dfz(fi(x)) o dfi(x)(v).

Let I, be an open interval in R containing 0, and let ¢, : I, — R"™ be a C*!
function such that ¢,(I,) € M, ¢,(0) = z, and ¢, (0) = v. The definition of
the differential gives

d(fz 0 f)(x)(v) = (f20 fioc)(0).

Let w = (f1 0¢,)'(0) = dfi(z)(v) € R™. The function f;oc, : I, = R™
is C! and fy o ¢,(I,) C N. It satisfies fi o c,(0) = fi(z) and, by definition of
w, (f1 0¢,)'(0) = w. The definition of the differential for f, then gives

dfz(f1(x))(w) = (f20 fi0¢)'(0).

Thus,

d(fz 0 fi)(x)(v) = dfs(f1(x))(w)
= df2(f1(2))(df1(2)(v))
= [dfa(f1(2)) o dfr ()] (v).

O

To give one more example of a standard result from differential calculus
which straightforwardly generalizes to differential calculus on submanifolds,
let us state the submanifold version of the local inversion theorem.

Theorem 2.34 : local inversion on submanifolds

Let M, N be two C* submanifolds of R™ and R"2, respectively. Let
xg € M. For r € {1,...,k}, consider a C" map,

f:M— N.

If df (zo) : TyoM — Ty N is bijective, then there exist U,, an open
neighborhood of zy in M and V} () an open neighborhood of f(x¢) in
N such that f is a C"-diffeomorphism from U, to V().
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Proof. Let d be the dimension of M. Note that N has the same dimension
as M: df(zo) is a bijective linear map between T, M and T}, N, so

dim Tf(zO)N = dim TwOM =d.

Let Uy, Vi € R™ be open neighborhoods of zy and 0, respectively, and
énr - Uy — Vi a CF-diffeomorphism such that

¢M(M N UM) = (Rd X {0}n1—d) N VM,

and ¢pr(xg) = 0.
Similarly, let Uy, Vy C R™ be open neighborhoods of f(xy) and 0, and
dn : Uy — Vy a Ck-diffeomorphism such that

on(N NUy) = (R x {0} N Vi,

and ¢y (f(zo)) = 0.
The idea of the proof is to go back to the case where f is defined on an

open subset of R? and then apply the classical local inversion theorem. To
do this, we "transfer" f to a map from R? x {0}"~¢ to R? x {0}"2~¢ by
composing it with the diffeomorphisms ¢, and ¢y .

More precisely, let ¢/, be the restriction of ¢,/ to (R? x {0}™~4) N V).
Define

9= oo fodrty: R x {0} N Vi = (R? x {01279 N V.

This definition is valid if we reduce Uy, Vs so that f(Uy) C Uy. The map g
is C" and its differential at 0 is injective: it is the composition of doy (f (o)),
df (zg), and d¢;4170(0), all of which are injective. Since it goes from R? to R¢,
it is bijective?®.

According to the classical local inversion theorem (Theorem 1.10), there
exist Eyr, En open neighborhoods of 0 in R? such that g is a C"-diffeomorphism
from Ey x {0}"74 to Exy x {0}"27% Then f is a C"-diffeomorphism from

Us, o Ot (Bar x {037 to Vi) o dn (Ex x {0}7279): on these sets,

f=d5 0goon.
Since ¢y is a diffeomorphism (of class C* hence also of class C") from U,
to By x {0}~ g is a C"-diffeomorphism from Ejy; x {0}~% to Ey X
{0}"274 and ¢, is a diffeomorphism (C* hence also C") from Ey x {0}"2~4
to Vi(sy), the map f is a composition of C"-diffeomorphisms, hence a C"-
diffeomorphism. O]

2We can see ¢y o f o (b;/fl.o as a map between two open subsets of R%.



Chapter 3

Riemannian geometry

What you should know or be able to do after this chapter

Know the definition of curves and parametrized curves.
Given a curve, introduce a convenient parametrization of it,

— either a local one as in Proposition 3.4,

— or a global one, as in Corollary 3.7.
Know that a connected curve is diffeomorphic to either S! or R.

Be able to manipulate the length of a curve (e.g. compute it, when
possible, or upper bound it otherwise).

In general dimension, propose a definition of distance intrinsic to a
manifold, and remember the “standard” one.

Understand (i.e. be able to reexplain) the intuition of why minimizing
paths satisfy the geodesic equation.

Know the explicit description of geodesics on the sphere.

Know the relation between minimizing paths and geodesics (a minimiz-
ing path is a geodesic, and a geodesic is locally a minimizing path).

Let k,n € N* be fixed.
In the previous chapter, we introduced the concept of differentiability for
maps between submanifolds. This concept allows one to study the topological

59
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properties of submanifolds: one may wonder which submanifolds are diffeo-
morphic to each other and what properties characterize whether or not they
are diffeomorphic. Informally speaking, one can ask questions like: "Is a
donut diffeomorphic to a balloon?"!

In this chapter, we delve into finer properties of submanifolds, specifically
metric properties involving notions of length, angle, etc. We will introduce a
notion of isometry, which is more restrictive than that of diffeomorphism (in
the sense that two isometric manifolds are necessarily diffeomorphic, whereas
the converse is not true).

As the formal definitions of these properties are subtle, and since the
objective here is only to provide an overview rather than a complete descrip-
tion, we will mainly focus on the simplest case, one-dimensional submani-
folds. Submanifolds of general dimension will be discussed only towards the
end of the chapter.

3.1 Submanifolds of dimension 1

Definition 3.1: curve

A curve is a submanifold of R® of dimension 1.

3.1.1 Parametrized curves

Curves, in comparison to higher-dimensional manifolds, have the particular-
ity that they admit a simple parametrization. In essence, they can be seen as
the image of an open set of R through a C! function. This parametrization
allows for a convenient definition of metric quantities, as we will see later in
this section.

Definition 3.2: parametrized curve

A parametrized curve of class C* is a pair (I,7), where [ is an interval
in R and 7 : I — R" is a C* function.

The image of a parametrized curve is not necessarily a submanifold of
R™, especially because the curve can intersect itself (we say that it has a
multiple point). However, the following proposition shows that the image of

L Answer: no.
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Figure 3.1: The image of the parametrized curve v : t € R — (t(t+1)%, t2(t +
1)) (left figure) is not a submanifold of R? because (0, 0) is a multiple point.
However, (] — €; €[) is a submanifold of R? for any sufficiently small e (right
figure).

a parametrized curve (I,~) locally defines a submanifold, in the vicinity of
points where 7/ does not vanish. This result is illustrated in Figure 3.1.

Proposition 3.3

Let (I,7) be a parametrized curve. For ¢ € [ and 2 = ~(t), we say
that z is a regular point if v/(t) # 0.
In this case, there exists € > 0 such that |t — ¢;t 4 €[C I, and the set

def

C=v(t—et+e])

is a curve. Moreover,

T.C = Ry(¢).

J

Proof. Assume = is regular, i.e., v is an immersion at ¢. If we can show that,
for € > 0 sufficiently small, v induces a homeomorphism from |t — ;¢ + €|
to its image, the theorem is proved. Indeed, we can then choose € > 0 small
enough so that 4" does not vanish (i.e., 7 is immersive) over the entire interval
|t — €;t + €[. Proposition 2.10 then ensures that

C At — et + )

is a submanifold of R™ of dimension 1, i.e., a curve, and Property 2 of The-
orem 2.16 tells us that

T,.C = Im(dv(t)) = Ry (1).
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To show that v induces a homeomorphism from |t — €; ¢ + €] to its image
if € > 0 is sufficiently small, we use the normal form theorem for immersions
(Theorem 1.14). Let 1 be a diffeomorphism from a neighborhood of z to a
neighborhood of Og» and € > 0 be such that

Vi'€lt —et+el, vory()=(0,...,0).
Defining m; : R™ — R as the projection onto the first coordinate, we have
Vi' €t —et+e€, moyory(t)="t.

Consequently, v is injective on |t — €;t + €[. It is therefore a bijection from
|t — €t + €[ to its image. It is continuous. From the previous equation, its
reciprocal is 7 o v, which is continuous, so v is a homeomorphism between
Jt —et+ e[ and y(|t — €t + €]). O

Conversely, any curve is locally the image of a parametrized curve.

Proposition 3.4

Let C C R" be a C* curve. For any x € C, there exists a neighborhood
V of x in R" and a parametrized curve (I,7) of class C* such that

cCNnV =~().

Proof. Let x be in C. From the “immersion” definition of submanifolds, there
exists a neighborhood V of z, an open set U C R and a C* map f : U — R",
which is a homeomorphism onto its image, such that

cnv = fU). (3.1)

Let tg € U be the preimage of x by f (that is, f(to) = x). The set U may
not be an interval but, if we replace V' with a smaller set, we can replace U
with the connected component of t;, while keeping Equality (3.1) true. We
can then set / =U and v = f. [

Actually, any connected curve? is the image of a parametrized curve (glob-
ally, not locally as in the previous proposition). This is a consequence of the
following theorems.

2Some reminders on connectedness can be found in Appendix A.
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Theorem 3.5: compact curves

Let M C R"™ be a compact and connected curve of class C*. It is
C*-diffeomorphic to the circle S'.

Theorem 3.6 : non-compact curves

Let M C R™ be a connected non-compact curve of class C*. It is
C*-diffeomorphic to R.

The proof of these theorems is difficult. We will limit ourselves to the
proof of the first one, which will be given in subsection 3.1.2. The proof of
the second one uses partly the same strategy but requires additional ideas.

Corollary 3.7: global parametrization of connected curves

Let M C R™ be a connected curve of class C¥.

e If M is non-compact, there exists a parametrized curve (I,~) of
class C* such that

— [ is an open interval;
— () = M;
— 7 is a diffeomorphism between I and M.
e If M is compact, then, for any a,b € R such that a < b, there
exists a parametrized curve ([a;b[,7) of class C* such that
= ([a;0]) = M;

— ~v is a diffeomorphism between ]a;b[ and M \ {v(a)} and a
bijection between [a;b[ and M,

— limy ¥ = 4 (a) for any r € {0, ...,k}.

In both cases, we call such parametrized curve a global parametrization
of M.

\.

Proof. First, if M is non-compact, from Theorem 3.6, there exists ¢ : R — M
a Ck-diffeomorphism. We can set I = R and v = ¢.
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Let us now assume that M is compact. Let ¢ : S' — M be a C*-
diffeomorphism as in Theorem 3.5. We define

o: |a;b] — St
t  — (cos(2mi=L) sin (2r2)).

and set v = ¢ oo : [a;b[— M. It defines a parametrized curve of class C*.
Since ¢ is a bijection between [a; b[ and S', and ¢ a bijection between S' and
M, ~ is a bijection between [a;b] and M. And since o is a diffeomorphism
between Ja; b[ and S' \ {o(a)}, and ¢ a diffeomorphism between S' \ {o(a)}
and M \ {¢poc(a)}, 7 is a diffeomorphism between ]a; b[ and M \ {v(a)}. In
addition, as o (hence also ) is the restriction to [a;b] of a (b — a)-periodic
C* function, it holds, for all r € {0, ..., k},

T t b T
(1) =3 7 (a).
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3.1.2 Proof of Theorem 3.5

The proof is intricate. Students are not expected to read it, but can do so if
they are curious. In this case, they are encouraged to focus on the following
two things first:

e understand the statements of Lemmas 3.8 to 3.11, and why these lem-
mas imply the theorem (roughly this page and the next two);

e in a second time, read the proof of Lemma 3.10, focusing on under-
standing the definitions of the various objects and Figure 3.3 rather
than the precise technical details.

The proof relies on several intermediate lemmas, the proofs of which will
be given later.

The first lemma, whose proof is based solely on the definition of subman-
ifolds and the compactness of M, asserts that M can be covered by a finite

number of open sets diffeomorphic to | — 1; 1].
There exists a finite number of open sets in M, denoted Uy, ..., Us,
such that

1. M=U,U---UUg;

2. for every s < S, U, is C*-diffeomorphic to | — 1;1][.

The principle of the proof is to consider a finite covering as in the previ-
ous lemma and to construct, step by step, a progressively smaller covering
by gradually merging the open sets of the covering. Let (Uy,...,Us) be a
covering as in Lemma 3.8. For every s, let

¢s ] — 1;1[— U,

be a C*-diffeomorphism.
We will now judiciously choose two open sets Uy, , Uy, and merge them to
obtain, according to the properties of U, N Us,,

e cither directly that M is C*-diffeomorphic to S!;

e or that there exists a covering as in Lemma 3.8, with size S — 1 instead
of S.
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Figure 3.2: Illustration of Lemma 3.8: the curve M (the black line) and its
covering by the open sets Us.

In the first case, the proof is complete. In the second case, the procedure
will be iteratively reapplied to obtain a covering with a decreasing number
of elements.

The following lemma indicates what U, N U,, might look like.

For all 51,59 < S distinct, the intersection Uy, NUs, satisfies one of the
following properties:

1. U, NUs, is empty.

2. Us, NUg, has a single connected component. In this case, we are
in one of the following situations:

(a) Us, C Us, or Uy, C Uy, ;

(b) ¢;1(Us, NUs,) and ¢! (Us, N U,,) are intervals of the form
] — 1;af or |a; 1], with a €] — 1; 1].

3. U, NUs, has two connected components. In this case, ¢, (U, N
Us,) and ¢, (U, N U,,) are of the form | — 1;U]3; 1], with

52

a,f €]l -1 1,a<g.

We can show that there exist s1,s0 € {1,...,5} distinct such that Uy, N
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Us, # 0. Indeed, let’s proceed by contradiction and suppose there are no
sy # sy such that Uy, NU,, # (. Then we are in one of the following
situations:

1. §=1,;

2. S>1and U, NU,, = for all s # ss.

In the first case, we must have M = U;. Since U; is C*-diffeomorphic
to | — 1;1[, M is also. This is impossible: the compact set M cannot be
diffeomorphic to the non-compact set | — 1; 1[. In the second case,

U1 andUQU---UUS

are non-empty, disjoint open sets whose union is M. So M is not con-
nected: again, this leads to an impossibility. Therefore, we can choose
s1,89 € {1,...,S} distinct such that Uy, N Us, # 0.

Since the intersection U, NUs, is non-empty, we are in situation 2 or 3 of
Lemma 3.9. If we are in situation 3, the following lemma directly concludes
the proof of the theorem.

Lemma 3.10: two connected components

If U,,, Uy, satisfy Property 3 of Lemma 3.9, then M is C*-diffeomorphic
to Sh.

If, on the contrary, we are in Situation 2, another lemma must be used.

Lemma 3.11: one connected component

If U,,,U,, satisfy Property 2 of Lemma 3.9, then U,, U U,, is C*-
diffeomorphic to | — 1; 1].

In this case, we obtain that {Us, s # s1, 59} U{Us, UUs, } is a collection of
open sets, C*-diffeomorphic to | — 1; 1], whose union is the entire M. Thus,
we have found a set Uy,...,Us_; of open sets satisfying the properties of
Lemma 3.8 but with cardinality strictly less than S.

We can then reapply the same reasoning: there exist §; # 35 such that
Us, NUs, # (. If the intersection has two connected components, then M
is C*-diffeomorphic to S!', which concludes the proof. If it has only one
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connected component, then we can find a set of S — 2 open sets satisfying
the properties of Lemma 3.8. And so on.

The reasoning cannot be applied more than S times (otherwise, we would
find a covering of M by a negative number of open sets). Therefore, there
must come a time when the intersection has two connected components,
which implies that M is C*-diffeomorphic to S! and concludes.

Proof of Lemma 3.8. First, consider any x € M. Let V be an open neigh-
borhood of = in R”, I an open neighborhood of 0 in R, and f: I — V a C¥
map which is a homeomorphism onto its image, such that

fF)=vnM

and f is immersive at zop = f~!(x). (This is the "immersion" definition of a
submanifold of dimension 1 - Property 2 of Definition 2.1.)

By reducing I and V slightly, we can assume that [ is a bounded open
interval and that f is immersive over the entire /. We set

U)=fI)=VNM

It is an open subset of M. Moreover, it is C*-diffeomorphic to I (indeed,
it is homeomorphic to I by hypothesis on f; for any a’, df (z') is injective,
hence bijective, from T}/ I to Ty, M; according to the local inversion theorem
2.34, f is then a local C*-diffeomorphism, implying that f~! is C*). Since
any non-empty open interval in R is C*-diffeomorphic to | — 1;1[, U(x) is
C*-diffeomorphic to | — 1;1[.

Now we no longer consider a fixed z.

For any x € M, x € U(x) C UpepU(2'). Thus,

Mc |JUuw@),

z'eM

meaning that the U(2'), for all 2’ € M, form a covering of M by open
sets. Since M is compact, we can extract a finite sub-covering: there exist
x1,...,Ts such that

M=U(xz)U---UU(xg).

As we have seen that U(zy) is diffeomorphic to | —1; 1] for every s, the result
is proved. [
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Proof of Lemma 3.9. The set ¢ '(Us, N Us,,) is an open subset of | — 1;1[.
Therefore, it can be expressed as a union of disjoint open intervals in | — 1; 1|
(see Example A.5):
(b;l(Usl N USQ) = U]al; bl[v
I€E
where FE is an index set (which can be finite or infinite).

Let’s start by assuming that there exists k& € E such that —1 < a, <
b, < 1. We will show that in this case, Uy, C Us,.

The function ¢, ody, : ¢, (Us,NU,,) —]—1; 1] is continuous and injective
(being the composition of two continuous and injective maps). Hence, it is
monotonic on each interval contained in ¢_'(Us, N Us,). Let’s assume, for
example, that it is increasing on ]ay; bx[ (a similar reasoning can be applied
if it is decreasing).

Set

Bk = lim ¢;21 © ¢Sl (t)
t—b,

(Note that the limit exists: ¢,,' o ¢, is an increasing and bounded function,
as its values are between —1 and 1; therefore, it converges in b, to a value
in|—1;1].)

It is impossible that By < 1. Indeed, if By < 1, then ¢, (By) is well-
defined and, by the continuity of ¢s,,

¢32 (Bk) = ¢52 <tl_1>rl?_ (bs_zl o ¢S1 (t))

= lim ¢s1 (t)

t—b,
= ¢s, (bk)
ThUS, 92531 (bk) S ¢s1 (] - 1; 1[) N ¢82 (] -1 1[) = USl N U827 lmplylng

bi € 63, (Us, NU,) = | Jlaus b

leE

Therefore, by, €]a;; b[ for some | € E such that [ # k, and for this [, we must
have |ag; bi[N]ay; bi[# 0, contradicting the fact that the intervals Ja,; b[ are
disjoint. Thus, By = 1.

Similarly, we define

A = lim ¢t 0 b, ()

t—a,
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and the same reasoning shows that A, = —1.

The image of ]ay; by[ under ¢! o ¢, is an interval (it is the image of an
interval under a continuous function); it is included in | — 1; 1], and we have
just seen that

t—a;

;21 o ¢y, (1) H—b‘ﬂ; 1 and ¢8_21 oy, (1) — —1.
Thus,

5 005 (Jar; be]) =] = 151
= Uy, = ds,(] — 13 1]) = sy ( ;21 o ¢s, (Jar; bi[)) = @5, (Jar; br[) C Us,.

Thus, we have shown that if there exists £ € E such that —1 < a; < b, <
1, then U, C Us,, placing us in Case 2a of the lemma’s statement. Now,
suppose that there is no £ € F such that —1 < a; < by < 1. This means
that for every | € E, a; = —1 or b; = 1 (or both). Considering the fact that
the intervals ]a;; b;[ are disjoint, we have five possibilities:

(i) ¢;11<U81 N U82) =0 )
(H _11(U51 N USQ) :] - 1; 1[ 5

) &5
(iii) ¢;,'(Us, NUs,) =] — 1; @ for some o €] — 1;1[ ;
(iv) ¢
(v) ¢
In Case (i), we must have Uy, NU,, = 0 (since ¢, is surjective onto U, );
thus, we are in Case 1 of the lemma’s statement.
In Case (ii), we have

US1 = gbsl (] -1 1[) = ¢81 <¢;I<U81 N US2)) = USl N USzﬂ

so Us, C Us,; we are in Case 2a of the lemma’s statement.

In Case (iii) or (iv), Us, N Us, has exactly one connected component (see
Proposition A.7); in Case (v), Us, N Us, has two connected components.
Therefore, we are in Case 2b or 3 of the lemma’s statement, respectively.
(Note that the reasoning we have done for ¢, '(U,, N Us,) is also valid for
¢, (Us, NU,,): this set is also of the form | — 1; o[ or Jo; 1[ if Uy, N U,, has
a single connected component and U, ¢ Us,,Us, ¢ Us,, and of the form
| = 1;alU]a; B[ if U, N Us, has two connected components.) O

U, NU,,) =la; 1] for some a €] — 1;1[ ;
AU, NU,,) =] — 1;a[U]B; 1], with o, 8 €] — 1;1[,a < .

1
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Proof of Lemma 3.10.

First step: Let’s begin by assuming that Uy, U U,, is C*-diffeomorphic
to S'. Then Uy, UUs, is an open and closed subset of M (open because it’s
a union of open sets, closed because it’s homeomorphic to a compact set,
hence compact). As M is connected and U, U U, is non-empty, we must
have (according to Proposition A.2)

M=U, UU,,

Thus, M is C*-diffeomorphic to S.

Second step: Let’s show that U,, U U,, is C*-diffeomorphic to S!.

Let C, Cs be the two connected components of Us, N Us,. Since we are
in Case 3 of Lemma 3.9, there exist aq, 51 such that

¢ (C1) =] — Lion[ and ¢, (Co) =3 1] (3.2)
or qbs_ll(Cl) =|61;1[ and qbs_ll(Cg) =] —1;aq].

By exchanging C and Cj if necessary, we can assume that Equation (3.2) is
true. Similarly, there exist as, 82 such that

¢, (C1) =] = Liao[ and ¢,/ (Co) =] Bos 1 (3.3)
or ¢ (C1) =]B 1 and ¢ (Co) =] — 15 as].
By replacing ¢,, with ¢,, : t €] — 1;1[— ¢,,(—t) (which is also a C*-

diffeomorphism from | — 1;1] to Us,), we can assume that Equation (3.3)
is true.

Proposition 3.12

The map ¢,,' 0 ¢, is a decreasing C*-diffeomorphism from ] —1; a; [ to
| — 1; a5] and from |f;; 1] to |5a; 1]

Proof. Let’s prove it for the intervals | — 1; 4] and | — 1; ap; the proof is
identical for |fy; 1[ and |fa; 1]

Since ¢, is a C*-diffeomorphism from | — 1; o[ to Oy, and ¢, is a Ck-
diffeomorphism from Cy to ] —1; as[, the map ¢! o¢,, is a C*-diffeomorphism
from | — 1; 4] to | — 1; a. Let’s show that it is decreasing.

As a diffeomorphism between two intervals is always strictly monotonic,
it suffices to show that it is not increasing. Assume, by contradiction, that
it is increasing. Then

— t—ao
¢521 © ¢51 (t) l; G,
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Figure 3.3: Hlustration of the notation in Lemma 3.10 and schematic repre-
sentation of the diffeomorphism from S' to M (e’ is mapped to P, etc.).

which implies

(bsz (062) = ¢52 (tl_igll ¢<;21 © ¢81 (t>) = tl—i}gl ¢31 (t) = ¢51 (al)
and therefore
¢51 (al) S U31 N Usza

which contradicts the fact that ¢'(Us, N Uy,) =] — 1;04[U]G1; 1] and does
not contain «y. Therefore, it is impossible for ¢8_21 o ¢, to be increasing. [

Fix four real numbers c;, ¢o, c3, ¢4 such that —1 < ¢ < ¢ < a7 and
f1 < cg < ¢q4 < 1 (see Figure 3.3 for an illustration of the notation). For all
k=1,2,3,4, denote

Py = ¢31 (Ck) and dk: = ¢5_21(Pk) = ¢5_21(¢81 (Ck))

Since ¢y, ¢ belong to | — 1504 and ¢; < g, Proposition 3.12 implies that
dy,dy belong to | — 1; as[ and dy < d;. Similarly, ds, dy belong to |fs; 1] and
d4 < d3. Note (this will be useful later) that, again due to Proposition 3.12:

¢s1<] - 1301]) = ¢52< ;21 © ¢31<] - 1;01])) = ¢82<[d1;a2[)?
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s, ([e1; ea]) = s, ([das di]),
Gs, ([ea; an]) = b5, (] — 15 da)),
51 (1815 ¢3]) = 95, ([ds3 1), (3.4)
s, ([c33 ca]) = @5, ([da; d)),
s, ([ca3 1]) = @5, (1823 da)).

Now, let’s construct a C*-diffeomorphism 1 : S' — M. We will impose,
as shown in Figure 3.3,

T

Y (eF) =, v <e*) — P, (e*) — P, (eiT> — P (35)

We will define ¢ piecewise as follows:

V() = ¢, 06,,(0) for all f € [—%; %} ; (3.6a)
Y(e) = ¢, 0 0,,(0) for all § € F%; %} : (3.6b)

with g, : [—%; %ﬂ —]—1;1[ and &y, : [%’r; %TW} —|—1; 1] appropriately chosen
functions.

We start by choosing ds,. Let o5, be a C*°-diffeomorphism from [—%; %r]
to [c1; ¢4] such that

s, (—%) =cq, O (%) =c3, Og (%) =y, O (%) =c. (3.7)

(Such a diffeomorphism exists, see Proposition B.3 in the appendix).
Now, let’s define d5,. The definitions in Equations (3.6a) and (3.6b) must
coincide at the points where they both give a value to 1. Thus, for all

o€ [%:F]

(bsl (531 (9)) = ¢52 (582 (9))

and, for all 6 € [ZF; 2],
(bsl (681 (0 - 27T>> = ¢82 (582 (9))

Define

3.(6) = 051 (00 (8, 0) for il 0 | 57 (3.52)
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T 9
5ar(0) = 67 (e, (55, (6 — 27))) for all 6 € H ﬂ . (3.8b)
It can be verified that the quantities above are well-defined, thanks to the

equalities in Equation (3.7), which imply that s, (0) and d,, (6 — 27) belong

to ] — 1300 [U]B1; 1] for all 6 € [27;2%] U [Z; 25]. With these definitions, 4,
is alreadya C'*°-diffeomorphism between %’T; %’r and
_ 3m _ 5w
oo (5 () o s ()] -t
and between [%r; %TW} and

5 (o 5 (5))) 5 (o (5 (5)))] =

On [%’T; %’T], let’s define 05, as any C'*°-increasing diffeomorphism from
[%’r; %’r} to [dy;dy] whose derivatives up to order k at the endpoints of the

interval are compatible with those of the definitions (3.8a) and (3.8b): for all

K=1,...k,
%) (—T ) = (¢3! 0 ¢, 0 5,)*) (—51 ) :
’ 77T ’ Vs
CON I e *) (_"
2 <4) (90, 0 @1 0001) ( 4)'

Such a diffeomorphism exists (see Proposition B.4 in the appendix). With
these definitions, d,, is a C*-diffeomorphism from [27; 221 to [dy; d3].

Now, we have finished defining 1), in accordance with Equations (3.6a) and
(3.6b). Let’s verify that this definition indeed makes it a C*-diffeomorphism
from S' to Uy, UU,,. First, it is a C* function: it is C* on {€,6 € |-Z; 22}

since ¢, oy, is, and it is C* on {e,6 € | 2; 2% [} since ¢, 0 4, is. Thus, it

is C* on the union of these two sets, which is the entire S*.

Proposition 3.13

The map 1 establishes a bijection from S! to U, UU,,, and its inverse
is given by:

(o) = PO for all 1 € g, (fe ),
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— 0% 65 @) for all ¢ € G5, ([d2; d3)). ]

Proof. The map 1 is surjective onto U, U Us,. Indeed, according to its
definition (Equations (3.6a) and (3.6b)),

s (. ([55]) oo (o ([55))

= &5, ([c1; ca]) U @5, ([do; d3))

Now,

Uy UUs, = ¢, (] = 1)) U g, (] — 15 1))
= ¢S1(] -1 Cl]) U ¢51<]cl§ 04[) U gb51([C4; 1[)
U ¢s, (] — 15da]) U s, (Jdas ds) U s, ([d; 1)
= @s, ([d1; 2[) U &5, (Jex; ea]) U @, (B2 da))
U ¢, ([c; a) U s, (Jda; ds[) U b5, (1815 c3])
(by Equation (3.4))

C ¢, (Jer; eal) U @, (Jda; d3])
Cc Us, UUs,,

which implies ¢, ([c1; ca]) U ¢s,([d2; d3)) = Us, U Us,,.
On the other hand, v is injective. To show this, suppose #,6’ € R such

that . .
P(e?) = (),
and prove that e = . First, if both 6 and 6’ belong to [—%; 2] (modulo
27), then, according to the definition (3.6a) and the injectivity of ¢,, and
5817
0=021] = €¥=¢7.

Similarly, if both § and ¢’ belong to [2; 2*] (modulo 27), then e = €.
Now, assume that neither of these situations holds, for example, that 6 be-
longs to [—%; %] but not to [?jf; %T"} (meaning € belongs to ]%; %D and
0" belongs to [%”; ‘({Tﬂ but not to [—%; %’r} (meaning ¢’ belongs to }%; %r D
Then

o) € 0 (00 (| T ])) = 0nlesicad

N
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o) € 0 (0 (| 7)) = 6utana

However, ¢, (Jeo; e3]) and ¢y, (]dq; dy]) have an empty intersection (see Figure
3.3; this is verified with Equation (3.4)). Therefore, we cannot have (e?) =
¥(e?"): this case is impossible. This completes the proof of injectivity.
Thus, we have shown that v is a bijection. The formula for the inverse
follows from the definition of ¢ in Equations (3.6a) and (3.6b). O

Finally, since ¢¥~! = ( is of class C* (the functions d,,,ds,, ¢s,, @s, are
C*), 9 is a C*-diffeomorphism. ]

Proof of Lemma 3.11. The proof is quite similar to that of Lemma 3.10, and
only the main ideas will be outlined here.

We assume that Uy, U, satisty Property 2 of Lemma 3.9. If Uy, C
U,,, then U,, UU,, = U,, is C*-diffeomorphic to | — 1;1[, according to our
assumptions on Us,. The same holds if U, C Us,.

We can therefore assume that the sub-property 2b is true: qb;ll(Usl NUs,)
and ¢} (Us, NUs,) are of the form | —1; o[ or Jo; 1[. We can assume that they
are respectively equal to |aq; 1] and Jae; 1] for real numbers oy, ap €] — 151
(see Figure 3.4 for an illustration of the notation).

Let ¢1, co €]ag; 1] such that ¢; < c3. We denote

Py :gbsl(cl)a P2:¢81(02)7
dy = ¢5, (P1), da = ¢, (Py).
Since ¢, o ¢, is a decreasing C*-diffeomorphism from Joy; 1] to Jag; 1] (for

the same reasons as in Proposition 3.12), we have ay < dy < d; < 1.
We define ¢ ;] — 1;1[— Uy, U Uy, as follows:

1
(x) = ¢s, (05, (x)) forall xz € } —1; 5} (3.9a)
1
() = ¢s,(0s,(x)) for all x € {—5; 1{ (3.9b)
where d,, is a C*-diffeomorphism from |—1;1] to ] — 1;¢,] such that

1 1
681 (_5) = (1, 681 (5) = Cy,
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Figure 3.4: Ilustration of the notation of Lemma 3.11 and a schematic rep-
resentation of the diffeomorphism from | — 1; 1] to Uy, U U,.

and J, is a decreasing C*-diffeomorphism from [—%; 1 [ to | —1;d;] such that,

1.1
on [-3i3], )
552 = 3_2 O¢51 0551
and, on [%, 1 [, Js, is any decreasing C*-diffeomorphism from [%, 1 [ to | —1; ds]

such that, for all ¥ =1,... Kk,

N1 _ #) (1
() otons ()

The existence of dg,,ds, is guaranteed by Propositions B.3 and B.4. With
these definitions for ds,, ds,, the definition of ¥ in Equations (3.9a) and (3.9b)
is valid. Moreover, the function 1) is of class C*.

The same reasoning as in Proposition 3.13 can be used to show that ¢ is
a bijection between | — 1; 1] and U, U Us,. Its inverse is given by

C(z) =0, (¢, (z)) forall z € ¢y, (] — 1;c0),
= 0,(6 (x) forall v € 6, (] — 15d1)).

Since this inverse is C*, ¢ is a C*-diffeomorphism between | — 1;1[ and
U, UU,,.
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3.1.3 Length and arc length parametrization

We will now define the length of a curve. Intuitively, what is it? Let (I,7)
be a global parameterization of the curve, and imagine an ant walking along
the curve: at time ¢, it is at point v(¢). The length of the arc is the total
distance covered by the ant over time. As, at time t, its absolute velocity is
[|7/(t)]]2, the length should be defined as the integral over I of ||7/||s.

Definition 3.14: length of a curve

Let M be a connected curve. Let (I,7) be a global parameterization
of M. The length of M is defined as

(1) = / 78] edt.

Proposition 3.15

7~
\.

The length is well-defined: if (7,~) and (J,d) are two global parame-
terizations of M, then

/I 17/ )] adt = / 160 adk.

Proof. Let’s consider the case where M is non-compact. Then v and § are
diffeomorphisms from (respectively) I and J to M. Let

7

O=vytod:J— I
It is a diffeomorphism from J to I, and we have § =y o f. Then
/ 16/ (£)]]2 dt = / 1y 0 612 dt
J J
_ / 8017 0 6(1)] ]2 dt
J
— [
I

The last equality is obtained by the change of variable formula applied to
the function ||7/||, with change of variable given by 6.
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We omit the case where M is compact. The principle is the same, with
a subtlety related to the fact that v and 0 are not exactly diffeomorphisms
from their domain to M .3 O

Definition 3.16: arc length

A global parametrization (I,7) of a connected curve M is called an
arc length parametrization if

1Y (@®)|l2=1, Vtel.

It is worth noting that if (7,7) is an arc length parametrization of M,
then the length of M is equal to the length of I:

E(M):/Ildt:supf—inff.

Theorem 3.17: existence of an arc length parametrization

For every connected curve M, there exists an arc length parametriza-
tion.

Proof. Let’s consider the case where M is not compact (the compact case
is similar with slightly different notation). Let ¢ : R — M be a C*-
diffeomorphism. We seek an arc length parametrization in the form (7, ¢o6)
where [ is an open interval containing 0 and 6 : I — R is an increasing
C*-diffeomorphism such that 6(0) = 0.

For (I,¢ o 6) to be an arc length parametrization, it must satisfy, for all
te INRH,

t = L(¢o0(]0;2]))

3For particularly curious readers, here’s how to resolve this difficulty. Let a,b,c,d
be real numbers such that I = [a;b] and J = [¢;d[. Let a € [0;d — ¢[ be such that
v(a) = &(c + a). By replacing (J,8) with (J,8), where J = [c+ a;d + o and § = § on
[c+a;d[ and 6 = §(. — (d — ¢)) elsewhere (which does not change the integral of ||6’]|), we
can assume that v(a) = d(c). Then v and ¢ are diffeomorphisms from ]a;b[ and ]¢; d[ to
M — {v(a)}. We can define, as in the non-compact case,

0 =~""06:|c;d[—]a;b]

and proceed in the same way as before.
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= ((¢(]6(0); 6(1)]))
o(t)
_ / 16/(3)]]a ds. (3.10)

A similar equation holds for t € I NR; .

Let’s define
L: R — R

T — [I]|¢(5)]2ds.

This is a C*-smooth map whose derivative does not vanish, and therefore a
C*-diffeomorphism between R and L(R), which is an open interval. Let I be
this image. Define, as required by Equation (3.10),

0=L""'1:T—>TR.

With this definition, (I, ¢ o #) is a global parametrization of M. For all
tel,

This vector always has norm 1: (I, ¢of) is an arc length parametrization. [

The concept of arc length parametrization allows for the straightforward
definition of several quantities that describe the "local shape" of curves. We
do not have time to present them in detail in this course, but for general
culture, here are some examples. If (I,7) is an arc length parametrization,
the vector

(t)
is called the unit tangent vector at the point v(t). If 7 is of class C?, the
vector Y

()

17" (@)]l2
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is called the principal unit normal vector at v(t) (which is well-defined only
if 4"(t) # 0), and
1Y (@12

is the curvature at y(t) (which can be assigned a sign, positive or negative,
when the curve is a submanifold of R?). Informally, curvature characterizes
how quickly the curve "turns" in the vicinity of ~y(¢).

3.2 Submanifolds of any dimension

In this section, several proofs are deferred to the appendix to make reading
easier.

3.2.1 Distance and geodesics

We will now use the notion of length introduced in Definition 3.14 to define
a distance on any connected submanifold M of R™: the distance between two
points 1, x5 is the infimum of the lengths of paths connecting these points.

In this section, we call a path connecting two points x; and x5 any function
v : [0; A] = M, for some A € RT, such that

e v is continuous;
e 7 is piecewise C';
e 7(0) =z, and y(A) = x,.

We can extend Definition 3.14 from curves to paths: the length of a path
is

() = / 7/ (8)] .

Definition 3.18: distance on a submanifold

Let M be a connected submanifold of R®. We define a distance on M
as follows: for all 1,25 € M,

distys (1, z9) = inf{l(), 7 is a path connecting z; and z5}.
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The map dist,, is well-defined: for all x, o,
{l(7), is a path connecting z; and x5}

is a non-empty subset of R™, hence it admits an infimum.

Proof. See section C.1. ]

Proposition 3.20

The function dist,; is indeed a distance.

Proof.

e Symmetry: let x1,29 € M. Consider a sequence (7,)nen of paths
connecting x1 to xo such that

0(yn) "5 disty (1, 22).
For each n, let [0; A,,] be the domain of ,, and define

o [0;A,] — M
t = (4, —1).

This is a path connecting x5 to 1. Moreover, for every n,

An An
(5,) = / = oA — )| |adt = / () ladt = £(7).

so that distys(zg, x1) < €(d,) = €(7,). By taking the limit as n — +o0,
we deduce
diStM(l’g, [L‘l) S diStM(ZEh 172).

The reasoning remains true if we exchange x; and 5. Therefore,
dist s (1, 22) < distps (22, 21),

hence, disty(xy, z2) = distys (2, 21).
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e Triangle inequality: let x1,x9, 23 € M. Let’s prove that

diStM(l‘l, ZL’3) S distM(xl, l’g) + diStM<.I2, l’g).

Consider (v, : [0; Ay] = M)uen and (3, : [0; By — M)pen two se-
quences of paths connecting, respectively, x; to xs and x5 to x3, such
that

() marey distps (1, 22);
0(6,) "= distyy (2, 23).
For each n, define
Co: [0;A,+ B, — M
t — () ift< A,
n(t—A,) if A, <t.

For each n, we have (,(0) = z; and (,(A4, + B,) = x3. As ~, and ¢,
are continuous, (, is continuous on [0; A, [ and on |A,; A, + B,]. Tt is
also continuous at A, since it has left and right limits at this point,
which are identical:

t—=An t—AL

Gn(t) —F mml(An) = 22 = 6,(0) «— Gu(t).

Therefore, the function ¢, is continuous. Moreover, it is piecewise C*
since 7, and §,, are piecewise C!, so it is a path. Its length is

An+DBn
(G = / 1,(1) ot
OAn An+Bn
_ / () lladt + / 16t — Ay odl

An By,
= [T bl + [ ol
0 0
= {(7n) + £(3n)-
Thus, for every n, disty (21, 23) < €(7,) + £(d,), implying, in the limit,

dist s (1, x3) < distps(z1, o) + distys (22, 23).
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e Separation: for any x € M, disty/(z, ) = 0: by choosing a constant
path v with value x, we have dist/(z, z) < {(y) = 0.

Let’s prove the converse. For all 1,25 € M and any path ~ connecting

T to Za,
A
()= [ IOl
0
A
> ' / 7' (t)dt|| (by triangle inequality)
0 2
A
= |||,
= [[z2 — 21]]2-
Consequently,
distM(xl,xg) 2 ||l’2 — £B1||2.
In particular, if disty(z1,22) = 0, then ||ze — z1]]o = 0, implying
r1 = Ta.

O

Theorem 3.21: existence of minimizing paths

Let M be, again, a connected submanifold of R”, of class C*. Addi-
tionally, suppose that

o k>2;
e M is closed in R".

Then, for all z1, x5 € M, the infimum in Definition 3.18 is a minimum:
there exists a path v connecting x; to x5 such that

0(y) = distps(xq, x2).

If v is a minimizing path, as in the previous theorem, there exists a

.o d
reparametrization 7 L v o ¢ of constant speed: for some c,

1|7 (t)]|2 = ¢ for all .
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(The argument is the same as for Theorem 3.17; one can even impose ¢ = 1
if desired.)

These minimizing paths traversed with constant speed are characterized
by a simple differential equation, given in a new theorem.

Theorem 3.22: geodesic equation

Keep the same notation and assumptions as in the previous theorem.
Let v : [0; A] — M be a path connecting x; to x5, with constant speed,
such that £(v) = distys(xy, 72). Then, v is C?, and

7'(t) € (TyM)*, Vit e [0; Al (3.11)

J

Stmultaneous proof of Theorems 3.21 and 3.22. The proof is divided in sev-
eral propositions, whose proofs are in Section C.2.

Fix x1, 9. We can assume x; # 25, and denote D = disty(x1, 22).

A first natural idea for showing the existence of a path connecting x; to
ro with minimal length is to consider a sequence of paths (v, )nen such that

() mare distys (1, 22),

and extract a subsequence. This strategy does not succeed right away, be-
cause the set of paths is not closed, for any reasonable topology. Therefore,
we must extend our notion of paths: in this proof, we call Lipschitz path a
map 7 : [0; A] — M, for some A € R, such that 7 is Lipschitz, v(0) = x;
and y(A) = xs.

Standard properties of Lipschitz maps say that any Lipschitz path v is dif-
ferentiable almost everywhere, and its derivative v is (Lebesgue-)integrable.
We can thus extend the notion of legnth from paths to Lipschitz paths, by
setting

() = [ IOl

Extending the notion of paths to Lipschitz paths does not change the
distance, as shown in the next proposition, and allows the previous « natural
idea » to succeed; this is the proposition afterwards.

Proposition 3.23

dist s (1, x9) = inf{l(7), is a Lipschitz path connecting x; and z2}.
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Proposition 3.24

There exists v : [0; D] — M a 1-Lipschitz path connecting x; to xs
such that
{(y) =D.

Theorems 3.21 and 3.22 can now be deduced from the following lemma.

Any 1-Lipschitz path v : [0; D] — M connecting x; to xs such that
¢(v) = D has class C? and satisfies Equation (3.11).

The rest of the proof consists in establishing this lemma. Let us fix v as
in the lemma, and show that it has class C* and satisfies Equation (3.11).

For any map A : [0; D] — R" such that

e ) is Lipschitz;

o h(t) € TyyM for any t € [0; DJ;

o h(0) = h(D) =0,
it holds

D
| oy de=o
0

If we apply the proposition to carefully chosen maps h, we get the follow-
ing regularity result.

Proposition 3.27

The map v is C%.

From there, we can deduce that, for any h satisfying the assumptions in
Proposition 3.26,
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. / (7 (), (1)) dit
= 0.

(For the first equality, we have used an integration by parts, which is possible
because we now know that +' is differentiable.)

The equality fOD (v"(t), h(t)) dt = 0 is valid for any continuous h with
values in TM, even if it is not C' or does not satisfy h(0) = h(D) = 0.
Indeed, any such map can be approximated uniformly well (in L') with C!
maps satisfying h(0) = h(D) = 0, so a density argument allows to extend
the equality.

In particular, we can apply the equality to h : ¢ € [0; D] — Pr. ,m (7" (1)),
where P,y denotes the orthogonal projection onto Pr, , ». This yields

D
/0 1Pr, a2 (1)) 2t = 0.

The integrand is positive and continuous, so Pr, , a(7"(t)) = 0 for all ¢,
meaning that, for all ¢ € [0; D],

" +
Y (t) € (PTy(t)M> .
]

Theorem 3.21, which guarantees the existence of a path with minimal

length between arbitrary points, may no longer be true if the considered

submanifold is not closed. For example, in the submanifold M =

R%\ {(0,0)}, there is no minimizing path between (—1,0) and (1,0).
However, even when the submanifold M is not closed, it can be shown
(and the proof is very similar to the previous one) that any point
x1 € M has a neighborhood V' such that, for any x5 € V', there exists
a path of minimal length between x; and x,.

Theorem 3.22, on the other hand, remains true if the considered sub-
manifold is not closed.

Curves satisfying Equation (3.11), whether or not they are paths of min-
imal length between two points, are called geodesics.
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a path of minimal length,

desi i
a geodesic parametrized at constant speed

is locally

Figure 3.5: Relations between geodesics and a path of minimal length

Definition 3.28 : geodesics

Let M be a submanifold of R™ of class C* with k& > 2. We call a
geodesic any map v : I — M (for I a non-empty interval of R) of class
C? such that, for all t € I,

Proposition 3.29

A geodesic v always has constant speed: ||7/(¢)]|]2 is independent of t.

Proof. Let ~v: I — M be a geodesic in some submanifold M. Define
N:tel— |y ()3

This map is differentiable and, for all £,

Now, for all ¢, 7/(t) € T,)M, and since 7 is a geodesic, v (t) € (TynM)™*.
So, for all t,
N'(t) =0,

which means that N, and thus also ||7/||2, is constant. O

As summarized on Figure 3.5, a path of minimal length, parametrized at
constant speed, is always a geodesic (from Theorem 3.22). The converse may
not be true (an example will be provided in Subsection 3.2.2). However, it
is locally true, as stated in the following proposition.
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Proposition 3.30: geodesics are locally minimizing

Let M be a submanifold of R”, of class C* with k& > 2. Let I be a
non-empty interval and v : I — M a geodesic.
For all ¢t € I, there exists € > 0 such that, for all ¢ € [t — ¢;t + €],

Ve is a path of minimal length between ~(t) and ~(t').

Unfortunately, the proof of this proposition requires tools from differential
equations, which will only be introduced in the next chapter, so it will not
be presented here.

Exercise 4 : geodesics on product submanifolds

Let ny,ny € N* be integers. Let M; C R™ and M, C R™ be connected
submanifolds of class C?. We define M = M; x M.
Let I C R be a bounded non-empty interval and v : [ — My x My = M
be a map. We denote v, : I — M,y : I — Ms its components.
1. Show that v is a geodesic in M if and only if v, is a geodesic in
M; and 75 is a geodesic in M.
2. In this question, we assume that M;, M, are closed. We also
assume that 7 is a path, joining two points * = (x1,z3) and

y = (y1,y2) in M.
a) Show that, if 1 and 7, have constant speed, then

) = V)2 + L(1)?.

b) Show that, if 7 has constant speed and £(y) = dist/(x, y), then
~v1 and 7, have constant speed.
[Hint: use Theorem 3.22, Question 1. and Proposition 3.29.]

c¢) Deduce from the previous question that

dist s (z,y) > \/distay, (21, y1)2 + distag, (22, y2)2.
d) Show that

distar(z,y) = /distar, (21, 91)? + distar, (22, y2)2.

e) Show that ~ is a path with minimal length connecting = to y,
with constant speed, if and only if v, is a path with minimal
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length connecting x; to y;, with constant speed, and 75 is a path
with minimal length connecting x5 to y», with constant speed.

f) For ny = ny = 1 and M; = M, = R, give an example of paths
71,72 connecting 0 to 1, with minimal length (but non-constant
speed) such that ~ H (71,72) is not a path with minimal length
connecting (0,0) to (1,1).

3.2.2 Examples: the model submanifold and the sphere

Exercise 5: model submanifold

For any n € N* and d € {1,...,n}, we define M % R x {0}*4. Give
a simple description of the geodesics in M.

(The solution is provided in Example 3.31, but do not read it before
spending some time on the exercise!)

Example 3.31: model submanifold

Let n € N* and d € {1,...,n}. The geodesics of the "model" sub-
manifold M = R? x {0}"~? are the maps v : I — R" of class C? such
that

L. Yay1(t) = -+ =7,(t) =0 for all £ € I (since y(t) € M);
2. /()= =74t)=0for all t € I (since v'(t) € (TypyM)* =
{0}4 x R"=9).

These are the maps whose last n —d components are zero, and the first
d components are affine. Geodesics are therefore exactly the maps of
the form

v:tel = xg+tu,

for any xg,v € R? x {0}~
More geometrically, we can say that geodesics are maps which
parametrize lines in R? x {0} at constant speed.
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Exercise 6 : geodesics on S"!

Let n € N* be fixed. We want to compute the geodesics of S 1.

1. Let us consider a geodesic ~, defined over an interval I. We know
that it has constant speed. Let ¢ € RT be this speed.
a) Show that, for all ¢t € I, (v(t),~/(t)) = 0.
b) Differentiate the previous equality, and show that, for all ¢ € I,

(v(1),7"(t) + ¢ =0.

c) Show that, for all ¢t € I, 7"(t) = —c*y(t).
d) Deduce from the previous equation that there exist e;, s € R™
such that
v(t) = cos(ct)ey + sin(ct)eq, Vt € I.

e) Show that (e1,es) =0 and ||e1]|2 = ||e2|]2 = 1.
2. Read and prove Proposition 3.32 (without looking at the proof, of

course!).
Proposition 3.32: geodesics on S"!
Let n > 2.

The geodesics on S"~! are all maps of the form

vy: I — Srt
t — cos(ct)ey + sin(ct)es,

for any non-empty interval I, any real number ¢ > 0, and any vectors
e1, ez € R™ such that

ler|l2 = [lez]la =1 and (e, e2) = 0.

This means that the geodesics on the sphere are parametrizations with
constant speed of a "great circle"

{cos(s)e; + sin(s)es, s € R},
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[ or an arc of it. ]

Proof of Proposition 3.32. First, let v be a map of the specified form. Let’s
check that it is a geodesic. For any t,

(TyS" ™" = ((r(O}) ™ = Veet{3(1)}.
Now, for any t € I,
7' (t) = ¢ (—sin(ct)e; + cos(ct)es) ;
7" (t) = —c* (cos(ct)ey + sin(ct)es) = —c*v(t) € Vect{(t)}.

Therefore, the geodesic equation is satisfied.

Conversely, let v be a geodesic defined on an interval I. Let ¢ be its speed
(i.e., the positive real number such that ||7/(¢)||2 = ¢ for all ¢; recall that
has constant speed according to Proposition 3.29). If ¢ = 0, v is constant,
so 7y is of the desired form (with e; = 7(ty) and any e;). Let us now assume
c> 0.

For any t € I, +/(t) € Ty»S" ™ = {~(t)}*, so

0= (y(t),7'(1))-
We differentiate this equality: for any ¢,

0= (y(t),7"(t)) + (¥(1), (1))
= (v(t),7" (1)) + .

Thus, (y(t),7"(t)) = =% As v"(t) € (TS )= = Vect{y(t)} and ~(¢t) is
a unit vector, we must have

() = —c*(t).
We know that any solution to this differential equation is of the form
vt €I — cos(ct)e; + sin(ct)es.

Fix ey, ey so that v has this expression. It remains to check that ||e1||s =
llea|l2 = 1 and (ey, e5) = 0.
For this, fix any tg € I. Let

’Y'(tO)‘

v1 = Y(tp) and vy =
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These are two unit vectors orthogonal to each other. We can express e, ey
in terms of vy, vo:

v1 = (to) = cos(cto)er + sin(ctp)es;

/
t
vy = M = —sin(ctg)e; + cos(ctp)es.
c

We deduce
e1 = cos(cty)vy — sin(cty)vy and ey = sin(cto)vy + cos(cto)vs.

So, |le1||? = cos?(cty)||v1]|? — 2 cos(cty) sin(cty) (v, va) + sin?(cto)||va]|2 = 1
and, similarly, [|es||3 =1, (e1, e9) = 0. ]

The example of the sphere shows that geodesics are not always paths
with minimal length between their endpoints. Indeed, for any ey, es,
the geodesic

vt € [0;27] — cos(t)e; + sin(t)ey

joins e to itself. However, the length of ~ is non-zero.

The example of the sphere also shows that there can be multiple paths
~ between two points x; and x5 such that

U(y) = distas (@1, z2)

which are different even after reparameterization.
For instance, for any vectors e, e; with norm 1 and orthogonal to each
other, the geodesics

71t € [0; 7] — cos(t)er + sin(t)es,
Y2 1 t € [0; 7] — cos(t)e; — sin(t)eq

are paths of minimal length between e; and —e;, but they are not equal
even after reparameterization.

However, it can be shown that paths of minimal length are “locally
unique”.
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Corollary 3.33: distance on S" !

Let n > 2. Let z1,29 € S*!. Then

distgn-1 = arccos({x1, x2)).

Proof. According to Theorems 3.21 and 3.22, there exists at least one path
~ connecting x; and zs such that

U(~y) = distgn-1(x1, x2)

and such a path, if reparameterized at constant speed, is a geodesic.
Hence,

distgn-1(x1, 2) = min{f(y),y geodesic connecting x; and xs}.

Let us compute this minimum.

Let v be any geodesic connecting x; to x5. We determine the possible
values for its length. We can be assume that it is defined on an interval of
the form [0; A]. Let ¢, ey, e5 be such that, for all ¢ € [0; A,

7(t) = cos(ct)ey + sin(ct)es.
It must hold that x; = v(0) = e; and
xy = y(A) = cos(cA)e; + sin(cA)es.
In particular, (zq,x2) = (€1, x2) = cos(cA), so

cA = arccos({xy, xa)) + 2km
or cA = (2 — arccos((x1, xq))) + 2k,

for some k € Z (in fact, k € N since cA > 0). As {(y) = cA, it follows that
the length of v is at least

min (arccos({x1, x3)), 2w — arccos((z1, xa))) = arccos({x1, x2)).
Thus,

distgn-1(z1, x2) > arccos((z1, xa)).



96 CHAPTER 3. RIEMANNIAN GEOMETRY

To show that the inequality is an equality, we observe that, if e,

mm;, the geodesic

1—(z1,22

v [0;arccos({xy, x2))] — Srt
t — cos(t)zy + sin(t)ey

connects x; to xo and has length arccos((zy, xa)).



Chapter 4

Differential equations: existence
and uniqueness

What you should know or be able to do after this chapter

e [dentify a Cauchy problem.

e Know the Cauchy-Lipschitz theorem; be able to apply it to particular

situations.

e In the Cauchy-Lipschitz theorem, understand why the local Lipschitz
continuity assumption is necessary. When possible, use the fact that

the function is C! to show that this hypothesis is verified.

e Know what a maximal solution is.

e When true, show that the maximal solution exists and is unique, using

Proposition 4.4.

e When an upper bound on the norm of the maximal solution is available,
combine it with the théoréme des bouts to show that the maximal

solution is global (as in Example 4.9).

e From an inequality on the derivative of a map, apply Gronwall’s lemma
to deduce an upper bound on the norm of the map itself (see corre-
sponding exercise with Anna Florio, and the homework on the proof of

Cauchy-Lipschitz).

97



98 CHAPTER 4. EXISTENCE AND UNIQUENESS

e Know that, when the map f in the Cauchy problem is C?, the maximal
solution is differentiable with respect to ty and wuyg.

e Compute the Cauchy problem to which the derivative of the maximal
solution with respect to wg is solution (Theorem 4.10).

4.1 Cauchy-Lipschitz theorem

A Cauchy problem is a differential equation where the unknown is a function
of one variable (often denoted as t), together with an initial condition. It is
thus a problem of the following form:

{ u(tU/ = f(tu), (Cauchy)

0) = Ug-

Here,

o f:IxU — R"is a fixed function, with I an open interval of R and U
an open set of R" (for some n € N*);

e 1o is an element of I and uy an element of U;

e 1 is the unknown function, which must be defined on an interval J such
that ty € J C I, take values in U and be differentiable.

The equality "u’ = f(t,u)" is a shortened notation for "u'(t) = f(t,u(t))":
u is indeed a function, which depends on a variable, here called t.

In Problem (Cauchy), we impose the differential equation to be of order
1 (meaning it contains only one derivative). This is not a restriction.
Indeed, a Cauchy problem containing a differential equation of any
order N > 1 can be reformulated as a Cauchy problem of order 1.
Precisely, consider a problem of the form

u™) = ¢ (t,u, ... ,u(N_l))

U(to) = U,Q,(), U,(to) = u071, 500y U(N_l) (to) = UO,N—I-
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If we denote vg = u,v; =/, ..., vn_1 = uN "V, it is equivalent to
r_
I JR—
Un—2 = UN-1

,U;V—l = g(tav()vvb ° 0o 7UN—1)

vo(to) = w00, vi1(to) =uo1, ..., vn-1(to) = Uo,Nn-1,

Vo
which is a first-order problem on the unknown function < S )
UN-1

Exercise 7

Show that a map w : J — U is a solution to Problem (Cauchy) if and
only if the map
u: J — JxU
t = (t,u(?))

is a solution to another Cauchy problem, where the initial condition
is replaced with (¢, ug) and f is replaced with a map f : Rx (I xU) —
R™*! whose definition you will provide, which does not depend on its
first argument.

The starting point of the theory of differential equations is the Cauchy-
Lipschitz theorem, which, under regularity assumptions on f, guarantees
that Problem (Cauchy) has a unique solution in the vicinity of .

Theorem 4.1: Cauchy-Lipschitz

Assume f is continuous and there exists a neighborhood H C I x U of
(to, up) where it is Lipschitz continuous in its second variable:

Vt, u, v such that (¢,u), (t,v) € H,
Lt w) = f(E )]l < Cllu =2, (4.1)

for some constant C' > 0 (which should not depend on t).
Then we have the following conclusions:
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o (Existence)
There exists an interval J C I whose interior contains t; and
a function v : J — U of class C'! which is a solution to Prob-
lem (Cauchy).

e (Local Uniqueness)
If uy, uy are two C'! maps solving Problem (Cauchy), defined on
intervals J;, Jo containing ¢y (in their interior or on the bound-
ary), then
up = ug on Jy N Jy N [tg — €t + €

for any sufficiently small € > 0.

The most classical proof of this theorem uses (implicitly or explicitly) the
Picard fixed-point theorem. Interested readers can find it, for example, in
[Benzoni-Gavage, 2010, p. 142].

The Lipschitz continuity condition around (g, ug) (Equation (4.1)) is au-
tomatically satisfied whenever f is C!. Indeed, in this case, we can take

H = B((ty,uo),¢€), for any ¢ > 0 sufficiently small. Equation (4.1) then
follows from the mean value inequality (Theorem 1.16), with

C = max ||df(t, u)||L(Rn+17Rn).
(t,u)€B((to,u0),€)

The "existence" part of the theorem holds even without the Lipschitz
condition (it suffices for f to be continuous; this is the Peano theorem).
However, the "uniqueness" part may be false without this condition. To
provide an example of possible non-uniqueness, consider the Cauchy problem

i = Vi,
u(0) = 0.

It can be verified that the maps

u: R — R
t — L ift>0,
0 ift<0,

up: R — R
t — 0,



4.1. CAUCHY-LIPSCHITZ THEOREM 101

are both solutions to this problem. However, they are not identical.

Let’s conclude this section with a simple but useful property about the
regularity of solutions to a Cauchy problem.

Proposition 4.2

If f is of class C" for some r € N, any solution u of Problem (Cauchy)
is of class C" 1.
In particular, if f is C'*°, every solution is C'*°.

Proof. We prove the result by induction on . For » = 0, it is true: if u is a
solution, it is differentiable by definition. In particular, it is continuous. Its
derivative is

u = f(t,u).

Since f and u are continuous, u’ is also continuous, meaning u is C*.

Let us assume that the result holds for some r» € N and prove it for r + 1.
Assume f is of class C™™! and let u be a solution. Since f is also of class C",
the induction hypothesis tells us u is C™!. Therefore,

u = f(t,u)

is a composition of C"*! maps. Thus, it is C"*!, meaning u is C" 2. O

Remark : extension to Banach spaces

Here, we limit ourselves to differential equations in finite dimension,
meaning that the function u of Problem (Cauchy) takes values in R™.
More generally, one can consider equations where the unknown func-
tion takes values in a Banach space?, and everything said in this section
remains true, except for Peano’s theorem.

%that is, a complete normed vector space
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4.2 Maximal solutions

Definition 4.3 : maximal solutions

Let u : J — U be a solution to a problem of the form (Cauchy). We say
that it is a maximal solution of the problem if it cannot be extended
to a larger interval: for any other solution @ : J — U such that J C J
and @)y = u, we have

Proposition 4.4 : existence of a unique maximal solution

If the map f of Problem (Cauchy) is continuous, and Lipschitz contin-
uous in its second variable around every point, then the problem has
a unique maximal solution.

Moreover, if we denote by u : J — U this maximal solution, the set of
solutions of Problem (Cauchy) is

{u|j . J — U with J interval such that ¢, € J C J} . (4.2)

Proof. We start with a proposition (whose proof follows this one) which es-
tablishes a uniqueness result for solutions of Problem (Cauchy). This result
is very similar to the one from the Cauchy-Lipschitz theorem, but it is global,
while the Cauchy-Lipschitz theorem provides local guarantees only (unique-
ness holds in a neighborhood of ty3). Here, we have a global uniqueness
guarantee because f is Lipschitz in its second variable around every point,
not just around (g, up).

Proposition 4.5

Ifuy : Jy = U and uy : Jo» — U are two solutions of Problem (Cauchy),
then
Uy = Uz On Jl N Jg.

Moreover, the function w : J; U Jo, — U which coincides with u; on J;
and us on Jy is a solution to Problem (Cauchy).

From this proposition, we can already deduce that the maximal solution,
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if it exists, is unique and that the set of solutions of Problem (Cauchy) is
indeed the one given in Equation (4.2).

Indeed, suppose there exists a maximal solution u, defined on an interval
J. For any interval J such that t, € J C J, u; is a solution to Prob-

lem (Cauchy). Conversely, if v : J — U is a solution to the problem, there
exists (from the previous proposition) a solution defined on JU.J, equal to u
on J and v on J. Since u is maximal, we must have JU J = J, ie., J C J,
and v = w on JNJ = J. Therefore,

This proves Equation (4.2).

Equation (4.2), in turn, implies that the maximal solution is unique: every
solution is of the form v ; for some J C J. Therefore, every solution )y can
be extended to the larger interval J, except u itself.

To conclude, let’s show existence. Let us define

J = {t € R, Problem (Cauchy) has a solution defined on [to;t]} .

For any ¢ € J, let v; be a solution to Problem (Cauchy) defined on [to;¢]*
and define
u(t) = v (t).

This defines a function v : J — U.

First, let’s show that u is a solution to Problem (Cauchy). Its domain
J is an interval: for any ¢, € J and any t” € [t;t'], we have that either
[to; t] or [to;t'] contains [tg;t"]. Thus, the restriction of v, or vy to [to;t"] is
well-defined and it is a solution to (Cauchy). Therefore, t” € I.

The function u satisfies the initial condition: wu(tg) = vy, (to), and since
vy, 1s a solution to the problem, we have vy, (ty) = wug, hence

u(to) = uo.

We then show that for any ¢ € J, u is differentiable at ¢ and satisfies the
equation
u'(t) = f(t,ul(t)). (4.3)
Let’s fix any t € J arbitrarily. To simplify notation, let’s assume ¢ > ¢, (we
can do the exact same reasoning if ¢t < to and a very similar one if ¢ = ;)
and distinguish two cases.

'We denote the interval “[to;#]” for simplicity, but of course, if ¢t < to, we actually
consider the interval “[¢; ¢o]”.
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e First case: ¢ < supJ. In this case, let t' €]t;sup J[. The function u
coincides with vy on [to;t']. Indeed, for any t” € [to;t], according to
Proposition 4.5,

vy = v on [t ] N[t = [t "]

So u(t") = v (") = vp ().

Since vy is differentiable and a solution to the Cauchy problem, the
equality u = vy on [to; '] implies that u is also differentiable on ]to; ¢,
in particular, differentiable at ¢, and satisfies Equation (4.3).

e Second case: t = sup J. In this case, J is of the form [«; ] or |a;t], for
some o € [—00; to).

Following the same reasoning as in the first case, we see that u coincides
with v; on [to;t]. This implies that u is differentiable on |to; ¢], which is
a neighborhood of ¢ in J, and that Equation (4.3) is satisfied.

This ends the proof that u is a solution of Problem (Cauchy).

Finally, let’s show that this solution is maximal. Let @ : J — U be a
solution extending u (i.e., J C J and @y = u). For any t € J, Ut 15 2
solution to Problem (Cauchy), so t belongs to J. Hence, J C J. Therefore,
J=Jand @ = u. O

Proof of Proposition 4.5. Let uy : J; = U and us : Jo, — U be two solutions
of Problem (Cauchy). Let

H = {t € Jy N J; such that u(t) = ua(t)}.

The set H is non-empty (it contains ¢y) and closed in J; N Jy (because u;
and us are continuous). If we manage to show that it is open in J; N Jy, then
H = J;NJy (as J; N Js is an intersection of intervals, hence a connected set)
and therefore

up =ugon H =J;NJs.

Let’s show that it is open. Take any ¢; € H. Consider the modified
Cauchy problem.

{ u(t?)/ Zz];(lé’t?))’ (Cauchy t;)

Both u; and us are solutions of this problem since they are solutions of
(Cauchy) and wuy(t1) = ug(t1) according to the definition of H.
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We can apply the Cauchy-Lipschitz theorem to (Cauchy t1): f is contin-
uous and Lipschitz with respect to its second variable in a neighborhood of
(t1,u1(t1)). According to the local uniqueness result of this theorem, there
exists € > 0 such that

u; = Uy 0O1n Jlﬁjgﬁ[tl—é;t1+€].

This implies that J; N Jo N[t — €t + €] C H and thus that H contains a
neighborhood of t; in J; N Jy. This shows that H is open in J; N Js.
To conclude, let u : J; U Jy — U be the function which coincides with u
on J; and uy on Jy. Let’s verify that it is a solution to Problem (Cauchy).
It satisfies the condition u(tg) = ug (because u; and uy satisfy it). Let’s
show that it is differentiable and satisfies the equation

u = f(t,u). (4.4)

Using basic properties of intervals, we can check that (J; U J2) N [tg; +00] is
included in J; or J;. Therefore, u is differentiable on this interval (it coincides
with uy or ug, which is differentiable) and satisfies Equation (4.4) (because
uy and ugy satisfy it). The same holds on (J; U Jy)N| — oo;tp]. This implies
that u is differentiable and satisfies (4.4) on (J1 U Js) \ {to}. Moreover, it has
left and right derivatives at ¢y, which also satisfy (4.4). Due to this equality,
the left and right derivatives coincide (they are equal to f(to,ug)) so wu is
differentiable at ¢, and satisfies (4.4) at this point as well.

O]

4.3 Maximal solutions leave compact sets

In this section, we consider a Cauchy problem and assume that f is continu-
ous and Lipschitz with respect to its second variable in the vicinity of every
point. This allows us to apply the results from the previous section: there
exists a unique maximal solution u : J — U.

Proposition 4.6

The definition set J of the maximal solution u is an open interval in
R.
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Proof. We know that J is an interval. We must show that it is open.
Let T' € J be arbitrary. According to the Cauchy-Lipschitz theorem, the
Cauchy problem

v = f(t7 U),
v(T) = u(T)

has a solution v defined on an interval whose interior contains 7'. Let H be
this interval.

According to Proposition 4.5, since both v and u are solutions to this
Cauchy problem, the function w : J U H — U which coincides with u on
J and v on H is also a solution. This function w is also a solution to the
original problem (Cauchy) (since w(ty) = u(to) = uo)-

Since u is a maximal solution, we must have J U H C J, which means
H c J. Thus, J contains a neighborhood of T'.

This is true for any 7" € J, so J is open. O]

An important question regarding the maximal solution is to determine
its domain. In particular, is the maximal solution global, i.e., is it defined
on the same interval I as the function f7 The following theorem provides a
criterion which, in some cases, answers this question.?

Theorem 4.7 : théoréme des bouts

We still assume that f: I x U — R" is continuous and Lipschitz with
respect to its second variable in the neighborhood of every point. We
still denote u : J — U the maximal solution to Problem (Cauchy).
One of the following two properties is necessarily true.

1. supJ =sup/ ;

2. u “leaves any compact set of U” in the neighborhood of sup J:
for any compact K C U, there exists n < supJ such that, for
any ¢ €]p; sup J|,

u(t) e U\ K.

A similar result holds for inf J.

J

2As it does not seem to have a well-established name in English, we will stick to the
French terminology, « théoréme des bouts ».
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Proof. Let’s proceed by contradiction and assume that both properties are
false. In particular, sup J < supl, so supJ € I. Let K C U be a compact
set which u does not leave: for any n < sup J, there exists ¢ €|n;sup J| such
that u(t) € K.

Then, there exists (and we fix one for the rest of the proof) a sequence
(ty)nen of elements of J such that

n—+00

t, — supJ; u(t,) € K, VYneN.
Since K is compact, we can assume, replacing ¢ with a subsequence if neces-

sary, that (u(t,))nen converges to some uyy, € K.
The proof will be in two steps:

1. we show that u(t) — wy as t — sup J;

2. we deduce that u can be extended to a solution to Problem (Cauchy)
defined on J U {sup J}, which contradicts the maximality of .

First step: since f is continuous, it is bounded in a neighborhood of
(Utim, sup J). So, let M € R and € > 0 be such that

V(t,v) €]supJ — € sup J + €[x B(uym, €), ||f(t,v)]]2 < M.

Intuitively, this inequality implies that if, for some n, ¢, is close to sup J
and u(t,) is close to wyy, then v’ = f(¢,u) is bounded by M close to t,; in
particular, ||u(t) — u(t,)|]2 < M|t — t,| for any ¢ in a neighborhood of ¢,
whose size we can estimate. This is formalized by the following proposition
(the proof of which is given at the end of the theorem’s proof).

Proposition 4.8

Let n be any integer such that
€

- (4.5)

|t, —sup J| < g and |[|u(tn) — wimll2 <

For any t € ]tn ~ QI In T TmaxarD)

c [mJ,

[|u(t) = ultn)lls < Mt — tn].
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Since (t,, u(ty)) "3 (sup J, wim), we have for any n large enough

€ €
and ||u(t,) — wim||2 < =.

ty—supJ| < ————
b = sup J| < ) 2

For such values of n, the hypothesis (4.5) is satisfied, thus

€

€
— ity ———— | NJ.
2max(M,1)’ N 2max(M, 1)

lJu(t)—u(ty)||s < Mlt—t,|, VYt € |tn

Since t, + 7 > sup J, this implies that, for any ¢ € [t,;sup J|,

€
2 max(M,1

[u(t) = wimll2 < [Ju(t) = u(tn)ll2 + [lutn) — tim|]2
< Mt —ty] + [|u(tn) — tim|]2
< Mty —sup J| + |[u(tn) — wim||2
— 0 as n — +o0.

So u(t) — wym as t — sup J.
Second step: let’s extend u continuously to J U {sup J}, that is, let’s
define
w: JUsupJ — U
t — wu(t) ift<supJ
upn  otherwise.

This is a continuous function. It is differentiable on J and

U (t) = f(tult)

which shows that u is also differentiable at sup J, with derivative f(sup J, ).
Therefore, the function u is a solution to Problem (Cauchy), extending u
but not equal to u. This contradicts the maximality of u. O

T Flsup J, i ).

Proof of Proposition 4.8. We first show that for any ¢ € [tn; t, + m [ﬂ

J, ||u(t) — upm||2 < €. We can assume that the set
{t S Jat > Tn, Hu(t) - ulim||2 > 6}
is non-empty, otherwise the property is necessarily true. Let’s define

T =inf{t € J,t > t,, |[|Ju(t) — upml||2 > €}
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and show that T > ¢, + m Let’s assume by contradiction that this is
not the case.
By continuity of u, we must have ||u(T") — ||z > €. For all t € [t,,; 717,
we have
[u(t) — wiml|2 < €

and, since |t —sup J| < [t, —sup J| < €,

[l (0)ly = 11t ()]l < M.

This is also true at t = T due to the continuity of u’. Therefore, u is M-
Lipschitz on [t,;T] and

[|u(T) = i |2 < [Ju(T) = u(tn)ll2 + [[u(tn) = wiml]2

< M|T — t,] + ||u(ts) — wim]|2
€ €
<M——— -
2max(M,1) * 2

<e.

This contradicts the inequality ||u(T) — wml]2 > €.
We have thus shown that for any t € [tn;tn + 5= [ N J, |u(t) —

2max(M,1)
Wim||2 < €. Similarly, we can show that for any ¢ € }tn — m; tn [ nJ,
[|u(t) — wim||2 < €.
Consequently, for any t € ]tn — m; tn + m [ nJ,

1/ @)1y = [1f (& u®)]]2 < M.

This implies that u is M-Lipschitz on the considered interval. In particular,

for all t € ]tn — m;tn + _zmaxe(M,l) [ﬂ J,

[lu(t) = ultn)lls < Mt = ta].
]

The following example shows how the théoréme des bouts allows to prove
that a maximal solution to a differential equation is global.
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Example 4.9

Consider the problem (Cauchy), for a function f: R x R" — R™. As-
sume that f is continuous, Lipschitz with respect to its second variable
in the neighborhood of every point, and satisfies the inequality

F & w)lle < Jullz, V(2 u) € R x R™ (4.6)

Its maximal solution is global (i.e. defined on R).

Proof. Let u : J — R"™ be this maximal solution. We show that J = R. We
only prove that sup J = +00; a similar reasoning shows that inf J = —occ.

Let’s proceed by contradiction and assume that sup J < +o00. According
to the théoréme des bouts, u leaves any compact set in the neighborhood of
sup J. We will obtain a contradiction by showing that u is actually bounded
in the neighborhood of sup J.

Consider the map N : ¢t € J — |Ju(t)||3 € R. Tt is differentiable and, for
allt e J:

IN'()] = 12 (u(t), u'(t))]
= 2[{u(t), f(t, u(t)))]
< 2|2 ]f (£, w(®))] |2
< 2||u(t)|l2
= 2N (t).
From this point on, it is possible to show that N (hence u) is bounded by
using Gronwall’s lemma (Lemma D.1 in the appendix). In the next lines,

we propose an argument which does not explicitely invoke this lemma, but
reaches the same conclusion.

We define Ny : t € J — N(t)e . For all ¢,
NA(t) = (N'(1) — 2N ()™ <0,

thus N, is non-increasing and, for all ¢t €lto;sup J[, No(t) < Na(ty) =
||uo|[3e2%, which implies

N(t) < (luoll2e"")".
Consequently, for all ¢ €]tq; sup J|,

u(t)||2 < |Juol|2e" < ||ugl|2e5™P .
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If we set M = ||ug||2e" 7", we obtain that u does not leave the compact
set B(0, M). We have reached a contradiction. O

The result stated in the example remains valid if we replace the bound
(4.6) by a more general linear upper bound

1f(t,u)|l2 < Cillulla + Cy,  V(t,u) € R x R,

for constants C7, Cy > 0.

However, it is no longer valid if we replace the bound “||u||s” with “||u|[$”
for a power o > 1. To convince ourselves of this, we can consider the following
Cauchy problem:

ul — |,LL|O!7
u(0) = 1.
We can check that its maximal solution is
U }—oo; ﬁ[ — R
t — L

— 1,
(1—(a—1)t)a~T

which is not defined on R as a whole.

Exercise 8

Let f: R — R be a C! map such that

f(0) =0;
ft) >+, vteR.

For fixed tg, ug € R, we consider the Cauchy problem

{ u'(t) = flu(t)),

u(to) = up.

1. Show that this problem has a unique maximal solution.
Let J be the domain of this maximal solution, and u be the solution.
2. a) Show that, if ug = 0, then J = R and u(t) = 0,Vt € R.
b) Show that, for any ¢; € J, u is a solution to the Cauchy problem,
where the initial condition (o, ug) is replaced with (¢, u(t1)).
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¢) Deduce that, if u(t;) = 0 for some t; € J, then J = R and
u(t) =0,Vt € R.
Let us now assume that ug > 0.

3. a) Show that, for all ¢ €] — oo;tp] N J, u(t) €]0;ug].
b) Deduce from the previous question that | — oco; o] C J.
c¢) Show that u(t) — 0 when ¢ — —oo.

4. a) Show that —2 is well-defined and negative over .J.
b) Show that, for all ¢ € [tg; +o0[NJ,

1 1
~a0 > o) + (t —to).

¢) Show that sup J < +o0.
d) Show that u(t) — +oo when ¢ — sup J.

4.4 Regularity in the initial condition

In this section, we look at the pair (to,ug), which is the initial condition of
Problem (Cauchy), and let it vary. This defines a family of solutions to the
differential equation “uv’ = f(t,u)”. When f is C?, this family of solutions
is differentiable with respect to (to,uo). Furthermore, its partial derivatives
can be described as solutions to another Cauchy problem.

To simplify notation, we first state this result in the case where tj is fixed
and only ug varies. The general case is given afterwards.

Theorem 4.10: regularity in the initial condition

Let I be a non-empty open interval of R, U an open set in R”, and
f:IxU —R" be aC? map.

Let us fix ¢ty € I. For every uy € U, let u,, : J,, = U be the maximal
solution to the Cauchy problem

Uyy = f(E o),
{ o () = 11o. (Cauchy ug)

The set Q© = {(ug,t),up € U,t € Jy,} is an open subset of U x I and
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the map
V. Q — U
(uo,t) = tyy(t)

is C1.
Moreover, for every uq, ;%(uo, ) Juy = L(R™,R™) is a solution to the
following Cauchy problem:

d (av\ _ df v

at <Wo> = qu(t:;V(uo, 1)) 0 Gz (uo, 1), (Cauchy 4

%(uo, to) = Idgn. 0

It is not necessary to memorize by heart Problem (Cauchy C‘li—;/o). It

suffices to remember that V' is C'. Then, (Cauchy %) can be obtained
by differentiating (Cauchy ug). Indeed, (Cauchy ug) can be rewritten
in terms of V' as

{ D (ug,t) = f(t,V(uo,t)),

V(uo, t) = Ug-

Differentiating with respect to uy both sides of each of the two equali-
ties yields exactly (Cauchy jTVO).

Proof of Theorem /.10. To simplify a bit, let’s assume that f does not de-
pend on t. We can make this assumption thanks to the lemma that follows
(the proof of which is in Appendix D.2). We thus denote “f(u)” instead of
“f(t,u)”, and use interchangeably the notation “%” or “df” for the differen-
tial.

If the theorem holds for all maps f independent of ¢, it holds for all
maps f.

The following lemma further simplifies the problem by showing that it
suffices to establish the regularity of V' in a neighborhood of each wug, for
times t close to ty. It is proven in Appendix D.3.
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Lemma 4.12

Assume that

for each ug € U, €2 contains a neighborhood of (uy, ty), on n
which V' is C! and satisfies the equations (Cauchy %). (T

Then €2 is open, V is C* on € and satisfies the equations (Cauchy C(li_v>

It remains to show that Property (4.7) is true. Let ug € U.
First step: V is defined in a neighborhood of (uy, to).

Let Mj, e > 0 be such that B(ug, ) C U and

Vv € B(ug,€), ||f(v)|]2 < M.
The following proposition, proven in Appendix D.4, shows that € contains

B(Uo,g)x to—ﬁ,t()"—ﬁ .

Proposition 4.13

For every v € B (uo, §),

to— ——to+ ——| C J
0 2M170 2M1 v

Furthermore, for every ¢ € }to = ﬁ; fifg A ﬁ [7

uy(t) € Bluy,€).

Second step: V' is Lipschitz on this neighborhood.
For all (0,1) € B (u0, ) * ]~ giito + i |

uy(t) = flun(@) = [, (@)|l2 < M.

Therefore, for all v € B (uo, 5), u, is My-Lipschitz on |ty — 5373t + 537 [,

meaning that V' is M;-Lipschitz with respect to its second variable.
Let M5 > 0 be such that

Vv € B(ug, ), de(U>HL(R”,R”) < M.
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(Recall that f is C?. In particular, its differential is continuous on U, hence
bounded on B(uy,€).)
The function f is My-Lipschitz on B(ug, €) by the mean value inequality.

Thus, for all v, v, € B(u, §),t € }to — simito + o [7

[t (8) = vy, ()2 = [1f (wy (£)) = f (t (£)]2
< Mo |, (£) = 1w, (8)] |2-

We integrate and use the triangular inequality: for all ¢t € [to; to+ 3m [,

||uv1 (t) — Uy (t)||2 =

1) = 0] + [ (1, (5) = () s

to

2

t
< e, (to) — wu, (o) ]2 +/ [, (8) — iy, (5)|[2ds
to
t
< [we, (to) — wuy (o) ]2 +/ Mo |[twy, (8) = Uy (5)||2ds.
to

Thus, according to Gronwall’s lemma (Lemma D.1 in the appendix), for all
te [to;t0+ M[

Huvl (t) — Uy, (t)HQ < Huvl (to) — Uy, (tO)H2eM2(t*t0)
= ||v1 — vo|peM2(0)

My
< Jvr — vgl[2e?

Symmetrically, the inequality is also valid for ¢ € }to — to] , which shows
eM:

that V' is eﬁ-Lipschitz with respect to its first variable on B (uo, %) X

]to — oo tot+ o [ Hence, V' is globally Lipschitz (and therefore continu-

ous) on this open set.

Third step: differentiability of V' with respect to t.

According to its definition, V' is differentiable with respect to its second
variable, and for all v, ¢,
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. . . . . . . .
Since f is continuous on U and V' is continuous on B (uo, 5) x] to— s to + o [,

the function % is also continuous on this latter set.

Fourth step: differentiability of V' with respect to ug
Let’s show that V' has a partial derivative with respect to its first variable,

which is continuous and satisfies the Problem (Cauchy ijo) We will proceed

“backwards” we consider the solution to Problem (Cauchy C‘l%) and show
that it is continuous and is the partial derivative of V' with respect to wu.

For any v € B (uo, g), let w, : fv C |tg— ﬁ;tg + 2—1\6/11 — L(R™ R") be the

maximal solution to the problem

W) = Lo, 0)0w,0)

’wv(t0> = Ian.
The maximal solution exists and is unique because, for any v, the map

(t,x) E}to— 2;41;750—1— 2;41[><£(R",R”) — —((V(v,t))ox

is Ms-Lipschitz with respect to z, hence Cauchy-Lipschitz theorem applies.

The same reasoning as we did for u, in the second step shows that there
exists a constant M3 > M; such that, for any v € B (uo, %), the domain of
w, contains

€ €
}to EEITALRETT {
and the map (v, t) — w,(t) is Lipschitz and therefore continuous on B (uy, §) x
]to — ﬁ; to + ﬁ[ (this is the point of the proof that uses the hypothesis
that f is C?).
Finally, let’s show that V' is differentiable with respect to its first variable,
and, for all v,t € B (uo, £) % }to — st t 55 |,

av

2 (0, ) = wy(t).

e (0t) = wn(t)
To do this, we will perform a kind of first-order Taylor expansion of Prob-
lem (Cauchy wug) in ug.
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Let v, h € R™ be such that v,v+h € B (uo, g) Consider the map

At to — ——:t
€ b 2]\/[ 0+2M3

— Uy () — uy(t) — wy(t) ().
We have
A(to) = (’U + h) — U — Ian(h) = 0.

Moreover, for any t,

A'(t) = (1) — 1, (£) — wiy (£)(h)
df

= Ften®) = (1) — Dy (1)) 0 w4 (1) 1)
= D 0) ot (1) ~ 0) ~ D) o wi(0)(B) + B
daf

= L) A0) + B()

with E(t) = f(upn(t) = f(uo(t)) = & (uy(8)) (wosn(t) — uy(t)) and thus, by
one of the Taylor inequalities,

1 2f .
IE@Ilz < 5 ( sup || —-5(7) ) [ltosn(t) — uu(t)]2-
5€B(ug,e) || AU L(R",L(R™ R™))
Let C) = %supﬁeg(u()ve) ZuQ H [ and Cy be the Lipschitz con-

stant of V' with respect to its first Varlable (whose existence we proved a few
paragraphs ago). With these notations, for any ¢,

1E@)|l2 < CLCo||h 3

and thus

|20 - Lowoiaw)|| < ccalnl

2

we deduce

Denoting C5 = SUPse B(ug,e) ﬁ)Hﬁ(Rn,R”)’

1A' @Il, < CLCo [R5 + C5[|A)] |2
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Therefore, for any t € [to, to+ mgn [

1A Hz—H (t0) + /tMs)ds

2

s/ ||A'<s>||2ds
to

t
< / (CLCal M]3 + Cs [|A(s)]],) ds

to

t
:clc2||huz<t—to>+/ Cy || A(5)] ], ds.
to

From Gronwall’s lemma, for any ¢ € [to; to + ﬁ [,

t
A2 < CLCs|[RI5(E — to) + ClCQCsllhllg/ e (s —tg)ds
to

ClCQHhH ( C3(t—to) _ 1) )

ﬁ; to} , provided that

we replace “eC3(:-10)” with “eCslt=t” on the right-hand side.

Cge
If we set Cy = Cé—f? <eﬁ — 1), we have thus shown that, for any v, h

Symmetrically, the inequality is also valid if t € ]to —

such that v,v + h € B(uo,g) and for any t € ]to— ﬁ;t(ﬁ— ﬁ[,

V(v +ht) = V(v,t) —w,(t)(h)]l, = [[A®)]|2 < Cullhl[5.

Therefore, V is differentiable with respect to its first variable, and for any
v,t in the considered open set,

e —(v,t) = wy(t).

Conclusion.
We have seen that V' is continuous on B (uo, %) X ]to — ﬁ;to + ﬁ [,
has partial derivatives with respect to each of its two variables on this open
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set, and that these partial derivatives are continuous. Therefore, V is C!
on this open set. In the fourth step, we have also shown that the partial
derivative 9% is a solution to Problem (Cauchy %). Hence, Property (4.7)

dug
1s true.

O

Theorem 4.14 : regularity, general case

We keep the notation from the previous theorem; f is still C2.
For any pair (to,ug) € I X U, let w4y : Jtgu, — U be the maximal
solution of the Cauchy problem

u207u0 = f(t7 uto,uo),
{ Utg,uo(to) = Uo- (Cauchy (to,u0))
The set Q = {(to, uo,t),to € I,ug € Ut € Jiyup} C I x U x I is open

and the map
V. Q — U

(t05u07t) — uto,uo(t)

is of class C1.
Moreover, the partial derivatives of V' are solutions of the following
Cauchy problems:

d <dV) = ﬁ(t, V(to,UO,t)) o ﬂ(tmu()?t):

dt d_uo du dug
dV
d_uO(thuO7tO) = IdR”

d (dV\ df v

% <d_t()> - @(tv(tmumt)) (d_to(t07u07t)) )
dV
E(t07u07t0) = —f(to, u0).

0

This theorem can be derived from the previous one as in the proof of
Lemma 4.11.
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An even more general theorem holds: we can assume that f is a func-
tion of three variables instead of two, yielding a Cauchy problem of the
form

u' = f(t,u,a),
u(to) = uop-

If f is C?, the maximal solutions of this problem are C! in (¢o, ug, a).




Chapter 5

Explicit solutions in particular
situations

What you should know or be able to do after this chapter

Solve an autonomous scalar equation.

Solve a linear scalar equation.

Identify a linear equation.

Know that the solution of a linear differential equation is global.

If you admit that the resolvent of a linear equation is C*, write the
Cauchy problem to which it is a solution.

Use this Cauchy problem to show that a given map is the resolvent of
a Cauchy problem.

Remember that, for all t1,19,13, R(tg,tg)R(tQ,t1> = R(tg, tl) and that,
for all t1, 1o, R(tg,tl)il = R(tl, tz)

Write the solution(s) of a linear equation in terms of the resolvent (with
or without source term, with or without an initial condition).

Recall (= be able to find it again by yourself) the explicit expression
of the resolvent when the equation has constant coefficients.

Compute the exponential of a diagonalizable matrix when the diago-
nalization is provided.

121
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5.1 Autonomous scalar equations

In this section, we consider a scalar equation (the images of v are in U C R
and not in R™ for some n > 1) and autonomous (the map f does not depend
on time). Thus, we have an equality of the form

u = f(u), (5.1)

for some f: U — R, with U a non-empty open subset of R. Throughout this

section, we assume that f is locally Lipschitz, so that the Cauchy-Lipschitz

theorem applies. We will describe the maximal solutions of Equation (5.1).
Let’s start with the simplest solutions: the constants.

Proposition 5.1

We assume that f is locally Lipschitz.
For any ug € U, the constant function u : t € R — wg is a maximal
solution of the differential equation (5.1) if and only if f(ug) = 0.

Proof. Let ug € U. Let u :t € R — wug. Its derivative is zero. Thus, it is a
solution of the differential equation (5.1) if and only if

0= f(up).

When it is, it is a mazimal solution as it is defined on R and can thus not
be extended. 0

Now, let’s describe the non-constant solutions, using the primitives of .
Consider u : J — R a maximal solution whose derivative is not identically
zero. Let ty € J be such that u/(ty) # 0. For simplicity, assume f(u(tg)) =
u'(tp) > 0; a very similar reasoning is possible if f(u(t)) < 0.

Let ]a; 5[ be the maximal interval containing u(ty) on which f is strictly
positive (with possibly a = —oo and § = +00).

Proposition 5.2

For any t € J, u(t) €]a; A[.

Proof. Let’s argue by contradiction and assume it is not true. Since u(ty) €
|a; B[, the continuity of u and the intermediate value theorem imply that
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there exists t; € J such that u(t;) = a or u(t;) = . Let us for instance
assume u(t;) = a.
Then u is a solution of the following Cauchy problem:

{ u(t:b)/ iff“)’

The constant function @ : t € R — « is a maximal solution of this problem
(indeed, f(a) = 0, because |a; f[ is a maximal interval on which f is strictly
positive). Since the maximal solution of the problem is unique, as f is locally
Lipschitz, u = @, which means u is constant. This is a contradiction. ]

Let ® :]a; f[— R be a primitive of %: for any arbitrary constant C, we
define

(2

1
P(v)=C+ /u(to) mds, Yo €la; O

This is a continuous function with strictly positive derivative. Hence, it
induces a diffeomorphism onto its image, which is an open interval, denoted

Jv; 0.
We observe that, for any t € J,

(P ou)'(t) = &(u(t))u'(t)

Thus, for any t € J,
Therefore, for any ¢ € J, u(t) = &1t — to + C).

Proposition 5.3

The interval J is equal to |y +to — C; + to — C1.

Proof. Foranyt € J, since ¢ou(t) = t—ty+C, we must have t —to+C €]v; 0],
thus ¢ €]y +tg — C; 6 + to — C[. This shows that J C]y+ty— C;d+to — C|

As w is a maximal solution, it is defined on the whole |y+ty—C; 4+t —C|
Indeed, if it were not the case, the map @ : ¢t €]y +t9g — C;0 + to — C[—
Ot —to + C) € U would be a solution of Equation (5.1) that strictly
extends it. O

This leads to the following theorem.
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Theorem 5.4

The non-constant maximal solutions of Equation (5.1) are all maps of

the form
tely+D;6+ D] — & (t— D),

where @ is a primitive of %, defined on a maximal interval where f
does not vanish, ]vy;d[ is the image of ®, and D € R is an arbitrary
constant.

\. J

Proof. The reasoning we just did shows that all non-constant maximal solu-
tions have this form (where D corresponds to the previous to—C'). Conversely,
any map of this form is a solution of Equation (5.1), since, for all ¢,

1y B 1
((I) ) (t_ D) Y (<I>—1(t—D))
= (@ -D)).

It is maximal because, when t — v + D, ®71(t — D) — « or 3, hence
@' (d'(t — D)) — 0, which means that (&) (t — D) diverges, hence ®(. —
D) cannot be extended into a differentiable map in y+D. The same reasoning
holds for 6 + D. O

Example 5.5

Let’s find all maximal solutions of the differential equation

u = —u.
The map x — —x is locally Lipschitz (it is C'). Tt vanishes only at 0.
Thus, the only constant solution is u = 0.
Now let’s search for non-constant solutions. The maximal intervals
where x — —2% does not vanish are | — co; 0 and ]0; +0o[. On these
intervals, primitives of x — _%3 are

1
D, : x €]0; +00[— —.

D, : — 00; 0[—
1 CCE] OO?[ 272

222’

The first one is a bijection between | — oo; 0] and |0; +o00|, with inverse

1
®7!: 2 €]0; +oo[— ——— €] — 00; 0]

V2z
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( 3

and the second one is a bijection between |0; +oo[ and ]0; +o00[, with
inverse

1
;' : 2 €]0; +oo[— —— €]0; +oc0].

V2r

Thus, maximal solutions are all maps of the form

u:t €]D;+oo[— SN
2(x — D)
and u:t€]D;+oo|— -
2(z — D)

for any real number D.

\ 7

Exercise 9

Let uy € R be fixed. Compute the maximal solution of the following
Cauchy problem:
e—u(t)?
{ = S

u(0) = up.

5.2 Scalar linear equations

A scalar linear differential equation is an equation of the form
u'(t) = a(t)u(t) + b(t), (5.2)

where a,b are continuous maps on an interval I C R. The function b is
sometimes called the “source term”.
Let’s first solve this equation in the case where b is zero.

Proposition 5.6: with no source term

Let a : I — R be a continuous map, for some open interval I. Let
A : I — R be a primitive of a. The maximal solutions of the differential

equation
u'(t) = a(t)u(t)

are all maps of the form u : t € I — Ce*®, where C is an arbitrary
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[ real number.

Proof. A map of the form t — Ce® is necessarily a solution of the equation.
It is maximal because it is defined on I.

Conversely, if v : J — R is a maximal solution, we define v : t € J —
u(t)e=4® € R. This map is differentiable and, for any ¢ € .J,

V() = (u/(t) — A'(tyu(t))e M = (' (t) — a(tyu(t))e” "M = 0.

This means that v is constant. Let us denote C' its value. For any ¢t € J,
u(t) = CeA. Since u is maximal, we must have .J = I; hence, the map is of
the desired form. O

Now let’s consider the general equation (5.2), without assuming that b is
zero. To solve it, we use the method called variation of constants'. Let’s
again denote A : I — R a primitive of a. For a differentiable map v : J — R
with J a subinterval of I, we write u as

u(t) = v(t)e®

(by setting v(t) = u(t)e=4® for all t).
The map wu is a solution of the equation if and only if, for all ¢ € J,

('() + a(t)o(t))e™ = ' (t)
= a(t)u(t) + b(t) = a(t)v(t)e® + b(t),

which is equivalent to, for all ¢,
V' (t) = b(t)e 4®,

We denote B an arbitrary primitive of t — b(t)e~*®. The previous equation
holds if and only if there exists a real number C' such that

v=C+ B.
This is equivalent to the existence of C' € R such that, for all t € J,
u(t) = Ce™ + B(t)eA®,

From this reasoning, we can deduce the following theorem.

leyariation de la constante” in French
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Theorem 5.7 : solution of scalar linear equations

For any wug, the maximal solution of the Cauchy problem

{ u'(t) = a(t)u(t) + b(t),

U(to) = Uy,

where a, b are continuous maps on an open interval I and wug is a real
number, is given by

t
w:tel - erftto a(s)ds _|_/ b(S)@f; a(T)deS.

to

5.3 Linear equations in general dimension

In this section, we consider a linear differential equation of dimension n € N*,
that is, an equation of the form

W (t) = A(t)ult) + b(t), (5.3)

where A € C°(I,R™™) and b € C°(I,R"), with I an interval of R.

Proposition 5.8

The maximal solutions of Equation (5.3) are global (i.e., defined on
the entire interval 7).

Proof. The proof relies on the théoréme des bouts (Theorem 4.7); it is very
similar to that of Example 4.9.

Let u : J — R" be a maximal solution. Let’s argue by contradiction and
assume that J # I. For example, we assume that supJ < sup /. Let € > 0
be such that [sup J — €;sup J + €| C I. We set tg = sup J — e.

First step: we establish an inequality relating ||u||> and its primitive.

Let C' > 0 be such that, for all ¢t € [sup J — €;sup J + €],

JA(®#)||2@n ey < C and |[b(t)]]o < C.

Such a constant exists because A and b are continuous.
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We deduce that, for all ¢ sufficiently close to sup J,
[ (B)ll2 < C([Ju(®)]]2 + 1).

For all ¢ € [to; sup J|,

u(t)]]2 = |[u(to) + / i (s)ds

to

2

< Nlulto)llz + / 1(3)]|ods
< lutta)lla+ [ Clluts)|+ 1)ds

to

— Ifulto)la + C(t — to) +/t Cllu(s)]|ods.

Second step: we upper bound ||u||s using Gronwall’s lemma.
Gronwall’s lemma (Lemma D.1 in the appendix) then implies that, for
all t € [to;sup J|,

lu()ll2 < (llu(to)ll2 + 1) e =1 < (Jfu(to)llz + 1) €7 — 1.

Conclusion: u is bounded in the neighborhood of sup J, meaning that
it stays within a compact subset of R™. This contradicts the théoréme des
bouts.

m
5.3.1 Without source term
Let’s first consider the equation without a source term:
u'(t) = A(t)u(t), (5.4)

with A € CO(I, R™™).

Since the equation is linear in u, a linear combination of solutions
is also a solution: if uj,uy : I — R™ are two solutions and A,y are
arbitrary real numbers, A\u; + pus is also a solution.
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Let us fix any ¢ty € I. We denote u,,, the maximal solution of the following

Cauchy problem:

u'(t) = A(t)u(t),

U(to) = U,
For any t € I, from the previous remark, vy € R" — w,,(t) € R" is a linear
map. It can therefore be represented by some matrix R(t,ty) € R"*": for all

Up,

Uy (1) = R(t, to)uo. (5.5)

We call R the resolvent of Equation (5.4).

If we can compute the resolvent, then we have access (according to Equa-
tion (5.5)) to all maximal solutions of our differential equation (5.4). Unfor-
tunately, in general, we cannot compute an explicit expression of R. However,
we can characterize R as the solution to a certain Cauchy problem.

Theorem 5.9

For any ty € I, R(.,tp) : I — R™" is the maximal solution of the
Cauchy problem

Rl(to,ty) = Id,.

. J

{ ‘Z—If(t,to) :A(t)R(t7t0)7

Proof. Let ty € I be fixed. Let M : I — R™" be the maximal solution of
the Cauchy problem:

M(t) = A@)M(2),
{M(to) = Id,.

It is defined on the entire interval I according to Proposition 5.8. Let’s show
that, for all t € I, M(t) = R(t, ).

According to the definition of R (Equation (5.5)), we must show that, for
all up € R™ and all ¢ € I, uy,(t) = M(t)ug. Let us fix uy € R™ and define
v:tel — M(t)up. This is a differentiable map, solution of the Cauchy
problem

{ V'(t) = M (t)ug = AR)M(t)uo = At)v(t),
U(to) = M(to)Uo = Ug-.

Therefore, v = u,, and we indeed have, for all ¢, u,,(t) = v(t) = M(t)ug. O
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Let us assume that n = 1 (that is, A is real-valued). Given an explicit
expression for the resolvent of Equation (5.4).
(The solution is given in a remark of the following subsection.)

\. J

It is tempting to say, by analogy with the scalar case, that the solution

to the problem
MI(t) = A()M(),
{ M<t0) = Idn

is the map t € I — exp ( ftto A(s)ds). Unfortunately, this is not true

(unless the matrices A(s) pairwise commute), because, in general, for

X,H € R dexp(X)(H) # H exp(X).

Before moving on to linear equations with a source term, here is a classical
property of the resolvent.

Proposition 5.10

For all t1,t0,t3 € I, R(t3,t2)R(t2,t1) = R(tg,tl).

Proof. Let ti,ts,t3 € I be fixed. We fix any u; € R”, and show that
R(ts, t2)R(to, t1)u; = R(ts, t1)uy.
Let wu,, : I — R™ be the maximal solution of the Cauchy problem
{ Uy, (1) = A()uu, (1),
Uy, (B1) = uyg.

According to the definition of R, R(ts,t1)us = uy,(t3) and R(ty, t1)u; =

Uy (tg) .
Let ug = R(to,t1)u; = uy, (t2) and u,, : I — R™ be the maximal solution
of the Cauchy problem

{ Uny (1) = A, (1),

Uy, (t2) = Us.
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According to the definition of R, R(ts,t2) R(ta, t1)uy = R(ts, ta)ug = uy,(t3).
Now, u,, is a solution of the Cauchy problem that defines w,,. Indeed,
Uy, (t2) = ug. Therefore, u,, = u,,, and

R(ts,t2)R(ta, t1)u1 = Uy, (ts) = uy, (t3) = R(t3,t1)us

Corollary 5.11

For all ti1,10 € I, R(tl,tg)R(tQ,tl) = R(tl,tl) = Idn, hence R(tg,tl) is
invertible, with inverse R(ty,t2).

5.3.2 With a source term

We now return to the general equation (5.3) with a source term:
u'(t) = A(t)u(t) + b(t). (5.3)

As in the scalar case, the method of variation of constants allows us to
compute its solutions. Let u : I — R"™ be any map. Letto € I andv : I — R"
be such that, for all ¢,

u(t) = R(t,to)v(?)

(i.e., we set v(t) = R(to,t)u(t)). The map w is a solution of Equation (5.3) if
and only if, for all ¢,

A@)R(t, to)v(t) + R(t, to)v'(t) = —=(t, to)v(t) + R(L, to)v' (1)

. e
(t)
(H)u(t) +b(t)
(t)R(t, to)v(t) + b(t).

I
N g\&

This is equivalent to stating that, for all ¢, R(t,ty)v'(t) = b(t), i.e., v is a
primitive of ¢t — R(ty,t)b(t). Therefore, u is a solution if and only if there
exists vg € R™ such that, for all t € I,

v(t) = vy +/ R(to, s)b(s)ds,

to
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which is equivalent to

u(t) = R(t, to)vo + /t R(t,to)R(tg, s)b(s)ds

to

= R(t, to)vo + /t R(t, s)b(s)ds.

to

This leads us to the following theorem.

Theorem 5.12: Duhamel’s formula

Let I be an open interval, A € C°(I,R™"),b € C°(I,R").
The maximal solutions of Equation (5.3) are all maps of the form

t
u:tel — Rt to)vo +/ R(t, s)b(s)ds,

to

for some vy € R".

| L

Corollary 5.13

Let I be an open interval, A € C°(I,R™ ") b € C°(I,R"), and ug €
R™.
The maximal solution of the Cauchy problem

{ w(t) = A@)u(t) + (),
U(to) = Ug

t
witel — Rt to)uo+ / R(t, s)b(s)ds.

to

7
\.

Remark

If n = 1, the resolvent has an explicit expression. Indeed, for any t,
R(.,tp) is the maximal solution of the Cauchy problem

{ Rt 1)) = A(t)R(t,to),
R(to,t) =1di =1.
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(Note that if n = 1, A is a real-valued map.) Therefore, for any ¢,

R(t,t5) = exp ( /t: A(s)ds> |

If we replace R by its value in Duhamel’s formula, we recover, as ex-
pected, Theorem 5.7.

J

We consider the following differential equation:

u'(t) = A(t)u(t) + b(t),
with
(2t 43¢ (-2t -3t + 3
Alt) = (—t2 — 1 == 2t> and b(t) = < 23 4t )

Let us denote R its resolvent.

1. a) Write the Cauchy problem to which R(.,0) is a solution.
b) Show that, for all ¢ € R,

1+ ¢
R(t,0) = ( _ 1—t2> )
c) For all t € R, compute R(0,1).
2. Find all maximal solutions of the differential equation.

3. What is the maximal solution of the following Cauchy problem?

{ u'(t) = A(t)u(t) + b(t),
u(l) =(5)-

5.3.3 Constant coefficients

Matrix exponential When A is a constant map, the resolvent has an
explicit expression. To provide it, it is necessary to recall the definition
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and main properties of the matrix exponential. The exponential is defined
identically for matrices with real or complex coefficients. Here, we state the
definition and properties in the general case of complex coefficients.

Definition 5.14 : matrix exponential

For any matrix A € C"*", we define

+o0o k
exp(A) = S ¢ gren,

k!
k=0

This definition is correct, in the sense that the series Y, %5 4+ converges
in C™" '

Proposition 5.15

1. For any matrix A € C™*", if the coefficients of A are real, then
the coefficients of exp(A) are also real.

2. For all A, B € C"*", if A and B commute (i.e., AB = BA), then
exp(A + B) = exp(A) exp(B) = exp(B) exp(A).
3. For all A, G € C™" such that G is invertible,

exp(GAG™) = Gexp(4)G™.

4. For any A € C"*" the map h :t € R — exp(tA) is differentiable

and
h'(t) = Aexp(tA) = exp(tA)A, VteR.




5.3. LINEAR EQUATIONS IN GENERAL DIMENSION 135

Corollary 5.16 : exponential of a diagonalizable matrix

Let A € C™". We assume that there exist G € GL(n,C) and
A,y ...y Ap € C such that

o
>
3

Then

Proof. According to Property 3 of Proposition 5.15,

A=Gexp G L

Moreover, for any k € N,

(0 =
.. 0
) 0 /\’c

/\Ic

which implies that

A 0O ... O
0 Ao
exXp S Z L
ﬁ
7l

oo

0

+oo 2
_ 0 k=0 &
k
+o0 Ap
0 2o m
e 0 0
0 er2
0 ern
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This corollary allows to compute the exponential of any diagonalizable
matrix. For matrices that are not diagonalizable, the exponential can be
computed using the Dunford decomposition. Let’s briefly outline the main
steps of the computation.

Let A € C™" be any matrix. The starting point of the method is to
write A in the following form:

A=G(D+ N)G™,
where G, D, N € C™"™ are matrices such that
e (G is invertible;
e D is diagonal,;
e N is nilpotent (i.e., there exists K € N* such that N¥ = 0);
e N and D commute.

This form is called the Dunford decomposition. The matrices G, D, N can
be explicitely computed from the characteristic subspaces of A, but this is
beyond the scope of this course.

Assuming we have found G, D, N, Property 5.15 allows us to write

exp(A) = Gexp(D + N)G' = Gexp(D) exp(N)G ™.

The exponential of D is given by Corollary 5.16. To compute exp(N), we
directly use the definition: since N is nilpotent, the infinite sum in the defi-
nition is actually finite. Denoting K the smallest integer such that N¥ = 0,

we have
-1

+o0 k K k
N N
(M) =D 57 =2 T
=0 =0

Constant coefficients Consider the following Cauchy problem, with con-

stant coeflicients:
{ u'(t) = Au(t) + b,

u(ty) = uo. (5.:6)

where A € R™" b, uy € R™.
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Proposition 5.17

For any t, € R, the resolvent of Equation (5.6) satisfies

R(t, o) = exp((t — to)A), ¥Vt R.

Proof. For any ty, according to Theorem 5.9, R(.,ty) is the maximal solution
of

(¢ tg) = AR(L, to),

R(to, to) == Idn

It suffices to check that (t € R — exp((t —t9)A)) is this maximal solution.
In fact, it suffices to check that (t € R — exp((t — t9)A)) is a solution of the
Cauchy problem: if it is, it is necessarily maximal since it is defined over R.
It satisfies the initial condition: exp((ty — t9)A) = exp(0nxyn) = Id,.
Moreover, according to Property 4 of Proposition 5.15, this map is differ-
entiable and, for all ¢t € R, its derivative is

Aexp((t —tg)A),
so it satisfies the first equation of the Cauchy problem. [

This expression for the resolvent, combined with Duhamel’s formula, pro-
vides an explicit value for the solution of the Cauchy problem (5.6).

Corollary 5.18

The maximal solution of the problem (5.6) is

t
uiteR — T4y, 4 / els=t)Ap ds.
to

When A is invertible, this simplifies to

uiteR —eltt0)Ay 4+ (e(t_tO)A - Idn) A,
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Chapter 6

Equilibria of autonomous
equations

What you should know or be able to do after this chapter

Know the definition of the flow (¢;)cr of an autonomous equation
(including the correct domain of each ¢;).

Be able to express the maximal solution of a Cauchy problem in terms
of the flow.

Draw the phase portrait of a two-dimensional differential equation in
the following three situations:
— when it is possible to explicitely compute the solutions,

— when you know a first integral of the differential equation and the
form of its level lines,

— approximately, once you have studied the qualitative behavior of
the solutions.

Know the definition of stable and asymptotically stable equilibria.

Draw the vector field associated to a two-dimensional equation (don’t
forget that it must be tangent to the orbits!).

Be able to prove that, if A is diagonal with (real) eigenvalues Ay, ..., \,,
an equilibrium of v’ = Au + b is

139
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— stable if and only if A\, <0 for all k € {1,...,n};
— asymptotically stable if and only if Ay, < 0 for all k € {1,...,n}.

e Know that an equilibrium wg of an equation v’ = f(u) is

— asymptotically stable if (but not only if) Re(A\y) < 0 for all k €
{1,...,n};

— unstable if (but not only if) there exists & such that Re(A\x) > 0,

where Aq,...,\, are the (complex) eigenvalues of J f(ug).

6.1 Definitions

The notion of “equilibrium” is mainly meaningful for autonomous problems,
i.e., for problems of the form (Cauchy) where f does not depend on ¢. There-
fore, in this chapter, we consider a map f : U — R", and, for any uy € U,
the associated Cauchy problem

{ u W= flw), (Autonomous)

to) = Ug.

We assume that f is locally Lipschitz, so that the Cauchy-Lipschitz theorem
applies.

6.1.1 Flow

Definition 6.1: Flow of Equation (Autonomous)

For any uy € U, let u,, : I,, — U be the maximal solution of Prob-
lem (Autonomous) with ¢ty = 0. For any ¢ € I,,,, we define

¢t (UO) = Uy (t)

We call (¢;)ier the flow of the differential equation.
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The domain of ¢; depends on t. For any ¢, it is given by

{up € U,t € 1, }.

The most intuitive way to understand the flow is as follows. Let’s imagine
that u represents some physical quantity (such as the position or orientation
of an object, for example), and the differential equation v’ = f(u) describes
its evolution. For any t € R, ¢; represents the action of the evolution on
the physical quantity u for ¢ units of time: in our example, if an object is at
position ug at a reference time 0, it will be at position ¢;(ug) at time ¢.

When f is of class C?, the map ¢; is, for any ¢, defined on an open set
and of class C''. Tt is a consequence of the results from Section 4.4 (where
the notation was different: the flow was essentially the map V).

Let us remark that, since we consider autonomous equations only, defining
the flow using ¢y = 0 as the reference point is not a limitation: as the following
proposition shows, the solution of Problem (Autonomous) can be expressed
in terms of (¢;)icr even when ty # 0.

Proposition 6.2

For all ¢y € R,ug € U, the maximal solution of Problem (Autonomous)

1S
[UO +i0 — U

t — (bt—to (UQ) = Uy, (t = to)

Proof. Let vy : I; — U be the maximal solution of (Autonomous) and

d
vy it € Iy équO + 1o —>qu(t—t0)

We must show that these maps are equal.
First step: We show that v; is an extension of vs.

For any ¢, v5(t) = u, (t —to) = f(v2(t)) and v2(to) = tue(0) = uo. Thus,
vg is a solution of (Autonomous), so, from Proposition 4.4,

12 C ]1 and Vo = U1 Ol Ig.

Second step: We show that I1 = I».
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Similarly, the map ¢t € I} —ty — wvi(t + t9) is a solution of Equa-
tion (Autonomous) when ¢t is replaced by 0. Since u,, = va(. + to) is the
maximal solution of this equation,

I —to C Ly = I — to.

U

This implies I; C I, hence I; = I and v; = vs.

6.1.2 Phase portrait

Definition 6.3 : orbits

The set def
Ouo = {¢t<u0)7t € Iuo}'

is called the orbit of a point ug € U by the flow (¢;)cr of Equa-
tion (Autonomous).

The set of orbits forms a “partition” of U, meaning that every point
belongs to an orbit (as every point belongs at least to its own orbit), and any
two orbits are either disjoint (having no common points) or identical.! This
partition is called the phase portrait of Equation (Autonomous).

Example 6.4

Counsider the function

f: R? — R?
(z,y) — (Ly)

and the associated autonomous equation:

/
/

x 1,
Y Y,
(#(0),(0)) = (z0,%0)-

ndeed, if for two points ug,u; € U, Oy, N Oy, # 0, it means that there exist t €
I,,.t1 € I, such that ¢y, (ug) = ¢ (u1). With the same reasoning as in the proof of
Proposition 6.2, we see that I,,, +t1 —tg = I, and, for all t € I,,, &+(up) = Pty —to (u1),
which implies O, = Oy, .
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Figure 6.1: On the left, the vector field f(z,y) = (1,y); for each (x,y) € R?,
the arrow with starting point at (x,y) represents the vector f(x,y). On the
right, the phase portrait (that is, a few representative orbits).

—~

For any xg,yy € R, the maximal solution is

U(zo,y0) - R — ]R2
t = <x0+tay06t)a

which means that the orbit is
O(xo,yo) = {(xO +, yoet), te R}.

In order to draw the orbits, a useful observation is that this latter set
is the graph of a simple map: for any xg, yo € R,

Otwoyo) = {(z,yoe" ™),z € R}
= {(@, (yoe"™)e"), z € R}.

Since (g, %9) € R? — yoe™® € R is a surjective map, the orbits are all
sets of the form

{(z,ce®),z € R},
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for some constant ¢ € R, i.e. they are the graphs of all multiples of the
exponential map.

The phase portrait is drawn on Figure 6.1. Observe that the vector
field f is tangent to the orbits. Indeed, each orbit is the image of a
map u such that v’ = f(u). Therefore, for each ¢ such that f(u(t)) # 0,
the orbit is a 1-dimensional submanifold in the neighborhood of u(t),
with tangent space Vect{u/(t)} = Vect{ f(u(t))}, from Theorem 2.16.

Consider the map

f: R — R?
(,y) — (z(1—2),(1—-22)y).

The goal is the exercise is to draw the phase portrait of the correspond-
ing autonomous equation
u = f(u). (6.1)
Describing the orbits of an arbitrary equation may not be an easy
task. However, in this case, as in the previous example, it is possible
to explicitely compute them. This is the goal of the first question.
1. Let us fix any (x¢,%9) € R%. We consider the Cauchy problem

¥ =uz(l —x),
y = (1=2x)y,
((0),5(0)) = (0, o)

Let (z,y) : I — R? be the maximal solution of this problem.

a) Let us assume that there exists t € I such that z(t) = 0. Com-
pute (z,y) and .

b) Let us assume that there exists ¢ € I such that z(¢) = 1. Com-
pute (z,y) and I.

c) In this subquestion, and up to 1.f), we assume that z(t) ¢ {0,1}
for all ¢ € I. It is possible to explicitely compute (z,y) and I,
and deduce the orbits from their expression. However, we will
follow a different strategy.

Show that
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e if 1y < 0, x is a decreasing map, with values in | — oo; 0[;

e if 0 < xy < 1, z is an increasing map, with values in |0; 1[;

o if x5 > 1, x is a decreasing map, with values in |1; +o0].
d) Show that —“— is constant on I.

z(l—x)
e) Compute the value of y on I, in terms of x, xg, yo.

f) Show that, if zg < 0, then x — 0 at inf / and z — —o0 at sup I.
[Hint: use the monotonicity of = to show the existence of limits.
Then, proceed by contradiction to show that the limits cannot
belong to | — co; 0[]

With a similar reasoning, it is possible to show that
eif 0 <zyg<1,z— 0atinfl and x — 1 at sup [;
oif 1l <xy, x = +oo at inf I and x — 1 at sup /.

g) Find an explicit expression for the orbit of (xg, yo).

2. Draw the phase portrait of Equation (6.1).

\.

6.1.3 Equilibria

Definition 6.5 : equilibrium

A point uy € U is an equilibrium of the differential equation
(Autonomous) if f(ug) = 0 (in other words, if the constant function
with value wg is a solution of (Autonomous)).

In this chapter, we will try to describe the behavior near equilibria of solu-
tions to Equation (Autonomous). Informally, we will say that an equilibrium
is stable if every solution starting close enough to the equilibrium remains
close to it, and asymptotically stable if every trajectory starting close enough
to the equilibrium converges to it

Definition 6.6 : stability

If up € U is an equilibrium of Equation (Autonomous), we say that ug
is stable if, for every neighborhood Vj of ug, there exists a neighborhood
Vi C U of ug such that

e for every u; € Vi, ¢;(uy) is defined for every ¢ € RT (meaning
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= (

4
Y

~_  _F—— -
o ~
(a) Stable (b)  Asymptotically (c) Unstable
stable

Figure 6.2: Trajectories of Equation (Autonomous), for three different maps
f: R? — R? such that (0,0) is an equilibrium.

R* is a subset of I,);
e for every uy € V] and t € R, ¢y(uy) € Vb

We say that ug is asymptotically stable if it is stable and, furthermore,
there exists a neighborhood V5, C U of ug such that, for every us € Vs,

(bt(ul) t—>_+o>o Ug-

If ug is not stable, we say it is unstable.

An illustration of these concepts can be found in Figure 6.2.

6.2 Linear equations

In this section, we study the stability of an equilibrium for a linear differential
equation with constant coefficients:

u' = Au+b, (6.2)

where A € R"" and b € R™.
Let us assume that this equation has an equilibrium z,. By translation,?

2In more detail: we can consider the differential equation v/ = Av + b + Az, instead
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we can assume zg = 0 and thus 0 = Azy+b = b. The equation is then simply
u' = Au. (6.3)
Recall that, according to Corollary 5.18, the flow of any ug € R" is
d¢(up) = exp(tA)ug, Vte€R.

Thus, it is necessary to study exp(tA).

6.2.1 Diagonalizable Case

First, consider the case where A is diagonalizable over C: there exist complex

numbers A, ..., A, and an invertible matrix G € R™*" such that
A0 o0
A=G 0 Ao R Reis
0 ... 0 A

For any t € R, according to Corollary 5.16,

et ... 0
0 et
exp(td) =G| . ‘ , G
0 ... 0 et

Let us fix a vector ug € R™. Denote

0
G lug= | :
9n
For all t,
gret™
o1(ug) = exp(tA)ug = G : ) (6.4)
gne'n

of (6.2). Its solutions are the maps u — 2, for all solutions u to (6.2). The point 0 is an
equilibrium of the translated equation.
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Theorem 6.7
The point 0 is a stable equilibrium of the equation (6.3) if and only if
Re(A\r) <0, Vke{l,...,n}.
It is an asymptotically stable equilibrium if and only if

Re(\i) <0, Vke{l,...,n}.

Proof. Let us first assume that
Re(A\g) <0, Vke{l,...,n}

and show that 0 is a stable equilibrium.
For all t > 0,

|et>\k| _ etRe(Ak)leitIm(Ak)| _ etRe(Ak) <1, Yk € {17 o ’n}.

From Equation (6.4), we then have, for any ug and all ¢ > 0,

gt
[16e(uo)ll2 < [IIGTH]]
gnen )
< NGV g2+ + |gnl?
= [[|G7H[|[|Guoll5
< MGG H ol (6.5)

This proves that 0 is stable. Indeed, consider an arbitrary neighborhood
Vo C R of 0. Let R > 0 be such that B(0, R) C Vp. Define

R
sz(o, )
: GG

From Equation (6.5), for any uy € Vi, ¢¢(ug) € B(0,R) C V; for all t > 0,
which establishes stability.
Let us now assume that

Re(\y) <0, VEke{l,...,n}
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and show that 0 is an asymptotically stable equilibrium. We have already
shown that it is stable; let us show that there exists a neighborhood of 0
where all trajectories of the flow converge to 0. The reasoning is as before:
for each k, since Re(\x) < 0,

; t—+
|et)\k‘ — etRe()\k)|€zt1m()\k)| — etRe()\k) 0 07

thus e "Z55° 0. Consequently, for any o,

gre Z5%°0, Vke {1,...,n}.

Equation (6.4) therefore shows that ¢;(ug) ‘——° 0 for any initial point uq.
The equilibrium is asymptotically stable.
Now let’s assume that there exists k € {1,...,n} such that

Re(/\k) >0

and let us show that 0 is an unstable equilibrium. For this, we will prove
that every neighborhood of 0 contains a point ug such that ||¢:(ug)|| — +o0
as t — 400. Let thus V' be any neighborhood of 0.

We fix k € {1,...,n} such that Re(\r) > 0. Let ug € R"™ be such
that g # 0. Such a vector uy exists: if not all coordinates of the k-th row
of G™' (denoted (G™');.) are pure imaginary numbers, we can take uy =
Re ((G™Y)i.) (because then Re((Gug)) = |[Re (G Y)i.)||” # 0, hence
gr 7 0). If, on the contrary, all coordinates are pure imaginary numbers, we
can set ug = Im ((G™1);..) (because then Im((Gug)x) = ||Im (G Y| #
0, hence g # 0).

If we multiply uy by a sufficiently small constant, we can assume that
ug € V. According to Equation (6.4), ||G™'¢:(ug)||l2 — +o00 as t — +oo0.
Indeed, the k-th coordinate of this vector is gye'*, and

tRe(\p) t=+00

t’\’“} = — +00.

|gre |gk|e

Now, for any 1, [lgu(uo)ll> > Ll o 16, (ug)lo = +oo a5 t — +oo,
which concludes the proof of instabi{ity.

Similarly, let’s assume that there exists k € {1,...,n} such that
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and let’s show that 0 is not asymptotically stable. Let’s consider again an
arbitrary neighborhood V' of 0 and a point uy € V' such that g, # 0. Then

‘gke”‘k| = |g|eBeO) 40 ast — +oo,

thus ||¢:(uo)||2 7 0 as t — 400, so there exists at least one point in V' whose

trajectory by the flow of Equation (6.3) does not go towards 0.
O

Rewrite the previous proof, and simplify it as much as possible, in the
case where A is a real diagonal matrix.

6.2.2 Non-diagonalizable case

By lack of time, the content of this subsection will not be covered in class. It
is provided for curious readers only.

In this subsection, we extend the previous results to the case where A is
not diagonalizable over C. A classical result from linear algebra asserts that
A is triangularizable and, more precisely, that A can be written in the form

B, 0 ... 0
0 B
A=aq| . 7 e
0 ... 0 Bg
where, for every k € {1,..., K}, By is a square matrix, of the form
A x ... K
Bk _ 0 )\k . : :

T T %
0 ... 0 X

for some A\, € C. We denote n;, x n; the dimension of By, and N, € C"s*"
the strictly upper triangular part of By, so that By = A\;Id,, + Ni.
For any vector uy € R", we write

(751
G_luo = )

9K



6.2. LINEAR EQUATIONS 151

where, this time, g1, ..., gk are vectors of lengths ny, ns, ..., ng. Analogously
to Equation (6.4), Proposition 5.15 implies that, for any ¢ > 0,

exp(tB1) g

¢i(ug) = exp(tA)ug = G (6.6)

exp(tBk) gk

We need to compute exp(tBy), ..., exp(tBk). For any k, By, = \gId,,, +Nj
and, as A\;Id,, and Nj commute,

exp(tBy) = exp(tA;Id,, ) exp(tNy) = " exp(tNy,).

Since Ny is nilpotent, t — exp(tNy) is a polynomial map, which is constant
(equal to Id,, ) if N} is zero and non-constant otherwise.
We can now state and prove the following stability result.

Theorem 6.8

The point 0 is a stable equilibrium of Equation (6.3) if and only if, for
every k,

(Re(Ax) <0) or (Re(Mg) =0and Ny =0).
It is an asymptotically stable equilibrium if and only if, for every k,

Re()\k) < 0.

Proof. Assume that, for every k=1,... K,
(Re(Ag) <0) or (Re(Ax)=0and Ny =0).

Let’s show that 0 is a stable equilibrium. As in the proof of Theorem 6.7,
it suffices to show the existence of a constant C' > 0 such that, for every
up € R™ and every t > 0,

|11 (uo)ll2 < Cluoll (6.7)
For every k and every t, since exp(tBy) = e exp(tNy),

Ilexp(Blll = [e™] [l exp(tN)[]] = ™[ exp(EN)|II-
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For every k, if Re(\x) < 0,

e[ exp(tNy)||| = 0.

Indeed, the exponential term e®¢+) goes to 0 while || exp(tNy)|| is bounded

by a polynomial in ¢ (and recall that the product of a polynomial and an
exponential goes to 0 at +o0o if the exponential goes to 0). Since t —
eRew)||| exp(tNy)||| is continuous, its convergence to 0 at +oo implies that
it is bounded over R*. Let M) be an upper bound.

For every k, if Re(\z) = 0 and Ny = 0, then for every ¢,

Il exp(tBy)ll| = le™| = 1.

In this case, we set M = 1.
Finally, we define M = max(M,..., Mg). From Equation (6.6), for
every uy € R™ and every ¢ > 0,

éx(w)llz < MUIGHIY Nlgal B+ -~ + llgel?
= MY|IGI| G uoll:
< MGG ol

This proves Equation (6.7), and thus establishes stability.
The reasoning is similar, but simpler, to show asymptotic stability. As-
sume that, for every k € 1,... K,

Re(\y) < 0.

We have just shown that in this case, the equilibrium is stable. We have also

seen that, for every k,
t—+00

I exp(tBy)|| — 0.
Thus, for every ug € R", according to Equation (6.6),

[[6e(uo)|2 =5 0.

This shows asymptotic stability.
Now, suppose that it is not true that, for every k € 1,..., K,

(Re(Ag) <0) or (Re(Ay) =0 and Ny =0)
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and let’s show that 0 is unstable. This assumption implies that, for some k,
(Re(Ag) >0) or (Re(A\x)=0and Ny #0).

Let’s fix such a k. Let V' C R” be any neighborhood of 0.

Let’s start by assuming that Re(\y) > 0. Let ug € R"™ be such that
gr # 0. If we multiply it with a small enough scalar number, we can assume
that ug € V. For every sufficiently large ¢,

|| exp(tNk)grllz > [|gk||2-

Indeed, t — exp(tNg)gx is a polynomial function. Either it is non-constant,
and then || exp(tNy)gk||2 — +00 as t — +oo, or it is constant, and then for

every t, || exp(tNy)grllo = || exp(ONk)grll2 = [[gr]l2-
Thus,

t—-+00

| exp(tBr)gillz = ™| exp(tNy ) gil[s = +o0.
According to Equation (6.6), ||¢(uo)||2 225" +00, 50 (¢(ug))icr+ does not
remain in any neighborhood of 0: the equilibrium is unstable.

Now, let us assume that Re(A;) = 0 and N # 0. Let uy € V' be such
that Npgr # 0 (such ug exists, by a similar argument as in the proof of
Theorem 6.7). Then ¢t — exp(tNy)gy is a non-constant polynomial function
(its derivative at 0 is Nigr # 0), so

t——+o0

|| exp(tNk)gr|ls — +o0.

t—4o00

Consequently, ||exp(tBk)gk|le = || exp(tNk)gkllz — o0, which leads to

e (uo)| |2 =23° 400 and completes the proof of instability.

Finally, we assume that there exists k € {1,..., K} such that Re()\;) > 0.
Let us show that the equilibrium is not asymptotically stable. If Re()\;) > 0
or Re(A;) = 0 and Ny # 0, then the equilibrium is not stable, as we have
just shown. The only remaining case we must consider is Re(\;) = 0 and
N = 0. Let V C R” be any neighborhood of 0.

Let ug € V be such that g # 0. Then, for every ¢ > 0,

tA

|| exp(tBr)grll2 = [le”* grll2 = [lgr]lo-

Thus, according to Equation (6.6), ||¢¢(uo)||2 # 0 as t — 4+o00. The equilib-
rium is not asymptotically stable. O]
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In the case where the equilibrium is not stable, we can refine the previous
reasoning to determine which trajectories of the flow tend toward 0. The
resulting statement (which we will not prove) is most simply formulated
when A is hyperbolic, as defined below.

Definition 6.9 : Hyperbolicity

We say that A is hyperbolic if all its complex eigenvalues have non-zero

real parts:
Re(Ax) #0, forallke{l,...,K}.

Theorem 6.10: Stable and unstable spaces

Let A be a hyperbolic matrix. Let us define

E*® = {ug € R" such that gy = 0 for all k such that Re(\;) > 0};
E" = {up € R" such that g, = 0 for all k£ such that Re()\) < 0}.

(These sets are called the stable and unstable subspaces of A.)
Then

E® = {up € R™ such that ¢,(ug) =5 0},
E* = {ug € R such that ¢,(ug) "—=° 0}.

Moreover, these spaces are complementary: R" = F° ¢ E™.

6.2.3 Graphical representation in dimension 2
In this subsection, we draw trajectories for several hyperbolic 2 x 2 matrices

A. We distinguish three cases as follows:

1. If A is diagonalizable with real eigenvalues, we can, after a change
of basis (which may not necessarily be orthogonal and can therefore
slightly distort the figure, without altering its main properties), assume

that
(M0
=% 5)
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where A\; < Ay are the eigenvalues. The eigenvalues are non 0 because
A is hyperbolic. The flow of a point ug = (2o, yo) is given by

d(ug) = (woeM yoet), Wt € R.

To draw the phase portrait, note that the orbit of wug is included in the
graph of the map

Yo

A2/A
|| A2/ M 2> €R.

zeR—

(Observe that Ay/A; can be positive or negative, depending on whether
A1 and As have the same sign; this significantly affects the shape of the

graph.)
(a) 0 < A1 < Ay : see Figure 6.3a. All trajectories diverge (except the
one that remains at 0).

(b) A1 <0 < Ay : see Figure 6.3b. The stable space E® is the x-axis
and the unstable space E" is the y-axis.

(¢) A1 < Ay < 0: see Figure 6.3c. This is an asymptotically stable
case: all trajectories converge to 0.

2. If A is diagonalizable with non-real eigenvalues, let A € C be one of
the eigenvalues. The other one is \. We can show that, after a suitable

change of basis,
e Re(A\) Im())
~ \—Im(\) Re(N) /"
We can check that, for any t,

exp(tA) = e ( cos(ttm(\)) Sin(ﬂm(A))> |

—sin(tIm(A)) cos(tIm(N))

which is the composition of a rotation with angle tIm(\) and a homo-
thety with ratio exp(tRe())).

(a) Re(A) > 0 : see figure 6.3d. All trajectories diverge (except the
one that remains at 0).

(b) Re(A) < 0 : see figure 6.3e. This is an asymptotically stable case:
all trajectories converge to 0.
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3. If A is not diagonalizable. In this case, A has only one eigenvalue (for
any n, a matrix of size n x n with n distinct eigenvalues is diagonaliz-
able). This eigenvalue is thus real (non-real eigenvalues can only appear
in a pair, with their conjugate). Therefore, A is triangularizable over
R. In fact, after a suitable change of basis, we can assume that

Al
=0)

where A is the eigenvalue. Then, for any t,

01 eM teM
exp(tA) = exp(tAldy) exp (t (0 0)> = ( 0 e’\t> .

The flow of a point uy = (xg, yo) is
de(uo) = ((zo + tyo)e™, yoe™), VteR.

(a) A > 0 : see Figure 6.3f. All trajectories diverge (except the one
that remains at 0).

(b) A < 0: see Figure 6.3g. This is an asymptotically stable case: all
trajectories converge to 0.

6.3 Non-linear equations

In this section, we return to Equation (Autonomous) in full generality, with-
out assuming that f is linear. We state and partially prove a theorem that
generalizes some of the results we have seen in the linear case.

Theorem 6.11

Assume that the map f in Equation (Autonomous) is C*. Let ug € U
be an equilibrium.

If all eigenvalues (over C) of the Jacobian matrix J f(ug) have a strictly
negative real part, then uy is asymptotically stable.

If one eigenvalue of the Jacobian matrix Jf(ug) has a strictly positive
real part, then ug is unstable.
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(a) )\121,/\222

d) A=1+i (6) A=—1+3i () A=1
(8) A=-1

Figure 6.3: Flow of Equation (6.3) for various hyperbolic matrices.
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Partial Proof. We will only prove that, if all eigenvalues have a strictly neg-
ative real part, ug is asymptotically stable.

Without loss of generality, we can assume uy = 0. We assume that all
eigenvalues of Jf(0) have a strictly negative real part.

The principle of the proof is to exhibit what is called a Lyapunov function
of the system, i.e., a map from U to R that decreases along the trajectories
of Equation (Autonomous). This decrease ensures that the sublevel sets of
the Lyapunov function are stable under the flow of the differential equation.
If these sublevel sets form a “basis” of neighborhoods of 0 (which will be the
case), then the equilibrium is stable. By studying more precisely the decay
rate of the Lyapunov function, we can even show asymptotic stability.

Our Lyapunov function will be quadratic, and it will be defined in terms
of Jf(0). Since Jf(0) is triangularizable over C, we can fix G € GL(n,C)
such that

Jf(0)=G(D+ N)G™,

with D a diagonal matrix (whose diagonal entries are the eigenvalues of
Jf(0)) and N an upper triangular matrix.

Let us set p = maxg—;

First, we show that we can assume ||| V|| < L. Let us define, for ¢ small

2
enough (we will specify later how small e should be),

77777

Then
Jf(0)=GH(H'DH + H'NH)H 'G'=GH(D + H 'NH)(GH)™*
and, for all i,j € {1,...,n},
H..
(H'NH);; = 2=Nij,

so that (H'NH);; =0if ¢ > j (ie., H"'NH is strictly upper triangular)
and, if i > j,
[(HT'NH);j| < €|Ny.

3that is, if any neighborhood of 0 contains a sublevel set
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Thus, for € close enough to 0, H 'NH can be arbitrarily close to 0. As a
consequence, if we replace G with GH and N with H~'NH, we can assume

that "
i
NN < =
We will use as Lyapunov function the map (v € U — ||G1u||3). Along
a trajectory (¢:(up)), following a computation which will be detailed later,
its derivative at a point ¢ is 2Re (G~ ¢ (ug), G f(é¢(up))). To show that
the map is really a Lyapunov function, we must therefore be able to upper

bound Re (G~ 1u, G71f(u)), for u € U, with a negative quantity. For any u,
Re ((G'u, G7' f(u)))
= Re (G, G (£(0) + JF0)(w) + oflful})))
= Re ((G"'u, G'G(D + N)G ")) + o (|[ul[?)
= Re ((G™'u, (D + N)G™'u)) + o (||u]|?)

K

= Re(Dp)|[(G ') + Re ((G'u, NG~ u)) + o (|Jul|*)
k=1

< pl|G a3+ [[INIHIGT ul |3 + o (J]ul?)

Iy e
< SIGulls + o ([[ull)

= (4§ +om) ll6™ ull3:

Hence, there exists 7 > 0 such that, for all u € B(0,n),
Re ((G~'u, G f(u))) < %||G’1u||§. (6.8)

(Recall that p is negative, so both terms in the inequality are negative.)

We can now prove asymptotic stability. Let’s start with stability. Let
V' C U be any neighborhood of 0. We show that there exists W C U a
neighborhood of 0 such that, for any u; € W, ¢;(u;) is well-defined and
belongs to V for all t € R™.

Let W = {u € R" such that ||G'u||y < ¢}, with ¢ > 0 a number small
enough so that W C V N B(0,n) (the set W is called a sublevel set of
(ue U — [|G7tu||3)). Tt is an open neighborhood of 0. Let u; € W be
arbitrary. Then, for all ¢ > 0,

%Ha—lgbt(ul)ug — 2Re (<G‘1¢t(ul),% (G on(w)] >>



160 CHAPTER 6. EQUILIBRIA OF AUTONOMOUS EQUATIONS

= 2Re ((G™' (1), G f (du(w1)))) -

According to Equation (6.8), for all ¢ > 0 such that G~1¢;(u;) € W,
d 2 - My~ 2
L6t un)3 < B (w13 < 0 (6.9

(that is, (u € U — ||G'ul|3) is a Lyapunov function on W).

Let tp € RT U {+o0} be the largest real number (possibly infinite) such
that, for all t € [0; [, ¢¢(u1) is well-defined and belongs to W. Since W is
bounded, ¢;(u;) does not leave any compact set in the vicinity of ¢y. There-
fore, if ty < 400, ¢y, (u1) is well-defined (by the théoréme des bouts). As we
have just seen, our map (t — ||G ¢ (u1)||3) is decreasing on ]0; to[. It is also
continuous, so, if ¢y < +00, we must have

1G™ bt (ur)ll2 < |G bo(ua) |2 < C.

Thus, G~ ¢y, (u1) € W. Since W is open and the maximal solutions of
(Autonomous) are defined on open sets, there exists t; > to such that, for
all t € [0;¢1], ¢(u1) is well-defined and belongs to W. This contradicts the
definition of ty. Therefore, it is impossible ;3 < +o00. Hence ty = 400 and,
for all t € RT, ¢;(uq) is well-defined and belongs to W (as well as to V, since
W C V). This completes the proof of stability.

Asymptotic stability follows the same arguments. Let us define W as
before (for an arbitrary neighborhood V' C U of 0) and consider again any
arbitrary u; € W. According to what we have just seen, the inequality (6.9)
is true for all t > 0. Therefore, for all ¢ > 0,

d

_ 1
i (G de(u)ll2) < 5

which implies that, for all ¢ > 0,
G delun)[[3 < NG o)l [5e2"
Thus ||G~¢,(u1)||> "25° 0 and, as a consequence, ||¢;(u1)]|s '=25° 0. This

concludes the proof of asymptotic stability.
O
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We consider the following autonomous equation:

;o —sty—a(@®+y?)
X - 1+a:2+y2 )
;o —e— i —y(z*+y?)

y - 1+z2+y2

1. Show that (0,0) is the only equilibrium of this system.

[Hint: show that any equilibrium (¢, yo) is colinear to (yo, —xo).|
2. Show that maximal solutions are global.

[Hint: remember Example 4.9.|
3. Show that (0,0) is an asymptotically stable equilibrium.

4. a) Show that (z,y) is a solution if and only if (—y, z) is a solution.
b) Which graphical property of the phase portrait can you deduce
from the previous question?

CF

Let (z,y) be a maximal solution. For any ¢ € R, we define
N(t) = z(t)* + y(t)%

a) Show that, for all t € R, N'(t) < —N(t).
b) Show that, for all ¢,

N(#) < N(0)e"ift >0
N(0)e
In particular, N(t) "258° 0 and, if N(0) # 0, N(t) 2% 1 .
6. For any maximal solution (z,y), we define

(AVARVAN

! otherwise.

S(x,y) : R — R?
¢ etz (t)
= e
a) Show that there exists a constant C' such that, for any maximal
solution (z,y) and any t € R,

||82x,y) (t)||2 < Ce'.
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. For any maximal solution (z,y), we define

b) Let us now consider a fixed non-constant maximal solution
(,y). Show that, if ||(x(0),y(0))||s > C, then S(,,) con-
verges to a non-zero limit at —oo and, if we denote this limit

L = (L,,L,), it holds
[|S@a () — L||]2 < Ce*, VieR™.

c¢) Show that the result is also true if ||(x(0),y(0))|]2 < C.
[Hint: consider any (z,y) such that ||(x(0),y(0))|]2 < C. Show
that there exists to < 0 such that ||(z(¢y), y(t0))||2 > C. Denote
Ty, = (. 4t0), Yo = y(.+1o). Compute S, in terms of Sy o)
and apply the previous question to S(ztmyto)']
d) Show that, when t — —oo0,
z(t) = Le™" + O(1);
y(t) = Lye "+ O(1).
e) Show that there exists M > 0 and 7" < 0 such that, for all
t<T,
1S(zg @)z < Me™.

f) Show that S, (t) = L + O(e*) when ¢ — —oo, and deduce
that, when ¢t — —o0,
x(t) = Lee™" + O(e");
y(t) = Lye™" + O(eh).

g) Show that the orbit O, ) has the line RL as an asymptote.

Vey @ R — R?
t — €§Rt (w(t)) 5

y(t)

sin(t) cos(t)
a) Show that there exists a constant C' > 0 such that, for any
maximal solution (z,y) and any ¢ > 0,

[Vizyy @]z < ClI(2(0), y(0) 3¢
[Hint: recall that, from Question 5., it holds for all ¢ > 0 that

1), yO)ll2 < e72]2(0), y(0)] 2]

e Rt _ (cos(t) fsin(t)>
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b) For any (z,y), show that, if ||(z(0),y(0))||2 < C~'2, then V{,
converges to a non-zero limit at +oo and, if we denote \ =

(Azs Ay) this limit,
Viey)®) =2+ O0(e™") when t — +oo.

c) Show that the result is also true if ||(z(0), y(0))||s > C~1/2.
d) Show that, when t — +o0,

z(t) = e 2 (Az cos(t) + Ay sin(t)) + O (e_%> ;

(—Agsin(t) + A, cos(t)) + O <e’%> :

N
—
~
N~—
I
eV
N+

8. Draw a plausible phase portrait.

6.4 Example: the pendulum

In this final section, we study the phase portrait, the equilibria, and the
stability of a particular differential equation, which models a pendulum.

6.4.1 Justification of the equation

Consider a pendulum, that is, a small mass, at the end of a rigid rod. The
rod is attached to an axis around which it can rotate to the left or right (not
forward or backward: the rod remains in a plane). For any ¢ € R, let 0(t)
denote the angle (positive or negative) between the rigid rod and the vertical
at time ¢. This system is depicted in Figure 6.4.

Imagine that the pendulum is subject to two forces only: the tension
of the rod (which ensures that the pendulum remains attached to the rod)
and gravity. This is very simplistic: in reality, there would necessarily be
frictional forces as well. Let m be the mass of the pendulum and R the
length of the rod. If we take the point of contact between the axis and the
rod as the origin, the coordinates of the pendulum in the plane where it
moves are, at any instant ¢t € R,

(Rsin(6(t)), —Rcos(6(t))).
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Figure 6.4: Schematic representation of the pendulum.

The velocity is the derivative of the position,

o(t) Y (RO(t) cos(B(t)), RO'(£) sin(0(t))), for all t € R,

and the acceleration is the derivative of the velocity,

a(t) el (—R('())*sin(0(t)) + RO"(t) cos(A(t)),
R(0'(t))* cos(6(t)) + RO"(t)sin(6(t))), for all t € R.
The force due to gravity is represented by the vector

(07 —mg),

where ¢ is the universal gravitational constant. The tension force does not
have a direct explicit formula, but we know that its direction is the direction
of the rod: for any ¢, there exists k(t) € R such that this force is represented

by the vector
(—k(t) sin(0(2)), k(1) cos(0(1))).
The second law of Newton allows us to write, for any ¢,
(0, —=mg) + (—k(t) sin(0(t)), k(t) cos(0(t))) = ma(t).
Thus,

—k(t) sin(0(t))
—mg ~+ k(t) cos(6(t))

—R(0'(t))*sin(6(t)) + RO"(t) cos(6(t));
R(0'(t))? cos(0(t)) + RO (t) sin(6(t)).
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We multiply the first line by cos(6(t)), the second line by sin(#(t)), and then
sum:

—mgsin(6(t)) = RO"(t).

To simplify notation, we assume mg = R, which leads to the following equa-
tion:

0" (t) = —sin(0(1)).

This is a second-order equation. To arrive at an equation of the form
(Autonomous), we follow the remark before the Cauchy-Lipschitz theorem
(Theorem 4.1): we introduce the map u : t € R — (6(¢),0'(t)) € R% Tt
satisfies the equation

u'(t) = f(u(t)), (Pendulum)

with f: (ug,us) € R? — (ug, —sin(uy)).
It can already be noticed that the maximal solutions of (Pendulum) are
defined on R, by virtue of the property stated in Example 4.9.*

6.4.2 Equilibria

The zeros of f (and thus the equilibria of the system (Pendulum)) are the
points in R? of the form

(km,0)

for all integers £k € Z. When k is even, this corresponds to the “bottom”
position of the pendulum; when k is odd, on the contrary, it corresponds to
the “top” position.

Physical intuition tells us that the bottom position (k even) is stable (if
the pendulum is at the bottom and is slightly moved, it will oscillate around
the equilibrium position, and not move away from it), while the top position
(k odd) is unstable (if the rod is vertical, with the pendulum above the axis, a
small disturbance will rather cause the pendulum to fall down than to return
to this equilibrium position).

4Indeed, for any (uq,us), since |sin(uy)| < |uz|, we have ||f(u1,u2)||2 < ||(u1,u2)]]2-
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To prove this, we can try to apply Theorem 6.11. For any k € Z, the
Jacobian matrix of f at (km,0) is

Tf (k. 0) = ((_Bkﬂ (1)) .

We verify that the eigenvalues of this matrix are ¢ and — if k is even, 1 and
—1if k is odd. Since Re(1) > 0, the equilibrium (k7,0) must be unstable for
all odd .

However, if k is even, we cannot deduce anything from Theorem 6.11: the
real part of ¢ and —i is zero.

6.4.3 First integral and phase portrait

The trajectories of Equation (Pendulum) do not have an explicit expression.
However, they can be studied relatively accurately, and also the stability of
the equilibria (km,0) for even k, thanks to a very useful tool: a first integral.
This is a map which stays constant along the trajectories of the system, so
that the orbits are subsets of its level curves.

In our case, the most natural first integral is

2
F: (up,up) € R? = —cos(uy) + %

This is indeed a first integral because, if u is a solution of equation (Pendulum),
then, for any ¢,

(Frou)'(t) = uy () sin(ua (1)) + u5(t)ua(t)
= ug(t) sin(u (t)) — sin(uq (t))us(t)
=0,

meaning that F' o u is constant.
What do the level curves of F' look like? They are depicted in Figure 6.5.

o If Fy < —1, {u, F(u) = Fy} = 0, since F(uy,uy) = —cos(uy) + %3 >
—cos(uy) > —1 for all (uy,uz) € R%

o If Fy = —1, {u,F(u) = Fo} = {(2km,0),k € Z} ; the level set is
discrete.
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o If -1 < Fy <1, {u,F(u) = Fy} is a union of closed curves, identical
to each other up to translation by a multiple of (27, 0).

o If Fy =1, {u, F(u) = Fy} can be written as the union of two (regular)
curves that intersect at points (km,0) for odd k.

o If Fy > 1, {u, F(u) = Fy} = {(u1,u2), ug = £+/2(Fy + cos(ug))}. This
set has two connected components, both unbounded; one is included in
the upper half-plane and the other one in the lower half-plane.

Knowing that the trajectories of Equation (Pendulum) are included in
the level curves of I’ allows us to prove the following theorem.

Theorem 6.12

The constant maximal solutions of Equation (Pendulum) are the maps
(t € R — (km,0)) for all k € Z.

Let v = (uy,us) : R — R? be a non-constant maximal solution.

We set Fy = F(u(0)).

o If Fy < 1, u is periodic. Moreover, there exists k € Z an in-
teger such that u; alternately increases from 2km — arcos(—Fp)
to 2km + arcos(—Fp) and decreases from 2k7m + arcos(—Fp) to
2km — arcos(—Fp).

o [f Fy > 1, wis not periodic and u; diverges. However, there exists
T > 0 such that

w(t+T)=u(t)+ (2r,0), forallteR

or
u(t+T)=u(t) — (2m,0), forallteR.

o If Iy =1, there exists k € Z an integer such that

u(t) == ((2k — 1), 0) and u(t) =5° ((2k + 1), 0)
or u(t) 2=5° ((2k + 1), 0) and u(t) =5° ((2k — 1), 0).

Before partly proving this theorem, let us discuss the physical mean-
ing of the trajectories. The case Fy < 1 corresponds to periodic oscilla-
tion movements around the “bottom” equilibrium position, between angles
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Figure 6.5: Level lines of F'; black dots represent equilibria (kw,0), k € Z.

—arcos(—Fp) and arcos(—Fp). The case Fy > 1 corresponds to rotational
movements around the axis: starting (for example) from the bottom with a
sufficiently high speed, the pendulum reaches the “top” equilibrium position,
falls on the other side, and repeats.

The case Fy = 1 is quite special. These trajectories are “limits” between
the previous two regimes: if the pendulum is launched with exactly the right
impulse, it can theoretically go towards the “top” equilibrium position, with
a speed that goes to 0 in such a way that the pendulum does not reach this
top position in finite time but simply converges to it. These trajectories are
never observed in reality.

Partial proof of the theorem. The assertion about constant solutions is due
to the fact that the points (km,0) for k € Z are the only zeros of f.

For the rest, we will only prove the first point. The other ones follow
from somewhat similar arguments.

Let us assume that Fy < 1. In fact, Fy €] — 1;1[: F does not take values
below —1, and we cannot have F, = —1, otherwise u would be constant
(points reaching value —1 are equilibria).

Let u = (uy,uy). The function uy is not constant (otherwise, sin(u;) =
—uf must be identically zero, so u; is also constant, meaning u is constant).
Thus, there exists o € R such that uy(ty) # 0. Let’s fix such a point. Let us
for instance assume that uy(to) > 0 (the same reasoning applies if us(ty) < 0).

First, we notice that u is bounded. Indeed, for any t,

us(t)?

—cos(uy(t)) + 5 = F(u(t)) = Fy,

50 ug(t)? < 2(Fy + cos(uy)(t)) < 2(Fy + 1). Moreover, u;(t) does not take
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any value of the form km with k € Z odd (since, for any ¢, cos(uy(t)) =
—Fy + %UQ > —Fy > —1). By the intermediate value theorem, wu; thus
remains in an interval of the form |k7; (k 4+ 2)7| for some odd k € Z.

Let’s first show that it is impossible that us(t) > 0 for all ¢ > t,. By
contradiction, let’s assume that us(t) > 0 for all ¢t > ty. Since w}(t) = ua(t)
for all ¢, the function w; is increasing on [tg; +oo[. We have seen that it is
bounded. Therefore, it has a limit 6, ., as ¢t tends to 4o0.

If sin(f,0) > 0, then uh(t) = —sin(ui(t)) < —3sin(f44) for all ¢ large
enough. Consequently, us — —o0 as t — 400, which contradicts the fact
that u is bounded. Similarly, if sin(6;.,) < 0, we arrive at a contradiction.

Therefore, we must have sin(f,.,) = 0, i.e., 0, = kn for some k € Z.

It is impossible for k to be odd (otherwise, cos(u (t)) ‘—5° —1, but we have

already seen that cos(uq(t)) > —Fy > —1 for all t). Thus, k is even, and
cos(ug(t)) 255° 1.

For all t > tg, us(t) = \/2(Fp + cos(uy(t))); consequently,

us(t) =5 \/2(Fy + 1).

In particular, us(t) > +/Fy+ 1 for all ¢ large enough, which implies that
W (t) = us(t) > VFo+1, so up 3 +00, which is again a contradiction
(recall that we have said that u; is bounded).

We have thus shown that it is impossible that uy(t) > 0 for all £ > t,.
Similarly, it is impossible that uq(t) > 0 for all ¢t < t.

Let t, be the largest real number below t, such that us(ty) = 0 and ¢;
be the smallest real number above #y such that us(t) = 0. We must have

—cos(uy(ty)) = —cos(ui(tg)) = Fp.

This means that wu;(t;) and u(tg) are of the form 2km — arcos(—Fp) or
2km + arcos(—Fp), for some k € Z (which may not necessarily be the same
for ty and tJ).

For all ¢, cos(uy(t)) = %02 — Fy > —F,. As uy is strictly increasing to
the right of ¢, (since u} = ug), we cannot have u;(t, ) = 2km +arcos(—Fyp) for
some k € Z (otherwise, as cos is strictly decreasing in the neighborhood of
2km + arcos(—Fp), we would have cos(uy(t)) < —Fy for all ¢ slightly greater

than ¢, ). Therefore, there exists k_ such that

uy(ty ) = 2k_m — arcos(—Fyp).
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A similar reasoning shows that there exists k, such that
up(tg) = 2k, m + arcos(—Fy).

We must have k_ < k, because u; (ty) < uy(tg). We cannot have k_ < k.
otherwise, by the intermediate value theorem, there would exist ¢ such that
uy(t) = (2k; — 1)m, and then cos(uy(t)) = —1 < —Fy. Thus, k- = k.. Let’s
denote this common value as k.

To conclude, we will show that, for all ¢t € R,

u(t+td —tg) = dkm — uy(t); (6.10)

For now, let’s assume that these relations hold true and deduce the result.
For all ¢, we have

ur(t+2(t5 —ty)) = dkm —uy (t +t§ —ty) = ui(t);
us(t + 2(753_ —ty)) = —ua(t —i—tg_ —tg) = us(t).

This shows that u is 2(t; — t, )-periodic.

Additionally, we have seen that w; increases from 2km — arcos(—Fjp) to
2kt +arcos(—Fp) on [ty ;td]. The relation uy(t+t5 —ty) = 4km—uy(t) shows
that it decreases from 2k +arcos(—Fp) to 2km —arcos(—Fp) on [tg; 2tg —t,].
Then, the 2(t5 — t5 )-periodicity shows that u; again increases from 2k —
arcos(—Fp) to 2km + arcos(—Fp) on [2t — t,; 3ty — 2t5], and so on.

All that remains to prove is Equation (6.10). To do this, we define

v: R — R?
t — (dkm —uy(t), —us(t)).

This is a solution of Equation (Pendulum): for all ¢,

vi(t) = —ui(t) = —ua(t) = va(t)
v (t) = —uy(t) = sin(uy (t)) = — sin(dkm — uy (t)) = —sin(vy(1)).

The map t € R — u(t+ (t; —ty)) is also a solution (as all translations of u).
These two solutions are maximal, as they are defined on R. They coincide
at t;:

v(ty) = (4km —ui(ty ), —ua(ty))
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Figure 6.6: Phase portrait of Equation (Pendulum).

= (4km — (2km — arcos(—Fy)), 0)
= (2km + arcos(—Fp), 0)

By uniqueness of the maximal solution of a Cauchy problem under a locally
Lipschitz assumption, we must have v(t) = u(t +t§ —t, ) for all t € R, which
proves Equation (6.10).

O

The phase portrait is depicted in Figure 6.6. In this figure, we can clearly
see the instability of the critical points (km,0) for odd integers k € Z (some
trajectories move away from them even though they started extremely close).
The figure also allows us to conjecture, in line with the physical intuition
discussed earlier, that the critical points (km,0) for even integers k € Z are
stable.

Theorem 6.13

For every even integer k € Z, (km,0) is a stable equilibrium of the
system.

Proof. Let us prove this for k& = 0 (which simplifies the notation but does
not modify the argument).

Let V C R? be a neighborhood of (0,0). Choose 1 €]0; 27| such that
| —m;n[2C V. Consider the following neighborhood of 0:

W = {ueR* F(u) < —cos(n)} N — m;n[*.
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For any solution of (Pendulum) with u(0) € W, we have u(t) € W C V for
all t € R, and in particular for all ¢ > 0.

Indeed, since F' o u is constant, we have for any ¢ € R that F(u(t)) =
F(u(0)) < —cos(n). This implies that there exists no ¢ € R such that
w1 (t) = £n or us(t) = £n: if, for some ¢, ui(t) = +£n,

Flu(t)) > — cos(us(t)) = — cos(n)

and if uy(t) = £n,

t 2 2
Flu(t) > —1+ “2<2> -1+ % > — cos(n).
In both cases, this is impossible. Since w is continuous, we must have u(t) €
| —m;n[? for all t € R, which completes the proof that u(t) € W. ]



Chapter 7

Solutions of some exercises

7.1 Exercise 1
1. Leti,je{l,..., n} be fixed. From the definition of the differential,

d(df) (x)(e;) = tim LLEFte) = df (@)

lim : (€ L(R",R)).

Since the map (L € L(R",R) — L(e;) € R) is continuous,

A(dF) (@) (e)(e;) = (nm Ao + o) — df (”) (e

t—0 t j)

-y ((He =)
— lim ng”” + tei)(ei) - df(if)zfj) )

t—0 t
0 0
%fj(x +te;) — 2L ()

- Ox;

= lim
t—0 t

_ 998

2. a) Let r > 0 be such that B(z,2r) C U. For any t,u €] —r;r[, f(z +
te; + ue;) is well-defined.
For any t €] — r;r[, the map

g : |—rrl — R
s — [z +te; + se;j)

173
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is differentiable. For each s, g;(s) = 597’;(:1: + te; + se;). Therefore,

f(x +te; +uej) — f(x+te;) = gi(u) — g:(0)

_ / " gi(s)ds

= /o g—;;(x + te; + sej)ds.

The same reasoning, but replacing ¢ with 0, shows that

fx + uej) / c%c] (x + se;)d

If we substract this equality from the previous one, we obtain the
result.
b) The map % is differentiable at = (since df is differentiable). There-
J

fore, for t, s going to 0,

of
Oz,

——(x+te;+se;) =d (ﬁ

2 ) e+ se) +offl + 10

nd a4 se) = d (31 (0)ses) + o),

Lj

so that

x + se;)

L
= (35 ) @ttt se —a (L) s + ool + )

=d (gi) (z)(te;) + of|s| + |t])

(by linearity of the differential)

.0 of
=t a () + olls] + ).
Consequently,
af af 0 Jdf B
ax] (x_’_te’i—i_‘ge]) al'j(x+86]) taxzam](x) _O(|S|+|t|)

< e(ft] + |s])
for all ¢, s close enough to zero.
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c) Let » > 0 be such that the inequality from the previous question
holds for all ¢,s €] — r;7[. We combine Questions a) and b): for all
t,u €] —r;r|,

v 0 of
‘(b(t,u)— i taxiﬁ—%(x)ds
of of 0 of
< I . N 2 A =
< /[O;u] P, (x + te; + se;) D, (x + se;) taxi o, (x)| ds

(by triangular inequality)

S/ e(|t| + |s|)ds
[054]

] ful + 22
=¢ u| + ——
2

< e (|t ful + uf?)
We obtain the result by noting that

v 9 of 0 of

d) The definition of ¢ is invariant to exchanging ¢ with v and ¢ with j,
so the same reasoning as before gives the same inequality as in the
previous question, with ¢ replaced by u and 7 by j.

e) Using the triangular inequality and the previous two questions, we get
that, for all ¢, u close enough to 0,

o of o of
5; 0, ) T M 5 )

In particular, for all ¢ close enough to zero, setting © = ¢t and dividing
by [¢[?,

tu

< e(ful” + 2[t] [u] + [t%).

o of g Jdf

S ON < de.
axi 8@ (-T) al’j 8561 (5U>‘ = e
Since € > 0 is arbitrary, this shows that
0 0f 00
6@ al'j &rj (‘9@

0 0
hence 8‘22_8#2(26) = 8%]-892 (x).

-
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7.2 Exercise 2
We apply the mean value inequality to U = R™ and M = 1:

v,y e R, ||f(z) = FW)ll < llz —yll.
In particular, for y = 0:
Ve e R", |[|f(z) — f(O)[| < [x].
Using the triangular value inequality, it holds for all x € R™ that

F @) < [[F O] + [1f(x) = FO)]
< [[F O} + |l

7.3 Exercise 3

Showing that f is well-defined consists in showing that f(x,z3) indeed be-
longs to S! for all (z1,75) € S'. Let us consider any (x1,z5) € S'. It holds

2
(x%)Q + <x2\/ 1+ x%) =21 +25(1 + 27

= x%(m‘% + x%) + J;%

_ .2 2
=x] + x5
=1.

Therefore, f(z1,7) € S*.
Let us now show that f is C*°. From Definition 2.27, we must show that

f: St — R?
(11, 22) — (23, 294/1 + 22)
is C*°. From Example 2.26, we know that
T X Ty St — R?
(x1,22) — (1,22)
is C>. As f is the composition of m; X 7 with the map
g: R? — R?
(r1,22) — (23, 294/1 + 22),
which is C* (it is a composition of \/7 : RY — R, which is C*° on this
domain, and polynomial functions). From Proposition 2.29, f is C*°.
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7.4 Exercise 4
1. For any t € I, 7/(t) = (71(t),v4(t)). Since, for any t,
TyiyM = T,y My X Ty ) Mo,
it also holds
L L L
(TyyM) ™ = (T M)~ x (Do Ma) ™,
and we have the following equivalences:

v is a geodesic in M
= Vtel,y(t) e (TyyM)
— (W e, (t) e (Tvl(t)Ml)L) and (Vt € 1,7(t) € (Tw(t)Mg)L>

€1

<> 7, is a geodesic in M; and v, a geodesic in M.

2. a) We assume that ; has constant speed ¢; (i.e. ||7](t)|]2 = ¢ for all
t € I) and -, has constant speed c¢y. Then

o) = [ IOkt = ().
I
Similarly, ¢(y2) = c2f(I). In addition,
() = [ I/ Ol
= [+ s lar
_ / N
I
=1/ +3)

= \J(eal(1)? + (eal(1))?
=V l(11)? + ()%
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b) Let us assume that 7 has constant speed and ¢(v) = disty(x,y).
Then, from Theorem 3.22, «v is a geodesic in M. From Question
1., its components 7,72 are geodesics, respectively, in M; and M.
Therefore, from Proposition 3.29, they have constant speed.

¢) From Theorem 3.21 (M is closed and connected, since My, My are
closed and connected), there exists a path with minimal length con-
necting x and y. Let § be such a path. Up to reparametrization, we
can assume that it has constant speed. Then, from Question b), its
components 9; and d, have constant speed. Therefore,

diStM(l’, y) = [(5)
= \/£(61)2 + £(6,)? from Question a)
> \/diStM1 (Ih y1)2 + diStMg ($2, y2)2.

d) Let &y : I; — M, be a path of minimal length connecting x; to y;, with
constant speed, and 95 : 5 — My a path of minimal length connecting
o to Y9, also with constant speed.

First case: I} = I5.
We define § = (61, 0d2) : I1 — M. From Question a),

\/diStMl (1‘1, y1)2 + CliS‘E]w2 (332, y2)2 = \/6(51)2 + €(52)2
— ((5)
> distys (2, y).

Combined with Question c), this inequality shows the desired equality.
Second case: Iy # I5.
Let aq, by, as, by be such that I} = [ay, b1], Iy = [ag, by]. Let us define

(52 : [al,bl] — Mg
t N 5 ((bl—t)a2+(t—a1)b2>
2 bi1—aq :

It is a path from x5 to y,. Its speed is constant, because the speed
of 09 is constant. One can check that its length is the same as d5’s,
hence 05 has minimal length. Its domain is the same as d;, so we are
back in the first case.
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e) First, let v be a path with minimal length and constant speed. From
Question b), 7, and v, have constant speed. In addition, from the
previous questions,

\/dis.tM1 (x1,71)? + distay, (22, yo)?
= disty(x,y)

=)

= V()2 + U(72)?

> \/diStMl (.Tl, y1)2 + diStMg (-7727 y2>2‘

Since the left and right-handside parts of this inequality are equal, the
inequalities

€(y1) > distay, (v1,y1) and £(y2) > distas, (22, y2)

must be equalities, meaning that v; and ~» have minimal length.
Conversely, if 71, - are paths with minimal length and constant speed,
then + has constant speed, and

Vdistay, (21, y1)2 + distag, (22, ¥2)2 = V€(711)? + £(2)?
= ((7y) from Question a)
> dist s (z,y).

Since both sides of the inequality are equal, it must hold /() =
distps(z, y), hence v has minimal length.
f) Let v1,79 : [0;1] — [0; 1] be C* maps, such that
® 1,7, are increasing;
0 71(0) = 15(0) = 0 and (1) = 75(1) = 1;
e 7 is not identical to 7».

Then £(v) fo Ivi(t)|dt = fo v (t)dt = 1 = distg(0,1), so 7, has
minimal length. Similarly, v, has mlnlmal length. However,

(41, 72) / ()76t

/0 (A (8), (0 >>dtH
111 1) — (0,0)])

2
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=2

The inequality is an equality if and only if all (7(t),74(t)), for all
t € [0;1], are positively colinear. This is not possible, because it
would imply that -1 is proportional to 4. Since v; and s coincide in
0 and 1, this would actually imply that v; = 72, which is not true.
Consequently, ¢((y1,72)) > V2, so that v does not have minimal
length.

7.5 Exercise 7

We define ~
f @ Rx(IxU) — R
(s,(tw) = (1, f(t,u).

First, we consider u : J — U a solution of Problem (Cauchy) and show

that @ is a solution to ~
o = f(t,a)
N N 7.1
{ u(to) = (to, uo)- (1)
The domain of %, which is J, is naturally a subset of R. The map u takes its
values in J x U C I x U. As u is differentiable, both components of @ are
differentiable, so @ is differentiable. It holds that ¢, € J and

i(to) = (to, u(to)) = (to, uo).
And for all t € J,

a'(t) = (L,u'(1) = (L, f(t,u(d)) = f(t,a(t)).

Conversely, let us assume that @ is a solution to Problem (7.1) and check
that it is a solution to Problem (Cauchy).

Since @ takes its values in I x U, it holds for all ¢ € J that (¢, u(t)) belongs
to I x U, hence t € I. This proves that J C I. The map u is differentiable,
since it is the second component of %, which is differentiable. It holds that
to € J and, since (to, u(to)) = u(ty) = (to,uo), we must have

U(to) = Uog-
Eor all t € J, since (1,2/(t)) = @' (t) = f(t,a(t)) = (1, f(t,u(t))), we must

u'(t) = f(t,u(t)),

so that u is indeed a solution to Problem (Cauchy).
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7.6 Exercise 8

1. As fis C', it is locally Lipschitz. The Cauchy-Lipschitz theorem thus
implies that the corresponding Cauchy problem has a unique maximal
solution.

2. a) The zero map is a solution of the Cauchy problem. It is maximal, as
it is defined on R. Since the maximal solution is unique, the zero map
is this solution.

b) Since u is a solution to the original problem, it holds u/(t) = f(u(t))
for all t € J. In addition, the new initial condition reads u(t;) = u(t;),
so it is obviously satisfied by u.

c) Let us assume that u(t;) = 0 for some t; € J. From Question 2.b), u
is a solution to the Cauchy problem

{ u'(t) = f(u(t)),
0.

From Question 2.a), the maximal solution of this problem is the zero
map. From Proposition 4.4, u coincides with the maximal solution on
its domain, meaning that u(t) = 0 for all ¢ € J. In particular, ug = 0
so we are in the configuration of Question 2.a), which implies that
J=Rand u=0.

3.a) As f(t) > t* > 0 for all t € R, / is nonnegative, hence u is nonde-
creasing. Therefore, for any ¢ €] — oo;to] N J,

u(t) < u(to) = up.

In addition, u is not the zero map (otherwise we would have uy =
u(typ) = 0). From Question 2., this means that u(t) # 0 for all ¢ €
J. As w is continuous, it must therefore have constant sign. Since
u(tp) > 0, it must hold u(t) > 0 for all t € J. Summing up, it holds
for any t €] — oco;to] N J that

u(t) €]0; ug).
b) The previous question implies that, in the neighborhood of inf J, u

stays within the compact set [0;ug]. From the théoréme des bouts,
this implies that inf J = —o0.
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c) We have seen that u is nondecreasing and lower bounded by 0 on the
interval | — 0o;tg]. Consequently, it converges to some nonnegative
limit, which we denote u_,, in —o0.

By contradiction, we assume that u_., > 0. Then, when ¢t — —o0, as
f is continuous,

u'(t) = fut)) = f(u—c)-
Since f(u_o0) > u?_ > 0, the definition of the limit says that there
exists M € J such that

f(u—w>'

Vt €] — oo; M|, u'(t) > 5

Let us fix such a number M. For all ¢ €] — oco; M],

u(M) — u(t) = / u'(s)ds

¢
M

> —f(u Oo)ds

. 2

fu—o)
5

— (M —1)

Equivalently,

fu_o)
5

As u(M) + (t — M)@ — —oo when t — —oo, it must also hold
that u(t) — —oo when t — —oo, which contradicts the fact that u is
nonnegative.

Therefore, u_,, = 0.

4. a) We have seen in Question 3.a) that u(t) > 0 for all ¢t € J. Therefore,
—% is well-defined and negative over J.
b) By the theorem of composition of differentiable maps, —% is differen-
tiable over J and, for any t € J,

u(t) <u(M)+ (t— M)
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As a consequence, for any t € [to; +oo[NJ,

gt =t * 1, (5) o

1 t
> — + / lds
U(to) to

= ul) + (t —to).

¢) By contradiction, if sup J = +o0o, then, from the previous question,
—ﬁ — 400 when t — +o00. This contradicts the fact that —% is
negative over J.

d) We have already seen that u is nondecreasing. Therefore, either it goes
to 400 in sup J, or it stays bounded. It cannot stays bounded, other-
wise this would contradict the théoréme des bouts. Consequently, it

goes to +o00.

7.7 Exercise 9

Let us define

—u?

2u

Let us find all maximal solutions of the equation u’ = f(u). Then, we will
see which one is equal to ug at 0 (observe that f is C!, hence the Cauchy-
Lipschitz theorem says that there exists a unique maximal solution).

. e
frueRl —

The map % is <u eR; — 2ue“2>. One of its primitives is

¢ : RL — R
r = v,

It is a bijection between R* and ]1;+o0[, with reciprocal

o1 ¢ 1400 — R%
t —  +/log(t).

From the class, the maximal solutions are therefore the maps

t €]1 + D; +oo[— +/log(t — D),
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for all values of D € R. For any D, the value of this map at 0 is \/log(—D)
(provided that D < —1, otherwise it is not defined). Therefore, the map is
ug at 0 if and only if

( log(—D) = u0> = <D = —e“3> :

Consequently, the desired maximal solution is

t €]l — e"; +oo[— 1/log(t + eud).

7.8 Exercise 11

1. a) This problem is
G(t.0) = A[t)R(t,0),
R(0,0) = Id,.
b) From the Cauchy-Lipschitz theorem, this problem has a unique max-

imal solution. If the map F : ¢ — (“_rf 122
mazximal solution (as its domain is R), and it is therefore the only
maximal solution.

Let us check that F' is a solution. It satisfies the initial condition:

F(0) = Idy. Moreover, for all ¢,
dF 2t 3t
o= (—1 —Zt)

A F(t) = <ft1 ft;t) .

) is a solution, it is a

and

c) For all t € R,
R(0,t) = R(t,0)*

_(1+t2 t3 )‘1
I N N I
_ 1 11—t =
B (1+t2)(1—t2)—(—t)t3( t 1+t2>

(1=t =
o t 14+¢t2)°
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2. We use Duhamel’s formula: the maximal solutions are all maps of the
form

¢
u:teR —  R(t0)ug +/ R(t, s)b(s)ds,
0

for some 1y € R2.
Let us compute fot R(t,s)b(s)ds for all t € R. For all t,s € R,

(1—52 —s3 ) <—254—352+3>
s 1452 253 +s
As a consequence, for all ¢t € R,
t t
/ R(t, s)b(s)ds — / R(t,0) (~65+3) ds
0 0

= R(t,0) /0 (~62+3) ds
= R(t,0) (—2t3+3t)

2t2
_ (t3+3t>
= (3.

The maximal solutions of the differential equations are all maps of the
form

t2

u:teR —  R(t0)u+ (tgf‘gt),

for some vy € R?, which can equivalently be written as all maps of the

form
3 2 3
u:teR — (t_tzgt)—l—ul (1—_i_tt>—|—u2 (liﬁ)’

for some uy,uy € R.

3. To solve the Cauchy problem, it suffices to find, among all maximal
solutions, which one satisfies the equality u(1) = (}). Let us compute
for which uy, us (using the notation of the previous question) the equality
holds.

The equality is equivalent to

(B e (B +e o) = )
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This amounts to u; = us = —1. The solution is therefore
_ 12 _
u:teR — <tt+_3§ 1>.

7.9 Exercise 12
1. a) Let tg € I be such that x(ty) = 0. Then z is a solution of the Cauchy

problem
 =z(l—2x)

From the Cauchy-Lipschitz theorem (which applies because z — z(1—
r) is C* on R), this problem has a unique maximal solution, and all
solutions are restrictions of the maximal solution to a subinterval.
Since the zero map is a maximal solution, it is the only maximal
solution, and x is the restriction of this map to I, hence x is zero on
I. In particular, it must hold that zy = 0.

Forall t € I, y'(t) = (1 — 2z(t))y(t) = y(t). Therefore, y is a solution

of the Cauchy problem
{ vy =y
y(0) =wo

The maximal solution of this problem is (t € R — yge’). Therefore,
y(t) = yoe' for all t € I.
We have shown that, for all ¢t € I,

(x(t), y(t)) = (0, y0¢").

Since (z,y) is a maximal solution, the interval I must be equal to R.
b) The same reasoning as in the previous question shows that, if z(¢y) = 1

for some ty € I, then x = 1 on I. In particular, zo = 1.

The differential equation satisfied by y simplifies and we find that, for

all t € I,

y(t) = yoe "
Finally, using the maximality of (z,y), we obtain that I = R and, for
all t € R,
(z(t),y(t) = (L, yoe™").
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¢) Since z is continuous on the interval I, the intermediate values theo-

rem implies that, since x(t) ¢ {0, 1} for all ¢, either

e z(t) <O foralltel;

eor 0 <ux(t)<1foralltel;

eor 1l <x(t) foralltel.
In the first case, 2/(t) = z(t)(1 — z(t)) < 0 for all ¢ € I, hence x is
decreasing. In the second case, 2/(t) = xz(t)(1 —z(t)) > 0 for all t € I,
hence z is increasing. In the last case, 2/(t) = x(t)(1 — x(¢)) < 0 for
all t € I, hence x is decreasing.

d) Let us define ' = —7#=. It is well-defined on I, since z(t) ¢ {0,1}
for all ¢t € I. It is also differentiable, since y and x are differentiable,

and

P y'o(l —x) —yz'(1 — 2x)
B 22(1 — x)?
(1 =22)yz(1 —2) —yx(l —2)(1 - 2z)
B 22(1 — x)?
=0.

(t) _ (0) _
e) For any ¢t € I, z(t)(ykx(t)) = x(O)ngfz(O)) = wo(fﬂwo). Consequently,

(1) = T2 ()1~ (1),

f) Since x is decreasing over I, it must have limits at inf [ and sup /. In

addition, since it takes its values in | — 00; 0],

e the limit at inf [ is in | — oo; 0];

e the limit at sup [ is in {—oc0}U] — o0; 0].
We must show that none of these two limits is in | — oo; 0].
By contradiction, let us assume that x converges to some ¢ €]—o0; 0| at
inf I. Then y goes to 12—‘;06(1 — (). Consequently, (z,y) is bounded in
the neighborhood of inf I. From the théoréme des bouts, inf I = —ooc.
Since x is decreasing, x(t) < ¢ for all ¢ € I. This implies, for all t € I,
using the fact that 1 — x(¢) > 1, that

2'(t) = 2(t)(1 — z(t)) < 6(1 — z(t)) < L.
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In particular, for all ¢t € I,
M
x(t) = z(M) —/ 2'(s)ds
t

Zx(M)—/tMéds

=x(M)— (M —1t)

=t +x(M)— (M

2 .
Therefore, x actually goes to 400 at —oo, which is a contradiction.
We have shown that x converges to 0 at inf I.
By contradiction, let us assume that = converges to some ¢ €] — 0o; 0]
at sup /. In the same way as before, it must then hold sup I = +oc.
There exists M € I such that, for all t € [M; 40|, z(t) < g Then,
for all t € [M; +o0],

2(t) =x()(1 —z(t) <

NGNS N

As a consequence, for all t € [M;+o0],

x(t) = x(M) +/ 2'(s)ds

Therefore, z(t) =-5° —oo, which is a contradiction. This shows that
x converges to —oo at sup [.
g) From Questions 1.a) and 1.b), if 2y = 0 or zo = 1, the orbit is

Owogo) = {mo} x R if yo > 0,
= {(%0,0)} ifyo=0,
={zo} x R* if yo < 0.

From Question 1.e), if 2o ¢ {0, 1}, then the orbit is a subset of

(st 0) e},
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Figure 7.1: On the left, the vector field f(z,y) = (z(1 — ), (1 — 2x)y) (the
length of each arrow has been divided by 5 for a better readability); on the
right, the corresponding phase portrait.

From Question 1.f), the orbit is

O(fo,yo) = Z, 13(;055(1 - l’) , T € Ri} if z9 <0,
= €, 12(;01‘(1_$) , L 6]0,1[} if0<azy<1,
= x, 13(;0*%(1_%') ’IERj—} lf]_<l’0

2. The phase portrait is drawn on Figure 7.1.

7.10 Exercise 14

1. The point (0,0) is an equilibrium because it cancels the right-hand side
of the equation. Conversely, let (zg,yo) be an equilibrium. Then

T
—EO + 10 — zo(h + y3) = O;

—xg — % —yo(zd +y3) =0,
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Yo \ _ 1 2 2 Zo
(2a) = (i) (1)

Therefore, (yo, —z0) is colinear to (z, o). These vectors are orthogonal
and have the same norm, hence this is only possible if zy = yg = 0.

which implies

For all (z,y) € R?, we denote

&ty ty?)
_ 14224y )
f(‘rJ y) - 7x7%7y(22+y2) .
T+a2+y?

It holds, for all (z,y),

_=GH2? ) () + (5],

||f(x7y)||2_ 1+ 22 + 2
<MH($)H
14?42 y/il2

3w
Sg”(y)“g

Example 4.9 concludes.
The map [ is C*. For (z,y) € R? close to zero,

—24+y+0(ll(z.y)]1°)
_ 1+0(][ (z)]]?)
f(z,y) = (—m—g+0(l(z,y)|3)>

1+O((I()11?)

N (:1 —1§> <y) +0 (Il y)IP).

Therefore, the Jacobian at (0,0) is

J£(0,0) = (j _1%) .

This matrix has two eigenvalues, —% + ¢ and —% — 1. Their real part
is strictly negative, so (0,0) is asymptotically stable, in virtue of Theo-
rem 6.11.
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4. a) Let (z,y) be a solution. Let us define u = —y and v = z. It holds

u’=—y’:x+%+y<$2+yz) _ —5 +v—u(u’ +v°)
L+a?+y? 1+ u?+0? ’
Vv =a = —5+y— (@ +y°) _ —u— % —v(u® +0v?)
1+ 22 4 2 1+ a2 + 02 ;

so that (u,v) = (—y,x) is also a solution of the equation. For the
same reason, if (—y, x) is a solution of the equation, then (x,y) is also
a solution.

b) The phase portrait is invariant under a rotation of angle 7.
5. a) For all t € R,

N'(t) = 2(x(t)2'(t) + y(1)y' (1))

= —2(z(t)? + y(t)?) i iig; 1%2
L+ 2((t)* +y(t)*)

b) If (x,y) is the constant solution (i.e. stays at (0,0)), then the result

: . . . d
is true. Otherwise, N never vanishes, so we can consider n e In(N).
It is a C'*° function and, for all ¢,

Consequently, for all £ € R,

n(t) <n(0) —tift >0,
> n(0) —tif t < 0.

This is equivalent to

N(t) < N(0)e " if t >0,
> N(0)e "if t <O0.

Therefore, by comparison, N goes to 0 at 400 and to +oo at —oo.
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6. a) For any maximal solution (z,y) and any ¢t € R,
t /
: _ (€' (x@) +2'(t))
SC® = (20360 1)
t
e

:Lm@umw<iT@'

Consequently,

et

T+ z(t)? + y(t)

et

1572,y (D] < 2 1@ (), y(®))]]2

IN
o ol w

The last inequality is due to Cauchy-Schwarz.
b) Let us assume that ||((0),y(0))|]2 > C. It holds, for all ¢t > 0,

0
&m@=&m@—l5@ﬁm-

Since ffoo 15024 (8)[|2ds < ffoo Ce*ds = C' < 400, the integral is
convergent, meaning that it has a limit when ¢ — —oo. Therefore,

S(z,y) also has a limit, which is

0
def ’
L = S (0) —/ Sz (8)ds.

—00

As [[S(.4)(0)]l2 = [[(2(0),y(0))|]2 > € and

0
’ ’/_ Sz%y)(s)ds

the limit L must be non-zero.
For all £ <0,

0
< [ ISt @)llds <,
2 —00

2

1500 - 2ll, = | Sl

< / Ce’ds

= (el
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c) We assume that ||(z(0),y(0))||2 < C. Let t, < 0 be such that
I|(z(to), y(to))|l2 > C; such a ty exist because, from Question 4.b),
|[(x(t),y(t))||2 = +oo when t — +o0.

Let us define (Z,7) the maximal solution such that

(i) = (i)

Since the equation is autonomous, z = Z(. — tp) and y = y(. — tp). In
particular, for all t € R,

etOS(@g) (t—ty) = Sz (t). (7.2)
From the previous subquestion, there exists L € R?\ {(0,0)} such
that Sz —> L and, for all ¢ € R,
1S (1) = Ll|2 < Ce".

Using Equation (7.2), we get that S(,,) goes to Le at —oo and, for
all t € R,
|[S(a) (t) — €L|| < Ce'.

a:(t) o
(3() =50
=e¢ ' (L+0(e"))

= Le~ "+ O(1).

d) When t — —o0,

e) Recall from Question 6.a) that, for all ¢,
[ —
2221+ 2(t)? + y(t)?

< §W!!(w(t)7y(t))llz
3

et

2(|(=(8), y(O)ll2

Moreover, from the previous subquestion, there exists a > 0 such that,
for all £ small enough,

[1(2(2), y(£)]]2

w

[(2(t), y(t)]]2 > ae™.
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Then, for all ¢ small enough,
3
l 2t
||S(z,y)(t)||2 S %6 :

f) For all ¢ small enough,

t
(@ = Ll = || [ Slesp(sdis

t
< / Me*ds
M
_

T2

2

This says that S(,,)(t) = L + O(e*). Consequently,

z(t)\ _
(y(t)) =€ " Spy(t)
_ e—t (L + 0(627&))

= Le™ "+ O(e).

g) For any t, the distance of (x(t),y(t)) to the line RL is at most

1G6) - (%)

From Question 6.f), this is of order O(e"), hence goes to 0.

2

7. a) Let (z,y) be a maximal solution. For any ¢ > 0,

Vew =t (7 (i) + 37 (i) + 7 (560
o (ai) ()22 )




7.10. EXERCISE 14 195

Therefore, for any ¢t > 0,

w

t

Ve Dll2 < ezl ((t), y(t)]I]3

< e l1((0), y(O))l[2-

[GSN V]

b) Let us assume that ||(z(0),4(0))|]» < C~Y/2. For all t > 0,

t
Viea)(£) = Vie (0) + / Ve, (s)ds.

The integral is convergent :

+00 too
[l < o). von [ eas
= C](=(0), y(0))][3,
so this converges to

def e /
A= ‘/(x,y)(o> + 0 ‘/(r,y)(s)ds'

This limit is non-zero because

+o0o
’/0 Viey(8)ds|| < C||(2(0),5(0))|[5

2

< [[(z(0), y(0))]]2
= [Vl (0)]|2-

For any ¢,

+oo
HV(%y)(t) - )\HQ = H/t V(/x,y)(S)ds

< YOO} [ e
= Cll((0), y(0)) /3™,

s0 that Vig ) (t) = A+ O(e™).



196 CHAPTER 7. SOLUTIONS OF SOME EXERCISES

c) This is the same reasoning as in Question 6.c). Let ty > 0 be such
that

[((t0), y(to)||2 < C7H2.

Let (Z,9) be the solution whose value is (z(ty), y(ty)) at time 0. From
the previous subquestion, V(; 5 satisfies, for some non-zero A € R?,

Viaa) () = A+ 0(e™),
which implies
Ve (8) = €2 Ry Vizg)(t — to) = €2 RigA + O(e™).

d) For all ¢ > 0,

() =t

= (X S en) o (7).

8. The phase portrait is drawn in Figure 7.2. Observe the following prop-
erties:

e the phase portrait is invariant under rotation by ;

e all non-zero trajectories are asymptotic to a line going through zero
at one end;

e all non-zero trajectories go to (0,0) with a spiraling behavior (in
the indirect sense) at the other end.
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Figure 7.2: Phase portrait for the equation in Exercice 14.
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Appendix A

Connectedness

Definition A.1: connectedness

Let M be a subset of R", for some n € N*. We say that M is connected
if there do not exist non-empty subsets Uy, Us C M satisfying all the
following properties:

e U; and U, are open sets in M ¢,
e UyNU; =
L4 U1UU2:M.

%.e., Uy = M NV for some open set V7 in R™, and similarly for Us

Proposition A.2: alternative definition of connectedness

Let M be a subset of R", for some n € N*. The set M is connected if
and only if all subsets {2 of M that are simultaneously open and closed
in M satisfy the following property:

Q=0 or Q=M.

Proof. First, let M be connected. Let €2 C M be simultaneously open and
closed. We set Uy = Q and Uy = M \ Q. These two sets are open (U; because
Q2 is open, and U, because it is the complement of a closed set). They have
empty intersection and their union is M. Therefore, from the definition of
connectedness, U; and U, cannot be both non-empty: either U; = (), in which

199
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case Q = (), or Uy = (), in which case Q = M.

Conversely, let us assume that () and M are the only open and closed
subsets of M. Let us show that M is connected. Let Uy, Us be open sets in
M, such that Uy N Uy = ) and U, U Uy = M. We must show that either U,
or U, is empty.

Let us set 2 = U;. Then Q is open. We observe that @ = M \ U,
(Uy € M\ Uy because Uy NUs = 0, and M \ Uy C Uy because Uy UUs = M).
Hence, Omega is the complement of an open set: it is closed. Therefore,
either 0 = (), in which case U; = 0, or = M, in which case Uy = 0. O

Example A.3

An interval in R is always connected.
The union of two disjoint non-empty open intervals is never connected.

Proof that an interval is always connected. Let I be an interval. Let us show
that I is connected. Let Uy, Us C I be two non-empty disjoint open sets. Let
us show that it is impossible that

UyuUy = M.

Let u; € Uy and uy € Us be fixed. If we exchange Uy, Uy, we can assume that
up < ug. Let us define

to = inf ([ug, us) N Us)
and show that tq ¢ Uy U Us.

By contradiction, if ¢, € Uy, then [to;ty + €[C Uy for all € > 0 small
enough. As a consequence, [to;to + €[NUy = 0 for all ¢ > 0 small enough,
and [u1;us] N Uy contains no element of [ty;ty + €[, which contradicts the
characterization of the infimum.

Now, if tg € Uy, then tq # u; (otherwise we would have ty € Uy N Uy = ).
As a consequence, |ty — €;tg] C [ug;us] for all € > 0 small enough. And U, is
open, so |ty — €;tg] C Us for all € > 0 small enough. Therefore, for all such e,

Jto — €;to] C [u1;ug) N Uy,
which contradicts the fact that ¢ is the infimum of [uy; us] N Us. O

Proof that the union is never connected. Let I, Is be two disjoint non-empty
open intervals. We set Uy = I; and U; = I5. Then, U; and U, are non-empty
and open. They are disjoint and U; U Uy = I; U I5. From the definition of
connectedness, I; U Iy is not connected. ]
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Definition A.4: connected component

Let M be a subset of R", for some n € N*. For any subset A of M, we
say that A is a connected component of M if it satisfies the following
two properties:

e A is connected;

e A is a maximal connected subset of M, i.e., for any connected
subset B C M, if AC B, then A = B.

Example A.5

~
.

Let (I)rer be a (finite or infinite) collection of pairwise disjoint non-
empty open intervals in R. Let

M:U]k.

The connected components of M are the Ij.

Proposition A.6

7~
.

Let M be a subset of R, for some n € N*.
The connected components of M are pairwise disjoint.
Moreover, M is the union of its connected components.

Proof. Let us first show that the connected components are disjoint. Let
M, M5 be two different connected components of M. From Definition A.4,
M; and M, are connected, but M; U My is not (otherwise M; or My would
not be maximal).

Therefore, there exist Uy, U, as in the definition of connectedness: two
non-empty disjoint open sets of M; U Mj such that

U1UU2:M1UM2.
The sets U; N My and Us N M, are open in M; and disjoint. It holds

(Ul N Ml) U <U2 N Ml) - (Ul U Ug) N M1 = Ml'
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Since M is connected, these two sets cannot be both non-empty: either
UiNM; =0 or UyN M, =0. Similarly, U; N My = @ or Uy N My = (.

It is impossible that U; N M; = () and U; N My = (: since U; C M, U M,
it would mean that U; is empty, which is not true. Similarly, it is impossible
that Uy N M, = 0 and Uy N My = (0. Therefore, either

UlﬂMlzﬂand UgﬂMgZ@ (Al)

or

UQﬂM1:®andU1ﬂM2:®.

Let us assume that we are in Situation (A.1) (the other one is identical).
Then

Uy = Uy N (My U My)
= (Uy N M) U (Us N Ms)
= Uy N M,
= (U N M) U (Uy N My)
= (U, UU) N M,
= M.

And, in the same way, U; = M,. Since Uy, U, are disjoint, M; and M, are
also disjoint.

Now, let us show that M is the union of its connected components. It
suffices to show that, for all x € M, there exists a connected component M,
of M such that x € M;. Let us fix x € M.

Let C, be the set of all connected components of M which contain z. We

set
M= |JE.

EecC,

This set contains x. Let us show that it is a connected component of M.

First, we show that M, is connected. Let U;,Us C M; be two disjoint
open sets such that U; U Uy = M;. Let us show that either U; or U, is
non-empty. Since x € M; = Uy U U, either x € U; or x € U;. Let us for
instance assume that z € Uj.

Then, for any £ € C,, Uy N E and U; N E are two disjoint open sets of
E whose union is E. Since FE is connected, either Uy N E or U, N E must
be empty. As U; N E contains x, Uy N E is empty. For all y € M, there
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exists F € C, such that y € E. As Uy N E is empty, y ¢ U,. This shows that
U, contains no element of M;. Since U, C M, it must hold U, = (). This
concludes the proof that M; is connected.

Now, let us show that M; is a maximal connected component of M. Let
B C M be a connected set containing M;. We must show that M, = B.

As x € M;, we have © € B. Therefore, B € C, so B C M;. Since
M, C B, we have equality: M, = B.

]

Proposition A.7: homeomorphism of connected components

Let My, M5 be two subsets, respectively, of R and R™2. Assume there
exists

¢2M1—>M2

a homeomorphism from M; to Ms.
For any A C M,

e A is connected if and only if ¢(A) is connected,;

e A and ¢(A) have the same number of connected components.
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Appendix B

Smooth maps with specified
values

For any interval [a;b] C R, there exists a map f : R — R of class C*
such that

e f(x)=0 for all x €] — oo;a] U [b; +o0] ;

e f(z) >0 for all = €]a;b|.

Proof. Let a,b be fixed, with a < b. Define

g : R - R
r — 0 ifx <0,
e~z if x> 0.

This is a C*° map such that, for all x € R,

glx)=01if x <0,
g(x)>0if x > 0.

Define, for all z € R,
f(z) =gz —a)g(b— ).
This map is C*°. Moreover,

205
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e forall z €] —ooja], z —a<0,s0 g(r —a) =0and f(z) =0;
e forall z € [b;+oo[,b—2<0,80 g(b—2x) =0and f(z)=0;

e forall z €a;b[, z—a > 0and b—x > 0, so g(r—a) > 0 and g(b—=z) > 0,
hence f(z) > 0.

]

Corollary B.2

For any interval [a;b] C R, there exists a map f : R — R of class C*
such that

o f(z)=0 for all x €] — o0;q] ;

e f(z) €[0;1] for all z €]a;b[;

o f(x)=1forall x € [b;+o0.

Proof. Let F': R — R be as in Lemma B.1. Define

fjoo F(s)ds
JiteER— —FF——.
~ F(s)ds
This map is C°. It is zero on | — 0o;a| since F' is zero on this interval,

constant on [b; +00] since F' is zero on this interval, and its value is f(b) = 1.
Moreover, as F' is nonnegative, f is nondecreasing; thus, f(z) € [0; 1] for all

x €]a;b]. O
Proposition B.3
Let ¢ < cg < --- < ¢g and d; < dy < -+ < dg be arbitrary real

numbers, for S > 2. There exists a C*°-diffeomorphism v : [¢1; cg] —
[dy;dg] such that, for all k =1,...,S,

Y(ck) = dy.

The same result holds if dy > dy > -+ > dg.
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Proof. We will define 1) as the primitive of a well-chosen map p.

For each k = 1,...,5 — 1, let fr : R — R be a C"° map that is 0 on
] — 00;¢r] U [cgq1; +o0[ and strictly positive on Jeg; cry], (its existence is
guaranteed by Lemma B.1). If we multiply it by a suitably chosen positive
constant, we can assume that

/c + Fol)dt = 1.

Fix a real number ¢ > 0 such that, foral k=1,...,5 —1,

oy —
< e dk'
Ck+1 — Ck

Now define

5-1

p=¢e+ > (dp+1 —di — €(crp1 — cx)) fr,
k=1
Vix € feses] — dy +/ p(t)dt.
di

Both p and ¢ are C*. For all k =1,...,5 — 1, since f; = 0 on [cx; ¢x41] for
all s # k, it holds

V) — i) = [ T et (s — i — ek — ) ()] de

Ck

= dj41 — di.
This allows us to prove by induction that, for all k =1,...,5,
Y(cr) = di.

Moreover, the map v is strictly increasing (its derivative, p, is always
larger than €). As it is continuous, it is a homeomorphism from [c;; cg| to
[(c1);v(cs)] = |di; ds]. Furthermore, since its derivative never vanishes, its
inverse is C*°. Thus, it is a C'*°-diffeomorphism.

Finally, let’s show that the result remains true if we don’t have d; < dy <
-+« < dg but instead d; > dy > --- > dg. The result we just proved ensures
the existence of a C*°-diffeomorphism v : [c;; cs] — [—d1; —ds] such that, for
all k=1,...,5,

w (Ck) = —dk.
Then —1) is a C* diffeomorphism from [c;; ¢s] to [dy; dg] satisfying the desired
equalities. O
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Proposition B.4

Let [a;as] and [by;bs] be two non-singleton segments of R. For any

k € N and real numbers 79), e ,yfk), vgl), e ,72 ) such that
”y%l) >0 and ’yél) > 0,

there exists a C'°-diffeomorphism ¢ from [a1;as] to [by; by] such that,
forall K’ =1,... k,

p¥a) =1 and 9 (ap) = 4.

Proof. We will define ¢ as the primitive of a well-chosen map p.
First, let g1, g2 : R — R be C'*° maps such that, for all ¥ =0,...,k — 1,

K k41 K k41
¢ (a1) =" and gf(an) = 4.
(k’+1> ,
(Such maps exist. For instance, define ¢; : © — Zk ! L (z — ay)" and

+ !/
T = Zk ¥ 72141-/1 (:C - a2)k )
Choose € > 0 such that

¢1 > 0on [ag;a; + €] and g > 0 on [ag — € ay).

Such an € exists because ¢;(a;) = ’y%l) > 0 and ¢o(az) = 751) > 0, and q1, g2

are continuous. Further, by reducing e if necessary, we can ensure that

al+e _
/ q1(s)ds < b2 bl,
@ 2
b by — b
/ @(s)ds < =—.
b 2

1—€

Let fi1, f2 : R = R be C*° maps (which exist, according to Corollary B.2)
such that

e fi=1o0n }—oo;al + 5|, fi = 0 on [a; + € +oof, and takes values in
[0;1] on Jai + §5a1 + €

o fo=0o0n]|—o00;ay —¢€], fo=1o0n [ag — g;—{—oo[, and takes values in
[0;1] on Jaz — €;a2 — 5.
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Let ¢ : R — R be a C*° map that isOon}—oo;arl—%} U [a2—§;+oo[

and strictly positive on }al + 5502 — § [ (as in Lemma B.1). If we multiply ¢

by a suitably chosen constant, we can assume that

/Jroog(s)ds _1

—00

Define
p = fiqi + f2q2 + ag,

where

a=by— b — /az(fl(h + f2q2)

al

al

a1+e
> by — by — / q1(s)ds — / q2(8)ds

al az—€

ay+e a2
=by — by — / fi(s)qi(s)ds — / ) fa(s)ga(s)ds

> 0.

The map p is C*°. It coincides with ¢; on } —o0; a1 + g} (as fi is 1 on this
interval, while f, and g are 0). In particular,

p¥ (@) =1 WK =0, k- L (B.1)

Similarly,
p*(ag) = 5" VK =0, k- L. (B.2)

Moreover, p is strictly positive on [a1;as]: fiq1, f2g2 and g are nonnegative.
In addition, fiq; is strictly positive on [al; ay + %], g is strictly positive on
]al + 5502 — %[ and foqy is strictly positive on [aQ - ag].

Finally, according to the definition of «,

€.
27

as
/ p(s)ds = by — by.

al

Define .
W(z) =h +/ p(s)ds.

al
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This is a C*™ map, such that ¥ (a;) = by and ¥(az) = be. Its derivative
is strictly increasing, so it is a C'*°-diffeomorphism from [aq;as] to [by;bs].
Moreover, it satisfies the equalities

) (ar) =+ and p*)(ag) =) WK =1,.. .k

because its derivative, p, satisfies the equations (B.1) and (B.2). H



Appendix C

Proofs for Section 3.2

C.1 Proof of Proposition 3.19

Let M be a connected submanifold of R", of class C* and dimension d (for
some integers k € N*, d € N). We must show that two points x1, x5 in M are

necessarily connected by a path.
Let x1, 29 € M be fixed. Define

A = {y € M, there exists a path connecting z; and y}.

It is a non-empty set: since x; is connected to itself by constant paths with
value z1, x; belongs to A.

Let’s prove that A is open in M. Take any y € A, and consider - :
[0; A] — M, a path connecting x; and y.

Let U be a neighborhood of  in R™, V' an open set in R?, and f : V — R"
a C* map, which is a homeomorphism onto its image, such that

MAU = f(V).

(Such maps exist, according to the "immersion" definition of submanifolds.)
Let a be the preimage of y under f. If we restrict V' a bit, we can assume
V = B(a,¢€) for some € > 0.

Let us show that M NU C A. Take any ¢y € M NU. Let a be its

preimage under f. Define
A [0;A4+1] — M
t — v(t) if t € [0; A

FUA+1—a+(t—A)d) ifte[AA+1).

211
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This map is well-defined: since a’ € V' = B(a, €), the segment connecting a to
a' is included in B(a, €), which implies that (A+1—t)a+ (t — A)a’ € B(a,€)
for all t € [A; A+1]. Tt is piecewise C', and takes its values in M. Moreover,
it is continuous: it is continuous on [0; A] and [A; A + 1], has a left limit at
A,

(A) =y,
and a right limit,

f(a) =y,
which coincide. Therefore, it is continuous at A. In conclusion, it is a path
between 4(0) = x; and (A + 1) = f(a’) = y'. Thus, /' € A.

Hence, the set A contains M N U, which is a neighborhood of y. This
shows that A is open in M.

Next, let’s prove that A is a closed set in M, with fairly similar arguments.
Take y € M belonging to the closure of A (i.e., the limit of a sequence of
points in A). Show that y € A.

Define U, V, f as in the previous part of the proof. Once again, let a € V
be the preimage of y under f, and suppose that V = B(a,¢).

Since M N U is a neighborhood of y and y is in the closure of A, there
exists an element 3’ in M N U which also belongs to A. Fix it for the rest of
the proof. Let @’ € V be its preimage under f, and v : [0; A] — M be a path
between x; and 3. Define

¥ [0;A41] — M
t - ~(t) if t € [0; A]
J(A+1—=t)d 4+ (t —A)a) ifte[4A+1].
As before, it can be verified that 4 is a path, connecting x; and y. Therefore,
y € A.
Thus, we have shown that A is open and closed in M, and non-empty.

Since M is connected, we have A = M. In particular, A contains xs: there
exists a path between x; and x,.

C.2 Proofs for Theorems 3.21 and 3.22

C.2.1 Proof of Proposition 3.23
Proof. We denote
dist? (xy, x5) = inf{¢(7), v is a Lipschitz path connecting z; and z,}
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and show that distﬁp(xl, xg) = distps (1, xa).

A path connecting x; and x5 (for the initial definition) is always a Lips-
chitz path, since its derivative is continuous by parts, hence bounded. There-
fore, ’

distﬁp(xl, ZEQ) S diStM(Zﬁl, Ig).

Conversely, let v : [0; A] — M be any Lipschitz path connecting z; and
x9. We are going to show that, for any € > 0, there exists 7 : [0; A] - M a
path connecting x; and x5 such that

(3) < 0y) +e. (C.1)
Taking the infimum over all 4 implies that
distas (1, ) < £(7).
Since this is true for any Lipschitz path v, we must have
distyr (21, 25) < disthi?(z1, 25),

which establishes the desired equality.

To finish the proof, we only have to show Equation (C.1). To simplify
the proof, we assume that there exists an open neighborhood U of ~([0; A])
in R", an open set V C R? and a C? map f : V — R" such that f is a
homeomorphism between V' and f(V), and

MU= f(V).

The proof remains essentially valid when this assumption does not hold: it
suffices to divide [0; A] into a finite number of pieces on which the assumption
holds (such pieces exist, by a compactness argument and from the “immer-
sion” definition of submanifolds), and apply the reasoning on each piece.
However, it makes notation and definitions more technical.

For any N € N*,

() = / (8] ot

(k+1)A

N-1
N /
=S [ Il
Ak
k=0"Y N
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N—-1 (ktvl)A
> 7 (t)dt
kA
k=0 ||V~ 2
N-1
(k+1)A kA
_ AN _ (4 2
’Y( N "\ V), (C.2)
k=0
For any N, we define gy : [0; A] — M as follows: for all t € [0; 4],
- tN _ kA
i =1 (k= +1) 1 on (%)
tN 1 (k+1)A
(e (55)
where k is an integer such that % <t < (H]\})A. This map is C' on

N
its are both v (£2)), hence continuous on [0; A], and its values are in M. It

is a path.
kA, (k+1DA
For any N, any k < N and any t € [W’T}w

S(t) = df((k—%ﬂ)f—ov(’j‘f)
(G (5)
e () e (5

[M (k+1)A] for all k. It is continuous at each % (its left and right lim-

This implies that, from the mean value inequality, for any t’ € [WA }
- - NM || ,_ (k+1)A kA
1540 = 340k < 3| o (EEDA) oo (B
AMC3C3
< T2
- N

where M is an upper bound for |||d*f]|| on f~'(v([0; A])), C; the Lipschitz
constant of v, and Cy the Lipschitz constant of f~! on ([0; A]) (it can be
proved, by contradiction for instance, that f~! is Lipschitz on any compact
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set). From the mean value equality, we deduce that, still for any N, any
k< N and any t € [M'M},

N’ N
. N (k+1)A kA AMC?C2
cy - N (DAY (RANY [ AMOC
o= (0 () (3L =%

Consequently,
N—-1 (kJZ\Tl)A

) =3 [ 7 (o)t
k=0 Y N
N—1 (k+1)A

<2/ IR0 ()

(k+ DAY (kAN A2MCECE
TN T\~ )|,

N
A2MC2C2
12
N

AM22
_Jgﬁﬁ
9 N

The last inequality is true from Equation (C.2). By letting N go to 0, we
obtain Equation (C.1).

O

C.2.2 Proof of Proposition 3.24

Proof. We consider a sequence (7 : [0; Ax] — M) of paths such that

0(vk) oo disty(x1, 22) = D.

If we reparametrize, we can assume that v, is 1-Lipschitz for any k. Note
that, for each k, Ay = £(vx) > D, so that each ~; is well-defined over [0; D].

We will extract a uniformly converging subsequence of (k|jo,p])ken using
Arzela-Ascoli’s theorem.
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Theorem C.1: consequence of Arzela-Ascoli [Paulin, 2009,

Thm 5.31]

Let ni,no € N* be fixed integers.
Let X C R™ be a compact set. Let A C C(X,R™) be a collection of
maps such that

e A is equicontinuous;®
e for any x € X, {f(x), f € A} is bounded.

From every sequence ( f,,)nen of elements in A, a subsequence ( fg(n))nen
can be extracted, which converges uniformly towards some map g €
C(X,R™).

®A is equicontinuous if, for any x € X, e > 0, there exists n > 0 such that, for
any y € X such that ||y — z||]2 <7 and any f € A, it holds ||f(y) — f(x)||]2 < e

J

The set {vk|jo;p], ¥ € N} is equicontinuous, because all its elements are 1-
Lipschitz, hence for any x € [0; D], e > 0, it holds that for any y € [0; D] such
that |z —y| < e and for any k& € N, ||vkj0,0] (¥) — Ynljo;0 (@) ]2 < ||y — 2|2 < €.

For any x € [0; D], k € N,

k11001 (@) |2 < 11001 (0)] 2 + || k11001 () — Yiijo; 01 (0)] |2
< |[z1l]2 + ||
< ||x1]|]2 + D.

Therefore, for any « € [0; D], {7k|jo;0(%), k € N} is bounded.

The assumptions of Arzela-Ascoli’s theorem hold true. Let ¢ : N — N be
an extraction such that ('Yqﬁ(k)l[o; D] (m)) ey converges uniformly towards some
continuous map, which we call v, : [0; D] — R™.

The map 7 is 1-Lipschitz (all vy, are, and this property passes to the
limit). Its values are in M (this property also passes to the limit). It satisfies

700(0) = Hm 750 (0) = 21
and, for any k,

Voo (D) = 22ll2 < {700 = Yok)l oo + [[7a(k) (D) — 2] ]2
= [[Voo = Yomlloo + |78 (D) — Yok (Ar)| |2
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< |Iee = Y6t lloo +[Ar = DI.

Since the right-hand side goes to 0 and the left-hand side is nonnegative,
it must hold ||7eo(D) — xal|2, 1.6. Yoo(D) = x9. This shows that v, is a
1-Lipschitz path from z; to xs.

Finally,

D = disty (1, z2)
= inf{{l(),~ is a Lipschitz path connecting z; and x5}

from Proposition 3.23

(Yoo)

D
7 (B)]]2dt

D
1dt

IA
~

I
S—

S oI IA
LS
O

50 {(Vso) =

C.2.3 Proof of Proposition 3.26

Let h be a map as in the statement of the proposition. For any integer N,
h can be written as a sum of maps (hx)r—o.. n satisfying the same three
properties as h and such that, in addition,

(k—1)D (k+1)D
N N

.....

Supp(hy) C [ } WV < n.

Therefore, it is enough to prove that fOD (+/(t), W (t)) dt = 0 for maps h such

that

(k—1)D (k+1)D
N N

Supp(h) C [ } for some k € {0,...,n}. (C.3)
If N is large enough, Property 1 of Definition 2.1 (combined with a com-
pactness argument) says that, for any k, there exists an open set U containing

v ([W; W]) and a neighborhood V' of 0 in R", and a diffeomorphism

® : U — V such that
S(MNU)=VnN (Rd X {0}"*d).
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Let us fix N large enough. Consider a map Lipschitz map h such that
h(0) = h(D) = 0 and h(t) € TyyM for all t € [0; D] and whicy satisfies
Equation (C.3). Let us fix the corresponding k and define U, V, ® as above.

We show that fo t),h'(t))ydt =0.
Let us define
P R"™ — R™
(x1,...,2n) — (x1,...,24,0,...,0).

Observe that @' o P(y) € M for any y € V. For any € € R close enough to
0, we set

Ye - [O, D] — M
t o @ loPod(y(t)+eh(t)) if t e U D]
(1) otherwise.

This map is well-defined, continuous (because h ( (k= 1)D> =h ( kH)D) =0),

(=)D, (k+1)
N N
is Lipschitz. It is also Lipschitz inside the interval, because v+ ¢€h is Lipschitz
(v and h are Lipschitz) and @ ' o Po® is C'', hence has bounded derivative
over any compact set, and therefore preserves Lipschitzness.
Since {(v) = D = inf{l(7),~ is a Lipschitz path connecting x; and z,},
it must hold, for any e,

and even Lipschitz. Indeed, it is Lipschitz outside [ D} because 7y

U(7e) = £(7)- (C4)
: (k=1)D . (k+1)D
We compute a first-order expansion of ¢(7.). For any t € [T, ~

such that v and h are differentiable at ¢,

+d*[@'oPo®

)
)(h(t),7 (1))
—i—ed[CI)_loPo(I) () (h

() + o).

(The last equality is true because o P o ® is C?. Note that the “o(¢)” is
uniform in ¢.)
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From the definition of ®, it holds, for all z € M N U,
P o Pod(z) =z
If we differentiate this equality, we get that, for any z € M NU, 2z € T,M,
d[@ ' oPod](2)() =7
If we differentiate again, we get that, for any z € M NU, 2", 2" € T.M,
&> [@ 1o Pod](2)(2,2") = 0.
These last two equalities show that
T1(E) = (1) + €n'(8) + ofe).

Observe that ||7/(t)||2 = 1 for almost every ¢ (because fOD 17/ ()]|dt = £(y) =
D, and + is 1-Lipschitz). From this, one can check that, for almost all

te [(k—NnD; <k+N1)D 7

@2 = 11V )ll2 + € (' (1), 7' (£)) + o(e)-

(k=1)D . (k+1)D
N N

It also holds for values of ¢ outside [ } , because h' is zero.

Consequently,
D D
) = [ POt = ) + ¢ [ Ghe). (0 de+ ofe)
0 0
which, combined with Equation (C.4), proves that fOD (R'(t),~'(t)) dt = 0.

C.2.4 Proof of Proposition 3.27

Let tg € [0; D] be arbitrary. We show that v is C? in the neighborhood of .
Let U C R™ be an open neighborhood of (), V' a neighborhood of 0 in
R"™ and ® : U — V a diffeomorphism such that

S(MNU)=VnN (Rd X {0}"‘d).
We define

P* R4
(T1,...,2q)

Rn

ﬁ
— (xl,...,xd,O,...,O).
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Let € > 0 be such that y(t) € U for any ¢ € [ty ;t]] = 1 [0; D]N[to—e€; to+el.
We fix v € R? x {0}" 9. For any Lipschitz map

z:[tg;td] — R
such that z(t;) = z(t§) = 0, the map

h : [0;D] — R™
t o [0 (@or(t)(v) x 2(t) it € tgitg]
0 otherwise

satisfies all assumptions from Proposition 3.26, hence fOD (v(t),h'(t)) dt = 0.
This leads to

+

0= /t (Y@, (@ [0 (@ oy ))(w) x 2(1) (1)) di

0

+/t (1) (7 (8),d [07] (@ 01 (1)(v) dt.

Let us denote f, : t € [ty;td] — (Y (t),d* [®7] (d® o y(t)(¥'(t)),v)) € R and
Go it € [tyitd] = (Y (1), d[@7 ] (Poy(t)(v)) €R, and F, : [t;;t5] — R the
primitive of f, such that F,(t;) = 0. If we integrate by parts the previous
equality, we get that, for all z as above,

+F

0— /t ") (Fy() + gu(0)) dt.

0

From this, we deduce the following result (treated as a separate proposi-
tion for ease of reading).

Proposition C.2

The map F, + g, is constant.

Let us denote ¢ € R the constant such that F,+ g, = ¢. As f, is bounded,
the map F;, is Lipschitz. Therefore, g, = ¢ — F}, is also Lipschitz. Observe
that g, can be rewritten as

Vt € [tyitd], = (d[®")(® o y(t))" Y (t),v).
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The fact that this map is Lipschitz for any v € R? x {0}"~? is equivalent to
the fact that the map

te [tg3t] - P (d[071](@ 0 7()"Y (1)) € R?
is Lipschitz, where P is defined by
P NG — R?
(T1,...,x) — (x1,...,2q).

This is enough to guarantee that ~' is Lipschitz, as stated in the following
proposition.

Proposition C.3

The map + is Lipschitz.

In particular, 7' is continuous. We can therefore redo the same reasoning
as we just did, with a higher regularity. Namely, we see that f, is continuous
(and not simply bounded, as before). Therefore, F, is C!, so g, = ¢ — F, is
also C'. This implies that

t€fty;tg] = P (d[@7'](@ory(t)Y (1)) € R
is C!, from which the same proof as for Proposition C.3 shows that 7/ is C!,
ie. vis C%
C.2.5 Proof of Proposition C.2
More grenerally, let h € L>([ty;ts]) be any map such that

0— /t S(6)h(t)dt

0

for any Lipschitz function z : [t;;t5] — R satisfying 2(¢;) = 2(t) = 0. We
show that A is constant.

C.2.6 Proof of Proposition C.3

Let us denote
he @ [tg;ts] — R?
£ = Pdo](@or(1) (1)
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the map which we know to be Lipschitz. The principle of the proof is to
give an explicit expression of 4" as a function of h, and deduce from this
expression and the Lipschitzness of h that ' is also Lipschitz.

We use the fact that, for any ¢, 7/(t) belongs to the tangent space T M,
which is equivalent to

de(y(t))(7'(t)) € R? x {0}" .

In particular, P* o P (d®(y(t))(7/(t))) = d®(v(t))(¥'(t)), where P* : R? —
R™ is the adjoint of P (i.e. P*(z1,...,24) = (21,...,24,0,...,0) for all
(1,...,24)), so that

V() = d2(y()) " [P" o P (d2(+(£))(v'(1)))]
= d[®7)(® o y(t)) [P o P (d2(v(t))(v'(1)))] - (C.5)

Therefore, for any ¢ € [ty ;t]],

h(t) = A(t)" o A(t) (P(d(v(1))(+'(1)))) ,

where A(t) = d[®~!](Pov(t))oP* : R? — R™. For any ¢, since A(t) is injective
(as it is the composition of two injective maps), A(t)* o A(t) : R — RY is
a bijective map. As t — A(t)* o A(t) € L(R?,R?) is Lipschitz (recall that
~y is Lipschitz), its composition with the inversion is also Lipschitz on every
compact set:

t € [tg;t5] = (A1) 0 A(t)) ™" € L(RY,RY)
is Lipschitz. For any ¢,

P(d®((t))(7(t))) = (A(t)" 0 A1)~ (h(1)),

so that t — [ty;td] — P(d®(v(t))(v'(t))) € R?is the product of two bounded
Lipschitz maps, hence Lipschitz and bounded as well. From Equation (C.5),
7/ is the product of this map with the map ¢t — [ty ;td] — d[®@ (P oy (¢)) o
P* € L(RY,R"), which is Lipschitz and bounded as well. Therefore, 7' is
Lipschitz.
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Complements for Chapter 4

D.1 Gronwall’s lemma

Lemma D.1: Gronwall

Let tg < T € R, a,c,u € C%[to; T]),R). Assume a > 0 and, for all
t e [to; T],
t
u(t) < c(t) —|—/ a(s)u(s)ds.
to

Then, for all t € [to; T],
¢ t
u(t) < e(t) + / el M a(s)e(s)ds.
to

The lemma also holds if T' < ty, provided that we replace the interval
“[to; T)” with “[T’;to]” and exchange the bounds in each integral.

D.2 Proof of Lemma 4.11

Assume the theorem is true for all maps independent of ¢, and let’s prove it
for a general map f: (t,u) € I x U — f(t,u) € R". The principle is to write
the maximal solutions of Problem (Cauchy ug) as the maximal solutions of
another problem defined by a map independent of ¢, to which we can apply
the theorem.

For all t; € I,up € U, let’s define @, o) : J(t,,u0) — I X U as the maximal

223
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solution of the problem
~ﬂ(t1>u0)/ = g(ﬂ(tlvuo))’ (Dl)
u(tl,uo)(to) = (tla uO),
where g : I x U — R™ is the map such that g(z) = (1, f(¢,v)) for all
r=(t,v)elxU.
For any wug, we observe that ) is the map
Juy — I xU
t = (t uy(t)).
Indeed, this map is a solution of Problem (D.1). Furthermore, it is maximal.

Indeed, let Ty : Jisguo) — 1 and uz(g) : Jitoe) — U be the two components
of Uy o), that is, for all £ € Jig uy),

ﬂ(to,uo)(t) = (TUO (t)>uz(g) (t))
The definition of Problem (D.1) implies that 77, = 1; since Ty, (to) = to, it
holds for all ¢ that T,,(t) = ¢. In addition,

ugy(8) = F(Tu (), ull)) (1) = f(t ui) (1),

Thus, u(uloj) is a solution of the same Cauchy problem as wu,,. Since u,, is
a maximal solution, Jy,.,) C Jy,. Therefore, the map defined in Equa-
tion (D.2) solves Problem (D.1) and contains the domain of its maximal
solution: it is the maximal solution itself.

The map g in Problem (D.1) has only one argument. Therefore, the

theorem holds for this problem. The set ) {((t1,u0),1t),t1 € Lyug € U,t €
Jit1,u0) } 18 thus open. The map
W Q -~ IxU
((tlvuO)’t) — ﬂ(hﬂm)(t)

(D.2)

is therefore C!. 3 )
Since Q = {(uo,t) s.t. ((to,uo),t) € Q}, this set is the preimage of Q2
under a continuous mapping: it is open. Moreover, for all (ug,t) € €,

V(uo,t) = uy,(t) = [a(thUO)(t)]Q:n—f—l = [W((to, u0)7t)]2:n+17
where the notation “2 : n + 1”7 denotes the vector consisting of the second,
third, ..., (n+ 1)-th coordinates of an element in R"™. As W is C, V is C!
as well.
Finally, knowing that V is C'!, we obtain the Cauchy Problem (Cauchy ijo)
by differentiating the Cauchy Problem (Cauchy ).
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D.3 Proof of Lemma 4.12
Assume that Property (4.7) holds. Fix uy € U and show that, for all t € J,,,,

Q contains a neighborhood of (ug,t) on which V is C' and

satisfies Equations (Cauchy ((liTVO> (D-3)
According to Assumption (4.7), t, satisfies Property (D.3). Let J; be the

set of points in J,, satisfying this property. We must show that J;, = Jy,.

The set J;, is non-empty (it contains ty) and open: if ¢ satisfies Prop-
erty (D.3), and H is a neighborhood of (ug,t) as in the property, then, for
any ¢’ sufficiently close to ¢, H is also a neighborhood of (ug,?') on which V'
is C'!' and satisfies Equations (Cauchy C‘;TVO). Hence, t' € J,,.

Now, we show that .J; is closed in .J,,. Since J,, is connected (it is an
interval), it is enough to complete the proof. Let t € J,, belong to the closure
of J;,. We must show that t € J,, .

We must show that V' is well-defined and C' in a neighborhood of (ug, t).
From Assumption (4.7), there exists €,, ¢; > 0 such that B(V (uo, t), €,) x]to—
e to + €[C Q (ie. V is well-defined and C' on this set).

Additionally, since ¢ belongs to the closure of J; , there exists t' € J,
arbitrarily close to t. Let us fix ¢’ € J; such that

B(ug,t') € B(V(ug,t),€,) and t’' €]t — e;t + &.

Let ¢, > 0 be such that V is well-defined and C' over B(ug,¢€,) x {t'}
and small enough so that

V (B(ug, €,) x {t'}) € B(V (ug,t), €).
For all (v,s) € B(ug,€,)x]t' — e;t' + ¢, from the following proposition

(which is the only part of the proof where we use the assumption that f is
independent from t), (v, s) belongs to {2 and

V(v,s) =V (V(v,t'),to+ (s — t')).

As B(ug, €)X |t" — €;t' + €[ contains (ug,t), it means that ¢ satisfies Prop-
erty (D.3).
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Proposition D.2

For allv € U, s,t" € R such that (v,t') € Q and (V(v,t),to+(s—t')) €
2, we have that (v, s) belongs to Q2 and

V(v,s) =V(V(v,t'),to+ (s — t')).

Proof of Proposition D.2. Let v € U, s,t' € R such that (v,t') € Q and
(V(v, '), to+ (s —t')) € Q.

We verify that J, = Jy )+t —to and, for all 7 € J,, uy(7) = wy () (to+
T —t'). Let’s define

1/} 1T E Jv(%t/) + t— () — uV(v,t’)(tO + 7T — t,).

Both maps u, and v are solutions of the Cauchy problem

{ u' = f(u),
u(t’) =V(vt).

Moreover, they are maximal (since if we could extend them, u, and wy ()
would also have an extension that would be a solution to Problem (Cauchy uy)
and would therefore not be maximal). According to the Cauchy-Lipschitz
theorem, they are equal, as announced.

For 7 = s, the equality between u, and 1 gives

V(v,8) = uy(s) = uye(to+s—t) =V(V(v,t'),to+ (s — t')).

D.4 Proof of Proposition 4.13

The proof is quite similar to that of Proposition 4.8.
Letve B (uo, %) First, we verify that, for all ¢ € Jvﬂ] to — ﬁ; to + ﬁ [,
uy(t) € B(up,€). By contradiction, suppose that there exists ¢t € J, N

to — sarito + 55 | such that [[u,(t) — uol|s > €. By symmetry, we can as-

sume that there is one such ¢ in the right half of the interval, [to; to+ 57 [

Let’s define ¢; as the infimum of real numbers ¢ satisfying this property.
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Due to the continuity of w,, we have ||u,(t;) — ug||2 > €. However, for all
t € [to;t1], uu(t1) € B(uo, €), and thus

[, ()l = [1f (o (t2))|2 < M.

So u, is M;-Lipschitz on [to; ;] and

[[uo(t1) — uolla < [Juy(t1) — wy(to)]]2 + |[us(to) — uoll2
< Mty — to] + |Jv — uol|2
<e.

We have reached a contradiction.
The inclusion |ty — ﬁ;to + ﬁ C J, comes from the théoréeme des

bouts. Indeed, if sup J, < ty + PIYTR the map u, must exit any compact set
in the neighborhood of sup J,, which contradicts the fact that u, remains in

B(ug, €) on J, N }to — oo+ o [ The same applies if inf J, > tg — 57
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